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Quality Indicators for Preference-based
Evolutionary Multi-objective Optimization Using a

Reference Point: A Review and Analysis
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Abstract—Some quality indicators have been proposed for
benchmarking preference-based evolutionary multi-objective op-
timization algorithms using a reference point. Although a system-
atic review and analysis of the quality indicators are helpful for
both benchmarking and practical decision-making, neither has
been conducted. In this context, first, this paper reviews existing
regions of interest and quality indicators for preference-based
evolutionary multi-objective optimization using the reference
point. We point out that each quality indicator was designed
for a different region of interest. Then, this paper investigates
the properties of the quality indicators. We demonstrate that an
achievement scalarizing function value is not always consistent
with the distance from a solution to the reference point in the
objective space. We observe that the regions of interest can be
significantly different depending on the position of the reference
point and the shape of the Pareto front. We identify undesirable
properties of some quality indicators. We also show that the rank-
ing of preference-based evolutionary multi-objective optimization
algorithms depends on the choice of quality indicators.

Index Terms—Preference-based evolutionary multi-objective
optimization, quality indicators, benchmarking

I. INTRODUCTION

Partially due to the population-based property, evolution-
ary algorithms (EAs) have been widely recognized as an
effective approach for multi-objective optimization, as known
as evolutionary multi-objective optimization (EMO). Conven-
tional EMO algorithms, such as NSGA-II [1], IBEA [2], and
MOEA/D [3], are designed to search for a set of trade-off alter-
natives that approximate the Pareto-optimal front (PF) without
considering any preference information [4]. Thereafter, this
solution set is handed over to the decision maker (DM) for
an a posteriori multi-criterion decision-making (MCDM) to
choose the solution(s) of interest (SOI). On the other hand,
if the DM’s preference information is available a priori, it
can be used to navigate an EMO algorithm, also known as
preference-based EMO (PBEMO) algorithm [5]–[7], to search
for a set of “preferred” trade-off solutions lying in a region of
interest (ROI), i.e., a subregion of the PF specified according to
the DM’s preference information [8]. From the perspective of
EMO, approximating an ROI can be easier than approximating
the complete PF, especially when having many objectives.
From the perspective of MCDM, the property of PBEMO

R. Tanabe is with Faculty of Environment and Information
Sciences, Yokohama National University, Yokohama, Japan. (e-mail:
rt.ryoji.tanabe@gmail.com).

K. Li is with Department of Computer Science, University of Exeter, Exeter,
EX4 4QF, UK (e-mail: k.li@exeter.ac.uk).

is beneficial for the DM. Only a few number of potentially
preferred solutions are shown to the DM when using a
PBEMO algorithm. This can reduce the DM’s cognitive load.

The use of a reference point, also known as an aspiration
level vector [9], which consists of desirable objective values
specified by the DM, is one of the most popular approaches
for expressing the preference information in the EMO liter-
ature [10], [11]. Note that this paper does not consider a
reservation point [12], which consists of objective values to
be achieved at least. Many conventional EMO algorithms have
been extended to PBEMO using a reference point, such as R-
NSGA-II [13], PBEA [14], and MOEA/D-NUMS [15].

Quality indicators play a vital role in quantitatively
benchmarking EMO algorithms for approximating the whole
PF [16], [17]. Since an indicator-based EMO algorithm aims
to optimize a quality indicator value of the population [18],
studying quality indicators is also helpful for algorithm devel-
opment. Representative quality indicators are the hypervolume
(HV) [19], the additive ϵ-indicator (Iϵ+) [16], and the inverted
generational distance (IGD) [20]. It is worth noting that none
of these quality indicators take any preference information into
account in quality assessment. Thus, they are not suitable for
evaluating the performance of PBEMO algorithms for approx-
imating the ROI(s). In fact, quality assessment on PBEMO
algorithms have not received significant attention in the EMO
community until [21]. Early studies mainly relied on visual
comparisons which are neither reliable nor scalable to many
objectives [13], [22]. On the other hand, some studies around
2010 (e.g., [23], [24]) directly applied conventional quality
indicators and thus are likely to lead to some misleading
conclusions [25]. To the best of our knowledge, the first quality
indicator for PBEMO was proposed in [21]. Although it has
several technical flaws, this quality indicator had a significant
impact on the quality assessment for PBEMO as discussed
in [25] and [26].
Motivation for a review. Although there have been a number
of preference-based quality indicators proposed since [21],
there is no systematic survey along this line of research.
Some survey papers on quality indicators [16], [17] are
available, but they are hardly about preference-based ones.
Afsar et al. [11] conducted a survey on how to evaluate the
performance of interactive preference-based multi-objective
optimizers, but they focused on experimental conditions rather
than quality indicators. This is because no quality indicator
had been specifically developed for interactive preference-
based multi-objective optimization as of 2021. Bechikh et
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al. [7] presented an exhaustive review of PBEMO algorithms
yet on quality indicators. In addition, some previous studies
implicitly proposed quality indicators. For example, Ruiz et
al. [8] proposed WASF-GA. In [8], they also designed a new
quality indicator called HVz to evaluate the performance of
WASF-GA. However, they did not clearly state that the design
of HVz was their contribution. For this reason, most previous
studies on preference-based quality indicators (e.g., [25], [27],
[28]) overlooked HVz.
Motivation for analysis. The properties of quality indicators
are not obvious, including which point set a quality indicator
prefers and which quality indicators are consistent with each
other. Thus, it is likely to incorrectly evaluate the performance
of EMO algorithms when using a particular quality indicator.
To address this issue, some previous studies analyzed quality
indicators [29]. Nevertheless, little is known about the proper-
ties of quality indicators for PBEMO. Although some previous
studies (e.g., [28], [30]) analyzed a few quality indicators for
PBEMO, the scale of their experiments is relatively small.

Apart from this issue of quality indicators, Li et. al. [10]
reported the pathological behavior of some PBEMO algo-
rithms when setting the reference point far from the PF. They
showed that R-NSGA-II [13], r-NSGA-II [23], and R-MEAD2
[31] unexpectedly obtain points on the edge of the PF, which
are far from the reference point. They also showed that only
MOEA/D-NUMS [15] works expectedly even in this case.
Since the DM does not know any information about the PF
in real-world applications, these undesirable behavior can be
observed in practice. However, the previous study [10] could
not determine what caused these undesirable behavior.

Note that the true ideal and nadir points are known on some
real-world problems [32]. Well-approximated ideal and nadir
points can possibly be available a priori, e.g., based on the
DM’s experience. If so, the DM can set the reference point
near the PF, and the above-discussed issue does not occur.
However, the true (or well-approximated) ideal and nadir
points are not always available a priori [32]. In any case, it is
important to understand the impact on the behavior of PBEMO
algorithms when setting the reference point incorrectly.
Contributions. Motivated by the above discussion, first, we
review ROIs and preference-based quality indicators. We
clarify the quality indicators based on their target ROIs. We
believe that the quality indicators can be used for the perfor-
mance assessment of non-evolutionary algorithms, including
Bayesian optimization and numerical PF approximation. Then,
we analyze the quality indicators. Through an analysis, we
address the following four research questions:
RQ1: Does a Pareto-optimal point with the minimum achieve-

ment scalarizing function (ASF) value always minimize
the distance from the reference point?

RQ2: What are the differences of the definitions of ROIs con-
sidered in previous studies? How do these differences
influence the behavior of EMO algorithms?

RQ3: What are the properties of existing quality indicators
for PBEMO?

RQ4: How does the choice of quality indicator affect the
ranking of PBEMO algorithms?

Outline. The rest of this paper is organized as follows. Sec-

tion II provides some preliminary knowledge pertinent to this
paper. Section III reviews and analyzes three ROIs considered
in previous studies. Section IV reviews 14 preference-based
quality indicators developed in the literature. Our experimental
settings are provided in Section V while the results are
analyzed in Section VI. Section VII concludes this paper.
Supplementary file. This paper has a supplementary file.
Figure S.∗ and Table S.∗ indicate a figure and a table in the
supplementary file, respectively.
Code availability. The Python implementation of all
preference-based quality indicators investigated in this work
is available at https://github.com/ryojitanabe/prefqi.

II. PRELIMINARIES

A. Multi-objective optimization

Multi-objective optimization aims to find an n-dimensional
solution x ∈ Ω that simultaneously minimizes m objective
functions F = (f1, . . . , fm)⊤ : Ω → RM , where Ω is the
feasible set in the decision space Rn. A solution x1 is said
to Pareto dominate x2 if and only if fi(x1) ≤ fi(x2) for all
i ∈ {1, . . . ,m} and fi(x1) < fi(x2) for at least one index i.
We denote x1 ≺ x2 when x1 dominates x2. In addition, x1

is said to weakly Pareto dominate x2 if fi(x1) ≤ fi(x2) for
all i ∈ {1, . . . ,m}. A solution x∗ is a Pareto-optimal solution
if x∗ is not dominated by any solution in Ω. The set of all
Pareto-optimal solutions in Ω is called the Pareto-optimal set
(PS) X ∗ = {x∗ ∈ Ω |∄x ∈ Ω s.t. x ≺ x∗}. The image of the
PS in Rm is also called the PF F = F(X ∗). The ideal point
pideal ∈ Rm consists of the minimum values of the PF for
m objective functions. The nadir point pnadir ∈ Rm consists
of the maximum values of the PF for m objective functions.
For the sake of simplicity, we refer F(x) as a point p =
(p1, . . . , pm)⊤ ∈ Rm in the rest of this paper.

Apart from the DM, an analyst is a person or a computer
system responsible for the process of finding a solution
set [33]. For example, the analyst selects a suitable EMO
algorithm for the problem.

B. Quality indicators

A quality indicator is a metric I : Rm → R, I : P 7→ I(P)
that quantitatively evaluates the quality of a point set P =
{pi}µi=1 of size µ in terms of at least one of the following
four aspects [17]: i) convergence: the closeness of the points
in P to the PF; ii) uniformity: the distribution of the points
in P; iii) spread: the range of the points in P along the PF;
and iv) cardinality: the number of non-dominated points in
P . As discussed in [34], a quality indicator I is said to be
Pareto-compliant if I(P1) < I(P2) for any pair of point sets
P1 and P2 in Rm, where ∃p ∈ P1, ∀p̃ ∈ P2 we have p ≺ p̃.
Note that we assume the quality indicator is to be minimized.
Otherwise, we have I(P1) > I(P2) instead.

A unary indicator maps a point set P to a scalar value R. In
contrast, a K-ary indicator requires K point sets P1, . . . ,PK

and evaluates the quality of the K point sets relatively. Both
unary and K-ary quality indicators have pros and cons [16],
[17]. For example, K-ary quality indicators generally do not

https://github.com/ryojitanabe/prefqi
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require information about the PF. This is attractive for real-
world problems with unknown PFs. However, K-ary quality
indicators only provide information about the relative quality
of the K point sets.

Below, we describe two representative quality indicators
widely used in the EMO community.

1) Hypervolume (HV) [19]: It measures the volume of the
region dominated by the points in P and bounded by the HV-
reference point y ∈ Rm:

HV(P) = Λ

(⋃
p∈P

{q ∈ Rm |p ≺ q ≺ y}
)
, (1)

where Λ(·) in (1) is the Lebesgue measure. HV(P) can
evaluate the quality of P in terms of both convergence and
diversity. HV is to be maximized.

2) Inverted generational distance (IGD) [20]: Let S be
a set of IGD-reference points uniformly distributed on the
PF, IGD measures the average distance between each IGD-
reference point s ∈ S and its nearest point p ∈ P:

IGD(P) =
1

|S|

(∑
s∈S

min
p∈P

{
dist(s,p)

})
, (2)

where dist(·, ·) returns the Euclidean distance between two
inputs. IGD in (2) is to be minimized. In general, IGD-
reference points in S are uniformly distributed on the PF. Like
HV, IGD can also measure the convergence and diversity of
P while it prefers a uniform distribution of points [29].

Remark 1. The term reference point has been used in various
contexts in the EMO literature. To avoid confusion, we use the
term HV-reference point to indicate the reference point for HV.
Similarly, we use the term IGD-reference point set to indicate
a reference point set for IGD.

Remark 2. Note that Pareto-compliant is an important, yet
hardly met, characteristic of a quality indicator. Since HV is
Pareto-compliant, HV has been one of the most popular quality
indicators. A previous study [35] showed that a new Pareto-
compliant indicator can be designed by combining existing
quality indicators and HV.

C. Achievement scalarizing function

Wierzbicki [9] proposed the ASF s : Rm → R,p 7→ s(p)
in the context of MCDM. Although a number of scalarizing
functions have been proposed for preference-based multi-
objective optimization [12], the ASF is one of the most popular
scalarizing functions. Most previous studies on PBEMO (e.g.,
[8], [14], [25]) used the following version of the ASF:

s(p) = max
i∈{1,...,m}

wi(pi − zi), (3)

where z ∈ Rm is the reference point specified by the DM. In
(3), w ∈ Rm is the weight vector that represents the relative
importance of each objective function, where

∑m
i=1 wi = 1

and wi ≥ 0 for any i. Like in most previous studies, we set w
to (1/m, . . . , 1/m)⊤ throughout this paper. The ASF is order-
preserving in terms of the Pareto dominance relation [9], i.e.,

s(p1) < s(p2) if p1 ≺ p2. A point with the minimum ASF
value is also weakly Pareto optimal with respect to z and w.

Only the Pareto-optimal point with respect to z and w can
be obtained by minimizing the following augmented version
of the ASF (AASF) [12]:

saug(p) = s(p) + ρ

m∑
i=1

(pi − zi), (4)

where ρ is a small positive value, e.g., ρ = 10−6 [36].

D. PBEMO algorithms

To be self-contained, we give a briefing of six representative
PBEMO algorithms considered in our experiments: R-NSGA-
II [13], r-NSGA-II [23], g-NSGA-II [22], PBEA [14], R-
MEAD2 [31], and MOEA/D-NUMS [15]. Their behavior was
also investigated in [10]. As their names suggest, R-NSGA-II,
r-NSGA-II, and g-NSGA-II are extended versions of NSGA-II.
PBEA is a variant of IBEA while RMEAD2 and MOEA/D-
NUMS are scalarizing function-based approaches. Although
R-NSGA-II, r-NSGA-II, and PBEA can handle multiple ref-
erence points, we only introduce the case when using a single
reference point z. As in [10], we focus on preference-based
multi-objective optimization using a single reference point
as the first step. Below, we use the terms “point set” and
“population” synonymously.

1) R-NSGA-II: As in NSGA-II, the primary criterion in
environmental selection in R-NSGA-II is based on the non-
domination level of each point p. While the secondary crite-
rion in NSGA-II is based on the crowding distance, that of
R-NSGA-II is based on the following weighted distance to z:

dR(p) =

√√√√ m∑
i=1

wi

(
pi − zi

pmax
i − pmin

i

)2

, (5)

where pmax
i and pmin

i are the maximum and minimum values
of the i-th objective function fi in the population P . The
weight vector w in (5) plays a similar role in w in the
ASF. When comparing individuals in the same non-domination
level, ties are broken by their dR values. Thus, non-dominated
individuals close to z are likely to survive to the next iteration.

In addition, R-NSGA-II performs ϵ-clearing to maintain
the diversity in the population. If the distance between two
individuals in the objective space is less than ϵ, a randomly
selected one is removed from the population.

2) r-NSGA-II: It is an extended version of NSGA-II by
replacing the Pareto dominance relation with the r-dominance
relation. For two points p1 and p2 in P , p1 is said to r-
dominate p2 if one of the following two criteria is met: 1)
p1 ≺ p2; 2) p1 ⊀ p2, p1 ⊁ p2, and dr(p1,p2) < −δ. Here,
dr(p1,p2) is defined as follows:

dr(p1,p2) =
dR(p1)− dR(p2)

maxp∈P{dR(p)} −minp∈P{dR(p)}
, (6)

where the definition of dR in (6) can be found in (5). The
threshold δ ∈ [0, 1] determines the spread of individuals in
the objective space. When δ = 1, the r-dominance relation is
the same as the Pareto dominance relation. When δ = 0, the
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r-dominance relation between two non-dominated points p1

and p2 is determined by their dR values.
3) g-NSGA-II: It uses the g-dominance relation instead of

the Pareto dominance relation. Let Q be the set of all points
in Rm that dominate the reference point z or are dominated
by z, i.e., Q = {p ∈ Rm |p ≺ z or p ≻ z}. A point p1 is
said to g-dominate p2 if one of the following three criteria is
met: 1) p1 ∈ Q and p2 /∈ Q; 2) p1,p2 ∈ Q and p1 ≺ p2; 3)
p1,p2 /∈ Q and p1 ≺ p2.

Unlike other PBEMO algorithms, g-NSGA-II does not have
a control parameter that adjusts the size of a region Q to be
approximated. However, g-NSGA-II can obtain only points in
a very small region when z is close to the PF [23]. In contrast,
g-NSGA-II is equivalent to NSGA-II when z is very far from
the PF [10]. This is because Q covers the PF when z dominates
the ideal point or is dominated by the nadir point.

4) PBEA: It is a variant of IBEA using the binary additive
ϵ-indicator (Iϵ+) [16]. For a point set P , the Iϵ+ value of a
point p ∈ P to another point q ∈ P \ {p} is defined as:

Iϵ+(p,q) = max
i∈{1,...,m}

{p′i − q′i}, (7)

where p′ and q′ in (7) are normalized versions of p and q
based on the maximum and minimum values of P . The Iϵ+
value is the minimum objective value such that p′ dominates
q′. PBEA uses the following preference-based indicator Ip,
which takes into account the AASF value in (4):

Ip(p,q) =
Iϵ+(p,q)

s′(p)
, (8)

s′(p) = saug(p) + δ −min
u∈P

{saug(u)}, (9)

where the previous study [14] used saug with s in (3). In (9),
s′(p) is the normalized AASF value of p by the minimum
AASF value of P . In (9), δ controls the extent of the preferred
region. A large Ip value indicates that the corresponding p is
preferred. As acknowledged in [14], one drawback of PBEA
is the difficulty in determining the δ value.

5) R-MEAD2: R-MEAD2 [31] is a decomposition-based
EMO algorithm using a set of µ weight vectors W = {wi}µi=1.
Similar to MOEA/D [3], R-MEAD2 aims to approximate µ
Pareto optimal points by simultaneously minimizing µ scalar
optimization problems with W . R-MEAD2 adaptively adjusts
W so that the corresponding individuals move toward z. At the
beginning of the search, R-MEAD2 initializes W randomly.
For each iteration, R-MEAD2 selects the weight vector wc

from W , where the corresponding point pc is closest to
the reference point z, i.e., pc = argmin

p∈P
{dist(p, z)}. Then,

R-MEAD2 randomly reinitializes W in an m-dimensional
hypersphere of radius r centered at wc.

6) MOEA/D-NUMS: It is featured by a nonuniform map-
ping scheme (NUMS) that shifts µ uniformly distributed
weight vectors toward the reference point z. In particular, the
distribution of the µ shifted weight vectors, denoted as W ′,
is expected to be biased toward z. In NUMS, a parameter r
controls the extent of W ′. In contrast to R-MEAD2, NUMS
adjusts the weight vectors in an offline manner. In theory,
NUMS can be incorporated into any decomposition-based
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(a) ROIC and ROIA

0 0.5 1
f1
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f 2

(b) ROIP

Fig. 1: Distributions of Pareto-optimal points • in the three
ROIs on the DTLZ2 problem, where ▲ is the reference point
z0.5 = (0.5, 0.5)⊤, ■ is pc∗ and pa∗, and ζ = 0.1.

EMO algorithm by using W ′ instead of the original W , while
MOEA/D-NUMS proposed in [15] is built upon the vanilla
MOEA/D. In addition, MOEA/D-NUMS uses the AASF in
(4) instead of a general scalarizing function.

III. REVIEW OF REGION OF INTERESTS

PBEMO algorithms are designed to search for a set of µ
non-dominated points that approximate the ROI. However, as
pointed out in [15], the ROI has been loosely defined in the
EMO community. According to the definition in [15], we
define the ROI as a subset of the PF, denoted as R ⊆ F .
We assume that the DM is interested in not only the closest
Pareto-optimal point pc∗ to the reference point z but also a
set of Pareto-optimal points around pc∗ . In some cases, the
extent of R is defined by a parameter given by the analyst.

Below, Section III-A describes three ROIs addressed in
previous studies. The reference point z is said to be feasible
if it cannot dominate any Pareto-optimal point. Otherwise, it
is said to be infeasible if z can dominate at least one Pareto-
optimal point. Then, Section III-B discusses the three ROIs.

A. Definitions of three ROIs

1) ROI based on the closest point: This might be the most
intuitive ROI that consists of a set of Pareto-optimal points
closest to z in terms of the Euclidean distance (e.g., [26]
and [31]). Mathematically, it is defined as:

ROIC =
{
p∗ ∈ F |dist(p∗,pc∗) < ζ

}
, (10)

where pc∗ = argmin
p∗∈F

{dist(p∗, z)} is the closest Pareto-

optimal point to z, and ζ is the radius of the ROIC. As the
example shown in Fig. 1(a), the ROIC is a set of points in a
hypersphere of a radius ζ centered at pc∗ while the extent of
the ROIC depends on ζ. We believe that R-NSGA-II, r-NSGA-
II, and R-MEAD2 were designed for the ROIC implicitly.

2) ROI based on the ASF: As studied in [14], [15] and [25],
this ROI consists of a set of the Pareto-optimal points closest
to the one with the minimum ASF value:

ROIA = {p∗ ∈ F |dist(p∗,pa∗) < ζ}, (11)
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where pa∗ = argmin
p∗∈F

{s(p∗)} is the Pareto-optimal point pa∗

having the minimum ASF value, and s is the same as in (3).
We believe that PBEA and MOEA/D-NUMS were designed
for the ROIA implicitly.

3) ROI based on the Pareto dominance relation: This ROI
is defined by an extension of the Pareto dominance relation
with regard to the DM specified reference point z (e.g., [8],
[37]–[39]). When z is feasible, the ROIP is a set of Pareto-
optimal points that dominate z, i.e., ROIP = {p∗ ∈ F |p∗ ≺
z}. Otherwise, the ROIP is a set of Pareto-optimal points
dominated by z, i.e., ROIP = {p∗ ∈ F |p∗ ≻ z} when z is
infeasible. We believe g-NSGA-II was designed for the ROIP.
Note that ROIP is an empty set when z is on the PF. For the
same reason as in the g-dominance relation [38], ROIP is also
an empty set when z does not dominate any Pareto optimal
point on a disconnected PF.

B. Discussions

To have an intuitive understanding of these three ROIs,
Fig. 1 shows distributions of Pareto-optimal points in the
aforementioned ROIs on the 2-objective DTLZ2 problem with
a non-convex PF. As shown in Figs. 1(a), the ROIC and ROIA

are sets of the points in the hyper-spheres centered at pc∗ and
pa∗, respectively. They are equivalent if the closest point to z
and the point with the minimum ASF value are the same. For
this reason, the ROIC and ROIA may have been considered as
the same ROI in the literature. However, Section VI-B shows
that ROIC and ROIA are different depending on the position
of z. In contrast, as shown in Fig. 1(b), the ROIP is a set of
points dominated by z and its extent is larger than that of the
ROIC and ROIA. However, it is worth noting that the ROIP

does not have any parameter to control its extent as done in
the ROIC and ROIA. Instead, the size of the ROIP depends
on the position of z. If it is too close to the PF, the size of the
ROIP can be very small; otherwise it can be very large if z is
too far away from the PF. In the extreme case, if z dominates
the ideal point or is dominated by the nadir point, the ROIP

is the same as the PF. Since a DM has little knowledge of
the shape of the PF a priori, it is not recommended to use the
ROIP in real-world black-box applications.

IV. REVIEW OF QUALITY INDICATORS

This section reviews 14 quality indicators proposed in the
literature for assessing the performance of PBEMO algorithms.
Their properties are summarized in Table I. According to the
definitions in Section III-A, we classify the target ROIs of
the 14 quality indicators based on their preferred regions.
In particular since the preferred regions of PMOD, PMDA,
and EH do not belong to any of the three ROIs defined
in Section III-A, their ROIs are labeled as unclear. The target
ROIs of R-IGD and R-HV are slightly different from the
ROIA, where they are based on a hypercube, instead of
a hypersphere. As shown in Table I, the previous studies
assumed different ROIs. This suggests that the ROI has not
been standardized in the EMO community.

Although this paper uses a single reference point as men-
tioned in Section II-D, some previous studies (e.g., [13], [14])

0 0.5 1
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0

0.5

1

f 2

P1
P2

P3

P4

P5
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P7

P8P9

(a) Distributions of P1 to P9

0 0.5 1
f1

0

0.5

1

f 2

P10

(b) Distribution of P10

Fig. 2: Distributions of the 10 point sets on the PF of the
DTLZ2 problem when m = 2, where ▲ is the reference point.

used multiple reference points. As seen from Table I, only
HVz, R-IGD, and R-HV can handle multiple reference points.
Although the original HVz can handle only a single reference
point, its extended version was considered in [37]. Th extended
HVz calculates HVz for each z and then calculates the sum of
all HVz values. Other quality indicators may be able to handle
multiple reference points in a similar manner, but investigating
this idea is beyond the scope of this paper.

We referred to the time complexity of R-IGD, R-HV, and
EH from the corresponding papers. We calculated that of other
quality indicators ourselves. As seen from Table I, MASF,
MED, and PR have the lowest time complexity. However,
Section VI demonstrates that none of them are very reliable.
Although IGD-based quality indicators (e.g., IGD-C) require
computational cost for preprocessing the IGD-reference point
set S, the size of S can be extremely large as m increases.
For example, the previous study [31] set |S| to 10m for
m ∈ {4, 5, 6} and 5m for m = 7. This is because the number
of IGD-reference points in the ROI can be drastically small
as m increases. As in the original HV indicator, HV-based
quality indicators (e.g., HVz) require high computational cost
for many-objective optimization.

In the following paragraphs, Section IV-A first discusses the
desirable properties of a quality indicator for PBEMO. Then,
Sections IV-B to IV-K delineate the underlying mechanisms of
14 quality indicators, respectively. In particular, the technical
details of some quality indicators (e.g., [42]–[44]) are missing.
In addition, the HV-based indicator developed in [21] and the
spread-based indicator proposed in [45] do not consider the
preference information from the DM. It is also unclear how
to extend HV-T [46] to evaluate the performance of PBEMO
algorithms using a reference point. Therefore, this paper does
not intend to elaborate them.

A. Desirable properties of quality indicators

To facilitate our discussion, we generate 10 synthetic point
sets, each of which consists of 20 uniformly distributed points,
along the PF of the 2-objective DTLZ2 problem as shown
in Fig. 2. More specifically, P1 to P5 are distributed on five
different subregions of the PF. P6,P7 and P8 are the shifted
versions of P2,P3 and P4 by adding 0.1 to all elements,
respectively. Thus, P6,P7,P8 are dominated by P2,P3,P4,
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TABLE I: Properties of the 14 quality indicators for PBEMO, including the number of point sets K, the type of target ROI, the convergence
to the PF (C-PF), the convergence to the reference point z (C-z), the diversity in the ROI (Div), the ability to handle point sets outside
a preferred region (Out), no use of information about the PF (U-PF), control parameters (Param.), the extendability to the use of multiple
reference points (Mul.), and the time complexity (Time. Comp.).

Indicators K ROI C-PF C-z Div Out U-PF Param. Mul. Time. Comp.

Minimum achievement scalarizing function (MASF) [14] unary ROIA ! ! ! ! w O(µm)

Mean Euclidean distance (MED) [40] unary ROIC ! ! O(µm)

IGD for ROIC (IGD-C) [31] unary ROIC ! ! ! ! r, S max{O(µ|S′|m),O(|S|m)}
IGD for ROIA (IGD-A) unary ROIA ! ! ! ! w, r, S max{O(µ|S′|m),O(|S|m)}
IGD for ROIP (IGD-P) [38] unary ROIP ! ! ! ! S max{O(m|S′|µ),O(|S|m)}
HV of the ROI defined by z (HVz) [8] unary ROIP ! ! ! ! ! max{O(µm−1),O(|S|m)}
Percentage of points in the ROI (PR) [41] unary ROIP ! O(mµ)

PMOD [27] unary Unclear ! ! ! ! r, α O(µ2m)

IGD with a composite front (IGD-CF) [26] K-ary ROIC ! ! ! ! r max{O(m|PCF|µ),O(Kµm)}
HV with a composite front (HV-CF) [26] K-ary ROIC ! ! ! ! r, y max{O(µm−1),O(Kµm)}
Preference-based metric based on distances and angles (PMDA) [30] K-ary Unclear ! ! ! ! α, γ O(Kµ2m)

R-metric version of IGD (R-IGD) [25] K-ary ROIA ! ! ! ! r, zw, w, S ! maxO(µm),O(K2µ2)

R-metric version of HV (R-HV) [25] K-ary ROIA ! ! ! ! ! r, zw, w ! maxO(µm−1),O(K2µ2)

Expanding hypercube metric (EH) [28] K-ary Unclear ! ! ! ! O(Kµ2m)

respectively. P9 is on the PF, but the extent of P9 is worse than
that of P3. Unlike the other point sets, the points in P10 are
uniformly distributed on the whole PF. Given z = (0.5, 0.5)⊤

as the DM specified reference point, P3 is the best point set
with regard to the ROIC, ROIA, and ROIP. In this paper,
we argue that a desirable preference-based quality indicator is
required to assess the four aspects including i) the convergence
to the PF; ii) the convergence to z; iii) the diversity of trade-
off alternatives in a point set in the ROI; and iv) the ability
to handle point sets outside the ROI.

Pour et al. [47] discussed desirable properties of methods
for evaluating the performance of interactive EMO algorithms
using a reference point z, where z is dynamically adjusted by
the DM during the search. The desirable properties include
nine general properties (GP1–GP9), two properties for the
learning phase (LP1–LP2), and two properties for the decision
phase (DP1–DP2). In interactive EMO, the DM explores the
objective space in the learning phase to determine her/his ROI.
Then, the DM exploits solutions in the ROI in the decision
phase. For example, LP1 is to measure how helpful solutions
found by an interactive EMO algorithm are in the learning
phase. Some of GP1–GP9 can be applied to quality indicators
for PBEMO. In contrast, LP1–LP2 and DP1–DP2 are beyond
the responsibility of quality indicators for PBEMO. In fact,
as discussed in [47], none of R-HV, EH, HV-CF, PMOD, and
PMDA is satisfied with LP1–LP2 and DP1–DP2.

Very recently, Pour et al. [48] proposed a preference-based
hypervolume indicator (PHI), which is the first quality indica-
tor for interactive EMO. PHI considers positive and negative
HV contributions of points, where the latter is used to penalize
points outside the ROI. The previous study [48] demonstrated
that PHI can evaluate the performance of two interactive EMO
algorithms in the learning and decision phases.

Remark 3. The term “convergence” of a point set P has
not been specified in the context of PBEMO. As shown
in Table I, we distinguish the convergence to the PF and the
convergence to z. In Fig. 2, P1, . . . ,P5, and P9 have a good

convergence to the PF. In contrast, only P3 and P9 have a
good convergence to z.

Remark 4. The diversity of a point set in the ROI is also
an important evaluation criterion. If the ROI contains both
P3 and P9, a quality indicator should evaluate P3 as having
higher diversity than P9.

Remark 5. Li et al. [25] pointed out that quality indicators
should be able to distinguish point sets outside the ROI.
In Fig. 2, P1 and P2 are outside the ROI. However, P2 is
closer to the ROI than P1. The same is true for the relation
between P4 and P5. In this case, a quality indicator should
evaluate P2 and P4 as having better quality than P1 and
P5. Mohammadi et al. [26] pointed out the importance of not
using information about the PF, which is generally unavailable
in real-world problems. As shown in Table I, 9 out of the 14
indicators satisfy this criterion. Note that an approximation of
the PF or the ROI found by PBEMO algorithms is available in
practice. We believe that the remaining 5 out of the 14 indica-
tors can address the issue by simply using the approximation.

B. MASF

As done in some previous studies, e.g., [14], [49] and [25],
the basic idea of this quality indicator is to use the minimum
ASF (MASF) value of P to evaluate the closeness of P to z:

MASF(P) = min
p∈P

{s(p)} , (12)

where we use s in (3). MASF can evaluate only the two types
of convergence. Since MASF does not consider the other µ−1
points in P , MASF cannot evaluate the diversity of P . As the
example shown in Fig. 2, MASF prefers P9 to P3.
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C. MED

The mean Euclidean distance (MED) measures the average
of Euclidean distance between each point in P to z [40]:

MED(P) =
1

|P|
∑
p∈P

√√√√ m∑
i=1

(
pi − zi

pnadiri − pideali

)2

. (13)

MED can evaluate how close all points in P are to z and the
PF when z is infeasible. MED cannot evaluate the convergence
to the PF if z is feasible. This is because MED prefers the non-
Pareto optimal points close to z than the Pareto optimal points.
As the example shown in Fig. 2, MED prefers the dominated
P7 over the non-dominated P3 when z = (1.0, 1.0)⊤.

D. IGD-based indicators

Here, we introduce three quality indicators developed upon
the IGD metric. In particular, since they are designed to deal
with the ROIC, ROIA, and ROIP defined in Section III,
respectively, they are thus denoted as IGD-C, IGD-A, and
IGD-P accordingly in this paper. Note that both IGD-C and
IGD-P were used in some previous studies [31], [50], and [38],
respectively, whereas IGD-A is deliberately designed in this
paper to facilitate our analysis.

In practice, the only difference between the original IGD
and its three extensions is the choice of the IGD-reference
point set S. In IGD, IGD-reference points in S are uniformly
distributed on the whole PF. In contrast, IGD-C, IGD-A, and
IGD-P use a subset S ′ ⊆ S . S ′ can also be a subset of each
ROI. In the example in Fig. 1, S ′ of IGD-C, IGD-A, and IGD-
P are in the ROIC, ROIA, and ROIP, respectively. Below, for
each indicator, we describe how to select S ′ from S.

• For IGD-C, we first find the closest point pc to z from
S, i.e., pc = argminp∈S{dist(p, z)}. Then, S ′ is a set
of all points in the region of a hypersphere of radius r
centered at pc, i.e., S ′ = {p ∈ S | dist(p,pc) < r}.

• The only difference between IGD-C and IGD-A is the
choice of the center point. First, a point with the min-
imum ASF value pa is selected from S, i.e., pa =
argminp∈S{s(p)}. Then, S ′ is a set of all points in the
region of a hypersphere of radius r centered at pa, i.e.,
S ′ = {p ∈ S | dist(p,pa) < r}.

• In IGD-P, S ′ is selected from S based on the Pareto
dominance relation as in the ROIP. If z is feasible,
S ′ = {p ∈ S |p ≺ z}. Otherwise, S ′ = {p ∈ S |p ≻ z}.
Note that IGD-P does not require the radius r.

E. HVz

HVz was originally named HVq in [8], where q repre-
sents the reference point in [8]. Since this paper denotes the
reference point as z, we use the term “HVz” to make the
consistency. The only difference between HV and HVz is the
choice of the HV-reference point y ∈ Rm as follows. If z is
feasible, y = z. If z is infeasible, yi = maxp∗∈ROIP{p∗i } for
each i ∈ {1, . . . ,m}. Fig. 3 shows the HV-reference point y
in HVz when setting z to (0.9, 0.9)⊤ and (0.5, 0.5)⊤, where
the former is feasible while the latter is infeasible.

0 0.5 1
f1

0

0.5

1

f 2

y = z

(a) Feasible z = (0.9, 0.9)⊤

0 0.5 1
f1

0

0.5

1

f 2

z

y

(b) Infeasible z = (0.5, 0.5)⊤

Fig. 3: Examples of the HV-reference point y (denoted as 2)
in HVz, where where ▲ is the reference point.

HVz can evaluate the convergence and diversity of a point
set. However, HVz cannot handle the point sets outside the
region dominated by the HV-reference point y. In the example
in Fig. 2, the HVz values of P1,P2,P4, and P5 are 0.

F. PR

The percentage of points in the ROI (PR) evaluates the
cardinality of P [41] lying in the DM specified ROI:

PR(P) =
|{p ∈ P ∩R}|

|P| × 100%, (14)

where R is the ROIP defined in [41], though it can be any type
of ROI in principle. Note that PR is the only cardinality-based
indicator considered in our study. A large PR means that many
points in the corresponding P are in the ROIP. Like HVz, it
is clear that PR cannot distinguish point sets outside the ROI.

G. PMOD

PMOD consists of two algorithmic steps [27]. First, it maps
each point p ∈ P onto a hyperplane passing through z as:

p′ = p+ ((z− p) · ẑ) ẑ, (15)

where ẑ is the unit vector of z. Then, PMOD aggregates three
measurements including i) the distance between each mapped
point p′ and z, ii) the distance between p and the origin
o = (0, . . . , 0)⊤, and iii) the unbiased standard deviation of
all mapped points as:

PMOD(P) =
1

|P|
∑

P′∈P′

(dist(p′, z) + α dist(p,o))

+ SD ({dp′}p′∈P′) , (16)

where P ′ is a set of |P| mapped points. In (16), α is a penalty
parameter for mapped points outside the preferred region of
radius r centered at z, where r is a parameter of PMOD. When
p′ is inside the preferred region (i.e., dist(p′, z) ≤ r), α = 1.
Otherwise, α > 1, e.g., α is set to 1.5 in [27]. SD returns the
unbiased standard deviation of input values. For each p′ ∈ P ′,
dp′ in (16) is the minimum Manhattan distance between p′ and
another point q ∈ P ′, i.e., dp′ = min

q∈P′\{p′}

∑m
i=1 |p′i − qi|.

The smaller PMOD value is, the better quality P is in terms
of i) the convergence to z, ii) the convergence to the origin
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Algorithm 1: IGD-CF and HV-CF
1 PCF ← Select all non-dominated points from P1 ∪ · · · ∪ PK ;
2 pc ← argminp∈PCF{dist(p, z)};
3 Rpref ← {p ∈ Rm | dist(p,pc) < r};
4 for i ∈ {1, . . . ,K} do
5 IGD-CF(Pi)← IGD(Pi ∩Rpref) using PCF as S;
6 HV-CF(Pi)← HV(Pi ∩Rpref);

(not the PF), and iii) the uniformity. Note that PMOD assumes
the ideal point always does not dominate the origin. When the
ideal point dominates the origin, PMOD prefers points far from
the PF in view of above ii). Let us consider the shifted point
sets in Fig. 2 again, if the offset is −100, PMOD is likely to
prefer P7 to P3 because P7 is closer to the origin than P3.

H. IGD-CF and HV-CF

A user-preference metric based on a composite front
(UPCF) [26] is a framework for evaluating the quality of P .
IGD-CF and HV-CF are the UPCF versions of IGD and HV,
respectively. Algorithm 1 shows how to calculate the IGD-
CF and HV-CF values of K points sets P1, . . . ,PK . First,
let PCF be a set of all non-dominated points in the K point
sets (line 1), where PCF was called a composite front in [26].
Then, the closest point pc to z is selected from PCF (line 2).
A preferred region Rpref is defined as the set of all points in
the region of a hypersphere of radius r centered at pc (line 3).
Note that Rpref can include dominated points. If PCF = F ,
Rpref is equivalent to the ROIC shown in Fig. 1(a).

For each i ∈ {1, . . . ,K}, the IGD-CF value of Pi is
calculated based only on the points in Pi ∩ Rpref (line 5).
In other words, points outside Rpref are removed from Pi.
For example, in Fig. 1(a), points outside the large dotted
circle are removed from a point set. IGD-CF uses PCF as an
approximation of the IGD-reference point set S. The HV-CF
value of Pi is calculated in a similar manner (line 6), where
the previous study [26] did not give a rule of thumb to set the
HV-reference point y. When the trimmed Pi is empty, we set
its IGD-CF value to ∞ and its HV-CF value to 0 in this study.

Li et al. [25] pointed out that IGD-CF and HV-CF cannot
distinguish point sets outside the preferred region. This is
because IGD-CF and HV-CF do not consider any point outside
Rpref . In the example in Fig. 2, all point sets except for P3,
P9, and P10 are equally bad, i.e., IGD-CF(Pi) = ∞ and
HV-CF(Pi) = 0 for i ∈ {1, 2, 4, 5, 6, 7, 8}.

I. PMDA

The preference-based metric based on specified distances
and angles (PMDA) [30] is built upon the concept of light
beams [51]. It consists of three algorithmic steps.
Step 1: It lets a set of points Q = {qi}m+1

i=1 on a hyperplane
passing through z while m+1 light beams pass from
the origin (0, . . . , 0)⊤ to q1, . . . ,qm+1, respectively.
For i ∈ {1, . . . ,m}, qi is given as:

qi = z+ α (ei − z), (17)

Algorithm 2: R-IGD and R-HV
1 Pall ← Select all non-dominated points from P1 ∪ · · · ∪ PK ;
2 for i ∈ {1, . . . ,K} do
3 Pi ← Pi ∩ Pall;
4 pa ← argminp∈Pi {s(p)};
5 Pi ←

{
p ∈ Pi | |pj − paj | ≤ r for j ∈ {1, . . . ,m}

}
;

6 k ← argmaxj∈{1,...,m}

(
paj−zj

zwj −zj

)
;

7 piso ← z+
(

pak−zk
zw
k
−zk

)
(zw − z);

8 for p ∈ Pi do
9 p← p+ (piso − pa);

10 R-IGD(Pi)← IGD(Pi) using a trimmed S;
11 R-HV(Pi)← HV(Pi) using zw;

where ei is the standard-basis vector for the i-th ob-
jective function, e.g., e1 = (1, 0)⊤ and e2 = (0, 1)⊤

for m = 2. In (17), α controls the spread of the light
beams. The remaining qm+1 in Q is set to z.

Step 2: All the points in Q are further shifted as:

Q′ = βQ, (18)

where β is the minimum objective value in P ′ for all
m objectives, i.e., β = min

p∈P′
{ min
i∈{1,...,m}

pi}1. Here, P ′

is a set of points in ∪K
i=1Pi that are in a preferred

region defined by m light beams, which pass through
q1, . . . ,qm but do not pass through qm+1 = z.

Step 3: PMDA measures the distance between each point in
P and its closest point in Q′ as:

PMDA(P) =
1

|P|
∑
p∈P

(
min
q∈Q′

{dist(p,q)}+ γθp

)
,

(19)

where γ is a penalty value and was set to 1/π in [30].
In (19), θp is an angle between p and z. If p is in the
preferred region defined by the m light beams passing
through q1, . . . ,qm, θp = 0. Thus, points outside the
preferred region are penalized.

A small PMDA value indicates that points in P are close to
the m+1 points in Q′ and the preferred region. Thus, PMDA
does not evaluate the diversity of P . Note that all elements of
a point are implicitly assumed to be positive in [30].

J. R-IGD and R-HV

R-metric [25] is a framework that applies general quality
indicators to the performance evaluation of K PBEMO algo-
rithms. R-metric assumes that the DM prefers points along
a line from z to the worst point zw defined by the DM. As
recommended in [25], we set zw = z + 2 × u, where u is a
unit vector. We set u = (1/

√
m, . . . , 1/

√
m)⊤ in this study.

The previous study [25] considered the R-metric versions of
IGD and HV, denoted as R-IGD and R-HV.

1 [30] defined that β is the minimum objective value of P , not P ′. Since
β can be different for different point sets in this case, this version of PMDA
is not reliable.
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(a) The trimming operation
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(b) The transfer operation

Fig. 4: Examples of the two operations in R-metric. In this
example, zw = z+ 0.7× u.

Algorithm 2 gives the pseudo code for calculating R-IGD
and R-HV. A set of all non-dominated points Pall are selected
from the union of K point sets (line 1). After that, the
following steps are performed for each point set Pi. First,
points dominated by any point in Pall are removed from
Pi (line 3). Then, the best point pa is selected from Pi in
terms of the ASF (line 4), where the previous study [25]
used a modified version of the ASF s [52]. R-metric defines a
preferred region based on a hypercube of size 2× r centered
at pa. Points outside the preferred region are removed from
Pi (line 5). For the example in Fig. 4(a), only the three points
in the dotted box are considered for the R-metric calculation.
This trimming operation can penalize a point set that does not
fit the preferred region. Next, R-metric obtains a projection
of pa on the line from z to zw by the ASF (lines 6 and
7). This projection is called an iso-ASF point piso. R-metric
transfers all the points in Pi by the direction vector from piso

to pa (lines 8 and 9). For the example shown in Fig. 4(b), the
three points are shifted horizontally. This transfer operation
redefines the convergence to the PF as the convergence to z
along a line based on the DM’s preference information.

Finally, the R-IGD and R-HV values of Pi are calculated
(lines 10 and 11). More specifically, for R-IGD, the same
trimming operation (lines 4 and 5) is first applied to the IGD-
reference point set S in R-IGD. Thus, all points in S are
inside the preferred region. Then, the IGD value of Pi is
calculated using the trimmed S. For R-HV, zw is used as the
HV-reference point y.

K. EH

The expanding hypercube metric (EH) [28] is based on the
size of a hypercube centered at z that contains each point and
the fraction of points inside the hypercube. While the former
evaluates the convergence of a point set P to z, the latter tries
to evaluate the diversity of P .

The pseudo code of calculating the EH for K point sets
P1, . . . ,PK is given in Algorithm 3. First, EH removes
duplicated points for each point set (lines 1 and 2). In the
meanwhile, it also removes dominated points from each point
set (lines 3 and 5). Note that if a point set is empty after these
removal operations, its EH value is set to 0 (line 19).

Then, the following steps are performed for each point set
Pi. EH calculates the size of a hypercube centered at z that

Algorithm 3: EH
1 for i ∈ {1, . . . ,K} do
2 Pi ← {p ∈ P | ̸ ∃pdup ∈ P s.t. pdup = p};
3 Pall ← Select all non-dominated points from P1 ∪ · · · ∪ PK ;
4 for i ∈ {1, . . . ,K} do
5 Pi ← Pi ∩ Pall;

6 hmax ← ∅;
7 for i ∈ {1, . . . ,K} do
8 h← ∅;
9 for p ∈ Pi do

10 h← maxj∈{1,...,m}{|pj − zj |};
11 h← h ∪ {h};
12 h← Sort all elements in h in ascending order;
13 hmax ← maxh∈h{h};
14 hmax ← hmax ∪ {hmax};
15 ai ← 0;
16 for l ∈ {1, . . . , |Pi|} do
17 ai ← ai +

l
|Pi| × (hl − hl−1) ; // h0 = 0

18 for i ∈ {1, . . . ,K} do
19 if Pi = ∅ then EH(Pi)← 0 ;
20 else EH(Pi)← ai + (maxh∈hmax{h} − hmax

i ) ;

contains each point p in Pi (lines 10 and 11). Thereafter,
all elements in h are sorted (line 12). Note that |h| = |Pi|.
The maximum size hmax in h is maintained for an adjustment
described later (lines 13 and 14). EH calculates “the area under
the trade-off curve” ai between the hypercube size and the
fraction (lines 16 and 17). While l/|Pi| is the fraction of points
in the l-th hypercube, “(hl−hl−1)” is the incremental size of
the hypercube. Finally, the EH value of each point set Pi is
calculated by adjusting ai using hmax (lines 18 and 20).

A large EH value means the corresponding P has good con-
vergence to z. Due to the operation for removing dominated
points (line 3), EH also implicitly evaluates the convergence
of P to the PF. Since EH does not define a preferred region,
EH fails to evaluate the diversity of P in some cases. Let us
consider a set of non-dominated unduplicated points that are
close to z and distributed at intervals of ∆. EH is maximized
when ∆ is a positive value as close to zero as possible. For
the example shown in Fig. 2(a), EH prefers P9 to P3.

V. EXPERIMENTAL SETUP

This section introduces the settings used in our experiments
including the quality indicators, the benchmark problems, and
preference-based point sets used in our analysis.

A. Quality Indicators

In our experiments, we empirically analyze the performance
and properties of 14 quality indicators reviewed in Section IV.
As a baseline, we also take the results of HV and IGD into
account. In particular, the implementations of HV and R-IGD
and R-HV are taken from pygmo [53] and pymoo [54], re-
spectively, while the other quality indicators are implemented
by us in Python. The innate parameters of the 14 quality
indicators are set according to the recommendation in their
original paper. For the IGD-based indicators, we uniformly
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generated 1 000 IGD-reference points on the PF of a problem.
For those HV-based indicators, we set the HV-reference point
y in HV and HV-CF to (1.1, . . . , 1.1)⊤. We set the radius r
of a preferred region to 0.1 for all the quality indicators. We
also set the radius ζ of the ROIC and ROIA to 0.1.

B. Benchmark Test Problems

DTLZ1 [55], DTLZ2 [55], convDTLZ2 [56] are chosen
to constitute the benchmark test problems, which have lin-
ear, nonconvex, and convex PFs, respectively. To ensure the
fairness of our experiments, the PF of the DTLZ1 problem
is normalized to [0, 1]m. As a first attempt to investigate the
properties of preference-based quality indicators, we mainly
focus on the two-objective scenarios to facilitate the analysis
and discussion about the impact of the distribution of points
on the quality indicators.

Remark 6. We are aware of a previous study [28] evaluated
the performance of R-NSGA-II and g-NSGA-II on the DTLZ
problems with m ∈ {3, 5, 8, 10, 15, 20} by EH and R-HV. The
previous study discussed the influence of the distribution of
m-dimensional points on EH and R-HV using the parallel
coordinates plot. However, the parallel coordinates plot is
likely to lead to a wrong conclusion [57]. In fact, the results
in [28] did not show the undesirable property of EH.

C. Experimental Settings

We conduct two types of experiments.
• One is an experiment using the 10 synthetic point sets as

shown in Fig. 2. Fig. S.1 shows the distributions of the
10 point sets on the PF of the DTLZ1 and convDTLZ2
problems. Fig. S.1 is similar to Fig. 2.

• The other is an experiment using point sets found by the
six PBEMO algorithms introduced in Section II-D. Note
that comprehensive benchmarking of the PBEMO algo-
rithms is beyond the scope of this paper. Instead, we focus
on an analysis of the behavior of the PBEMO algorithms.
This contributes to the understanding of RQ2. Moreover,
we also investigate how the choice of quality indicators
influences the rankings of the PBEMO algorithms. This
contributes to addressing RQ4. In particular, the source
code of the PBEMO algorithms are provided by Li [10]
while the weight vectors used in MOEA/D-NUMS are
generated by using the source code provided by Li [15].
Each PBEMO algorithm is independently run 31 times
with different random seeds. The population size µ is set
to 100. The parameters associated with these PBEMO
algorithms are set according to the recommendations in
their original papers, except PBEA of which δ is set to
0.01 in this study. Since a suitable δ value depends on
the type of problems [14], we performed a rough-tuning
of δ on our test problems.

VI. RESULTS

This section is dedicated to addressing the four RQs raised
in Section I. First, Section VI-A analyzes the relation between
the distance to the reference point z and the ASF value. Then,

Section VI-B investigates differences in the three ROIs and
the behavior of EMO algorithms. Thereafter, Section VI-C
examines the properties of the 14 quality indicators using the
synthetic point sets shown in Figs. 2 and S.1. Section VI-D
analyzes the influence of quality indicators on the rankings of
EMO algorithms. Finally, Section VI-E considers the three-
objective problems and a discontinuous ROI.

A. Relation between the distance to z and the ASF value
Fig. 5(a) shows 100 uniformly distributed points

p1, . . . ,p100 on the PF of the DTLZ2 problem. Fig. 5(a)
also shows the two reference points z0.1 = (0.1, 0.1)⊤ and
z−0.1 = (−0.1,−0.1)⊤. While z0.1 is dominated by the ideal
point, z−0.1 dominates the ideal point.

As shown in Fig. 5(a), intuitively, the 50-th point p50 on the
center of the PF is closest to both z0.1 and z−0.1. However, this
intuition is incorrect. Figs. 5(b) and 5(c) show the rankings of
the 100 points by the Euclidean distance to z and the ASF in
(3), respectively. A low ranking means that the corresponding
point is close to z or obtains a small ASF value. As seen
from Fig. 5(b), p50 is closest to z0.1. In contrast, p50 is
farthest from z−0.1. The two extreme points (p1 and p100)
are closest to z−0.1. Thus, the closest points to z0.1 and z−0.1

are different. As shown in Fig. 5(c), the rankings by the ASF
are consistent when using either one of z0.1 and z−0.1. This
is because both z0.1 and z−0.1 are in the same direction.

Fig. 5(d) shows the Kendall rank correlation τ value [58]
of the distance to z and the ASF value, where τ ∈ [−1, 1].
The τ value measures the similarity of the two rankings of
the 100 points by the distance and the ASF. A large positive τ
value indicates that the two rankings are consistent. In contrast,
a small negative τ value indicates that the two rankings
are inconsistent. If τ = 0, the two rankings are perfectly
independent. In Fig. 5(d), we uniformly generated z from
(−3, 3)⊤ to (3,−3)⊤ at intervals of 0.01. Then, we calculated
the τ value for each z. The τ value quantifies the consistency
of the two rankings, where one is based on the distance to
the corresponding z, and the other is based on the ASF value.
Positive and negative τ values indicate that the two rankings
are consistent and inconsistent, respectively. As seen from Fig.
5(d), the rankings by the distance to z and the ASF value are
inconsistent when setting z close to the line passing through
(0, 0)⊤ and (−3,−3)⊤. We can also see that the rankings are
weakly inconsistent when setting z to other positions.

Note that the inconsistency between the distance to z and
the ASF value depends on not only the position of z, but also
the shape of the PF. Figs. S.2 and S.3 show the results on the
DTLZ1 and convDTLZ2 problems, respectively. As shown in
Fig. S.3(a), we set z to (2, 2)⊤ instead of (−0.1,−0.1)⊤ for
the convDTLZ2 problem. As shown in Figs. S.2(b) and (c), the
rankings by the distance to z and the ASF value on the DTLZ1
problem are always consistent regardless of the position of z.
In contrast, as seen from Figs. S.3(b) and (c), the inconsistency
of the rankings can be observed on the convDTLZ2 problem.
While Fig. S.3(b) is similar to Fig. 5(b), Fig. S.3(d) is opposite
from Fig. 5(d). Unlike Fig. 5(d), Fig. S.3(d) indicates that
the inconsistency between the two rankings occurs when z is
dominated by the nadir point pnadir on the convex PF.
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Fig. 5: (a) Distribution of 100 uniformly distributed points, (b) the rankings of the 100 points by the distance, (c) the ranking
of the 100 points by the ASF, and (d) the Kendall τ values on the DTLZ2 problem, where ▲ and 2 are the reference points.

Answers to RQ1: Our results show that the closest
Pareto-optimal point to the reference point z does not
always minimize the ASF. Although it has been believed
that minimizing the ASF means moving closer to z, this
is not always correct. We observed that the inconsistency
between the distance to z and the ASF value depends on
the position of z and the shape of the PF. Roughly speak-
ing, the inconsistency can be observed when z dominates
the ideal point on a problem with a nonconvex PF, and
z is dominated by the nadir point on a problem with the
convex PF.

B. Analysis of the three ROIs

First, this section investigates the differences between the
three ROIs. Similar to Fig. 1, Fig. 6 shows the distributions of
Pareto optimal points in the three ROIs on the DTLZ2 problem
when using z0.1 = (0.1, 0.1)⊤ and z−0.1 = (−0.1,−0.1)⊤.
Figs. S.5 and S.6 show the results on the DTLZ1 and con-
vDTLZ2 problems, respectively. Figs. 6(a) and (b) are exactly
the same as Figs. 1(a) and (b), respectively. Thus, the ROIC

and ROIA are the same even when using either one of z0.1

and z0.5. In contrast, as shown in Figs. 6(d) and (e), the ROIC

and ROIA are totally different when using z−0.1. While the
ROIA is on the center of the PF, the ROIC is on either one
of the two extreme points (1, 0)⊤ and (0, 1)⊤. Since the two
extreme points (1, 0)⊤ and (0, 1)⊤ are equally close to z−0.1,
Fig. 1(d) shows two possible ROIs. This strange result is due
to the inconsistency between the distance to z and the ASF
value reported in Section VI-A. As seen from Fig. S.6(g), a
similar result can be observed on the convDTLZ2 problem.
Results similar to those in Fig. 6(d) can be obtained by using
z with a small Kendall τ value in Fig. 5(d).

Fig. 6(c) significantly differs from Fig. 1(c). The extent and
cardinality of the ROIP in Fig. 6(c) are much larger than those
in Fig. 1(c). As shown in Fig. 6(f), the ROIP and the PF are
identical when the reference point dominates the ideal point.
The same is true when the reference point is dominated by
the nadir point. In this case, preference-based multi-objective
optimization is the same as general one. The size of the ROIP

increases as z moves away from the PF. This undesirable
property of the ROIP is similar to that of the g-dominance
relation pointed out in [10]. As seen from Figs. S.5 and S.6,
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Fig. 6: Distributions of Pareto optimal points in the three ROIs
on the DTLZ2 problem when using z0.1 and z−0.1, where ▲
is the reference point z, ■ is pc∗ and pa∗.
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Fig. 7: Distributions of points found by three PBEMO algo-
rithms on the DTLZ2 problem when using z−0.1, where ▲ is
the reference point z.

this undesirable property of the ROIP can be observed on
other problems. Since the DM does not know any information
about the PF in practice, it is difficult to set a reference point
that is neither too close nor too far from the PF.

Next, we point out that the differences in the target ROIs
caused the unexpected behavior of some PBEMO algorithms
in [10]. Fig. 7 shows the final point sets found by R-NSGA-
II, MOEA/D-NUMS, and g-NSGA-II on the DTLZ2 problem
when using z−0.1. The results in Fig. 7 are consistent with
the results in [10]. Figs. S.7–S.15 show the results of the
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six PBEMO algorithms on the three problems. As discussed
in Section III-A, R-NSGA-II, MOEA/D-NUMS, and g-NSGA-
II aim to approximate the ROIC, ROIA, and ROIP, respec-
tively. As demonstrated here, the three ROIs can also be
different. For these reasons, the three EMO algorithms found
different point sets, as shown in Fig. 7. Figs. S.16–S.18 show
the distributions of points found by R-NSGA- II, MOEA/D-
NUMS, and g-NSGA-II at 1 000, 5 000, 10 000, 30 000, and
50 000 function evaluations, where the setting is the same
as in Fig. 7. As seen from Figs. S.16 and S.18, the point
sets found by R-NSGA-II and g-NSGA-II are similar at 1 000
function evaluations. However, point sets found by R-NSGA-
II are biased to the ROIC after 5 000 function evaluations. As
shown in Fig. S.17, MOEA/D-NUMS quickly finds a good
approximation of the ROIA.

The previous study [10] concluded that R-NSGA-II and g-
NSGA-II failed to approximate the “ROI” when z is far from
the PF. However, this conclusion is not very correct. Correctly
speaking, as shown in Figs. 7(a) and (c), R-NSGA-II and g-
NSGA-II failed to approximate the “ROIA” but succeeded in
approximating the “ROIC” and “ROIP”, respectively.

Answers to RQ2: There are two takeaways generated
from the analysis in this subsection. First, our results
showed that the three ROIs can be significantly different
depending on the position of the reference point z and
the shape of the PF. We demonstrated that the ROIA is
not always a subregion of the PF closest to z due to the
inconsistency observed in Section VI-A. In addition, we
found that the size of the ROIP significantly depends on
the position of z. Unless the DM knows the shape of the PF
in advance, it would be better not to use the ROIP. Second,
we also demonstrated that the differences in the three
ROIs could cause the unexpected behavior of PBEMO
algorithms. For this reason, we argue the importance to
clearly define a target ROI when benchmarking PBEMO
algorithms and performing a practical decision-making.

C. Analysis of quality indicators

Table II shows the rankings of the 10 point sets P1 to
P10 in Fig. 2 by each quality indicator when using z0.5 =
(0.5, 0.5)⊤ and z−0.1 = (−0.1,−0.1)⊤. For the sake of
reference, we show the results of HV and IGD. Table II shows
which point set is preferred by each quality indicator. For
example, P9 obtains the best MASF value in the 10 point
sets. Tables S.1 and S.2 show the results on the DTLZ1
and convDTLZ2 problems, respectively. We do not intend to
elaborate Tables S.1 and S.2, as they are similar to Table II.

1) Results for z0.5 = (0.5, 0.5)⊤: First, we discuss the
results shown in Table II(a). P3 is the best in terms of i)
the convergence to the PF, ii) convergence to the reference
point z, and iii) diversity. Thus, quality indicators should
give P3 the highest ranking. P3 is ranked highest by 9 out
of the 16 quality indicators. However, four quality indicators
(MASF, MED, PMDA, and EH) prefer P9 with the poorest
diversity to P3. This is because they do not take into account
the diversity of points as shown in Table I. Since HV and IGD

do not handle the preference information, they prefer P10 that
covers the whole PF. Interestingly, IGD-P also prefers P10 the
most. This is because the IGD-reference points of IGD-P are
relatively widely distributed around the center of PF.

Since PR evaluates only the cardinality, PR cannot distin-
guish the quality of P3, P7, and P9. Since IGD is Pareto
non-compliant, IGD prefers P7 to P9, where all the points in
P7 are dominated by those in P9. Similarly, PMOD gives P7

the second highest ranking. Since PMOD does not take into
account the convergence to the PF, PMOD can evaluate the
quality of point sets inaccurately.

Since IGD-CF and HV-CF cannot distinguish point sets
outside their preferred regions, most point sets obtain the
same ranking. Although this undesirable property was already
pointed out in [25], this is the first time to demonstrate that.
The same is true for HVz and PR. Since R-IGD, R-HV, and
EH remove dominated points from point sets, they cannot
distinguish the three dominated point sets (P6, P7, and P8).

2) Results for z−0.1 = (−0.1,−0.1)⊤: Next, we discuss
the results shown in Table II(b). In this setting, P1 and P5

are the best in terms of all three criteria i), ii), and iii). Thus,
quality indicators should give P1 or P5 the highest ranking.

However, the rankings by four ASF-based quality indicators
(MASF, IGD-A, R-IGD, and R-HV) are the same in Tables
II(a) and (b). This is because the point with the minimum ASF
value and the ROIA are the same regardless of whether z0.5

or z−0.1 is used, as demonstrated in Sections VI-A and VI-B.
The same is true for PMOD, PMDA, and EH. Thus, these
quality indicators fail to evaluate the convergence of the point
sets to the reference point.

In contrast, the rankings by other quality indicators based on
the ROIC and ROIP are different in Tables II(a) and (b). As
demonstrated in Section VI-B, the ROIC is on either one of
the two extreme points when using z−0.1. For this reason, four
quality indicators based on the ROIC (MED, IGD-C, IGD-
CF, and HV-CF) prefer P1 or P5 to P3. While IGD-C and
IGD-A are perfectly consistent for the results of z0.5, they
are inconsistent for the results of z−0.1. This is due to the
inconsistency revealed in Section VI-A.

As discussed in Section VI-B, when z dominates the ideal
point or is dominated by the nadir point, the ROIP is equiv-
alent to the PF. For this reason, three quality indicators based
on the ROIP (IGD-P, HVz, and PR) cannot handle the DM’s
preference information. Thus, like HV and IGD, IGD-P, HVz,
and PR prefer P10 the most. Since IGD-P and IGD use the
same IGD-reference point set S, their rankings are perfectly
consistent. Although the position of the HV-reference point
y is different in HVz and HV, their rankings are almost the
same. PR cannot distinguish all the 10 point sets.
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TABLE II: Rankings of the 10 synthetic point sets on the DTLZ2 problem by the 16 quality indicators when using z0.5 and z−0.1.

(a) z0.5 = (0.5, 0.5)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
P1 9 10 9 9 9 5 7 7 4 4 10 6 6 6 7 9
P2 5 5 5 5 5 5 7 3 4 4 5 4 4 4 3 4
P3 2 2 1 1 2 1 1 1 1 1 2 1 1 2 2 2
P4 5 4 6 6 5 5 7 5 4 4 4 5 4 4 3 4
P5 9 9 10 10 9 5 7 9 4 4 9 7 6 6 7 9
P6 7 7 7 7 7 5 4 4 4 4 8 8 8 8 9 7
P7 4 3 4 4 4 4 1 2 4 4 3 8 8 8 6 3
P8 7 7 8 8 7 5 4 8 4 4 7 8 8 8 10 8
P9 1 1 3 3 3 3 1 6 3 3 1 2 3 1 5 6
P10 3 6 2 2 1 2 6 10 2 2 6 3 2 3 1 1

(b) z−0.1 = (−0.1,−0.1)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
P1 9 2 1 9 9 8 1 7 1 1 10 6 7 6 7 9
P2 5 4 3 5 4 4 1 3 3 3 5 4 4 4 3 4
P3 2 6 5 1 2 2 1 1 3 3 2 1 1 2 2 2
P4 5 4 8 6 4 4 1 5 3 3 4 5 4 4 3 4
P5 9 1 10 10 9 7 1 9 3 3 9 7 6 6 7 9
P6 7 8 4 7 7 9 1 4 3 3 8 8 8 8 9 7
P7 4 10 6 4 3 6 1 2 3 3 3 8 8 8 6 3
P8 7 9 9 8 8 9 1 8 3 3 7 8 8 8 10 8
P9 1 7 7 3 6 3 1 6 3 3 1 2 3 1 5 6
P10 3 3 2 2 1 1 1 10 2 2 6 3 2 3 1 1

TABLE III: Rankings of the six PBEMO algorithms on the DTLZ2 problem by the 16 quality indicators when using z0.5 = (0.5, 0.5)⊤.
“NUMS”stands for MOEA/D-NUMS.

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
R-NSGA-II 3 2 6 6 5 6 4 4 6 6 3 5 5 1 5 5
r-NSGA-II 4 3 3 3 4 4 1 3 3 4 2 3 3 3 4 4
g-NSGA-II 5 5 1 1 1 1 1 1 1 1 5 2 1 6 2 2

PBEA 1 6 2 2 2 2 6 5 2 2 6 1 2 5 1 1
R-MEAD2 6 4 5 5 3 3 5 6 4 3 4 6 6 4 3 3

NUMS 2 1 4 4 6 5 1 2 5 5 1 4 4 2 6 6

Answers to RQ3: Our results indicated that most quality
indicators have some undesirable properties, which have
not been noticed even in their corresponding papers.
We demonstrated that the quality indicators based on
the ROIA cannot evaluate the convergence of a point
set to the reference point accurately in some cases. We
also demonstrated that the quality indicators based on
the ROIP cannot take into account the DM’s preference
information. Our results imply that IGD-C may be the most
reliable quality indicator when considering the practical
ROIC. However, IGD-C is Pareto non-compliant.

D. On the rankings of PBEMO algorithms by quality indica-
tors

Table III shows the rankings of the six PBEMO algorithms
on the DTLZ2 problem by the 16 quality indicators, where
z = (0.5, 0.5)⊤. We calculated the rankings based on the
average quality indicator values of the PBEMO algorithms
over 31 runs. Tables S.3–S.5 show the rankings on the DTLZ1,
DTLZ2, and convDTLZ2 problems when using various refer-
ence points. Note that we are interested in the influence of
quality indicators on the rankings of the PBEMO algorithms
rather than the rankings themselves.

As shown in Table III, the rankings of the PBEMO algo-
rithms are different depending on the choice of the quality

indicator. For example, R-NSGA-II performs the best in terms
of EH but the worst in terms of five quality indicators including
IGD-C, IGD-A, HVz, IGD-CF, and HV-CF. Likewise, g-
NSGA-II is the worst performer in terms of EH but it is the
best algorithm when considering the other nine quality indica-
tors. Since PBEA and MOEA/D-NUMS aim to minimize the
ASF, they are the best and second-best performers in terms of
MASF. As shown in Table. S.5(b), R-MEAD2 performs the
best on the convDTLZ2 problem in terms of EH. In summary,
our results suggest that any PBEMO algorithm can obtain the
best ranking depending on the choice of the quality indicator.

These observations can be explained as the coupling rela-
tionship between innate mechanism of the PBEMO algorithms
and the quality indicators. As demonstrated in Section VI-B,
each PBEMO algorithm approximates its target ROI. As
investigated in Section VI-C, each quality indicator prefers
a point set that approximates its target ROI well. Thus, when
benchmarking PBEMO algorithms, it is important to clarify
which type of ROI the DM wants to approximate and select
a suitable quality indicator. For example, if the DM wants to
approximate the ROIA, she/he should select either of IGD-A,
R-IGD, and R-HV. Otherwise, the DM can overestimate or
underestimate the performance of PBEMO algorithms.
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Answers to RQ4: Our results showed that the choice
of the quality indicator significantly influences the per-
formance rankings of EMO algorithms. For example, as
seen from Table III, PBEA performs the worst in terms
of PMDA but the best in terms of R-IGD. This means
that any PBEMO algorithm can possibly be ranked as the
best (or the worst) depending on the choice of the quality
indicator. We also discussed how to conduct meaningful
benchmarking of PBEMO algorithms.

E. Further investigations

1) Results on three-objective problems: Due to the reason
described in Section V-B, this paper focused on the two-
objective problems. Although designing a new visualization
method for m > 3 is beyond the scope of this paper, it is still
possible to perform our analysis for m = 3. Similar to Fig. 2,
we generated 13 point sets P1, . . . ,P13 on the PFs of the
three-objective DTLZ1, DTLZ2, and convDTLZ2 problems.
Fig. S.19 shows distributions of the 13 point sets, where the
size of each point set is 21. P6 is on the center of the PF. P1,
P4, and P10 are on the three extreme regions, respectively.
P2, P3, P5, P7–P9, are on the edge of the PF. P11 is a
shifted version of P6 by adding 0.1 to all elements. Similar to
P9 in Fig. 2, P12 is worse than P6 in terms of the diversity.
The 21 points in P13 are uniformly distributed on the PF.

Tables S.6–S.8 show the results on the DTLZ1, DTLZ2,
and convDTLZ2 problems, respectively. Here, we used the
reference points z0.5 = (0.5, 0.5, 0.5)⊤ and z−0.1 =
(−0.1,−0.1,−0.1)⊤ for the DTLZ1 and DTLZ2 problems,
and z0.2 = (0.2, 0.2, 0.2)⊤ and z2 = (2, 2, 2)⊤ for the con-
vDTLZ2 problem. For the DTLZ2 and convDTLZ2 problems,
when using z0.5 and z0.2, P6 is the best point set. When using
z−0.1 and z2, either of P1, P4, and P10 is the best point set.

As seen from Tables S.6–S.8, the results for m = 3
are almost similar to the results for m = 2 described in
Section VI-C. For example, for the results on the three-
objective DTLZ2 problem shown in Table S.7, MASF, MED,
PMDA, and EH prefer P12 with the poorest diversity to P6.
The rankings by the four ASF-based quality indicators (MASF,
IGD-A, R-IGD, and R-HV) are the same for z0.5 and z−0.1,
i.e., they fail to evaluate the convergence of the point set to
the reference point. In summary, the results suggest that our
findings for m = 2 can be applied to m = 3.

2) Results on a discontinuous ROI: Here, we investigate the
effectiveness of the 14 quality indicators on a discontinuous
ROI. As in [25], we used the PF of the ZDT3 problem [59],
where the PF consists of five disconnected subsets. Fig. S.20
shows distributions of seven point sets P1, . . . ,P7, where the
size of each point set is µ = 20. P1, . . . ,P5 are on the
five subsets of the PF, respectively. Here, the ROI contains
some points in P2 and all the 20 points in P3. Only in this
experiment, the radius of the ROI r is set to 0.25 so that the
ROI is disconnected. Since all the 20 points in P6 are on the
ROI, P6 is the best approximation. The 20 points in P7 are
uniformly distributed on the whole PF.

Table S.9 shows the rankings of the seven point sets by each
quality indicator. As seen from Table S.9, as expected, most

quality indicators prefer P6. However, MED, PR, PMDA, and
EH prefer P3 to P6. As described in Table I, they do not
evaluate the diversity of a point set in the ROI. Thus, the
ability to evaluate the diversity may play an important role in
handling a discontinuous ROI.

VII. CONCLUSION

In this paper, we first reviewed the 3 ROIs and 14 existing
quality indicators for PBEMO algorithms using the reference
point. Different from the descriptions in their corresponding
papers, we classified the properties of the quality indicators
from the perspective of their working principle. As a result, we
found that some quality indicators have undesirable properties.
For example, PMDA and EH cannot evaluate the diversity of
a point set. We also discussed the target ROI of each quality
indicator.

Next, we empirically analyzed the performance and prop-
erties of those 14 quality indicators to address 4 RQs (RQ1
to RQ4). Our findings are helpful for benchmarking PBEMO
algorithms and decision-making in real-world problems. In any
case, we argue the importance of determining a target ROI first
of all. Our results suggested the use of the ROIC. Afterward,
an analyst and the DM should select a PBEMO algorithm and
quality indicator based on their target ROI. For example, R-
NSGA-II aims to approximate the ROIC. In contrast, HVz is
to evaluate how a point set approximates the ROIP. Thus, HVz

is not suitable for evaluating the performance of R-NSGA-II.
As demonstrated in the three IGD variants (IGD-C, IGD-

A, and IGD-P), we believe that the target ROI of some
quality indicators can be changed easily. For example, the
target ROI of R-IGD can be changed from the ROIA to
the ROIC by revising the line 4 in Algorithm 2, i.e., pc =
argminp∈Pi

{dist(p, z)}. An investigation of this concept is
an avenue for future work. Note that the analysis conducted
in this paper focused on quality indicators for PBEMO al-
gorithms using the reference point. It is questionable and
important to extend our analysis for other preference-based
optimization (e.g., a value function) in future research. It is
promising to design a general framework that extends the
14 quality indicators to other preference elicitation methods.
There is room for discussion about a systematic benchmarking
methodology for PBEMO.
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Fig. S.10: Distributions of points found by the six EMO algorithms on the DTLZ2 problem when using z0.5 = (0.5, 0.5)⊤.
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Fig. S.11: Distributions of points found by the six EMO algorithms on the DTLZ2 problem when using z0.1 = (0.1, 0.1)⊤.
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Fig. S.14: Distributions of points found by the six EMO algorithms on the convDTLZ2 problem when using z0.1 = (0.1, 0.1)⊤.
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Fig. S.15: Distributions of points found by the six EMO algorithms on the convDTLZ2 problem when using z2 = (2, 2)⊤.
We found that r-NSGA-II does not work well when z is significantly worse than the nadir point. This is due to the property
of the r-dominance relation, but further analysis is needed.
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Fig. S.16: Distributions of points found by R-NSGA-II on the DTLZ2 problem for 1 000, 5 000, 10 000, 30 000, and 50 000
function evaluations (fevals) when using z2 = (−0.1,−0.1)⊤.
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Fig. S.17: Distributions of points found by MOEA/D-NUMS on the DTLZ2 problem for 1 000, 5 000, 10 000, 30 000, and
50 000 function evaluations (fevals) when using z2 = (−0.1,−0.1)⊤.
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Fig. S.18: Distributions of points found by g-NSGA-II on the DTLZ2 problem for 1 000, 5 000, 10 000, 30 000, and 50 000
function evaluations (fevals) when using z2 = (−0.1,−0.1)⊤.
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TABLE S.1: Rankings of the 10 synthetic point sets on the DTLZ1 problem by the 16 quality indicators when using z0.51 and z−0.1.
The quality indicators based on the ROI-P (IGD-P, HVz, PR) do not work when the reference point is on the PF. For this reason, we used
z0.51 = (0.51, 0.51)⊤, instead of z0.5 = (0.5, 0.5)⊤.

(a) z0.51 = (0.51, 0.51)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
P1 9 10 9 9 9 3 4 8 4 4 10 6 6 6 9 9
P2 5 4 5 5 6 3 4 1 4 4 4 4 5 3 3 4
P3 2 2 1 1 2 2 3 4 1 1 2 1 1 2 2 2
P4 5 5 6 6 5 3 4 5 4 4 5 5 4 3 3 4
P5 9 9 10 10 9 3 4 9 4 4 9 7 6 6 9 9
P6 7 6 7 7 7 3 4 3 4 4 7 8 8 8 7 7
P7 4 3 4 4 4 3 1 7 4 4 3 8 8 8 6 3
P8 7 7 8 8 7 3 4 6 4 4 8 8 8 8 7 8
P9 1 1 3 3 1 1 2 2 3 3 1 3 3 1 5 6
P10 3 8 2 2 3 3 4 10 2 2 6 2 2 5 1 1

(b) z−0.1 = (−0.1,−0.1)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
P1 9 9 9 9 9 9 1 8 4 4 10 6 7 6 9 9
P2 5 3 5 5 4 3 1 1 4 4 4 4 5 3 3 4
P3 2 2 1 1 2 2 1 4 1 1 2 1 1 2 2 2
P4 5 4 6 6 4 3 1 5 4 4 5 5 4 3 3 4
P5 9 9 10 10 9 9 1 10 4 4 9 7 6 6 9 9
P6 7 8 7 7 7 7 1 3 4 4 7 8 8 8 7 7
P7 4 6 4 4 3 6 1 7 4 4 3 8 8 8 6 3
P8 7 7 8 8 8 7 1 6 4 4 8 8 8 8 7 8
P9 1 1 3 3 6 5 1 2 3 3 1 3 3 1 5 6
P10 3 5 2 2 1 1 1 9 2 2 6 2 2 5 1 1
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TABLE S.2: Rankings of the 10 synthetic point sets on the convDTLZ2 problem by the 16 quality indicators when using z0.5, z−0.1, and
z2.

(a) z0.5 = (0.5, 0.5)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
P1 9 9 9 9 9 6 6 8 4 4 9 6 6 7 6 9
P2 5 7 6 5 4 4 5 1 4 4 4 4 4 4 3 5
P3 2 3 1 1 2 1 1 4 1 1 2 1 2 2 2 2
P4 6 6 5 6 6 6 6 5 4 4 5 5 5 3 4 3
P5 10 10 10 10 10 6 6 9 4 4 10 7 7 6 10 10
P6 7 4 7 7 7 6 6 3 4 4 6 8 8 8 8 7
P7 4 1 4 4 5 5 3 6 4 4 3 8 8 8 7 4
P8 8 5 8 8 8 6 6 7 4 4 8 8 8 8 9 8
P9 1 2 3 3 3 3 1 2 3 3 1 3 3 1 5 6
P10 3 8 2 2 1 2 4 10 2 2 7 2 1 5 1 1

(b) z−0.1 = (−0.1,−0.1)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
P1 9 8 9 9 9 7 1 8 4 4 9 6 6 6 6 9
P2 5 3 4 5 5 3 1 1 4 4 4 4 4 3 3 5
P3 2 2 2 1 2 2 1 4 2 2 2 1 2 2 2 2
P4 6 4 7 6 3 5 1 5 4 4 5 5 5 4 4 3
P5 10 10 10 10 10 10 1 9 4 4 10 7 7 7 10 10
P6 7 7 6 7 7 8 1 3 4 4 6 8 8 8 8 7
P7 4 6 5 4 4 6 1 6 4 4 3 8 8 8 7 4
P8 8 9 8 8 8 9 1 7 4 4 8 8 8 8 9 8
P9 1 1 3 3 6 4 1 2 3 3 1 3 3 1 5 6
P10 3 5 1 2 1 1 1 10 1 1 7 2 1 5 1 1

(c) z2.0 = (2.0, 2.0)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
P1 9 9 1 9 9 6 1 8 1 1 9 6 6 7 6 9
P2 5 10 4 5 5 3 1 1 3 3 4 4 4 4 3 5
P3 2 7 6 1 2 2 1 4 3 3 2 1 2 2 2 2
P4 6 5 9 6 3 4 1 5 3 3 5 5 5 3 4 3
P5 10 4 10 10 10 9 1 9 3 3 10 7 7 6 10 10
P6 7 3 3 7 7 8 1 3 3 3 6 8 8 8 8 7
P7 4 2 5 4 4 7 1 6 3 3 3 8 8 8 7 4
P8 8 1 8 8 8 10 1 7 3 3 8 8 8 8 9 8
P9 1 8 7 3 6 5 1 2 3 3 1 3 3 1 5 6
P10 3 6 2 2 1 1 1 10 2 2 7 2 1 5 1 1

TABLE S.3: Rankings of the six EMO algorithms on the DTLZ1 problem by the 16 quality indicators when using z0.51 = (0.51, 0.51)⊤

and z−0.1 = (−0.1,−0.1)⊤. The quality indicators based on the ROI-P (IGD-P, HVz, PR) do not work when the reference point is on the
PF. For this reason, we used z0.51 = (0.51, 0.51)⊤, instead of z0.5 = (0.5, 0.5)⊤. “NUMS”stands for MOEA/D-NUMS.

(a) z = (0.51, 0.51)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
R-NSGA-II 3 2 3 3 1 1 4 2 2 3 2 5 4 2 4 4
r-NSGA-II 4 4 1 1 3 5 6 4 1 1 4 1 1 6 1 1
g-NSGA-II 6 6 6 6 6 3 2 5 6 6 6 6 6 5 6 5

PBEA 2 3 4 4 4 4 3 3 3 4 3 3 5 4 3 3
R-MEAD2 5 5 2 2 5 6 5 6 5 2 5 3 3 3 2 2

NUMS 1 1 5 5 2 2 1 1 4 5 1 2 2 1 5 6

(b) z = (−0.1,−0.1)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
R-NSGA-II 3 1 5 5 6 6 1 1 5 5 1 4 4 2 6 6
r-NSGA-II 5 6 2 2 1 1 1 3 2 2 6 2 2 5 1 1
g-NSGA-II 4 5 3 3 2 2 1 4 3 3 5 3 3 6 2 2

PBEA 2 3 6 6 5 5 1 5 6 6 3 4 5 1 5 5
R-MEAD2 6 4 4 4 3 3 1 6 4 4 4 6 6 3 3 3

NUMS 1 2 1 1 4 4 1 2 1 1 2 1 1 4 4 4
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TABLE S.4: Rankings of the six EMO algorithms on the DTLZ2 problem by the 16 quality indicators when using z0.5 = (0.5, 0.5)⊤ and
z−0.1 = (−0.1,−0.1)⊤. “NUMS”stands for MOEA/D-NUMS.

(a) z = (0.5, 0.5)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
R-NSGA-II 3 2 6 6 5 6 4 4 6 6 3 5 5 1 5 5
r-NSGA-II 4 3 3 3 4 4 1 3 3 4 2 3 3 3 4 4
g-NSGA-II 5 5 1 1 1 1 1 1 1 1 5 2 1 6 2 2

PBEA 1 6 2 2 2 2 6 5 2 2 6 1 2 5 1 1
R-MEAD2 6 4 5 5 3 3 5 6 4 3 4 6 6 4 3 3

NUMS 2 1 4 4 6 5 1 2 5 5 1 4 4 2 6 6

(b) z = (−0.1,−0.1)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
R-NSGA-II 6 2 2 6 3 5 1 4 3 2 5 5 5 6 4 3
r-NSGA-II 3 6 5 4 5 4 1 3 5 5 1 4 4 1 5 5
g-NSGA-II 4 4 1 3 1 1 1 2 1 1 4 3 3 5 1 1

PBEA 1 3 3 2 2 2 1 6 2 3 3 2 2 3 2 2
R-MEAD2 5 1 6 5 6 6 1 5 4 4 6 6 6 4 6 6

NUMS 2 5 4 1 4 3 1 1 5 5 2 1 1 2 3 4

TABLE S.5: Rankings of the six EMO algorithms on the convDTLZ2 problem by the 16 quality indicators when using z0.5 = (0.5, 0.5)⊤

and z2 = (2, 2)⊤. “NUMS”stands for MOEA/D-NUMS.

(a) z = (0.5, 0.5)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
R-NSGA-II 3 2 5 5 5 5 4 4 5 5 2 4 4 2 5 5
r-NSGA-II 4 3 3 3 3 3 3 3 3 3 3 3 3 3 4 4
g-NSGA-II 5 6 1 1 1 1 1 2 1 1 5 2 1 6 3 3

PBEA 1 5 2 2 2 2 5 5 2 2 4 1 2 4 2 2
R-MEAD2 6 4 4 4 4 4 6 6 4 4 6 6 6 5 1 1

NUMS 2 1 6 6 6 6 1 1 6 6 1 5 5 1 6 6

(b) z = (2.0, 2.0)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
R-NSGA-II 4 3 3 4 4 3 1 5 3 3 3 4 4 4 4 4
r-NSGA-II 5 1 2 5 5 5 6 6 4 4 5 6 6 6 5 5
g-NSGA-II 3 4 1 3 1 1 1 1 1 1 4 3 3 5 1 1

PBEA 1 6 5 2 3 4 1 2 5 5 1 2 2 2 3 3
R-MEAD2 6 2 6 6 6 6 1 4 2 2 6 5 5 1 6 6

NUMS 2 5 4 1 2 2 1 3 5 5 2 1 1 3 2 2
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Fig. S.19: Distributions of the 13 point sets on the PFs of the three-objective DTLZ1, DTLZ2, and convDTLZ2 problems,
where the size of each point set is 21. P6 is on the center of the PF. P1, P4, and P10 are on the three extreme regions,
respectively. P2, P3, P5, P7, P8, and P9, are on the edge of the PF. P11 is a shifted version of P6 by adding 0.1 to all
elements. Thus, P11 is worse than P6 in terms of the convergence to the PF. P12 is worse than P6 in terms of the diversity.
The 21 points in P13 are uniformly distributed on the PF.
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TABLE S.6: Rankings of the 13 synthetic point sets on the three-objective DTLZ1 problem by the 16 quality indicators when using z0.5

and z−0.1.

(a) z0.5 = (0.5, 0.5, 0.5)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
P1 11 11 11 11 11 5 5 10 3 3 11 11 12 10 13 11
P2 5 4 5 5 6 5 5 4 3 3 4 6 4 4 6 8
P3 5 4 7 5 6 5 5 4 3 3 4 6 4 4 8 5
P4 11 11 13 11 11 5 5 10 3 3 11 10 10 10 11 11
P5 5 4 6 7 5 5 5 4 3 3 4 4 9 4 7 5
P6 2 3 1 1 2 1 1 1 1 1 2 1 1 2 2 2
P7 5 4 10 7 6 5 5 9 3 3 4 5 4 4 3 8
P8 5 4 8 9 6 5 5 4 3 3 4 8 4 4 5 5
P9 5 4 9 10 6 5 5 4 3 3 4 9 4 4 3 8
P10 11 11 12 13 13 5 5 10 3 3 11 12 10 10 11 11
P11 4 1 4 4 4 4 3 2 3 3 3 13 13 13 10 3
P12 1 2 2 2 3 3 1 3 2 2 1 2 2 1 9 4
P13 3 10 3 3 1 2 4 13 3 3 10 3 3 3 1 1

(b) z−0.1 = (−0.1,−0.1,−0.1)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
P1 11 11 11 11 11 13 1 10 3 3 11 11 12 10 13 11
P2 5 3 5 5 8 6 1 5 3 3 4 6 4 3 6 8
P3 5 3 7 5 5 7 1 5 3 3 4 6 6 3 8 5
P4 11 11 13 11 11 11 1 10 3 3 11 10 10 10 11 11
P5 5 3 6 7 5 7 1 5 3 3 4 4 4 3 7 5
P6 2 2 1 1 2 2 1 1 1 1 2 1 1 2 2 2
P7 5 3 10 7 8 4 1 4 3 3 4 5 6 3 3 8
P8 5 3 8 9 5 7 1 5 3 3 4 8 6 3 5 5
P9 5 3 9 10 8 4 1 5 3 3 4 9 6 3 3 8
P10 11 11 12 13 11 12 1 10 3 3 11 12 10 10 11 11
P11 4 10 4 4 3 10 1 2 3 3 3 13 13 13 10 3
P12 1 1 2 2 4 3 1 3 2 2 1 2 2 1 9 4
P13 3 9 3 3 1 1 1 13 3 3 10 3 3 9 1 1

TABLE S.7: Rankings of the 13 synthetic point sets on the three-objective DTLZ2 problem by the 16 quality indicators when using z0.5

and z−0.1.

(a) z0.5 = (0.5, 0.5, 0.5)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
P1 11 11 11 13 11 4 4 10 4 4 11 12 12 10 10 11
P2 5 4 5 9 6 4 4 7 4 4 4 8 4 4 6 5
P3 5 4 7 8 6 4 4 6 4 4 4 4 4 4 6 10
P4 11 11 12 11 13 4 4 9 4 4 11 10 10 11 12 12
P5 5 4 5 9 5 4 4 2 4 4 4 8 4 4 4 5
P6 2 2 1 1 1 1 3 8 1 1 2 1 1 2 8 2
P7 5 4 9 5 6 4 4 2 4 4 4 6 4 4 2 5
P8 5 4 7 7 6 4 4 2 4 4 4 4 4 4 4 5
P9 5 4 9 5 6 4 4 2 4 4 4 6 4 4 2 5
P10 11 11 12 12 11 4 4 10 4 4 11 11 10 11 11 12
P11 4 3 4 4 3 4 1 12 3 3 3 13 13 13 13 4
P12 1 1 2 2 2 2 1 1 2 2 1 2 2 1 9 3
P13 3 10 3 3 4 3 4 13 4 4 10 3 3 3 1 1

(b) z−0.1 = (−0.1,−0.1,−0.1)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
P1 11 3 1 13 11 11 1 11 2 2 11 12 11 10 10 11
P2 5 5 3 9 5 6 1 6 3 3 4 8 4 8 6 5
P3 5 5 9 8 10 8 1 4 3 3 4 4 4 4 6 10
P4 11 1 10 11 12 13 1 9 3 3 11 10 10 11 12 12
P5 5 5 3 9 5 6 1 6 3 3 4 8 4 8 4 5
P6 2 11 5 1 2 2 1 8 3 3 2 1 1 2 8 2
P7 5 5 12 5 5 3 1 2 3 3 4 6 4 4 2 5
P8 5 5 8 7 5 5 1 4 3 3 4 4 4 4 4 5
P9 5 5 12 5 5 3 1 3 3 3 4 6 4 4 2 5
P10 11 1 10 12 12 11 1 9 3 3 11 11 11 11 11 12
P11 4 13 7 4 4 10 1 12 3 3 3 13 13 13 13 4
P12 1 12 6 2 3 9 1 1 3 3 1 2 2 1 9 3
P13 3 4 2 3 1 1 1 13 1 1 10 3 3 3 1 1
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TABLE S.8: Rankings of the 13 synthetic point sets on the three-objective convDTLZ2 problem by the 16 quality indicators when using
z0.2 and z2.0.

(a) z0.2 = (0.2, 0.2, 0.2)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
P1 13 13 13 13 13 3 5 12 4 4 13 11 11 11 12 13
P2 7 6 7 9 9 3 5 5 4 4 6 7 5 4 5 7
P3 9 8 9 7 7 3 5 8 4 4 8 5 8 6 7 9
P4 11 11 11 11 11 3 5 10 4 4 12 9 9 9 9 11
P5 7 6 7 9 9 3 5 5 4 4 6 8 5 4 5 7
P6 2 2 1 1 1 2 4 2 1 1 2 1 1 2 2 2
P7 4 4 4 5 5 3 3 4 4 4 4 12 12 12 11 3
P8 9 8 9 8 7 3 5 8 4 4 8 5 7 6 7 9
P9 6 5 6 4 6 3 5 3 4 4 5 4 4 3 3 6
P10 11 11 11 11 11 3 5 11 4 4 11 9 10 9 10 12
P11 5 3 5 6 4 3 1 7 4 4 3 12 12 12 13 5
P12 1 1 3 3 2 1 1 1 3 3 1 2 2 1 4 4
P13 3 10 2 2 3 3 5 13 2 2 10 3 3 8 1 1

(b) z2.0 = (2.0, 2.0, 2.0)⊤

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
P1 13 3 1 13 13 12 1 12 1 1 13 11 11 9 12 13
P2 7 9 3 9 7 5 1 6 3 3 6 7 5 6 5 7
P3 9 6 8 7 9 7 1 8 3 3 8 6 7 4 7 9
P4 11 4 12 11 11 9 1 10 3 3 12 9 9 10 9 11
P5 7 9 3 9 7 4 1 5 3 3 6 8 6 6 5 7
P6 2 11 6 1 2 2 1 2 3 3 2 1 1 2 2 2
P7 4 1 5 5 3 11 1 4 3 3 4 12 12 12 11 3
P8 9 6 8 8 9 7 1 9 3 3 8 5 7 4 7 9
P9 6 13 11 4 6 3 1 3 3 3 5 4 4 8 3 6
P10 11 4 12 11 12 9 1 11 3 3 11 9 9 10 10 12
P11 5 2 7 6 5 13 1 7 3 3 3 12 12 12 13 5
P12 1 12 10 3 4 6 1 1 3 3 1 2 2 1 4 4
P13 3 8 1 2 1 1 1 13 1 1 10 3 3 3 1 1
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Fig. S.20: Distributions of the seven point sets on the PF of the ZDT3 problem, where the size of each point set is 20. ▲
is the reference point z = (0.55, 0.6)⊤. Only in this experiment, the radius of the ROI r is set to 0.25 so that the ROI is
disconnected. P1, . . . ,P5 are on the five subsets of the PF, respectively. Since all the 20 points in P6 are on the ROI, P6 is
the best approximation. The 20 points in P7 are uniformly distributed on the whole PF.

TABLE S.9: Rankings of the 7 synthetic point sets on the two-objective ZDT3 problem by the 16 quality indicators when using z =
(0.55, 0.6)⊤ and r = 0.25.

MASF MED IGD-C IGD-A IGD-P HVz PR PMOD IGD-CF HV-CF PMDA R-IGD R-HV EH HV IGD
P1 6 6 6 6 6 5 5 5 5 5 6 6 6 6 6 7
P2 4 3 4 4 4 4 3 3 4 4 3 4 4 3 3 4
P3 2 1 3 3 3 3 1 2 3 3 1 2 2 1 4 3
P4 5 4 5 5 5 5 5 4 5 5 4 5 5 4 5 5
P5 7 7 7 7 7 5 5 6 5 5 7 7 7 7 7 6
P6 1 2 1 1 1 1 2 1 1 1 2 1 1 2 2 2
P7 3 5 2 2 2 2 3 7 2 2 5 3 3 5 1 1
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