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An interpolation of the generalized duality formula for the Schur multiple
zeta values to complex functions

Maki Nakasuji, Yasuo Ohno, and Wataru Takeda

ABSTRACT. One of the important research subjects in the study of multiple zeta
functions is to clarify the linear relations and functional equations among them. The
Schur multiple zeta functions are a generalization of the multiple zeta functions of
Euler-Zagier type. Among many relations, the duality formula and its generalization
are important families for both Euler-Zagier type and Schur type multiple zeta values.
In this paper, following the method of previous works for multiple zeta values of Euler-
Zagier type, we give an interpolation of the sums in the generalized duality formula,
called Ohno relation, for Schur multiple zeta values. Moreover, we prove that the
Ohno relation for Schur multiple zeta values is valid for complex numbers.

1. INTRODUCTION

For positive integers r, k1, ko, . . ., k. with k., > 2, a multiple zeta value of Euler-Zagier
type is defined by
1
Clkyy .. k) = —
1<n1<z---<nr nll o n]:r

where the summation runs over all the size r sets of ordered positive integers. One
can confirm that the above series converges for r-tuples (k1, ..., k,) of positive integers
with k. > 2. These r-tuples (ki, ..., k,) are called admissible. Many Q-linear relations
among multiple zeta values are known. Especially, the duality formula and its general-
ization are important relations. To state the generalized duality formula, we denote a

string 1,...,1 of I’s by {1}". Then, for an admissible index
——
(1.1) k= ({1} o+ 1, {12 b+ 1, {1y b, + 1)
with aq,01,a0,ba,- - , G, by, € Z>1, the following index is called a dual index of k:

k' = ({1} ap + 1, {1}y, + 1, {1 ey + 1),

The generalized duality formula, called Ohno relation in some literatures, can then be
described as follows:
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Theorem 1.2 (The generalized duality formula. [OL|). For any ¢ € Z>, and any
admissible index k = (ky, ..., k), and its dual index kT = (k.. ... kD),

(1.3) > ke kete) = Y (R +e, B+,
e1+-Fer=~L el tFel=t
€20 el>0

In Theorem [[L2] when ¢ = 0, we obtain the duality formula for multiple zeta values
of Euler-Zagier type. We may write the left-hand side of (L3) as O(k : ¢) and call
O-sum, then ([[L3]) can be written as

(1.4) Ok: ) =0k : 0).

In [NOJ, the authors generalized Theorem [[.2] to the Schur multiple zeta values under
some conditions. In the following, we review their setup:

For any partition A, i.e., a non-increasing sequence (A, ..., \,) of positive integers,
we associate the Young diagram Dy = {(i,7) € Z* | 1 < i < n,1 < j < \;} depicted
as a collection of square boxes with the ¢-th row having \; boxes. For a partition A, a
Young tableau T' = (¢;;) of shape A over a set X is obtained by filling the boxes of D,
with ¢;; € X. We denote by T3 (X) the set of all Young tableaux of shape A over X and
denote by SSYT) the set of semi-standard Young tableaux (¢;;) € T)\(N) which satisfies
the condition of weakly increasing from left to right in each row ¢, and strictly increasing
from top to bottom in each column j. Let A = (Ay,..., A.) and p = (uq, ..., is) be two
partitions such that \; > pu; for all ¢ and r > s, and let § = A/u be a partition of skew
shape. Then we define Dy = Dy \ D,, and sets of their fillings 75(X), SSYT5 in the
same way as above. Then, for a given set k = (k;;) € T5(Z) of a tableau index, Schur
multiple zeta values of shape 0 are defined as

1
C(S(k) = Z W?
MeSSYTs
where M* = H mf;j for M = (my;) € SSYTs. The function (s(k) absolutely

(Zvj)eD5
converges in
k;: > 1 for all (Z j) S D5\C§
Ws =<k = (k) eT5(Z) | " ’
’ { (kij) € 5()’kij22forall(i,j)€(]5 ’

where Cj is the set of all corners of §. Here, we say that (i,5) € Ds is a corner
of 0 if (1 +1,7) ¢ Ds and (i,j + 1) ¢ Ds; for example, if § = (4,3,3,2) \ (3,2,1),
Cs ={(1,4),(3,3),(4,2)}. In this article, we assume that all tableau indices of (5 are
elements of W;. Nakasuji and Ohno [NOJ defined a tableau which is “dual” to k € T5(Z).
First, we denote a finer piece of index {1}*7',b+ 1 as A(a,b) and call it an admissible
piece. Then, if we write A; = A(a;, b;) and AI = A(b;, a;), the above admissible index
k and its dual k' can be written in terms of admissible pieces:

k = (A(al, bl), A(CLQ, bg), e ,A(am, bm)) = (Al, AQ, ey Am)
and
k' = (A(bm, am), A(by—1, Gm1), - - -, Alby,a1)) = (Af AT 0. AD).

m—1>
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We now write k € T5(7Z) as
(1.5) k=k kS,

where k;‘ﬂ is the j-th column tableau of k. For example, when A = (3,2,1) and

k11| k12|k1s
k =|ko|kao|
k31
k11
k .
then k' = |kyy| k5 = k12 and k5 = |ki3| Let T(;dlag(Z) =1{k € 5(2) | ki =
22
k31

kpq if 5 —i=q—p}. Let IP be the set of elements in Téd "8(7)) consisting of admissible
pieces such that the right side of the top element in each column is not 1. For k € I,
in terms of admissible pieces, the row that has the topmost component is identified as
the first row. In terms of admissible pieces, we can write as A;; the component in the
i-th row and j-th column. Note that the component in the upper-right corner in the
J-th row is Ay; and that A;; = Ay if j —i = ¢ — k when they are not empty. Further,
we note that, in terms of tableau, the top element in A;; and the bottom element in
Aj(j+1) are located side by side.

Let § = A\/u be a partition of skew shape. For k = (k;;) € W5(Zs1), € = (g45) €
T5(Z>o), and ¢ € Z>, we denote by

Ok:0)=> Glk+e),
le|=¢
where k +& = (kij + &) and [e] = 32 ;cp, €1y For k;‘)l € ](Lfn) (r < j < j)'s, we
define
Ok - k)= > Ok r)- O : 4y).

G+l b=t

Theorem 1.6 ([NO|). Let A and p be partitions and let § = \/u. If k' is the dual
tableau of k € I} and ¢ € Zxq, we have

(1.7) Ok : ) =0k :0).

We may regard (L) as a generalization of (L4]). Identities (L4) and (L7)) are based
on the addition of positive integers. On the other hand, in [HMO]|, Hirose, Murahara
and Onozuka gave an interpolation of (L4)) to complex functions. For an admissible
index k = (k1,...,k,) and s € C with R(s) > —1, they defined the function Ix(s),
called Ohno function in [KO|, by

(1.8) he(s) = Z Z % ' %H njn—j n;
g '

o omkr
i=1 0<n1<--<n, ny ny




In [HMO) Lemma 2.2], it is proved that if s is a non-negative integer m € Z, the
function I(s) is the same as O-sum, that is,

Ik(m): Z C(k1+€1,...,]€r+c€¢)

g1+t+er=m
€i>0(1<i<r)

= Ok :m).

Thus, by Theorem [[L2] we have I),(m) = I (m). More generally, they gave an interpo-
lation of the Ohno relation to complex numbers.

Theorem 1.9 (JHMO]). For an admissible index k and s € C, we have
LI(s) = I (s).

Subsequently, Kamano and Onozuka introduced two kinds of integral representations

of (L.8):

Theorem 1.10 (|[KQO|). For any admissible index k represented as (LLI)) and s € C
with £(s) > —1, we have

1
(a1 = Doy = D!+ (am — Dby — 1IT(s + 1)

X/ dty - - dto, (1 to - tom )s
og ————
<ty < <t2m<1 —t)ta (1 = tam—1)tom b toma

-1 t3 b1—1 1 _ t2m_1 am—1 1 bm_l
X lOg 10 g s log ﬁ lOg ; .

Theorem 1.11 (JKQJ). For any admissible index k = (ky,...,k,) and s € C with
maxi<j<,{r—2j+2—(kj+---+k)} <R(s) <0, we have

sin(7s) 1 o w1
Tu(s) = — S dw.
(s) us Z ki1, Y /0 (w+ng)---(w+n,) v

0<ny < <nyp nl

]k(S)

In this paper, we generalize the integral representation given in Theorem [L.I1l to the
Schur multiple zeta values. In other words, we consider the function

R VN | ) e | el

(nw)ESSYTA/M (Z ])EDA/M i] (ivj)EDA/u

in Section 2] and show that this function actually interpolates O-sum for the Schur
multiple zeta values in Section [3l Moreover, we prove

Theorem 1.12 (Theorem B.6). Let A and u be partitions. Put 6 = \/pu and k € IP
and let k' be the dual tableau of k, for s € C we have

Ii(s) = L+ (s).
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2. INTEGRAL REPRESENTATION AND SERIES EXPANSION

In this section, we make preparations for constructing the function Ir(s) for Schur
multiple zeta values. As in introduction, taking Theorem [L.I1] into account, proved by
Kamano and Onozuka [KOL Theorem 1.6], we can expect that Ix(s) can be defined as
follows:

[k(s) _ _Sil’lg:'S) Z H # /OOO w_s_l H 1 dw.

(nlJ)eSSYTX/M (Zvj)EDA/u ) (Z,])ED)\/M

We first prove the following lemma for the calculation of this integral:

Lemma 2.1. For any positive integers r,n and s € C with —r < R(s) < 0,

0 sl T 1 = s+r—V
Y = .
/0 (w—+n)r v sin(ms) ns+r g r—1{

Proof. Changing the variable by w = nv leads to

o] ,w—s—l [e’e) U—s—l 1
= _dw=n""" dv = ——B(—
/0 W)y w=n /0 CES v — (—=s,s+71),

where B is the beta function. By a recurrence relation for beta functions and the
reflection formula, we have

S 1 "“dstr—4¢
— dw= B(— 1
/0 (w+n)r v nS”gl:[ r—{ (=s,5+1)
r—1

™ 1 s+r—{
" sin(ws) net H r—~0

This proves the lemma. U

We next consider, as an example, the case of A = (2,1) and show that the function
produced by our calculation interpolates O-sum with respect to A = (2,1). In —1 <
R(s) < 0, by arranging the order of the running indices n1, n12 and ngy, we compute

1 /oo ,w—s—l d
w
ki1—1_kio—1 ko1—1
o Dty Py )+ ) )
ij

1 [e8) ,w—s—l
= g dw
nhi ke lpha -l /0 (w + n11)*(w + na1)

n11=n12<n21

1 o] w—s—l
+ Z ki1—1, k12—1 ko1—1 / 2dw
Ny Mg Mg o (w+nu)(w+na)

n11<ni12=na2i

1 o w—s—l
+ + dw
( Z Z ) my' iy gy ! /0 (w + nu1 ) (w + na2) (w + n21)

ni11<niz2<na2i n11<n21<ni2
5




1 o wst
- Z k11—1, ki2—1 k21—1/0 ( dw

2
n n n w+n w+n
ni1=nis<ng 11 12 21 11) ( 21)

1 e ws!
+ Z ki1—1, kia—1 k21—1/0 ( dw

2
nii<nizg=noi; 11 12 21 11)( 21)

11
—$ DO > s 1

2. Nt it — Nss ’
ni1<niz<nzr nii<n2i<niz/ (i,j)€D\ T Mg Mg Ty ()£ ) K

The second and fourth terms are obtained by the same procedure as in [KO]. We
consider the integral

oo w—s—l
dw.
/0 (w + n11)2(w + 7’L21)
The partial fraction decomposition and Lemma 2] lead to

o] w—s—l
dw
/; (w -+ n11)2(w + n21)

[e’¢) w—s—l 1 w—s—l 1 w—s—l 1
- 2 - s+ 2dw
o (w4+mn11)?2(na —nu)  w+ny (o —na) w ~+ nay (N11 — No1)

B T ((1 + s) 1 1 1 N 1 1 )
sin(ms) \ nif? (nar —na)  nif' (na —nu)? ngft (nan —n:)? )
In addition, we have

sin(7s) 1 oo J— ;
_T Z k11—1__kio—1 koi—1 0 ( w

2
w+n w+n
ni1=nia<ngy W11 Ti2m Moy 1)*( 21)

. (1 i 8) Z 1 1 N1 _ Z 1 1 ni1n21
o k11, k12 ko1 s _ ki1, k12, ko1 gy _ 2
nii=nia<ng M1 T2 No1 T (n21 — nu) i1 ninst ngy (n2r — na)

1 1 n?,
+ ) .
ki1, k12, ko 2

1 S _
ns, (n n
ni1=nia<ng; 011 T2 Tai 021 ( 1 21)

n11=n12<n21

By changing the role of nq; and ng; in the above, we have a similar formula for the case
n11 < N1z = nop. Combining these calculations, we have

1 1 No1
Ik(5> :(1 + 8) Z k11, k12, ko1

ni; (nor — n
ni1=nia<ng; Y11 112 a1 11 (n2: 11)

1 1 n11N921 1 1 n%l
o Z ki1, k12, ko1 + Z k11

s _ 2 kia ka1 ps _ 2
i =niz<ng ''11 12 21 s (n21 nll) Ny nyg Mgy M21 (nll 7121)

n11=n12<n21

(2.2)

1 1 ni1
+ (1 + 8) Z ki1, k12, k

21 S —
niitnyding?! ng (n n
ni1<niag=ngp 11 1412 1421 21( 11 21)
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ki1, k12, ko1 S _ 2 ki1, k12, ka1 8 _ 2
N1 MN4"T n n n N7 MN4o"T n n n
ni1<nis=ng; 011 T2 T2l 21( 11 21) ni1<niz=ng; 11 T2 To1 11( 21 11)

o
DD Y. e 1l ni_ynj

Ttz
n11<ni2<n2i ni11<n21<ni2 (4,7)€Dx nll n12 n21 K (4,9)#(,3") v

Since we expect this Ix(s) to interpolate O-sum for A = (2,1), we substitute non-
negative integers for s. At this stage, although non-negative integers are outside of
the domain of Ix(s) given by the integral, we can consider Ix(s) to be analytically
continued to the half plane R(s) > —1 since the series on the right-hand side converges.
Substituting s = 0, the right-hand side becomes

1(0) = Z 1 Na1 B Z 1 n11N21
k - ki1, k12, ko1 ki1, k12, ko1 (n21_n11)2

N{; Nis Noj (M21 — N Ny Nis°n
ni1=nia<ng; 011 T2 To1 (n21 11) ni1=nia<ng; 011 T2 To1

1 n3,

+ Z k11, k12, k21 ( )2

niy—n
ni1=nia<ng; v11 T2 Nog 1 21

n 1 ni 1 n11M21
Z k11, k12, k21 _ Z k11,,k12,, k21 _ 2
a1 <nia=ng; V11 T2 M2l (n11 = n21) a1 <ma=nsy V11 T2 Mo (11 —n21)

n 1 n%l
Z nkll k12, k21 (n21 _ 71,11)2

n11<mia=ng; Y11 1127 a1
1 1
DY T I T > T S T
ni1<ngi<niz =11 7712 721 ni1<nia<ng; 11 7912 P21
=\ (k).

Substituting s = m € Z>, the right-hand side becomes

1 1 N2
L(m) =(1+m) Y S
n11=n12<na1 nllﬁilnll?nlz?l niy (nor — naa)

ki1, k12, ko1 oom _ 2 ki1, k12, ko1 oom _ 2
N3 Nas" M n n n N1 Nas" T n n n
ni1=nia<ng; 011 T2 To1 11( 21 11) ni1=nia<ng; 011 T2 To1 21( 1 21)

1 1 ni1
+ (1 + m) Z nkupkiz ko pym (nll — n21)
n11<nig=ngi 11 12 21 21

1 1 n11N91 1 1 n%l
Z ki1, k12, k21 pym 2 Z ki1, k12, k21 pym 2

n n n n n n
n11<nia=na1 nll n12 7’L21 21 ( 11 21) ni1<nis=nai 11 n12 7’L21 11 ( 21 11)

1
+ Z Z ki1+e1 k12+62nk21+63
n T2 21

e1t+estes=mni1<noi<niz 11
1

+ Z Z nk11+61 kiz+ea, koi+tes

e1testes=mmnii<nia<ng; 11 2 No1
7




B 1 m+1 m 1
o Z k11, k12, k21 n71nl + m—1 +.”+—m

n{5°N ny N n
ni1=nia<ng; 11 T2 T2l 11 N2t 21

1 m—+1 m 1
+ Z k11, k12, k21 m + m—1 Tt nm
N1 nii

nip NN n n
ni1<niz=ngr 11 7712 7721 21 1

1
+< Z + Z ) Z nk11+61 ki2+ez k21+63

ni1<ngi<niz  ni1<nia<nai/ eitestes=m 11 "2 a1

=Y Glk+e).

lel=m

The above two calculations ensure that our Ix(s) interpolates O-sum associated with
A = (2,1). Based on this, we would like to produce a series expression of Ix(s) for the
general case, as well. In preparation for that, we offer the following lemma, which gives
explicitly the coefficients of the partial fraction decomposition:

Lemma 2.3. Let

with distinct integers ng,...,ng,. Then

o e dra—" 1 1
Z Z (w4 ng)t dwrea=t \ (ry —0)! Hx (w+ng)s

a=1 (=1

W=—Ng

Proof. This lemma follows from the uniqueness of the Laurent series expansion. U

We apply Lemma with Lemma [2.1] then it holds that
_ sin(ms) / P(N)yw™"" dw
0

™

N Ta 1 /-1 s _'_ g _p dra_g
(2.4) Z st 1_[1 (—p dwa"\ (ro—0)! H (w+ng)"
p:

a=1 /=1

W=—"Ng
For N = (n;;) € SSYT), we rewrite
Ry

m L - 1
wtng (Wt ng)

(ivj)eDA/u

by summarizing the same n;;. Identity (2.4) then leads to
Ix(s)

_ sin(ms) 1 < 1
=S s [ et T e

w
NeSSYTy , (4:5)€Dx/p

RN 7o

+0—p dt
- Z k1zz s+eHSg_ppdwra_z (r _g|H w+n5 )

NESSYTy,, a1 =1 a

W=—Ng
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We can now summarize the above as follows.

Lemma 2.5 (Explicit series form of Ik(s)). For —1 < R(s) <0

R T
X = S+€_ p dTa_Z 1 1
lk(S) — r

Substituting s = 0, we have

RN 74 dra—é 1 1
TR SRS 3 R (o g

NeSSYTy,, a=1 =1 W=—ng
1
= > wall
NeSSYTy ), N a1 e’
= C)x/u(k)'

This ensures that the series expansion converges in R(s) > 0, which gives the analytic
continuation of Ix(s) in R(s) > —1. Furthermore, the series expansion given in Lemma
is a sum of products of the polynomial and zeta functions associated with a root
system of type A. Therefore, Ix(s) can be meromorphically continued to the whole
space of C (see [MT, Section 2|).

3. INTERPOLATION OF THE GENERALIZED DUALITY FORMULA

In this section, we revisit [HMO, Lemma 2.1] and generalize the lemma with the case
a; = ay.

Lemma 3.1 (JHMO| Lemma 2.1|). For m € Z>( and a4, ...,a, € R with a; # a; for
1 # j, we have

§ . 67_2 am—i—r 1H '_a]

e1+--+er=m J#i
ei>0 (1<i<r)

We note that if a; = ag, then for each i = 1,2 the product [];;(a; —a;)~" is not
defined. On the other hand, following the way to the proof of Lemma [B.1] in [HMO],
we can obtain the partial fraction decomposition form formally. For example, letting

Ay=a! H(ai —a;),
J#
we have
1 1 1 _ Ay n Ay n As
l—aixl—asxl—asr 1—aixz 1—asx 1—asx
_ A(1 = agr) + Ax(1 — ay) N As
(1 —ayz)(1 — asx) 1—azz
9
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We note that
aiag + a1aoa3x — a3(a1 + a2)

(a1 — az)(as — a3)

Al(l — agl’) + Ag(l — 0,1113') =

Therefore,

1 1 1 102 + A10203T — a3(a1 + CLQ) A3

1-— a1xr 1— Aok 1— asx n (1 — alx)(l — agx)(al — ag)(ag — CL3) 1-— a3.§(7.
Substituting a; = as, we have

1 1 a% + CL%CLgLU — 2@3@1 Ag

(I1—ax)?1 —azx (1 —a12)*(ag —a3z)®> 1—aszx
ai a10as A3

T 0= —ay) (=) —as? 1= agr
Using the above identity, we have

e e e m al m a1a3 m
(3:2) > aeRas = (m+ 1)) a1 (a1 — ag)? +az' Az

ej+ezxt+ez=m
;>0 (1<i<3)

Substituting a; = nj}',as = nj; and as = ny' into ([3.2) and making a simple calcu-
lation, we obtain formula (2:2]) interpolating O-sum for Schur multiple zeta values of
shape (2,1). Indeed, keeping a; = ay and ny; = ny3 in mind, we have

1 1 1

€1 €2 €3
191 Mo Mo

ejtezt+es=m
€i>0 (1<i<3)

(+1)1 (1 1)_1+ 1 1(1 1)‘2+ 1 (1 1)‘2
= (m _— | — - — _— | — — — — s | — — —
nﬁ“ nn N2 nﬁ“ o1 \M11 N2 n;”lH No1 N1

2
Ny 1 nung 1 ni,

1
=(m+l)--—-t -+ —
nyinor —nu o 0y (ner —nan)? o nby (N — ngp)?
This calculation corresponds to the terms of (2.2) with ny; = ny5. Swapping the role of
ny11 and ngy, we obtain the identity corresponding to nis = mo;. Thus, it holds that

1 1 1 1
Ik(m) - Z + Z ki1, k12, k21 Z €L €2 €3
11 ™12 Moy

n
ni1<niz<nai ni1<n2i<niz nll n12 n21 ejt+ezt+es=m
;>0 (1<i<3)

1 111
+< > X )ﬁ > T % e

n11=n12<n21 n11<ni2=na2i M1 Mg Mol el+ez+e3=m
;>0 (1<i<3)

=) Glk+e).

lel=m

The first two terms are obtained by the same calculation as in [HMOI; the last two are

obtained via computation (B.3)).
10



More generally, for fixed A = (a;), by summarizing the same a;, we can define

Ry

1 1
P4) = H 1—az 01:[1 (1 — byx)re

i=1

with distinct by,...,bg,. Then, as in the proof of Lemma 2.3] the uniqueness of the
Laurent series expansion gives

_ Z ro—4 _ ro—"{ /A _ r
= (1 = box)t dz (=bo) e (re —0)! e (1 —bgx)™ et
By expanding into the geometric series, we have the following Lemma:
Lemma 3.4.
RaA ra
QL ger — m = 40
> aear =5 (M g,
e1+--+er-=m a=1 /=1
€; >0 (1<i<r)
where
To—L
C o daret \ (=by) e (ry — 0)! (1 — bgx)"s
BF#a z=b3!
Theorem 3.5. The function Ii(s), defined by
sin(7s) el 1
[ - — B d )
=20 L e e T e
(nlJ)eSSYTX/M (Z J)EDA/H -7 (Zvj)eDk/p,
or
> ey S e (L
Ix(s) = —~
m-+L _ ra—*t —p)! ’
NESSYT,\/M o=1 (=1 o t=p duw g w+ng P
interpolates O-sum for the Schur multiple zeta values of shape A/pu.
Proof. As above, substituting b, = n_' into Lemma 3.4 we can compute
1\
> I
Zelj_m (Z.Y GDA
€ij >
M (mAl—1\ 1 det
S (" e (o s )
a=1 (=1 « B T=Ngq
IRZ”Z m4l—1y 1 dret < , 1 1
=N ( )—7 (=1)"~
_ m-+£ ra—~ _ | _ T ’
— = (-1 nmtH dx (ro —0)! e (ng —x)rs .




where N' = [[n;; = [[ nf>. Changing the variable by w = —z, we obtain

INT ml—1\ 1 det
NIZZ( (-1 )ng"b“dx’“a_f< —E'H ng—l—w )

a=1 (=1

W=—ng

Therefore, we have

RN Ta ro—F
m+£—p d
Ix(m) = Z klzz m+£H (—p dwra%(r _gIH w—i—ng )
NeSSYTy,, a=1 (=1 Na W=—Nq
- Y (e (e )
- k 1 m—+4 — ra—+t — | r
NessvTy ), i~y (=1 J)dw (ro — 0)! e (w+ ng)"s o
1 I
- > =X I (5)
NESSYTy/u ' Sey=m (5)Da, Y
€ij>

This ensures that Ix(s) interpolates the Ohno functions to the Schur multiple zeta
functions. O]

Finally, we obtain the duality formula for Ix(s) as complex functions:

Theorem 3.6. Let A and p be two partitions such that \; > p; for all 7, and let
6 = M/p. Let k' be the dual tableau of k € IP. Then, for s € C we have

Ik (s) = i (s)-
Proof. By Theorem [[.6] and Theorem B.5, we have Ix(s) = i (s) for s € Z>o. As

& Lo m4L—1Y\ dret 1 1
Z ZZW"“( (-1 )duﬂ’a_f ((ra—f)!ﬁl;{l(wjtnﬁ)fﬂ%)

NGSSYT(; a=1 ¢=1

is a Dirichlet series for each (i,j) € Dy, the function Ix(s) is also a Dirichlet series.
By the uniqueness theorem for the Dirichlet series (see |[Apl Theorem 11.3]), we have
Ii(s) = I (s) for R(s) > —1 and k € IP. Moreover, Ix(s) is meromorphically continued
to the whole space of C. Thus, the assertion is proved. U

Remark 3.7. When we put A\ = ({1}") and p = () for a positive integer r, then
Theorem implies Theorem Furthermore, substituting non-negative integers for
s, we obtain Theorem
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