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Abstract: There is no denying fact that harmonic crystals,
cold plasma or liquids and compressible fluids are usu-
ally dependent of acoustic-gravity waves, acoustic waves,
hydromagnetic waves, surface waves with long wave-
length and few others. In this context, the exact solutions
of the modified Camassa-Holm equation have been suc-
cessfully constructed on the basis of comparative analy-
sis of (G’ /G -1/G)and (1/G’)-expansion methods. The
(G'/G-1/G)and (1/G’)-expansion methods have been
proved to be powerful and systematic tool for obtain-
ing the analytical solutions of nonlinear partial differen-
tial equations so called modified Camassa-Holm equa-
tion. The solutions investigated via (G'/G-1/G) and
(1/G’)-expansion methods have remarkably generated
trigonometric, hyperbolic, complex hyperbolic and ratio-
nal traveling wave solutions. For the sake of different
traveling wave solutions, we depicted 3-dimensional, 2-
dimensional and contour graphs subject to the specific
values of the parameters involved in the governing equa-
tion. Two methods, which are important instruments in
generating traveling wave solutions in mathematics, were
compared both qualitatively and quantitatively. In addi-
tion, advantages and disadvantages of both methods are
discussed and their advantages and disadvantages are re-
vealed.
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1 Introduction

Nowadays, nonlinear partial differential equations have
been applied in various fields due to their burning
significances in fluid dynamics, optical fibers, biologi-
cal sciences, quantum mechanics and plasma physics.
Various researchers have suggested different methods
to solve nonlinear partial differential equations such
as, Homotopy perturbation method [1], Sine-Gordon ex-
pansion method [2, 3], (1/G’)-expansion method [4-
6], variational iteration method [7], improved Bernoulli
sub-equation function method [8, 9], (1/G’)-expansion
method [10-12], (G'/G, 1/G)-expansion method [13], Exp-
function method [14], Auxiliary equation method [15],
Laplace perturbation method [16], Adomian’s decompo-
sition method [17, 18], sub-equation method [19], Haar
wavelet collocation method [20] and few others. In this
context, Camassa-Holm equation is one of the type of
nonlinear partial differential equation for which several
studies have been presented in open literature; for in-
stance; Gorka and Reyes [21] studied weak solutions and
proved their existence and uniqueness for Camassa-Holm
equation. Qu et al. [22] investigated dynamical stability
of the single peaked soliton and periodic peaked soli-
ton for an integrable Camassa-Holm equation with cu-
bic nonlinearity. The soliton wave solutions using homo-
topy analysis method for Camassa-Holm equation have
been explored by Abbasbandy [23]. Bekir and Guner [24]
suggested new study based on topological (dark) soli-
ton solutions subject to solitary wave Ansatz method for
Camassa-Holm equation [24]. In brevity, few recent stud-
ies can be viewed in [25-27]. Additionally, the recent
work on exact [28-32, 34, 35] and analytical solutions
can also be seen therein [36-42]. Motivated by above dis-
cussion, we have been traced out analytic solutions of
the Camassa-Holm equation by using (G’/G -1/G) and
(1/G’)-expansion methods. We also presented the com-
parison of (G'/G - 1/G) and (1/G’)-expansion methods
on Camassa-Holm equation. The Camassa-Holm equation
can be written in the form of [43]

Ut — Uxxt + 3u2ux = 2UxUxx — Ulxxx = 0. o))
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Eg. (1) possesses shallow water waves and such mathemat-
ical model is known to be integrable, possessing multi-
soliton solutions with peaks [44-46]. Additionally, sev-
eral fractional analytical techniques can be persuaded
with classical and non-classical [47-58], local and non-
local [59-67] and singular kernels [68-74]. In this study,
general information about the equations and analytical
methods discussed in the introduction is given. In the sec-
ond section, the general operation of analytical methods
is explained. In the third section, the applications of the
methods are carried out. In the fourth section, the advan-
tages and disadvantages of the obtained data and methods
are discussed. In the last section, the data in the study is
compiled.

2 Comparative methods for
Camassa-Holm equation

2.1 (1/G’)-Expansion method

We consider two-variable general form of nonlinear partial
differential equations
) =0, )]

P(u
&=

in the general form. Here, let u = u(x, t) = U (),
x +vt, v # 0, where v is a constant and the velocity of
the wave. After this, it can be converted into following non-
linear ordinary differential equation for U (¢):

ou ou d’u

*ot’ox’ ox2’

y (U, U, u",u”,...) =o. 3)

The solution of Eq. (3) is assumed to have the form

U@-a+dai(g) - @
i-1

where a;, (i=1,2,3,..., m.) are constants, m is a pos-
itive integer, which is balancing term in Eq. (2), and G =
G (&) provides the following second order ordinary differ-
ential equation as:

G"+AG' +u=0, (5)

where A and y are constants to be determined after,

1 1

G'® ~ T +Acoshfl-AsmhEl] %

where A is constant. The Eq. (5a) is a solution of the Eq.
(5). If the desired derivatives of the Eq. (4) are calculated
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and substituting in the Eq. (3), a polynomial with the argu-
ment (1/G’) is attained. An algebraic equation system is
created by equalizing the coefficients of this polynomial to
zero. This equation system is solved with the help of ready
package program and put into place in the default Eq. (3)
for solution function. Consequently, the solutions of the
Eqg. (1) are found.

2.2 (G’/G - 1/G)-Expansion method

The form of nonlinear partial differential equation con-
taining two or more independent variables for which
the solution can be explored by using (G'/G-1/G)-
expansion method is written as follows:

K (u, ug, ux, uy, Uz, U, Uxx, - . .) = 0. (6)

Hfu=ux,t)=U(), ¢&=x+vttransformationsareused
in Eq. (6) then v is a constant, Eq. (6) is converted into a
nonlinear ordinary differential equation and this equation
can be generally written as:

f(u, U, u",u"”,...)=o0. @)

Here, Eq. (7) can be integrated to decrease the operational
complexity. By the nature of (G’'/G -1/G)-expansion
method, G (&) function is solution function of the second
order ordinary differential equation as

G"(O+AGE) = p, ®

where A and p are real constants. As, ¢ = ¢ (§) = G'/G
andy = (&) = ﬁ provides operational esthetic. We can
write the derivatives of the functions defined herein as;

¢ =-¢*+up -2, Y =gy ©)

We can present the behaviors of the solution functions of
Eq. (8) with respect to the condition of A by considering the
equations given by Eq. (9).

Casel:IfA <0

G (¢) = c1sinh (\ﬁ)l{) + Cp cosh (ﬂf) + %, (10)

whereas c¢; and ¢, are arbitrary constants. By considering
Eq. (10);

2 A 2 _ 2 2
Y = 220+ u2 (¢’ —2i“/'+/1) , o=ci-c. (1)
Eq. (11) is easily written.
Casell: IfA1 >0
G (&) = c1sin (\//T{) +C5 COS (ﬂ{) + %, (12)
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here c; and ¢, are arbitrary constants. By considering Eq. (12), there is following equation;

2 A 2 2,2
lp =m(¢ _2H¢+A), U=C1+C2, (13)
Caselll: If A =0
G({)=%{2+clf+c2, (14)
here ¢, and ¢, are arbitrary constants. By considering Eq. (14), there is following equation;
2 1 2
= (¢?*-2uyp). 1
Vs o (90 2w) (15)

Finally, the solution of Eq. (7) in terms of ¢ and 1 polynomials is expressed as;

m m
UE)=> aip'+> b . (16)
i=0 i=1
Here, a; (i=0,1,...,m)and b; (i=1,..., m) numbers are the constants to be determined later. m is a positive equi-

librium term which can be attained by comparing maximum order derivative with the maximum order nonlinear term
in Eq. (7). If Eq. (16) is written in Eq. (7) along with Egs. (9, 11, 13) or (15), a polynomial function related to ¢ and ¥ is
written. Each coefficient of ¢p'yp/ (i =0, 1,...,m) (j = 1, ..., m)terms of the attained polynomial functions are equated
to zero and an algebraic equation system is attained for a;, b;, v, u, c1,c2 and A (i=0,1,..., m). The required coeffi-
cients are found by solving this algebraic equation by means of ready package program. These coefficients found are put
into Eq. (16) and U (&) solution function of the ordinary differential equation given as Eq. (7) is attained and if & = x + vt
transformation is operated in reverse order, we will obtain the desired u (x, t) traveling wave solution of Eq. (6).

3 Solutions of modified Camassa-Holm equation
3.1 (G’/G - 1/G)-Expansion method

We consider Camassa-Holm Eq. (1). Using transmutation u = u (x, t) = U(&), ¢ = x + vt and taking once the integral
of Eq. (1), we get

2

v(U—U”)+U3—%(U’) -UU" =o0. 17)

Where, vis the wave velocity. Thus, by finding the equilibrium term m = 2 in Eq. (17), and in Eq. (16) we obtain to
following form of the solution

U§)=ao+ar ¢[]+b1 Y&l +ar ¢[E]° + by ¢ [E1Y[E]. (18)

If we substitute the Eq. (18) in the Eq. (17) and the coefficients of the algebraic equation are equal to zero, we can establish
the following algebraic equation systems

ANua? »Aa 2vA%u?a,
_ 5 -
2 (-u2+A20) -p2 +A20
2 2 432
_ 204 agas + vA2ub,y + Auaghy + 4% pa, by b2 3A%apbi ZABHale A*bs

+ + =
-u?+A%20 -ur+A20  —p?+A%0 T -pP+A?0 -pl+A’o _HZ + 20 _y2 +A20 2 (_HZ + AZO') ’

1
Const : vag + ag - i/\za% - -2 %aga;

2,2 2 2 2 2 2
4A H-a,a + 51 yalbl + 31 a1b1 + 6vA ]lbz + 61 ],laobz

. . —_ 2 - 2 —
¢ [¢] : vay -2vAas - 2Aapa; + 3apar - 4A%a1an S+ A%0 Ao T 2 ate T 2 Ao T R+ A%

+8/\3ya2b2 _ 7/\3b1b2 6A2a0b1b2
-2+ %0 -p?+A%0c  -p?+A%c

>
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A?a? 2vAuta
(@[E]D*: -3Aal- 2(—14’;7+320) +3agal +va, - 8vias - ﬁ - 8Aapas
2% apa 4A%u% a3 vAub Auagh
_—ylzl +/Olzé + 3agay - 41a3 - —yzli/lzzo " —;uzli/\lzo * —;1}; +O/1210
17A%ua;, b, 7A%b? 3Aaoh? 3A%2a;b?  14A%paib,
- + + L
W2 +A%0  2(-p2+A20) -pE+ A0 -pr+ A0 -p?+A%0
+6/12a1b1b2 _ 15/13b% + 3/\2(1019% _
_HZ +A20 2 (—]12 +/120') _yz + 20 -
4Ap*aia 5Auaib
(@) 2 -2vay - 2apay + a3 - 14Aaia; - ﬁ +6apaaz + ﬁ

3/‘(1117% 6V/1],lb2 + 6/1]1(10b2 " BOAzyazbz _ 17/12b1b2

-u2+A20  -p2+A20 -u2+2A20 -p2+A20  -p?2+A%0
+6/1a0b1b2 + 6/\2a2b1b2 3A2611b%

-u2+A20  -p2+A%o ¥ TR LR A
5a2 4Au?a?
(P[ED = _Tl - 6va, - 6agay +3ata; - 12Aa3 - ﬁ +3apas
+ 13/1].1(121)1 _ SAb% 3Aa2b% 12/1]1(11172

-pr+A%0 2 (-p2 +A20) " —y2+}l20+ -u?+A20 (19)
6Aa;b1b,  15A%b3 3Aagh3 = 3A%a,b}

+ - + 2_ 4 2 _
-u2+A20 -p2+A%0 -p2+A20 -p+A%0

22/\.]1021?2 _ 10/\b1b2 6/1(12b1b2 " 3Aa1b% _

-u2+A20 -p2+A20 -2+ -p2+A%0

3 8/\b% + 3/1(1217% _

2T 2+ N0 u2+ %0

(P[&])° :: -10aia, +3aias +

(P[EN°:: -8a3+a

E) 3 3
YIE] = Aual+ 7_:2’1:;120 + 4vAua, + 7_4’1/2/1’: /\ZZO‘ + 4Apaga; + 72\]; fﬁgé
2VAy2b1 2/1]12610}71 2 2 8/\2}12(12b1
+Vb1 - V/\b] - 7_}12 20 —Aa0b1 - 7_}12 T 20 + 3610171 -2A a2b1 - 7_}12 Y
2A%ubi  6Auaohi aih, 42%u%ay b, . ABubl
-u2+A2¢ -u2+A%0 RC TR PXo R v Ry A
8/\]1361102 10/1}126111?1
¢ [&1Y (€] : 3vua; +3uapa; + 8Auajas + S EwEra 4Aaibq - ST EwEra +6apai by
6Aua, b? 12vAu?b 12Au*agh
= el S +vby ~ 5vAb; - 7_}12 fp; - 5Aagb; - 7_M2"+‘;°202
2 2 16A2y2a2b2 14/\2}1b1b2 12}lya0b1b2
+3a0b2 - 47 azbz - —],42 +/120' + —],42 +/120' - —],12 +/120' =0,

PLEP W] : 4pad +10vuas + 10 8Auad + ¥4 oy, —2a0by +3alb
cAuay Hap + Uaopda; + pas + o VD1 aopb1 + 3(11 1
~ 26Apu’az by 5Aub3 6Aua bt
11}la2b1 7_}12 + 20 —}12 + 20 - —}12 + 20 - 10/1(11})2
2
—724A'u a1b2 + 6(10(111)2 -

-u? +A20

+ 6(10&2171 +

12Auaibib; | 140%ub3  6Auagh3 _
-u2+A%0  -pr+ A0 —p2+A%0

¢ [{]3 l/) [nf] 14 17}1(11(12 - 5(11b1 + 6[11(121?1 - 6Vb2 - 6(1()192 + 3(1%}72 - 19A(12b2
_44/1]126121’)2 ZOAyblbz _ 12Aya2b1b2 _ 6/1].1(111)% _
-u2 + %0 U2+ 20  -p2+A2¢ -p2+A2¢
16Aub3  6Auab3 _
-u2+A20 -u2+A%0

PP Y[E] = -16axby +3a3bh, =0,

+ 6aoa2b2 +

GIE1 Y[E] = 14pad -10a,b, +3aby - 10a,1b, + 6aia:b, +

>
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YI&P == ~2u’azby + pbi + by - prarby + Apb3 =0,
PLE1Y [P ~4) ayb, + 8ub1 by +3b3by = 0,
PP Y[EP = 8ub+3b1b3 =0,
PP YIEP : b3 =0,
ALK -2payby + ubi + b3 - parby + Aub3 =0,

aims with ready package program, reaching the solutions
of system (19) then we obtained the following cases:

Casel: IfA> 0,

a0=1,a1=0,a2=8,b1=O,b2=0,v=—1,y=0,/l=%,

(20)
replacing the values of Eq. (20) into Eq. (18) then we have
the following trigonometric traveling wave solution for

Eq. (1)
& =x+vt,

ui(x, ) = 148 (Lcycos [3 (-t +x)] - Seysin [4 (-t +x)])°

(c1cos [5 (~t+Xx)] +casin [5 (—t +X)] )2
(1)

Figure 1: 3-D, 2-D and contour graphs for c; = 0.5, ¢; = —1 values
in Eq. (21).

Casell: IfA <O,

a0=—2,a1=0,a2=8,b1=O,b2=0,v=—2,y=0,/1=—%,

(22
replacing Eq. (22) into Eq. (18) then we obtain the following
hyperbolic traveling wave solution of Eq. (1):

&=x+vt,

u(x, t) = -2+
8 (3cacosh [ (-2t +x)] + 3¢y sinh [3 (—2t+x)])2

[
(c1cosh [3 (-2t +x)] + ¢, sinh [3 (-2t + x)] )2

(23)
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Figure 2: 3-D, 2-D and contour graphs for ¢, = 0.5, ¢1 = —1 values
in Eq. (23).

Caselll: IfA = O,

dg = 1,611 =0,(12 =8,b1 =0,b2 =0,V=—1,],l=0,
(24)
replacing values of Eq. (24) into Eq. (18), then we obtain

the following rational traveling wave solution for Eq. (1):

&=x+t,

2
L (25)

o0 e e

Figure 3: 3-D, 2-D and contour graphs forc, =
values in Eq. (25).

-0.2, ¢; = 1.5

3.2 (1/G’)-Expansion method

We consider Eq. (1). For which using transmutation u =

ux,t)=U(¢), ¢&=x+vt, v#0, and taking once the
integral of Eq. (1), we obtain
3 1 2
v(U—U”)+U _E(U/) -uU” =0, (26)

where, v represents the velocity of the wave. Taking into
account the Eq. (26), we find the equilibrium term m = 2
and in Eq. (4), we attain to following form of the solution

2
U)=ap+a; (é) +d; <é) . 27)
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If we substitute the Eq. (27) in the Eq. (26) and the coefficients of the algebraic equation are equal to zero, we can

establish the following algebraic equation systems

Const: vag+ a% =0,

1
1
(W) . vay -vA’ay - A%aga; +3ada; =0,

~
—_—
—

2
( 1 ) i =3vAua; - 3Apapa; - %Aza% + 3a0a% +va; - 4v)l2a2 - 4/\2a0a2 + Ba%az =0,
1

3
(G’ [%,]) : —2vy2a1 - Z,uzaoal - Mya% + a% - 10vAua, - 10Apapa, - 7/12a1a2 + 6apaia; =0,

4
( L ) : —gyza% - 6vy2a2 - 6y2a0a2 -17Aua a; + Ba%az - 6A2a% + 3a0a§ =0,

5
( 1 ) . —10paja; - 14Apas +3a,a3 =0,

G'[¢]
L 6- -8u2a>+a3 =0
G'[&]1) - pazTay =0

CaseI: If
ap=-1, a;=+8ipu, a,=8yu*, v=#1, A=-i, (i=\/—1>,

(28)

(29)

replacing values Eq. (29) into Eq. (27) and we have the following new type complex hyperbolic traveling wave solution

for Eq. (1):
& =x+vt,

8u? 8iu

us(x, t)=-1+ - — e .
o0 1) (-ip + Acos[t - x] —iAsin [t — x])*> —ip+Acos|[t-x]-iAsin[t - x]

Figure 4: 3-D, 2-D and contour graphs for A = 0.5, u = 1values in Eq. (30).

Case II: If
ap=0, a;=-8y, a2=8y2, v=-2, A=-1,

replacing values of Eq. (31) into Eq. (27) and we have following hyperbolic traveling wave solution for Eq. (1):

&=x+vt,

8u? 8u

ux(x, t) = - - .
2 (u+Acosh[2t - x] - Asinh[2t - x])> M +Acosh[2t - x] - Asinh [2t - x]

(30)

€3))

(32
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Figure 5: 3-D, 2-D and contour graphs for A = 5, p = 1.9 valuesin
Eq. 32).

4 Results and discussions

Shock waves of nonlinear partial differential equations
(NLPDEs) have been discussed on the basis of model-
ing of physical phenomena. The comparative analysis
has been attained by two methods namely (G’/G -1/G)-
expansion and (1/G’)-expansion method for Camassa-
Holm equation. It has been traced out that the solutions
are different than the existing solutions in literature. This
assured that the results have disclosed new phenomenon
for Shock waves based on two different methods. For the
sake of physical aspects, it provides the opportunity to un-
derstand the dynamics of solitary waves obtained by two
expansion methods their states. The solutions obtained
with the (G’/G-1/G)-expansion method are trigono-
metric, hyperbolic, and rational traveling wave solutions.
From comparison point of view, only hyperbolic and com-
plex hyperbolic traveling wave solutions have been ob-
tained via (1/G’)-expansion method. The solutions ob-
tained by both methods were found to be different from
each other. In this case, the existence of many meth-
ods expresses the richness of the solutions of the differ-
ential equation. (G'/G - 1/G)-expansion method more
complicated and (1/G’)-expansion method is less diffi-
cult. In this case, we can determine the degree of diffi-
culty by referring to the system of Eq. (19) and (28). It was
also observed that the processing time in (G'/G -1/G)-
expansion method was longer by using a ready package
program with the same features. The excess of the number
of equations in the equation system (19) is effective on the
extension of period. It has been observed that all obtained
exact solutions, the (1/G’)-expansion method is advan-
tages in terms of process complexity, while (G’ /G - 1/G)-
expansion method is more advantages in terms of number
of solutions.

In this study, the application of two different analyti-
cal methods is included, and the solutions obtained at the
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end of this application are important both mathematically
and physically. Mathematically important is the genera-
tion of traveling wave solutions. Physically, traveling wave
solutions, which play an important role in the transport of
energy, will shed light on many problems. If the parame-
ters in the traveling wave solution gain physical meaning
by considering the physical properties of the problem un-
der consideration, the obtained traveling wave solutions
will be much more valuable. It was observed that the trav-
eling wave solutions obtained by both analytical methods
satisfy the modified Camassa-Holm equation. At the end
of this observation, it can be said that the methods are re-
liable, useful and applicable methods for obtaining trav-
eling wave solution. Both methods are recommended for
obtaining traveling wave solution of NLPDEs in the future.

5 Conclusion

In this letter, as a result, trigonometric, hyperbolic,
complex hyperbolic and rational traveling wave solutions
of modified Camassa-Holm equation have successfully
constructed using (G'/G-1/G) and (1/G’)expansion
methods. 3-D, 2-D and contour graphs are presented for
the arbitrary values of the parameters in the solutions
obtained. The solutions obtained by both methods have
different properties and can shed light on some physical
events such as different shallow water waves. Advantages
and disadvantages of two methods discussed. In the
future, it can be used to find traveling wave solutions
of many NLPDEs. Because both methods are powerful
methods for obtaining traveling wave solutions of NLPDEs.
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