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On (semi)topology L-algebras

Mona Aaly Kologani

Abstract. Here, we define (semi)topological L-algebras and some related
results are approved. Then we deduce conditions that mention an L-algebra
to be a semi-topological or a topological L-algebra and we check some at-
tributes of them. Chiefly, we display in an L-algebra £, if (£,—»,7) is a
semi-topological L-algebra and {1} is an open set or £ is bounded and sat-
isfies the double negation property, then (£,7) is a topological L-algebra.
Finally, we construct a discrete topology on a quotient L-algebra, under suit-
able conditions. Also, different kinds of topology such as Tp and Hausdorff
are investigated.

1 Introduction

Algebra and topology, two basic areas of mathematics, play complementary
roles. Topology studies continuity and convergence and provides a general
framework for studying the concept of limit. Algebra studies a variety of
operations and provides a basis for algorithms and calculations. In appli-
cations, in higher-level areas of mathematics, such as functional analysis,
dynamical systems, representation theory, and others, topology and algebra
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naturally come into contact with each other. Many of the most important
objects of mathematics exhibit a combination of algebraic and topological
structures. Spaces of topological functions and generally linear topologi-
cal spaces, topological groups and topological fields, transformation groups,
topological networks are objects of this kind. Often an algebraic structure
and a topology come together naturally. This is when both are determined
by the nature of the elements of the considered set. The rules that describe
the relationship between topology and algebraic operations are almost al-
ways clear, and it is natural that the operations should be continuous, joint
continuous, joint, or separate. In the 20th century, many topologists and
algebraists have contributed to topological algebra.

L-algebras, which are related to algebraic logic and quantum structures,
were introduced by Rump [17]. Many examples shown that L-algebras are
very useful. Yang and Rump [19], characterized pseudo-MV-algebras and
Bosbach’s non-commutative bricks as L-algebras. Wu and Yang [24] proved
that orthomodular lattices form a special class of L-algebras in different
ways. It was shown that every lattice-ordered effect algebra has an underly-
ing L-algebra structure in Wu et al. [23]. Also, other mathematicians studied
the relationship between basic algebras and L-algebras. They proved that a
basic algebra which satisfies (EBw')B (cHwW') = (B0 )B (wHo’)’, can be
converted into an L-algebra. Conversely, if an L-algebra with 0 and some
conditions such that it is an involutive bounded lattice can be organized
into a basic algebra, it must be a lattice-ordered effect algebra.

In the following, the notion of (semi)topological L-algebras is defined
and some related results are achieved. Then conditions that imply an L-
algebra to be a semi-topological or a topological L-algebra are investigated
and some attitudes of them are checked. Also, it is proved that if (£, —, 1)
is a semi-topological L-algebra and {1} is an open set or £ is bounded and
satisfies the double negation property, then (£, 7) is a topological L-algebra.
At last, a discrete topology on quotient L-algebra, under suitable conditions
is constructed.

2 Preliminaries

This section lists the known default contents that will be used later.
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Definition 2.1. [17] An algebraic structure (£; —, 1) of type (2,0) is called
an L-algebra if for any w, 0,£ € £ it satisfies in the next conditions:
L)w—w=w—-»1=1 and 1—»w=uw,

(L2) (W= 0) > (w—>¢§) = (0 »w) > (0>,
(L3)ifw—»0=0—»w=1, then w=o0.

Note. We have to notice that a logical unit is always unique and it is
the element of an L-algebra £.

If the operation — is considered as a logical concept, there is a partial
order in £ given by

w<oiffw—»o=1. (2.1)
You can see the proof in [17].

Proposition 2.2. [19] Let £ be an L-algebra. Then w < o implies £ —
w< € —»o, forany w,o,& € L.

Proposition 2.3. [19] For an L-algebra £, the following are equivalent:
(Hlw<o—w,

(ii) ifw < o, theno - { <w —» &,

(i) (0 = 0) = &) > € < (@ = 0) = &) = (0 — w) — £), for any
w,o,& € L.

Definition 2.4. [17] (i) An L-algebra (£, —, 1) which satisfies in the fol-
lowing condition

w— (0 »w)=1, (K)

for any w, o € £ is called a K L-algebra.
(ii) A CK L-algebra is an L-algebra which satisfies in the following condition

w—(e=>¢=0>w—E, (O
for any w, o, € L.

Note. Clearly, every C'K L-algebra is a K L-algebra, since for any w, o €
£, we have

w—»(o»w)=0—»(w>w) =0c—>1=1.
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Proposition 2.5. [17] Assume (£,—,1) is a CK L-algebra. Then for any
w,o,& € L, we have:
(i) ifw <o, then »w< € — o,
(i) w—> (0 »w)=1,de,w< o0 —>uw,
(iil) w < (w — 0) > o,
(iv) w<a—»£ iff o <w—>»E,
(v) ifw< o, theno —» & <w —» &,
(i) (@ = 0) = &) = £ < (= 0) = &) = (0= w) = &),
(vil) § » 0 < (0 »w) > (£ » w).
Definition 2.6. [17] A non-empty subset J of an L-algebra (£, —,1) is
called an ideal of £ if it satisfies the following conditions for all w,o € 7,
(11) 1ed
(Io) ifweJand w — 0 €7, then 0 € 7,
(Iz) if w € 7, then (w - o) - 0 € 7,
(Iy) 1fw€J, then 0 »w € Jand 0 - (w — o) € J.
An ideal J of £ is called a proper ideal if J # £. The set of all ideals of
£ is denoted by Z(£).

Let £ # () and {3;}ies be a family of operations of type 2 on £ and 7
be a topology on £. Then:
(i) (£, {3¢}ier, 7) is aright (left) topological algebra if for any i € I, (£, %;,7)
is a right (left) topological algebra,
(i) (£, {x:}ier,7) is a (semi)topological algebra if for all i € I, (£, %,,7) is
a (semi)topological algebra (see [14, 15]).

Note: In the continuation of this article, £ is an L-algebra and 7 is a
topology on £.

3 (Semi)topological L-algebra

In this section, we introduce the concepts of (semi)topological L-algebra
and investigate some related results.

Notation: If (£,—,7) is a (semi)topological algebra, then (£,—,7)
is called a (semi)topological L-algebra. In addition, we say (£,7) is a
(semi)topological L-algebra if (£, —,7) is a (semi)topological L-algebra.
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Let 4,0 C £. Then we consider L — U and U x J as follows:
U PV={w—>o|lwelando € Y} , UxYV = {(w,0) |w e Uando € V}.

Example 3.1. (i) Obviously, every L-algebra with the discrete topology is
a topological L-algebra.

(ii) Let (£ = {n,¢,p,1},<) be a poset, where n < ¢ < p < 1. Define the
operation — on £ as follows:

Hbmdi
[ S N S e N
— = =

n P
1 1
n 1
n 1
n P

Then (£, —,1) is an L-algebra and (£, —, 7), where 7 = {0, {n}, {¢, p, 1}, £}
is a topological L-algebra.

Note. Clearly, each topological L-algebra is a semi-topological L-algebra.
Next example shows that every semi-topological L-algebra is not a topolog-
ical L-algebra.

Example 3.2. Consider (£ = {n,¢,p, 1}, <) be a poset, where n < e < p <
1. Define the operation — on £ as follows:

— ‘ n € p 1
n 1 1 1 1
€ e 1 1 1
p n € 1 1
1 n € p 1

Then (£, —, 1) is an L-algebra and (£, —, 7), where 7 = {0, {p, 1}, {€e, p, 1}, £}
is a right semi-topological L-algebra but it is not a topological L-algebra,
sincen »n=1¢€{p,1} and £ » £=£ ¢ {p,1}.

Example 3.3. Set £ = [0, 1]. Define

{1 w<o
w0 =
o w>o

Then (£,—,1) is an L-algebra and 7 is a topology on £ with the base
B=A{[neNL|neecR} Then (£, 7)is a topological L-algebra.
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Proof. We prove (£,—,7) is a topological L-algebra. Assume w — o € 4l €
7, where w,0 € £. If w < o, thenl =w — 0 € Y. So, w € [0,0] C 7 and
o € [o,1] € 7 and clearly, [0,0] — [0,1] C 4. Ifw > o, thenw — 0 =0 € 4L
Thus w € [o,w] € 7, and 0 € [0,0] N4 € 7, and so [o,w] - ([0,0] NYU) =
[0,0] N4 C 4L Hence, (£, —,7) is a topological L-algebra. Therefore, (£, 7)
is a topological L-algebra. O

Lemma 3.4. If J € Z(£), then for any w,0,§ € £, w — o € J and
oc—»E€T implyw — & €7.

Proof. Since J € Z(£) and 0 — £ € J, by (I4), (0 - w) - (60 - &) € J. By
(L2), we have (w —- o) - (w - §) € J. By (I2) we get w — £ € J. O

For an arbitrary element n € £ and () # U C £, define the subset
B(n) ={wel| w—>n n—>weT}

Theorem 3.5. There is a nontrivial topology 7 on £ such that (£,7) is a
topological L-algebra.

Proof. Assume
T={UC L] foreachn e i, 3T e Z(L) s.t. I(n) C U}.

Assume {4; | i € A} is a family of members of 7. For any w € (J;calhi,
there exists j € A such that w € 4;, and so there is J € Z(£), where
J(w) C U € Ujeatli- Hence, [ J;cpthi € 7. In addition, for any w € (o4
and any i € A, w € Y;. Then J; € Z(£) exists such that w € J;(w) C 4.
Set J = (V;eaJi- Clearly, (;c2J: € Z(£). Then w € J(w) C [;eaJi(w) €
Nicalli. Hence, (;calli € 7. Thus, 7 is a topology on £. Now, we prove
that the operation — is continuous. For this, assume J € Z(£), w € £ and
o € J(w). Hence, w - 0 € J and 0 — w € J. If there exists £ € J(o), then
& >0, 0»¢€7,and by Lemma 3.7, £ » w € J and w — £ € J. Hence,
¢ € J(w), and so J(o) C J(w), thus J(w) € 7. Therefore, T is a nontrivial
topology. Suppose J € Z(£) and w,o € £. Since w € J(w) and o € (o),
and J(w —» o) = J(w) — J(0), clearly, — is continuous. O

Proposition 3.6. Suppose 7 is as in Theorem 3.5 and X C £. Then:

(i) for each 3 € Z(£), 3(X) is an open and closed subset of £. In addition,
each ideal is an open and closed set,

(ii) X = ({3(X) | T € Z(£)}.
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Proof. (i) Assume J € Z(£), and 0 € J(X) = JyeJ(w). Then, J(o) N
J(X) # 0. Hence, there is w € X, such that J(o) = J(w) and so o € J(w) C
J(X). Therefore, J(X) is closed. But J(X) is open because it is a union of
open sets.

(ii) Suppose X C £ and w € X. Since for all J € Z(£), w » w =1 € 7,
we have w € J(w), and so w € ({I(X) | T € Z(£)}. Conversely, consider
weMI(X)|TeZ(L)}. Then, for all T € Z(L), w € I(X). Since J(X) =
U, exJ(n), there exists € € X such that w € J(e). Moreover, since w — € € J
and € » w € J, we get J(e) = J(w). Thus, € € J(e) N X, since I(e) = T(w),
we have € € J(w) N X. So, w € X. Therefore, X = N{JI(X) | T € Z(L)}. O

Lemma 3.7. Let £ be a CK L-algebra. Then for any w, o, \,( € £, we have
(i) (w—0)—>0)>»0=w—o,

(i) A»0) > (w—=>0) <A => () = [(=>0)>(w—>0)]

Proof. (i) Suppose w, o € £, then by Proposition 2.5(iii), we have w — o <
((w - o) = o) — o. Also, by Proposition 2.5(iii), w < (w - 0) - o
and by Proposition 2.5(v), we have ((w - o) - 0) - ¢ < w — 0. Hence,
(w—0)>»0)>»0=w-—o.

(ii) Assume w, o, \, ¢ € £. Then

[(A—>0) = (w—>0)] = [(A=> () > [((—>0)>(w— o)
=A== =>[((A>0)>(w—>0)) > ((—0) > (w—>o0))] by (C)
=A== > [((»0)>({((A>0)>(w—>0) > (w—>0)) by (C)
=A== > [((»0)>»(w=>(A>0)>0) > (w—>0)) by (C)
=A== > [((»0a0)>»((A>»0)>»0)>»w) = (A>0)—>0)—>0))
by (L)
=A=> > [((»0)> ((A>0)>0)>»w) > (A—>o0))] by (i)
= > 0) > [(A>0)>»0)>w) > (A=) > (A—>0))] by (C)
= —»0)=>[(A>0)>0)>w) > ()= (C>o0)) by (L2)
=(A>0)=>0)»w) > [((>A)—>(((—>0)—>((>o0)) by (C)
=((A>0)—>0) > w) > [((>A)—>1] by (L1)

Therefore, (A » 0) - (w > 0) < (A > () > [(( = 0) & (w — 0)]. O
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In the following example, we show that the condition (C') in Lemma 3.7
is necessary.

Example 3.8. Let (£ = {n,¢,p, 1}, <) be a poset, where n, ¢, p < 1. Define
the operation — on £ as follows:

—» ‘ n € p 1
n 1 € e 1
€ p 1 p 1
p p p 1 1
1 n € p 1

Then (£,—,1) is an L-algebra which is not a C'K L-algebra, since

n>(e»p)=n—>p=eFfl=c>e=ec—>(n—>p).
Moreover, we can see that Proposition 3.7(i) does not hold, because
(n=>p=>p)=p=(e>p) »p=p>p=1Fec=n—>p,
and so Proposition 3.7(ii) does not hold, too.

Theorem 3.9. Suppose I' is a family of nonempty subsets of £, where £ is
a CK L-algebra and T is closed under intersection. Let for every w,o € £
and U € T', where

(i) we Y and w < o imply o €V,

(i) if w € T, then Y € T' exists such that U(w) C T,

(iii) W € I' ewxists where W(w) C U, for any w € W or equivalently,
() C V.

Then there is a nontrivial topology T on £ such that (£,7) is a topological
L-algebra.

Proof. Clearly, 3(£) CT. Let
T={MNCL| VneN IVel st. V(n) CN}.

Assume {N; | i € I} C 7. Then, for every n € [J;c; M, there exist ¢ € I and
U € I' such that U(n) € N; C ;Y. Hence, 7 is closed under union. For
any 1 € [;c/ and any i € I, there exists 0; € I" such that U;(n) € N;.
Put U = (;c;T;, then V(n) C N,/ Vi(n) € Nieh, and so 7 is closed
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under intersection. Hence, 7 is a topology on £. Now, we prove that for
each Y € T and n € £, U(n) is an open set. Consider n € £, Y € I' and
w € WV(n). Then, w - n, n - w € Y. By (ii), there exist L; and Uy € T
such that Ui (n - w) € YV and Us(w —» ) CTYV. Put W =U N € T. If
o € W(w), then w — o and 0 — w € W. By Proposition 2.5(vii),

w—»ag(o'—»'r])a-)(w—»'r/), and U—»wg(w—»n)—»(o’—»n)'
By (i), (0 — 1) — (@ = n) € 2, and (w — 5) — (0 — ) € 2. Thus,
o7 € W 1) € (8 N i) — ) € ol — 1) .

Similarly, n = o € 0. Then o € U(n), and so W(w) C V(n). Hence, V(n)
is an open set and 7 is a nontrivial topology. Clearly, the set B = {U(n) |
Y €T, n € L} is a base for 7. Now, we prove that the operation — is
continuous. For this, assume w — o € Y(w — o). By (iii), there is W € I’
such that 20(20) C Y. Let A € W(w) and ¢ € W(o). Then A — w, w — A,
¢ - o and 0 - ¢ € 2. Thus, by Lemma 3.7 and Proposition 2.5(vii), we
have,

—»a)»((A=»)»(w—=0)>2A»0)>»(w—>0)>w—> A\

Since W e I' and w - A € 2, by (i), (( » o) » (A > () - (w - 0)) €
2. Also, by Proposition 2.5(ii),

(o< (A== (w—>0)) > (o).
Again, since 20 € T and ( - o € 20, by (i),
((A—»C)—»(w—»o’))—»((—»a)em

Thus, (A - ¢) - (w — o) € W(( — o) € W(W) C Y. This implies
(A= () » (w— o) € Y. Similarly, (w - o) - (A - () € U. Hence,
A — ¢ € U(w — o). Therefore, W(w) - W(o) C V(w — o), which implies
that the operation — is continuous. ]

Theorem 3.10. Consider T is a topology on £ and f : £3 — £2 is defined
by f(n,e,p) = (n — €, — p), for all n,e,p € £. If {1} is an open set and
f is continuous, then (£,7) is a topological L-algebra.
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Proof. Let n € £ and f,(e) = f(n,e,m) = (n — €,¢ - n). Since f is
continuous, f, is continuous. Now, since {1} is open, {1} x {1} is open in
£2. In addition,

L) ={eeg| frlo=1D}={ecL|(n—ee—n) =(1,1)}
={ececl|n—»e=le»n=1}={ecc L|e=n}
= {n}.

Hence, {n} is an open set and 7 is a discrete topology. Therefore, (£, 7) is
a topological L-algebra. ]

Theorem 3.11. Consider (£,—,T) is a semi-topological L-algebra. If {1}
is an open set, then (£,7) is a topological L-algebra.

Proof. Suppose {1} is an open set and w € £. Since (£,7) is a semi-
topological L-algebra and w — w = 1 € {1}, there is an open sets 4l such
that w € 4, w - U =1 and 4 - w = {1}, which implies 4 = {w}. Because,
forany 0 € 4, w » 0 = 1 and ¢ - w = 1, since £ is an L-algebra,
w = 0. Hence, 7 is a discrete topology on £, and so (£, 7) is a topological
L-algebra. O

Lemma 3.12. FEvery ideal of £ is upset.

Proof. Assume J € Z(£), w € J and ¢ € £ such that w < o. By (I1),
w—»o0=1€7. Since w € J, by (I3) we get 0 € J. Hence, J is upset. [

Proposition 3.13. Assume (£,—,7) is a topological L-algebra and J €
Z(L). Then:

(i) if 1 is an interior point of J, then J is an open set,

(i) if J is an open set, then J is closed,

(iii) of £ is connected, then £ has no open proper ideal.

Proof. Consider (£,—,7) is a topological L-algebra and J € Z(£).

(i) Suppose w € J. Since 1 is an interior point of J, there exists { € 7 such
that w » w =1 € U C J. Since the operation — is continuous, there exists
¥ € 7 such that w € U and UV — YV C J. Now, for all 0 € U, we have
w—>0€e€Y—»YVCT andsow — o €J. Since J € Z(£) and w € J, by
Lemma 3.12, ¢ € 3. Thus, ¢ € ¥ C J, which implies that J is an open set.
(ii) Let J be an open set. We prove that J is closed. For this, we show J¢
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is an open set. Consider w € J°. Then w ¢ J. Sincew »w=1€J e
and the operation — is continuous, there exists 4l € 7 such that w € 4 and
# — U C J. Now, we prove {4 C J¢. For this, assume UNT # (). Then
there is 0 € U N 7T such that ¢ - U C J. So, forall £ € U, 0 - £ € J.
Since J € Z(£), by (I2), £ € J, and so &4 C J. Thus, w € J, which is a
contradiction. Then UN7T = . Hence, w € U C J¢ shows that J¢ is an open
set, and so J is closed.

(iii) Suppose J is an open ideal of £. Then by (ii), J is closed. Since £ is
connected, we have £ = 7. O

A topological space £ is called totally disconnected, if every connected
subset X C £ is either empty or a singleton. A subset X of £ is called a
component subspace, if it is the maximal connected subspace (see [14, 15]).

Proposition 3.14. Consider (£, —,T) is a semi-topological L-algebra. Then
£ s totally disconnected iff every its connected subset containing 1 consists
jJust 1.

Proof. Suppose £ is totally disconnected and X C £ is a connected of 1. So,
X = {1}. Conversely, assume ‘B is a connected subset of £ and w € B. Then
1e (P - w)N(w—P). Since (£, —,7) is a semi-topological L-algebra
and P is connected, obviously, w — P and P — w are connected. By
assumption, P — w = {1} and w — P = {1} and so P = {w}. Therefore,
£ is totally disconnected. O

For an L-algebra, a binary relation ~ is a congruence relation on £ if it
is an equivalence relation such that for any w, o, & € £,

W oe (Ew)~(E>0) and W&~ (0 &),

Theorem 3.15. [17] Let (£,—,1) be an L-algebra. Then each J € I(L)
of £ defines a congruence relation on £, for any w,o € £, where

w~No &S w0, 0> wED.

Conwversely, every congruence relation ~ defines an ideal 3 = {w € £ |
wn~ 1},
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Since ~ is a congruence relation on £, assume £/7 = {[w] | w € £},
where [w] = {0 € £ | w ~ o}. Then the binary relation < on £/J defined
by:

w] < [o]iff w—>o0€T,

is a partial order on £/3. Thus (£/7,—,[1]) is an L-algebra, where for any
w,o0 € L, [1] =7 and [w] - [0] = [w — J].

Suppose £ is an L-algebra and J € Z(£). Clearly, £/7 is a quotient
L-algebra and 75 : £ — £/7 is a canonical epimorphism. Consider 7 is a
topology on £ and 4l is a subset of £/J. Then we say il is an open subset
of £/7 iff m;'(U) is an open subset of £. Now, if we consider 7 = {U C
£/3 | 731 (8) € 7}, then obviously, 7 is a topology on £/J. This topology
on £/7 is called the quotient topology induced by 7. Obviously, it is the
largest topology on £/J making 75 continuous.

Theorem 3.16. Let £ be an L-algebra and 3 € Z(£). If (£,7) is a
(semi)topological L-algebra and 73 is an open map, then (£/3,7) is a
(semi)topological L-algebra.

Proof. Assume (£,7) is a topological L-algebra, and [w] — [0] € U € T,
for [w], o] € £/3. Then [w — o] € Y. Since 75 is continuous, w —» o €
751 (W) € 7. Since (£,7) is a topological L-algebra, there exist £, 20 € 7
such that w € Y, 0 € Wand w - o € U — W C 75 (V). Since 7y is
an open map, 73() and 75(20) are in 7, [w] € w(), [0] € m3(2W) and
[w] = [o] € m3(U) — 75(20) C Y. Therefore, (£/7,7) is a (semi)topological
L-algebra. O

Proposition 3.17. Suppose (£,7) is a topological L-algebra and J € Z(L).
Then:

(i) 5 has a discrete topology iff J is open,
(i) of (£,7) is a compact topological L-algebra, then £/7 is a discrete finite
topological L-algebra iff J is open.

Proof. (i) Since £/7 has a discrete topology, every single set such as {[w]}
is open, for any w € £. Since 1 € £, {[1]} is open. Since {[1]} =T, J is
open.

Conversely, if J is an open set, then {[1]} is an open set, too. Since £/7
is an L-algebra, by Theorem 3.6, £/7 has a discrete topology.
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(ii) Suppose £ is compact. Since 7 is a continuous epimorphism, 7(£) = £/7
is compact. Consider J is open. Then by (i), £/J7 has a discrete topology
and so every singleton subset is open. In addition, since £/7 is compact, £/J
is equal to union of finite open subsets. Thus £/7 is finite. The converse,
by (i) is clear. O

Definition 3.18. [14, 15] Assume (X, 7) is a topological space and w € X.
A local basis at w is a set N of open neighborhoods of w such that for all
sl e 7 if w € U, then there exists U € N such that w € U C 4.

Lemma 3.19. Consider 3 € Z(£). If T is a topology on £ and T is the
quotient topology on £/3, then for each w € £, 71371(7r3 (w)) = w. In addition,
if 0 € T, then there exists $4 € T such that m5(U) = V.

Theorem 3.20. Suppose (£,7) is a semi-topological L-algebra and J €
Z(L). Then
B={r({d—w)|Uerlecilwe L}

is a local base of the space £/ at the point [w] € £/7, and the map 7w : £ —
£/73 is open.

Proof. Assume U € 7. Since 1 € 4, clearly w € { — w, for all w € £. Thus,
[w] € (U - w). Now, let [w] € £/7. Then there exists 20 € 7 such that
[w] € 2. Since W is open and 7 is continuous, we have w € 7~ 1(2) = MN.
On the other hand, by (L1), w =1 — w € M. Since — is continuous, there
exists {4 € 7 such that 1 € Y and w € Y - w C N. Thus, [w] € 7(U —
w) €M) = (7~ 1(W)) = W, and so 7 (74 - w)) C N. By Lemma
3.19, 77w (U - w)) = (U - w) € N. Thus, 7(4 - w) C W. Hence,
B is a local basis. By definition of quotient topology, and Lemma 3.19,
T(U = w) = [(U = w)] = Upegolo]. Since U, l0] is open in £ and 7
is continuous, we get w(4 — w) is open in 7. Therefore, 7 is open. O

Theorem 3.21. Assume £ is an L-algebra and Z is a family of ideals which
1s closed under intersections. Then there exists a topology T on £ such that
(£,7) is a topological L-algebra.

Proof. Define

T={UC L|Vwel, 37 € Z(L£) such that [w] C U}.
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For any w € £ and J € Z, clearly, [w] € 7, because if o € [w], then from
o € [o] we get that [o] = [w]. Obviously, 7 is a topology on £. We prove
that the operation — is continuous. For this, suppose w - o € U € 7.
Then for some J € Z, [w — o] C 4, and so [w] — [0] C 4. Since [w]
and [o] are two open neighborhoods of w and o, respectively, such that
[w] = [0] C [w — o] C U, we get — is continuous. Therefore, (£,7) is a
topological L-algebra. O

Theorem 3.22. Consider (£, —,T) is a topological L-algebra such that, for
any D #Uer,1eiandn¢ L. Suppose £, = LU {n}. Then there exists
a topology T, on £, such that (£,,7,;) is a topological L-algebra.

Proof. Define the operation ~ on £, as follows:

w—»o ifwocel
Ww~o=4¢ N fwekl og=n
1 itw=mn, cek,

At first, we prove that (£,,~+,1) is an L-algebra. For this, let w,0,§ € £,,.
We have the following cases:

(L1):

Case 1. f we £, thenw~~ww=w~1=1,and 1 ~» w=w.

Case 2. If w =7, then foranyoc € £,, 7~ o =1andsoifoc =noro =1,
thenn~»n=n~>1=1. Now, if w=1 and ¢ =7, then 1 ~» n = 5. Hence,
(L1) holds.

(L2): Let w,0,& € £,,. We have the following cases:

Case 1. If w,0,§ € £, then since (£,—,1) is an L-algebra, clearly (Ls)
holds.

Case 2. If w=nand 0,£ € £, then

l=1wl=(~0)~w (& =(0~n) (0~ =n~(0~E=1

Case 3. If 0 = n and w,& € £, then similar to Case 2, (L3) holds.
Case 4. If £ =n and w,0 € £, then

N=(w~0)wn=(w~ o)~ (w~n)

= (0w w) (o) = (0~ w)»n=n1
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Case 5. If w =0 =nand £ € £, then
L=n~&=1~ (n~ &) =(~mn) 0~ &= ~mn~ =1
Case 6. [f w=¢ =nand 0 € £, then
L=(n~0)~(~n)=(0~n)~(o~n =L
Case 7. If c =¢( =n and w € £, then
L=nw(w~wf=(@wn~w(@wE=0»w~ =1

Case 8. If w =0 = £ =1, then clearly (L2) holds.
Hence, in all above cases, (Lz) holds.
(L3): fw~ 0 =0~ w =1, for w,o0 € £, then we have the following
cases:
Case 1. If w, 0 € £, then since (£, —,1) is an L-algebra, clearly (Ls3) holds.
Case 2. Sincew ~» 0 =1, weget w =nand o € £,. Also, fromo ~ w =1,
we get 0 =1 and w € £,. Hence, w = 0 =n, and so (L3) holds.
Therefore, (£,,~+,1) is an L-algebra.

In addition, it is clear that,

T ={dU{n}[deriu{l},

is a topology on £,. Now, we show (£,,7,) is a topological L-algebra. For
this, we prove — is continuous. Let w ~» o € HU{n}. In the following cases,
we find two sets 2,20 € 7, such that w € U, 0 € W and YV ~ W C YU {n}.
Case 1. If w,0 € £, then w ~» 0 = w —» o € Y. Since —» is continuous,
there exist U, € 7 such that w € Y, c e Wand w - g € Y — W C 4l
If & € YU {n} and & € WU {n}, since, for any 4 € 7, 1 € 4, then
&1~ & e{& — &,n 1} CUU{n}. Hence, YU {n} ~ WU {n} C UU{n}.
Case 2. If w=nand o € £ thenw=n€ {n} emn, oecl, cn and
{n} ~ £, ={1} CUU{n}.

Case 3. If we Land o =1, thenw € £, € 1, c =n € {n} € 7, and
w0 €Ly —{ntC{nl}CUU{n}

Case 4. f w=0=n,thenw =0=n¢€ {n} € 7, and {n} ~ {n} = {1} €
YU {n}. Therefore, (£,,,) is a topological L-algebra. O

Theorem 3.23. For any n > 2 there exists a topological L-algebra of order
n.
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Proof. Suppose £ is an L-algebra of order n > 1. Clearly, 7 = {£,0} is a
topology on £, and so (£, 7) is a topological L-algebra. Now, suppose w ¢ £.
Define £, = £U{w}. Then by Theorem 3.22, there exists the operation —
and topology 7, on £, such that (£,,7,) is a topological L-algebra. Since
7w = {0,{w}, £,}, obviously, 7, is a non-trivial topology on £,,. O

Theorem 3.24. For any countable set £ such that 1 € £, there exists a
topological L-algebra on L.

Proof. Consider £ = {wy = 1,w;1, w2, -} as a countable subset and define
the operation — on £ as follows:

1 ifi>j .
wi—»wj—{wj if i< and w; <wj; iff w; - w; =1
Similar to the proof of Theorem 3.22, we can see that (£,—,1) is an L-
algebra. The set J, = {1,w1,--- ,wp} € Z(£), for any n > 1. Let B = {7, |
n > 1}. By Theorem 3.21, there is a non-trivial topology 7 on £ such that
(£,7) is a topological L-algebra. O

Theorem 3.25. Let (£,7) be a topological L-algebra and a be a cardinal
number. If | £ |< a, then there exists a topological L-algebra (B,4) such
that | B|> a, 1 e €U and £ is a sub-algebra of B.

Proof. Suppose
L={(®,--»,1,U) | (H,--+,1,U) is a topological L-algebra, £ C 9, and --+|e¢=—}.
The following relation is a partial order on I':

(H,-+1LU) < (R, 1L,V) & HC R Plg=-> UCV.

Assume ) = {(9;,--»;, 1, U;) | i € I} is a chain in I'. Put $ = [J;c;9
and U = ;e Ui If w,0 € $, since ) is a chain, then for some i € I,
w,o € 9;. Define w --» 0 = w --»; 0. We prove --+ is an operation on
$). Suppose w,o € H; U $H;. Since ) is a chain, H; C $H; or H; C H;.
Without the lost of generality, assume that $; C §;. Then --»;|q,=--2;.
So, w --+ 0 = w --+; 0. Thus, --» is an operation on ). Now, it is easy to
see that ($),--»,1) is an L-algebra, where --»+|¢=—».

On the other hand, since ) is a chain, U is a topology on . We show
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($9,--+,1,U) is a topological L-algebra. Assume w --» o € 4 € Y. Then
there exists an ¢ € I such that w --» 0 = w --3; 0 € Y € U;. Since --3;
is continuous in ($);,U;), there are U, 2W € 4; such that w € Y, 0 € W
and Y --+; 20 C Y. This proves that the operation --+ is continuous in
($H,U). Thus, ($H,--+,1,U) is an upper bound for » . By Zorn’s Lemma,
I’ has a maximal element. Suppose (B,~>,1,U) is a maximal element of
I'. We prove that | B |> «. If | B |< «, then for some non-empty set B,
| BUY |= a. Take n € P — B and put $ = BU {n}. Then by Theorem
3.22, $) with the following operations is an L-algebra:

w~o fweB, cebB
wN o= n ifwebB, o=n
1 ifo=n cen

The set D =U U {{a}} is a sub-base for a topology V on §). Similar to the
proof of Theorem 3.22, (£,V) is a topological L-algebra. But (£, ~,1,V)
is a member of I" that (B,~,1,U) < (£, ~,1,V), which is a contradiction.
Therefore, | B |> « and £ is a sub-algebra of 5. O

Theorem 3.26. If a is an infinite cardinal number, then there is a topo-
logical L-algebra of order «.

Proof. Suppose X is a set of cardinality o and 1 € X. Consider £ = {wg =
1,wy,wa, -} as a countable subset of X such that 0 ¢ £. Similar to Theo-
rem 3.24, define the operation — and < on £ as follows,

1 ifi>yg .
wi = w; = L= and  w; Swj iffwi —w; =1
(_/JJ le<]

Similar to the proof of Theorem 3.22, we can see that (£,—,1) is an L-
algebra. Then the set J,, = {1,w1, -+ ,wn} € Z(£), for any n > 1. Assume
B = {3, | n>1}. By Theorem 3.21, there is a non-trivial topology 7 on £
such that (£, 7) is a topological L-algebra. Now, define the binary operation
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~ on X as follows,

—» 0 fwel cget
o ifwel ¢t

1 ifwg g, oel

1 ifw,c¢g L, w=0
1 ifw,o¢ LU{l}, w#o
1 ifw=0, c¢ £U{0}
0 ifwe U0}, 0=0

W~~~ g =

Then similar to the proof of Theorem 3.22, we can see that (X,~»,0,1) is
a bounded L-algebra of order av and the set C' = 71U {{w} | w ¢ £} is a
sub-base for a topology U on X. Since {1} ¢ U, U is a non-trivial topology
on X. In the following cases we will show that (X,~»,U) is a topological
L-algebra. For this, consider w ~» o € 4. In the following cases, we find
two sets U, € U such that w € Y, o € 2T and T ~» W C Ll

Case 1. If w,o0 € £, then w ~» 0 = w —» o € 4 € 7. Since —» is
continuous in (£, 7), there are U, 2 € 7 containing w, o, respectively, such
that U — 9 C 4. Hence, Y ~» W C U, which implies ~» is continuous in
(X,U).

Case 2. If w e £and 0 ¢ £, then w ~ 0 = {o} C Y. Thus, £ and {0}
are two elements of U such that w € £, 0 € {0} and w ~» 0 = {0}, and so
L {o} ={o} CL

Case 3. If w ¢ £ and 0 € £, then w ~» 0 = {1} C Y. Now, {w} and £,
both, belong to U and w € {w}, 0 € £ and {w} ~» £ = {1} C 4L

Case 4. If w,0 ¢ £ and w = o, then w ~» 0 = {1} C Y. Then {w} is an
open set in U which contains w and {w} ~ {w} = {1} C 4L

Case 5. If w,0 ¢ LU{0} and w # o, then w ~» ¢ = {1} C . Then
{w} and {o} are two open sets in U which contains w, o, respectively, and
fwl—{o} = {1} C it

Case 6. If w = 0 and 0 ¢ £U {0}, then w ~ o = {1} C 4. Then
{0} and {o} are two open sets in ¢/ which contains w, o, respectively, and
fw} - {o} = {1} C .

Case 7. If w ¢ £U {0} and 0 = 0, then w ~» ¢ = {0} C 4. Then
{w} and {0} are two open sets in & which contains w, o, respectively, and
fw} = {o} = {0} C 1t

These cases prove (X,~+,U) is a topological L-algebra. Therefore, there is
a topological L-algebra of order a. O
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Theorem 3.27. Assume (£,7) is a topological L-algebra and 4 is an open
neighborhood of 1. If for any w € £, I — w is an open neighborhood of w,
then (£,7) is a Typ-space.

Proof. Consider w,o € £ and w #¢0. Then y{ » w e rTand U - o € 7. If
weU—»ogand o € U — w. Since 1 € I, we have w € 1 - 0 C U — 0,
and so w € {o}. Similarity, o € {w}, and so w = o in both cases, which is
a contradiction. Therefore, (£, 7) is a Tp-space. O

Theorem 3.28. Let (£,—,7) be a topological L-algebra. Then (£,—,T) is
a Ty-space iff for any 1 # w € £, there exists U € T such that w € U and
1¢ sl

Proof. Consider w,0 € £ and w # 0. Thenw —» 0 # 1l or 0 - w # 1.
Without the lost of generality, suppose w — o # 1. Then there exists i € 7
such that w — o € Y and 1 ¢ 4. By assumption, since — is continuous,
there are 20,20 € 7 such that w € U, 0 € W and Y — W C . If w € 27,
then 1 = w - w € Y — W C 4, which is a contradiction. So, w ¢ 2.
Hence, (£, —,7) is a Ty-space. The proof of converse is clear. O

Corollary 3.29. If « is an infinite cardinal number, then there is a Tj
topological L-algebra of order a, which it’s topology is non-trivial.

Proof. Assume (£,—,7) and (X,~>,U) are two topological L-algebras in
Theorem 3.26. Clearly, U is non-trivial. Let w € X — {1}. If w € £, then
for some n > 1, w ¢ J,. Hence, w € [w]3, € U and 1 ¢ [w]5,. f w ¢ £,
then w € {w} € U and 1 ¢ {w}. Now, by Theorem 3.28, (X,~+,U) is a Ty
topological L-algebra of order a. O

Theorem 3.30. Let (£,—,7) be a topological L-algebra. Then (£,7) is a
T1-space iff it is a Ty-space.

Proof. Consider (£,7) is a Tp-space and w # o. Then w — o # 1 or
o — w # 1. Without the lost of generality, suppose w — o # 1. Then
there exists 4 € 7 such that w - 0 € $and 1 ¢ Y or w — o ¢ Y and
1 € 4. First assume w — o € Y and 1 ¢ 4. Since — is continuous, there
are U, € 7 such that w € Y, 0 € W and LV — W C U. If w € 2, then
l=w—>weY —>» W C YU, which is a contradiction. Similarly, o ¢ 2.
Now, if 1 €  and w — o ¢ 4, then since 1 = w - w =0 - o € 4,
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there are 91,901 € 7 such that w € 9 and o € M such that N — N C U
and M —» M C U If o € M, then w —» o € N —» N C U, which is a
contradiction. Similarly, w ¢ 9. Therefore, (£, 7) is a T1-space. The proof
of converse is clear. O

Corollary 3.31. If « is an infinite cardinal number, then there is a T
topological L-algebra of order o which it’s topology is non-trivial.

Proof. By Corollary 3.29 and Theorem 3.30, the proof is clear. O

Theorem 3.32. Suppose (£,—»,7) is a topological L-algebra. Then the
following statements are equivalent:

(i) (£,—,7) is Hausdorff.

(ii) {1} is closed.

(iii) for any 1 # w € £, there exist two open sets 4 and UV of 1 and w,
respectively, such that 4L NY = (.

(iv) (£,—,7) is a Ti-space.

Proof. (i = 1ii) Since £ is Hausdorff, obviously, {1} is closed.

(ii = iii) Let {1} be closed and w # 1. Then 1 » w =w € £— {1} € 7.
Since —» is continuous, there exist two open neighborhoods { and U of 1
and w, respectively, such that & — U C £ — {1}. If £ € UN Y, then
1=¢—>¢ed » U C L— {1}, which is a contradiction. Therefore,
UNY =90.

(iii = iv) Assume w,0 € £ and w # 0. Then w - o # 1l or 0 - w # 1.
Without the lost of generality, suppose w — o # 1. By (iii), there exist
two disjoint open sets 4 and U which contain w — ¢ and 1, respectively.
Since —» is continuous, there are M, 9 € 7 such that w € N, 0 € M and
N >MCU IfweMthenl =w > w e N —» M C U which is a
contradiction. So, w ¢ M. Similarly, o ¢ N. Hence, (£, —, 7) is a Ti-space.
(iv = 1) Consider w,0 € £ and w # 0. Then w - 0 # 1l or 0 - w # 1.
Without the lost of generality, suppose w — ¢ # 1. Since 7 is a T}-space,
there exist two open neighborhoods 4l and U of w — ¢ and 1, respectively,
such that 1 ¢ Y and w — o ¢ Y. Since — is continuous, there exist
N, M € 7 such that w € N, 0 € M and N — M C U. If £ € NN, then
1 =¢ — £ € 4, which is a contradiction, and so 91 N9 = (). By the similar
way, other case is clear. Therefore, (£, —,7) is Hausdorff. O
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Corollary 3.33. If a is an infinite cardinal number, then there is a Haus-
dorff topological L-algebra of order o, which it’s topology is non-trivial.

Proof. By Corollary 3.31 and Theorem 4.2, the proof is clear. O

Suppose £ is an L-algebra and J is a proper ideal of £. Define > =
{LeZ(L)| 3T € Z(L) such that T C U} and [ : > < Z(£/T) is a map
such that f(U) = 4, for all € >_. Clearly, f is a one to one corresponding
among . and Z(£/7).

Proposition 3.34. Consider (£,—,7) is a topological L-algebra, 3 € Z(£)
and T is a quotient topology on £/3. If w3 : £ <— £/7 is an open map, then
(i) J is open iff (£/3,7) is discrete.

(i) J is closed iff (£/3,—,7) is Hausdorff.

Proof. (i) Suppose J is open. Since 73 : £ < £/7 is an open map, the set
m3(3) = [1] belongs to 7. Since (£/J,—,7) is a topological L-algebra, by
Theorem 3.20, (£/7,7) is discrete. Conversely, suppose (£/J,7) is discrete.
Then [1] is an open set. Since 7y : £ < £/7 is continuous, J = 73~ 1([1]) € 7.
(i) (=) By assumption, J is closed, then J¢ is open. Thus, for any w,o € £,
if w » o € J° then there are two open neighborhoods i and U of w
and o, respectively, such that 4 — U C J¢ because — is continuous.
Also, since 7 is open, so 7(4) and 7(U) are two open neighborhoods of [w]
and [o], respectively, such that w(U) — 7(Y) C 7w — V) C «(3°). If
[€] € () N7 (W), then [1] = [¢] — [£] € m(U) — w1 (V) C 7(T°), which is a
contradiction. Therefore, (£/J3, —,7) is Hausdorff.

(<) Since £/7 is Hausdorff, the set {[1]} is closed in £/7, and so J =
771([1]) is closed in £. O

4  Conclusions and future works

In this article, the concept of (semi)topological L-algebras is introduces and
some related results are approved. Then the conditions that imply an L-
algebra be a semitopological or a topological L-algebra is investigated and
some properties of them are studied. Specially, it is shown that if (£, —, 7)
is a semitopological L-algebra and {1} is an open set or £ is bounded and
satisfies the double negation property, then (£, 7) is a topological L-algebra.
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Finally, a discrete topology on quotient L-algebra, under suitable conditions,
is constructed.
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