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Abstract. The Cauchy problem for the loaded modified Korteweg-de Vries equation in the class of
"rapidly decreasing" functions is considered in this paper. The main result of this work is a theorem on
the evolution of the scattering data of the Dirac operator. Potential of the operator is the solution to the
loaded modified Korteweg-de Vries equation. The obtained equalities allow one to apply the method of
the inverse scattering transform to solve the Cauchy problem for the loaded modified Korteweg-de Vries
equation.
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Introduction

The study of non-linear waves in the viscoelastic tube is of interest, since system of such tubes
is a model of the vessels of the blood circulatory system. Understanding the wave processes in
the blood circulatory system can help predict the development of diseases [5].

In arterial mechanics, a widely used model assumes that artery is a thin-walled pre-stressed
elastic tube with a variable radius (or with a stenosis) and blood is considered as an ideal fluid [3].
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The governing equation that models weakly non-linear waves in such fluid-filled elastic tubes is
the modified Korteweg—de Vries equation

Uy — 6uUy + Upgy — h(t)uy = 0,

where t is a scaled coordinate along the axis of the vessel after static deformation characterizing
axisymmetric stenosis on the surface of the arterial wall; x is a variable that depends on time
and coordinates along the axis of the vessel; h(t) is a form of stenosis and u(z,t) characterizes
the average axial velocity of the fluid.

Let us assume that form of stenosis h(¢) is proportional to «(0,¢) and consider the following
loaded modified Korteweg-de Vries equation

wp — 6u Uy + Upps — ~F(t)u(0,t)u, =0, (1)

where u = u(z, t) is unknown real value function (z € R, t > 0), and v(t) is arbitrary continuous
function. Equation (1) is considered with initial condition

uly—g = uo(x), (2)
where real value function ug(z) has the following properties:

1._}0 (I + |z]) Juo(z)] dx < oo.

1 — ()
2. The equation L(0)y = dx d ( u ) = §< o >, x € R' has N simple
U i Y2 Y2
0
dx
eigenvalues and it does not have spectral singularities.

Let us assume that function wu(z,t) is sufficiently smooth, tends to its limit rapidly enough
when = — + oo, and it satisfies the condition

3

| <<1+|m|>u<x,t>|+z

j=1

D u(z,t)
ozl

Ddaz < oo, t20. (3)

Note that completed integrability of the modified Korteweg-de Vries (mKdV) equation was
established in the class of "rapidly decreasing" functions using the method of the inverse scatter-
ing problem [11]. The evolution equations for non-linear waves which differ by small terms from
equations soluble by the inverse scattering method (KdV, NSE, mKdV) were considered [4]. A
perturbation theory scheme was formulated. It is based on the inverse scattering method. The
term "loaded equation" was introduced by A.M. Nakhushev [7]. The most general definition
of a loaded equation was given and various loaded equations were classified in detail. Loaded
differential equations, the loaded part of which contains only the value of the desired solution at
fixed points of the domain were considered [2,9,12].

The goal of this paper is to study the integration of the loaded mKdV equation in the class
of "rapidly decreasing" functions in terms of inverse scattering problem.

1. Uniqueness of the solution

In this part we use the method given in [6].

Theorem 1. If problem (1)—(2) has solution then it is unique.
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Proof. Let v(z,t) be another solution of (1)—(2). Let us introduce w(z,t) = (u(x,t) — v(x,t))s.
Then we obtain

wy = 6[(u —v)(uz +v3) + (u+v)(ug + v, )w]+
+3[(u — v)(u 4+ 0) (U + V) e + (U2 + V) Wwe] — Wepet (4)
1 ((0,8) 4 000,y + ((0.2) ~ 0(0. 1)+ )

Multiplying (4) by w and integrating with respect to x over (—o0, c0), we have

1 d oo oo o0
% widr = 6/ (u —v)(u2 + v2)wdz + 6/ (u + v) (ug + v )w?da+

—0o0 — 00

oo o0

(u? + v w,wdr — / Wapgwdz+  (5)

— 00

+3/ ‘f’oo(u—v)(u+v)(u+v)mwdx+3/

— 00

10000, - 00,0) [ (et vpede + D00, 400,0) [ wwar

2 —o0 —oo

Let us denote max(u2 + v2) by m, max |(u + v)(uz + vz)| by n, max|(u + v)(u + v)z| by k,
max |(u® + v?),| by I, max [u(0,t) + ’U(O t)| by p and max |(u + v).| by ¢. Using the Cauchy—
Schwarz inequality we obtain from (5) the following inequality

i w?dz < 6m / u—v)2dz / w2dx + Gn/ w?dz+
2dt
o 9 o0 9 3l e 2 1 > 2
+3k (u — fu) dx w3dxr + +§ wdx + 5 (wx)xdx+
+7qu2(t) max |u — v| W—i——!—vg)p\// wazadx\// w?dz.

Here it was taken into account that w and its derivatives tend to zero as x — =+ oco. There are
constants my, k1 > 0 such that [§]

o 0 o
/(u—v)2da:<m1 / (u—wv)ide,  max|u—v| <k / (u —v)3dz.

Then we derive

d oo oo o0 oo
Tdt/ w?dx < 6mm1\// wzdx\// wzdx+6n/ w?dz+
+3kmq w2dx w2dz + ) wdxr+

k t oo oo
+q 1;( )\// dex\// w2dzx.

Let us denote [ w?dz by E(t) and (12mm; + 12n + 6kmy + 31 + gk17(t)) by C(t),

— 00
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This differential inequality yields

t
E(t) < E(0) exp/ C(s)ds,
0
which implies that if £(0) = 0 then E(t) = 0 and thereby

w(z,t) = (u(z,t) —v(z,t), =0

u(z,t) —v(z,t) = C.

Assuming ¢t = 0, we obtain C' = 0. Theorem 1 is proved. a

2. Scattering problem

Let us consider the following system of equation

. d
i— U
Lv = dx d (1)1):5(?)1)7 —00 < & < 00, (6)
- (%) v

2

with real value function u(z) that satisfies the condition of "rapid decrease"

/oo (1+ |2]) |u(2)] dz < . (1)

—o00
ko3 >k sk ok ok ok sk ok skook sk sk skok sk sk ok skosk skosk skook sk ok sksk sk skosk skosk skook skskoskok sk sk sk skosk skok skok skok sk skoskoskosk sksk skok skokoskokoskokoskoskskkskk The present

section contains well known information on the direct and inverse scattering problem for prob-
lem (6)—(7) that is required for further consideration [1]. Condition (7) implies that system of
equation (6) has the Jost solutions ¢(x,&) and 1 (x, &) with asymptotic relations

w~(é>%ﬂ4&%
¢~<2)wwa»

v (1) extica)
i~y ) espi-iso)

as T — —oo, (8)

as x — oo. (9)

For real &, pairs {¢, ¢} and {1#715} are pairs of linearly independent solutions of equation (6).

Therefore, .
f:a(if)iﬂb(f)%/fl (10)
@ = —a(§) +b(&).
The following equality holds
a(§) = WH{p, ¥} = p1ha — path (11)
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and for all real £
a(§)a(§) + b(§)b(§) = 1.
Function a(k) admits analytic continuation into the upper half-plane Imk > 0. In Imk > 0

1
function «a(k) has asymptotic behavior a(§) = 14 O ( . Function a(k) can have a finite

)

number of zeroes &, k= 1,2,..., N in the upper half-plane Imk > 0. Zeros & of function
a(k) correspond to the eigenvalues of operator L in the upper half-plane. Let us note that
operator L can have spectral singularities which are in the continuous spectrum.

We suppose that operator L does not have spectral singularities and zeros of function a(k)

are simple:

cp(x,fk) ZC/C’(/J(SC,Ek), k=1,2,...,N. (12)
The set {r"’(ﬁ) = 2((2 £, Cr, k=1,2,3,... ,N} is called scattering data for system of equa-
tions (6).

The following representation for the solution ¥ (z, &) is valid

= ( (1) )eigx_’_/:oK (z,5) e *ds, (13)

K (z,s)
K2 (.13, S)
function u(z) as follows

where K (z,s) = ( ) does not depend on variable £ and it is related to the potential

u(z) = 20K (z,x) . (14)

The components of kernel K(z,y) for y > z are solutions of the following Gelfand-Levitan-
Marchenko (GLM) system of equation

Ky(z,y) + / Ki(z,s)F(s+y)ds =0,

(15)
—-Ki(z,y)+ F(x+y)+ / Ko(z,s)F(s+y)ds =0,
1 [ b(¢
where F(z) = o~ / aE e de — Z Cjeii,
3. Evolution of scattering data
It is easy to verify that functions
hn(z) = = pn=1,2,3,....N (16)

a(én)

are solutions of the system of equations Ly = &,y. Using (11) for Im& > 0, we define the
following asymptotic relations

v a(@) (] )ewlise) as 2o -,
o ~ a(®) ( (1) )exp(—i{x) s T — 0.

- 178 —



M. Feckan, G. Urazboev, 1. Baltaeva Inverse Scattering and loaded modified Korteweg-de. ..

Using these asymptotic relations, we obtain asymptotic relations for solutions h,(z)

hon () ~ C’n( (1) )exp(ifnx) as x — —00,

(17)
0 ,
hn(z) ~ ( ) ) exp(—i&,x) as x — oo,
and
W A{on, hn} = ©n1hn2 — on2hn1 = —Cp, n=1,2,3,...,N,
where ¢, = @(xagn)
Let function u(z,t) in (6) be a solution of the mKdV equation
Ut — 6u2u7; + Uggr = G(l‘, t), (18)

where function G(z,t) is sufficiently smooth and G(z,t) = o(1) when x — %00, t > 0. Equation
(18) is considered with initial condition (2). According to [10], the following Theorem is valid.

Theorem 2. If function u(xz,t) is a solution of equation (18) in the class of functions (3) then
the scattering data of system (6) with function u(x,t) depend on t as follows

drt I A 2 2
. =87 r" — 2 G(p1 +p3)dz, Tm& =0,
acy, T e
ar = (8152 - Z/ G (hp1¥n1 + hn2tin2) dI) Ch,
it [ Gk + vho)de
ditn:ﬂ)o , n=1,2, ..., N.

2 [ pnipnade
— 00

Here ¢, (x,t) are normalized eigenfunctions which correspond to the eigenvalue &, of system
of equations (6).
Let us apply the result of Theorem 2 when

G(z,t) = v(t)u(0, t)uy.
According to Theorem 2, we have the following representation

drt , iv(t)u(0,t) [
— =8t — 7/

dt 2 Uy (P2 + 3)dz, Imk = 0.

—00
By virtue of system of equations (6) and asymptotic relations (9), we have

/Oo ux (9 + 05)dz = =2 /jo [w/u (iwéx + 6@2) + 0oq (—w;z + 5@1)] dx =

_ / " (1 - 0)d = —2€ a(€)D(E).

Consequently, for Im & = 0 we obtain

drt

—r = (8i€° +2i€y(H)u(0,1)) r*. (19)
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From relations

oo

R

., n=1,23,...,N,

dt x

2 f @nl@nQd‘T

and
/ U (Phy + Pig)da == —2/ [Pt (i0ha + Enpn2) + Pha (—igny + Enpni)] de =
= _2§n (@nl . (pn2) ‘iooo = 07

we have

% =0 n=12,3 N (20)

dt - b - b b) PR ) .

Using system of equations (6) and asymptotic relations (17), we have

o0

/m%mmm+mwmm:f&/

((hntbnz), + (haztom), | do = .
Taking into account the last expression, we obtain
ac,
dt

Considering relations (19), (20) and (21), we arrive to the following theorem.

= (8i&3 +iv(Hu(0,1)&,) Cry m=1,2,3,...,N. (21)

Theorem 3. If function u(xz,t) is a solution of problem (1)—(3) then the scattering data of
system of equations (6) with function u(x,t) depend on t as follows

+
dst = (8i§3 + 2 'y(t)u(O,t)) rt for Imé =0,
dcC, . .
e (8i&, + in(H)u(0,4)E,) Cn,
%:0, n=1,23,. ... N.

The obtained relations completely determine the evolution of the scattering data for system
of equations (6). It allows us to find the solution of problem (1)—(3) by using the method of
inverse scattering problem.

Example. Let us consider the following Cauchy problem:

up — 6u Uy + Uppe — y(#)u(0,t)u, =0,

2
sh 2z’

U \t:o =

where () = = sh(—8t + arcsht).

A4/t t
To find the general solution of this problem we use the method of inverse scattering problem.

First of all, let us find a solution of the direct problem for the following system of equations
1 d U
- 0
uy —i— Y2 Y2
dx
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In this case, we have the following scattering data
rT(0)=0, N=1, £0)=i, C;=2.
According to Theorem 3, we find the evolution of scattering data depending on ¢ :
rT(& ) =0, &(t) =1, Ci(t) =2exp d(t),
where
5(t) = 8t — /0 (0, 7).

Then using this scattering data, we find a solution of inverse scattering problem . Solving the
GLM system of equations with F'(z) = —2iexp (—z + J(t)), we obtain

_ 2iexp(—z —y +4(t))
1 —exp(—4z +26(t))

Kl(xay) =

Applying equality (14), we obtain
2

u(z,t) = - .
sh(2z — 8t + [~(7)u(0, 7)dr)
0

t
Putting z = 0 and introducing f(¢) = [ v(7)u(0, 7)dz, we obtain the following Cauchy problem
0

r 2
A1) ~ sh(f(D) —80)’
f(0) =0

Solving this problem with () = — sh(—8t + arcsht), we have

1
41+ t?
f(t) = arcsht.

As a result, the solution of problem under consideration is expressed as follows

2
sh(2z — 8t + arcsht)

u(z,t) =

It is well known that solution of the modified Korteweg-de Vries equation
Up — 6u2um + Ugge =0,

that satisfies the same initial condition has the form

2

u(z,t) = 2z =8

The difference between solutions of the loaded modified Korteweg-de Vries equation and the
modified Korteweg-de Vries equation is shown in Fig. 1.
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Fig. 1

Conclusion

The method of inverse scattering problem can be used to obtain solutions of the Cauchy
problem for the loaded modified Korteweg-de Vries equations in the class of "rapidly decreasing"
functions. Function u(0,t) that appears in equations of Theorem 3 is unknown in contrast to
function u(x,0). If the scattering data is used to find potential u(x,t) then function (0,?) is
included in the solution. Therefore, we have a functional equation relating w(z,t) to u(z,0)
which is reduced to the Cauchy problem for an ordinary differential equation of the first order.
For some v(t) the Cauchy problem for ODE can be solved exactly and we obtain a solution of
the Cauchy problem for the loaded mKdV equation.
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Meton obpaTHOIl 3a/laun paccestHUSA N Harpy2keHHoe
MoaudunmpoBanHoe ypaBHenue KopreBera-ge @pusa

Muxan ®PeykaH

Maremarudeckuit uacturyt CroBalkoil akajgeMun HayK

Bparucnasa, CiioBakust

laiipat ¥Ypa3b6oeB

Vprendckuii rocy1apCTBEHHbBIN YHUBEPCUTET

Ypreuu, Y3bekucran

MucruryT MmaremaTnkun Xope3McKoro otjesieHust AkajiemMun Hayk Y30eKucraHa
Ypreud, Y3bekucran

Wpona Banraesa

VPpresyuckuii rocyJapCTBEHHBIA YHUBEPCUTET
Yprenu, Y36ekucraH

Xopeamckas Axagemuss Mamyna
XopesMckasi 001acTh, XuBa, ¥Y30eKUCTaH

Amnnoranusi. B nannoit ctarbe Mbl paccmaTpuBaeM 3aa4dy Kormmu j1st HarpyKeHHOTO MOAUMUITITPOBAH-
Horo ypasHenusi Kopresera-ne @pusa B kKiacce «ObicTpoyObIBatonmux» GpyHKnuit. OCHOBHOI pesyabrar
HaCTOsAIIENH PabOThI MTpeICTaBIsIeT OO0 TeopeMy 00 SBOJIIONNK JAHHBIX paccesiHust oneparopa /lupaka,
MIOTEHINAJ KOTOPOTO SIBJISIETCS PEIIEHNEM HArPYyKEHHOT0 MOAMMpUIIMpoBaHHOTO ypaBuenust Kopresera-me
®pusa. [losyuennbie paBeHCTBa O3BOJIAIOT IPUMEHUTH METOJ 06pAaTHON 3a/[a4U PACCEsIHUS JIJIsl Pellle-
Hus 3aa9u Ko Jiy1st Harpy»keHHOro MoauduIimpoBanHoro ypasuennsi Kopresera-ne @pusa.

KuroueBrble cjioBa: HarpykenHoe moaundunupoBantoe ypasaeane Kad, meron obpaTHoil 3aja4un pac-
cestanst, "ObicTpoyObIBatonme" (PyHKIMU, COTUTOHHOE PEIIEHUE, SBOJIONUS JAHHBIX PACCEHUSI.

- 183 —



