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Abstract

A.A. Kirillov has given a parametrization of the spa@¢™ of univalent functions on the
closed unit disk, which ar€ up to the boundary, by Dis1)/s1 where Diff(S1) denotes
the group of orientation preserving diffeomorphisms of the cirgle In the same spirit, the
spaceJ > of C*° Jordan curves in the complex plane can be parametrized by the double quo-
tient SU1, 1)\ Diff (Sl)/SU(l, 1). As a consequencef*° carries a canonical Riemannian metric.
We construct a canonical Brownian motion tii°. Classical technologies of the theory of univalent
functions, like Beurling—Ahlfors extension, Loewner equation, Beltrami equation, developed in the
context of Kunita’s stochastic flows, are the tools for obtaining this result which should be seen as a
first step to the construction of a canonical Brownian motiorg/éi.
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Résumé

A.A. Kirillov a paramétré I'espac&(®> des fonction€ *°, bijectives dans le disque unité fermé et
holomorphes dans son intérieur, par I'espace(®#f/S1, ol Diff(S1) désigne le groupe des difféo-
morphismes préservant I'orientation dercle unité. Dans le méme esprit, I'espd€® des courbes
de JordanC™ du plan complexe peut étre paramétré parBu)\ Diff (s1)/SU(, 1). Par voie
de conséquence, I'espack™ posséde une métrique riemannienne canonique. Nous construisons
dans cet article le mouvement brownien canoniquelstit a I'aide de technologies classiques de la
théorie des fonctions univalentes, comme I'extension de Beurling—Ahlfors, I'équation de Loewner,
I'équation de Beltrami, revisitées dans le contexte des flots stochastiques a la Kunita. Cet article nous
semble étre un premier pas vers la construction du mouvement brownien canonig® sur
0 2004 Elsevier SAS. All rights reserved.
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1. Introduction: A canonical Riemannian metric on the space of Jordan curves

A Jordan curvdn the complex plan€ is a closed subsét ¢ C such that there exists a
continuous injective map of the circe: S* +— C satisfyinge (S1) = I'. The parametriza-
tion ¢ is not unique: given two parametrizations, ¢» of the same Jordan curve, there
exists a homeomorphisiof ST such thatp, = ¢1 o h. Two parametrizations define the
same orientation of” if & is an orientation preserving homeomorphism of the circle.

Denote byJ the set of Jordan curves @, which form a non closed part of the set of
compact subsets of the plane. In fact, a continuous family of Jordan curves may converge
to a curve having double points.

When I' is a rectifiable Jordan curve, the arc length provides a canonical parame-
trization. More generally, we may usmlomorphic parametrizationgonstructed in the
following way: the complement of™ in C is the union of two connected open subsets
D} andD}. whereDj}. is bounded and - is unbounded. The Riemann mapping theorem
gives the existence of a conformal mag of D,JE onto the open unit disk ift, defined up
to composition with an element in U 1), the group of automorphisms of the Poincaré
disk of the formz — (az + b)/(bz + a). By a theorem of Caratheodory [8,25};" has
a continuous injective extensiafi™ to the closureD}. of D}, and (F™)~1|s? gives a
parametrization of” canonically defined up to an element of @U1). The advantage
of holomorphic parametrizations lies in the fact that its indeterminacy corresponds to the
finite dimensional group SU, 1). Note thatgr := F~ o (FT)~1|$1 is an orientation pre-
serving homeomorphism of the circ#, where F~ is defined analogously t&'+ with
respect taD ..

Denote by 7> the space of2> Jordan curves. FoF = ¢(S1) € 7% with smooth
parametrizationp € C*(S1; C), it can be proved thagr e Diff (S1) where Diff(s1) de-
notes the group of > orientation preserving diffeomorphisms of the circle. Furthermore,
the classical theory af * conformal weldingshows that the map — g is a surjective
map of 7°° onto Diff(51); in addition, see [16].7>° is isomorphic to the following double
guotient:
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T ~SU(, 1)\ Diff (s1)/SU(1, 1). (1.1)

Denote by diffs1) the Lie algebra of DiffS1) of right invariant vector fields on
Diff (S1). We identify diff(S1) with the C* vector fields ons®: every such vector field
is of the formu% whereu is a C*> function onS?; the Lie algebra bracket is given
by [u,v] = ud — vii. The complexified Lie algebra diff}) ® C has the natural basis
ey = exp(in@)% in which the Lie bracket takes the forfa,, ¢,,] = i(m — n)é,,, for
m,n € 7.

The Lie algebra of the Poincaré automorphism grouplS) is the Lie subalgebra of
diff (1) generated by 1, c@s sing: the vector field 1x d—% corresponds to a rotation of
the disk; the vector field s x % corresponds to the one parameter family of Poincaré

automorphisma;_ where the relation’ = , (z) is ﬁ = exp(in) 1.

Theorem 1.1.There exists, up to multipation by a constant, anique Riemannian metric
on 7°° which is invariant under the left and right action 8U(1, 1). This metric is defined
by an orthonormal basis as given (fh.2) below.

Proof. We follow [4] and consider the quotient dif!)/sl(2, R). Since SI2,R) is a
subgroup, the adjoint action &f, j = 0, &1 preserves ¢, R); therefore the adjoint action
passes to the quotient and acts infinitesimallyBhi. Let ad (¢;) be this action which by
hypothesis is unitary, as well as the corresponding actib@gd)n the left. As abi(ep) is
unitary, the metric is invariant by rotation. Extending the metric as a Hermitian metric on
the complex valued functions, invariance by rotation implies that the metric diagonalizes
in the basige, }: we denotde,} the orthonormal basis obtained by multiplying eagtby
a normalizing constant.

Existence of the metridake

1
ep = ———exp(inf), |n|> 1 (1.2)

Vin|(n? 1)

Denotep; = ad (¢;), j =0, £1; we have:

N i ki koo (= D2n I+ )2 =1) o
pjlen) =I Xk:ﬂn Dexs  B,(J) ~—\/ |n|(n2 _1 8n+j’

wheres*

et j is the Kronecker symbol. The unitarity conditipfi + p—; = 0 is equivalent
to "

Bu()=Fi (=), =01
First remark thas? ; = 8;_;- The verification in cas¢ = 0 is tautological; in the case
j=1 S
=12+ +D?=D (1 +1+D)2n|(x? - 1)

|n|(n? — 1) mn+1((r+D2-1) °
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The computation above gives unitarity with the exception of the cases where the denom-
inators involved vanish

nn®-1)=0, (m+H(n+1*-1)=0, n=-2,-1,0,1

Forn =2, p1(e—2) = p_1(e—1) = 0; by passing to the quotient we get unitarity fof &d),
j=-10,1.

Uniqueness of the metriédiny invariant metric diagonalizes in the bag# }; another
invariant metric will thus correspond to an orthonormal b'qlsis} Whereef, =a,e, and
where theu,, are positive constants. Such a transformation gives rise to the multiplication

BEC) > 2By = B4 ).
aj
The unitarity conditions
[8715(1) = (B} (1)

imply that

Do vk, BED) #0,

ak an
where the last condition correspondsite- k — 1; as they; are positive we geiy_1 = ax
forallk. O

By invariance of the metric, passing from the left to the right action changes the sign
of the operator ad. The constructed metric is the Kéhler metric associated to a cocycle
defining the Virasoro algebra [17,3].

We recall the construction of theanonical Brownian motiomn Diff(S1). The regu-
larized canonical Brownian motion on the group of diffeomorphisms of the circle is the
stochastic flow on the circl&* associated to the It6 SDE,

dg;,t(e) = dz)rc,t(g;,t(g))’
. r" . (1.3)
2, ) = Z \/T——n(xz" (t) cosnyr + x2u41(t) Sinny),

n>1

where{x } is a sequence of independent scalar-valued Brownian motionsand, 1[. It
results from Kunita’s theory of stochastic flows that> g’ ,(6) is aC> diffeomorphism.
The limit lim,_.1 g7 ; = gx.r exists uniformly ing and defines a random homeomorphism
gx.1, calledcanonical Brownian motionn Diff(S1), see [23,5,9,26]. This random homeo-
morphism is furthermore Holder continuous, see [5,9].

Our work is related to the search of unitangi measures for representations of the
Virasoro algebra [3,4,2]. It can also be considered as a contributgin¢bastic conformal
geometry of the complex plana new field which has been opened by the SLE theory
(see [19)).



H. Airault et al. / J. Math. Pures Appl. 83 (2004) 955-1018 959

2. Beurling—Ahlfors extension of vector fields from the circle to the disk

The circle S, considered as Lie group, has the real [lheas Lie algebra. To !
diffeomorphismy of the circle we associate the family of diffeomorphisf#$ of the line

satisfying
d - d i
<a¢>(X) = <@¢>(e' )-

For a diffeomorphisng close to the identity, we select a representafive this family by
the choicep(0) = arge (0) € 1—n/2, /2.

LetP ={¢c eC|¢ =06 +iywherey > 0}. We define the Beurling—Ahlfors extension
[6] @ of ¢ to 2 by

1 1
o) :=f¢3<9 (- ) dy — 6i/¢”><9 Sy )ydy.  (2.1)
—1 -1

Since ¢ is increasing, we see that> 0 implies Im®(¢) > 0. If ¢(0) =6, we get
@0 +iy) =6 + iy. Considering now the case of a flay of diffeomorphisms ofs*
and applying formula (2.1), we obtain a fami#y of diffeomorphisms of the plane. Recall
that differentiatingp, with respect ta atr = 0 gives a vector field on the circlﬁ(e)%,
whereu is a 2r-periodic function. Hence differentiating, with respect tor, we get a
vector fieldU on the half plane:

1 1
U@ =/u<9 (A ) dy — 6i/u(9 A )ydy,  (22)
—-1 -1

where we identify vector fields and complex valued functions on the half-pkane
In terms of the following functions on the real line

K(s):= (1 Isl)L-1y(s),  S(s) := BsK (s),

1 s 1 /s
Ky (s) :=—K<—), Sy(s)=—5<—>,
y y Yy \Yy

Eq. (2.2) writes as a convolution product:
UE©)=[(Ky—iSy)xu]®), ¢=0+iy. (2.3)

Denoting byl? the Fourier transform ok, i.e.,

“+o00

KE) = / K (s) exp(—iks) ds,

—00
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we havel?y(é) = I?(yé). Now expanding the periodic functianinto a complex Fourier
series, i.e.u(0) =Y ¢, exping), gives

n=—oo

+o00 .
U@ =Y ca(K(yn)+6K'(yn)) expling) Wheref(é):%. (2.4)

In real coordinates, expandingd) = ap + Zn>1an cosnb + b, sinnd, we get:

U(¢) =ag+ Z K (yn)(a, cosnd + b, sinnd) — 6i Z K'(yn) (b, cOsnd — ay sinnd).
n>1 n>1

Note that[?(O) =1, I?’(O) =0 imply thatU (-, y) — u(-) asy — 0. In the sequel the
following identities will be used

2a—cost) _, & &
£2 o 12 360

1
R =2f(1—s) cosés) ds =
0
1
6K"(£) + K (&) = 2f(1 — 5)(1— 652) cog(s€) ds,
0
1
Q) :={K+7K +6K"}) = f(l — Is])(1 — 652 + 7is)€* ds. (2.5)
-1

It will be proved in Appendix B that

[K'®©)] = 15

1
2_ 12 / 1—0)3(1—2 — 4?)(1 - co2&0) dr
0
5 1
T /(1 —1)*%(3+21)(1 - cogén)) dr, (2.6)
0

1 1
_ _ 1
[K"&) +K®©] = / ¢y (1) coggr)dr + > f $5(1) cog2&1) dr,
0 0

where
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e B i 8 B 2o
91() = 221 -0° — 1=+ 21 -0+ 211~ 2%,

2"x 9 211 27 x 13
$2(0) = ——5—(1- ne+

(1— n'— (1-1° (2.7)

200
+281-1n°— — - t)4.
We remark thap1 (0) + 3¢2(0) =

2.1. Passing to the unit disk

Consider the holomorphic chayt— z = exp(i¢) and denote loga = sup0, —loga).
Letting U be the image of the vector field in thez coordinate, we have:

exp(ic + iU () — expli¢) = eUl(z) + o(e)

which, by differentiation with respect toate = 0, gives tU (¢) = U(z) or

n=—oo

+00
Ulz) = iz[ > cn(K(nlog™ |z]) + 6K'(nlog™ |z1)) exp(in@)]. (2.8)

Proposition 2.1.Givenu € L2(S1), the vector fieldU! vanishes at = 0 and isC? in
={z: |z| < 1}.

Proof. The proofis based on the convergence of the following series:

IVUI(£) < Y leanl(|K (yn)| +7|K"(yn)| + 6| K" (yn)])

n

< a2 /Z(nznz?(ynn +7|R G| +6[ROm|])

n

VU < |U@|+1zIIVUIE). O

3. Covariances of the extension to the diskfdhe canonical random field on the circle

In the complex exponential version of Fourier series, expansion (1.8):dt takes the
form

2 (0) = n;w Wxn (t) exp(ind), (3.1)

n#-1,0,1
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whereX, (1) := %(x2|n|(t) —isign(n)xzj+1(2)) are complex Brownian motions, indepen-
dent forn > 1, and normalized by the conditidi( X, (r)X_,(r)] = t/2 whereX, (1) =
X_,(t). We extend (3.1) to the unit disk by means of formula (2.8).

Definition 3.1. Let
+o0

Zx,,(z) =iz Z (I’(\(n log™ |z|) + GI’(\/(n log™ |z|))

0
n#-10,1

X, (1) exp(ind). (3.2)

1
X e —
Vin|(n? —1)
It follows from (2.8) that?x,t is aCl vector field inD.

In a neighbourhood of D the logarithmic char¢ wherez = exp(i¢), is appropriate for
our purpose.

Definition 3.2. Denote byZ, ,(¢) the vector fieldzx,t read in the charg =6 +1iy,

Zoes() = n;oo W X, (O {K(yn) +6K'(yn)} exp(ing).  (3.3)

n#-10,1
The success of the Beurling—Ahlfors stratég@emonstrated by the following result.

Theorem 3.3.There exist a constawt independent of andy > 0, such that in terms of
0 = 0y + 19, the following estimate holds

E(|3Z.(0)]?) <et. (3.4)
Proof. We have:
s i N« In] o sy By .
=i Y signin) nz—_lxn(t){K+7K +6K"}(yn) exp(ing). (3.5)
n;éil,O,l

Using the fact thatk + 7K’ + 6K”)(0) = 0, we get forQ(€) := {K + 7K’ + 6K "} (&),

Q()=0(), asé—0, and
Q&) =0("?), asté— oo (seeAppendix B)
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Since

400
Bliza@fl=5 Y r(eom)’
n;ZO,:?:CZ)L

estimate (3.4) results from the existence of an absolute constanth that for ally > 0:

Cl)Z%[Q(yn)]ZZyZ Z n+y* Z n°=0(1). O

" n<y~t n>y~1

Non-diagonal estimates of the covarianceZgf; will be needed later; for this purpose
we separate (3.3) in its real and imaginary part:

Ze i (5) = Ve (§) +1We 1 (), ¢=0+1y, (3.6)

where

K (yn)[x24 () cOSnO + x2,41(1) Sinné |,

n-—n
(3.7)
K'(yn)[x2n+1(1) cOS1O — x2, (1) sinné .

I’l3—l’l

Note thatk is an even function, wheredg is odd.

The covariance is a function ofc, ¢’) taking its values in the X 2 matrices:
(C“2 ‘hl) (¢,¢"). We denote by 44 * d, B the It contraction of stochastic differentials. Then
we have

O Ve (€)% Vi o (¢)) =a(g,¢')dt,  where

a(z,;“/)=21?(yn)1?(y/n)n3_n cosn (0 — 0, (3.8)
n>1
d Wy (£) % dth,t(é'/) =b(,¢)dt, where
PP 1
b(¢.¢)=36)  K'(ymK'(y'n)———cosn(6 —0), (3.9)

n>1

di Vi (2) Wx,t(f/) =c(¢,¢')dt,  where

1
c(t,¢)=6)  ——

n>1

K'(yn)K (y'n) sinn(@’ — 0). (3.10)

n

In the following, we denotePs = {6 +iy: y > §} for § > 0 andD, = {z: |z| < p} for
p <1
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Lemma 3.4.The covariance of ; is a C® function on® x £. Denoting
At =ag, ) +bE ) +al ¢ +b, ) —2a, ¢ - 2b(E, ¢,

then

A )<l —C'1% (.8 ePs x Ps; (3.11)
AG <l = 12(log™ (Il —¢'I) +1), (€.¢HeP x P (3.12)

Proof. The covariance oZ, ; is given by the series (3.8)—(3.10). We have:

A, ¢ =Zn31_

n>1

An(L, 2
n

With A, (¢, ¢") = An(K) + 364,(K’), where

(1@~
ey i=lrom — Fm om0 0).

Differentiation with respect té or y has essentially the effect of multiplying théh term
of the series by; for ¢ € #5 thenth term is of order @:~'). Passing to the disk intro-
duces foer a singularity by the differentiation of log|z|, which for the first derivative
in the variableg(x, y) wherez = x + iy gives a singularity of order Q¢|~1); this sin-
gularity is balanced by the factar appearing in (3.2). We conclude with the estimate
|An(F)| < c872(ly — y'1* 410 — 0'|?) whereF = K or K’. This establishes (3.11).

As K andK’ are bounded, the second termdp(F) is bounded by sf(n(® — 6’ )/2)
which leads forA to a contribution bounded by

n@ —0"
("5

~ 2 -
3_n )_|9—9’| (log™ |6 — 0’| + 1).
n>1

The elementary inequality(@ + 8)(log” (¢ + 8) + 1) > alog™ « for «, 8 > 0, implies
that

1 . 9_9/ / — /
> — sm2<n( )) <cllg —¢I3(log™ ¢ — ¢/l +12).
n>ln -n 2

Assume thay < y’ and split the contribution of the first term df, (F) to A in two partial
sums:Bi=3y_, 1oy andB, =3}, 13y The estimates oB;, i = 1, 2, are achieved by
the mean value theorem: along with the asymptotics

> _ 1 >n _ 1
K @)_O(mul)’ K @)‘O<|s|2+1)’ s

we obtain the estimate:
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o
1 n? 1 dr
B1<(y— 2 = 7 ~(y=y)2 f —
1< -y)% D) It ind—1 =) 2Tl
n>(y’)*1 (y/)—l
_ "2 _t
=0-y) /t2+1t

1
which gives (3.12).

Remark 1. We can as well establish the existence of a congfasuich that for ally > 0O,
y'>0,y#y,

1 ~
> 5 (Kom—K ('m)* < C[(y —)?log I+ O - y/)z]. (3.13)

n>1

y—=y

Namely, from the first part of Eq. (2.5) we g&t(yn) — K (y'n) = 2 [3(1 — 5)(cOS(yns) —
cogy’ns)) ds; thus

1
e e 1 (v =y
Zn3_n(K(yn)—K(yn))zéczﬁf(l—s)zng( . ns)ds_
0

n>1 n>1

By [5, (3.2.1), p. 402], the last term is dominated by

1
consty — y’)zf(l— s)2|:s2 + s2|og<;>:| ds;
/ (y—=y)s

integration then gives (3.13).
3.1. Covariance 08 Z, ,

Formula (3.5) representsZ, , as a complex Fourier series. Passing again to real coor-
dinatesZ, ; = V, ; +iW, ,, we have:

5Z)c,t = (89 Vx,t - ay Wx,t) + |(89 Wx,t + ay Vx,t)-
Differentiation of (3.7) gives &,V ; = 99 Wy, and therefore
0Z,,=A+IiB,

where
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A=) - (6K"(yn) + K (yn)) (x2441(r) COSO — x2, (1) Sinnd),

n>1" nd—n (314)
B =T703,Vy,.
Denoting
E[d:A(Z1) % d;A(¢2) ] = ae(¢1, S2) dlr,
E[d: B(¢1) * d B(¢2) | = B(¢1, {2) o,
E[d,A(Z1) % di B(£2)] = v (1, {2) dr, (3.15)
we have:
n2 - -~ - -~
(81, 82) = Z - (6K"(y1n) + K (y1n))(6K" (y2n) + K (y2n)) cosn(61 — 62),
n>1
49]12 /! 22
(1, t2) =) ———K'(yumK' (yan) cosn(61 — 0,
n>1

% - ~ - .
y(81,82) = Z nsn_ - (6K"(y1n) + K (y1n)) K'(y2n) sinn(62 — 61).

n>1

Lemma 3.5.There exist strictly positive numerical constaatsc, such that

|81, £2)| < crexp(—cad (41, £2)),
|B(t1. 02)| < crexp(—c2d (81, £2)),
|y (¢1. )| < crexp(—c2d (41, 82)), (3.16)

whered(¢1, £2) denotes the distance betwegnand ¢z in the Poincaré metric of the half
plane{y > 0}.

Proof. First, we use expression (3.5) fo. Define
D(z1.22) dr :=E[0;0Zy 1 (y1,01) % k0 Zy 1 (y2,02)]. 2k =eXp(—yx +i6k), k=1,2.

SinceE[d; X, * d; X,,] = 81 dr, by taking into account tha@ is a real valued function, we
get:

In|

57 201 Q02 exp(in(61 — 62)).

D(z1,22) = Z
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Denoteu, (9) :=Y° _ Q(yn) exp(—ind) andu(s) = (1 — |s|)1j—_1,1)(s) (1 + 7is — 652).
uy(s) = Eu(i)
y \y

Because of (2.5), we have
()= ZZ " cosnf =2lo E + a bounded functign
B n2—1 o g@

n>1

Let

thendD (z1, z2) = (uy, *uy, * ) (61 —62) wherex denotes convolution on the circle. Define

Dy, y,(0) di := D(z1, 22) At =E[d;0Zy 1(y1.0) % &0 Zy 1 (2, 0) ]

and consider the norm in the Wiener algelr@f absolutely convergent Fourier series:

+o0 +oo
dr
1Dllai= 3 " 100mQ0an| = [ |Quneuan]
n&z—i%j,l -
2 = n? 2 ' 2 dt
1Dy yo 2= Y m|Q(y1ﬂ)Q(y2n)| ~ f |Q(y11) Q(yat)| T
n;lé:fz%il -

In the last two identities, the comparison of the series with the integral can be justified

by writing [ f£()dr = >2° k"“f(t) dr and computing[kk+1f(t) dr via applying

Taylor’s formula with remainder term to the functigh O

Theorem 3.6.We have

inf(y1, y2) .

Dy, yollLe < 1Dy, yolla = (Y1, ¥2) 1= ————;
e e SUR(yL. y2) (3.17)

1Dy, 132 > inf(y1, y2) x p(y1. y2).

Proof. Assume that1 < y2 < 1. Then we have
+o0
dr
”:Dyl,yz”% x~ |Q(ty1)Q(ty2)|m;
—0Q
1/y2 1/y1

+00 d d +00 1 q
o ar yit dt / t 1
= yiy2t©— + -5+t —_—s T =,
/ / t yar2 t (y1y2t?)%2 t  y2
0 1y

0 1/y2
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and
+00 d
201
Dy 22~ f Qe [Py
—0o0
+oo  1/y2 U +o0
>~ | (2t t_2+ (yz—t)4t_2+ mt—z—ylxp(}’l,)’z)- O
0 0 1/y2 n

Remark 2. For y; — 0, the L> norm of the function®,, ,, is much larger than it£.?

norm: this means that its support is localized on a set of small measure. We shall see that
the support of the covariance is concentrated nearby zero which mear<Zthahas a

quite unexpected behaviour of white noise when> 0.

This fact is made explicit by the following theorem:

Theorem 3.7.We have

. 1y2
|@y1,y2(9)|<cmf{p,y9—z} and f|§l)yl,yz(9)|d9§24/—y1y2. (3.18)
Sl

Proof. In the sense of distribution we have

7i
Uy =cy56+0(y2), y—0, c:= 5

whered; denotes the derivative of the Dirac mass at the origin. Givef*aunction f of
compact support, as the supportgf converges to 0, by using a Taylor expansionfof
we are reduced to calculate the integfat'u, (s) ds for a € {0, 1}. Then we use that is
C? in the complement of 0 and that

2
Vo) =725+ o).

The second inequality in (3.18) follows from the first one as followsy1if< y2, then
p = y1/y2. Observe that1y,/62 > p is equivalentt@? < y2, i.e.,0 < y». We decompose

Y2 2
/|°r0y1,y2(9)| do = /|°r0y1,y2(9)| do + /|°(0y1,y2(9)| do.
s1 0

Y2

Then [321Dy,.y,(0)1d8 < py2, sincepyz = y1 < /y1y2, We obtain the domination for
162 1Dy,.y,(6)| d6. For the second integral, we hayyéz” y1y2072d0 < y1. O
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It is useful to rewrite the estimates in (3.16)—(3.17) in term of conformal invariants. Let
ue be the harmonic measure of the poingiven by the Poisson kernel. Then, for two
points¢y, ¢2 the measureg,, andu;, are mutually absolutely continuous. Lg€¢1, £2)
be the Radon—Nikodym derivative defined by the relatipg,d= g (¢1, ¢2) du, . Defining
the Harnack deviation as

en(¢1,¢2) = llglire + g zoe,

we getey (L1, {2) ~ SUR,c 0+ h(1)/ h(¢2) where #¢+ denotes the cone of positive har-
monic functions. The Poincaré distangg is the Riemannian distance for the Poincaré
metric|d¢ |2/y2. Thus, using the invariance of the Poincaré metric and of the Harnack de-
viation under Mdbius transformations, we can compute these expressions on the unit disk
in the special case wherg = 0; then

1+ |z2
1—|z2]

en(0,z2) = = exp(dy (0, Zz)). (3.19)

Theorem 3.8.There exists a numerical constansuch that

|D(¢1. 82)| < cexp(—d# (41, 2)). (3.20)
Proof. We have

RN CAb ) VI BOIC)

—2 = , 6>0.
2 x (x—6)2+y; y2 x v(x)

At the extremum, we get/v = u’/v' =x/(x — 6), or x20 — x (0% + y? — y2) — 0y2 = 0.
This equation is satisfied for

92~|—yf—y§+\/(92+yf—y22)2+492y22
= 29 9

XM

where the value of the maximum is

w028 =03+ 02432 — 192 + 4y3e2

Y202 432 — 33+ /(62 + v} — y3)2 + 4y362 — 262

For y1/y2 small, the maximum igssentially reached at= 6 and takes the value

92+ 2 92 92
s 2y2=— 2<2max{—,£},
Y2y yiy2 yiy2 y1
y1y2 _{ 6? +g}l> 1{y1y2 %!
N 2

1 .
—— 1=5 = > 5|D02, y1+10)|. O
02+y2  |ywyz n 62 yz} 2| ey |
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We shall need an estimate of the covariaE{:éZm(;“1)5Zx,,(§2)]. For this purpose it
is convenient to use real coordinates. Exploiting (3.14)—(3.15), we have
E[0Zx.1(§1)0Zx 1 (£2) ] = (81, £2) — B(C1, £2)) +i(y (L2, c1) + v (41, 82)).
E[0Zx, (¢ Zx 1 (82)] = (41, £2) + B(41. 82)) +i(¥ (2. C1) — ¥ (81, £2)).
It remains to calculat@(¢1, £2) andy (2, ¢1) + y (1, ¢2). Expressions of the covariance

functions are given in Appendix B. In particular, it is proved that

B((y1,6), (v2,6))/36= Z T K (nyn) K’ (ny2)

n>1
2y2 v21?
/(l—s)h(yls)ds +g X |:—i| (3.21)
y1

whereys < y1 < /4 and whereg is a function bounded by a numerical constant; the
functionh is explicitly given.

4. Canonical Brownian motion on Diff(S1) extended to the disk

The purpose of this paragraph is to integrate the random véggprdefined in (3.2),
that is to construct the stochastic flay ; definedformally by the Stratonovich SDE,

8: Wy 1(2) = (8: Zx.1) (P (2)),  Wr0(2) =2, (4.1a)

where§, denotes the Stratonovich differential. The first step is to rewrite (4.1a) in the
framework of Ité calculus. To this end we have to calculate the underlying stochastic con-
tractions.

Inthe chart = exp(i¢), we getlIN/x,,(z) = exfi¥, ;(—ilogz)]. The logarithm is defined
up to a multiple of z; as the vectoZ, ;, is periodic, the flow¥, , commutes with the group
operation generated liy— ¢ + 2r; therefore the indeterminacy of the logarithm does not
matter for the construction O,f/x, Let # denote again the half plane > 0}. Fixing
Lo € P the trajectoryt > W, ,(¢o) = 6y + iyx. IS driven by the Stratonovich SDE,

8V, (0) = (8 Zx, ) (Ve (©)),  ¥x,0(8) =¢, (4.1b)

whereZ, ; is the vector field defined by (3.3). The following system is equivalentto (4.1b),

i =D =

n>l

ayxt——ez

n>l

K(nyx,z) (COSnby,)8x24 (1) + SINNOy 1)8x20+1(1)),

(4.1¢)
K/(nyx,t)(cos(nex,,>8xzn+1(t) — sin(nbx,)8x24(1)).
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4.1. The stochastic contractions

The regularized Brownian motion on Dif!) has been defined through the It6 SDE
(1.3). The drift induced by writing (1.3) in Stratonovich form vanishes:

k
Z -1 (dyxor cOSkO’ + dy x21 41 SINKO”) ¢ (—d;x2 SINkO’ + dy x4 1 COSKA’) = 0.
k>1

Thereforeg; , satisfies the Stratonovich SDE

Cos(kg;’t(G))sz/c(t) + sin(kgy ,(6))x2u41()].

88, (0) =
! ; \/k(kz

Proposition 4.1.Define the vector field (¢) = v(¢) + iw(¢), ¢ =0 + iy, where

v=0, w(y0)= K" (yn) + K(yn))K'(yn). (4.2)

n>1

The following Stratonovich and Ité equations are equivalent
8:Ws 1 (2) = 81 Zx i (Ve s (), Wr0(2) =2,
~ ~ o~ 1 .~ ~
dtlI/x,t(Z) = dth,t(lpx,t(Z)) + EA(Wx,t(Z)) dr, Yy 0(z) =z. (4.3)

Proof. This can be seen from system (4.1c) or directly from (4.1b). According to It6’s
calculus, the stochts contraction is

oW, oV, aV.
<|dt Sl xd W “+|d, Lol Vs + 0 “*d, Wy + 0 “*d,vx,t).
2 dy 9 dy
The last term vanishes since
R ) .
d, ﬁ(xzn (1) cosn + x2,11(t) Sinnb) * d; (x2, (1) COSNO + x2441(1) SiNnd) = 0;
the third term vanishes since

d; (x2041(t) COSNO — x2, (1) SiNNO) * 0y (x2, (1) COSNO + x2,11(1) SiNnB) = 0.

The first term gives rise to

1 ey o~
36)  —— K" "(yn); (4.4)

n>1
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for the second term we use
0
d, ﬁ(xz,ﬁl(t) cosnt — x2,4(t) Sinnb)  d; (x2, (t) COSNO + x2,41(1) SiNnb) = —ndr. O

Remark 3. The Itd system associated to (4.3) is

1 ~
a9, ; = K (ny, ;) (cogno, ;) d t) + sin(nb, ;) d 1)),
=2 S (1) (COSnOy, 1) (1) + SiN(16,. 1) ez 41(0))
dyy,r = GZ K/(nyx,t)(cos(nOXJ) dx2,11(2) — Sin(nby ;) dxz,,(t)) (4.5)
n>1"
1
+ éw(yx,,) dr.

For the drift functionw given by (4.2), the following asymptotic expansions hold nearby
y=0:

| 2

nv<l vn>1y ny<1 vn>1y

As y — oo, we havew(y) — 0 andd,w — 0.
Let ¢, () = 0,(t) + iy, (t) be the generic trajectory of ttdiffusion associated to the
elliptic operator

£e= 20 e rwe)?
There exists a measurable probability preserving maf — £2; let v = x (x) be such

thatex,t + in,t = ex(x)(t) + in(x)(t)-

Lemma 4.2.The trajectories of the diffusions associateddchave infinite lifetime and
stay in& up to their lifetime.

Proof. Note thatr — y,,(¢) is the one-dimensional diffusion associated to the ODE

1 2 d
Eq(y)w + w(y)a, q(y)=

yn)

n>1

Sincek’(s) = —s/6+ O(s3) ass — 0, andK’(s) = O(s ~2) ass — oo, we have

q(y)——y2 Z ?) <)y?log”y, y—0.

n<y—
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From [12,13] and using the fact that(y) > 0, we deduce the existence of a probability
preserving mam +— @ with the following property: denoting, the diffusion associated
to the ODE

o2
2Iog 057 (4.6)
satisfyingy; (0) = y,,(0), then
min y;() < min 1); ma 1) < max y;(1).
te[OI,T]yw( ) te[OI,T]yw( ) te[O,Y)S] Yo(t) te[O,Y)"(] Yo (t)

We may integrate (4.6) by the change of variable) := [log™(y)]¥/2 and by using Itd
calculus.

The other possibility to leav® is by y, (1) — oo ast — T < oo: this can be excluded
as fory > y1; we may use as comparison equation the usual Brownian motion, along with
w(y) > 0asy > o00. O

Theorem 4.3.Egs.(4.1)—(4.3)define a unique stochastic floﬁ(,t of ¢! diffeomorphisms
of D1; moreover,

IimllT/x,,(p expif)) = g..(9) uniformly ind € s*.
p—

Proof. We apply Theorem 8.2 of [20], p. 852, which shows that (4.3) and (4.5) are local-
ized onDs. It remains to pass frons to D; this is a consequence of Lemma 3.4. The
proof of the convergence fer— 1 results from [18, Theorem 5.4.2, p. 245]a

5. Canonical Brownian motion on the space of univalent functions and stochastic
conformal welding

As shown in Lemma 3.4, the covarianceZf; is C® on #; the covariance of, ° is
thereforeC® on D = {z: § < |z| < 1}; nearz = 0 however,Z, , is only C1. Hencell/x p
defines ac* diffeomorphism onD?. As atz = 0 the vector fleIde,, vanishes and is of
classC?!, we conclude tha@x,t is aC! orientation preserving diffeomorphism of the open
disk D.

We define the complex modulus of quasi-conformality as

E17Z
8111”

1y (@) = —L(2), |zl <1, (5.1)

andv?; by

Ve, @) =pg@. lzl<p<l, v, (=0, |z|>p. (5.2)
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By a compactness argument, we get

sugv?, (2)] < 1. (5.3)
Z

Now let ij, be a solution of the following Beltrami equation, defined on the whole com-
plex plane:

P

oF
; Fp (2) =, (@). (5.4)

Following [1, p. 91], we normalize the solution by the conditions
@FL()—1elLP, FL,(0)=

The solution is analytically expressible in terms of the Ahlfors—\olterra series (see [1,
p. 92]) giving a solution of the Beltrami equation; the solution is unique and provides a
functional on the probability space.

Theorem 5.1(Smooth welding theorempenoteD,, := {z: |z| < p} and let

L@ =F o (T ) @), €T (Dy);
&, =FL(2), z¢¥i(Dy).

Then
fL: is holomorphic and univalent o(ﬁi,t(Dp), 5.5)
g% is holomorphic and univalent of¥, ;(D,))",
and
(ffotogl ()= s(2), z€dD,. (5.6)
Proof. The composition formula for quasonformal moduli (see [21, p. 24]),
Hyop-1(2) = 1 Mztﬂv( )(|8v|) (@), Z'=v(), (5.7)

implies thatf,’; is holomorphic and univalent Oﬁx,t(Dp). Asvy, =00n(D,), we get
holomorphicity ofgy ;. O

The following compositions are well defined foE 9D ,:

((fE)rogl )@ = (Frio (FL) Lo FLL)(2) = ¥y (2).

The mapop — @”(Dp) is increasing andl J o, 1(Dp) = D1.

p<l
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Theorem 5.2.For eachr < 1, the limit
lim £7,(2) =: ¢x,1(2)
p—1
exists uniformly it € D, and defines a univalent functign ; on Dj.
Proof. We follow the idea of Loewner. In the case of a conformal map of a slit domain,
we consider an infinitesimal deformation written in a “multiplicative way” which is the

composition of maps.

Lemma 5.3.Denote

8,(F! t)_ I|m {( L) o FLTE —1d). (5.8)
Then
o 1 ’ < ’
‘Sp(Fx,z)(Z)=;/G(Z)des z€ Dy, (5.9)
aD,

whereo :=pug .

Proof. Denotev, := (F?,)~! Ffjg. Thenv,(z) — z, ase — 0. The complex dilatation
is calculated by the composmon formula which gives

Ky, = O':I-{z: p<lzl<pte} T Xe» g|i£>n0X£ =0. (510)

We use Eq. (3) of [1, p. 91]

1 1
Qv —D(2) =—— f 50V, dz’ A d7.
T (z—72)

{z: p<|'|<p+e}

Thendv, — 1 ase — 0, and the integral with respect to the area measure converges to-
wards the curvilinear integral anD,,, and we get

A[8,(F” ](2) = / = 0D gy (5.11)

7 — z)2
aDp

As §,(F; t) is holomorphic inD, and vanishes at zero, we conclude by integrating with
respect th O

Corollary 5.4. Asp — 1, FfJ converges uniformly with all its derivatives in a neighbour-
hood ofz = 0. For the univalent functioo”x‘ft, all coefficients of its Taylor expansion at the
origin converge.
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Proof. The kernel(z — z/)~2 has no singularity fot close to zero and’ € D, where
p > 1/2. As a dilatationg is bounded by 1. O

Corollary 5.5. We have

|z|

|8,(FF )| < 2m (5.12)
and
Sp+e(FLT ) = 8,(FL)) +0(e).
Proof. Sincelo| < 1, we deduce (5.12) from (5.9).0
To prove that lim_, 1 Fﬁt(zo) exists, we use the following Lemma.
Lemma 5.6.For p fixed, consider the differential equation
2(5) = 8prs (FET)(2(s)),  2(0) = zo. (5.13)
If
2(s)e D, Vsel[0,1— pol, (5.14)
then
FIT(z0) = FL(2()). (5.15)
Proof. Fixing ¢ > 0 sufficiently small, from (5.4) we have
FPHe = FP[I +¢e8,(F")] (5.16)
which gives a discrete approximation
z(e) =z0+ €8, (FP). (5.17)

We deduce from (5.16) the approximative identities:
FPke o prt=Dery 4 egy g (F)] = FPTE29T 4 e84—0)e (F)|[1 + £8x—1)e (F)]
~ FP[I 4 e80(F)]|[1 4 €86(F)] -+ [I + e8—2)e (F) ][I + e8k—1)s (F)],
and we are left to associate to this identity the recursion formula

z(e) =z0 — eb0(F), z(2e)=1z(e) —ebd.(F), ...,
2((j+De)=z(je) —e8je, jef0,....,k—1). O
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Remark 4. As FfJ is continuous, lim_,1 Fﬁt(zo) exists uniformly on the set afy satis-
fying (5.14).

This set is described more precisely by the following lemma.

Lemma 5.7.Givenr < 1, there existsog such that hypothesi&.14)is satisfied for any
z0 € D,.

Proof. Denoteu(s) = |z(s)|. Using (5.13), along with the fact that(s)| < 1, we get the
inequality

du(s) <2 1 ’
ds p(p —u(s))

Comparingu(s) with the solution of the ODE

u(0) = |zo|.

p(p—v)dv=2ds, v(0)=r,

we have to show that there exigtsufficiently close to 1, such that this ODE has a regular
solution fors € [0, 1 — p]. The solution of the ODE is

1 1
,02v — Epvz =25+ pzr — Eprz.

Equivalence of this solution in implicit form with the solution of the original ODE holds
on the interval where the discriminant(s) of the second order equation is non-zero:
A(s) #0,5 €[0,1— p]. We have

1
A(s) =,04—2p<2s+,02r — 5’”2) #0, se[0,1-p]

or (p — r)2p # 2s. This relation is assured by choosing such thatp(p — r)? >
21—p). O

End of proof of Theorem 5.2. It is known that if a sequence of univalent functions con-
verges on compact subsets of the open unit disk to a non-constant fupgtiptihengy

is univalent in the open unit disk (the proofagirect consequence of Rouché’s theorem).
On the contrary, univalence on the boundary needs an extra assumption:

@y, is continuous and injective ob;. (5.18)

Theorem 5.8(Stochastic welding theoremissume thaf5.18)holds true. There exists a
functiony, , univalent outside the disk such that

(((/)x,t)ilo Vx,t)(exp '9) :gx,t(eXp 9) (519)

whereg, ; is defined througi(1.3).
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Proof. Under assumption (5.18) we have, ;) = lim,_.1(f,)~* and the stochastic
welding is obtained as the limit of the smooth weldingz

See [11] for generalized conformal welding.

6. Infinitesimal Beltrami equations

We consider again

dg;, = (diz} )ogy, wherez] (0)=>

n>1

n
\/% (x24(1) cOSNO + X2, 41(1) SINNH).
As before, Ieﬁ;, be the extension of the random fiefd, from the circle to the unit disk
and denote byf/x”t the corresponding flow on the disk. Outside the orig?r;i’,[ isaC*®
flow; solving the Beltrami equation leads f¢ ,. We have the key fact that the covari-
ance ofé?;’t satisfies uniformly in- — 1 decreasing estimates in terms of the hyperbolic
distance.

Now fix r and vary another deformation parameter: the tirakong the evolution of the
stochastic rov@;g’,. For the differential calculus along the time variable, we use the trans-
fer principle (see [22, Chapter VIII]) and@ceed by smoothening the Brownian motion.
To a Brownian motionx, a mollifiera, that is aC* function with compact support con-
tained in the interval—1, 0], and a numbes > 0, we associate the smoothened Brownian

motionx; defined by
0
. s\ ds
xk(t)zka(t—s)a 2 )=

—&
By definition, the paths af?(-) areC* functions. As in Eq. (3.6), let
;e’t = xre’t + iW;‘s’t,

where

o .
= EK(yn)(xgn (t) cosnb + x5, 1 (1) sinnb),

n>1

n
L =—6) \/%K’(yn)(xéwrl(t) cosnf) — x5, (1) sinnb).

n>1

Let z = exp(—y + i0). The vector field’Zv;gJ(z) :=lizZ}. (—ilogz) depends smoothly

ont; the derivative% Z". . with respect ta defines a non-autonomoa# vector field on

xé,t

the unit diskD. We consider the associated flow
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d~ ~ ~
8 t(Z) ( dar Zye t)(q/xs,t(Z)), lp;s’o(Z) =Z. (61&)

It results from the limit theorem that lim,q lI/’g @)= lI/’,(z) Letting ©). , :=
(WL )7L, we get

d , d~
- &€ —_ &€ _ng . 6.1b
(dt ¢ t)(Z) (Oge 1) (Z)<dt X ,,(Z)) (6.1b)
Following Egs. (5.1)—(5.5), we denote
~ —1
fle,=Fle,o(Wl,)
6.1. Aninfinitesimal Beltrami equation

Theorem 6.1(Loewner’s equation along a stochastic flowhe infinitesimal increments

d
8 F = (E T, I) o (Fl )* (6.2)
satisfy
afr. , - dZ", B
@S F)=Ale,, Al _|:8JC—’J8<TJ>i|O(f;€’t) ! (6.3)
xé,t

and are given by the formula:

1
(5t €F )(Z) - xE t = ﬁ / A;e’t(z/) dZ/ VAN dZ/, ze (C (64)
(

Proof. Differentiating the |dent|ty9(f . ;) =0 and taking (6.1) into account, we get

d
dr

d
8{81170 XE,t (af;e’t)()azxs’t}zo.

d~
x5 =6&Fo fx*E t (afxrs,t) ° ar )rcf,t?
(6.5)

We recall the rule of change of variables fmomorphic and anti-homorphic derivatives
which can be found in [1]. Denote= f(z), f; = df, f: = 0 f; notice the identities f =

df andd f =af. We have

dgo f)=(@8) 0 f)(f)+ (@) o )@ /). (6.6)

In fact,
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df =(df)dz+ () dz,
dg = (dg) dz + (dg) dt,
d(g o f) = (3:8)(d: f dz + 9z f d2) + (3;8) (0 f dz + 0z f d2).
The second equation of (6.5) follows from the first one si&yfjg = 0. Next exploit (6.6),

the vector fields being considered as infinitesimal transformations: for the first term we
take f = fI. , andg = exp(nd, F); as this choice gived f =0, we get

Jxé.t

8 F o fle } =08 F)O(fL ,).

Taking f = exp(—n$ Z,« ;) andg = f«,,, we have

= d~ _d~
a{_fxrs,t 0 EZ;SJ} = _afxrs,t X 8& )rcs,tv

which proves (6.3). To obtain the integrated form (6.4), we use the solution éfehea-
tion. Define

1 1, _
Hl(z):%/ SoAL G AT zeC, 6.7)

fi.(D)

Let H, := (H1 — §; F), thend Ho = O; thereforeH, is a holomorphic vector field on the
Riemann sphere which vanishes according to the boundary conditions.

Remark 5. After a change of variables in the integral (6.4), we obtain

r 1 1 r r r =
(81.:F)(2) = ﬁfmm}”|2Axs,,(fxg,,(u))du Adi, ueC. (6.8)

-

From the expression fot” . | in (6.3) we deduce

xé,t

(8, F')(z) = L r
he Y o / 2= fle ,(u)
D, '

_/d~
(af;g,t)za<azf>du/\dﬁ, ueC. (6.9)

Consider theC> Jordan curve given as image of the unit circle unggy. We want to
establish a uniform estimate inof the modulus of Hélder continuity for the map

Yl ,(0) := F] ,(cos +ising). (6.10)

Note thatyy , is a function of9 only, which maps the circle into the plane. Thus itis not a
stochastic flow in the usual sense where the flow provides a correspondence between two
spaces of the same dimension.
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The criterion for Hélder continuity in [10] is given for flows in It6 form. Consider the
classical ODE

dFl., . .
—E+@=Ukﬂﬂw@) (6.11)

where the vector field’,: , is defined by (6.2)—(6.4). When— 0, the flow (6.11) con-
verges to the Stratonovich flow, see [13],

8iFL,(©) = (8 Tx.) (L, (©))- (6.12)

Passing from the Stratonovich to the 1t6 flow is not straightforward in this case and not
studied in the present work. The goal would beshow that the stochastic contraction is
bounded whem tends to the boundary df, ;(D), which would come from the estimate
by the hyperbolic distance ¢ (z1, z2)| given in (3.16)—(3.20).

The purpose of the next paragraph is to obtain uniform estimateointhe mapsry ,
and to deduce estimates for the univalent funconp.

6.2. The area of the imagg, ,

Theorem 6.2.Denoteay (t) := aredFy ,(D,)). There exist constants, c2, c3, indepen-
dent ofr < 1, such that for anyR > 0,

R2
Prob( sup logal(r) —c1T > c2+ R) < exp(—cg—). (6.13)
1€[0,T] T

Proof. Asa’(0) = nr2, the estimate can be reduced to the study of the evolutiarSimce

the flow is orientation preserving, the area/df, (D) is the determinant of the Jacobian
of the flow integrated over the domaly).. The Jacobian is calculated by solving the linear
stochastic differential equation obtained by differentiating the stochastic differ&mtial

in (6.12) with respect t@. We pass to the real coordinate system x + iy, dz A dz =
—2idxdy ands; Fy , =: u +iv. The determinant of the Jacobian of the flow is obtained by
integrating the trace

du  Jv
— + —=2Red(§; F! ).
3x+8y @ Fy0)

We get

t

a;(t)=/det(8F;,,)(z)dxdy=i—2fexp(/2Re(883F;J)(zx(s))> dz A dz,
Dr

D, 0

where[é 2Re08, Fy ) (zx(s)) is the stochastic integral of the stochastic differential con-
sidered along, (s) := Fy ((z). Thus
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dray (1) = I—Zfdel(aF;J)(z)z Red8; F} ) (Fr1(2)) dz AdZ
D;

=12 / 2RE06, F; ) (z) dz A dZ. (6.14)

Fy+(Dr)

With [1, p. 87] and (6.3), we have

1 A-’x.: Z/ / =/
08, F )(2) = =— f Adz Adz
’ 2ir

(z/ = 2)?
Fy (Dr)
and
1 Ar /
2Re08,Fy )(2) = —Im / ri@ )2 dz’ A d7'.
s T (Z/ _ Z)
Fy (Dr)
Substitution in (6.14) gives
r I r / ! =/ =
dray (1) = Zlm / mAx’,(z)dz Andz'dzAdz.  (6.15)

FL(Dr)x Fy ((Dy)

Since Calderon convolution by the kernel(#22) is an isometry orl.2(R?), we get by
means of Holder’s inequality,

1 1 i _?
‘dta;(x)|2< ﬁ‘ / mA;J(Z/) dZ//\dZ/dZ/\dZ
Fy (Dy)xFy ,(Dy)

2 2 2
< ”Ar”LZ(F;,(Dr)) X ||1F;,(Dr)|| < cax(t) dr,

wherec is some constant. The last inequality is a consequence of (3.4) and (6.3). Let
ol (1) :=logal (¢). By It6 calculus o (¢) is a semi-martingale; its stochastic differential is
given by

dio (1) = y1dB + yodt (6.16)
where 8 is a Brownian motion ang; are bounded functions because of (3.4), (6.3).

Using the exponential martingale inequality, we deduce inequality (6.13) from (6.16),
see [24]. O

Corollary 6.3. Let a)}(t) be the area of, (D), thena}(r) satisfies estimat5.13)
Proof. It is sufficient to prove thab” := aredp(D,)) satisfies the same estimate for any

r < 1; as the boundary af(D,) is a C*° Jordan curve, we have by means of (5.1) that
b" <af , + ¢ for p sufficiently close to 1. O
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Lemma 6.4 (Comparison lemma for the hyperbolic metritet G1, G2 be two simply
connected domains such th&y C G, and denote byisi2 the corresponding Poincaré
metrics. Then

dsf > ds%.

Proof. Consider the Poincaré distance given by the infinitesimal Harnack inequality: for
every positive harmonic function bounded by 1, the length of its gradiesatliswhere the
upper bound is reached for the Poincaré metris. sufficient to prove the inequality at the
center of the disk. As harmonic functions, which are restrictions t@f harmonic func-
tions onG2, constitute a subspace of the harmonic function&gpthe result follows. O

Given a Jordan curvé&, consider the two domain®™, D~ limited by this curve D™
being compact. Givego € I" then logzo — ¢) is a holomorphic map of of DT into a
strip of width at most 2. Any point of ®(D™) is contained in the middle of a strip of
length 4z . Therefore, using the comparison Lemma for hyperbolic metric, we deduce:

Lemma 6.5.There exists a positive constaft independent of1, ¢2, such that

fo—1201
fo—¢&2

. (6.17)

dB" (¢1,2) > colog

6.3. Uniqueness of the welding

We adopt the point of view of [16, p. 304]. The circ$é is the boundary of the two
closed hemispheres of the Riemann sphereStlelDe the northern hemisphere afiti be
the southern hemisphere. Givére Homeds?), we define onS}r ® St an equivalence
relation where equivalence classes are constituted by single points with the exception of
the boundarie® S1 which are identified using; the set of equivalence classes has the
structure of a topological manifold ;. A continuous functior® on Ay, is given by the
data of a couple of continuous functi@n. defined on the closed hemispheres such that
@, (s) = @_(h(s)) onthe equator. This family of functions forms an algelyg an equiv-
alent definition is to defin@;, as the Gelfand spectrum &f, .

The welding problem is equivalent to the following question:

Does there exist a conformal structure ap which restricted to each of the open hemi-
spheres coincides with the given conformal structure on the hemisphere?

For such a conformal structuée we denote byAf the corresponding Riemann surface.
By Poincaré’s uniformization theorem, up a homeomorphism, there is a unique conformal
structure on the sphere; this means that there is a homeomorghisanrying A;, onto
Ayg. The image of the equat@(aS}r) is a Jordan curvé“h@. We define &Holder Jordan
curveas a curve which is parametrizable by a univalent funatisnch that andy ! are
Holder continuous.

Theorem 6.6.Assume that there exists a welding conformal struc&yesuch that]“heo is
a Holder Jordan curve, then every welding struct@reoincides withCo.



984 H. Airault et al. / J. Math. Pures Appl. 83 (2004) 955-1018

Proof. Let ®g, ® be the corresponding homeomorphismsAgf. Thenv := © o @gl

defines a new conformal structure on the complemenT;fES’f. By [15, Corollaries 2 and 4,
pp. 267—-268], there is a unique conformal structure which coincides with the trivial one on
the complement of‘heo; thereforeC =Co. O

Theorem 6.7.To a univalent functiorf defined onD we associate the Jordan curve
®(f)=f(sY).

Let ¢, ; be the univalent function constructed in Theorgrdas solution of the stochas-
tic welding problem(5.19) Thenr — @ (¢, ;) defines a Markov processes with values
inJ.

Proof. The mapy, ; — g IS injective up to a rotation: this operation preserves the law
of g.:. The passage from univalent functions to Jordan curves is obtained by taking the
quotient of the spacé of univalent functions by the group of Poincaré automorphisms
of D (see[2]). O

Appendix A. The canonical Brownian motion on Diff(S) is not quasi-symmetric

The classical theory of conformal welding is developed for diffeomorphism of the cir-
cle in case where the diffeomorphisms have a quasi-conformal extension to the unit disk.
The class of diffeomorphismis preserving the point at infinity and admitting a quasi-
conformal extension to the half plars® is fully characterized by the Beurling—Ahlfors
quasi-symmetry property:

h© + ) —h(9)

o) —h —u) Al
e,wlfs)l h(@) —h(@ — ) = (A1)

If by coincidence the canonical Brownian motion on D§ff) should satisfy condition
(A.1), the results of the present paper would follow more easily without the indirect ap-
proach we have followed.

The purpose of this Appendix is to show that, almost surgly,does not satisfy con-
dition (A.1).

A.1l. Study of the three point motion

Consider the covariance

o]

1
Az (0) #dize (0) = BO —0)dr,  B() =) -5 CoSky),
k=2
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by [5, Lemma 3.2] or [9]
By) = 3(0)(1 - J/(lﬁ)), wherey () ~ cy?log™ ||, asy — 0,
¢ being a numerical constant. Given a finite subseff S*, we denote by (r) = g, /(o)

its image undeg, ; and byd := |o (¢)| its constant cardinality. The functia8 is positive
definite; thed x d symmetric matrix

Qo) = (53(01' — Gj)), 0i,0j €0(1),

is therefore positive definite. Throug®,,) we define an Euclidean metric on
R? ~ T(($1)®). Then the motiorv (r) is Markovian and given as solution of the Itd
SDE,

dO’(t):./QU([) dx(t), (A.2)

wherex (¢) is anR? valued Brownian motion.
We fix three points enumerated in increasing ordesbyo, o™ and let

,0+=a+—a, p =0—0 .

The covariance matrix of the triplet™, o, o, divided by 8(0), takes the form:

1 1-y(p) 1-ypt+p)
( 1-y(p) 1 1-y(ph) )
11—yt +p7) 1-y(™) 1

We restrict the corresponding quadratic fotmthe two dimensional space spanned by
o™, p~. The variance of a random variable of the type

apt+Bp  =a(cT —0)+ B0 —07)

is a quadratic form with the coefficients:

E[(c* —0)]=2y(p"),
E[c" —o)o—a)]==yv(p")+v +p)—v(),
E[(e o] =2y(p").
We use again that the It6 invariants factorize throwgh o~ which means thathe pro-

jected process is a Markov process associated to the elliptic operator

2 82 82
F oY —ulo=) — (ot -
8(}0+)2+2(J/(p +p) =y —ylp ))3,0+3,0_ 750

L:=y(p")
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and apply It6 calculus to the function
¢:=log pt —log p~.

As pT, p~ play symmetric roles, the properties of the random varighéee stable under
the symmetryy — —n. SinceL(p") = L(p~) =0, we get

1

cc | - £ — + ,

(log™ p™) (pi)zy(p )

Yo y(p™)

LPp=— ~ ¢, A.3
¢ ()2 (ph)? ¢ (A3)
1 > v v+ —veH -y vk

v = — .

2 VoI ="z oo o2

Observe thapt = p~—€? and

1
5IVoIZ=log” p” —¢— (1+€")?e?(log” p~ —log(l +e”)
+e’(log”p~ —p)+e®?log”p~ +log p~.

We note the remarkable fact that the coefficient oflpg vanishes: 2-e¢ — 2 — e +
e’ + e % =0. Thus we get

1
§||V¢||2:|¢|, ¢ — £o0. (A4)

Fixing iy = 275 andéy = k2**, the corresponding functiapy;, taking into account (A.2)
and (A.3), admits as comparison SDE in the sense of Ikeda—Watanabe the following SDE

dy =/[3/db@t) + ydr, §=0, (A.5)

whereb is a scalar-valued Brownian motion which can be written as a deterministic func-
tion of the {xi}, i.e., b(t) = 3 Jo &(s) dxk(s) with o* adapted such that, o = 1.
According to [12], we have

sup |¢k.s ()| =~ sup |3(1)]. (A.6)
0,71 t€[0,T]

1€[0,

A remarkable fact is that the comparison Eg. (A.5) is independent of thesscale

Theorem A.1. Almost surely, the canonical Brownian motion on the group of diffeomor-
phism ofs* does not satisfy the quasi-symmetry condifiart).
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Proof. We shall follow a Dubois—Reymond type methodology of condensation of singular-
ities. Consider the sequengge= 27 and taked;, such thatéy, Ok, 1> lq —q'|3,q#4.
Then the sequence of processes} defined byw, (1) := ¢, .5, (t) is asymptotically in-
dependent: in the realm of Gaussian variables asymptotical independence is equivalent to
asymptotical orthogonality. Considering the ppint motion covariance matrix, we remark
that
/
diwg * drwy = O<|Og(|q7/q|)>.
anq

As each of these processes is governed by the same comparison Eq. (A.5), and as the
process driven by (A.5) is not uniformly bounded, the Borel-Cantelli lemma shows that a.s.

lim supwy (1) = oo. O

q—>00

Appendix B. Asymptotic expansion of some inverse Fourier transforms

Our objective is to compare the series defining the covariance functions with the
Poincaré distance in the half plane. We give two integral representations of the series,
one as a convolution double integral (Proposition B.3 and Appendix B.2); the other one is
a one time integrated form of the first representation and is expressed in terms of a single
integral (Appendix B.2). Both representations provide a mean for studying the series.

In Appendix B.1, using the double integral representation of the series, we prove the
estimates obtained in Theorems B.1 and B.2 below. In Appendices B.2 and B.3, we discuss
how to obtain the integral representations of the series.

In Appendix B.3, we construct the kernel functions of Proposition B.3 below. In Ap-
pendix B.3, we express the serigsy, «, 8, y of (B.3)—(B.4) ash-transforms, that is in
the form

1

Z/Pij()’L y2.9)h((eiy1+¢ejy2)s +6)ds, & =-1,0,1,
i

whereP;; is a polynomial ins and a rational functiohomogeneous of degréen (y1, y2);
if y1=y2=y,thenP;;(y,y,s) does not depend on. The study ofP;; permits to study
the behaviour of the functionsg, 8, y. We give explicit expressions for the polynomials
P;; and obtain asymptotic expansions for the covariance functions.

In the half plang =6 + iy, y > 0, the Poincaré metric is given gz | /y. Letd be the
Poincaré distance; é&m, in particular,

J1+fﬁﬁd

t~}w—m
f@ y

0/
d((6.y). @' y) = mfin/
6
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with £(0) = f(0) =y andd((, y), 0,y)) = |log(y/y")|. With the triangle inequal-
ity for the distance, we can deduce from the two previous estimates a domination for

d(®,y), @', y)).
Letp =d((0, y), (0',y)), we have (see for example [14])

10 —0'12+ y2 4 (y')2

COS =
e 2yy’

(B.1)

Wheny — 0, the behaviour of the covariances of the vector figltlis estimated in
terms of the hyperbolic distanek¢1, ¢2). See Eqs. (3.16)—(3.20).

Theorem B.1.Letting Q(y) = K (y) + 7K' (y) + 6K”(y) as in Eq.(2.5), we have
1 1
Q(y) = 2/(1 — s)(l — 6s2) cogys)ds — 14/(1 —s)ssin(ys) ds.
0 0

Denoting D (¢1, ¢2) dt = E[ddZy ;(¢1, £2) * didZx (L1, $2)], then for¢; = 6; + iy;,
j=1,2,and0 =61 — 62,

In|

D=, ——

n|>1

Q(y1n) Q(yzn) exp(in(61 — 62)).

If 6 £ 0, there exist constantg, c2, c3 such that forsup(ys, y2) < ¢3|0| < c2, we have the
estimate

|D(¢1, 02)| < exp(—c1d (41, £2)).
If 6 =0, then

inf(y1, y2)

D(v1, < —.
|D(y1, y2)| SUML. v2)

To handle the different cases in a unified way, we consider a funktafrihe type

h(t) =) A(n) cosnt. (B.2)

n>1

Assume that: is a C*° function defined on0, 27[ and moreover that there exist- 0
ands > 0 such that(z) > ¢ for 0 < r < §. Assume furthermore that fgr> 0, the integral
fol h(ys)ds is finite. Consider the series
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¢ (31, y2,0) =Y A(m) K (y1n)K (y2n) cosn),

"t (B.3)
Y (y1, y2.0) = Y WK’ (yim)K (yon) sinnd
n>1
and
a(y1,y2,0) =Y 2(m)(6K" (y1n) + K (y1n)) (6K" (y2n) + K (y2n)) cosno),
n>1
B(1.y2.0) =Y 2K (y1n)K'(yzn) cosnf), (B.4)
n>1

y(y1, y2,0) = Y Am)(6K" (yan) + K (y1n)) K' (y2n) sinne),

n>1
where
1 2(1 2 4
1?(x)=2/(1—s)cos(sx)ds=$= —’16—2+%)—---,
0
4 2si ;
R'(x) = ——(1— cosx) + S';x =—2/s(1—s) sin(sx) ds
X X
0
_ X + .XS x5 +
T 6 90 3360
1
_ 12 8sinx 2
R(x) = =5(1 - cosr) — — L25“=—2/s2(1—s)cos(sx)ds; (B.5)
X X X
0
A _ 2 72 48 12
6K" () + K (&) = (? + g)(l— COSt) — 3 siné + iz cost
7., 31,
=600 50400 T
1
:2/(1—s)(1— 6s2) cogs&)ds, (B.6a)
0

and sincefol(l —5)(1—6s%)ds = 0, for any differentiable functiog,
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1 1
/(1 — s)(l — 6s2)g(s) ds = % /u(l —u)?@2+ 3u)g’ (u) du, (B.6b)
0

0

16sinx 8sinZ
5 T 5

~ 32 2 8
K'(x)?= = (1—cosx) + (—4 - —6>(1— cos) —
X X X

X X

! 1
= 1—:/(1—03(1— 2t — 4%) cog2xr) dr — %/(1—t)4(3+2t) dr. (B.6¢)
0 0

Theorem B.2.Consider the series given §B.4), whereh(t) = 2@1 % cosnit.
If 6 £ 0, there exist constantg, ¢z, ¢3 > 0, a heighbourhood

V ={0 < supy1, y2) < c3lf| < c2}
such thatif(9, y1, y2) € V, then

Cc1

wherep = d((y1,0), (y2, 0)) is the hyperbolic distance defined(i.1).
If & =0, there exist1, ¢z such that forsup(y1, y2) < c1,

c2
coshp)

|a(y1. y2. 0)| + | B(y1, y2. 0)| <

wherep = [log(y1/y2)I.

For the proofs of Theorems B.1 and B.2 (see Appendix B.1), we use the following
proposition.

Proposition B.3.There exist kernel&y, Ny, Ny, Ng, N,, which are functions ofy1, y2, 6)
such that

11

o (1, y2,9)=/f(1—S)(1—M)N¢(Sy1, uyz, 6)ds du,
0

0 (B.7)

11
Yy, y2,9)=//S(1—S)(1—M)Nw(sy1, uyz, 6)ds du;
00
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1
a(y1, y2,0) = /(1 —$)(1—1)(1— 652) (1 — 61%) No (51, 1y2, 0) ds o,
0

11
ﬁ(yls y279)Z_//S(l—s)f(l—f)Nﬁ(s)’L ty279)det1 (B8)
00
11
y(y1, y2,0) = / /(1— s)(l— 6s2)t(1— )N, (sy1,ty2,0)ds dr.
00

We consider the following choices far

e Wheni(n) =1/n,n>1,

OEDY Consm = —log Zsin<%)‘ for0 <1t <2m. (B.9)
n>1
e ForA(l)=0and
_|n/@w?=1, n>2
M= { 13 —n), n>2,
or since
ro_ 1, 1 . 1
n3—n  n 2m-1 2mn+1)’
we get

ncosnt cosnt 1 1 .
ht)y=>) = [Z . cosz} — 5 — 708, respectively

n>=2 n>1

(B.10)
cosnt cosnt 1 3
h(t) = 3 = Z (cost —1) | — E—I—ZCOSt.
I a>1
If A(n) is an even function af, then
> A Qny1) Qny2)€" = 2a(y1, y2.0) + 2 (y1, y2.0)
n#0

+2i[y (y1. y2,0) + ¥ (y2. y1, 0)], (B.11)

whereQ(y) = (K + 7K' + 6K")(y).
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B.1. Proofs of TheorenB.1andB.2, (1) = ), &

Proof of Theorem B.2. If h(¢) is given by (B.9), we get

_ o0 . of y1s + yot o0 . of y18 — yat
Ny = —log sm2<2) sm2< > )‘ log sm2<2) sm2< 5 ) ,
d? N — 1 — cost cogy1s + y21) 1 — cost cogy1s — yar)
dsdr ¢ T2 (cosp — cogy1s + y2t))2  (COSH — cos(y1s — yat))? (B.12)
. _ A '
= 2y1y2Sin(y1s) Sin(yzt) [E}
with

A =086 — cosf (1 + co(y1s) + COL(y21)) + 2 COLy15) COLy21)
= (1— cos9)[2cogy1s) COKy2t) — COSH(1+ cos) | — cosd(cogy1s) — cos(yzt))2
= (1 cosd)[co(y1s) + co(yat)]| — [cody1s) — cos(yzt)]2 —cos9sirtd (B.13)
and
VB=(1- cosd)[2 cogy1s) cogy2t) — (1+ cosh) | + (coy1s) — COS(yzt))z. (B.14)
If0 <0 <1andy; < y2<6/2,then coéyr) > cogy2) and

2cogy1s) Coy2t) > 2c0gy1) cogy2) > 1+ cost,

) (B.15)
(cos(y1s) — cog(y21))” < (1 — cosh)?.
From the first estimate in (B.15), we obtain
VB > (1 - cost)[2 cogy1s) cosy2r) — (14 cosh)]
> (1—cos9)[2cogy1) coy2) — (1+ cosd)], (B.16)
whereas the second inequality in (B.15) gives
VB < 2(1— cosd). (B.17)

From Eq. (B.13) and the second inequality in (B.15), we obtain
A > (1- cos)(cog(y1s) + coS(y21)) — (1 — cOsf)? — cosh sirt .
This gives

A > (1- cost)[cog(y1s) + CoS(y2r) — 1 — cog];
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on the other handy; < y2 < 6/2 implies that
coL(y1s) + oL (yot) > 1+ coL0,
which together proves that > 0. Thus

d2

—— N, >0.
ds dr

On the other hand, because of (B.6)Y i 0, the seriew is equal to

11
—//(1—s)(1—6s2)(1—t)(1—6t2)
00

x log

(1 Sin?((y1s + yzt)/2)> <1 — sirt((y1s — y21)/2) ) ‘ d
_ _ . s dr.
sin?(6/2) sir? (0/2)

Using (B.6b), this equals

11
2
a= / / f(s)f(t)%Na dsdr, wheref(s) >0forO<s <1 (B.18)
A}
0 0
We integrate the last integral and obtain thigtis dominated by

11 @2
//dsdtNadsdt
00

[SiM(6/2) — Sir?((y1 + y2)/21[SIP(0/2) — Sir((y1 — y2)/2)]
[SiM(0/2) — sin?(y1/2)12[SiM?(6/2) — SirP(y2/2)]2

. (B.19)

Theorem B.1 for is a consequence of the previous lemmal

Lemma B.4.For 0 <6 < 1andsupyi, y2) <6/2, let

1 - ~ ~ o~
=) ~(6K"(yim) + K (y1m) (6K (y2n) + K (y2)) cosne.
n>1

There exist two positive constants c2, such that

2.2
y1y
la| < 62%. (B.20)

2..2/n2 2 2
Y1Y5(0° —yi —y3)
c1 172 96 1 2 <
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Proof. The lower estimate follows from

cog(y1) 4+ cof(y2) — 1 — coF 0 _A

4(1 — cosH)3 S B (B-21)
The upper bound is a consequence of (B.19].
Remark 6. From the second equation in (B.13), we deduce that
A < (1 cos9)[2cogy1s) cosyzt) — cosd (1 + cosd)]. (B.22)
If y1=y2=1y,itgives
a(y,y,0)
11 .
=— Of 0/(1 —$)(1—65%)(1—1)(1— 6t%) log|1 — %@tgm dsdr. (B.23)

Thus, for O< y < 20, we havex(y, y, 8) < const?/(62 + y?).

The serie®8 can be handled in the same way,

sin((y1+ y2+6)/2) sin((y1 + y2 — 6)/2)
sin((y1 — y2+6)/2) sin((y1 — y2 — 6)/2)
e iy2 _ @i(y1+0)

Ng(y1, y2,60) = log

e_iYZ — e_i()’l_e)

=100 T — ez | 9T etihe: |

It simplifies to

SiNt(0/2) — sir((y1s + yat)/2)
SiN?(6/2) — sir((y1s — y21)/2) |

Ng =—log

In particular, ify; = y» = y, the estimate8(y, y, 8) < consy?/(6? + y?) holds for

Sin?(6/2) — sir((y1s + yat)/2)
: _ ds dt
sir?(6/2) — sirt((y1s — y2t)/2)

1 1
B, yz,9)=—ffs(1—s>r<1—r> log
00

For N, the estimate in Theorem B.2 is a consequence of the following lemma. It can
also be deduced from Proposition B.16 below along with (B.43).
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Lemma B.5.Let k(r) be given byB.9). Assume thasup(y1, y2) < 6/4, then there exists
a constant such that

y1Y2
03

|y (y1. y2,0)| < ¢ (B.24)

Proof. If h(¢) is given by (B.9), then

sin((y1 + y2+6)/2) sin((yr — y2 — 6)/2)
sin((y1 + y2 —6)/2) sin((y1 — y2+6)/2)
Sirf(y1/2) — sirf((y2 +6)/2)
Sirf(y1/2) — sirf((y2 — 6)/2)

and

Sin?(y1t/2) — sif((yzs + 0)/2)],
ISR (y11/2) — SiP((yas — 9)/2>

y(r, y2,9)=—f/s(1—s)(1—t)(1—6t2) log

11

://s(lz_s)f(l_t)2(2+3I)H(tylssy2,9)dsdt
00

with

d Sin(y1t/2) — sit?((yzs + 60)/2)
9 SitP(y11/2) — S ((ys — 6)/2)
—y [ sin(y11) 3 sin(y11) }

1 .
Co(yzs +6) —cogy1t)  COSyzs — ) — COSy1l)

H(ty1,sy2,0) =

Sinces(1— s)t(1—1)2(2+ 3t) > 0 for 0< s < 1, we have

11
¥ (1. y2.0)| < const /|H(ty1,syz,9)|ds dt<cy;y2
0

0

Corollary B.6.

2
Yiv2 | vy 12
IV(yl,yz,9)+y(y2,y1,9)|<c[ VRS 932}<c R

Proof. Sincey1+y2<6/2. O
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B.2. The series as double integrals. The kernel functions

The functioni(z) given by (B.2) is even. For the seriesand 8, we consider the fol-
lowing even function ob,

h1(y,0)=h(y+0)+h(y —0). (B.25)
Sinceh(t) is evenhi(y, 0) is obviously even iry. Define the kernel:
Ng(y1,y2,0) = h1(y1+ y2,0) — h1(y1 — y2,0). (B.26)

ThenNg(y1, y2,0) is odd iny; and odd iny; it will be an appropriate choice to study the
seriesB. In the same way,

No (31, y2,0) = h1(y1 + y2,0) + h1(y1 — y2, 0) (B.27)

is even iny1, even iny and even ird, thus it is appropriate to study the seriesFor the
seriesy, we consider the functiohy(y, 6) which is odd ind and odd iny,

ho(y,0)=h(y+0) —h(y —0). (B.28)

The kernel

Ny (y1,y2,0) = ha(y1+ y2,0) — ha(y1 — y2,0) (B.29)
is even iny; and odd iny; and will be used for the serigs Let

A=h(y1+y2+0), B=h(y1+y2—-0),

C=h(y1—y2+0), D =h(=y1+y2+0),
then

Ny=A+B+C+D, Ng=A+B—-C-D, N,=A—B—-C+D.

Lemma B.7.Let u(¢) such thatu” (1) = h(z). Then fory; #0, y» #0,

11
1
//h(y1s+yzt+9)dsdt=yl—yz[u(y1+yz+9)—u(y1+9)—u(y2+9)+u(9)]-
00

Proof. We start with the identity

1

1 11
1 d
]:///L”(yls—i-yzt-l-@)dsdt:y—//a[u/(yls-l-yzl—i-@)]dsdt
1
00 00



H. Airault et al. / J. Math. Pures Appl. 83 (2004) 955-1018 997

and evaluate the integral with respecktto obtain
L 1
J= o f[l/«/()d + y2t +6) — p' (vat +6)] dr
0

1

1
d
e / g [HO1+y2r +6) — u(yat +6)] dr.
0

This proves the lemma.O

As a particular case, let

?loglt| 3,
= B
w(r) o 2

Sinceu” (r) =log|t|, we get fory1 # 0, y2 # 0,

11
//Iog|y1s+y2t+9|dsdt
0 0

1
:yl—yz[u(y1+yz+9)—u(y1+9)—u(y2+9)+u(9)]. (B.30)

In the same manner, see (B.10), we obtain = Mﬁ,ﬁ (1), where

ncosnt cosnt 1 1
1) = —_— = Ccost | — = — - cost,
¢ Z n2—1 |:Z n :| 2 4
n>=2 n>1
/2

t 5 1
2sin| = - — 22— —.
Sln<2)‘~|—4COSt+ 8cos >

(1) =2 sir?(%) log

Proof of Proposition B.3.

e The seriest. With 6K (x) + K (x) = 2[5 (1 — s)(1 — 652) cogsx) ds, we obtain
(6K (y1n) + K (y1m)) (6K " (y2n) + K (y2m))

11
= 2/ /(1 - s)(l - 6s2) 1-0 (1 — 6t2)2 cosny1s) conyot) ds dr
00
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11

- 2//(1—s)(1— 6s2)(1—1)(1— 6%

00
X [Cos(nyls + nyat) + coqny1s — nyzt)] ds dr

and

(6K" (y1n) + K (y1n)) (6K" (y2n) + K (y2n)) cosné

11
://(l—s)(l— 6s%)(1—1)(1— 6r%)
00

x [2cogny1s + nyzt) cosnd + 2 cosny1s — nyzt) cosnd | ds dr.

e The seriess. Sincel?(x) = 2]01(1 — s)cogxs)ds, by taking the derivative with re-
spect tax, K/ (x) = —2f01s(1 — s)sin(xs) ds, we get

K'(yin)K' (y2n)

= 2/ / s(1—s)t(1—1t) x 2sin(ny1s) Sin(nyst) ds dt

11
—2/ / sA—1(1—1) [Cos(nyls + nyat) — cognyys — nyzt)] ds dr,
00

and thus

K'(yin)K'(y2n) cosné
11

/ /s(l —5)t(1—1)[2 cosny1s + nyat) cosnd
— 2cogny1s — nyzt) cosnf | ds dr

11
- / / s(1—s)1(1—1)[ cosny1s + nyzt +nb) + cosnyis + nyat — nb)
00 — cogny1s — nyst + nd)
— cognyis — nyst — n@)] ds dr.

e For the series the proofis similar. O

Remark 7. We can calculateN (sy1,ty2, 6) in terms ofy; + y2 and y1 — y2 with the
identities
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1
syL+ty2= 5[(S + 0 (y1+y2) + (s —)(y1— y2)].,
sy1—ty2=[(s +0)(y1—y2) + (s =) (y1+ y2)]-
B.3. Theh-transform. Extendedosandsin functions

This method differs basically from the previous one by the fact that we linearize the
three products

(6K"(y1) + K(y1))(6K"(v2) + K(v2),  K'GDK'(r2),
(6K"(y1) + K (y1)) K (v2),

before taking the integral transform. The interest of this second representation is that we get
immediately only one integral. Of course, using Taylor formula with integral remainder,
and after several integrations by parts, we can recover the double integral of the repre-
sentation of Section B.2, and conversely with a change of variables in the double integral
of Section B.2 and an integration, we find the integral representation of Section B.3. The
function 6K”(y) + K (y) is a cos transform an&’(y) a sin transform: Let (x1, x2, ) a
function of the variables, x2, 6. We say thad (x1, x2, 0) is ahomogeneousos transform

in x1, x2, if

1
¢(x1,x2,0) = Z/ Pij(x1,x2,5) COS((e,-xl +ejx2)s + 9) ds, & =0,£1, (B.31)
i

whereP;; is a polynomial ins and a rational functiohomogeneous of degréen (x1, x2);
if x1 =x2 = x, the functionP;; (x, x, s) does not depend on To definehomogeneousin
transforms, we put sin instead of cos. For example,

1 1
/Cos(xls) ds / cog(xot) dr = }[(xl +
X

0 0

1
2
5 17;22)/(1—s)cos((x1+xz)s) ds
0

X1Xx2

1
. 2
_ o / (1— ) cog(x1 — x2)s) ds}
0

is a homogeneous cos transform. We have

1

Z A(n)¢(nx1,nxz, nb) = Zf Pij(x1, x2, s)h((e;xl +ejx2)s + 9) ds. (B.32)
n>=1 Lj 0

We say that the series (B.32) is a homogenéotransform.



1000 H. Airault et al. / J. Math. Pures Appl. 83 (2004) 955-1018

We shall see that the products
KoGDK(y2,  (6K"(y0)+K()(6K" (v +K(v2).  K'GDK (v2)
arehomogeneousos transforms whereaéff”(yl) + I?(yl))l?/(yz) is ahomogeneousin
transform. In particular, we have

1
K(x)%= g/(l — 5)3(4 cog2xs) — cogxs)) ds. (B.33)
0

Thus

[(6K"(y1) + K (y1))(6K" (v2) + K (y2))] coss,

[K' DK (y2)]cosd and [(6K”(y1) + K (yn)) K’ (y2)] sine
are allhomogeneousos transforms.
Lemma B.8.For any integerp,

1 1
d (1—s)P1 L (A—s)P2
_ p>—_ 7 — p—i- 7
a Ofy o _1)! f(yS)dS—Ofy -2 f(ys)ds. (B.34)

Proof. We have, forp > 1, p andq integers,

1

1
d (1-srt 1(1-5P2[(g-1
q — P _
dyofy TR f(ys)ds—ofy 2 [(p—l)(l s)~|—s:|f(ys)ds. O

Proposition B.9.Let 4 (¢) be given byB.2). Then

1
where

1
(1—5)°%[y2 ¥
P12, 0) =4 [ S50 a5 +6)+ s +0)
: Yo Y1
0

1(y1+y2)*
—s—55—h((1+y2)s+0
2y ( )
1 _ 4
- E%h((yl— y2)s +9):|ds (B.35)
1Yo



H. Airault et al. / J. Math. Pures Appl. 83 (2004) 955-1018 1001
and

1

with

1
2 4 3
VI d=9* (-9
Ga(y1. y2.6) = 4 f —%[2 -

0

i|h(y1s +0)ds

<

1

v (A—s)*

+8/F 2 h(yzs+9>dS+fL(y1,yz,s)h((y1+y2)s+9)ds
3 a

0

1
+ / L(y1, —y2,$)h((y1— y2)s +6)ds (B.36)
0

and

1+ y2)° (1 —s)* 2(y1+y2)4 (1-s)3
3.2 41 + 2.2 3l
Y1Yo : Y1Y2 :

L(yla yZ,S) = _4

The expressions (B.35) and (B.36) can be used for any integrable functiome take
h(t) = ¢, wherec is a constant, we find tha, (y1, y2,0)) = c. If h(t) = ct, then

o1
2,

NI =

[Gh(y1, ¥2,0) + Gr(y1, y2, —0)] =

Corollary B.10. We have

-, ‘ (1-s)3
ZA(n)K(yn) cosnf = —8/ [h(ys +60) — 4h(2ys + 9)] ds.
0

= 3!
If 6 £ 0, then
1o 5
Z—K(yn) cosnf ~h(0), asy— 0. (B.37a)
n}ln
If 6 =0, then
15 5
Y ZK(yn)*~—logly|. asy— 0. (B.37b)
n

n>1
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Corollary B.11. We have

> " AmK (yn)sinng

n>1

s(l—ys)3
= 4] " [8(h(2ys +6) — h(2ys — 0)) — (h(ys +6) — h(ys — 6))] ds

3!
0
and
1. 5. 4 .
Z —K (yn)“sinné ~const- asf — Oandy is fixed. (B.38)
n y
n>1

We can study in the same way the functiong andy.

Proposition B.12.Leth(t) be given by(B.2). Then

1
a(y1, y2,0) = E[Ah(}’L ¥2.0) + Ap(y1, y2, —6)]
and
! 2
Ap(y1, y2,0 /[Pl(S) 7 T P2(s) z}h(yls +6)ds
0 Y2
1 2
+/[P1(s) 2+ Pa(s) 2:|h(yzs~|—9)ds
0 i
+/R(y1, y2.9)h((y1+ y2)s + 6) ds
0
1
+/R()’1, —y2,9)h((y1 — y2)s +6) ds, (B.39)
0
where
(1—s)’ (1—s)° (1-5)°
Pi(s) = =T2X T2x = +48x 72x -~ = 10x 72x ——,
_ 5 4 3
Po(s) = 72x 2 x & 'S) _agx2x & s) o0 397

3!
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Pi(s) (y1+ y2)8 1+y2% (1 —5)°

R(y1. y2.8) = — — 4 T6x72x
2 yys pys 9
6 1— 4 4 1— 3
_24X10X(y14gy32) (1-ys) +50X(y142ry22) A-s)"
¥3y3 4 y2y3 3

We remark that if we puk(z) = 1 in (B.39), then everything cancels, we have
vt y2 ys v2
/ [Pﬂs)—ﬁ + P2(s)=5 + P1(5)=5 + P2()=5 + R(y1, y2,8) + R(y1, =2, s)} ds =0.
0 Yo Yo Y1 Y1

Thus, (B.39) remains true if we replagé€ys + 0) by h(ys + 6) — h(9). For h(t) = cost,
which is a particular case of (B.2), we obtain with (B.39) a representation of

(6K"(yD) + K (y1)(6K" (y2) + K (v2)) cosd

as an integral transform.

Corollary B.13. We have

a(y,y,0)= /(Pl(s) + P2(s))[h(ys +60) + h(ys — 6)] ds
0

=

1
+ = f R(s)[h(Zys +0)+ h(2ys — 9)] ds,

N

whereR(s) = R(y, y, s).
If 6 #0, thena(y, y,0) ~consti(9) asy — 0. If 6 #£0, asy — 0,

1. -~ ~
Z =[6K" (ny) + K(ny)]2 ~ constlogy.
n>1 n
Moreover, there exist a constant > 0 independent of, & and a neighbourhood =

{|6| + ¥ < c2} such thatfor@,y) e V,0 #0,y > 0,

> Z[6K" (ny) + Rny)]? cosné <
n>1

1 c
n coshp)’
wherep =d((y, 0), (v, 0)) is given by(B.1).

In the same manner, we have

Proposition B.14.For h(z) given by(B.2),

. iy 1
B(y1. y2.0) =Y _ 2(m)K'(ny1) K’ (ny2) cosnt) = E[Bh (y1, y2,0) + By (y1, y2, —0)]
n>1
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with
i 16(1— 9°  8L=9*\ (1} y3
Bp(y1, y2,0 f( 2 )(—3h(y1s+9)~|- —3h(y2s—|—9)> ds
) Y2 Y1
0
1
+ / O(y1, y2, )h((y1+y2)s +6) ds
1
- / Q(y1, —y2, $)h((y1 — y2)s +6)ds
0
where
41-9% 81— \(1+y2)® 21-9°(1+y2)?
4 o! 53 3! y2y3

Settingh(z) = 1 in By, we obtain

g 16(1—3)5 81—s5)*\ /y3 3
/{( )(—%+—§)+Q(y1,yz,S)—Q(y1, —yz,s)}ds:O.
, 41 R

In particular

1 y y3
/ 0(y1, y2,8) — Q(y1, —y2.9)] ds—"( é+_§)
0

Y2 0N

wherec is a constant (there is no term i/y2 or in y2/y1). For the coefficient of
v1/y2 + y2/y1, the last statement follows froid/5! — 8/6!) x 15— 2/4! x 4= 0. Thus,
as in Proposition B.14, we can replacéys + 0) by h(ys + 6) — h(0) in (B.40) and the
formula stays valid.

Corollary B.15. We have

! _ b _ 4
ZA(n)I?(ny)%omO:f(lGa )7 _gd=s) )[h(ys~|—9)-l-h(ys—9)]ds
0

1 5! 4!

+ %/ 0(y,y,8)[h(2ys +6)+h(2ys — 0)]ds
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Moreover,

> }f’(ny)zcome <—°
i cosh(p)
For the seriey, we obtain the following result.

Proposition B.16.We have

y (y1, y2,0) = D A(m)(6K" (y1n) + K (y1n)) K' (y2n) sinné
n>1

1
=5 [F(y1.y2.6) — F(y1. y2. —6)]

where
3 1 4 1 5 1
1 Y2 Y2
F(y1,y2,0) = =5 | Pus)h(y1s)ds + =5 [ Ri(s)h(y2s)ds+ =5 | Ra(s)h(y2s)ds
y5 Y1 Y1
0 0 0
1
+/Q(y1, y2,$)h((y1+ y2)s) ds
0
1
+ / T(y1. y2.$)h((y1 — y2)s) ds (B.41)
0
with
(1—15)° (1—s)° 1-—5%
Pi(s)=72x 4 al —48x 4 = +10x 4 VTR
(1—15)" (1—5)°
Ri(s) =72x 4 5 —72x2 o5
_ -9t A-s)°
Ro(s) = —8 7 +4 5
1+y2) (1—5)° 72 96 (1—5)°
Q0. y2,5) = —1442 2 4 (25 + 5 | on+ )
Y12 : Y1Y2  Y1iy2 :
48 20 1-5% 10 1—4)3
<ﬂ+ﬁ)(}’l+)@)5¥+ﬁ()’l+)’2)4( ' ) ,
Y1Yo2  Y1Yo 4! Y1Y2 3!
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T(yla y27 S) = _144

(1—y2)’ 1—5)° _( 72 96 ) 1 — 92t $)°

13 6! he o 93 o
48 20 1-—9* 10 (1—ys)3
< 3 >(y1 )57—ﬁ(y1—yz)4 —.
yl}’2 ylyZ 1Y2

Corollary B.17. If h(z) is given by(B.9) or (B.10), then wherd = 0 is small,

3
y(y,y,0)~ constg—3 wheny — 0. (B.42)

Corollary B.18. There exist constanty > 0, c¢2 > 0, independent of9, y), and a neigh-
bourhoodV ={(0, y) | 0 <y < |0]|/2 < c2} such that for9, y) € V,

> %(GE”(ny) + K @y))K' (ny) sin(n) < (B.43)

St coshp)

wherep =d((y, 0), (v, 0)) is given by(B.1).
B.3.1. The serieg

Proof of Proposition B.14. Let

1
1- 2 4
CZ(X)=X6/( 5'3 COS(xs)ds—l—%—i-%—COSx

1
xSo(x) = —x8 a-s? coqxs)ds =x| x — x_3 —sinx
2= 4 - 3! ’
0

1
_ )3 2
Ci(x) = —x4/ d B'S) coqxs)ds=1— % — COSx;

then

16 1 1
K'(x)K'(x2) = 3.3 (CZ(X1) + Calx2) — 5C20x1 + x2) — 5Ca(x1 — xz))
*2

8 1
+—33 (X152(X1) +x282(x2) = 5 (x1+x2)S2(x1 + x2)
*1X2

1
- E(Xl — x2)S2(x1 — xz))

2
+ =5 (C1(x1+x2) — C1(x1 — x2)).
x5
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ReplacingC1, C2, Sz by their integral representations, we obtain

1 1
= = [(1—9° 16 1-s5%* 8
K (x)K (x2) = ?ﬂfﬁﬁ(xl, x2, ) ds — Tﬁfﬁs(m,xz, s)ds
) Poxgxs ) e

1
1-5)3 2
—/%mlﬁﬂxlﬁzﬂd& (B-44)
0 : 1*2

where
6 6 1 6
Po(x1, x2, 5) = ¥7 COS(x1$) + X7 COLx2s) — 5 (x1 + x2) cog((x1 + x2)s)

1
-5 - x2)° coq(x1 — x2)s),
Ya(x1, x2,5) = (x1+ xz)4COS((X1 + x2)s) — (x1— xz)4COS((X1 —x2)s). (B.45)

If x1 = x2, we recover formula (2.5) foik ' (x))2.
Using the identity 2 caax) cosnd = cogn(x + 0)) + cogn(@ — x)), we obtain

22 22 1
ﬁ(-xls X2, 9) = Z )\.(”l)K (n-xl)K (”lx2) Cosne = E[B(xlv X2, 9) + B(xlv X2, _9)]
n>1

with

1 1
(1-5)° 16 - 1-5* 8 -
B(xla-x279) = 7ﬁ¢6(xla XZ,Q,S) dS - 7?4&6()&‘1,)&‘2,9,5‘) dS

1
1-5)2 2 .
—/%WI/M(XL x2,0,5)ds (B.46)
: 1+2
0

where
~ 6 6 1 6
Po(x1, x2,0,8) = x2h(x1s +0) + x3h(x25 +0) = S (¥1+x2) h((¥1 + x2)5 +6)

1
-5 - x2)°h((x1 — x2)s +6),
Ya(xy, x2,8) = (x1+x2) " ((r1 + x2)s +0) — (x1 — x2)*h((x1 — x2)s +0)

andh(x) = Z@l)\(’l) cognx). After rearranging the terms in (B.46), we obtain Proposi-
tionB.14. O
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Corollary B.19. Assume tha < x1 < 7/3 and thatx; is fixed, then in a neighbourhood
of x =0,

B(x1, x2,0) = /(1 — s)h(x1s)ds + 8((xz/x1) )- (B.47)

Proof. If x1 #0,x1 > 0is fixed, we havés(x1, 0, s) = 0 andy4(x1, 0, s) = 0, this gives
B(x1,0) = 0. If x1 # 0, the functionv, — B(x1, x2) is C2 in the variablex,. Moreover, it
is an odd function of,. We use Taylor expansions ©f — B(x1, x2), x2 — ¢e(x1, X2, 5)
andxo — Ya(x1, x2,s) atxo = 0. By means of Taylor’s formula, we get

2
¢6(x1, X2,8) = xl( 30n(x1s) — 12x1sh’ (x18) — xlszh”(xls))—

4
+x1 41 2 (— 3601 (x15) — 48Qr1sh’ (x15) — 180 Zs%h” (x15)

— 24xfs3h(3) (x18) — x1s4h(4) (xls)) + s(xz)
Va(x1, x2, 5) = x3 (8h (x1s) + 2x15h’ (x19))x2
+ x1 (48N (x1s) + T2x1sh’ (x15) + 24xZs%h" (x15) + ino’s?’hm(xls))%%
+e(x3).
Denote
& = —30h(x1s) — 125x1h (x15) — szxfh”(xls) and ¥ = 8h(x1s) + 2sx1h’(x15).
Integration by parts gives

1

_ b 4 3
2'[/(1 ) 16dds — /(1 ) g4 d] / —S) ohds =0,

0

We may proceed in the same way for the term of next order in the expansim nfxy).
Denote

¢ = —3601 (x15) — 480Qx15h’ (x15) — 180xfs2h”(x1s)

—24x%s3h(3)(x1s) x1s4h(4)(x1s)
and

Uy = 48h(x1s) + 72x1sh (x15) + 24xfs2h”(x1s) + 2x:13s3h”’(x1s).
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We calculate by integration by parts

1 1 1
1 1-—9)° - (1—9)% - 1 1—19)°3_-
0 0 0

which gives

1
J = g/(l— $)h(x1s) ds.
0

This concludes the proof.O

Corollary B.20. For0 < ¢ < 2m, leth(r) = Zn>1k(n) cosnt as in(B.2). Then

1
> A K (ny)? = 1_?/(1 —1)3(1— 2t — 4%)h(2yt) dt
0

n>1
5 1
- f 1 —0*B+ 20)h(yt) dr. (B.48)
0

Proof. We use expression (2.6),

1
K'(x)%= g/(l - t)3(1 -2t — 4t2) cog2xt) dt
0

1
- 1—25f(1—t)4(3+2t) cogxn)di. O
0

Corollary B.21. At y = 0, we have the following expansionsyin

I

1. 7—4log2 1
K’ 2__ 1 THYe L - 2,
Zn (ny) a5 tag T

n>1

nooa 7—4log2 - 1.
K’ 2= =% _K'(»?logy — =K' (y)?
;nz_l (ny) 15 »?logy — ZK'(y)

+ y? x (a Taylor expansion iry?),

1 _ o
> —=——K'(ny)>=—K'(y)*logy + y* x (a Taylor expansion ify). ~ (B.49)
n° —n
n>=2
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Proof. We use
2 ; 16 ; 7
Z J@a-0*B+2nlogtdr — — [ (L—1)3(1— 2t — 4% logrdt = —.
15]( n*(3+2r)log 15]( D Jlogrdi= 7. D
0 0

B.3.2. The extendazbsandsin functions
The following functions play a main role in the study of the sesie$, y. Fork > 0,
let (k) = [y r*~Ye~" dr. If k is an integer thew! = T'(k + 1). Fork > O let

! (1_ s)2k+l
Ci(x) = (_1)kX2k+2 m cogqxs) ds,
[ (1 )2t
Se(x) = (—DF / i Siners) ds. (B.50)
0

We describe some of the properties of these functions vkhisra positive integer. Here
Cr(x) is the remainder of orderkdn the Taylor expansion of & cosx atx = 0;

Co(x) =1 — cosx,

2 2 x2k

Cl(x)zl—%—COSx, L G = 1—%+ (= 1)k®—cos;c

So(x) = —sinx,
3 2k—1

S1(0) =x —sinx, ..., Si(x)= x—%~|— (= 1)’<+17(2’;_1)! — sinx,
Cr(x) a- (1— 5)%+1
L 2kH1 =(= )kf Sln(xs) ds = x(— 1)" 7(2k D cogxs) ds,
0
Sk(x) k+1f( n-1 k+1f(
2 =(-1 @Dl sin(xr) df = x(—1) @01 Cos(xt) dr.

Note thatC; (x) = —Sk(x), C/ (x) = —C—1(x) andx S (x) = fol Cr(sx)ds. Let

1

1—cost cosr
o= d—/
0

be the Euler constant. We deduce after integration by parts, see [5,7],
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ooy [Ciny . (3 \1
ot 1(r
1 0
o [ o) 25\ 1
1(7 2(t
1 0
4p +3
A,=—(2 2)(2 DA 1) ——
p Cp+2Cp+DAptr1+ (=1 2p +2)!
with
e . [0 1
_ p—1U p) . +1
Ap—/mdt+\/mdt_(—l)p (O[p—C)(z—p)!
1 0
and
W
TTITT3T 2

There are various extended addition formulas which differ, for example, whether we take
C as a sin or a cos transform,

yZ2 oyt 3
C2(y1)C1(y2) = (1— cosy1 — 71 + Z}) (1 —cosyz — 72)

y3 yZ vt
= C3(y1) + C3(y2) — ?ZCZ(}’l) — 71C2(y2) + Z}cl(yz>
1 1
— =C3(y1+y2) — zC3(y1—y2)
2 2
y3 yZ vt
= Ca(y1) + Ca(y2) — 72C3<y1) - 7103@2) + Z}Q(yz)
1 1
— C4(y1+y2) — 5Ca(y1 — y2).
2 2
Below are some of these formulas,

1 1
Co(y1)Co(y2) = C1(y1) + C1(y2) — §C1(y1 +y2) — §C1(y1 —y2),

1 1
Co(y1)S1(y2) = S2(y2) + y2C1(y1) — 552()’1 +y2) + 552()’1 —y2),

2 4
C2(y1)Co(y2) = C2(y1) + Ca(y2) — %cl(m + %cm»
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1 1
- ECZ()’l +y2) — ECz(yl —¥2),

3
1
S2(y1)Co(y2) = S2(y1) + y1C1(y2) — %Ccmyz) — 5520+ y2) + $201. - 32)],

2
y 1 1
C1(y1)Co(y2) = C1(y1) + C1(y2) — ElCo(yz) - §C1(y1 +y2) — ECl(yl —y2)
2
Nz 1 1
= C2(y1) + Ca(y2) — 7C1(y2) - ECZ()’l +y2) — §C2(y1 —y2),
y2 oyt
Co(yD)S1(y2) = <1 — COSy1 — 71 + j)(yz — Siny»)

y? vt
= S3(y2) + y2C2(y1) — 7152@2) + Z}Sﬂyz)

1
-3 [S3(yv1+ y2) — S3(y1 — ¥2)].

i 3
S2(yDC1(y2) = <y1 —siny; — g}) (1 — COoSy2 — 72>

3
1
= S3(y1) + y1Ca(y2) — %cl(m = 5[$301+y2) + S0 = ¥2)]

2
Y2
_ 229 ,
5 2(y1)
)3
$2(y1)S1(y2) = (yl —siny; — %) (y2 — siny»)

3
y 1
= y252(y1) + y152(y2) — ?:'Sl(yZ) +5 [C2(y1+ y2) — C2(y1— y2)].

yz y2
C1(y1)C1(y2) = (1 — COosy; — 71> (1 — coSy2 — %)
y? y3
= Ca(y1) + Ca(y2) — %Cl(yg) - 72C1(y1)

1
- E[Cz(yl + y2) + C2(y1 — y2) |

yZ 3
= C3(y1) + C3(y2) — ?lCz(yz) —~ 72C2(y1)

1
- §[C3(y1 + y2) + Ca(y1 — y2)].



H. Airault et al. / J. Math. Pures Appl. 83 (2004) 955-1018 1013

2

C1(y1)S1(y2) = (1 — COosy1 — y—21> (y2 — Sinyz)

2
1
= $5(y2) + y2C1(y1) — y—zlsl(m — 5[S201+y2) = S22 = 32)]

2
1
= S3(y2) + y2Ca(y1) — y—zlsz(m —5[S301+y2) = S301 - y2)].

S1(y1)S1(y2) = (y1 — siny1)(y2 — Siny»)

1
= y152(y2) + y2S2(y1) + E[CZ()’l + y2)) — C2(y1 — ¥2)],

y3 y3
S2(y1)S2(y2) = (yl —siny; — ?) <y2 — siny, — ﬁ)

3 3
y y
= y153(y2) + ¥253(y1) — g}Sz(yz) - ngz(yl)

1
+ E[C3()’1 + y2) — C3(y1 — y2)].

In terms of cos transform, we have

3 2p—-1
y y
Sp(1) Sy (v2) = ¥1Sp+g (52) = 5 Spg-102) + - + (—D”“ﬁ Sp+1(2)
y3 qu—l
+ 3284 () = 2 Spig1 D)+ + (—D‘Mm Sq+1(yD)

1
+ 5[Cria (14 32) = Cprg 1 = y2)]-

This permits to obtain

1 1
/ d-97 cogsy1) ds x / d-n cogty) dr
0 0

p! q!
as ahomogeneousos transform.

B.3.3. Linearization of the products
In the following, we consider

DU 72 48 10
(6K + K)() = 5C10) + 53810 = 55Co(y),

. 4 2
K'(y) ===C1(y) — Z51(»).
y y



1014 H. Airault et al. / J. Math. Pures Appl. 83 (2004) 955-1018

We have

SN 72 48 10
(6K"+K)(y) = FCZ(” + FSZ(y) - ?Cl()’)- (B.51)

The following identity yields (B.44),
Y 16 4
K' (DK (y2) = 5=5C10)C1(72) + ——5 5131 51(r2)
y1Yo 1Yo

8 8
+ ﬂcl(}ﬂ)sl(}?) + ﬁsl(}ﬂ)cl(}’Z)-
Y1Yo Y1Y2

In the same manner, we have
(6K" + K)(y1)(6K" + K) (y2)
72 48 10 72 48 10
=|—ZC10y) + 55101 — 5 Coyy) | X | 7zC1(y2) + —551(y2) — = Co(y2) |-
y1 Y1 V1 Yo Y2 Y2

Proof of Proposition B.12. From (B.51), we deduce the linearization

(6K" + K)(y1)(6K" + K)(y2)

i vt vs
= f Pl(s)|:—}1 cogy1s) + —i COS(yzs)i| ds
5 Yo Y1

i s
+ [ pas) [—2 costys) + 22 COSUzS)} ds
Y2 V1
0
1

+ / R(y1, y2,5) cog(y1 + y2)s) ds
0
1

+ / R(y1, —y2,5) coq(y1 — y2)s) ds (B.52)
0

wherePy(s), P2(s) are given in (B.39) and, where

8 7 8 6
1- 1—
(Yli‘)f) ( 'S) _ 36x 48 x (Yli‘)f) ( 'S)
ylyz 7! ylyz 6!
1+ y2°(7 +y3) (1—5)°

yiva 5!

R(y1,y2,5) =72x 36 x

+36x 10 x
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O1+y2°% (1—5)°

+ 24 x 48 x
yfyg 5!
6 1— 4 4 1— 3
24 % 10x (leSrysz) ( 'S) 4 50x (lezryzz) ( 'S) ‘
ivs 4! yiys 3!

If yi=y2=1y,R(y,y,s) =¢,(s)/2 is given by (2.7). This proves Proposition B.123
Corollary B.22. If 6 # 0, there exist constantg andcz such that

c1

1 - >\ 2

n>1

(B.53)

for|0|+y <cpandy > 0.

Proof. We have

h(ys +0)+ h(ys —0) =log

. (ys+0\ . [ys—0
4sin sin
(277277

Sirt(ys/2)

1- 222
Sirt(6/2)

=log|2(1 — cosd)| + log

The integrals containing 10@(1 — cosd)| cancel and sincHog(1 — u)| < 3uforO<u <
1/10, we obtain

> E(61’{\” + K)?(ny) cosnd
n>1 n

Sir'lz(ys)

1— =" |ds.
Sinf(6/2) :

in“(ys/2) 1 i
sir?(ys
1o I g 2 |
S26/2) s + 2OfR(s) og

1
= [ (Pa65) + Pats) og
0

Thus

1, ~, = sir? 2
Z —(6K" + K)z(ny) 00919‘ < const_& < consty—2 < const—— . |
in Sin?(0/2) 0 +2y

B.3.4. The serieg. Proof of PropositionB.16
We have

[6K"(yD) + K(D]K (y2)

72x 4 72x2 8x 4
= — 5 C2(0DC1(2) — 5 C2(3)51(32) — —55 S2(y)C1(y2)
Y1y Y1y Y1¥2
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48 x 4 10x 2
- C1(yDC1(y2) + —— C1(y)S1(y2)
Y1Y2

2 10
Sz(yl)Sl(yz) +

3.2 2.3
1 2
3 : 4 3 2
Y1 Yo . Yo .
= —3/P1(s) sin(yys) ds + —4/R1(s) sin(yzs) ds—i——Z/Rz(s) sin(yzs) ds
Y2 Y1 N
0 0 0

1

1
+/ O(y1. y2.5) sin((y1 + y2)s) ds + / T (y1, y2.,s)Sin((y1 — y2)s) ds
0 0

where the polynomial®i(s), ... are given by (B.41). Ify1 = y> =y, this simplifies to

1
[6K" () + KWK () = 1—25 / $(1=5)°(14= 35 — 65%) sin(ys) ds
0

7 1

2
+5 s(1—5)3(=114 125 + 24s?) sin(2ys) ds.
0

Proof of (B.42). 3,51 A(n)(6K" (ny) + K (ny))K'(ny) sinné = J (v, 0), where
J(y,9>=—/¢(s)[h(ys+e>—h(ys—9>]ds
0

- / I/f(s)[h(Zys +60) — h(2ys — 9)] ds (B.54)
with
1 3 2
P(s) = —s(l— s) (14— 3s — 6s ),
(B.55)

Y(s) = —s(l—s)( 114 125 + 245%).

If h(r) = —log|t|, thenh(ys +6) — h(ys — 0) = 2ys/0 + 2y3s3/(30%) +---, asy — 0.
We see that

1 1 3 1
/s¢(s) ds + 2/ sy (s)ds = % / s2(1— s)3(—6+ Ts + 14s2) ds =0, (B.56)
0 0 0
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and thus
3
J(y,9)~const;—3, asy — 0. O

Proof of (B.43). We have

h(ys +0) — h(ys —0) = —log

sin((ys +6)/2)| _ ‘1+tan(ys/2)/tar(9/2)
sin((ys —0)/2) | 1—tan(ys/2)/tan@/2)|

Let

Jw)=h(u+0)—h(u—-0)+

‘ 1+ tan(u/2)/tan@/2) u

u
@ne/2) |1 tanu/2)/t@an6,/2)|  t@ane/2)’

There exists a constaatsuch that

3
| F)| < c% for 0 < u < inf(1,6/2).

Because of (B.54) and (B.56), we have

1 1
J(y,0)= —/¢(S)f(ys)ds —f’ﬁ(s)f(zys)ds,
0 0

and thus

3

V0.0 < Mz

with M = [ 1p(s)|ds + [ [¥(s)|ds. O

References

[1] L.V. Ahlfors, Lectures on Quasiconformal Mappingan/Nostrand Mathematical Studies, vol. 10, Van Nos-
trand, Toronto—New York—London, 1966. Manuscript prepawith the assistance of Clifford J. Earle, Jr.

[2] H. Airault, V. Bogachev, Realization of Virasoro iterizing measures on the set of Jordan curves, C. R.
Acad. Sci. Paris, Sér. | 336 (2003) 429-434.

[3] H. Airault, P. Malliavin, Unitarizing probability measures for representations of Virasoro algebra, J. Math.
Pures Appl. 80 (2001) 627-667.

[4] H. Airault, P. Malliavin, A. Thalmaier, Support of \Vé@soro unitarizing measures, C. R. Math. Acad. Sci.
Paris, Sér. | 335 (2002) 621-626.

[5] H. Airault, J. Ren, Modulus of continuity of the canorBrownian motion “on the group of diffeomorphisms
of the circle”, J. Funct. Anal. 196 (2002) 395-426.

[6] A. Beurling, L. Ahlfors, The boundary correspomde under quasiconforrhanappings, Acta Math. 96
(1956) 125-142.



1018 H. Airault et al. / J. Math. Pures Appl. 83 (2004) 955-1018

[7] G. Cao, Kai He, On a type of stochastic differehguations driven by countably many Brownian motions,
J. Funct. Anal. 203 (2003) 262—-285.
[8] C. Caratheodory, Uber die gegenseitige BeziehdagRander bei der konforen Abbildung des Inneren
einer Jordanschen Kurve auhen Kreis, Math. Ann. 75 (1913) 305-320.
[9] S. Fang, Canonical Brownian motion on the diffeapitism group of the circle, J. Funct. Anal. 196 (2002)
162-179.
[10] S. Fang, T. Zhang, A class of stochastic differdntiguations with non-Lipschitzian coefficients: pathwise
uniqueness and no explosion, C. R. Acad. Sci. Paris 337 (2003) 737-740.
[11] D.H. Hamilton, Generalizedonformal welding, Ann. Acad.@&. Fenn. Ser. A | Math. 16 (1991) 333-343.
[12] N. lkeda, S. Watanabe, A comparison theorem fdutgans of stochastic differential equations and its ap-
plications, Osaka J. Math. 14 (1977) 619-633.
[13] N. Ikeda, S. Watanabe, Stochastic Differential Ecquragiand Diffusion Processes, second ed., North-Holland
Mathematical Library, vol. 24, North-Holland, Amsterdam, 1989.
[14] H. lwaniec, Spectral Methods of Automorphic Forrascond ed., Grad. Stud. Math., vol. 53, Amer. Math.
Soc., Providence, RI, 2002.
[15] P.W. Jones, S.K. Smirnov, Removability theorefos Sobolev functions and quasiconformal maps, Ark.
Mat. 38 (2000) 263-279.
[16] VY. Katznelson, S. Nag, D.P. Swiéin, On conformal welding homeomorphisms associated to Jordan curves,
Ann. Acad. Sci. Fenn. Ser. A | Math. 15 (1990) 293-306.
[17] A.A. Kirillov, Geometric approach to discrete sesiof unirreps for Virasoro, J. Math. Pures Appl. 77 (1998)
735-746.
[18] H. Kunita, Stochastic Flows and Stochastic Biintial Equations, Cambridge Stud. Adv. Math., vol. 24,
Cambridge Univ. Pres, Cambridge, UK, 1990.
[19] G.F. Lawler, O. Schramm, W. Werner, Analyticitf intersection exponents for planar Brownian motion,
Acta Math. 189 (2002) 179-201.
[20] VY. Le Jan, O. Raimond, Integration of Bvaian vector fields, Ann. Probab. 30 (2002) 826-873.
[21] O. Lehto, Univalent Functions and Teichmillera8ps, Grad. Texts in Math., vol. 109, Springer-Verlag,
New York, 1987.
[22] P. Malliavin, Stochastic Analysis, Grundlehr#ath. Wiss., vol. 313, Springer-Verlag, Berlin, 1997.
[23] P. Malliavin, The canonic diffusion above the dif@orphism group of the circle, C. R. Acad. Sci. Paris,
Sér. 1329 (1999) 325-329.
[24] H.P. McKean Jr., Stochastic Integrals, Probdath. Statist., vol. 5, Academic Press, New York, 1969.
[25] Ch. Pommerenke, Boundary Behaviour of Confdriaps, Grundlehren Math. Wiss., vol. 299, Springer-
Verlag, Berlin, 1992.
[26] J. Ren, X. Zhang, Stochastic flow for SDEs withn-Lipschitz coefficients, Bull. Sci. Math. 127 (2003)
739-754.



