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Quantization of Generalized Abelian Gauge Field
Theory under Rotor Model

B.T.T.Wong*

Abstract

This paper is a follow-up work of the previous study of the generalized abelian
gauge field theory under rotor model of order n of higher order derivatives. We
will study the quantization of this theory using path integral approach and find
out the Feynman propagator (2-point correlation function) of this generalized
theory. We also investigate the generalized Proca action under rotor model and
derive the Feynman propagator for the massive case.

1 Introduction

Higher order derivative quantum field theory, as an extension of conventional second-
order theory, is of particular interest because of its power of eliminating ultraviolet
(UV) divergences in scattering amplitudes ﬂ, E, , @, é] However, there are problems
of renormalizability of these theories ,B] There are studies on higher order derivative
scalar field and gauge field theories, and these theories show contributions in quantum
gravity and modified gravity ﬂg, @, ,|ﬁ|, Iﬂ, , @, 15]. Higher order derivative theory
also appears in non-local theory such as string theory ,ﬁ, @, Iﬂ, @] Quantization
of higher order derivative quantum field theory using path integral approach has been
studied in , , , , )

In our previous work in [26], we have proved a theorem of generalized renormalizable
abelian Maxwell action under rotor model with higher order derivatives,
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where R, is the projection tensor R, = %(Dn,w — 0,0,) and G, = 0,15, — 0,1,
is the field strength of the n'" order rotor gauge field strength. The n-th order gauge

field strength is identified as @]
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As the projection is regarded as second order rotation HE], the n-th order rotation
of gauge field T#" is attained by successive second order rotation as HE]
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where
Puj’fj* = Déﬁ“l , (4)

is the propagator. In the generalized theory, the action changes by the transformation
of gauge field as T* — " T*. The working dimension D for renormalizability is 4n+4
for unity gauge field dimension [26]. When n = 0 this reduces to the conventional
Maxwell action

1 ;
S = 1 /dd‘:pGWG”‘” = /d4xT“RMVT”. (5)
The equation of motion of this theory can be obtained by minimizing the action
08
———— =0 6

then we obtain the equation of motion as [26]
R, O"T" = 0. (7)
The Noether’s conserved current is [26]
Jr=0"Gg"o,0%0 , (8)

and the associated Noether’s charge @ is [26]
Q= / T / dP 120" G"°0,00 . (9)

When n = 0, it restores back to the conventional Maxwellian case.

Quantization of the generalized abelian gauge field theory under rotor model can
be proceeded with Feynman path integral approach. The quantum amplitude can be
computed as an integral of all possible field configurations over the exponential of the
action 27, 28,129]. Since in the generalized model it involves the transformation of field
by T* — O"T*, therefore in the path integral we sum over all possible configurations
of J"T* instead of T*, i.e. the integration measure changes by

DT¥(z) — | DOT*(x). (10)
forw |

2 Path integral quantization of generalized abelian
gauge field theory

In this section, we will study the quantization of general abelian gauge field theory by
path integral approach in detail. From now on, we take the transformed [LI"T* field as
field variable. Simply speaking, the physics is changed by T# — U"T*. The quantum
amplitude of the C0"T* field in the renormalizable 4n + 4 dimension is

1
- 4n+1

(D"T}‘(tf,x)|e_iﬁ(tf—ti)|D"ﬂ“(ti,x)> = / DO"TH(x) exp( / d4"+4xD"GWD"GW) :

(11)



where |O"TY(t;,x)) is the field state at initial time ¢; and |[O"T}(t;,x)) is the field
state at final time ¢y, and H is the Hamiltonian. The sourced generating functional is
a functional of 4-(covariant) transformed vector current (1".J,(z),

Z[O0"J(x / DO"TH(x )exp< / d" e (—— ! O"G,,O0"G"™) + / d" 20" g, (2) 0T (2)

4n+l
(12)
The normalized generating functional for gauge field is

s = 20 _ J PO exp (i [ d e (O G GHY) + i [ A ey, 00T )
ezop [DOTH exp (i [ d* iz 500G, OrGH)

(13)
The functional derivative on the current also involves the Kronecker delta on the
Lorentz indices,

o0 J,(z) 4 oarJH(z) "
———= =00 (v — ——= =0z —vy). 14
) (x—y) or Ty (z —y) (14)
The free n-point correlation function is given by
O] TOT™ (1) M T2 (15) - - - VTV (2,)|0) = L o Z[om g,
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where noting that each gauge field has different Lorentz indices and T means the time
ordering operator. Then the path integral representation is

O|TO"T™ (21) - - - O"T"" (2,)|0)
DO O T () - - - O T () exp (i [ d Mo 200G, O0GH) - (16)

4n+1
[ DOTH(x) exp( [ d¥ntia ;LD"GWD”GW)

Next, we want to calculate the explicit form of Feynman propagator which is the
two-point correlation function of the CI"T* fields

OO ()T T (1)]0) = B (a — ). (17)

First, consider using integration by parts, i.e. the second equation in equation (1), we
write the sourced generating functional as

Z[07 T, (x / DOTH (s )exp< / / A T T () — ) (5 Ko) T )

+¢/d4"+4xD"JM(x)D"T“($)> ;
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where R;w = %K uv- And the sourceless partition function is

= [ Do) e (5 [[ atta a0 ) () T )
(19)



Then we use several identities from Gaussian path integral. For the first identity
129,130, 1311,

:/Df(x) exp (% // dxdx’f(x)fl(x,x’)f(x’)) = lim %- (20)

For the second identity [29, 130, 131/,

Z[b(x)]:/Df exp( //dxdxf o) f(x )+i/dxb(x)f(x))

= lim Mexp<—;//dmxb( VA Yz, 2 )b(x )) (21)

N—oo \| det A(x,z')

= exp(——//d:pd:pb )

And the normalized generating functional is

Z[b(x)] = Zg)[(g? ( / / drda’b(x )b(:c’)) . (22)

We substitute f(z) — O"T"(z), b(z) — O"J,(2), A(z,y) — 50" (x — y)K,.,, we
have for equation (I9) as

Z[0] = lim \/ 4n(2mi)” . (23)
N=oo |\ det [64 44 (2w — y) (O, — 0,0,)]
And we have for the sourced generating functional as
200 ) = 2oy (5 [ [ ame sy o) R0 2
The normalized generating functional is
Zor () = 222w [D;‘[i;(””)] = exp (-% / / A" dtr Ty D"J“(x).z;"(kl)wmnﬂ(y))

(25)
However, the projection tensor is not invertible, this is due to the consequence of gauge
invariance. We need to fix the gauge. The gauge-fixed action is

SGF = /d4 +4SU( — gt v — m(@um A'u)2> . (26)

Using integration by parts,

Sor = 5 / ity (D"T“(x) (O — 0,0,) 0T () + D”Tﬂ(x)auaumnwm)
— %/d4n+4x|:|nTu<x)(%an/)mnTV(l,)
1
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where we define

~

1
Mﬂ’/ = EDT}HJ/ . (28)

Then the gauge-fixed generating functional is

i 1
Zar[O" T ()] = / DU"T*(x) exp (5 / / " Ty OV T ()0 (2 — y) (47 O ) DT (y)

wif d4n+4xm"Jﬂ<x>D"T“<w>) 7
(29)

and the gauge-fixed sourceless generating functional is

: 1
Zar[0] = / DO"T"(x) exp (% / / d" iy @y O T ()6 (2 — y) (@Dmu)D"T”(y))

, 4n(2mi)N
= lim .
N=voo || det [04"+4(x — )]
(30)
The gauge-fixed normalized generating functional is

_ Zarl ()]
Zar [0
— exp < _ % / / i @y O T () (V)0 (2 y)D”J”(y)) |
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Zaor[d"JH(2)]

The free 2-point correlation function (Feynman propagator) is given by
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To find the explicit form of the Feynman propagator, it is more convenient to work in
the momentum space. First consider the fourier transform of the vector field T*

7(0) = [ T e . (33)

As the n' order of d’Alembert operator can be expressed as

Dn — ,'TU'IVIT//JQVQ R nﬂnunaul 81/16“26”2 . aunal/n , (34)
Then we have
d4n+4p N ) N
OnTH(x) = / 2 TH(p)nt 22 om0, B, Dy Oy -+ - Oy O € P2
d4n+4p orr ] (35)
= [ Gt T e
Similarly,
nv d4n+4q n 2n" —iq-x
7)< [ Gt T e (36)
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Then by equation (27]), the gauge-fixed action in momentum space is
1 1
Ser =5 [ 40T @) (35 D) T (@)

4n
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where
~ 1

M, = 4np Ny - (38)

The gauge-fixed sourced generating functional in momentum space is

Zaxlg" ) = [ DU T e (5 [ 8L T ) T

Aty - ,
+i / omyi? " Ju(p)p "T“(p))
(39)
and the sourceless one is
2nu i d4n+4p 2np Y 2n
Zgrl0] = [ Dp™"T"(p)] exp 5 W,’P T"(—p) Muwp™T(p) | - (40)

The gauge-fixed normalized generating functional is

Zap[p? T4 (p)] —exp( / / 2i :ﬁgrﬁﬂpz”i"(p) (M), (p, Q)JQZ"J”(Q)),
(41)

where the Feynman propagator in momentum space is given by

Buw(p,q) = i(M ), (p,q). (42)

Since the propagator satisfies

27T)4n+4
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Therefore, the Feynman propagator in momentum space is

A"

B, = —1 o (45)
We find ) )

B, =4"D,,, (46)
where Duv = —% is the normal photon propagator. In position space, therefore we
have the two point correlation function as

An+4 An
(0| TO"T, (2)0"T, (y)]0) = B (z —y) = / <§w>4ﬁ4 —zz; ane_ip.u_m_ (47)

When n = 0, this restores us the photon propagator in 4D spacetime.

3 Generalized Proca action under rotor model

The Proca action describes a massive gauge field theory, where the extra mass term
breaks gauge invariance [32]. The generalized Proca action under model can be for-
mulated as

1 1
Sproca = /d4n+4x< - 4n+1 DnGMVIZInGMV + mMQDnTanTM) . (48)

Note that when n = 0, it gives use back the normal Proca action. The action is not
invariant under higher order gauge transformation,

0T, = O, + 0,0"6(x) . (49)

Now using integration by parts, then the generalized Proca action becomes

Soroca = % / AT () <4in ((D + M), — auay)) O (50)
We have the matrix element as
Ly = 4%((5 M2 — 0,0, ) (51)
In momentum space,
L, = 4%( — (p* = M*)n,, +pupy> . (52)

To find the Feynman propagator we have to compute the inverse (ﬁ’l) w- This time
unlike the projection tensor case, (L™!),, exists and we do not need to fix the gauge.
Using the same technique as in section 2, we have the normalized partition as

Zroca " JH ()]
Zproca [0]

— exp < _ % / / Qg ey O T (1) (1), (o, y)D"J”(y)) .
(53)

Zproca " JH ()] =




where we have

s 4n(277)
Zproca[o] - ]\}gréo \/det [54n+4($ — y) ((D + MQ)WV - auaV)] (54)

The free 2-point correlation function (Feynman propagator) is given by

. . 1 o
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= (L () >
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In momentum space, we have

- d4n+4p d4n+4q - _— o %
Ziroca P JH(p)] = exp ( // pESITEEN CRTTEEL ") (L) w (P 9)lg "J”(Q)) ;

(56)
In order to find the inverse, we impose the following as in section 2,
(LY Ly, = o~ (57)
Using the result in equation (52), one simply finds that the inverse is
= 4" PuPv
(L = e (Thw — P ) (58)
We have . .
(Ail)lw = 4n<P71)w/ ) (59)
where (f’*l) w = — ;;2+M2 (n,w — L &p;) is the normal Proca propagator. Therefore we

have the two point correlation function of massive abelian gauge field as

. o d4n+4 —i4m pupy _Zp.(x_y)
(0| TO" T, (2)T"T, (1)]0) = Ay (z —y) = i e g :
(60)

When n = 0, this give us back the original Feynman propagator for the massive gauge
boson in 4D spacetime.

4 Conclusion

We have performed the Feynman path integral approach to quantize the generalized
abelian gauge field theory in 4n-+4 spacetime dimension and find out the corresponding
Feynman propagator, which is a constant scaling of 4™ of the original photon propa-
gator. We also employed the same technique to quantize the generalized Proca theory
under rotor model, and find out the Feynman propagator for the massive gauge boson
case, which turns out to be 4" times the original propagator of the massive gauge bo-
son. In both cases, when n = 0, these restore back to the original respective Feynman
propagators in 4D spacetime.
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