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Abstract With the improved accuracy of neutron star
observational data, it is necessary to derive new equation
of state where the crust and the core are consistently calcu-
lated within a unified approach. For this purpose we describe
non-uniform matter in the crust of neutron stars employing
a compressible liquid-drop model, where the bulk and the
neutron fluid terms are given from the same model as the
one describing uniform matter present in the core. We then
generate a set of fifteen unified equations of state for cold
catalyzed neutron stars built on realistic modelings of the
nuclear interaction, which belongs to two main groups: the
first one derives from the phenomenological Skyrme inter-
action and the second one from y EFT Hamiltonians. The
confrontation of these model predictions allows us to inves-
tigate the model dependence for the crust properties, and in
particular the effect of neutron matter at low density. The new
set of unified equations of state is available at the CompOSE
repository.

1 Introduction

The description of the neutron star (NS) equation of state
(EoS) from the crust to the core represents a challenge for
modern nuclear and particle physics, as well as for astro-
physics [1,2], see also Ref. [3] for a review. A typical den-
sity at the transition between the crust and the core is about
half saturation energy-density (psae ~ 2.6 10 g cm™3)
while in the core, it reaches up to several times this energy-
density. These densities determine NS global equilibrium
properties, such as their masses, radii, moment of inertia
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or tidal deformabilities [4]. Recently, NICER X-ray obser-
vatory has released the measurement of two NS masses
and radii with an unprecedented accuracy: PSR J0030 has
been estimated to have a mass M= 1.4 4+ 0.05 Mg and a
radius R= 13.0271-2¢ km [5] or R= 12.71F}15 km [6],
and PSR J0740 with a mass M= 2.07 & 0.05 Mg and a
radius R= 12.35 + 0.75 km [7] or R= 12.397}:30 km [8].
Now measurable with LIGO-Virgo interferometers, the tidal
deformability A has been estimated for the first time to be
A = 2801300 from GW170817 [9], the gravitational wave-
forms emitted during the last inspiral orbits of the binary
NS mergers. The tidal deformability is in turn strongly cor-
related to the mass and radius [10], converting the uncer-
tainty on A into an uncertainty on the radius of a 1.4Mg NS
of about +1 km. The confrontation of theoretical modeling
against accurate observational data, especially the very recent
ones from NICER and the LIGO-Virgo-Kagra collaboration
(LVKC), is now possible and represents a major challenge
requiring more and more precise modeling of dense matter
properties.

The new precision era, opened by NICER and LVKC for
the measurement of radii and tidal deformabilities, requires to
control more systematically the sources of theoretical uncer-
tainties in the modeling of NS EoS. One of them is the mod-
eling of NS crust, which may be inconsistent with the one
used for the core. While the crust represents a small fraction
of the NS, 10% in terms of radius and less than 1% of the
mass, it was estimated that the method used to connect the
crust and the core could influence the theoretical prediction
of the NS radius by 3-5%, or in other words, by a few hun-
dred of meters [11]. See also Ref. [12] for a recent study
on the impact of non consistent treatment of crust and core
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EoS on NS macroscopic properties. Presently, the experi-
mental uncertainties in the measurement of NS radii are still
larger—about 1-2 km—than this theoretical one. However,
anticipating future observational improvements, it is prefer-
able to resolve this source of uncertainty by employing uni-
fied models from the crust to the core of NS, as it was already
suggested by several teams [11,13,14].

Even when NS EoS are unified from the crust to the
core, they still lead to different predictions depending on
the nuclear interaction on which they are built on. The scope
of this paper is therefore to confront a set of unified EoS
for cold catalyzed NS matter in order to evaluate the model
dependence of the crust predictions. To do so, we employ
a compressible liquid-drop model (CLDM) originally sug-
gested by Baym, Bethe and Pethick [15], and which we have
recently applied to include state-of-the-art nuclear physics
constraints, e.g. x EFT interaction used in Many-Body Per-
turbation Theory (MBPT) framework, as well as nuclear
physics data such as the AME2016 database [16]. In the
CLDM, the EoS used in the core is unified with the crust,
through the bulk and neutron fluid contributions, see for
instance the recent Refs. [17,18] and references therein.
The effects of non-uniformities in the crust are implemented
through finite-size (FS) terms. In Ref. [19], we have shown
that these terms can be sorted according to the leptoder-
mous expansion [20]. We have also presented in detail the
use of the meta-model to capture the predictions of the
x EFT Hamiltonians. A first comparison of the x EFT pre-
dictions against a representative phenomenological model,
SLy4 [21], was performed in Ref. [18]. In this paper, we per-
form a more extensive comparison considering a set of seven
Skyrme parametrisations which are used to determine the
properties of finite nuclei, and perform pretty well. These
Skyrme models are also chosen such that they span over
the present uncertainties in the EoS properties, e.g. slope of
the symmetry energy Lsym, etc. In addition, we provide the
new EoS within the format of the CompOSE catalog [22],
which offers an access to a large set of EoS ready to be
implemented in astrophysical modeling. It also allows us to
analyze the recent progresses in the field of dense matter
physics.

The present paper is ordered as follow: in Sect. 2 we com-
pare the Skyrme and x EFT predictions in uniform matter and
analyze their systematical differences, especially for low-
density neutron matter. Then in Sect. 3 we compare the var-
ious crust EoS provided by the CLDM based on different
nuclear interactions. Finally, we show our results in Sect. 4
using the same files and units as the ones uploaded on the
CompOSE catalog.

@ Springer

2 Uniform matter in the core of neutron stars

The core of NS is composed of uniform matter at 8-
equilibrium, whose properties are strongly related to the sym-
metry energy originating from the energy difference between
neutron matter (NM) and symmetric matter (SM). We there-
fore first discuss uniform matter properties for the set of
models considered in this analysis. Our description of uni-
form matter is based on the meta-model (MM) [26] which
is calibrated on existing models, such as the Skyrme model
or the x EFT Hamiltonian, by the use of the nuclear empir-
ical parameters (NEPs). These NEPs are obtained from the
derivatives of the energy per particle in SM and the symmetry
energy, as detailed in Ref. [26] for instance.

The reproduction of the Skyrme predictions for uniform
matter is presented in Ref. [26] and in Ref. [19] we have
presented the calibration of the MM to the many-body per-
turbation theory predictions based on the y EFT Hamiltoni-
ans: HI-H7 [27] and the DHS50—-DHS; 69 [28]. Note that
in the present work, the Skyrme MM adjustment is slightly
different from the one shown in Ref. [26] where it was analyt-
ically fixed to reproduce Skyrme’s predictions (E/A and P)
at4ng,. We replaced this—somehow arbitrary—prescription
by a fit over the densities in SM and NM and from ngy up to
10ngy; taking the parameters Qgat/sym and Zgye/sym are free
parameters, the other NEPs being taken at their predicted val-
ues. This new prescription avoids extrapolating the MM in
dense region where it may deviate from the original Skyrme’s
predictions.

In the following, we investigate the following nucleonic
models:

— Skyrme forces: we select several Skyrme forces which
have been adjusted to the ground-state properties of finite
nuclei, and therefore are expected to reproduce well
SM around ngy. Their predictions in NM however dif-
fer largely and they represent the actual uncertainty for
NM EOS based on phenomenological approaches. In the
following, we select BSK14 [29], BSK16 [30], FO [31],
LNSS5 [32], RATP [33], SGII [34], SLy5 [35]. Anticipat-
ing further results, the wide predictions in NM from these
approaches mostly reflect their different predictions for
the parameter Lgym, see Table 1.

— xEFT: this approach takes as experimental constraints
the NN scattering properties in vacuum complemented
with the binding energy in d and *He. We have selected
several of the latest predictions in SM and NM which
are H1-H7 [27] (except H6), and DHS 1 50-DHS [ 9 [28].
These eight Hamiltonians explore uncertainties in the
chiral NN and 3N interactions. Since the MM needs
constrains at high density, beyond the break-down density
of these approaches, we have additionally fixed the high
order empirical parameters Qgat/sym and Zgy/sym such
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Table 1 Nuclear empirical parameters for the Skryme models and the Hamiltonians derived from x EFT used in the present work

Model Ea N Kt Ot Zat  Egym  Lym  Kgm  Ogm  Zgm bt bym mi,  Amk,

(MeV) (fm™3)  (MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (my)  (my)
Hlym —~17.0 0186 261 —220 —200 338 468 —154 700 500 1137 1046 059 043
H2pm —158 0.176 237 220 —200 320 439 —144 700 500 959 934 061 04l
H3pm —153 0173 232 —220 -200 318 506  —96 700 500 1035 2056 0.61  0.34
Héyy —150 0.169 223 —220 —200 310 421  —138 700 500 837 870 063 038
H5Mm 139 0.159 207 220 —200 294 402  —128 700 500 641 824 066 033
H7Mm —132 0139 201 —220 —200 281 365 —150 700 500 940 —146 067 041
DHSLY ~ —140 0.168 200 —220 —200 314 589  —30 700 500 9.00 10.00 1.0 0.0
DHSLY,  —146 0173 216 —220 —200 337 690  —20 700 500  9.00 10.00 1.0 0.0
BSKldym —159 0159 239 —88 —896 3000 439 —152 213  —676 122 001 080  0.03
BSKl6ym —16.1 0159 242 —91 —895 3000 349 —I87 245  —696 122 001 080  0.04
FOmm ~160 0.162 230 —124 —749 3200 424 —113 294  —625 123 006 069 —0.19
LNSSwm  —15.6  0.160 240 —113 =574 2915 509 —119 195  —853 126 000 060 023
RATP\iy  —160  0.160 240 —109 —697 2926 324  —191 266  —923 125 —0.00 067 0.6
SGllyy ~ —156 0.158 215 —90 —874 2683 376 —146 221  —915 125 000 079 028
SLYSym  —160  0.160 230 —104 —749 3203 483  —112 195  —326 126 —0.01 070 —0.18

The lowest order NEP are defined at ngy (E, L/n, K), while the higher order ones (Q, Z) are defined from a fit of SM and NM up to 10ng, for
Skyrme, and a fix to reach 2Mg, for the x EFT models. The last four columns show the low-density correction parameters bgy and bgym, and the

effective mass mj, at saturation in symmetric matter and the effective mass splitting Am

that these EOS predict a maximal mass Mtoy above the
largest observed mass at about 2M . Since this prescrip-
tion is added on top of the original x EFT prediction, we
decided to fix the high-order NEPs to the same values for
all EOS.

The NEPs predicted by these models are given in Table 1.
Note that the third and forth order parameters (Q and Z)
are not fixed at saturation density, but rather imposed by a
fit over the densities (for Skyrme) or by the requirement to
reach 2Mg (for xEFT).

The predictions in SM and NM are shown in Fig. 1, see
caption for details. A gray band captures the uncertainties
originating from x EFT Hamiltonians H1-H4, which repro-
duce experimental nuclear masses at best, see Table 3. In
NM the gray x EFT band is much narrower than the disper-
sion among the Skyrme models, see top panels of Fig. 1. The
reason is related to the fact that y EFT theory is well-suited
to describe low-density NM, which is directly constrained
by the nucleon-nucleon phase shifts and three-body forces.
Skyrme interactions are calibrated using the properties of
finite nuclei, which reflect more directly the properties of
SM, as it can be seen from Fig. 1(bottom panels), where
the x EFT band is now larger than the dispersion among the
Skyrme models. At first sight, the predictions from y EFT
and Skyrme models are complementary: the former describes
NM better, while the latter is better for SM.

The low-density energy per particle is shown in the
right panels of Fig. 1, as function of the Fermi momen-

*

> see text for more details

tum, kpy, = (372n,)Y3 (NM) and kpg = (3n2ng/2)'/3
(SM). The Free Fermi Gas (FFG) energy per particle elI}]FI‘g =
3h2k%/(10mN), where mp is the nucleon mass, kr = kg,
inNM and kg = krp in SM, scales the energies shown in the
left panels of Fig. 1. In this representation, it is clear than the
predictions from Skyrme models appear to be almost uncon-
strained in NM, as already suggested in Ref. [36], while the
ones based on xEFT are very consistent among each other.
In a previous analysis [18], we have compared in detail the
xEFT predictions and the SLy4 Skyrme model, which is
almost identical to the SLy5 presented here. By investigat-
ing other Skyrme models, which perform rather well for the
ground state of finite nuclei, we now explore more widely the
Skyrme’s uncertainties in the predictions for the properties of
low-density NM. These properties are interesting since low-
density NM is close to the unitary gas limit [37-39], which is
universal from nuclear systems to cold atom gas [40]. From
our previous analysis, we have concluded that the crust com-
position (A, Z.1) depends mainly on the properties of SM,
while NM influences mostly the energy per particle, the pres-
sure and the sound-speed in non-uniform matter. We will use
these results in the discussion of the crust prediction in the
next section.
The symmetry energy, defined as,

D

where e = E /A, is shown in Fig. 2. It represents the cost in
energy per particle to convert SM into NM. In dense matter
at B-equilibrium, this energy is provided by electrons at their

esym(n) = enm(n) — esm(n) ,

@ Springer
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Fig. 1 Energy per particle in uniform matter (left), for NM (top) and
for SM (bottom), normalized by the Free Fermi Gas energy epgg (right).
Plots are drawn as function of the densities, n, in NM and n g in SM, as
well as function of the Fermi energy, kr, in NM and krp in SM. Note
thatin SM n,, = ng/2 and kr, = krp. We plot the 8 x EFT Hamiltoni-
ans (dashed lines), a gray band for H1-H4, and 7 Skyrme interactions
(solid lines), see the legend for more details. Note that for the clarity of

Fermi energy. Despite the dispersion of x EFT predictions
in SM, these models predict symmetry energy in a narrower
band compared to the Skyrme’s one, since Skyrme models
are penalized by their poor reproduction of NM. We addition-
ally display constraints from nuclear experiments: the light
(dark) blue band are shown the constraints from isobaric ana-
log state IAS (IAS + Aryp, i.e., IAS +neutron skin) [24], and
the yellow band shows the PREX-II predictions from the neu-
tron skin in Pb [25], leading to Egym = 38.1+£4.7 MeV and
Lgym = 106437 MeV. We note that all models predict sym-
metry energy lower than PREX-II band when np & ng, and

@ Springer
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the legend in all the figures shown in this paper, we drop the index MM
to all models. It is implicit that in all this work, we use the meta-model
adjusted to the predictions of the microscopic interactions. For x EFT
Hamiltonians however, the extrapolation at high density stands for only
one among all possible realizations of the Hamiltonian guided by the
condition to reproduce the radio observations of massive pulsars, as
detailed in the text

inside the very lower band forng ~ 0.1 fm~3, which shows a
disagreement between PREX-II measure and the model pre-
dictions. Regarding the constraints from IAS [24] all x EFT
models predict symmetry energy located inside both blue
bands while most Skyrme models predict esym inside the
light blue band, except SGII that is always softer and LNS5
which crosses the constraint band just around saturation. For
the more stringent constraint, IAS + neutron skin, we note
that SGII and LNS5 predict low values for the symmetry
energy. RATP while compatible with the symmetry energy
band around saturation density tends to be as soft as SGII
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Fig. 2 Symmetry energy w.r.t to baryon density (left) and normalized
by the FFG symmetry energy w.r.t Fermi momentum (right). Inset on
left plot shows ey, at high densities. Continuous (dashed) lines shows
the meta-model fitted to Skyrme (¥ EFT) models. Dark purple and
magenta dots show predictions from Brussels-Montreal microscopic

and LNSS5 above saturation density. Similarly to Fig. 1, we
show in Fig. 2 (right panel) the symmetry energy normal-
ized by the FFG prediction as function of the nucleon Fermi
momentum. It is interesting to remark the very large devia-
tion from one Skyrme model to the other on the vertical axis,
which reflects the influence of the interaction to the symmetry
energy (potential and effective mass contributions), see dis-
cussion in Ref. [41] for instance. At low density, for instance
kpp = 0.4fm~! (ng ~ 0.004 fm=3), the potential term con-
tributes to double the symmetry energy. The potential term
in x EFT models increases the normalized symmetry energy
up to kpg = 0.6-0.7 fm~!' (np ~ 0.015 fm—3), reaching
2.5-2.7, and then it decreases slowly as the Fermi momen-
tum kg p increases. This low-density behavior is however not
characteristic of all Skyrme models: Some Skyrme interac-
tions predict the symmetry energy to be lower than the y EFT
predictions (BSK 14, LNS5, SGII) while some others predict
it to be larger than the x EFT predictions (FO, SLyS5). In Fig. 2
we also show symmetry energy predictions from BSk22 and
BSk25 Skyrme interactions [23]. These two models repre-
sent the two extreme cases investigated in Ref. [23]: BSk22
is ASYsoft (BSk25 is ASYstiff) below saturation density, as
shown in Fig. 2. The symmetry energy from BSk22 is similar
to the x EFT band, while BSk25 predicts a large value for the
symmetry energy below saturation density. In Ref. [23], these
two models are used in Hartree-Fock-Bologiubov modeling
of the NS crust, as we will show in the following.

Athigh density, as shown in the left panel of Fig. 2, several
Skyrme models also predict a bending down of the symmetry
energy (BSK14, BSK16, RATP, SGII, LNS5) that the x EFT

3.0r
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models BSk22 and BSk25 [23]. Light (darl) blue bands show constraints
from isobaric analog state IAS (IAS + neutron skin) [24]. Recent con-
strain from neutron skin experiments by PREX-II is shown in yellow
band [25]
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Fig. 3 Uniform matter energy in B-equilibrium

do not predict. The inset in Fig. 2 shows that the bending
down of the symmetry energy around saturation density of
these Skyrme models leads to a crossing of the zero axis at
high density. This is a well known feature of phenomeno-
logical nuclear interactions such as Skyrme, see for instance
Ref. [42] and references therein.

To conclude this section, we show in Fig. 3 the energy
per particle at 8-equilibrium in uniform matter. The condi-
tion to fulfill beta-equilibrium (without neutrinos and without
muons) is the following: wu, — pp = .. In cold catalyzed
neutron stars, neutrinos do not contribute to the chemical
equilibrium. Muons can however appear when (1, > m Mcz

@ Springer
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and they contribute to B-equilibrium through the thermo-
dynamical relation: p, = p,. Charge neutrality is also
imposed: n, + n, = n,. These three conditions comple-
mented by the baryon conservation number ng = n, + n,
lead to uniquely determine the composition of npeu matter.
Below saturation density, the dispersion among the Skyrme
predictions observed in Fig. 3 is very large, much larger than
the predictions from x EFT. In the following, we will inves-
tigate the impact of this large dispersion among the Skyrme
predictions on the crust properties in non-uniform matter.
This will be performed in the next section based on the
CLDM approach.

Above saturation density and as the density increases, the
xEFT band for the symmetry energy gets larger and larger.
While some Skyrme models are close but out of the band,
e.g., SLy5 (above) and RATP (bellow), the x EFT band repre-
sents a far estimation of the current uncertainties up to twice
saturation density.

3 The crust of neutron stars

In a recent paper [19], we have presented the CLDM used
in the present study for non-uniform matter and we have
detailed how the bulk terms are connected to uniform mat-
ter by using the meta-model approach [26], which repro-
duces uniform matter from x EFT and Skyrme approaches.
The CLDM employed here describes isolated finite nuclei
as well as nuclear clusters in the crust of NS. At variance
with some other approaches where the experimental nuclear
masses, when they exist, are included directly in the descrip-
tion of nuclear cluster energetic, we use in our approach the
comparison to the experimental data to quantify the goodness
of the models. This approach satisfies the unified prescription
where finite systems and infinite nuclear matter are based on
the same model. For this reason, we first discuss in this sec-
tion the constraints from experimental nuclear data, and then
we present our crust EoS.

3.1 Constraints from experimental nuclear data

The CLDM defines the finite nuclei energy as Eyye = Epulk+
Ers, which sums the bulk and finite-size (FS) contributions.
The present notations are consistent with Ref. [19], where
more details are given.

For each nucleus defined by its mass A and its charge
Z localizing it over the nuclide chart, the mechanical equi-
librium is imposed: Py = nglaenuc/ ong = 0, where ng
is the nucleus density. This variational condition fixes the
nuclear cluster density n¢(A, Z) at equilibrium: each nuclei
have a different density, and they overall explore the density
dependence of the CLDM model around saturation density,

@ Springer

Table2 Standard parameters the surface and curvature terms employed
in the CLDM approach considered in this work

std std std std std
surf, sat surf,sym Psurt ocurv,sat curv
MeV fm—2 MeV fm—2 MeV fm~!
1.1 2.3! 3.0 0.1 0.7

These values are obtained from averaging over the parameters given in
Ref. [43]
! Note the associated value bsurt = 29.9

=7.9r~~ ~

-8.0 \ \ N Co —_— 7N

=
[}
2
L
3
<
Q
-8.5
-8.6/ "
-8.7

Fig. 4 Binding energy for the Iron group using the CLDM with SLy5,
LNSS5 and H2. A black square marks the lowest energy for each model

at variance with the liquid-drop model where the model coef-
ficients are kept constant.

The bulk term, assuming the local density approxima-
tion, originates from uniform matter calculations presented in
Sect. 2. The FS term is composed of the Coulomb, surface and
curvature contributions, as described in the FS4 prescription
in Ref. [19]. These terms are moreover fine-tuned to better
reproduce the experimental binding energies for A > 12 and
Z > 6, as detailed in Ref. [19]. The standard parameters for
the surface and curvature terms are given in Table 2. In the
practical implementation of the CLDM, each of these val-
ues are multiplied by the parameters C; (Csuf,sat» Csurf,sym>
Ccurv,sat’ Cﬂ) as,

Osurf,sat = Csurf,sato—sslz(rjf ,sat ? @)
Osurf,sym = Csurf,symG;LE?f,sym ’ )
Ocurv,sat = Ccurv,sato':ltlcrlv,sat , “)
Beurv = Cﬂﬂcsltgv ’ S)

and the Coulomb energy is corrected with the coefficient
Ccoul- Since these coefficients incorporate in an effective way
the slight correction due to the actual density profile in finite
nuclei, which we approximate by a hard sphere in the CLDM,
the values for these variational parameters C; are expected to
be close to 1 as shown in Table 3.
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Table 3 Optimization of the parameters C; over the nuclear chart, for A > 12 and Z > 6, and considering the experimental energies from the 2016
Atomic Mass Evaluation (AME) [16] for the interactions considered in this work (Skyrme and y EFT)

Model Ccoul Csurt,sat Csurf,sym Ceurv,sat Cs Asat Agym XE min(epyc) (A, Z)min
(MeV) (MeV) (MeV) (MeV)
BSK14ym 0.965 1.002 0.890 0.770 1.100 5.75 —7.35 2.61 (2.74) —8.72 (68,30)
BSK16pmMm 0.973 1.076 0.876 0.777 0.817 5.68 —4.88 2.66 (2.79) —8.70 (68,30)
LNSS5mm 0.949 0.916 0.668 0.531 1.646 5.69 —4.84 2.66 (2.79) —8.75 (68,30)
RATPMMm 0.970 1.095 0.676 0.583 0.694 5.54 0.22 2.81 (2.93) —8.70 (68,30)
SGIlvm 0.952 0.942 0.406 0.262 1.981 5.42 4.97 2.95 (3.07) —8.75 (68,30)
FOwmm 0.966 1.064 1.264 1.144 0.922 5.82 —10.47 2.60 (2.73) —8.65 (68,30)
SLySmm 0.967 1.039 1.257 1.116 0.980 5.85 —11.26 2.59 (2.72) —8.67 (68,30)
Hlyvm 0.966 1.582 1.307 0.942 —0.255 5.53 0.22 3.07 (3.18) —8.17 (68,30)
H2Mmm 0.927 1.037 1.123 1.053 1.141 5.79 —9.46 2.58 (2.71) —8.37 (70,30)
H3Mmm 0.913 0.847 1.095 1.127 1.560 5.94 —14.83 2.65 (2.77) —8.61 (68,30)
H4yvm 0.903 0.716 0.967 1.144 1.833 5.99 —16.85 2.77 (2.89) —8.84 (68,30)
H5Mmm 0.868 0.325 0.646 1.215 2.616 6.32 —29.26 3.78 (3.86) —9.83 (58,26)
H7vm 0.858 0.110 0.339 1.086 3.235 6.61 —43.69 5.32 (4.95) —10.23 (56,26)
DHS .50, MM 0.853 0.370 1.038 1.686 2.089 6.41 —33.40 434 (4.41) —9.66 (58,26)
DHS .60, MM 0.871 0.567 1.571 1.971 1.649 6.28 —28.51 4.02 (4.10) —9.10 (60,26)

Odd-even mass staggering parameters Agy and Agym, x g for the optimization with (without) odd-even mass staggering. In the two last columns,
the minimal energy e, for each model is given together with its position in the nuclear chart (A, Z)min. Experimental binding energy are e(*°Fe) =

—8.79 MeV and e(%¥Zn) = —8.76 MeV

A small improvement of the fit to the experimental nuclear
masses has been implemented in the present work in order
the reduce the effect of the odd-even mass staggering in the
data: we have corrected the experimental masses as, Eéxp =
El,— AEL_, with

exp exp?
i Ni —Zi 2 —1/3
AEesz Asat+Asym A— Ai 8(N,Z). (6)
i

where §(N, Z) = 1 if N and Z are odd, O if either N or Z is
odd, and —1 if both N and Z are even [44]. The parameters
Agye and Ay are varied together with the CLDM parameters
C; in the fit to the experimental masses. The loss function x g,
required for the fit, is defined as,

L 1/2
XE = [ﬁ > (EL, - E:m)ﬂ : )
i=1
where N = 3375 (2443 without extrapolated data) is the
number of considered nuclei from the experimental nuclear
chart and E! . the energy from the CLDM model for the
nucleus i. By comparing xg and xg,a (defined as function
of E /A instead of E), the impact of the loss function has been
shown to be non-negligible in general, but smaller than other
uncertainties [19] such as for instance the one coming from
varying the model for the bulk. We will thus employ only x g
for the fit, without considering the uncertainties originating
from a different measure of the goodness of the model to
reproduce experimental nuclear masses. Note that we also

checked that our predictions are weakly impacted by incor-
porating the extrapolated data for the experimental masses,
compared to the case where we would restrict the nuclear
chat only to the measured masses.

The results of the fit to finite nuclei are shown in Table 3.
The coefficients C; are in general of the order of 1, as
expected. The odd-even mass staggering parameters Ag,c and
Asym are also shown. The isoscalar parameter Ay is similar
to the value suggested in Ref. [45] (7.2 MeV). The isovector
parameter Agym however is much smaller than the one sug-
gested in Ref. [45] (—44 MeV), where the fit is done by con-
sidering only A > 40 nuclei. We indeed found that this quan-
tity is very sensitive to the nuclei which we fit it. When we
selectonly A > 40 nuclei Agyy, change from —7.35(—11.26)
to &~ —16.83 (—16.60) MeV for BSK14 (SLy5). The value
of Agym therefore varies from one region of the nuclear chat
to another. It is difficult to determine a constant value over
the nuclear chart, but its influence is small since nuclei do
not explore large isospin asymmetries (N < 2Z for heavy
nuclei).

With a loss function xg < 3 MeV, the x EFT models H1-
H4 are the more accurate ones to reproduce the experimental
masses. They are comparable with the Skyrme models con-
sidered here. Note that our conclusion remains valid even
when we do not correct for the odd-even mass staggering in
the nuclear data, see number is parenthesis in the x g column
on Table 3. The nuclear masses however disfavor the y EFT
models: H5, H7, DHS159 and DHSj¢9. In the following,
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Hamiltonians H1-H4 will be considered as our best models
and will be marked with a gray band, since they reproduce
nuclear masses at best.

In the two last columns of Table 3 are shown the minimal
energy per particle obtained for each model. This quantity is
sometimes used to define the offset of the energy per particle
in the crust, see next sub-section. Experimentally, the nucleus
6Fe minimizes the energy, but it is a bit model dependent
due to the approximation scheme. The search for the minimal
energy per particle configuration is illustrated in Fig. 4 for a
few models (LNS5, SLy5 and H2) and for iron group isotopic
chains (Fe, Co, Ni, Zn). For all the Skyrme models, the lowest
energy configuration is ®*Ni. This is also the lowest energy
configuration for H1, H3, H4, while H2 prefers 7ONi and the
other x EFT models prefer Y°~%Fe nuclei.

3.2 Crust equation of state

The non-uniform matter in the crust is modeled according to
the CLDM, which sums the nuclear cluster energy E.j, with
bulk, FS and electron interaction contributions, the neutron
fluid contribution E,, as well as the kinetic electron gas E,:

Ew = Eq + E, + E. . (8)

Note that as the electron density goes to zero, n, — 0, then
Eq — Enye, previously defined. Details on these different
terms are given in Ref. [19].

The energy, pressure, sound speed and volume fraction,
u = Vi/Vws where V is the cluster volume and Viys
the Wigner-Seitz cell volume, at B-equilibrium are shown
in Fig. 5 for a range of densities spanning over the outer
(partially) and inner crust. As already suggest in Ref. [18],
these quantities are sensitive to the properties of low-density
NM, as shown in Fig. 1. The models LNS5 and SGII (FO
and SLy5), which predict binding energies in low-density
NM lower (higher) than the x EFT band, also predict that the
binding energy at 8-equilibrium is lower (higher) in the den-
sity range going from 3 1073 to 10~! fm 3. Same remarks
can be done for the pressure, the sound speed and the vol-
ume fraction at B-equilibrium. Vertical dark gray bands in
Fig. 5 shows the prediction for the outer-inner crust transi-
tion for the models that better reproduce nuclear masses, i.e.,
all Skyrme models and H1-H4, while light gray band shows
the prediction including all models used in this work. Note
the importance of reproducing experimental nuclear masses
to better constrain the location of the neutron drip.

It can also be remarked that in the outer crust the x EFT
Hamiltonians are more spread than the Skyrme models.
Since the Skyrme models reproduce better the experimental
nuclear binding, they lead to tighter predictions in the outer
crust. Note that the gray band localizing the predictions from
H1-H4 xEFT Hamiltonians are in full agreement with the
Skyrme’s ones. One can thus conclude that the experimental
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nuclear masses are important constraints to accurately pre-
dict the EoS in NS outer crust. In the inner crust however,
since a large amount of neutrons drip off clusters forming a
neutron fluid, some properties such as the binding energy, the
pressure, the sound speed and the volume fraction are largely
impacted by the properties of uniform NM.

The transition from non-homogeneous matter (crust) to
homogeneous matter (core) is obtained by computing the
energy per particle for the two phases and comparing their
values with the increase of the density. The lower energy
is the favorable state. In the bottom-right panel of Fig. 5
the end of the volume fraction curves shows this transition.
The spread on the end of curves shows the uncertainty on
the crust-core transition for the 15 models investigated in
this work. In Table 4 we add the numerical values for the
outer-inner crust transition together with the crust-core for
the different models.

4 Tables of equation of state

The fifteen EoS presented in this paper are available on the
CompOSE catalog [22] and can be interfaced with the Lorene
library.! We briefly describe here a few quantities given in
these tables and we start with the enthalpy.

The enthalpy per particle is defined as

h(ng) = (m)c* + ewor + Prot/ 1B , )

where the mass (m) = (n,m, + npmp)/np for the baryon
density ngp = n, + n, contributes to the rest mass term in
Eq. (9). From Eq. (9) one could define the enthalpy per unit
mass mref as h/mref, where the unit mass mf is an arbitrary
quantity. It could be taken to be the atomic unit mass 1, 2, or
the lowest measured mass of >°Fe 3, and sometimes, it is just
taken to be the neutron mass #. As long as the definition of
the rest mass is well defined, all these choices are equivalent.

The equilibrium of static neutron stars is given by the
solution of the TOV equations [46,47]. In some numerical
resolution of these equations, see for instance Ref. [48] or
the Lorene library, the EOSs are sampled according to the
log enthalpy per unit mass defined as,

h
5 - 1) . (10)

MyefC

Hzlog(

In this case, it is important to fix mt to be below the lowest
possible mass such that the ratio & /my.r is always above 1,
and the quantity given by Eq. (10) always well-defined. A nat-
ural choice would be to take m (*°Fe) since it is the most stable

! https://lorene.obspm.ft/.

2 m, = 931.494028(23) MeV ¢ 2.
3 m(°°Fe) = 930.411790 MeV ¢ 2.
4 my, = 939.565413(6) MeV ¢ 2.


https://lorene.obspm.fr/
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Fig. 5 Energy per particle, pressure, sound speed and volume fraction at beta equilibrium in the NS crust. Dark gray band shows the prediction for
the outer-inner crust transition for the models that better reproduce nuclear masses (all Skyrme and H1-H4). Light gray band shows the uncertainty

including all models

system in nature. However, the NS EOS is not experimentally
measured but instead is based on a modeling of the experi-
mental nuclear masses. Due to the approximation scheme in
the modeling, it is not given that the model mass reproduces
the experimental quantity. It shall then be checked that the
choice for myr ensures the ratio i/ my.r is above 1. To address
this question in a more quantitative way, we have investigated
in Fig. 4 the location of the minimal energy nucleus, and we
found that it is not necessarily °Fe for all EOSs. For each
EOS, we have then reported the value of the binding energy
corresponding to the minimal energy nucleus in Table 3. The
reference mass shall thus be fixed to be the minimum energy
per particle predicted by the considered model. From Table 3
we can check that min(epye)/m(*®Fe)c? < 1 for all Skyrme
model we considered, but some of the y EFT models, while
not being our preferred ones, do not respect this condition.
Employing these models in TOV solver using (10) should
then be performed carefully, and it could be necessary to
lower down the value of the reference mass for these cases.
The neutron, proton, electron and muon particle fractions
are shown in Fig. 6. For densities lower than 107> fm—3

all models agree well together, except H7, which slightly
overestimates Y,. At higher densities however, a dispersion
among the model predictions appears. Here also the low-
density energy per particle in NM plays an important role:
a reduction of the energy per particle in NM would ease
the production of neutrons S-processes from electrons and
protons, and thus would reduce the electron fraction Y,. This
is exactly what happens: the stiffest models, e.g. FO and SLyS5,
predict the largest particle fractions in the density range going
from 10~3-10~! fm_3, while the softest ones, e.g. LNS5 and
SGII, predict the lowest electron fractions.

Muons appear at around 0.1-0.2 fm 3, and this onset den-
sity is rather model independent (at least for density scale of
the figure). The muon fraction increases for all models. At a
few times saturation density, some models such as BSK14,
BSK16, RATP, SGII and LNSS predict however a bending
down of the electron and muon density. This behavior results
from the symmetry energy, see Fig. 2, which bends down to
zero for these models as the density exceeds saturation den-
sity. As the symmetry energy reduces, it is more and more
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Fig. 6 Particle fractions. Top: leptons, Y, left axis (¥, right axis) in
continuous (dotted) lines. Bottom: baryons, X, left axis (X, right axis)
in continuous (dotted) lines
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Fig. 7 Neutron chemical potentials in the inner crust with respect to
the baryon density

easy to produce neutrons and then the lepton fraction goes
down to zero.

The neutron chemical potential is shown in Fig. 7. In the
outer crust v, < 0, since all neutrons are bound to nuclei. The
neutron drip is defined as the density at which the first neu-
tron drips out of nuclei or equivalently by the condition that
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Fig. 8 Cluster composition, A (top) and Zcl (bottom), for the eight
xEFT Hamiltonians and the seven Skyrme models. The silver band
shows our best results including H1-H4

the neutron chemical potential v, > 0. Fig. 7 only shows this
positive case. The small dispersion of the curves in the lower
left side of Fig. 7 reflects the uncertainties in the position
the outer—inner crust transition. As we already commented
in the discussion of Fig. 5, the position of the inner-outer
crust transition is better defined with Skyrme models than
with yEFT ones. This indicates that the inner-outer crust
transition is mainly determined by the experimental nuclear
masses. As the density increases above the drip point, the neu-
tron fluid contribution becomes more important. As a con-
sequence a convergence of the y EFT models is observed,
while the uncertainties on the Skyrme models predictions
are getting larger and larger. As seen in the previous figures,
we note that FO and SLy5 (LNSS5 and SGII) predicts higher
(lower) values than the other models, while RATP, BSK14
and BSK16 predicts v, compatible with the x EFT models.
The cluster composition in the inner and outer crust is
shown in Fig. 8. Our best predictions from the y EFT models
H1-H4 are bounded by the gray band. The Asy-Stiff models
such as HS, H7, DHS 59 and DHS[ 69 predict lower Z.| than
the gray band, and the Asy-Soft models such as RATP, LNS5,
SGII, BSK16 predict larger Z than the gray band. Other
models are compatible with the gray band. Note however that
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Fig. 9 Neutron star MR diagram, for the eight x EFT Hamiltonians
and the seven Skyrme models. The squares indicate the density at which
causality is violated. The light crosses mark the central density in units
of ngy: the numbers given in the diagram indicate the value of the central
density in units of ng,. Gray contours show the NICER observations
for the pulsars JOO30 (obtained from Ref. [6]) and JO740 (obtained as
an average of the analyses of Refs. [7,8]) together with LIGO/Virgo
observation GW170817 [49]

H5 and H7 predict much lower A and Z than the other y EFT
ones. This is most probably due to the fact that these two
hamiltonians predict the lowest values for ng, compared to
other x EFT predictions, see Table 1. Since the cluster radius
is mostly controlled by the virial condition, a lower value
for ng, induces a lower value for A. In addition, the clus-
ter asymmetry parameter /) is predicted to be quite model
independent, see our study in Ref. [19] for instance, a lower
value for A induces a lower value for Z.

An interesting feature appears close to the core-crust tran-
sition density: the behavior of A¢ and Z can be quite differ-
ent from one model to another. This is reflecting the important
role played by the isospin asymmetry parameter pgyf, which
is fixed to be pgyt = 3 in our present study. The role of
Psurf On the core-crust transition density has been discussed
in Refs. [17,19]. It is indeed a parameter which is difficult to
determine, since finite nuclei do not explore isospin asym-
metries large enough to be impacted by the value of pgy.
This parameter could be determined from a slab configura-
tion calculation exploring large asymmetries. In the present
study, we however prefer to fix pgr for simplicity, but a more
accurate estimation of the core-crust transition density shall
include a proper adjustment of the parameter pgyrf.

We also compare our results with other predictions in
Fig. 8, such as the Bruxelles-Montreal Hartree-Fock Bogoli-
ubov calculation (BSk22 and BSk25) [23], the Negele-
Vautherin Hartree-Fock calculation [50], the Douchin-Haensel
CLDM calculation [13,51,52], and finally the original BBP
model [15]. The oldest calculations, BBP, Negele-Vautherin

and Douchin-Haensel, do not always overlap with our gray
band, since they were performed before the recent x EFT
achievement. The BSk22 model overlaps pretty well with
our gray band, reflecting the good agreement already noticed
for the symmetry energy. The model BSk25, which is stiffer
than the y EFT H1-H4 models predicts larger Z than us.
Note also that while shell effects are absent from our calcu-
lation, our best predictions (gray band) is compatible with
models which have them, e.g. BSk22 or Negele-Vautherin.
This shows that while shell effects are important to get accu-
rate Z, the actual value for Z; is still largely influenced by
the contribution from the bulk term in the CLDM, in particu-
lar by the symmetry energy at low-density. The leptodermous
expansion, which has been shown to provide a good ordering
of the contribution of the different terms in the mass formula
in NS crust, suggests that shell effects are comparable with
curvature terms. In other words, shell effects are certainly
important for accurate predictions of the crust properties, but
they are not the main ingredient to understand the origin of
the main uncertainties in these properties. The main source
of uncertainties are originating from the bulk term, and in
more detail by the low-density NM properties.

Finally, the mass—radius relations for all the considered
models are given in Fig. 9. The crosses on the curves mark the
central density in units of ng,. Note that the central density at
the maximum (causal) mass for the Skyrme models is of the
order 7—8ng,. Most of the Skyrme models considered here
are softer and explore higher central densities than the y EFT
ones (5—6ngy). Note that the MR relations require extrapola-
tions above the y EFT breakdown density. We indeed recall
that we have fixed the values of the parameters Q and Z in
such a way that these models reach 2M,. Therefore the high
density behavior of the y EFT EoS is mostly controlled by
this prescription and is only mildly impacted by the x EFT
properties at low density. It is interesting to remark that all
our EoSs satisfy the GW170817 constraint obtained from
Ref. [49] and shown as a dark-gray contour (90 % confi-
dence level). The two light-gray contours in Fig. 9 represent
the NICER measurements for the pulsars JO030 [6] and J0740
[7,8]. We see that all x EFT models together with the Skyme
LNSS5, FO and SLy5 respect GW and NICER constraints,
while BSK14 respects GW and only JO030. The other Skyrme
models BSK16, SGII and RATP are outside the NICER con-
tours and respect, but very marginally, the GW contour. In
addition, these three Skyrme models are very soft and fail
to reproduce the observed lower limit of Mtoy. They are
however stiff enough to predict Mtoy > 1.7 Mg, above the
canonical mass NS. Despite the fact that they do not reach the
observational constraint at around 2M,, we keep these EoSs
since the densities at which they fail are well above the densi-
ties where nucleonic models can be trusted (3—4ngy,). These
EoSs certainly undergo a phase transition in their densest
regions that we leave open for future studies.
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Fig. 10 Pressure versus baryon density (in fm~3) at S-equilibrium,
for the eight x EFT Hamiltonians and the seven Skyrme models. The
error bar correspond to the inference for the pressure at twice saturation
density from the LIGO/Virgo observation GW170817 [49]

Table 4 Neutron drip density ngrjp, crust-core transition density ncc,
density at which the symmetry energy becomes negative ngym and causal
density n¢ayusal above which causality is broken

Model Ndrip Nee Tsym Ncausal
(x107* fm™3)  (x1072fm3) (m™3) (m™?)

Hlmm 2.60 9.60 - 0.68
H2Mmm 2.94 8.67 - 0.65
H3Mmm 2.44 8.45 - 0.65
Hénm 2.52 9.06 - 0.65
H5Mm 2.85 8.70 - 0.64
H7ym 322 8.31 - 0.57
DHSE 2.60 7.21 - 0.62
DHSLS 2.37 7.32 - 0.64
BSKldyy — 2.52 7.62 - 1.21
BSK16yy — 2.52 8.46 0.68 1.20
FOmm 2.52 8.33 - -
LNS5nm 2.60 7.04 1.18 -
RATPyMum 2.52 8.60 0.63 1.34
SGllpm 2.60 6.53 0.78 1.35
SLY 5mm 2.44 7.63 - 1.03

For some Skyrme models (FO, LNS5 and SLyS5) the maximum mass is
reached before causality is broken. For some models (BSK16, LNS5,
RATP and SGII) the softening of the EoS is explained from the low
value of ngym

The Skyrme models explored here are all quite soft at high
density, see Fig. 10. The soft Skyrme interactions which are
marginal for the GW 170817 contour shown in Fig. 9 (BSK16,
SGII and RATP) are also marginal for the prediction of the
pressure at 2ng, extracted from the analysis of GW based
on agnostic EoS [49]. It shall however be noticed that these
interactions overlap with the GW contour for densities in the
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range 4 to Sng,, SO quite larger than the constraint inferred at
2nsat. Even the stiffer models shown in Fig. 9 pass through the
GW contour for densities above 2ng,. The GW inference for
the pressure at 2n4,¢ shall therefore be considered cautiously.

The softening of BSK16, SGII and RATP EOSs is related
to the bending down of the symmetry energy, see inset in
Fig. 2. Note that in Fig. 9 the EOS for these three cases are
replaced by the NM EOS for densities n > ngym, where ngym
is the density at which esym = 0, see Table 4. The other
Skyrme EOSs, BSK14, LNSS5, SLyS5 and FO, are softer than
the xEFT ones for densities np 2 0.3-0.4 fm—3 as shown
in Fig. 10. It is then interesting to study the consequence of
such soft EoSs on the properties of neutron stars. The first
two columns of Table 4 summarize the boundaries for each
EoS. The first column shows the density transition between
the outer and inner crust nqrip while the second shows the
crust-core transition n¢.. In the two last columns we show
the limit of validity for the EoS that either present negative
values for the symmetry energy at high densities (nsyy,) or
break causality (72causal)-

Finally, we observe in Fig. 10 a change of slope of the pres-
sure for densities of about 0.4-0.6 frn_3, similar to the one
observed in Ref. [53]. The authors of Ref. [53] interpreted
this softening as a sign of the presence of quark matter in mas-
sive neutron stars. This cannot be our case since we describe
purely nucleonic matter. This apparent contradiction is dis-
cussed in Ref. [54], where it is shown that the bending down
of the pressure at these densities is not necessarily correlated
with the reduction of the sound speed, as it should be for
a phase transition to quark matter. In the present approach,
we indeed illustrate that the change of slope of the pressure
does not necessarily reflect the onset of a phase transition to
quark matter. The bending of the pressure is compatible with
matter composed of nucleons only, where the many-body
correlations at high density contribute to soften the EoS.

5 Conclusions

In the present analysis, we have explored the predictions
of fifteen models, including seven Skyrme and eight x EFT
Hamiltonians. We have focused our study on the properties
of the crust, for which we have employed a CLDM approach.
This approach is adequate for the understanding of the origin
of the model dependence in the prediction for the NS crust
properties. We have indeed found that there are two important
features which govern, at first order, our predictions: (1) the
ability of the models to reproduce the nuclear experimental
masses over the nuclear table, and (2) the low-density energy
per particle in NM. For the models which satisfy feature (1),
the condition on the low-density energy per particle in NM
is largely equivalent to the one on the low-density properties
of the symmetry energy.
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Crust properties have been analyzed in terms of bulk and
FS contributions, where the bulk term explore the uncertain-
ties in the uniform matter prediction, e.g. the low-density
NM, and the FS terms are optimized to reproduce experi-
mental nuclear masses. The two main sources of uncertain-
ties for the NS crust properties are then well identified. We
have observed that some quantities are more sensitive to the
feature (1), e.g. cluster composition A and Z, while others
are more impacted by the feature (2), e.g. energy per parti-
cle, pressure, sound speed, volume fraction, electron fraction
Y., neutron chemical potential, mentioning only the observ-
ables that we have analyzed. In a previous analysis, we have
also illustrated the role of FS terms, in particular the effect
of the parameter pg,s controlling the isospin dependence of
the surface energy for large values of the isospin parameter.

For all the fifteen unified EoS presented here, we have gen-
erated tables in the CompOSE format. Many nucleonic mod-
els presented here predict Mtoy above the limit set by radio-
observations of about 2Mg,, except a few Skyrme EOSs. The
central densities explored by these soft EoS are however so
large that the nucleon model presented here shall be replaced
by a model with exotic degrees of freedom. The description
of phase transitions is out of the scope of the present study,
but it could be performed on top of the EOS we provide.
Models with phase transition will be studied by the authors
in future works.

In summary, our study illustrates the importance of con-
structing unified models for NS EoS. Further extensions
are currently considered, investigating contributions from
smaller terms in the leptodermous expansion, such as for
instance the pairing term or the shell effects.
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