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Abstract: The present paper considers the equilibrium theory of thermo-microstretch elastic solids with microtempera-
tures. The method to solve the Neumann-type boundary value problem (BVP) for the whole space with spherical cavity

is presented. The solution of this BVP in the form of absolutely and uniformly convergent series is obtained.
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1. Introduction
The theory of thermoelasticity for elastic materials with microtemperatures, whose particles contain a displace-
ment vector and temperature field, was established by Grot [11].

Eringen developed the theory of micromorphic bodies and the theory of thermo-microstretch elastic
solids. An extensive review and basic results in the microcontinuum field theories for solids (micromorphic,
microstretch, and micropolar) including electromagnetic and thermal interactions are given in his works [9,10].

In [16], Tesan and Quintanilla formulated the boundary value problems of the theory of thermoelasticity
with microtemperatures and presented a unique result and a solution of Boussinesq—Somigliana—Galerkin type.
The theory of micromorphic elastic solids with microtemperatures was presented by Iesan in [12,15]. In [18],
Tesan and Quintanilla discussed various problems using thermoelasticity with microtemperatures.

Many investigators studied different types of problems for thermo-microstretch medium in detail (some
of those works can be seen in [1-8,13,14,17,20-24,26,27] and the references therein).

The present paper considers the equilibrium theory of thermo-microstretch elastic solids with microtem-
peratures. The method to solve the Neumann-type boundary value problem (BVP) for the whole space with
spherical cavity is presented. The solution of this BVP in the form of absolutely and uniformly convergent

series is obtained.

2. Basic equations
Let x = (21,72, 73) be a point of Euclidean three-dimensional space E3. Let us assume that D7 is a ball with
radius R, centered at point O(0,0,0) in space E®, and S is a spherical surface with radius R. Denote the

whole space with a spherical cavity and with boundary S by D. ( D = E3\D7).
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The system of equations of the linear equilibrium theory of thermoelasticity for isotropic and homogeneous

thermo-microstretch elastic solids may be written as [12,26]

pAu + (X + p)graddiva — Bgradd + Bigrady = 0, (1)

ke Aw + (k4 + ks)graddivw — ksgradd — kow = 0, (2)

kAG + ki divw = 0, 3)

YAp — prdiva — ddivw + mé — s =0, (4)

where u = (uy, us, u;;)—r is the displacement vector; w = (wy, wa, wg)—r is the microtemperature vector;

f(x) is the temperature measured from the constant absolute temperature Ty (Tp > 0) by the natural
state (i.e. by the state of the absence of loads); ¢ is the microstretch function (microdilatation function);
Ao, B, B, ko kj,d, m, v, < j=1,..,6, are constitutive coefficients; and A is the 3D Laplace

operator. Throughout this paper, superscript T denotes transposition.

Definition 2.1 A vector-function U= (u, w, 0, ) defined in domain D is called reqular if
Uc C*D)ncY(D)

and at infinity it satisfies the following conditions:

ou
U =0l ™) 5= =0(x) P =at+af+af>>1  j=123
J

The Neumann-type BVP for Egs.(1)—(4) is formulated as follows:
Find a regular solution Ul(wu,w,0,p) to FEgs. (1)-(4), for © € D, satisfying the following boundary

conditions:
. _ . 2) _
Jdim w0, =G, lim PO (@m) wix), = f(y),
) 00 ) Op
Da}clglzes (kan + klnw) = f1y), Da:lclglzes (7811 B dnw) =), yeS
where n(z) is the external unit normal vector on z € S, the vector-functions  G(z) = (G1,G2,Gs),

f(z) = (f1, f2, f3), and the functions f4(2z), f5(z), ) are prescribed on S, at z, and the vector P(Q)(ﬁx, n)w
has the following form [23]:

ow

PP (9x,n)w = (ks + k¢) o

+ kyndivw + k5[n - rotw]. (5)

[x - g] denotes the vector product of the two vectors x and g.

The following assertion holds.

Theorem 2.1([23]) The Neumann-type BVP has at most one regular solution in domain D .
To solve the above-mentioned problem, we proceed as follows: first is to study the BVP for equations (2)
and (3) separately. By supposing that w and 6 are known, we can study the BVP for equations (1) and (4),

with respect to u and ¢ . By combining the obtained results, we obtain the solution of the BVP for equations

(1)~(4).
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3. Preliminaries
In this section, some basic results from previous papers [1,3] are given:

The spherical coordinates are:
x1 = psinécosn, xo = psin€sinny, x3=pcosf, x€D

y1 = Rsingpcosng, yo = Rsingpsinng, ys= Rcoséy, y€E€S

x| =p=+azit+a3+a23 0<E<m, 0<n<2m

3
(x-w)= rrwy denotes the usual scalar product of two vectors x and w.
k=1

Operator 0 is defined as follows:

P 95 (x) '

0 o o0 0
V], = , k=123, V=ls—5-75")"
[x- Vi OSk(x) (8361 Ozo 8x3>

If g, is the spherical harmonic, then [19]:

The following theorems hold true:

Theorem 3.1 ([1]) The regular solution W = (w,0), where w = (w1, ws,ws), of the homogeneous equations

(2) and (3), in D, can be represented in the following form (for details see [1]):

w(x) = a gradd(x) + b gradd; (x) + ¢ rotep3(x),

where
k2 ks _k ke

¢?(x) = [x - V]gs(x) +rot[x.V]ps(x), (A—s3)p; =0, j=34
In addition, if

/ pjds =0, j=3,4,
S(O,al)

where S(0,a1) C D is an arbitrary spherical surface with radius a1, then between the vector W(x) = (w,0)

and the functions ¥, V1, ¢j, j = 3,4, there exists one-to-one correspondence.
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Remark. The solutions of Eqs. (2) and (3) can be rewritten in the following form [1]:

w(x) = a gradd(x) + b gradd; (x) + [x - V]pa(x) + ¢ rot][x - V]ps(x),

(8)
0(x) = ¥(x) + %1 (x).
Theorem 3.2([3]) The regular solution U = (u, ), where u= (u1,us,us), of the following equations:
pAu + (A + p)graddivu + Srgrade = Sgrad(d + ¥1), (9)
YA — frdiva — sp = (dbs? — m)d; — md, (10)
in D, can be represented in the following form (for details see [3]:)
u=® + u, (11)
o =1+ Y3 + o, (12)
where g is a particular solution of equation (9):
—m(\ + A+p)s =57
uozgrad{ﬁﬁl m( M)ﬁo-f-( 1)s 51\1,0_ ﬁ12¢3+a222791}’
Nﬂl /151 HoS3 S1
(13)
_ B(yst — <) + Bi(m — dbs?)
a2 = 5 P} .
Yo (s — 53)
Yo is a particular solution of equation (10):
_ ant 5 HoS — B BB — po(m — dbs?)
wO* 2 3y S3=—_— Q11 = .
81 — 83 Koy YHo
The vector-function ® is a harmonic function and is chosen such that
_ 2
A =0, div = 0= BBy Y A — o,
pB1 B
Uy and 9y are chosen such that
AUy =1, Adg=1v, AAT;=0, AAJ,=0.
The functions ¢ and 13 are solutions of the following equations:
A1/J = Oa (A - 83)7/}3 = 05
and respectively, divu satisfies the following condition:
9 —
diva = u — ﬁ’l/)g} + asot. (14)
B Ho

Thus, the general solutions of Eqgs. (1)—(4) are represented by means of harmonic, biharmonic, and

metaharmonic functions and are given by formulas (8),(11), and (12).
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4. Solution of the Neumann boundary value problem
In this section, we present the method to solve the Neumann BVP for a whole space with a spherical cavity.

Taking into account (8) and the following identities:

%gradh(x) = %grad [(paap - 1> h(X)] ;

1
a%roth(x) = ;rot {(paap - 1) h(x)} ,
the vector (P (9x,n)w takes the following form [2]:

P? (0x,n)w =

X8 L | (g 1) (@) + 00160+ eror (5 —1) 00 (16)

22+ e ()

+k4b

On account of formulas (16) and (8), the following identities hold true:

92y 0?
(x: PO @x,mw) = (ks + ko)ap /0 + (ks 4 koo + Eavsto] 1)

9 1\ & Pes(x)
elhn o) (- 1) & G

3

3 0 2 B 0 0?(a¥(x) + b1 (x))
k2::1 95:(@) {x P (0x, II)WLC = (ks + ko) (8 ) ’; 352 (z)

(17)

0? 0 1 3. 0%¢p3(x)
et s o+ 555 e} 25

— =4 (x-w)—a@—i—b CY ——
on  9p | op’ %3, ap 24957 (%)’

Let us assume that functions ¥,9; and ¢;,j = 3,4 are sought in the following form [25]:

Rn+2

I(x) = nij:O Wyln(ﬁa ©),

91(X) = 30 Wy (i510)Yan (0, ), (18)

n=0

pj(x) = Z_:O‘I’ n(i52p)Yin(9,0), p>R, j=3,4,
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respectively, where Yi,,, Y2, m and Y}, are the unknown spherical harmonic of order n,

VRIHY, (iskp)

. n+1

\Iln(lskp) = @ ;- s
\/ﬁHn+% (ispR)

k=1,2.
By substituting (18) into (17) we obtain:

(X PP (9x, n)w)

(o]

n+1)(n+2)R"? 82 .

(ks + ko) (;p _ ;) n(n + 1)\1:”(2'52/))3/3“} ,

3
k; 95y () {X -P® (3X,n)w} =

3 GRS G L P
nz::On(n + 1) {(k‘5 + kG) |:a (Qn + ]_)pn+2 in ap P bmn(zslp)YQn +

(ks + ko) AR} U, (is2p)Y:
el T N6 papz p  » 50| Un(is2p)Yan ¢ s
a —

;;: Sy (x) {P@)(ax,n)w)h = —ks ni_o:on(n +1) <8ap - [1)> U, (is20)Yin,

(% w) = io: {_a(n—i— 1)R"+2

0
— Y1, + bp—V, (i Ya, — )P, (i Y b
o\ gyt e e Unlisp)Yen = enln )T is2p)Vs }

00 >

koo +hn(mw) = > [_ (k+aky)(n+ DR™2  chin(n + 1)

(Qn + ]_)pn+2 1n T\Pm (ZSQP)Y?m:| .
n=0

Let us introduce the following functions:
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Let us assume that functions hx, k =1,..,8, are representable in the form of the following series:

hi(y) = io hin (€05 M0),

where hg, k=1,..,8 are the spherical harmonics of order n :

2n+1

kn = o py /P (cosy)hi(y)dSy,
7r

P, is the Legender polynomial of the nth order, and  is an angle formed by the radius-vectors Ox and Oy,

3
1
COSY = E TrYk-
x[lyl =

Remark. ([3]) The condition [ ;ds=0  implies that Y39 = Yi9 = 0.
S(O,al)

Keeping in mind the boundary conditions, from (19), when p — R, we get the following system of

algebraic equations:

(n+1)(n+2) 0?W,,(is1p) 5
(ks + kﬁ)a—(2n 1) Yin + | (ks + ke)bR o7 - + kabsiR| Y2,(€,7m)
o 1
—c(ks + ke)n(n + 1 |:<>\I/n15 :| Yn:hna
(ks + ke)n(n +1) % o (2P)p:R3 4

R < I AL B
0 p=R

1 k k
n{n + ){( 5 + k) 2n+1 0 R

0%V, (isap) OV, (is2p) 1
ks + k - = ksR| Yan v = hsn,
lhs i) (B 0  S ) s Yo =t
' 1
—ksn(n+1) (8‘1’“(”2”)—) Yin = hen, hso =0, hgo =0, (20)
dp P) p=r
(k+aki)(n+1) ckin(n+1)
Yin Yan| = —hmm.
[ (2n+1) n R s ’

According to Theorem 2.1, we conclude that system (20) for n > 0 is uniquely solvable and we shall find

functions Yj,. This means that functions w and 0 are known.
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In the same way, from formulas (11) and (12), as above, we can easily derive [3]:

(x-u) = (x-®) + p ap{ﬁﬁl Mﬁ(k+u)ﬁ0+(>\+u)c—ﬁ?@ B, Cmﬂl}’

0 2 2
1 wbi HoS3 51

5.0 .09
kgl aSk(fﬂ) [X.U]k_gask x [X @

(21)
3097 BB1 —m(A+ p) (A4 p)s — 67 B ago }
+ Po + Uy — + =<V p,
kzz:l 95;(x) { wh1 0 1B 07 pos? ¥s s2 00
3 a’LLk 3 aCDk 0 a11191 :|
= , —p —d(nw) = + + —d(nw),
where function ¢ is defined from (20) and (18), and the function ¥y is defined as
1 > Rn+2

Jo(x) = 3 Z: Wym(ﬁﬂl) (22)

Functions (x - ®) and Z [x - ®];; can be replaced with functions ¥ ,9, ¥o, and ¢ in the following

| 08k (x)
form [3]:

(x-®) = Q+2 {mlio - 551 _ Ho7YS3 \I’o]

pB1 By
(23)
500 mpo — BB 110753 ] ( 9 )
— 9 x-®), = 9 — —(pL 11) (x- @),
Pl Il e s ') \Pgp 1) )
where ) is an arbitrary harmonic function A = 0.
Then (21) takes the following form:
2 2
110753 9 { (A+p)s — B 51 }
x-u)=0-2 Vo + p— Uy —
(- w) B op Jeh 0 2%
mpo — BB { BB —m(A + p) aszz }
4O PPV oy p O PP TIVAT ) gy 22, L
1B 3P w1 ° 57 '
5.0 2 H0Y53 ( 9 ) [ 10753 ]
ufy = —p2HO% (14,2 o - 2%y
2 05y = g v e, ET
35007 [(A+p)s—p67 209 (8B —m(\ +p) a (24
+ Ly, - P 2 T 0+ +229 }
Z, 057 [ 1By s3 ] kz [ B CTTg
— 0
g2 Mo — BB 5 om0 — BB (1+ ) .
1B 1o p@p 0
S 8uk : ) ant,
135k . Vg daw) = "3 [w+w3+ o — d(nw).

2108



BITSADZE/Turk J Math

Let functions 1, Q, 13, and Z ¥ S;{)( ] be sought in the following form [25]:
o Rn+2
Y(x) = nX::O Wzn(ﬁa n, p>R,
oo Rn+2
Qx) = nZ::O Wzl7l(§a n, p>R,
N (25)
Y3(x) = RZO Uy (is3p) Z3n (&5 1), p> R,

3, 0%y ad Rn+2
- oyt Zan (&), > R,
];::1 0Sk(x) nZ:O (2n + 1)pn+1 an(&,m) p

where Z,,, Zi, ,and Z;,, j = 3,4, are the unknown spherical harmonics of order n. Using (25), the solution

of equation AWy =1 can be written in the following form:

o n+2
Wo(x) = ;nz% u_lzann(E,n)- (26)

Substituting (26) and (25) into (24), passing to the limit as p — R, for the determination of unknown functions

we arrive at the following system of algebraic equations:

RZy, — 2 1 —1 R

1 Fo78s (n * ) * §,l2l(” )R32n IBl |: \I’n(zs&o):l Z?m = Wsn,
2n +1 2uB1(1 — 4n?) pos3 | Op PR
nRZy, (n+1)R3 9 Bin(n+1)

2 — I+ ————5—Z3n = —Wen, 27
om+1 2up1(1 — 4712) [( n)ﬂO'YSB + nlu’g} MOS:«} 3n Wen ( )
RZ4n n+1 [ 0 .

:h‘ru - 7Zn 7\1171 Zn = n
mr1l Yoyt 3, (ZS3P)L_R 3n =T

where

muo — BB 9 [BB—m\+p),  a
o= 2P i { o | P D+ 2, - > eon

[ & P BB m(\+p) @ ]}
wo = ha {kzl 852[ wB1 Jot . p=R

m=0

oMo — BB W”L/L()—ﬁﬂlKa ) ] = N
R B (] ,—r +2 e p@p+1 Jo o g::owemv

vai; |0
=hs — 55— | =—0 - my
wr = hg S%_Sg{ap 1]p R+[ nw)),—p = wa
2n +1
Wep = TR /Pn cosY)wi(y)dSy, k=5,6,7.
s

By virtue of Theorem 2.1, we get the following result: the system (27) for n > 0 is uniquely solvable.
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5. Conclusions

By using the above-mentioned method, it is possible to construct explicitly the solutions of basic BVPs for

systems (1)—(4) for simple cases of 2D domains (circle, plane with a circular hole) in the form of absolutely and

uniformly convergent series.

This method can be extended to the systems of equations in modern linear theories of poroelasticity and

thermoelasticity for materials with microstructures.
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