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The prime state ideal theorem in state
residuated lattices

Francis Woumfo*, Etienne Romuald Temgoua Alomo, Celestin Lele

Abstract. The aim of this paper is to establish the prime state ideal the-
orem in state residuated lattices (SRLs). We study the state ideals lattice
SZ(L) of a state residuated lattice (L, ) and prove that it is a complete
Brouwerian lattice in which the meet and the join of any two compact ele-
ments are compact (coherent frame). We characterize the notion of prime
state ideals in SRLs. In addition, we establish the condition for which the
lattice SZ(L) is a Boolean algebra.

1 Introduction

The origin of residuated lattices is in mathematical logic without contrac-
tion. Apart from their logical interest, residuated lattices have important
algebraic properties as it is well known that the algebraic study of logical
systems plays an important role and have considerable applications in arti-
ficial intelligence.

The notion of state emerging from the theory of quantum mechanics was
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firstly applied to MV-algebras by Kopka and Chovanec in [23] and then
extended to non-commutative MV-algebras in [7]. Since then, the theory
of states has been applied to other algebras such as (pseudo) BL-algebras
([12]), (non-commutative) R¢-monoids ( [8]), (non-commutative) residuated
lattices ( [21]). By extending the codomain of a state to more general alge-
braic structures in order to provide an algebraic foundation for probabilities
of fuzzy events inside Lukasiewicz infinite-valued logic, a new approach to
states on MV-algebras was introduced by Flaminio and Montagna in [10, 11],
where they added a unary operator ¢ to the language of MV-algebras as
an internal state (or a state operator), which preserves the usual properties
of states. They showed some fundamental results about state MV-algebras.
Consequently, the concept of state operators has become a prominent re-
search field in the theory of fuzzy logics and algebras [3, 5, 6, 9, 15, 22].

In 2018, using the De Morgan property (DMP): (z Ay)’ = 2/ V ¢/, Liviu-
Constantin Holdon introduced an important variety of residuated lattices
called De Morgan residuated lattice which comprises salient subclasses of
residuated lattices such as Boolean algebras, BL-algebras, MTL-algebras,
MV-algebras, IMTL-algebras, Stonean residuated lattices and regular resid-
uated lattices (see [17]). Recently in 2022, F. Woumfo et al, [29] studied
the lattice of all state ideals of a De Morgan state residuated lattice and
proved the prime state ideals theorem. It is worth nothing that, the condi-
tion (DMP) has simplified many calculations. However, similar results on
algebras without (DMP) are missing so far. This paper seeks to extend our
research in the more general class of state residuated lattices. The prime
state ideal theorem is established. Moreover, we prove that the state ideals
lattice SZ(L) of a state residuated lattice (L, ¢) is a coherent frame and we
characterize the SRL for which the lattice SZ(L) is a Boolean algebra.

This work is organized into three sections: in the first one, we present
some preliminaries comprising the basic definitions, some rules of calculus
and theorems that are needed in the sequel. Section 2 studies the algebraic
structure of the set SZ(L) of all state ideals in a SRL (L, ¢). It is shown that
(SZ(L),C) is a coherent frame. Also, we characterize the SRL for which the
lattice SZ(L) is a Boolean algebra. In Section 3, we put emphasis on the
prime state ideals by characterizing them, and prove the prime state ideal
theorem.
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2 Preliminaries

We summarize here some fundamental definitions and results about residu-
ated lattices. For more details, we refer the reader to the papers [4, 24, 26,
28].

Definition 2.1. [4] A nonempty set L with four binary operations A, V, ®, —
and two constants 0,1 is called a bounded integral commutative residuated
lattice or shortly residuated lattice if the following properties are verified:

(C1) (L,A,V,0,1) is a bounded lattice;
(C2) (L,®,1) is a commutative monoid (with the unit element 1);
(C3) Forallz,ye Lyzoy<ziffx <y — z.

Definition 2.2. [17] A residuated lattice satisfying the De Morgan property
(DMP): (z Ay) =a' vy is called a De Morgan residuated lattice.

The following notations of residuated lattices will be used:

Note 2.3. L will stand for a residuated lattice (L, A, V,®, —, 0, 1). For any
r€LandneN*, o/ =0—0, 2":= (), 2°:=1 and 2" :=2" 1 Ox.

The following basic arithmetic of residuated lattices will be used.

Lemma 2.4. [4, 24]
In any residuated lattice L, the following hold for any x,y,z € L:
(RL1) loz=z,z2—2=12—-1=1,0—-z=1;
(RL2) z<yer—y=1;
RL3) z—wy=y—ax=1sx=y;
(RL4) ife<y,theny—z<zr—>z,z—ozx<z—y,20z2<y®zand
y <a';
(RL5) 20 (z—y)<y; 20 (z —y) <z Ay;
(RL6) zoy<zAy<z,y<zVy, 2<y—z;20y<z—yy—
(RL7) (zoy)" =2"0y"(xVy) =2 Ny and (x Ay) >2'Vy;
(RL8) 0/ =1, 1' = 0;
(RLY) z <2’ <2 — x;
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(RL10) = —»y <y — 2';

(RL11) 2" =2/, (z0y) =z =y =y—2a' =2" = y;

(RL12) 202 ' =0,20y=0z<y ;200=0;

(RL13) 2/ —y < (2’ 0y, 20y < (@' —y), 20y < (z0y);

(RL14) z = (z A\y) =z = y;

(RL15) z20y=20(z = z0vy);

(RL16) 20 (yVz)=(z0y)V(@02),z0 YNz <(20y) A(r0Oz2),
zV(yoz)>(xVy) O (zV=2).

Let L be a residuated lattice. We set z@y = (2'®vy')’, for every z,y € L.
Here are some properties of the operation @ (see [2, 26, 29]).

Lemma 2.5. [2] Let L be a residuated lattice. For any x,y,z,t € L, we
have:

Pl) zpy=a'" =y =y — 27

P2) 22’ =1L z00=2", 2061=1;

(P3) zdy=ydz, z,y<zdy;

(P4) zo(y@2) = (2Dy) ® 2

(P5) Ife <y, thenx ® 2z <yd z;

(P6) Ifc<yand z<t, thenx @z <ydt.

For any x € L and n € N, we define 0x = 0, 1z = x and nx = (n—1)z®uz,
for n > 2.

Lemma 2.6. [26, 29] The following hold for any z,y € L and m,n € N*:

(P7) m <n=mz <nz. In particular, x < nx;
(P8) =z <y= mx <my;

(P9) n(z @ y) =nx ® ny;

(P10) z@ny < n(zdy);

(P11) z,y <z ®y;

(P12) [(«/)"] = na;
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(P13) (zdy)' =zy=2"dy";
(P14) 2 A (1 @ ... ®yn) < (@ Ayl) & ... (2" Ayl).
Definition 2.7. [17] A nonempty subset I of a residuated lattice L is called
an ideal if the following conditions are satisfied for every x,y € L:
(I1) ify € I and = < y, then z € I;
(12) if z,y € I, then x dy € I.

The set of all ideals of a residuated lattice L will be denoted by Z(L).

Remark 2.8. It is easy to see that for all I € Z(L), 0 € I; x € I if and
only if " € I, for any x € L.

Now, we give some necessary results for the sequel about lattices and
frames. It is worth noting that the main references for frame theory are the
following books (see [18, 25]).

Definition 2.9. [15] A lattice (L, A, V) is called Brouwerian if it satisfies

the equality z A (\/ yx) = V (x Ayk) (whenever the arbitrary joins exist),
keK keK
for any x,yr € L, k € K.

Definition 2.10. [13] We call frame a complete lattice L that satisfies the
infinite distributive law 2 A\/ A = \/{z Aa : a € A}, for all z € L and
ACL.

Remark 2.11. 1. Every Brouwerian lattice (L, A, V) is distributive;

2. A frame is a complete Brouwerian lattice.

From [15, 20], an element a of a complete lattice L is called compact if
for all A C L, a <\/ A implies that a <\/ H for some finite H C A.

We will denote by C(L) the set of all compact elements of a complete
lattice L.

Proposition 2.12. [30] Let L be a frame and x € L. Then, x € C(L) if
for all AC L, x =\ A implies that x =\/ H for some finite H C A.

Definition 2.13. [30] A frame L is called coherent if the following condi-
tions hold:
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(i) C(L) is a sublattice of L, i.e., for all x,y € L, if z,y € C(L), then
xANy,zVyeC(L);

(ii) Forall x € L, x = V xp, with x} € C(L).
keK

In other words, a coherent frame is a complete Brouwerian algebraic lattice
in which the meet and the join of any two compact elements are compact.

Definition 2.14. [14] Let L be a lattice with 0 and € L. Then y € L
is said to be a pseudocomplement of x if x Ay = 0 and for every z € L,
x Az =0 implies z < y. L is called pseudocomplemented if every element
has a pseudocomplement.

For every a,b € L, we call a relative pseudocomplement of a with respect to
b, the greatest element (if it exists) ¢ € L such that a A ¢ < b.

Proposition 2.15. [14] Every frame is pseudocomplemented.

The concepts of state operators and state residuated lattices were intro-
duced in 2015 by Pengfei He et al. in [15].

Definition 2.16. [15, 29] A map ¢ : L — L is said to be a state operator
on L if the following conditions hold for any x,y € L:

(S01) ©(0) =0;
(SO2) =z — y =1 implies p(z) = p(y) = 1;
(S03) ¢z = y) = p(x) = ¢(z Ay);

(SO4) ¢(z©y) = p(z) ©p(z — (z©Y));
(805) ¢(p(z) © ¢(y)) = (z) © ©(y);
(806) ¢(p(x) = ¢(y) = o(z) = ¢(y);
(SO7) w(p(z) Ve(y) = p(z) V o(y);
(SO8) w(w(z) Ap(y)) = wl(z) Aw(y)

The pair (L, ) is said to be a state residuated lattice, or more precisely, a
residuated lattice with internal state.

The kernel of T is the set ker(7) :== {x € L : 7(z) = 1}. Analogously, the
co-kernel of 7 is the set coker(r) :={x € L: 7(z) = 0}.
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From now on, unless othewise specified, (L, ¢) will always denote a state
residuated lattice (L,V,A,®,—,0,1), that is, L is a residuated lattice and
 is a state operator on L.

Definition 2.17. [29] An ideal I of L is said to be a state ideal of (L, p)
if o(I) C I, (ie,forallze Lz el= p(x)el).

SZ(L) will stand for the set of all state ideals of (L, ¢). It is obvious
that {0}, L € SZ(L) C Z(L).

For computational issues, we will use the following properties.

Lemma 2.18. [15, 29] For any z,y € L, for alln > 1, we have:

(S09) (1) =1;

(SO10) x <y implies () < ©(y);

(8011) o(a') = (p(x))';

(SO12) ¢(z ®y) > p(z) ® (y) and if z ©y =0, then p(z ®y) = p(x) ®
p(y) =0;

(SO13) Ifz <y, then p(z ©y') = p(z) © (¢(y))';

(S014) ¢(z — y) < () = ¢(y). Particulary, if x,y are comparable,
then o(z — y) = p(x) = »(y);

(SO15) If ¢ is faithful, then x <y implies p(x) < ¢(y);

(SO16) @*(z) = p(p(x)) = (x);

(SO17) (L) = Fix(p), where Fix(p) ={z € L : p(z) = x};

(SO18) ¢(L) is a subalgebra of L;

(SO19) ker(p) is a state filter of (L, p);

(SO20) coker(yp) is a state ideal of (L,p);

(8021) (p(x))" = p(");

(8022) ¢(z@y) < p(z) ® @(y);

(SO23) Ifz,y € p(L), thenzdy € p(L);

(S024) ¢(nz) < np(x).
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Remark 2.19. [15] (L,idy) is a state residuated lattice. That is a resid-
uated lattice L can be view as a state residuated lattice. One can see that,
each ideal of L is a state ideal of (L,idy).

Note 2.20. For any nonempty subset X of L, we denote by (X), the state
ideal of (L, ) generated by X, that is, (X), is the smallest state ideal of
(L,¢) containing X and for an element a € L, (a), := ({a}), is called
the principal state ideal of (L,p). If I € SI(L) and a ¢ I, we denote by

(I,a), := (I U{a})e.
Remark 2.21. By definition, we have (0), = {0} and (I), = I, for any
state ideal I of (L, ).

The next theorem gives the concrete description of the state ideal gen-
erated by a nonempty subset of a state residuated lattice (L, ¢).

Theorem 2.22. [29]
Let X be a nonempty subset of L, I,11,1Io € SZ(L) and a € L\I. Then:

1) (X)p={zeL:z<ni(zi®p(x1))®..0nk(zrDp(zk)), for somek €
N* z; € X, n; e N, for 1 <i<k};

(2) (a)p ={zr € L:z<n(a®yp(a)), for somen>1};
3) (I,a)p,={reL:x<i®n(a®¢(a)), for someiecl andn>1};
(4) v :=(LUL),={z e L:x<i @iy with iy € I; and iy € I5}.
Lemma 2.23. [29]

For all a,b € L, we have:
(5) a <b=(a)y C (b)y;
(6) (p(a))y C (a)ep;
(7) {a@pla))y = (a)e;
(8) {(a@(a)) Ab@p(b)y C (a)p N (b)y;
(9) (@) V (bl = (a Vbl = (a ® by

Proposition 2.24. [29] (SZ(L),<C) is a bounded complete lattice with the
bottom element {0} and the top element L.
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3 The lattice of state ideals of a state residuated lattice

In this section, we focus on the algebraic structure of the set SZ(L) of all
state ideals of a state residuated lattice (L, ¢).

Proposition 3.1. (SZ(L),C) is a Brouwerian lattice.

Proof. Let K be an index set, I € ST(L), and {I}}rex be a family of state
ideals of (L, ). We will show that I A (\/ Ix) = \/ (I A ). That is,

keK keK
= . - .
In <kL€JKIk><p <kgK(ImIk)><p Clearly, <kgK(IﬂIk)><p crIn <kgKIk><P

Let In{U Ix), Th I and U Ix),. It foll
et © € <k:eK k) enx € I and = € <I<:eK k) ollows

that there exist ki, ko,...,km € K, xy,; € Iy;, 1 < j < m, such that z <

(P14)
Ty DThy © ... ©Tg,,. Then, z =z A\ (vh, DT, © ... ,) < (2" A7 ) D

(2" Ax )©....d(x" Axj, ). Since I, Iy, € ST(L), we have by Remark 2.8 that
l'/,/\x/k/j € INIy;, for every 1 < j < m. We deduce that x € ( UK(IﬂIk)>¢.

ke
Hence, I N <kgKIk><p C(U NI thatis IN(V 1) = V (I AI).

U
kek keK keK
Therefore, (SZ(L),C) is a Brouwerian lattice. O

Theorem 3.2. The lattice (SZ(L),C) is a frame.

Proof. From Proposition 2.24, (SZ(L), C) is a complete lattice. From Propo-
sition 3.1, (SZ(L), C) is a Brouwerian lattice. Combining them, we have by
Remark 2.11 (2) that (SZ(L), Q) is a frame. O

In the following result, we describe the right adjoint of the map,
LN :SI(L) — SI(L)
I — (Ilﬂ,)(f)zflﬂl.
Now, for any I1,I» € SZ(L), weput Iy = Iy ={zx € L: 1N (x), C I}
Theorem 3.3. In the frame (SZ(L),<C), for any I1,Is, I € SZ(L), we have:

1. I » I, € SI(L);
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2. L NICIh<sICI — I, that is,
L — I, = sup{[ € SI(L) L NI C IQ}
and

L -»_:SI(L) — SI(L)
I — (Lh—-) D)=L -1

is the right adjoint of I1N_ : ST(L) — SZ(L);
3. 1w Lh={zeLl:inn(z®¢(x)) € lz, foralliel; and n € N*}.

Proof. (1) We will show that Iy — Iy is a state ideal of (L, ). Clearly,
I - I, # 0. In fact, (0), = {0} and I; N (0), = {0} C I. Hence
0elh — L.

Now, let x,y € Iy — I. Then Iy N (x), C I and I1 N (y), C I. It
follows that, (11 N (z),) V (11 N (y)y,) C Io. From Theorem 3.2, we deduce
that I1 N ((x)y V (¥)p) € Iz, which implies (by Lemma 2.23 (9)) that,
Ilﬁ<1‘@y>w Cl. Thus,zdyel; — Is.

Suppose that € Iy — Iy and y < x. Then, I N (z), C I and

Lemma2.23(9)
(W) - (x),. It follows that Iy N (y), € I1 N (x), C I>. Hence

y € I = I,. Finally, let x € I — I. Then, I N (z), C I. Since,
I N {p(x))y € I N (x), C Iz(due to Lemma 2.23 (6)), we obtain that
o(x) € I — Iy. Therefore, I; — Iy is a state ideal of (L, ). That is
I - I € SI(L).

(2) Now, we prove that 1 NI C Iy < I C Iy — Iy, for any I,1;,15 €
SZ(L). Assume that Iy NI C Iy and € I, we have 1 N (z), C [1iNI C Iy
(since p(z) € I)). It follows that x € I} — Io. That is I C I} — Is.
Conversely, let I C Iy — Is and x € [y N I. Then we have x € I C [} — Is.
That is, Iy N (z), C I>. Since x € I} N (x), C Iz, we deduce that x € Iy
which implies 11 NI C I5. Therefore,

L — I, = Sup{I S SI(L) LNIC IQ}
and

L —-_:SI(L) — SI(L)
I — (L—-)I)=hL—1I
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is the right adjoint of 1N_ : SZ(L) — SZ(L).

(3)Set A={x e L:inn(z®p(z)) €Iz, foralliec I, and n € N*}.
First, let € I1 — I3. Then, I) N (x), C I>. For n > 1, and i € I, we have
n(z®(r)) € (), (since x, p(x) € (x),)). It follows that, i An(z @ ¢(z)) €
I1 N (x),, which implies that i A n(z @ p(x)) € I. Hence z € A.

Conversely, let © € A and t € I; N (x),. Then, there exists n € N*
such that ¢ < n(x @ ¢(z)). Hence, t = t An(x & ¢(x)) € I. That is,
ILin(x), € Is. Hence, x € Iy — I,. Therefore, Iy = I = {x € L :
iAn(x @ p(x)) €Iy, foralliel; andn e N*}. O

For every I € SI(L), weput I' =1 — {0} ={z € L: (z), N1 = {0}}.
Then from Theorem 3.3 (3), we have the following corollary.

Corollary 3.4. For every I € SZ(L), we have I' = {x € L : i An(x &
o(x)) =0, foralliel andn e N*}.

Theorem 3.5. Let I € SZ(L). Then C(SZ(L)) = {(z), : x € L}.

Proof. (=). Assume that I € C(SZ(L)). Set H = {(x), : « € L}. Since
I= \/I(a:><p, then there are {z;}1<i<y such that I = (1), V(22),V...V(Zn) e
fdS -
( Proposition 2.12). By Lemma 2.23 (9), we have I = (1 @ 22 ® ... ® Tp) -
Thus, I € H, that is C(SZ(L)) C H.
(«<). Let I € H. Then, there exists € L such that I = (x),. Assume
1 CSZ(L)and I = C V {Ix}. Th V I} = U Ix)y,.
{Iktker € SI(L) an (@ & v AL} Then,z €V {I} = (U Ix)y
It follows that there exist k; € K, Tk, € ij, for all 1 < k < m such that
T < T OTp,D...Dxy,,, - That is, x € <Ik1U]k2U~-UIkm>gp = I, VI,V.. VI, .
I € C(SZI(L)), that is, H C C(SZ(L)). Therefore, C(SZ(L)) = {(z), : x €
L}. O

Remark 3.6. Theorem 3.5 means that a state ideal I is a compact element
of the frame SZ(L) if and only if it is principal.

Lemma 3.7. Let L be a residuated lattice and m,n € N*, m,n > 2. For
any x,y € L, the following items hold:

(P16) x A (ny) < n(z”" Ny");
(P17) (nx)" = nax;
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(P18) (ma) A (ny) < mn(z" Ay").
Proof. (P16). We have

(P14)
Any)=2Ayd...0y) < @ AY)D...o @@ AyY')=na" Ay").

n times n times

It follows that z A (ny) < n(z” Ay").

(P17): By induction we have 20 = 2 @&z = (2/ © 2’). Tt follows

that (2z)" = (2 )’” = (¢’ ®a') = 2z. Let k € N such that k& > 2.
Assume that (k ) kx. Then, we have (k 4+ 1)z = kx ® = hupetests
(kz)" @z = ((kx)"© ) ((kz)' ©')'. Thus, (k+1)z)" = ((kz)' ©2')" =
((kx) ©® 2') = (kx) ® x = (k + 1)xz. Therefore, (nz)” = nx, for all
neNn>2.
(P16) (P16)
(P18). We have (mz) A (ny) < n[(mzx)" Ay"] (A n[(mx) Ay"] <

nlm(a” Ay "2 nfm(a” A y")] = mn(@” Ay"). Hence, (ma) A (ny) <

mn(z” ANy"). O

Proposition 3.8. If (L, y) is a state residuated lattice, then for all a,b € L,
we have: ((a® ¢(a)) A (& ¢(b)))p = (a)p N (b)y.

Proof. Let a,b € L. Then from Lemma 2.23 (8), we have {(a @ ¢(a)) A
(b® @(b)))y C (a), N (b),. Now, let x € (a), N (b)y,. Then z € (a), and
x € (b),. Hence, from Theorem 2.22 (2), there exist m,n > 1 such that,
x < m(a@® ¢(a)) and x < n(b @ p(b)). Therefore, z < m(a & p(a)) A

n(b® o) < mn((a® e@) A 6o o)) 2 mn(a e@) A (b e

o)) < mn((a®p(@) A (b o) ©((a®p(0) A (02 (0)). That i
€ ((a®p(@)) A b@p(b))),. Hence, (a) oM (b)y C ((a@p(a)) A (b (5))),
Thus, {(a @ p(a)) A (5@ @(5)), = (a)y N (b, 0

Theorem 3.9. The lattice (SZ(L),C) is a coherent frame.

Proof. (1) From Theorem 3.2, we have that (SZ(L), Q) is a frame.
(2) From Theorem 3.5, we obtain that C(SZ(L)) = {(z), : « € L}. By
Proposition 3.8 we have (z), A (y), = ((x @ ¢(z)) A (y ® ¢(y))), and by
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Lemma 2.23 (9), we have (), V (y), = (x @ y),, for all z,y € L. Therefore,
(C(SZ(L)), Q) is a sublattice of (SZ(L), C).
(3) For any I € SZ(L), we have [ = \/I<x>¢.
Te
(1), (2), (3) combining with Definition 2.13 implies (SZ(L),C) is a co-
herent frame. O

The following results are immediate.

Corollary 3.10. The lattice (SZ(L),<C) is pseudocomplemented. Clearly,
for all I € SI(L), we have that I' =1 — {0} ={x € L: I N{(x), = {0}} is

the pseudocomplement of I

According to Theorem 2.13 and Corollary 3.10, we have the following
Corollary in any residuated lattice L.

Corollary 3.11. 1. (Z(L),C) is a coherent frame;
2. (Z(L), Q) is a pseudocomplemented lattice.

We recall that a Heyting algebra [1] is a lattice (L,V,A) with 0 such
that for every z,y € L, there exists an element z — y € L (call the pseudo-
complement of z with respect to y) such that for every z € Lz A z <y <
z<x—vy (thatis,z >y =sup{z € L:x ANz <y}).

Remark 3.12. From Theorem 3.3, (SZ(L),V,A,’,{0}) is a Heyting alge-
bra, where for I € SI(L), I' =1 - {0} ={z € L: (x), NI = {0}}.

Lemma 3.13. Let L be a residuated lattice. Then, for any x,y,z € L the
following hold:
(P19) 2 A(y®2) <2"Ayd2)" < (@' ANy")d (2" N2").

Proof. Let z,y,z € L.
From (RL9), we have < 2" and y®z < (y$2)”. Hence, zA(ydz) < 2N

(y@z)”. In addition, N (yEBZ)H — 2"A (y/®z/)/// (Réll) 2 A (yIQZ/)/ (Réﬂ
(RL4),(RL16)
V) = [@vy)e v TEY (@vy)e v B

RL7
[(xl \/y/)// @ <m/ vz/)//]/ ( = ) (.:U// /\y//)/ @ (1,///\2,//)/]/ — (m///\y//) @ (x// /\Z”).
Thus, 2" A (y @ 2)" < (2" Ny") @ (2" A 2"). Therefore, z A (y ® z) <
Ay @) < (2 Ay @ (2" A ).

O
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Proposition 3.14. For any a,b € L, we have:

1. ((a)y) ={z € L:(a®p(a))A(z®p(x)) =0}
2. ((a)p) N (b)) = ((a @ b)y)".
Proof. (1) We have, ((a),) = (a), — {0} = {z € L : (a), N (x), =

W )
{0y} TTPEL IS fr € L ((a @ pl(a) A (2 @ p(x))p = {0}} = {z € L:
(a @ p(a) A (x & o)) = 0}.

(2) Let = € ({(a)y) N ((b)y)". Then by (1), we have (a ® ¢(a)) A (x @
o(z)) =0and (b® p(b)) A (z® p(x)) = 0. Furthermore by (P19), we have
((a®p(a))® (b@w(b)))A(x@sO( ) < ((a®p(a))" ANzdp(2))")@((bDe(b)" A
(2@ o)) "2 (@@ p(a) A (1’@90( )@ ((b® (b)) A(z® p(x))) =0,
hence ((a & gp( ))®(ba 90( ) A (z & ¢(x)) = 0. Then combining (P19)
and (P13), we have (2((a ® ¢(a)) ® (b ® ¢(b)))) A (z @ ¢(z)) < 2(((a ®
w(a)) @ (bd pb))) A (x @ p(x))) = 0. Moreover, by (RL6) and (SO22),
2(((adp(a))B(bdp (b)) = ((adp(a))@(bDp (b)) ((abp(a))®(bop(D))) =
a®b®p(a)Be(b) > aBbBp(adb). Hence, (a®b®p(ad®b))A(zdp(z)) = 0.
Then by (1), we have z € ((a®b),)’. Therefore ((a),)' N((b)y) C ((a®b)y)'.

Conversely, let z € ({(a ®b),). Then by (1), ((a Db) D pladb))) A
(x ® p(z)) =0, we have a < a ® b, so p(a) < p(a @ b). It follows that
a®pla) < (a®b) ®plad®db). We obtain (a @ p(a)) A (x & ¢(z)) <
((a®b)®p(a®b)))A(z®e(x)) =0 and thus, (a® p(a)) A (z @ e(x)) =0.
Analogously, (b&¢(b))A(z@®p(x)) = 0. Therefore, z € ((a),) N((b),). O

Lemma 3.15. Let x € L. Then, the following holds:

(P20) 2" & p(2") =z & p(z).

(so21) (RL11)
= €T =

Proof. We have 2" & p(z") @ (p(x)” = (@ o (e(x))")
(@' © (p(2))) =z ® p(). O

Theorem 3.16. In a state residuated lattice (L, ), the following are equiv-
alent:

(i) (SZ(L),Vv,N,,{0}, L) is a Boolean algebra;
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(ii) Ewery state ideal of (L, ) is principal and for every x € L, there is
n € N*, such that (z®(x)) A ((n(z@e(x))) ®e((n(zde(x))))) = 0.

Proof. (i)=(ii). Assume that (SZ(L),V,A,,{0}, L) is a Boolean algebra.
Then for every I € SI(L), IV I' = L, thus, 1 € I vV I'. But according to
Theorem 2.22 (4), IVI' .= (IUI"), ={x € Lz < y®z,withy € [ and z €
I'}. Hence, there are y € I and z € I’ such that y ® z = 1. We will prove
that I = (y),. Since y € I, it follows that (y), C I. According to Corollary
34, I'={aeL:xAnla®¢(a)) =0, forall x € I and n € N*}. Thus,

xAn(z@p(z)) =0, forall z € I and n € N*. Then x©z < xAz = 0 for every

RL11
x € I, that is x ©® z = 0, for every x € I. Hence, o = o FE )(a:QZ)’: 1,

that is 2 < 2/. Since y @ z = 1, we obtain that n(y ® p(y)) ® z = 1,
for every n € N* (because y @ 2z < n(y @ ¢(y)) & z). Hence by (P1),
(n(y & ¢(y))) — 2" = 1, that is (n(y @ ¢(y))) < 2”. Tt follows that

RL11 (RL4) P17
2 2 g e <<yeaso<y>>>"‘=) n(y @ p(y))- Hence 2’ < n(y & ¢(y)):

(RL9)
Thus, we obtain that z < 2" <2/ < n(y @ ¢(y)), i.e., z < nly ® p(y)),
for every x € I, that is, I C (y),,. Therefore, I = (y),.

Now, let € L. Since (SZ(L),V,A,,{0}, L) is a Boolean algebra, we
have L = (), V ((z),) = {t € L : t < y@®n(zx & ¢(x)), for some n €
N*, y € ((z),)'}. Hence, there exist y € ((z),)" and n € N*, such that
y @ n(r @ ¢(r)) = 1. Since y € ((z),), then by Proposition 3.14(1),
(@) A (y®e(y)) =0. From y & n(z®¢(x)) = 1, we deduce that y —
(n(z®e(z)))" = 1 which implies ¥’ < (n(z®y(z)))" ‘=" (w@w(w)). Thus

S010)
by (RLA), (n(z®¢(x)))” < y”, which implies o((n(z®¢(z)))’ ) < e

Hence (n(z & o(x))) & p((n(z & p@))) < o' & o) 2 y & o(y). T
follows that, (2 (z)) A ((n(z & e (@) & o((n(z & e(@))) < (& plx)) A
(y(y)) = 0. Thercfore, (z&0(x))A((n(2®p(2)) Se((n(Sp())) = 0.

(ii)=(i). By Remark 3.12, (SZ(L),V,A,,{0}) is a Heyting algebra.
In order to prove that (SZ(L),V,A,,{0},L) is a Boolean algebra, it is
enough to prove that for every I € SZ(L), we have I' = {0} & I = L
( according to [1]). Let I € SZ(L) with I’ = {0}. By the hypothesis,
every state ideal is principal. Hence, there is © € L such that I = (z),.
Thus, ((z),) = {0}. Moreover, there is n € N* such that (z @ ¢(x)) A
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(n(zde(x))) ®e((n(zde(x))))) = 0. By proposition 3.14 (1), it follows
that (n(z & ¢(2))) € ((z),) = {0}. Thus, (n(z @ ¢(z))) = 0, that is

n(x & p(x)) (EL7) (n(z @ ¢(z)))"” = 1. Since n(z & p(x)) € (z),, we deduce
that 1 € (x), = I. Therefore, I = (z), = L. O

4 Prime state ideals in state residuated lattices

In this section, we introduce the notion of prime state ideals in a state
residuated lattice, illustrate with some examples and lay out some char-
acterizations of prime state ideals. The prime state ideal theorem is set
forth.

Definition 4.1. Let P be a proper state ideal of (L, ). P is said to be
prime if for all Py, P, € SZ(L), P = P, N P, implies P = P or P = P,.

The following result is a characterization of a prime state ideal.

Proposition 4.2. Let P be a proper state ideal of (L, ). Then the following
are equivalent:

1. P is prime
2. For all Py, P, € SI(L), if PPN Py C P, then P, C P or P, = P;
3. Foralla,be L, if (a® ¢(a)) A (b® ¢(b)) € P, thena € P orbe P.

Proof. (1) = (2) Let Py, P» € SZ(L) such that P, N P, C P. Then, (P N
P,) v P = P. From Proposition 3.1, the lattice (SZ(L), C) is Brouwerian,
so it is distributive. It follows that (P V P) N (P vV P) = P. Now by (1),
P is primeso, LVP=Por P,V P=P. Thus, P, C Por P, CP.

(2) = (1) Let P, P € SI(L) such that P = PiNP,. Then, PPNP, C P.
By the hypothesis, P, C P or P, = P. If P, C P, then, P= P NP, C
P, C P. Hence, P, = P. By similar way, if P, C P, we get P, = P.

(1) = (3). Let a,b € L. Suppose that (a & ¢(a)) A (b& ¢(b)) € P. Set
P = <P, a>§0 and P, = <P, b><p Obviously, P C PPN Py. Let z € PLN Py,
then by Theorem 2.22 (3), there are [,k € P and m,n > 1 such that
x<kdm(a®e¢(a)) and z < Idn(b® p(b)). Then by the property of joins,
we have



The prime state ideal theorem in SRL 147

x < (kdm(a®p(a)))AN(ldn(bdp (( ))))( Sl)) (kem(a®p(a))) ANl" @
(k@m(a® @) Ambee®))) <  (kemla®pla)Al")e

(kdm(a®p(a))) An(bde(b))) (Pﬁl ) (K" A" & (m(a®p(a)” AN™) & (K" A
(P13),(RL11)
(nbdp(®)))" @ (madp(a)"A(nbee®))” < F'Al")s(m(as

(@) A& (KA (n(b& 9(5)) & (m(aS (@) A (nbBp(B) < (K A&

)® (P19)
(m(a®p(a)) ANI") @ (K" A (n(b@ (b)) @mn((a® ¢(a))” A(b&((b)") <
(K"A") & (madp(a)) Al") & (K" A(n(bee(b))) @mn((a@e(a)) A(bSp(D))).

But (K" AU"), (" Am(a®¢(a))), (K" Anb®p(®))), mn((a®p(a)) A (0D
(b)) € P. Thus x € P. Hence P = P, N P,. Therefore by (1), P = P, or
P =P, thatis,a € Por b e P.

(3) = (1) Let Pi,P» € SIZ(L) such that P = P; N P,. Suppose that
P # P and P # P, and let a € P;\P and b € P,\P. Then, (a ® ¢(a)) A
(be@ (b)) € PLN P, = P, that is a contradiction. Thus P = P; or P = P;.
Therefore, P is a prime state ideal of (L, ¢). O

We denote the set of all prime state ideals of (L, ¢) by Spect,(L).

Example 4.3. Let L = [0,1] be the unit interval. Define the algebraic
structure L = (L, A\,V,®,—,0,1) such that for all z,y € I,
0, if x + y< 3

x ANy =min{z,y}, xVy = mazx{z,y}, xOy = { min{x,y}, othewise

1, if x <y

doe —y= ;
ey {mam{é—x,y}, othewise.

Then, L is a residuated lattice [28]. From Remark 2.19, (L,idy) is a state
residuated lattice.

One can check that the subsets L, I, = [0,a], J, = [0,a),J = [0, 1) and
I = {0} (with a € (0, 7)) are the only ideals of L. Therefore, they are state
ideals of (L,idp).
J =0,1) is a prime state ideal of (L, idy).

The following example gives a prime state ideal of a state residuated
lattice which is not a prime ideal.
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Example 4.4. Let L = {0,a,b,c,d,1} be a poset with Hasse digram and
Cayley tables as follows:

1
/N

b
CL

N,

aO—,

Figure 1: Hasse diagram of a SRL that admits a prime state ideal which is
not a prime ideal.

®l0la|blc|d]|1l —|10la|b|c|d|1l
0j0|j0[0]O|O0O]O O (1|11 |1|1]1
a|0|0la|0|0]a a|d|1]|1]|d|1]|1
b|{O|la|b|0]|a]|b blc|d|1]|c|d]|1l
c|0|0|0|c|c|c c|b|lb|b|1]1]1
d|{0|0|la|c|c]|d d|la|lb|b|d|1]|1
1|{0la|b|c|d]|1l 1 |0lalb|c|d]|l

Table 1: Cayley tables of the operations ® and — of a SRL that admits a
prime state ideal which is not a prime ideal.

Then (L,A,V,®,—,0,1) is a residuated lattice. The ideals of L are
{0},{0, ¢}, {0,a,b} and L. Now we define a map 7 on L as follows:

[0, ifxe{0,a,b};
plr) = { 1, ifx e {cd1}.

One can easily check that (L, ¢) is a state residuated lattice. The ideals
of L are {0},{0,c}, {0,a,b} and L. In addition, the state ideals of (L, )
are {0}, {0,a,b} and L. We have {0} = {0,c} N {0,a,b} but {0} # {0,c}
and {0} # {0, a,b}, so the ideal {0} is not a prime ideal of L. However, still
as a state ideal (L, ¢) and according to Proposition 4.2 (1), {0} is a prime
state ideal of (L, p).
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Now, we establish our main theorem.

Theorem 4.5. (prime state ideal theorem)

Let F be a filter in the lattice (L,C), and I be a state ideal of (L, p)
such that INF = (. Then, there is a prime state ideal P of (L, p) such that
ICPand PNF =10.

Proof. Let us consider the set k(I) ={J: J € SZ(L),I C J and JNF = (}.
We have [ € SZ(L),I C I and INF ={. Then I € k(I), that is k(1) # 0.
On can easily prove that the set k(I) is inductively ordered by inclusion
and, by Zorn’s lemma, it has a maximal element P. We will prove that
P € Spect,(L). Since P € k(I), we deduce that P is a proper state ideal
and PNF = (. Let a,b € L such that (a® ¢(a)) A (b® ¢(b)) € P. Suppose
that a ¢ P and b ¢ P and consider the sets (P, a), and (P,b),. Then, P is
strictly contained in (P, a),, and (P, b),, and the maximality of P implies that
(P,a), & k(I) and (P,b), € k(I). Thus, (P,a),NF # 0 and (P,b),NF # .
Let z € (P,a), N F and y € (P,b), N F # . According to Theorem 2.22
(3), there are k,l € P and m,n > 1 such that x < k@ m(a ® ¢(a)) and

y <1®n(b® p(b)). Then,
( (P19

)
(b)) < ((kom(a®p(a))" A
13),(P17)

n(b®
M@ ((kom(a®p(a))" A(n(b® e (3)))’) < ((kem(a®p(a))AI")®
(kom(a®p(a))) An(b@ (b)) (k”Al’”’)( 1;;%((; )( )" N & (KA
(n(b@ (D))" & (mlasp(a))"A(nbep(®))” < (k’(’PAlé’)')@(m(aGB
p(a)) N") & (K" A (n(b@® (b)) & (m(a@p(a)) A(n(b®p(b)) < (/f”M(”P)g
(m(a®@(a)) ANI") & (K" A (n(b@ ¢(b)) @ mn((a® p(a))” A (bS p(b)") <
(K" A" )& (m(a@p(a)) NI") & (K" A(n(bo (b)) @mn((a©p(a)) A(b&¢(b)))-

But (K"Al"), (" Am(a©e(a))), (K" An(b@ (b)), mn((a®e(a)) A(bdp(b))) €
P. Hence x Ay € P. On the other hand, since F' is a filter of the lattice
(L,C), we deduce that z Ay € F, and therefore PN F # (), which is a
contradiction. Thus P € Spect,(L). O

zAy<(kdemla®p(a))A(l®

Proposition 4.6. Let I be a proper state ideal of (L,p). Then, there is a
mazximal state ideal Iy of (L, ) such that I C Iy.
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Proof. Let us consider the set
Lr ={J:Jis a proper state ideal containing I}.

We have I is a proper state ideal of (L,¢) and I C I. So I € Ly, that is
L; # 0. On can prove that L; is inductively ordered by inclusion. So, by
Zorn’s lemma, L; has a maximal element Iy. We are going to prove that
Iy is a maximal state ideal of (L, ). Indeed, if I is a proper state ideal
of (L, ) such that Iy C I;, then I} € L; and the maximality of Iy implies
that I = Iy O

Proposition 4.7. Let a € L, a > 0. Then, there is a prime state ideal P
of (L,p) so that a & P.

Proof. Since {0} is a state ideal and {0} N [a) = 0 (where [a) is the filter
generated by {a} in the lattice (L, C)). Hence by Theorem 4.5, there exists
a prime state ideal P such that PN {(a) = (). Thus a ¢ P. O

Conclusion

This work was devoted to the prime state ideals theorem in the framework
of state residuated lattices. We have investigated the lattice of state ideals
SZ(L) of a SRL and obtained that it is a coherent frame. Moreover, we have
described the set of compact elements of the sublattice SZ(L). Furthermore,
We have characterized the SRL for which the lattice SZ(L) is a Boolean
algebra. In addition, we have proved the prime state ideal theorem and gave
some related properties. In the same view as the work in [16], we will study
the lattice of L-fuzzy state ideals in state residuated lattices. Analogously
to the papers [6, 19, 27] , another direction will consist of investigating
other types of state ideals namely obstinate, maximal, Boolean, primary,
implicative and integral state ideals in state residuated lattices.
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