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| present a review of the theoretical and computational puilogies that have been used to model the
assembly of viral capsids. | discuss the capabilities amitdtions of approaches ranging from equilibrium
continuum theories to molecular dynamics simulations, lagigle an overview of some of the important con-
clusions about virus assembly that have resulted from theskeling efforts. Topics include the assembly of
empty viral shells, assembly around single-stranded fwakgds to form viral particles, and assembly around
synthetic polymers or charged nanoparticles for nanotolgy or biomedical applications. | present some
examples in which modeling efforts have promoted expertaidareakthroughs, as well as directions in which
the connection between modeling and experiment can begsitiesmed.
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I. INTRODUCTION

The formation of a virus is a marvel of natural selection. #®ganumber ( 60-10,000) of protein subunits and other corapisn
assemble into complete, reproducible structures, oftémexitreme fidelity, on a biologically relevant time scaléruges play a
role in a significant portion of human diseases, as well asetlod other animals, plants, and bacteria. Thus, it is oftgnéerest
to understand their formation process, with the goal of girg novel antivirus therapies that can block it, or altgively
to re-engineer viruses as drug delivery vehicles that capmable around their cargo and disassemble to deliver itowith
requiring explicit external control. More fundamentalBarning the factors that make viral assembly so robustcadVance
the development of self-assembling nanostructured nadderi

This review focuses on the use of theoretical and computatimodeling to understand the viral assembly process. \¢da be
with brief overviews of virus structure, assembly, and tRpegiments used to characterize the assembly process(sct
We next perform an equilibrium analysis of the assembly gbmprotein shells in sectidnlll. In secti@nllll we then presa
simple mathematical representation of the assembly psaed its relevant timescales, followed by several typesafeting
approaches that have been used to analyze and pieditto assembly kinetics. We then extend the equilibrium and dynam
ical approaches to consider the co-assembly of capsidipsotgth RNA or other polyanionic cargoes in sectiod IV. Ripa
we conclude with some of the important open questions andwayhich modeling can make a stronger connection with
experiments.

In the interests of thoroughly examining the capsid assgiptiicess, this review will not consider a number of inténgst
topics such as the structural dynamics of complete capsids [12 80| 129, 130]), capsid swelling or maturation sitons

e.g. @70]), mechanical pipbf assembled capsids (e.0.![L3, 16,158/ 98-95, (145183, 21
218]), or the motor-driven packaging of double-stranded®NsDNA) into assembled procapsids ([85, 162,1199-202],214
reviewed in[[7| 11d, 230]), or the conformations of dsDNAidescapsids (e.gl [154-156]).

A. Virusanatomies

Viruses consist of at least two types of components: the genavhich can be DNA or RNA and can be single-stranded or
double-stranded, and a protein shell called a capsid thedwwuds and protects the fragile nucleic acid. Viruses wveidely
in complexity, ranging from satellite tobacco mosaic vi(83 MV), whose 1063-nucleotide genome encodes for two prete
including the capsid protein [220] to the giant Megavirugthva 1,259,197-bp genome encoding for 1,120 putative prste
[14] that is larger than some bacterial genomes and encageaicapsids and a lipid bilayer. Viruses such as Megavhas t
acquire a lipid bilayer coating from the plasma membranenointerior cell compartment of the host organism are known as
‘enveloped’ viruses, whereas viruses such as STMV thatkeptes naked protein exterior are termed ‘non-envelopedicei
Stephen Harrison and colleagues achieved the first atagsatrtion structure of tomato bushy stunt virus (TBSV) iv89
[109], structures of numerous virus capsids have been levéa atomic resolution by x-ray crystallography and/oyaer
electron microscopy (cryo-EM) images. An extensive caitecof virus structures can be found at the VIPERdb virugiplar
explorer website (http://viperdb.scripps.edu) [212].

The requirement that the viral genome be enclosed in a picgeshell severely constrains its length and hence the eumb
of protein sequences that it can encode. As first proposedibi @rd Watson [62], virus capsids are therefore compraded
numerous copies of one or a few protein sequences, whictsaedlyiarranged with a high degree of symmetry in the asseanbl
capsid. Most viruses can be classified as rodlike or spHevith the capsids of rodlike viruses arranged with helmahmetry
around the nucleic acid, such as tobacco mosaic virus (Tl the capsids of most spherical viruses arranged withlegral
symmetry. There are also important exceptions discussedvb@he number of protein copies comprising a helical chpsi
arbitrary and thus a helical capsid can accommodate a owde of any length. In contrast, icosahedral capsids ariédd by
the geometric constraint that at most 60 identical subwitsbe arranged into a regular polyhedron. However, eatigtsiral
experiments indicated that many spherical capsids contaltiples of 60 proteins.

Caspar and Klug proposed geometrical arguments that egdwoiv multiples of 60 proteins can be arranged with icosated
symmetry, where individual proteins interact through thee interfaces but take slightly different, or quasi-egl@nt, con-
formations[[45]. Protein subunits can be grouped into molqdical units or ‘capsomers’, usually as pentamers andimexs.
Icosahedral symmetry requires exactly 12 pentamers,ddcatthe vertices of an icosahedron inscribed within theidapA
complete capsid is comprised @7 subunits, wherd" is the ‘triangulation number’, which is equal to the numbedistinct
subunit conformations.

In brief, a structure with icosahedral symmetry is comutisE20 identical facets. The facets are equilateral triemghd thus
themselves comprise at least 3 identical asymmetric ua#s)( The only requirement of the asymmetric units is they tire
arranged with threefold symmetry, although many capsiteime have a roughly trapezoidal shape [219] and it has beged
that this shape is ideal for tiling icosahedral structuiEs3]. The Caspar Klug (C-K) classification system can beionbth
starting from a hexagonal lattice as shown in Eig. 1. An edg@®icosahedral facet is defined by starting at the origith an
stepping distances andk along each of the respective lattice vectors. There is anit@fseries of such equilateral triangles
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FIG. 1. The geometry of icosahedral latticéa) Different equilateral triangular facets can be constricte a hexagonal lattice by moving
integer numbers of steps along each ofiirendk lattice vectors(B) Construction of &'=3 lattice. Twenty copies of the triangular facet (left)
obtained by moving one step along each of fhandk lattice vectors are arranged as shown in the middle panélthen folded to obtain
the icosahedral structure shown on the right. To connestdbmstruction to a capsid, note that each pentagon will demfive proteins in
identical environments and each hexagon will comprise wbusits in two different types of local environments, réisigl in a total of 180
proteins in three distinct local environmen€) Example icosahedral capsid structures. From left to righshown thé'=1 satellite tobacco
mosaic virus capsid (STMV) PDBID 1A34 [152], tHé=3 cowpea chlorotic mottle virus capsid (CCMV) PDBID 1CWR§?, and thel'=4
human hepatitis B viral capsid (HBV) PDBID 1QGIT [276]. Stures are shown scaled to actual size, and the protein coafiuns are
indicated by color. In each image the 60 pentameric subanéolored blue. The images of capsids in (C) were obtaired the Viper
database [212]. The images in (A) and (B) were reprinted fdorilol. Biol., Johnson and Spei69, 665-675 (1997Quasi-equivalent
viruses: A paradigm for protein assembli@gth permission from Elsevier.

corresponding to integer valuesiofindk. The area of such a triangle (for unit spacing between &afiwints) is given by’/4,
whereT is the triangulation number defined as

T = h® + hk + k%, (1)

Considering that the smallest such triangkel comprises three asu, the total number of asu in the fattmtissgiven by37 and
the total number of asu in the icosahedro6(4’. From Fig[1 the individual asu’s are not all identical f6r> 1 since they
have different local environments. Given the threefold syetry of the facet, there af distinct local environments and thiis
distinct asu geometries. Flg. 1B shows how to build a physicalel for such a construction witfi=3.

The asu (i.e. individual proteins) within the icosahedtalcture can be grouped based on whether they sit at a fidesfol
threefold (quasi-sixfold) axis of symmetry into pentaraest hexameric ‘capsomers’. Given that an icosahedron ooniZ®
vertices with fivefold symmetry and the total number of piéés given by607", there arel0(T" — 1) hexamers.

Many icosahedral viral capsids wifhi > 1 are comprised of only a single protein copy, meaning thaptbé&in must adopt
different configurations depending on its local environménwas originally proposed by Caspar and Kliig|[46] thatdiese
the local environments are similar, or ‘quasi-equivalgié proteins in different environments could interacbttgh the same
interfaces. This has since been found to be correct for n@sahedral viruses, with structural differences betweaetems at
different quasi-equivalent sites often limited to loopsl & and C-termini. However, there can also be proteins withresive
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conformational changes or even different sequences atélift sites. Some examples of these structural differereesviewed
in Refs.[125] 288].

Some icosahedral virus capsid structures deviate froml#ss of lattice structures shown in Hig. 1. For example Rbig-
omaviridag e.g. human papilloma virus (HPV), are comprised entirélgantamer capsomers, which depending on their local
environment are either five-fold or six-fold coordinatecer@ralizations of the C-K classification scheme have beepgsed
[136--138[ 146, 165, 165, 253] which can describe polyornawiapsid shapes. Mannige and Brooks identified a relajpnsh
between hexamer shapes and capsid properties such &sZ3&74]. They also developed a metric for complexity of &t
dral morphologies, which resulted in a ‘periodic table’ apsids and, combined with the assumption that the simptestsres
are the fittest, revealed evolutionary pressures on capsictsres|[175].

There are also non-spherical capsids with aspects of iedsahsymmetry. For example, the mature HIV virus capsiérass
bles into tubular or conical shapés|[29] 90-92] and someehiaphages (viruses that infect bacteria) have capsidshadnie
elongated or prolate icosahedra (e 185]). The Cakdification system was extended to describe prolate iedsalfby
Moody [185]. We present some approaches to model the syahildl formation of capsids that correspond to C-K structore
their generalizations in section 11l F.

B. Virusassembly

Viral assembly most generally refers to the process by wihielprotein capsid(s) form, the nucleic acid becomes entaties!
within the capsid, membrane coats are acquired (if the wéreaveloped), and any maturation steps occur. For mangesrthe
capsid can form spontaneously, as demonstrated in 195%@xfferiments of Fraenkel-Conrat and Williams in which th&R
and capsid protein of TMV spontaneously assembiedtro to form infectious virions [88].

The pathway of nucleic acid encapsulation differs drama#ljidoetween viruses with single-stranded or double-skean
genomes. Viruses with single-stranded genomes (the hetiedtof which have ssSRNA genomes) usually assemble sponta-
neously around their nucleic acid in a single step. Thisgmdeincludes many small spherical plant viruses (e.g. STV
bromoviridag, the bacteriophage MS2, and animal viruses such as nadavir many cases the RNA is required for assembly
at physiological conditions, but the capsid proteins caemble without RNA into empty shelis vitro under different ionic
strengths opH. We also can include in this group thiepadnaviridadamily of viruses (e.g. Hepatitis B Virus (HBV)), which
have a dsDNA genome but a capsid that assembles around aAspBBgI}EnodeEEgib?u].

The extreme stiffness of a double-stranded genome (thésprse length of dsDNA is 50 nm) and the high charge density
preclude spontaneous nucleic acid encapsidation. Thusgag a double-stranded genome requires a two-step maces
which an empty protein shell is assembled followed by patigagia ATP hydrolysis and/or complexation with nucleicaci
folding proteins (e.g. histones [101, 262]). Of these \ég)jghe assembly processes have been most thoroughlyigaest
for dsDNA viruses, such as the tailed bacteriophages, Baripas and adenovirus. These viruses assemble an emptigcaps
without requiring a nucleic acid at physiological conditi and a molecular motor which inserts into one vertex otHpesid
[242]. The motor then hydrolyzes cellular ATP to pump the DN the capsid.

In this review we will focus on the assembly of icosahedralises, first discussing the assembly of empty capsids such as
occurs during the first step of bacteriophage assembly remdo-assembly of capsid proteins with RNA, such as ocauisgl
replication of ssRNA viruses, and finally co-assembly withew polyanions inin vitro experiments. We will not consider the
assembly of rod-like viruses. Although not yet completetylerstood, the assembly process for the rod-like virus TM¥ h
been studied in great detail and has been the subject ofabeeeiews [42] 45, 144] as well as more recent modeling stidi
[139,[148].

1. Experiments that characterize capsid assembly

The kinetics for spontaneous capsid assenmblyitro have been measured with size exclusion chromatography)(8iC
X-ray and light scattering (e.gl_[32,144,52, 126,142, 268 291]). Most frequently, the fraction of subunits in delgsor
other intermediates has been monitored using size exausicomatography (SEC) and the mass-averaged moleculghtvei
has been estimated with light scattering. The SEC expetsrsdrow that under optimal assembly conditions the onlyispec
present in detectable concentrations are either compégisids or small oligomers which we refer to as the basic dslgem
unit. The size of the basic assembly unit is virus depenaegt;dimers for bromovirused [1] and HBV [47, 275], or pengasn
for picornaviruses (e.g. human rhinovirus (HRV)) and piedyomaviridaefamily [158] (e.g. human papilloma virus (HPV)).
Provided that intermediate concentrations remain snheintass-averaged molecular weight and thus the light scaf@osely
track the fraction capsid measured by SEC. Example lighteséiag measurements from Zlotnick and coworkers [291Famvn
in Fig.[2A for HBV assembly at several ionic strengths.

While these bulk experiments have provided tremendousrimdition about capsid assembly kinetics, it has been ditftoul
characterize assembly pathways in detail because thenatkates are transient and present only at low levels. Cermghtary
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FIG. 2. (A) Light scattering measured as a function of time forM dimer of HBV capsid protein at indicated ionic strength&ght scatter

is approximately proportional to the mass-averaged médeaueight of assemblages and, under conditions of prodeietssembly, closely
tracks the fraction of subunits in capsids (see te€#).Simulated light scattering for 5M subunit with indicated values of the subunit-subunit
binding free energyd) using the rate equation approach described in selction Figures reprinted with permission from BiochemisB§,
14644-14652 (19994 Theoretical Model Successfully Identifies Features ofdtlép B Virus Capsid Assemblilotnick, Johnson, Wingfield,
Stahl, Endres, Copyright (1999) American Chemical Society

techniques have begun to address this limitation. Restilsepsensing was used to track the passage of individual HBV
capsids through conical nanopores in a membrand [108, Z86ls Coulter-counter-like apparatus was able to distisigui
betweenl'=3 and7=4 capsids. Mass spectrometry has been used to charadteyirgtermediates in the assembly of MS2 by
Stockley and coworkers [2B3, 239, 249] (see sedfion 1ll F 2) fan HBV and nodavirus by Uetrecht et al. [255]. Furthermore
fluorescent labeling of capsid proteins [131] and in somes&NA has enabled measuring assembly timescales for sapsid

vivo (reviewed in Refs.[[24, 132]).

2. Motivation for and scope of modeling

Even with the experimental capabilities to detect and attarze key intermediates for some viruses, theoreticdlcampu-
tational models are important complements to elucidaterably pathways and mechanisms. Each intermediate is a nm&hbe
a large ensemble of structures and pathways that compgsavtrall assembly process for a virus. Furthermore, adgamb
driven by collective interactions that are regulated byghtty balanced competition of forces between individualenales. Itis
difficult, with experiments alone, to parse these intetaifor those mechanisms and factors that critically infbedarge-scale
properties. With a model, one can tune each factor indiligta learn its affect on the assembly process. In this waydets
can be used as a predictive guide to design new experimentgeter, whether at atomistic or coarse-grained resolutimtels
involve important simplifications or other inaccuracieghirir representation of physical systems. Thus, compacg$onodel
predictions to experiments is essential to identify and tiefine important model limitations. Iterative predicti@omparison,
and model refinement can identify the key factors that goassembly mechanisms.

The large ranges of length and time scalds/(m, ps—minute) that are relevant to most capsid assemblyioaachinder
simulating the process with atomic resolution, althougidgiolino et al. [[89] performed an all-atom simulation of thect
STMV virus. Recently, approaches to systematically cegraén from atomistic simulations have been applied torhogate
the stability of intact viruses [12, 120, 130] or to estimatebunit positions and orientations from cryo electron wscopy
images of the immature HIV capsid [15]. All-atom moleculgnedmics has been applied to specific elements of the assembly
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reaction|[278]. As we describe below, most efforts to modglsid assembly to date have considered simplified modetshwhi
retain those aspects of the physics which are hypothesizied essential; with the validity of the hypothesis to be eieed
by comparison of model predictions with experiments.

Il.  THERMODYNAMICSOF CAPSID ASSEMBLY

We will begin our discussion of viral assembly by analyzihg formation process of an empty capsid. While this process i
most relevant to viruses that first form empty capsids duasgpmbly, SSRNA capsid proteins have also been examinkedhwit
vitro experiments in which the ionic strength apid were adjusted to enable assembly of empty capsids.

A. Drivingforces

For assembly to proceed spontaneously, states with capsisisbe lower in free energy than a state with only free subuni
The assembly of disordered subunits (and RNA or other cormishif applicable) into an ordered capsid structure reslthoar
translational and rotational entropy, and thus must beedrby favorable interactions among subunits and any othepoaents
that overcome this penalty. We begin here with the protedigin interactions; the subunit-RNA interactions thatrmpote
ssRNA capsids to assemble around their genome are disdnssariior IV and also reviewed in great detail by Siber, Bpand
Podgornik[230]. Capsid proteins are typically highly ared and possess binding interfaces that bury large hydphceas.
Thus, as with most protein-protein interactio\és [2], cdEssembly results from a combination of hydrophobic, ebstatic,
van der Waals, and hydrogen bonding interactions. Covaigractions typically do not play a role in assembly, altlo they
appear during subsequent maturation steps for a numberussi (e.g. the bacteriophage HKB7 [271)).

Importantly, all of these interactions are short-rangedairassembly conditions. Van der Waals interactions andolgyh
bonds operate on length scales of a few angstroms. Elegfiositeractions are screened on the scale of the Debyéhleng

A ~ 0.3/0;{,?, with A\p measured in nanometers and the salt concentratighmeasured in molar units. At physiological
ionic strengthCsair = 0.15 M, the screening length s, ~ 1 nm;in vitro experiments typically occur within the ranfe05, 1]
M. The hydrophobic interactions are similarly charactediby a length scale of approximatelpa — 1 nm [48,/198| 278].

In many cases the interaction is primarily driven by hydrmipb interactions, attenuated by electrostatic inteoastiwith
directional specificity imposed by van der Waals interactiand hydrogen bonding &t length scales. The importance of
hydrophobic interactions and the sometimes antagonistitributions of direct electrostatic interactions haverbshown by
measuring the dimerization affinity of the C-terminal domai the HIV capsid protein under an extensive series of rianato
the dimerization interface [6 60]. Furthermore, g8and Zlotnick [47] showed that the thermodynamic stgtulitHBV
capsids increases with both temperature and ionic strefihincrease in stability with temperature suggests thaitdphobic
interactions are the dominant driving for¢el[48]. The irs in stability with ionic strength, on the other hand, g that
the salt screens repulsive electrostatic interactionghvbppose protein association. Several models based ohyghighesis
reproduce the dependence of protein-protein interactrength on ionic strength measured in the experiménts 2G8/230].
However, it is worth noting that the experiments were perfed on capsid protein with the highly charged C-terminal dimm
truncated, and it is difficult to pinpoint on the crystal sttwre which charges are responsible for repulsive intenast Ceres
and Zlotnick [47] suggested that higher salt concentratimuld enhance assembly by favoring a capsid protein coafion
which is active for assembly.

B. Law of massaction

We now consider the assembly thermodynamics for subunidsveed with the interactions just described. We begin by
considering the equilibrium for a system of identical photsubunits assembling to form emply=1 capsids. To make the
calculation analytically tractable, we assume here thexetis one dominant intermediate species for each numbebah#sn;
extending this assumption is conceptually straightfodvadihe word subunit refers to the basic assembly unit defimsddtion

B1

The total free energyec for a system of subunits, intermediates, and capsids irisnloan be written as

N
FEC/kBT - Z kT pn, [1Og(pnv0) - 1] + PnG%ap (2)

n=1

whereu is a standard state volumg, is the density of intermediates with subunits, andz5." denotes the interaction free



energy of such an intermediate. A plausible model for theramtion free energy is

n

GP¥(gy) = Y (nSgp) — TS9N ©)

j=1
wheren is the number of new subunit-subunit contacts formed by theiihg of subunitj to the intermediatey, is the free

energy for such a contact, ais§®%"accounts for degeneracy in the number of ways subunits cahtbior unbind from an
intermediate (see thefactors in Refs.[80, 286] and Fifi] 3). These terms are spe:tiff the geometry of the capsid. Here we
have subsumed rotational binding entropy penaltiesjpteee Ref.[[28, 81, 105, 106]) and, to reduce the number ofpeters,
assumed that the binding energyis the same for all contacts. As discussed in se¢fion HyAdepends on temperature, ionic
strength, angH. Eq.[3 can be readily extended to allow for interface-dejpen contact energies and subunit conformational
changed [75].

To obtain the equilibrium concentration of intermediates mvinimize Fgc subject to the constraint that the total subunit
concentratiomny is conserved:

N
> npn = pr. (4)
n=1

This yields the well-known law of mass action (LMA) result fatermediate concentratioris [40, 223]

pnvo = exp|—B(G7P — np)]
o= kBTIOg(’Uopl) (5)

with 1 the chemical potential of free subunits afié= 1/kg 7. Due to the constraint (Ef] 4) Egl. 5 must be solved numeyicall
The result for a model dodecahedral capsid comprised of hfagenal subunits is shown in Fif] 3 for several values of the
binding energyy,. Notice that in all cases the capsid protein is almost dgtiequestered either as free subunits or in complete
capsids. This prediction, which is analogous to the resulspherical micelles with a preferred diameter [223] isgyanto any
description of an assembling structure in which the intiésadree energy=s-* is minimized by one intermediate size £ N)

and the total subunit concentration is conserved.

To emphasize the generic nature of the prediction thatrimediate concentrations are negligible at equilibrium, Je® a
consider a continuum model of an assembling shell preséytZandi and coworkers [280]. Each partial-capsid interiaieds
described as a sphere, with a missing spherical cap. Thearafae free energy due to unsatisfied subunit-subunitact®ns
at the perimeter of the cap is represented by a line tersiso the interaction free energy for a partial capsid wigubunits is

GCap(n) = ngs + a'l(n) —b (6)
with the perimeter of the missing spherical cap for a given by
U(n) = 2nRsinf(n) = vy *2[wn(N —n)/N]'/? 7)

with vé/g the size of one subunit angd the binding free energy per subunit (not per contact) in apteta capsid. Finally, we
have included = gs + 201(1) to ensure that free subunits have no interaction energye sire continuum model breaks down
for small intermediates. We set the line tensioate —gs/2, which indicates that, on average, a subunit adding to thenpéer
of the capsid satisfies half of its contacts. The resultimdilerfor G(n) is shown in Figlb, with the intermediate concentrations
for several values gft/p* shown in Fig[#c. In all cases, the intermediate conceninatare negligible.

Two-state approximation. Based on the observation that intermediate concentragi@nsegligible at equilibrium, the equa-
tions for capsid assembly thermodynamics can be simplifiediderably by neglecting all intermediates except frémigiis or
complete capsids, so that

pt=p1+ Npn. 8
Defining the fraction of subunits in capsids as= Npy/pt, combining Eqd.]8 arld 5, and rearranging, we obtain [261]
Jo — N(ugm)¥temn6R, ©)
1—fe
In the limit N >> 1 this gives
1/N
Je AT
I1—fe p*

cap

G _ _
p vy = exp (ﬂN ﬁ 1> NV ~ exp (ﬁG?{?p/N) (20)
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FIG. 3. (A) The assembly model for a dodecahedral capsid and the is@tiseights associated with symmetries for the interntediaThe

columns list respectively the number of intermediates]dhest energy configuration, the degeneracy for adding ditiadal subunit §,, in

Eq[20 below), the degeneracy for losing a subuhitii Eq[20), the net degenerac§®f%"in Eq.[3), the number of contacts gained by adding

a subunitt$ in Eq.[3), and the corresponding equilibrium constant. Qhéyfirst four and last two intermediates are shown; the &illese

given in Ref. [286].(B) The mole fractions of each intermediate calculated using3=and the statistical factors in (A) are shown for total

subunit concentrationsr of 0.44xM (0O), 0.88uM (A), and1.8uM (@). Figures reprinted from J. Mol. Biol241, Zlotnick, To Build a Virus
Capsid: An Equilibrium Model of the Self Assembly of PolyakErotein Complexe$9-67 Copyright(1994) with permission from Elsevier.

with p* the pseudo-critical subunit concentration. In the asymiptionits Eq.[10 reduces to

N
CQ(%) <1 for pr < p*
P .
~1_ = for pr > p (11)
PT

The solution to Eg_11 is shown in Figl 5 for several valuesefdapsid sizeV; note that the transition becomes sharper with
increasing capsid size. Also notice that increasing tha satbunit concentrationr or the magnitude of the binding energy (i.e.
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decreasing™*) always increases the fraction of subunits in completeidags at equilibrium. We will see however in section
[Tthat this trend does not always apply at finite but expenitally relevant timescales due to kinetic effects.

Higher T' numbers. If one or a few ground state capsid geometries are known @apsumed), the thermodynamic cal-
culation described above can be extended to describe sapgid larger?” numbers in a straightforward manner. Recalling
from sectiori TA that icosahedral capsids compfisdifferent subunit conformations (or in some cases proteguences), the
capsid free energ& P must be extended to include conformation energies and coinee energiegy, which depend on the

N
subunit conformation or speciés [75]. Approaches to deteiiine lowest free energy configuration(s) for a shell aseufised

in sectior 1ITE1.

1. Estimating binding energies from experiments

Zlotnick and coworkers have shown that the assembly of HBJ] fan be captured by Eq._110 usipgas a fit parameter
(see Fig[®). These fits yield an important observation thatsubunit-subunit binding free energies are quite smalthe
order ofg, = 4 kcal/mol 6.7kg1") for productive assembly reactions. The observation thpsicl assembly is driven by weak
interactions of this magnitude appears to be a generalouleapsid assembly [287], for reasons discussed in sddflon |

The conclusion that most of the interactions driving cagsisembly are weak appears to be broadly valid. However, it is
important to note that EQ._10 is an equilibrium expressiad,thus strictly applies only on times exceeding any relexeaction
timescale. We can immediately see that this condition i®hdyhe reach of many experiments by estimating the timedoah
single subunit to leave an assembled capsid. Consider@atyguibunit-subunit association rate constant ef 10°/M - s ([8q,
[126,291], see sectién1lB), and a typical binding free gyeaf g, = 6.7ksT". Since the dimer subunits of HBV are tetravalent,
the first subunit must break four contacts to dissociateh witimescale of aboutjissociate ~ f exp(4gn/ksT) = 50 days.
Similarly, we show in section TITA]L that the approach of asbéy toward equilibrium must lead to ever increasing nutea
barriers. Based on dynamical assembly simulations, ouwrmghas estimated that the valuesggfcould be underestimated by
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aboutkgT even for measurements taken at 24 hours due to this effect.

The actual timescales for subunit dissociation from comeptapsids can be estimated from experiments that labelbeshds
to monitor exchange with complete P22 capsids|[196] as wélE8 andI'=4 HBV capsids/[256]. Subunit exchange on a period
of days to months was indeed demonstrated for the P22 capwidsfraction of the subunits in tH&=3 HBV capsids. However,
no subunit exchange was observed T6r4 HBV capsids, even when temperature was decreas¢t @(recall that HBV is
less stable at lower temperature). Similarly, Singh andrif [234] measured substantial hysteresis for the diatioa of
HBV capsids under denaturant. These observations raigeot®bility that there are some steps which are irrever gl least
on measurement timescales) in the assembly process. rBitaeesteps late in assembly or during a post-assemblyratain
process make sense from the perspective of virus replica®they would extend the period of time over which the voars
remain complete in infinite dilution and unfavorable enmiments. Of course, there must be a mechanism to releasertbmge
once the virus has infected a host.

The existence of irreversible steps cannot be directlyaledeby assembly data alone. It has been shown that, even if
there are assembly steps which are irreversible (on rei¢ivaescales) late in the assembly cascade, as long as mpstate
reversible the assembly data can be fit td_Elq.10 with an appeatue ofg, reflecting the free energy of the reversible steps
[107,[186) 2155, 292]. Similarly, comparison of the dynarhiguations described in sectibn1ll B to kinetics data couridy
reveal the presence of irreversible steps on timescaledity the equilibration time associated with the revégsiteps (e.g.

2 50 days).

I11. MODELING SELF ASSEMBLY DYNAMICSAND KINETICSOF EMPTY CAPSIDS

The experimental measurements of capsid assembly kini#rsibed in sectidn [B 1 provide important constraints aam
els of capsid assembly kinetics. At the same time, they pteme important opportunity for modeling; because only some
intermediates can typically be characterized, models ssergial to understand detailed assembly pathways. lis¢lction we
describe different modeling approaches which have beeahtogaredict or understand the assembly kinetics.

A. Timescalesfor capsid assembly

We begin our description of capsid assembly kinetics by defithe potential rate limiting steps and presenting sgalin
estimates for their timescales. While our estimates aredars simplified models, we will see in the subsequent sextioat
many of the predictions remain applicable when additioe#hils are accounted for.

It was noted by Preveligé [205] that assembly kinetics fosahedral capsids can be described in terms nucleation and
elongation (or growth) timescales, closely analogousystatlization. Nucleation refers to formation of a ‘cralmucleus’, or
a structure which has a greater than 50% probability of gngwd a complete capsid before disassembling. Elongatiem th
refers to the timescale required for a critical nucleus seawle into a complete capsid. In contrast to crystallizatinere can
be a well-defined elongation timescale since capsids tetmat a particular size.

Nucleation. For any type of spheroidal shell, including an icosahedaglstd, the first subunits to associate create fewer
interparticle contacts than those associating with lapgetial capsids (see Fidd. 3A and 4B). Under conditions vkeéad to
productive assembly the subunit-subunit binding free @néyy) is weak (see Fid.l6). Thus the favorable free energy of these
contacts is insufficient to compensate for the mixing andtiohal entropy penalties incurred upon association, aadgmall
intermediates are unstable. However, at subunit cond@ntsaabove the pseudocritical concentratignthere must exist a
critical size above which there are sufficient interactismsh that further assembly is more probable than dissonialn fact,
the number of interactions depends on the partial capsithgty, and thus there is an ensemble of critical nuclei wifieent
sizes.

It is often assumed that the dominant assembly pathway<lpasggh one or a few critical nuclei with the smallest sized a
thus the assembly probability can be approximated by aesiveajued function of partial capsid siz€(i.e. n is a good reaction
coordinatel[66]). Then, the critical nucleus correspondsmaximum in the grand free energy, definelas= G,, — un, with
G, the Gibbs free energy for an intermediate witlsubunitsn ang: the chemical potential. For the thermodynamic models of
partial capsids presented in sectionlll B the grand freegsrisrgiven by

Qn = G3P— kgTnlog(pivo). (12)

with G72Pthe interaction energy for a partial capsid intermediath wisubunits ang; the free subunit concentration.

The effect of the shell geometry on the critical nucleus s&e be understood elegantly from the continuum model of Zand
et al.[280] in which partial capsid intermediates are désct as spheres missing hemispherical caps with the paetjaid
interaction free energg®® given by Eq[®. The critical nucleus is then calculated asagimum inQ(n) (Eq. [12) to give



12

FIG. 7. Image of the CCMV pentamer of dimers that experim{Z8d] indicate is the critical nucleus. Atoms are shown in der Waals

representation and colored according to their quasi-atgriv conformation, with A monomers in blue and B monomerséh The coordinates
were obtained from the CCMV crystal structure, PDBID 1C\WB€Rusing the Viper oligomer generator [212] and the image generated
with VMD [L23].
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which begins withp; = 3p™ and proceeds toward equilibrium with = p*.

[280]

r
with T' = [¢gs — In(p1vo)]/o. Notably, the critical nucleus size depends on the bindimgrgy and subunit concentration, and
decreases with increasing supersaturation of free subfpnjtp*). Plots of(2(n) are shown for several values of supersaturation
in Fig.[ITA]

The free energy forms for models which account for the icedadil geometry of capsid structures are similar to the nantin
model just described, except that the critical nucleusdendcorrespond to a small polygon, which is a local minimum in
the free energy since it corresponds to a local maximum imtimeber of subunit-subunit contacts (see Eig. 3). Although
the assumption that there is one dominant intermediate gnéiapcapsid size is an oversimplification, simulati 1208]
and theory([79, 184] indicate that under many conditionsmésly pathways predominantly pass through only a few nscleu
structures which correspond to completion of small polyggydvieasured critical nucleus sizes under simulated camdithave
ranged from 3-10 subunits [[75.76, 141, 208].

Experimentally, nucleation has also been shown to correspm completion of polygons, such as the pentamer of dimers
for CCMV [289] shown in Fig[V or a trimer of dimers for turnipiickle virus [237]. However, it is likely that intertwiningf
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flexible terminal arms and other subunit conformation clesngan provide additional stabilization upon polygon fdiora In
the case of MS2, mass spectromelry [239] identified two pmigdjintermediates, which modeli 87] suggested wech ea
critical nuclei for a different assembly pathway, with threyalence dictated by binding to RNA. Most computationaldations

of icosahedral capsids to this point have not incorporalledtary. Including stabilization due to polygon- or RNAsaciated
allostery could enable a particular structure to remainhaspredominant critical nucleus over a wider range of irttgoa
strengths and subunit concentrations than is predicteddrg tmasic models.

Elongation. The association of subunits after nucleation has been ilescas elongation or growth. In contrast to the
transient intermediates found below the critical nucléze(s), intermediates in the growth phase are stable. @iouk indicate
that association usually proceeds by the sequential additf one or a few subunits at a time, although binding of large
oligomers can be significant at high concentrations or fanessubunit interaction geometriés [105,1243,283]. Assiorizf
large oligomers can also misdirect the assembly protes§ [86ctiodTIT Q).

1. Scaling estimates for assembly timescales

To facilitate the presentation of how the timescales of @aitbn and growth depend on system parameters, we firstdayrzsi
highly simplified assembly reaction. It was shown that theotesions from this simplified reaction remained valid wineore
sophisticated models were considered[107].

We consider a system of capsid protein subunits with totatentrationpr that start assembling at the time= 0. Our
reaction is given by:

o1 fp1 fp1 fpi1 fp1
l=2=— .. = npee— - -=—=N (14)
bnuc bnuc bnuc belong belong

whereN is the number of subunits in a capsjd,is concentration of unassembled suburiifss the dissociation rate constant
(with ¢ = {nuc,elong), which is related to the forward rate constant by the elguilim constantpob; = fexp (Sg;), with
g; the change in interaction free energy upon subunit associ&h a partial capsid and, the standard state volume. The
nucleation and elongation phases are distinguished byatttéHat association in the nucleation phase is not freegetieally
favorable,p; exp(—Bgnuc) < 1, while association in the elongation phase is favorgblexp(—£Sgeiong) > 1. Similar results
can be obtained by assuming that the forward rate consti@tsdbetween the two phas 91]. For the moment, we assume
that there is an average nucleus sizg..

We write the overall capsid assembly timas

T = Thuc + Telong, (15)

with mhyc andreiong the average times for nucleation and elongation, respgtivhe timescale for the elongation phase can be
calculated as the mean first passage time for a biased randtiowith reflecting boundary conditions af,. and absorbing
boundary conditions aV, with forward and reverse hopping rates givenfipy andbeiong respectively. This gives [21]

Telong = Telong . < belong >2 (belong> retong (16)
eend fr1— belong fp1— belong fp1

With nelong = N — nnye. In the limit of fp1 > beiong EQ.LI6 can be approximated to gitng ~ neiong/ f p1, While for similar
forward and reverse reaction ratgg, = beiong it approaches the solution for an unbiased random Wwajig ~ ng,ong/prl.

Under conditions of constant free subunit concentratipnwe can derive the average nucleation time with an equation
analogous to Eq.16_[3D, 103]

P Npue — 1 _ ( bnuc >2 (bnuc)nnUCl
e fp1 — bnuc fp1 — bnuc Im

~ftexp (Go _y /keT) py ™™ =1/ fp1exp (—Qnpe—1/keT) (17)

Tnuc

This equation can be understood as follows. Because nimieiatrare on timescales of individual subunit binding egen
pre-nuclei reach a quasi-equilibrium with concentragign= 7 exp[—3G5"] (seeld)). The nucleation rate,,. is then given
by the rate of subunits adding to the largest pre-nucleys— 1, Tyt = fp1pn..1 Which gives the second line df(17). A
comparable expression is derived under a continuum linfReh [5?33)] in which the timescale for a subunit to associate w
the critical nucleus is replaced by a critical nucleus staMimescale.

However, because free subunits are depleted by assemiblyetimucleation rate never reaches this value and asycgitpti
approaches zero as the reaction approaches equilibristealh, treating the system as a two-state reactionmwyjthth order
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FIG. 9. The scaling expression for the median assembly tima@s a function of subunit concentration predicted by[Ed. Xk®mpared to
full numerical solutions of the rate equations [Eq] 14 (setiaellIB). The numerical results are shown for completfoaction f. (0) and
estimated light scattering), while the theoretical prediction EQ.]18 is shown as a dadine. The estimate for the crossover concentration
pc (Eq.[I9) above which the light scattering and completiontfoa do not match is shown withesymbol, and the concentration at which
the monomer starvation kinetic trap increases overallnabietimespi: is shown as @ symbol. Parameter values ajgc = 7ksT (~ 4
kcal/mol) ],ge|Ong = 2gnue, 9N = 4gnuc, capsid sizeV = 120 corresponding to 120 dimer subunits in a Hepatitis B Viryssich [47], the
critical nucleus sizewye = 5, and the subunit association rate constart 10° M~'s™! [126]. Based on data from Ref. [107].

kinetics yields an approximation for the median assembigti,,, the time at which the reaction is 50% compléte [107]

~ 271nuc—1 — 1fLeq o (G /k T) —Nnue—1 (18)
T2 =~ Nue — 1 Nf Xp Npuc—1/ VB Po

with % as the equilibrium fraction of subunits in complete capsidsich can measured experimentally!/[47]. The factor of
N~1in Eq.[I8 accounts for the fact that subunits are depleted by each assembled capsid. This foedie compared to
simulated assembly times in FIg. 9.

Kinetic trap. We found that the relationships betweesig and Eq[IB and assembly times begin to fail at a crossover
concentration for which the initial rate of subunit depletion by nucleatiGV/muc) is equal to the elongation rate. For larger
subunit concentrations, new nuclei form faster than exgstines complete assembly, and free subunits are depldtae bsost
capsids finish assembling. The system then becomes kilheticpped at a larger concentratipiy defined by the point at
which the median assembly timg, matches the elongation time. These concentrations atedefabinding free energies and
other parameters by

Telong ~ 7'nuc/N for pr=pc
Telong ~ T1/2 for pr = put (29)

with e andry2 respectively given by E@. 17 and Eq] 18.

A kinetic trap arising from depletion of free subunits (E®)) was first noted by Zlotnick [80, 286, 291] and was observe
in experiments on CCMV_[289] and HBV [291] (see the largesidastrength in Fig[l2A). Morozov, Bruinsma, and Rudnick
[186] elegantly recast a model similar to EQ.](14) in a camtim description, within which the time evolution of conamitibns
of capsid intermediates resembles a shock wave. If the wags dot reach the size of a complete capsid before free dabuni
are depleted then the system is trapped.

While the continuum model correctly predicts the presenicthe free subunit depletion trap, the computer simulations
described in sectiods B ardd TC show that productive sidmssembly reactions do not resemble a shockwave. Because
nucleation is a stochastic event, each capsid elongatmreps starts at a different time; i.e., they are out of phBsept <
pke relatively few capsids are assembling at any given time, thnd intermediate concentrations remain at low levels. The
shockwave could only arise in the limit @fi,c < Telong, iN Which case the system would be severely trapped. Tipscaa be
avoided though for reactions in which subunits assemblerat&NA or nanoparticles (sectibnllV), provided that subsiare
in excess.



15

(A)
075 r
0.5
U
- Vo=0.011
0.25
v,=0.0067
D i 1 i
0 500 1000 1500 2000
(B) tity
3L "
1 P‘-:‘-\\_’:‘\ TYag
‘Q"\ Telong
T®.
: ‘qu‘.. t~1/ VT """"""
S
------ Ve @
g 00F R |
e ™ . T
= .h.-““‘-.-
10% | 2 ~
N
0.01 0.1

total subunit volume fraction, vy

FIG. 10. The lag time is related to the mean elongation ti(#9.Completion fractions/: measured from Brownian dynamics simulations
of a particle based model (sectionTll C) are shown as a fanaif time for indicated total subunit volume fractions). (B) The duration of
the lag phases from the simulations shown in (A) are comparetkan capsid elongation times. The crossover volumedract estimated
from Eq.[I9 is shown asesymbol. The plotted data is from Ref. [107].

2. Lagtimes

A distinctive feature of many capsid assembly kinetics measents is an initial lag phase before detectable asserblys
(e.g. Fig.[2) whose duration decreases with increasingrstiboncentration or subunit-subunit binding free enedyyhough
Zlotnick and coworkers [80, 286, 291] showed that partiisié intermediates assemble during the lag phase, it hers béen
assumed that the duration of the lag phase correspondsticesquired for the concentration of critical nuclei tach steady
state, in analogy to models of actin nucleation. However,simple model described above can be solved exactly inrfie |i
of constant free subunit concentration [103,/1107], in whiake the lag phase jf is equal to the mean elongation tim&ong
estimated in the previous section. Because the free subomdentration is nearly constant during the lag phase umadst
conditions, this relationship holds even when the assunpif constant free subunit concentration is relaxed.

To illustrate this relationship, mean elongation times &agtimes calculated from Brownian dynamics simulationsaof
particle-based model (see sectfon Il C and Ref [107]) amvshin Fig. [I0. We see that the correspondence is excellent
until the reaction approaches the crossover concentratigastimated from Eq[_19). This correspondence could bedeste
experimentally by comparing elongation times measuredrglesmolecule experiments [24, 131, 132] with lag times suead
by bulk experiments.
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3. The slow approach to equilibrium

To this point in this section we have made the simplifyinguaggtion that there is a fixed critical nucleus size. However,
Eq.[I3 shows that in general the critical nucleus size is atfon of the free subunit concentration. As subunits arezeded
into capsids by the reaction, the free subunit concentrdtip) decreases and hence the nucleation barrier grows. IRIFA&L |
nucleation barriers calculated using Ed<.16, 7 [aid 12 fapaid withV = 90 subunits are shown at three time points (i.e. three
free subunit concentrations) for a reaction which begins with a supersaturated free mitilsoncentratiorp; (t = 0) = 3p*
with p* the pseudocritical subunit concentration (sedfiod |1 By.tAe reaction begins far out-of-equilibrium there is atieddy
small critical nucleus size and correspondingly a smalleaton barrier. However, as the reaction approachesibguih
p1 = p* the size increases to a half-formed capsid and the bargesases t@0kg7". Substitution of this free energy barrier
into EqLIT shows that the reaction timescale far exceedsdgherimentally accessible timescales at this point. Ieiotords the
reaction only approaches equilibrium asymptotically. Ased in sectiof 1B, this effect can lead to underestimagolgunit-
subunit binding energies when finite-time assembly datats &quilibrium expressions.

The observation thagt equilibrium, the critical nucleus corresponds to a half capside = N/2 is rather generic. It
results from the fact that equilibrium is reached when tke Subunit concentration decreases to the point at whiathémaical
potential of a free subunit is equal to that of a subunit in mplete capsidp]® = exp (8G5%"/N). Thus, including additional
complexities, such as subunit conformational changesterfate-dependent binding energies would not qualitgtivkange
the result. We reiterate, though, that for the supersaturabnditionsp; > p* from which productive assembly begins, the
critical nucleus size will generally be much smaller thareiguilibrium value.

B. Rateequation modelsfor capsid assembly

Zlotnick and coworkers [80, 286, 291] developed an appré@stmulate empty capsid assembly via a system of rate emsati
that describe the time evolution of concentrations of engaiysid intermediates. The idea is analogous to the clas®tidk
rate equations for cluster concentrations in a system godtey crystallization proposed by Becker and Doérind [254 ahen
derived from the microscopic dynamics of the lattice gasi¢arg) model by Binder and Stauffer [34]. In contrast to the
models for crystallization, however, the capsids terngraita finite size. The initial works of Zlotnick and coworkesed the
simplifications that there is one species of intermediate#éezh size:, and that only single subunits can bind or unbind in each
step, which gives the following equations

N
d . .
% = —f15107 +bad2p2 + Y —FnSnpnp1 + bndnpn
t n=2
d
% = fnflsnflplpnfl - fnsnplpn n=2...N
_bnénpn + bn+1§n+1pn+l (20)

wherep,, is the concentration of intermediates withsubunits, f,, andb,, are respectively association and dissociation rate
constants for intermediate ands,, ands,, respectively describe the degeneracy for binding and wlibgr{80]. While Eq[2ZD
resembles a Master equation, notice that the factops of the association reactions introduce nonlinearitiecticomplicate

its solution. Therefore we will refer to the equations irsthéction as ‘rate equations’.

The association and dissociation rate constants are dedgteletailed balance s = f.—1 exp (G — G.*))/ksT] /vo,
with G72Pthe interaction free energy of a partial capsid witbubunits and, the standard state volume. Specifying the assembly
model requires defining the set intermediate geometriegtaidfree energies (e.g. see secfionlll B, Eq3. (3 br (69) the
association rateg, .

Despite the extreme simplifications leading to [Eg] 20, raigadons of this form have shown good agreement with many
features of experimental assembly kinetics data, includive assembly kinetics of HBV_[201] (Fifl]l 2B), the assembfly o
CCMV into different polymorphs depending on subunit corication [126], the short time kinetics of BMV assem52],
SV40 assembly [135], the impact of RNA on MS2 assembly[187H the assembly of HIV capsid protein into tubes [250]
(Fig.[1IA).

The assumption of only a single structure per intermedia&ecan be relaxed at the cost of increased computationgllesm
ity. For example Zlotnick and coworkefs | 84] have entatezl the space of all possible well-formed cluster conéions
for two geometries, and catalogued the ensemble of pathsvapassing a threshold value of probability [184]. In asralative
approach, Schwartz and coworkers [243,] 283] have usedneants time Monte Carlo (known as the Bortz-Kalos-Lebowitz
[B%j or Gillespie [96] algorithm) to stochastically sampiathways consistent with kinetic rate equations. They iparécu-
larly considered the effects of binding between oligo[

77| 283] and an optimization routine to fit parametetight
scattering data [150, 2177] (see Figl 11).
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FIG. 11. (A) In vitro assembly of HIV CA protein into tubes monitored by absorleafred diamonds, with thick grey lines indicating error
bars) at indicated subunit concentrations compared toftiestsing a rate equation model (black line§) Light scattering for HPV LP1
assembly from Casini et al._[44] (light grey diamonds) corepato a continuous time Monte Carlo trajectory using patanseoptimized to
the data (solid black line). The dashed curve correspondsrajectory with parameter values reduce®tyx 10° from their optimal values
and negative values truncated to zero, to simulate a thicetdae| of signal to background scattering. (A) is repréhteith permission from
Biochemistry51, 4416-4428 (2012)A Trimer of Dimers Is the Basic Building Block for Human Immdeficiency Virus-1 Capsid Assembly
Tsiang, Niedziela-Majka, Hung, Jin, Hu, Yant, Samuel, [Sakowicz, Copyright (2012) American Chemical Society. iBj)eprinted with
permission from Phys. BiolZ, 045005 (2010), Kumar and Schwarfzparameter estimation technique for stochastic self+agde systems
and its application to human papillomavirus self-assem@lgpyright (2010) IOP Publishing.

Several groups have also developed continuum-level gegars of assembly dynamics which allow for analytical tneent
[186.,[261]. Van der Schoot and Zandi applied the classi@rhof spinodal decomposition (model A dynamics) to examin
the late-stage relaxation of assembly dynamics, while E86] is discussed in sectidn 11 B. However, the importarié rof
nucleation in the kinetics has not yet been incorporatemthmse treatments.

Limitations and advantages of the rate equation approach. The key advantage of state-based over particle-based ap-
proaches discussed next is that the former do not tracksilifumotions of individual subunits and thus can accesstarg
system-sizes and timescales. However, even extendeebstseel approaches require pre-definition of the accesddtke space
(i.e. the structures of intermediates for each sigyand the transition rates between them. To date these metizve not been
used to address the possibility of strained interaction@éxn subunits which deviate from the ground state of themse
interaction potential. The possibility of strained intetians would greatly expand the set of possible cluster garditions, hin-
dering predefinition of the state-space. Secondly, the-tased approaches used to date assume a uniform spatialitisn
of free subunits (a mean-field approximation), neglectimgarticle-particle correlations or rebinding kinetiekowever, there
is no evidence from particle-based simulations or expearnishat this approximation leads to significant error.
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FIG. 12. Examples of two classes of models for icosahedrellssh(A) A patchy-sphere model with the pentavalent subunit intevac
geometry of al'=1 capsid (see Fid] 1C), but spherically symmetric excludsidme [105]. In the top image, two interacting subunite ar
shown, with numbered arrows indicating the locations of3lustinct attractive patches. The lower image shows amasisel capsid, with
patches colored gree(B) An extended subunit representation éfal capsid. In the top image, the large cyan spheres experiepclsive
excluded-volume interactions while small yellow sphemnesomplementary faces experience attractive interactibns lower image shows a
complete capsid, with subunits reduced in size for vigipdind the locations of attractive patches indicated byrgoyénders. The images in
(B) are reprinted with permission from Rapaport, Phys. Bev0, 051905 (2004)Self-assembly of polyhedral shells: A molecular dynamics
study Copyright (2004) by the American Physical Society.

C. Particle-based simulations of capsid assembly dynamics

In this section we consider simulations of capsids or otlgrhedral shells that explicitly track the positions an@ntations
of each subunit. Thus, once the model has been defined nefassumptions about pathways or the state space are gkquire
Capsid proteins typically have several hundred amino aaidisassemble on time scales of seconds to hours. Thus, simgula
the spontaneous assembly of even the smallest icosahegsidlavith 60 proteins at atomic resolution would entail gineame
computational demand [B89]. However, it has been shown tieatapsid proteins of many viruses adopt folds with similar
excluded-volume shapes, often represented as trapeaiélk [Several groups have therefore developed models fmsts
which, although highly simplified, retain the most impottéatures. Namely, they have an excluded-volume geometly a
orientation-dependent attractions designed such thdbtest energy structure is shell with icosahedral symm%y@,
106,110 126, 172, 1B8B-190, 209-211,/227] 272-274]

The coarse-grained particle-based simulation modelseaoughly separated into three classes. We will use the featahy-
sphere models’ to refer to models in which the subunit hassgdlly symmetric excluded-volume and patches with shamged
attractions arranged such that the lowest energy configaredrresponds to a particular target structure (see l2§).Patchy-
sphere models are quite general and have long been usedréseapdecorated colloids (e.d. [33]) as well as proteirt (e

]). The patch-patch potential can include angular aihédtal terms to control the overall directional specifiaif the
attraction [105] 227, 272] and patches with different iat¢ion length scales to control preferred face angles afraing
polyhedrons [128, 265].

The second class of models, first developed by Rapaport [2@®isiders an extended subunit comprised of spherically
symmetric ‘pseudoatoms’ arranged to have short-rangeacttns and excluded-volume geometries that mimic featof
protein geometries seen in capsid structures (Eiy. 12B)esample, several grougs [190, 208,1210] have consideref:inm
which subunits have a trapezoidal shape which is roughlgistent with that of capsid proteins with the beta-barrehaecture

or models in which 20 triangular subunits (which coatitrespond to protein trimers) form icosahedral shell5 /[,
172,[18B[ 209, 210]. Extended subunits have also been usaddel nanoparticles with a variety of shapes (€.9.[284i)a |
third class of models, subunits have polygonal interadiogctions, but rather than tracking their diffusion, tleeg irreversibly
placed onto growing capsids in energy-minimized configorst[112[ 157].

The early history of particle-based capsid assembly simulations. The first dynamical simulations of capsid assembly
were performed by Schwartz and co-workeérs [227], who canrsida patchy-sphere type model with complementary aitteact
interactions directed such that lowest energy configunatimrresponded to 60-subufiitl closed shells. Their exploratory
simulations using dissipative molecular dynamics idesdifihe importance of annealing during assembly, as undeders-
sembly errors tended to lead to malformed structures. Rapapnsidered models for icosahedral shells in which sitbhave
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triangular [200] or trapezoiddl [2/.0] excluded-volume getries. The early simulationis [210] included dynamicaliyealistic
rules which limited the number of nucleation sites, but ®gjgd that a simple interaction potential could direct msde of
well-formed capsids and that subunit association ratestidecrease dramatically as capsids near completion.

The first statistical estimates of assembly into icosaHestralls were obtained by Hagan and Chandler[105] using-over
damped Brownian dynamics with several patchy-sphere rsddell’=1 shells. They constructed a ‘kinetic phase diagram’
showing the dominant assembly products as a function ofréubancentration, subunit-subunit interaction strengiid the
orientational specificity of subunit interactions (seecgl They also found that assembled capsids were highlystadite in
infinite dilution and disassembly showed significant hyasés, as seen in experiments on HBV capsids|[234].

Nguyen and co-worker$ [188] used discontinuous molecufaachics [3) 26| 206, 207, 235] to simulate the assembly of
models in which subunits had short-range attractive icteyas and excluded-volume geometry shapes of triangléstes.

In contrast to other models in which subunits are rigid bsdibe pseudo-atoms comprising each subunit were connlegted
infinite hardwall potentials and thus the subunits had sartexnal degrees of freedom. They predicted a phase diagitm w
many features in common with those of other models, excepiticorporation of the last subunit was hindered by theriae
degrees of freedom of the nearly complete partial caps@sigslow).

Doye, Louis, and coworkers [128, 272-274] used Monte Canhultions to study the dynamics and thermodynamics of a
variety of patchy-sphere models, with ground state geadesethat include the set of regular polyhedfa1 shells, and’'=3
shells. For interaction potentials which did not incorgerdihedral angles (motivated by patchy colloids), theynfibthat
assembly could proceed through a disordered liquid stéenediate for some parameter ranges [273] and competititn
disordered states led to a dodecahedra being kineticallycissible[[274]. The liquid state disappeared when theddith
potentials consistent with protein-protein interactiorese included.

Hicks and Henleyl[112] proposed a model for assembly of Hijsids in which triangular subunits were irreversibly atied
to sites on a growing cluster according to the local geomtetfiprm hexagonal or pentagonal substructures, with a stibun
subunit interaction geometry that defined a preferred spmdus curvature. They found that under irreversible latt@nt the
model produced an ensemble of irregular structures, butheotonical shells observed in EM images of mature HIV capsid
[29,[91]. Levandovsky and Zandi [157] extended and modifiedrhodel to allow merging and for the structure to minimize
its elastic energy at each step. The model predicted an drsamstructures which closely resemble those seen invietr®
capsids, and suggested that the protein spontaneousnarydays a key role in determining the capsid shape (i.eers,
conical, etc.).

Higher resolution representations of capsid proteins Heaen used to simulate parts of assembly pathways. For egampl
Chen and Tycd [50] developed a model for the HIV capsid proteiich includes information about subunit-subunit cotstac
derived from NMR studies, and simulated the early stagessémbly in two dimensions. Tunbridge et al. [252] modeled th
assembly of small oligomers of HBV proteins with the prosaimodeled as rigid bodies using a transferable one-beadrpieio
acid model[[140]. Futhermore systematic coarse grainimg fatomistic simulations was used to estimate subunitipasiand
orientations from cryo electron microscopy images of theature HIV capsid [15]. A study of dimerization of the C-ténai
domain of the HIV capsid protein at atomic resolution witlpkoit water showed that water in the vicinity of the protgirotein
interface sits at the edge of a drying transition [278].

D. Conclusionsfrom assembly dynamics models

Having presented an overview of some of the theoretical antpaitational models of capsid assembly dynamics, we lgghli
a few of the more important conclusions that have emergesttbieidies. We will see that many of the predictions are steri
across both rate equation and particle-based models arth egterimental observations.

Capsid assembly kinetics are sigmoidal. Consistent with the experimental measurements, the thealrand computational
models predict sigmoidal assembly kinetics. Example [otidis are shown for rate equation models in Figs. 2B[and 1.1 fo
Brownian dynamics simulations in Fid._J10A and for molecugnamics simulations in FigL_13. In all cases, there is an
initial lag phase during which capsid intermediates forofipfved rapid capsid production and then an asymptotic @gogr to
equilibrium.

Intermediates do not build up. Fig.[I3 shows the fraction of subunits in intermediates bfiaks as a function of time for
a model icosahedroh [208] for three values of the bindinggné-or the two smaller values which lead to productive axze
there is never a significant fraction of subunits found irintediates. A similar result is found for both rate equatimdels
and other computational models, consistent with experismehere intermediates are generally not detectable fatymtive
parameters.

The duration of the lag phaseis set by the mean capsid assembly time. This observation was described in secfion 1A 2
(Fig.[1I0B).

Optimal assembly occur swhen subunit-subunit association isrever sible. Dynamical simulations predict that capsid yields
at finite observation times are nonmonotonic with respeataistrol parameter values (e.g. subunit concentratiordibin
energy, or specificity), which is consistent with experina¢énbservations [47, 289, 291]. The plots showing yield asation
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FIG. 13. The time evolution of cluster size distributions ahown for three interaction strengths, parameterized fgr molecular dynamics
simulations of the triangular subunit model shown in FigB1Zhe model capsid comprises 20 subunits; the system hasedna kinetic

trap at the highest interaction strength. Figure reprinté@tl permission from Phys. Biol.7, 045001 (2010), Rapaportjodeling capsid
self-assembly: design and analys@opyright (2010) IOP Publishing.

of time in Figs. [2B[IDA, anfl’13 demonstrate suppressed a&qusiuction at the highest subunit concentration or bigdin
energy. Similarly, examples for which dynamical simulatiesults at long times have been presented in cross-ssctiigmase
diagrams are shown in Figs.]14] 15 andl 16. [194].

It is worth noting that the subunit-subunit binding free ye(gy in (3)) cannot be directly determined from force field
parameters in the simulations referenced in Higs[I#, 1918hds the binding entropy penalty depends on the lengtle scal
and directional specificity of the interaction. Bindingdrenergies estimated from umbrella sampling (€.g. /[0S, [204))
for optimal parameter values were of order 10kg7" depending on particle concentrations, consistent witregrgental
observations (see Fifll 6 [47]).

The phase behavior can be separated into five regimes, whzetéohs are indicated on the phase diagram shown if Hig. 14:

1. No assembly at equilibriumin this regime the interactions driving assembly are tookaeaovercome the rotational
and mixing entropy of free subunits, and virtually all sultsiiare present as free dimer in equilibrium. As discussed in
sectior 1[B, this regime corresponds to subunit conceiotmatbelow a critical valug < p*, whose value depends on the
subunit-subunit binding free energy; the valuegbfire shown as dashed and white lines in Higs. 14 ahd 16 reaglgcti

2. No assembly on relevant time scales due to a nucleationdraRor concentrations sufficiently close to the critical value
p = p*, nucleation barriers are prohibitive (see seclion Il A@dig. [IITA). Thus assembly is not seen on timescales
that are accessible to simulations (or experiments) aetbescentrations. This is the first kinetic effect that caavpnt

assembly at long but finite times. This regime is seen in treseliagrams shown in Fidsl]14 16, where there is a
region betweep™* and parameter values at which assembly is observed.

3. Productive assemblyFor moderate parameter values initial nucleation baraeessmall enough such that finite-time
assembly yields can be quite large, wjth> 90%.

4. Free subunit starvation kinetic trapthe first form of kinetic trap described in section TITA 1 assdue to the constraint
of mass conservation. When nucleation is fast comparedtaation py in Eq.[I9), too many capsids nucleate at early
times, and the pool of free subunits or small intermediateomes depleted before a significant number of capsids are
completed. This phenomenon can be seen readily in the tingsstown in the right panel of Fig.113. Exceptto the extent
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FIG. 14. Assembly products at long times for 60-subunitipatsphere modeél'=1 shells as functions of binding energy angular specificity,
fm, and total particle concentratigrr. Solid squares indicate parameter sets for which there significant yields of well-formed capsids
fc > 0.3, while open squares indicate poor assemfiyxc 0.3. The dashed line indicates the parameter values above wigjaificant capsid
assembly should occur at equilibrium. The location of the fegimes discussed in the text are shown on the phase diagrte left. Figure
based on Ref[ [105].
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FIG. 15. Assembly products at long times for a 20-subunigestéd subunil’=1 shell as a function of temperature (i.e. inverse of irttoa
strength) and particle concentration. Representativetstres are shown for the well-formed and mis-assembleidneg Figure adapted
with permission from Nano Lett7, 338-344 (2007)Deciphering the kinetic mechanism of spontaneous sedfraisly of icosahedral capsids
Nguyen, Reddy, and Brooks, Copyright (2007) American Cleah$ociety.

that the remaining partial capsids have geometries whlolvdbr direct binding, further assembly requires the agaid
Ostwald ripening, in which subunits unbind from smallertjgdcapsids and are scavenged by larger intermediates.ig hi
an activated process since it requires bond-breaking;ghigicgenerally slow in comparison to time scales for assgmb
at parameter sets that do not lead to trapping. This formredtid trap was first predicted with rate equations models by
Zlotnick and coworkers [80, 291], and was shown to be coesistith experiments (e.g. the largest salt concentration i
Fig.[2A).

5. Malformed capsidsThe second form of kinetic trap arises when subunits fornstngined bonds that deviate from the
ground state of the interaction potential are trapped inbwving clusters by subsequent subunit additions. For el@mp
in T'=1 capsids it is common to observe hexameric defects at teddld vertices. In some cases defects lead to closed
shells that lack icosahedral symmetry, whereas in othersctiee curvature is disrupted significantly enough thaaépir
structures form. Nguyen and coworkers [190] cataloguesiaiehexameric defects that lead to closed or open structures

(see Fig[l7).

The predictions and observations that capsid assemblysygee nonmonotonic with respect to driving forces haverdmrted
to a wider understanding that ma BﬁexamEIes of self- asE arbl most efficient when structures are stabilized by nuno=ero

relatively weak interactions [47, 7 (211268, 269, 273, 274, 292]. While strong interphati
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FIG. 16. Assembly products at long times for a 12-subunitipasphere model icosahedron. The fraction of subunitariget clusters is
shown as a function of the patch widihlmeasured in radians) and reduced temperature. The irses she equivalent plot for a system with
the same parameters except without dihedral terms in teeaiction potential. The image at the top right shows theetasgucture, while
the lower images show regions of the system for simulatidhaindicated parameter values. The white lines show theeesture for the
equilibrium transition from assembled clusters to a gas ohemers calculated from umbrella sampling. Figure and e@sagprinted with
permission from J. Chem. Phy431, 175102 (2009)Monodisperse self-assembly in a model with protein-likkeractions Wilber, Doye,
Louis, and Lewis, Copyright(2009) American Institute ofyBics.

bonds stabilize the ordered equilibrium state, they alsonmte and stabilize the two kinetic traps described aboagfthstrate
assembly. Thus, effective self-assembly proceeds byivehatransient bond formation, with bond-breaking evethiat are
nearly as frequent as bond formations. This idea was firgestgd in the context of virus assembly by Zlotnick and céers
l47,291] ( Fig[®) and by Schwartz and coworkérs [227] basedreliminary particle-based simulations. The extent tacivh
capsid assembly reactions approach reversibility has treitored by a variety of metrics (e.d. [106, 124,]208] 21af)ch
include measuring relative frequencies of bond formatimhizond-breaking [124, 208, 211], fluctuation dissipatitios [124],
and the extent to which clusters of similar size are in reéaBoltzmann equilibriun [106]. It has been shown that theeix
to which reversibility is violated can be correlated to gebf well formed capsids. Similar approaches have beeneapi
models for crystallization ( e.gl [99, 100, 106, 124,|143)espite the fact that viral capsids are monodisperse clsselis
whereas crystals are extended structures, the correddiigtveen reversibility and assembly yields in models ofteiization
are strikingly similar to those observed for models of cdsisembly.

Given the significant amount of attention which has beenrmalsmbto reversibility, it is important to note that the stganter-
actions (large degree of supersaturation) which lead tawims of reversibility contribute to assembly failureabgh both of
the kinetic traps described above. In the case of the fregnsugtarvation trap, the Boltzmann factor in Eqgl 19 ideesifthat
nucleation rates increase much more quickly than elongadites and there is a threshold binding energy or subunérsafu-
ration above which the condition will be violated. Furthene, once free subunit starvation sets in, the Ostwald niygemhich
eventually leads to equilibration requires bond-breakind hence is characterized by a timescale which increapesertially
with binding energy.

The malformed capsid trap arises when subunit addition toowigg partial capsid occurs more quickly than already as-
sociated subunits can anneal defective or strained intersc The rate of subunit addition is proportional to fredunit
concentration. Annealing in general requires some boedking and hence is characterized by a timescale whichasese
exponentially with binding energy.

While both the free subunit starvation trap and malformembizis arise for strong interactions or high subunit conegions,
which effect dominates at a given parameter set is a strongtifin of the directional specificity. Highly specific bimdj
interactions imply that imperfect subunit interactione anstable and only very strong binding energies lead toarmakd
capsids. Therefore, for interactions with sufficiently inidirectional specificity, the threshold binding energy fiealformed
capsids is well above the threshold binding energy for the §ubunit starvation trap (Hg.119). From an evolutionamydpoint,
or from the perspective of designing synthetic or biomimessembly systems, it might appear that maximizing doeeti
specificity would be optimal for productive assembly. Hoeevncreasing directional specificity reduces the subkinitic
cross-section and thus leads to lower subunit-subunititdnchtes [[105] 268]. There is a trade-off between seléytand
kinetic accessibility which limits the optimal degree ofaditional specificity for finite-time assembly reactions the case of
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FIG. 17. Population distribution of structures obtainetbay times for near optimal parameters using discontinuoakecular dynamics for
aT=1 model by Nguyen et al|_[190]. The structures were definetigpyyen et al. [[190] as (A) complete icosahedral capsids ofite
capsules, (C) angular capsules, (D) twisted capsulesufit)dr capsules, (F) prolate capsules, (G) conical caps(Hf partial capsids, and
() open mis-aggregates. Figure reprinted with permis§iom J. Am. Chem. Socl31, 2606-14 (2009)|nvariant polymorphism in virus
capsid assemb)\Nguyen, Reddy, and Brooks, Copyright(2009) by the AmeriCaemical Society.

capsid proteins the degree of directional specificity whichhysically realizable is limited by the nanometer lenggthle of
the underlying hydrophobic and electrostatic interactiofihe degree of specificity used within coarse-grained tsaxa be
roughly estimated based on the physical interaction leag#hes (e.g.[[188]) or it can be calculated systematica#lycoarse
graining [15/1183].

Experimental observationsof partial or malfor med capsids. While light scattering experiments on HBY [291] and CCMV
[289] clearly indicate that stronger than optimal intei@us lead to reduced assembly yields, these results wenepieted in
the context of the monomer starvation trap. In general petsdof reactions performed at stronger than optimal pararséave
not been well characterized by imaging, in part becausabkrisizes and defective structures limit the use of multtiple
and/or icosahedral averaging, but also because effortéesflocused on parameter sets which produce high yieldgpsfdsa
However in a notable earlp vitro study Sorger et all [287] identified malformed turnip crimkiiosaic virus capsids assembling
around the genomic RNA. Furthermore, Teschke and cowofk6i have catalogued a series of malformed structurestwhic
result due to mutations in the P22 capsid protein, and Straly {240] showed that HBV assembly is accelerated and theéec
in the presence of an antiviral drug.

The role of solvent. The solvent plays several important roles in capsid assenfs described in sectidn 1A, subunit-
subunit association is typically driven by hydrophobi@iaictions with moderate ionic strengths required to scedsatrostatic
interactions. These solvent-mediated effects have beengorated implicitly in particle-based capsid assemlvhugations via
the subunit-subunit interaction potentials. Second, theesit absorbs kinetic energy released by the formatioowfdnergy
subunit-subunit interactions. Third, random buffetingtbg solvent helps annealing. The latter two effects have lresor-
porated through a hydrodynamic drag and stochastic buffdtirce in Brownian dynamick [75,176, 105, 1.06,1227] or tigtou
explicit inclusion of inert solvent particles by Rapap@08,[211]. Analysis of simulated trajectories from both rmghes
indicated that the random buffeting plays an important iol@nnealing by inducing dissociation of improperly bountunits.

In contrast, simulations which used a thermostat but noigitgblvent [210] demonstrated much less efficient anmgadiuring
assembly because improperly bound subunits dissociatgdipan collision with another subunit.

A fourth effect of solvent is to introduce hydrodynamic irstetions between subunits. This effect is typically notcasted
for within a Brownian dynamics simulation because of the patational expensé [224]. Hydrodynamic coupling has been
effectively included in assembly simulations using a @ushove Monte Carl 7] and is intrinsically included ire thxplicit
solvent simulationd [208, 2111], albeit at a significant comagional expense. The primary effect of neglecting hysinasnic
interactions is that bonded clusters are ‘freely drainilagid thus experience a hydrodynamic drag that is propeatdtionthe
number of subunits rather than the cluster hydrodynamiicisadHydrodynamic interactions also influence subunitisiolh
rates, but a quantitative estimate of collision rates islyiko require atomic-resolution models in any case. To pligit, no
significant differences in assembly behavior between eglolvent and Brownian dynamics simulations have beearted.

E. Differencesamong models

The models described in this section are highly simplified titus designed to uncover generic assembly mechanisms for
icosahedral shells. In that regard it is encouraging thailte described above are consistent across most or aleahtdels.
We now discuss some of the key differences between the models

We already noted in the previous section that state-baseltisibave not been able to describe the malformed capsid trap
Among particle-based models, the structural details oferdes of malformed structures predicted by dynamical kitimns
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are somewhat dependent on details of the model interactiomgtries. E.g., trapezoidal subunits can form defectavatable
to triangular subunits and thus do not give rise to the sarserahle monster structurés [188,190]. Similarly, we hauméb
that patchy sphere models can form closed shells which aaiesnthan the ground state geometry under strong intenasti
which does not seem to occur for triangular or trapezoidalisits. Also, Ref.[[105] found that different subunit vatés can
lead to different sets of assembly pathways even if the thassembly efficiency and kinetics are similar.

Insertion of thelast subunit. In all particle-based models insertion rates decreasesasibsid nears completion due to steric
hindrances. This effect appears to be amplified in the mofiboayen et al. [[188, 190], where insertion of the final sulbuni
suppresses internal vibration modes of the partial cappssggrtion of the final subunit was found to be rate limitingl@ven free
energetically unfavorable for some parameter ranges. fiirpatal evidence supporting this observation has bedrigcfor
example mass spectrometry studies of HBV capsids indiGatex/erwhelming preponderance of complete capsids , 25
It is worth noting though that most imaging studies of capsiuictures use icosahedral and/or multiparticle avegagimd
thus would not detect missing subunits. Although experahethallenging, a systematic search for defects, inclganissing
subunits, under a variety of assembly conditions would bgredt interest.

F. Higher T numbers

As described in sectidn 1A, icosahedral capsids with moas 80 proteinsT > 1) require precise arrangements of pen-
tameric and hexameric capsomers, often with differentgimotonformations in the distinct but ‘quasi-equivalerités. We
first present studies that investigated the relative thegmamic stabilities of possible capsid structures, fod#dvby studies
that attempted to discover how the correct arrangementrdbcmations (or of pentamers and hexamers) is achievedagltite
dynamics of shell construction.

1. Structural stability of different capsid geometries

The relative thermodynamic stabilities of shell geomsttiave been investigated by Monte Carlo simulations. Zainali. e
ll4d,279] studied shells comprised of two species of disgsasenting pentamers and hexamers confined to a spheriales
and found that the Caspar and Klug geometries corresponthimom free energy configurations for appropriate sizéssabf
the discs. Chen, Zhang, and Glotzern [54] studied the assetmaimodynamics of cone-shaped particles. For decreasing
angles the particles assembled into convex shells of iszrgaizes corresponding to ‘magic numbers’. Certain magmbers
corresponded to icosahedral shells, and the assembletusasi were found to correspond to equilibrium structufemtoids
confined to spherical surfaces. Similar approaches have bsed to investigate the relative stabilities of potentiallate
structures. Chen et all_[55] performed Monte Carlo simatatiof spheres packing on prolate surfaces and found stesctu
consistent with some prolate virus capsids, while LuquegZand Reguera [170] found that free-energy minimizatibdisks
representing pentamers and hexamers confined to a proldiéeesled to structures consistent with a number of prolate o
bacilliform capsid structures and identified selectiomsubr the length, structure, and number of capsomers féateroapsids.

Fejer, Chakrabarti, and Walds [82] studied the formatiostaflls by disk-shaped or ellipsoidal subunits with anisitr
interactions that dictated a preferred curvature, viackgag for minima in the configurational energy landscaper disk-
shaped subunits the results resembled those of the asagneblies([54] with global minima corresponding to icosahkdr
structures for particular preferred curvatures. For appabe arrangements of anisotropic interactions, theyeved¢so able to
describe tubular, helical and head-tail morphologies (esembling tailed bacteriophages), as well as multilstistructures.

Continuum elasticity theory has also shed light on capsibsh. The fact that small icosahedral capsids tend to beisahe
while larger capsids tend to look more faceted (i.e. icodedi®[17] was reproduced by continuum elastic models incivhhe
faceting corresponds to a buckling transition [159, 229%irilar approach was applied to spherocylindrical and cairshells
[191] and reproduced features of retrovirus capsid sh [

2. Dynamics of forming icosahedral geometries

Berger et al. proposed a system of ‘local rulés’ [31] in whieHbunit-subunit binding interactions are highly confotiom
specific. |.e., subunits with a particular conformationbd strongly to A-sites on a growing capsid (binding si@s/fhich the
conformations of neighboring subunits favor the A confatiorg, but bind weakly or not at all to other sites. Simulasavere
performed using trivalent subunits, with different sultweinformations represented by differences in interaajieometries.
Assembly dynamics was modeled by placing subunits onetiat@at binding sites on a growing capsid according to ticallo
rules. It was found that icosahedral capsids could assenithidigh fidelity, even under a certain degree of flexibilitysubunit-
subunit interaction angles. Relaxation of local rules kethe formation of malformed structures, such as spiralirels [226]
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and one of the first suggestions that it might be possible wldp antiviral agents that act by misdirecting capsid adsg
[204]. The local rules are generalizable and were used trribespapovirusygolyomaviridag assemblyl[226].

Several of the molecular dynamics studies of capsid assedasicribed above modeled assembly ifte3 or 7'=4 capsids
(75,1128 190! 20€, 210] and Nguyen and coworkers|[189] neatitie assembly of preconstructed pentamers and hexamers
into capsids as large d=19. In most cases these studies used conformation-depeswd®init-subunit interaction energies
corresponding to strict local rules, with each subunit &xtknto a particular conformation. They found that largegusids
can assemble under conditions similar to those which leagetbformed =1 capsids and are constrained by similar kinetic
traps. However, in general parameters need to be moreytighted the larger the capsid is, as there are more oppaésinit
for misdirection of the assembly pathway and elongatiorsiare longer (hence requiring longer nucleation timesrdaogto
Eq.[19). As noted above, the ensemble of malformed strusthed results for non-optimal parameters is somewhat dkgren
on subunit interaction geometries, and thus depends orréffierpedl-number. Ref. 0] also found that details of assembly
mechanisms could differ betwed@ts1 and7'=3 capsids.

Breaking the local rules. There are two experimental observations which seem instamiwith the assumption of strict
local rules, at least for small icosahedral viruses. FHiostinany viruses the structures of binding interfaces araimilar for
subunits in different conformations (see e.g. Ref. [245Bcond, capsid proteins which assemble into a particubaakedral
structure with high fidelity can adapt to form different iabedral morphologies under different conditidns [1] 1&]1B6urther-
more, as described further in sectiad IV, capsids exhiditmorphism when assembling around cargoes with incomnratesu
sizes. For example, Dragnea and cowor, Zthpdstrated that brome mosaic virus (BMV) proteins assembl
into T'=1, pseudo-T2, an@=3 capsids around charge-functionalized nanoparticl#sdifferent diameters. These observations
of polymorphism in empty and cargo-containing capsidserttie questions of how strongly subunit-subunit interastiacross
a given interface can depend on conformation (i.e., howtsdre the local rules), and how strong of a conformationedejgnce
is required to assemble into icosahedral structures.

Elrad and Hagan simulated assembly76f3 empty capsids with a model in which the conformation-deleace of the
subunit-subunit interaction energies was systematicaltfied. They found thdf'=3 capsids could form with high fidelity pro-
vided that interactions which violate the conformatiornpeiledence of thé&'=3 structure were 20% weaker than those consistent
with the target geometry. If the conformation dependendb®fnteractions was less specific, asymmetric closedssbetdpen
spiraling structures were the dominant assembly morpliedodnterestingly, since the binding free energy at whiapsids
assembled successfully is only on the ordeb of 10kgT', a 20 % reduction in free energy for subunits with the wrortgp$e
conformations corresponds to a free energy difference amihe order ofgT', which could easily arise from minor variations
in binding interfaces. It was found that this level of comfation-dependence did allow for adaptable assembly ittoredtive
icosahedral geometries around nanoparticles with difesizes|[75].

The difficulty of dynamically constructing icosahedral bhan the absence of conformation-specific interactiordusidated
by the recent study of Luque et al. [169], which examined $reaghics of monolayers of spheres constrained to growing on a
spherical manifold. Recall that a series of ‘magic numbglikbrium structures were identified for this system in Rf4].
Luque et al. [[169] found that line tension of the growing kieives premature closure of the shell thus hindering fdioma
of defect-free structures. Other mechanisms promotingrdées became important for structures comprised of more &ta
subunits. Interestingly, small defect-free shells coddibsembled by adjusting the radius of the manifold. The itaporoles
that template can play in directing assembly will be disedsa sectiof V.

Recent studies indicate that RNA-protein interactiong pl&ey role in determining assembly pathways for the ssSRNzAeha
riophage MS2([23, 72—, 77, 187, 21.3,239/249]. Stockleycanvorkers used mass spectrometry to show that confornatio
switching of the MS2 capsid protein can be regulated by bigdif short RNA step-loops, with sequence-dependent activi
Dykeman and Twarock performed all-atom normal modes caficuis on the capsid protein in the presence and absence of
RNA which identified a potential allosteric connection beén the RNA binding site and the flexible FG loop which undesgo
the bulk of the conformational chande [73]. Coarse-graiceuputational modeling indicated that RNA binding influesc
subunit-subunit association rates and a conformatiomutdent mannef [77]. Furthermore, mass spectrometry fahtivo
intermediates in the assembly pathway [239] as well as togicentrations during assembly. This information was tsédild
and fit parameters for a Master equation model of assembl§j[Te results indicated that there are two dominant asemb
pathways, whose prevalence is determined by the stoictiimmatios of RNA and capsid protein.

IV. CARGO-CONTAINING CAPSIDS
A. Structures

In this section we consider capsid assembly around RNA ardtipes of cargo. The structures of numerous virus capsids
assembled around single-stranded nucleic acids have beealed to atomic resolution by x-ray crystallography andfyo-
electron microscopy (cryo-EM) images (€.g![87,198. 111, m29/ 168, 225, 239, 246, 2 259]). The packageeigucl

acids are less ordered than their protein containers andeheave been more difficult to characterize. However cryo-EM
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experiments have identified that the nucleotide densities@anuniform, with a peak near the inner capsid surface elatirely
low densities in the interidr[61, 246, 290]. For some visuskiking image reconstructions show that the packaged Bfiopts
the symmetry of its protein capsid (e. 249)). ivatomistic detail has not been possible in these expetisne
all-atom models have been derived from equilibrium simatet [67]89].

B. Thethermodynamics of core-controlled assembly

In this section we extend the thermodynamic analysis of@®lfiBlto include interactions with an attractive core |léoling
the calculations of Zandi and van der Schabot [281] and Ha@@d][ We consider a dilute solution of capsid protein sutsuni
with total densitypr, and cores (i.e. polymers or nanoparticles) with densijty\We define a stoichiometric ratio as the ratio of
available cores to the maximum number of capsids which casbembled; = Nxt/pt, with N the number of subunits in a
complete capsid. Subunits can associate to form capsitrethiates in bulk solution or on core surfaces.

Following sectio ITB we minimize the total free energy untiee constraints that the total subunit and core concéoiist
are fixed:

N
n=1
N
n=0

with p,, andz,, respectively the concentrations of empty capsid interatediwithn subunits or cores complexed wittsubunits
(for simplicity we assume here that cores cannot form corgdevith more thav subunits and that, gives the concentration
of well-formed capsids assembled around cores). We thareairtwo laws of mass action (compare to El. 5)

pnvo = (p1v0)" exp|—BGHH
TpVo = voTo (p1v0)" exp[—BGE"Y (22)

with xy the concentration of empty cores. He®é&™ is the empty capsid free energy (Eg. 2) discussed in sedii®inThe
quantity G°'¢ is the free energy for a core with subunits which includes the core-subunit interactionsesthare the crucial
interactions that drive capsid proteins to assemble arthendore, and models for this quantity are discussed next.

As shown in sectioR 1B there is a threshold concentration- exp[3G%"/ (N —1)] below which essentially no empty capsid
assembly occurs (EQ.JL0). However, the core-subunit iotierss can further stabilize a complete capsid so@g < Gf\?‘p and
core-assisted assembly can occur at lower concentrafidms.capability is exploited by many ssRNA viruses, whosestds
assemble only in the presence of RNA or other polyanionsygiplogical conditions.

For core-controlled assembly we focus on two experimerfuséovables, the fraction of subunits in capsfigdand the packag-
ing efficiency, f,, meaning the fraction of cores contained in complete capdid simplify the analysis we assume cooperative
association of capsid proteins to cores, meaning that wiectegartially assembled intermediates. A full analysididing
intermediates is performed in Ref. [104]. We first consigler p* so no empty capsid assembly occurs dne- rfp. The de-
pendence of; and f, on the system parameters can be understood from three astjoriptits, depending on the stoichiometric
ratior, which were described by Zandi and van der ScHoot [281]. &k tonsider a fourth limity > p*.

1. r < 1 andp < p*. For sufficient excess subunit, the free subunit conceatraan be treated as approximately constant.
Using Eq[22 and following the analysis leading to equatiqi{El obtains

o~ (p/ )™ 23
fe=rry (p/p)™ )
p*vo = exp [BGRE/N], (24)

where the threshold concentratiptt is smaller than that for empty capsidsdue to the subunit-core interactions.

2.7 =1landp < p*. For exactly enough capsid protein to encapsidate everytberconcentration of free cores is related
to that of free capsid protein by, = p; /N and we obtain the same form as for empty capsids

N
for (%) <1 for pr < p**
~1 P f - 25
M- orpr >p (25)

but with p** as in Eq[24.
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3. 7> 1andp < p*. For excess core and cooperative subunit-core complexgioce we are neglecting partially covered
cores) we obtain Eq._25 but with

P = exp (BGR/N) (Nwr) /™ (26)
where we have assumeéd >> 1.

4. p > p*. The conditions above apply in the limit < p* where empty capsids cannot assemble. For larger subunit
concentrations empty capsids compete with assembly ois.cDree to the entropy cost of assembling a capsid on a core,
Eq.[22 shows that there is a threshold surface free en6fg§,— G3° ~ —kgT log(pca®) for a stoichiometric amount of
capsid protein and nanoparticles, above which full capsid$avored over empty capsids and free cdres [104]. However
if nucleation of empty capsids ooccurs with a rate comparatkhat on cores, complete or partially assembled empty
capsids can assemble as a kinetic trap.

Zandi and van der Schoot also investigated the effect oflsiminetric ratio on the size of the assembled capsid. Theydo
that for larger (i.e. excess genome) smaller capsids form, consistentexjterimental observatiors [232, 264].

C. Single-stranded RNA (ssRNA) encapsidation

As noted in the introduction, most ssRNA capsids assemblenaltheir genome during replication. This process is drive
to a large extent by electrostatic interactions betweeitipesharges on the capsid proteins and negative chargdsedRNA
molecule. For example, the capsid proteins of many negatinesmded RNA viruses bind RNA via a positively-chargedtcle
[222]. For many positive-stranded RNA viruses, the capsitgins bind RNA via a terminal tail rich in basic amino agids
which extends into the center of the virion and is typicaltyesolved in crystallographic maps[%6] 83,1233,/ 236 228].2
These peptide tails are commonly referred to as arginitemiotifs (ARMS).

A remarkable set oin vitro experiments indicates that just the negative charge founthe RNA phosphate groups is
sufficient to drive ssRNA capsid assembly around a cargo.é¥jgrexperiments have been performed in which capsid pretei
assemble into icosahedral capsids around various camydesling genomic or non-genomic RNA (e.g.[18-20,[43] 114, 1
[121,[14D2 149, 264]), synthetic polyelectrolytes |§ 32], charge-functionalized particles
led.[9712P 16 ﬂSl], DNA micellés [151] and nanwulsions|[49]. However, as discussed further below featu
specific to biological RNA molecules such as their tertigructure and sequence-specific interactions likely prensetective
assembly around the viral genome or help direct assemblgrtbparticular morphologies.

Optimal genome length. The importance of nonspecific electrostatic interactiondriving RNA packaging has been pro-
posed as a constraint on the length of viral genome. ForrinsteBelyi and Muthukumar [27] and Hu and Shklovskii [119]
reported a striking correlation between the total numbepasitive charges in the tails and the length of the genomi& RN
Interestingly, most ssRNA viruses are overcharged, meghat the charge on the encapsidated RNA exceeds that dfidingec
on the inner surface of the capsid, often by about a factowof in support of this proposal, experiments on varioussgg.
showed that partial deletions of the positively-chargeithges in ARMs lead to virions that packaged a reduced anmaiwirial
RNAs as compared to the wild-type capsid prot [69)] 183].2In further support of this proposal, a number of theiosét
works have investigated the free energy to encapsidatearlpolyelectrolyte as a function of its length. The primgugantity
of interest has been the thermodynamic optimal charge, @tithe ratio between the negative charge on the polyelgttrand
the positive charge on the capsid surface or peptide talM#) that minimizes the free energy. It has been proposddhba
observed correlation reflects the functional dependentteeadptimum charge ratio, thus suggesting a thermodynaonistaint
on the co-evolution of genome length and capsid charge. Wierguize the results of these calculations here.

Hu and Shklovskii assumed that RNA wraps around peptide aaitl found that the free energy is minimized when the RNA
contour length is approximately equal to the total contength of peptide tails, resulting in an optimal charge rafipackaged
nucleotides to capsid charges®f 1. Belyi and Muthukumar [27] treated the RNA as a polyelegt®ind the peptide tails
as oppositely charged brushes and used the ground stateawriapproximation to predict an optimal charge ratid ofl.
They noted that if the charge on the RNA and the peptide talewenormalized according to counterion condensaticoryhe
[ﬁ]/, the predicted ratio of packaged nucleotides to chgisarges would bé.6 : 1. However, it is worth noting that condensed
counterions are released by RNA-peptide association arglféittor into the encapsidation free energy. Our simulatigith
explicit ions and polymers with different linear charge si¢ies (unpublished) suggest that the bare charge dersityid be
used. Calculations that placed the capsid charge entit¢heaurface predicted charge ratiosofl : 1 [228] and2 : 1 [260)].
Siber et al. showed that the optimal charge ratio was lessrattgmt on ionic strength when the capsid charge moved off of
the inner surface, but still found an optimal charge ratiecof : 1. The dependence of the encapsidation free energy on the
length of a linear polyelectrolyte has also been investidén the limit of no added salt using Monte Carlo simulationsa
model which assumes neither the continuum limit nor spaésigmmetry([5]. These calculations also predicted thabgtemal
genome length would correspond to a charge ratib :of.
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Ting et al. [247] used a self consistent field theory to shaat the optimal ratio of packaged charge to capsid chargenispe
sensitively on excluded volume and thus varies with manyofadncluding capsid size and charge density on peptides.arm
Their model predicted an optimal charge ratio of less than1 for all relevant parameters. They noted however that the
cytoplasm contains a significant concentration of negatiagge in the form of large macromolecules which are exddidsm
the interior of an assembled capsid. They found that the Biemotential due to this excluded charge is essential tarohta
thermodynamic optimum charge ratio which is larger than &rid thus suggested that this effect plays an importantimole
capsid assemblin vivo. However, recenin vitro competition assays in which different RNAs compete for paikg under
conditions of limiting capsid protein showed that longerA&ANup to viral genome lengths) were preferentially packiboeer
shorter RNAs by CCMV capsid proteins [59]. This result sugigéhat the genome length is nearly optimal for packagieg @v
the absence of a Donnan potential. An interesting and somtesuinprising prediction of the self consistent field th 1is
that the encapsidation free energy was essentially the Baradinear polyelectrolyte and for a polyelectrolyte wétbranched
structure reflecting the secondary and tertiary structtieedRNA molecule.

Although the quantitative results of these theoreticatwalions vary depending on their assumptions, they agithesxper-
iments that the optimal genome length is an increasing fomaif the capsid charge. They cannot explain the observ#tiat
polymers with apparent charge ratios as large as 9:1 wempsittated in Ref.| [121]; however, the predictions aboveiare
the optimal length and it was not possible to measure theguaie§ efficiencies in those experiments. Models based @atin
polyelectrolytes also do not capture the sequence depeadsrthe charge ratios observed in recentivo experiments for
mutant BMV capsid proteins [1D3] (discussed next). Thismipancy suggests that sequence-specific RNA-proteirairitens
which have not been accounted for in these calculationsagtaje in RNA packaging during assembly.

Several sets of experiments indicate sequence-speciéis fol the RNA and proteins. Recently, Ni and coworkers|[193]
performed an extensive investigation of virions asseminl@& benthamianalants from BMV proteins with positively-charged
residues added, deleted, or substituted. They found alatiore between the amount of positive charge on the capsidtasn
amount of packaged RNA. However, relationships betweeratioms and the amounts and sequences of packaged RNA were
sensitive to factors other than charge, indicating that tihe charge on the capsid is not the sole factor in determittie
amount or types of RNA which are packagadiivo. In vitro experiments have also shown that the BMV capsid prefelgntia
encapsidates RNAs containing a tRNA-like structlire [5#]célls, interactions between the capsid protein and tHigAtRke
structure may play a role in packaging specificity by cocatlitg RNA replication and encapsidatioh[[9-11]. Packagiggals,
or regions of RNA that have sequence-specific interactioitis the capsid protein, are known for some viruses (e.g. HIV
,,]) or MS2 and satellite tobacco necrosis viEBIENV),]). As discussed in sectibn II[F 2 the MS2 RNA
regulates conformational switching in a sequence-depemdanner [23].

Genome organization. A number of studies have simulated bead-spring models gifedtrolytes confined within simpli-
fied representations of viral capsids. In some cases thédoaps modeled by a spherical container with different egeaments
of embedded charges [6, 8], while others were based on plarticapsid structures. For example, Zhang et(al.|[282]rimwo
rated the electrostatic potential derived from the CCMV levtine model of Forrey and Muthukumar [86] captured the obarg
distribution of the inner surface of the Pariacoto virusstay structure. These studies showed that a dodecahedmagament
of surface charge5|[8] or basic charges on peptide failsl¢géls the encapsulated polymer to adopt a dodecahedrasage
ture. A model of capsid assembly dynami [76] also foundl ttie polymer adopted the symmetry of the overlying capsid
charge. ElSawy et all [78] showed that a bead-spring paiyrelgte placed inside an atomic model of MS2 could repreduc
the observed multiple peaks of the radial RNA density distion [249] and the icosahedral order of the outer layereifTh
simulations suggested that RNA-RNA repulsion and the giearents of crevices on the inner capsid surface were thendoii
forces directing organization of the outer layer of genoi®everal models have used the detailed knowledge of RNA tyensi
[72] and its icosahedral ordér |39, 72, P21,1239] to suggésRirected assembly pathways.

M odeling assembly around nanoparticles. Hagan[104] and Zandi et al. [231] used self consistent fledties to calculate
the interaction between positive charges on capsid prtaééand carboxyl groups functionalized on the surfaceanfoparticles
[51,153,68[ 97, 122, 241, 251], enabling prediction of tidependent [104] or equilibrium packaging efficiencles [12z&d].
Siber et al. [231] also considered assembly into differeasahedral morphologies. In Ref._[104] the kinetics of axslg
around corners were also considered by estimating the fiesgeGS' for cores partially covered with intermediates and
extending the rate equation approach described in sddiiBitd describe the kinetics of core-controlled assemblgtiBthe
kinetic and equilibrium approaches predicted a threshettsity of functionalized charge below which no significasgembly
on cores would take place. This result was qualitativelyficored by subsequent experimerits|[63]. Si 231] et al also
predicted that high charge functionalization densitied excess capsid protein would favor pseute2 capsids, which was
seen experimentally by Daniel et &l. [63].

D. Dynamics of assembly around cores

Nanoparticles. As noted in the previous section Hagan [104] used polyadige theory to calculate the electrostatic driving
force for capsid proteins to adsorb onto nanoparticle sedas a function of the nanoparticle surface charge deriEltis
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FIG. 18. The capsid model from Réf.[7&RA) The model subunit, as viewed from inside the capsid. The gvaylapping spheres interact via
repulsive potential§ [266], complementary capsomeramps attractors (green spheres at the subunit edges) enperattractive interactions
and the capsomer-polymer attractors (blue spheres onbl@isinner surface) experience short-range attractiopstymer segments. Sphere
sizes indicate the interaction length scdlB) Image of a well-formed capsid assembled around a polymerysiin red). (C) Visualization
of the polymer density inside the capsid. The polymer dgrisitaveraged over a large number of successful assembéctosies after
completion, for a polymer with lengtlv, = 150 segments. Densities are averaged over the threefold sysnofehe capsomer, but not over
the 20-fold symmetry group of the completed capsid. Imagpamted with permission from Phys. Biof,, 045003 (2010), Elrad and Hagan,
Encapsulation of a polymer by an icosahedral vir@®pyright (2010) IOP Publishing.

FIG. 19. The capsid model from Ref. [17ZR) The model subunit. All beads experience repulsive excludddme interactions. In addition,
pairs of white beads experience short-range attractiverantions and the pink beads have a charge af Electrostatics interactions are
represented by Debye Huckel interactio(®). The low-energy capsid structure. Images reprinted witmgesion from J. Chem. Phy4.36,
135101 (2012)l.angevin dynamics simulation of polymer-assisted viikes-dssemblyMahalik and Muthukumar, Copyright(2012) American
Institute of Physics.

dependence was used to extend the rate equation approetibr{$&B) to predict assembly kinetics around attractieges. The
calculations found a threshold density of functionalizedrge, above which capsids efficiently assemble aroundpaaticles,
and that light scattering increases rapidly at early timésout the lag phase characteristic of empty capsid asenhese
results were consistent with experimental measurements.

Polymers. Elrad and Hagarl [75] developed a coarse-grained compugtisodel that describes the assembly dynamics of
icosahedral capsids from subunits that interconvert betvaifferent conformations (sectibn II[F 2). The simulasddentified
mechanisms by which subunits form empty capsids with oné/ranrphology, but adaptively assemble into different ibeskal
morphologies around nanoparticle cargoes with varyingssias seen in experime 41]. Adaptive cargo encapsidat
required moderate cargo-subunit interaction strengttienger interactions frustrated assembly by stabilizimgrimediates
with incommensurate curvature.

Kivenson and Hagan [141] explored capsid assembly aroursiléé polymer with a model defined on a cubic lattice using
dynamic Monte Carlo, which allowed simulation of large dddike cuboidal shells over long time scales. By simulgtin
assembly with a wide range of capsid sizes and polymer lentith simulations showed that there is an optimal polyrmmegtte
which maximizes encapsulation yields at finite observdiimes. The optimal length scaled with the number of attvactites
on the capsid in the absence of attractive interactionsdmtypolymer segments. However, introducing attractiverawtions
between polymer segments, which physically could arisefoase pairing or multivalent counterions, increased teeipted
optimal length dramatically. A limitation of these simutats was that the Monte Carlo move set did not enable simetdtas
motions of polymer segments and capsid subunits, and thud oot accurately describe the dynamics for parameterfgets
which cooperative polymer-subunit motions play an impatrtale in assembly.

Elrad and Hagarl [76] performed Brownian dynamics simutetiof encapsidation of a flexible polymer by a model capsid
with icosahedral symmetry (Fig. 118). The model consider¢diacated-pyramidal extended subunit model of the fornduse
to the assembly of empt§=1 capsids from trimeric subunits [106, 2 11] (sedtib&). The polymer was represented by
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FIG. 20. Kinetic phase diagram showing the dominant asseprbduct as a function of polymer lengi¥}, and capsomer-polymer interaction
strengthec, for capsomer-polymer interaction strength = 4.0kg7” and subunit concentratidag pr = —7.38. The legend on the right shows
snapshots from simulations that typify each dominant candion. Figure reprinted with permission from Phys. Bi@|.045003 (2010),
Elrad and HagarEncapsulation of a polymer by an icosahedral vir@Gepyright (2010) IOP Publishing

S

FIG. 21. Doublet virus-like particles assembled from CCMipsid proteins around tobacco mosaic virus (TMV) RNA, widb® nucleotides
or approximately twice the number of nucleotides packageaifiative CCMV virion[[43]. Negative-stain transmissioeaton microscopy
images are shown and the scale bar is 50 nm. Image providedydbler and W. Gelbart.

a flexible bead-spring model, with repulsive interactioesAeen segments corresponding to screened electrogptitsions,
and short-range attractions to ‘charge sites’ located @ansamface of the model subunits, corresponding to scrediradtave

electrostatic interactions between opposite charges empdhymer and capsid subunits. Use of the short-range titers

(which increased computational efficiency) was justifiedttoy fact that capsid assembty vivo or in vitro always occurs at
moderate salt concentrations for which the Debye scredaiggh is on the order of 1 nm.

Subsequently Mahalik and Muthukumar [172] simulated theeably of extended triangular subunits (Fig] 19) around a
linear polyelectrolyte with screened electrostatics nedidy Debye Huckel interactions. The simulations led tadpttons
which were qualitatively similar to those of Ref. [76], bhetDebye Huckel interactions do allow for a more straighind
connection to experimental salt concentrations.

Assembly outcomes. Simulations were performed over wide ranges of polymertlesigsubunit concentrations, subunit-
polymer interaction strengths, and subunit-subunit adtons strengths. Reféﬁ@.mn] found that prodeassembly
around the polymer can occur for protein-protein intematstrengths and protein concentrations for which emptgideassem-
bly does not occur, as observed for many ssRNA viruses. Tlyenge-protein interactions stabilize protein-proteiteiractions,
lowering the nucleation barrier and enhancing the thermadyic favorability of the assembled capsid. Ref. [76] pnése the
assembly yields and assembly morphologies at long (bu¢jitimhes in a phase diagram. These observables can be egperim
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FIG. 22. Two mechanisms for assembly around a polymér [#6] Strong subunit-subunit interactions and relatively weatkusit-polymer
interactions led to a nucleation and growth mechanism, e/fiest a small partial capsid formed on the polymer followgdbquential addition
of subunits(B) Weaker subunit-subunit interactions and stronger sutpoijimer interactions led to a disordered assembly meshanihere
more than 20 subunits (the size of a complete capsid) boutttetpolymer in a disordered arrangement, followed by ammgaif multiple
intermediates and finally completion. Figure reprintechvgermission from Phys. Biol7, 045003 (2010), Elrad and Hagdencapsulation
of a polymer by an icosahedral viru€opyright (2010) IOP Publishing.

FIG. 23. Snapshots from a simulation in Réf. [172], in whissembly proceeded by the disordered assembly mechanisagesmeprinted
with permission from J. Chem. Phy436, 135101 (2012)Langevin dynamics simulation of polymer-assisted viikes-4ssemblyMahalik
and Muthukumar, Copyright(2012) American Institute of Bing.

tally characterized using EM. As shown in Fig] 20, there isgaan of parameter space in which assembly is ‘successtadiimg
that the predominate assembly product is a well-formedidapisich completely encapsulates the polymer. For strotiggen
optimal subunit-subunit or subunit-polymer interactidresgths the system becomes trapped in metastable diedrdates.
Longer than optimal polymer lengths can give rise to closédibfective capsids or partially complete capsids. Potyjeregths
that were significantly larger than optimal gave rise todtites in which multiple nearly complete capsids were coteteby
an RNA molecule. Polymers on the order of twice the optimagth gave rise to doublet capsids (Hig] 20 right), while kng
polymers gave rise to higher order multiplet capsids.

Interestingly, structures with similar morphologies weleserved inn vitro experiments in which CCMV capsid proteins
assembled around RNA molecules with lengths in excess ofitaegenome lengtH [43] or conjugated polyelectrolyte®][3
For example, Fig[Z21 shows virus-like particles assembtedrad TMV RNA with 6400 nucleotides (nt), or approximately
twice the number of nucleotides of the native CCMV RNA tyglic@ncapsulated within a single virion. These images can
be compared to the right-most image labeled ‘uncontaineéig. [20. The fact that the capsids were connected by RNA was
confirmed by showing that the multiplets separated upondhiction of RNAase. RNA lengths of 9000 or 12000 nt respebtiv
led to triplet and quadruplet capsids|[43].

Assembly mechanisms. The simulations in Ref! [76] also demonstrated that thezehao classes of assembly mechanisms
that can occur around a central core (i.e. RNA or a polymachef which leads to a different assembly kinetics (Eig. Z%)e
closely resembles the nucleation and growth mechanism bghvémpty capsids assemble, except that the polymer plays an
active role by stabilizing protein-protein interactiomsldby enhancing the flux of proteins to the assembling capsid[P2A).

A small partial capsid first nucleates on the polymer, foboMby a growth phase in which one or a few subunits sequentiall
and reversibly add to the partial capsid. Polymer encapisnlaroceeds in concert with capsid assembly. In the adterm
mechanism, first proposed by McPherson [181], subunitsrhdsuto the polymer en masse in a disordered fashion and then
cooperatively rearrange to form an ordered capsid (Eif).) 2@Bmany cases excess subunits adsorb onto the polyméraso t
subunit dissociation is required for assembly to compldtesimilar mechanism was observed by Mahalik and Muthukamar
[172] (Fig.[23).

The simulation results predict that the assembly mechao@&@nbe tuned experimentally by changing charge densités, s
tion conditions, or assembly protocols. The nucleation gnodvth mechanism is favored when protein-polymer assiocias
weak or slow (e.g. at high salt concentration) and proteatgin interactions are strong. The disordered assembgharésm
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arises when protein-polymer association is strong andiyaoi that complete coverage of the polymer occurs beforgfisig
cant rearrangements of already adsorbed proteins candessémbly. In support of this idea, timevitro kinetics for CCMV
described in Ref.[[127] appear consistent with the nuaeatind growth mechanism, whereas the assembly protocolhysed
Cadena-Nava and coworkers|[43] favored the disorderedrdgenechanism.

Assembly kinetics. The two mechanisms described above give rise to very diffefependencies of assembly kinetics on
control parameters such as protein concentration or ictierestrengths. In the case of the nucleation and growtthang@esm, the
assembly time can be described in terms of the timescalabdr ghaser,yc andreongrespectively (EJ._15) as for empty capsids.
The assembly kinetics depend on the stoichiometric rattotaf polymer concentratiop,t to capsid protein concentratiom,

r = Npgr/pr, With different relationships in the limits of excess piintexcess polymer, or stoichiometric amounts of protein
in polymer.

For brevity we analyze only one case here, the case of exaps&roteiny > 1. The other stoichiometric limits can be
understood via similar arguments. In this case the capsitbjpr concentration remains nearly constant during thessoaf
assembly. Recall (sectionTITA 1, (1L 7)) that concentragiohpartial capsids which are smaller than the critical euslsizen,c
can be treated as in quasi-equilibrium, and the nucleatimis given by the rate at which subunits associate withatoebt
pre-nucleus, which has,,c — 1 subunits. In the limit- > 1 the concentration of pre-nuclei adsorbed on polymers can be
expressed as

pnnuc*1 = ppr(plvo)nnUC7l eXp(_/BGnnucfl) (27)

with G,,,.—1 the interaction energy for the,,c — 1-sized complex, including protein-polymer interactiorighe latter were
found to be crucial in both Refl_[76] and Ref. [172], as thefetively enhance the protein concentration in the vigioitthe
polymer and thus lower the nucleation barrier. The fagigyv,, with p, the concentration of polymers which are not covered
by capsids andV, the polymer length accounts for the fact that the conceotraif pre-nuclei adsorbed on polymers must
be proportional to the number of available adsorption site hence is proportional to the total concentration of ssgmon
uncovered polymers. The nucleation rate is then given byeteeof one additional subunit adding to the pre-nucleusptexy
fp1 wheref is a rate constant, to yield

oo
dt PpTnuc
Thue = pr('UOPI)nnuc exp(_BGnnuc_l)' (28)

This equation is first order in polymer concentration, arel timescale for depleting polymers is given fy.. The inverse
dependence af,.c on polymer length was observed in Réf. [141].

As in the case of empty capsids, there is a second timesgglgdescribing the time required for a nucleated partial capsid
to grow to completion. Hu and Shklovskii [120] proposed ttre polymer could substantially decrease the elongatioa ti
in comparison to the case of empty capsid assembly becaggmljpmer acts as an ‘antenna’ which increases the collion
cross-section. In analogy to transcription factors seagcfor their binding sites on DNA[30, 118] adsorbed subsimian
undergo one-dimensional diffusion, or sliding, on the pody. It was predicted that the elongation time would thugekse
with increasing polymer length (for fixed capsid siZe) [126]
V2ot (29)
Here we have assumed that subunits add independently deldngation and thus.ong is inversely proportional to the subunit
concentration according to the arguments in se€fion Tl AHe simulations in Refs|_[76] found that the polymer did #igantly
increase assembly rates (Figl 24A), through a combinafisnlaunit sliding and cooperative subunit-polymer motjomisere
the polymer drags associated subunits to the partial céigsithe action of a fly-fishing line with a hooked fish (or thedBae
Monster bringing cookies to his mouth). Enhanced elongatites were also observed by Mahalik and Muthukuar [172].
However, neither study was able to consider a wide enouglerah polymer lengths to investigate the scaling predicted b
Eq.[29.

Combining Eqd. 28 ar[d P9 gives the total assembly timeruc + 7elong @S

Telong ™~ NF;

7~ Ny 'y " exp(BGrpe—1) + Np 201 (30)

Notice that the nucleation and elongation times have vdfgrént dependencies on the free subunit concentratiomherefore,
the concentration dependence of the overall assemblytidepends on which of these processes is rate limiting. As shiow
Fig.[24A, median assembly times measured by simulation showssover from nucleation limited behavior at low concent
tions to elongation limited behavior at large concentregioAs anticipated, the elongation time scaleseagg ~ py * whereas
the nucleation time scales with a larger, concentratioreddpnt power (see sectibn Il A). Notice that the elongalioited
regime observed at high subunit concentrations would natiofor empty capsid assembly, where elongation limitinigeséor
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FIG. 24. Assembly times depend on subunit concentratiorpahdner length in simulations of assembly around a polyrg#).The median
overall assembly time (A symbol), nucleation timen.c (O symbol), and elongation timeiong (+ Symbol) are shown as a function of subunit
density for the model in Fi§_18. Simulations at the lowestaamtration used forward flux samplifg [4, 5] to overcomelénge nucleation
barrier.(B) The median elongation time is shown as a function of polymegth for several values of the polymer-subunit interacsibength,
ecp- The plot in (B) is reprinted with permission from Phys. Bjal, 045003 (2010), Elrad and HagaBncapsulation of a polymer by an
icosahedral virusCopyright (2010) IOP Publishing.

would lead to the free subunit starvation kinetic trap (sedflLA 1] Eq. (19)). That trap is avoided when capsid protisi in
excess over polymers. However, the trap can occur for stoingtric amounts of polymer and protein or excess polymer.

The simulations in Ref [172] find trends which are qualelty similar to those found in Refl_[75] although the kinstare
analyzed in Ref.[[172] according to the framework of polyrospstallization kinetics theory. In Ref, [172] parallehtpering
was used to calculate the free energy profile as a functioaigh capsid size, which showed that the presence of thewe
dramatically reduced the nucleation barrier. The polynfsr eeduced elongation times.

V. OUTLOOK

In this review we have tried to present a summary of the th@alend computational methodologies that have been wsed t
model capsid assembly. We have presented examples in wioidblimg led to importantinsights which either explainetrg
experiments or suggested new ones. We have also tried ttfydémitations in computational power, model construaatj or
available experimental technology which hinder the cotinedetween theory and experiment. Clearly, as the powers o
computers and the computational techniques performedan iiicrease, it will become possible to model the assemblygss
with increasing resolution and to account for features qisah proteins and other virion components not accountedbyor
current models.

Advances in experimental technologies may provide the nmogbrtant opportunities for progress in modeling. Recent
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experiments that visualize or otherwise monitor the foramabf individual viruses (e.g. [ [24, 108, 132, 285]) can pdev
information about distributions of capsid growth times éimelrates at which individual subunits associate to or disse from

partial capsids of different sizes. This information wopldvide additional constraints with which to refine or ext@urrent

models. At the same time, the structures of most intermesliah assembly pathways remain challenging to characterize
thus models which can predict pathways provide an impod@amiplement to these new methods.

The modeling efforts covered in this review have primardgdsed onn vitro experimental systems for the obvious reasons

of reduced complexity and increased control over systemmrpaters offered by the test tube. Looking ahead, it will bgdantant
for models to include effects relevant to the environmerhtasft organisms, such as molecular crowding, compartnieatiain,
and coupling between translation and assembly. Howevantgative data fronin vivo experiments is essential for building
such models, estimating their parameters, and for testiodefrpredictions. Ultimately, by combining complementaryivo
experiments, controlleh vitro experiments in which key parameters can be tuned, and nngadilat can elucidate individual
assembly pathways and the effect of individual parametergan identify the factors that confer robustness or Seitgito the
process of virus assembly.
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