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Tomnonornuecknii MHAEKC UTPAET BAXKHYIO POJIb B XapaKTEPUCTUKE PA3TMIHBIX (PU3MUECKUX CBOHCTB, OMOIOrNIeCKO
Y XMMHYECKOH aKTHBHOCTH MOJIeKyIsipHoro rpada. [TonraomM Xocost HCTIONb3yeTcst ISl OLEHKH OCHOBAHHBIX Ha PaccTo-
SIHUM TOTIOJIOTMYECKNX MHIEKCOB, TAKMX KaK WHJeKe Bunepa, najexc runep-Bunepa, naaexe Xapapu n nujgekc Tpardya —
CrankeBnya — 3eupoBa. B HacTosIeM HCCIIETOBAaHUH ONIPENENAeTCs 3aMKHyTast (popMa MHOTOWwIeHa X0CO0s UIsl TPETHEro
TUIA LETHON MIeCTHaALATePUUHON MIPOU3BOAHOM CETH Pa3MEPHOCTH 7 U BHIBOASITCS OCHOBAaHHBIE HA PACCTOSHUU TOIO-
JIOTMYECKNE WH/EKCHI CETH C MOMOIIBI0 MX MPSIMBIX (JOPMYII, a TAKKE C TOMOIIBIO MOTYYEHHOTO MHOTOWIEHa XOCOS.
I'paduyecku mpeacTaBiIeHbl BHIYUCICHHBIE TOMIOJIOTMYECKHE HHIEKChI HA OCHOBE PAaCcCTOSHMUS U OJIMHOM X0cosi 0a30BOM
ceTH, 4YTOOBI TIOHSTH UX TEOMETPUUECKYIO CTPYKTYpy. Hacrosiee nccneioBanne moarmHoMa X0Cos! M COOTBETCTBYIOIINX
MH/IEKCOB MOXET 3aJIOKUTh OCHOBY JUIS JAJbHEHIIIETO H3YUCHHUS IIETTHBIX IECTHAIIATePUYHBIX CETEH U UX CBOWCTB.

Knroueswte cnosa: rpadnaeckie MHACKCH; TOMOIOTHISCKIA HHICKC; MIECTHAIIIATEPUIHAS CETh TPETHETO THTIA; TO-
MOJIOTMYCCKUE MHICKCHI HA OCHOBE PACCTOSHHIA; TIOJTMHOM XO0COsI; TIOJIMHOM rpada.
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A topological index plays an important role in characterising various physical properties, biological activities, and
chemical reactivities of a molecular graph. The Hosoya polynomial is used to evaluate the distance-based topological
indices such as the Wiener index, hyper-Wiener index, Harary index, and Tratch — Stankevitch — Zefirov index. In the
present study, we determine a closed form of the Hosoya polynomial for the third type of the chain hex-derived network
of dimension n and derive the distance-based topological indices of the network with the help of their direct formulas and
alternatively via using the obtained Hosoya polynomial. Finally, we graphically represent the computed distance-based
topological indices and the Hosoya polynomial of the underlying network to comprehend their geometrical pattern. This
study of the Hosoya polynomial and the corresponding indices can set the basis for more exploration into chain hex-
derived networks and their properties.
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Introduction

LetG= (V, E ) be a simple connected undirected graph, where the vertex set and the edge set are denoted by
V= V(G) and E=F (G), respectively. The degree of a vertex p € V(G) in a graph G is the number of edges that
are incident on p and we denote it as d(p). The distance d(p, q) between two vertices p and ¢ of a graph G

is the minimum number of edges in a path connecting them and the diameter d (G) of a graph G is the longest
distance among the distances of all pairs of vertices of G [1].

In chemical graph theory, a given chemical compound is represented by a graph where the vertices corre-
spond to the atoms of that molecule and the edges correspond to the chemical bonds between them. The in-
terconnection between graph theory and chemistry and their various chemical applications are discussed in
references [2; 3]. In the field of chemical graph theory, the topological indices are graph invariants that predict
the biological, physico-chemical and other properties of a molecule when calculated for a molecular graph.
In general, it is a numeric quantity that has various applications in the studies of quantitative structure — pro-
perty relationships and quantitative structure — activity relationships.

There are several classes of topological indices such as distance-based topological indices [4], degree-based
topological indices [5], degree and distance-based topological indices [6], and counting related topological
indices [7], etc. All these classes of topological indices are helpful in predicting and modelling the physical,
chemical, biological, and other properties of a chemical structure. Usually, we adopt the basic definitions of the
topological indices to calculate their respective numerical values. Instead, the concept of a polynomial is intro-
duced in the graph theory to calculate different topological indices of a particular class [8]. The reason behind
introducing the polynomial in graph theory is that by deriving a single closed polynomial expression, one can
calculate several topological indices by differentiating or integrating (or a combination of both) it (the poly-
nomial). We often use these graphic polynomials for the chemical applications of graph theory.

Hosoya polynomial. In the literature, numerous polynomials have been defined — the matching polyno-
mial [9], the Hosoya polynomial [10], the Tutte polynomial [11], the Clar covering polynomial (also known
as the Zhang — Zhang polynomial) [12], the Schultz polynomial [13], the M-polynomial [14; 15], to name but
a few. Amid all of these polynomials, the Hosoya polynomial is used to calculate the distance-based topolo-
gical indices.

In 1988, H. Hosoya introduced a counting polynomial and named it Wiener polynomial (commonly known
as Hosoya polynomial) [10]. Generally, it sums up the number of distances of paths of different lengths in the
graph. One of the most important applications of the Hosoya polynomial is to determine almost all the dis-
tance-based topological indices which are used to predict the chemical, physical, and other properties of che-
mical compounds. There are many articles in the literature in which the Hosoya polynomial has been obtained
for the graphs of several classes (see [16—24]).

Definition 1 [10]. The Hosoya polynomial of a graph G in a variable x is denoted by H (G, x) and is defined as

d(G)

H(G, x)= 2 x4 9) — Zd(G, r)x’,
{p.q}cV(G) r=1

where d (G, r) denotes the number of pairs of vertices of G which are at a distance » from each other.

Allied distance-based topological indices. This section deals with the distance-based topological indices
which are derived from the Hosoya polynomial of a given network. In order to determine the boiling point of
paraffins, H. Wiener [25] introduced a Wiener index (also known as Wiener number) in 1947. Theoretically,
the Wiener index of a graph G is the sum of the lengths of the shortest path between all (unordered) pairs of
vertices and it is denoted as W (G). Mathematically,

w(G)= Y d(p.q)
{r.a}cV(G)

In 1993, M. Randi¢ introduced the hyper-Wiener index which predicts the physico-chemical properties of
organic compounds [26]. It is denoted as WW (G) and defined as

1 1
WW(G): z |:5d(p, q)2+5d(p, q):|:
{p.a}cv(G)

N | =

Y dp.g)+ Y d(p,q)]=%[ S d(p,q)2+W(G)].

{p.a}cV(0) {p,qtcV(G) {p.q}cv(G)
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In 1990, Tratch et al. [27] further expanded the Wiener index which is known as Tratch — Stankevitch — Ze-
firov index, denoted as 757 (G) and mathematically represented as

1 1 1
152(G)= Y l:gd(p,q)3+Ed(p,q)2+§d(p,q):|:
{p.q}cv(G)

=[§ Y dpa)+y 3 dpat; 3 d(p:q)}-

{p.atcr(G) {p.a}cr(G) {p.q}cV(G)

Plavsic¢ et al. [28], in 1993, introduced a more pragmatic approach to design a distance index that is slightly
different from the Wiener index and named Harary index in admiration of professor F. Harary. The Harary
index of a graph G is denoted as Har(G) and defined as

1
rdlered(pa)

The relational formulas [29] associated with the Hosoya polynomial and the distance-based topological
indices are mentioned in table 1.

Har(G) =

Table 1
Relationship formulas
between distance-based topological indices and Hosoya polynomial
No. Topological index Notation Derivation from H (G, x)
@) Wiener index [25] w(G) %H(G, x)
(i) Hyper-Wiener index [26] Ww (G) 1 d—z [xH (G x):”
2 di ’ x=1
3
(iii) | Tratch — Stankevitch — Zefirov index [27] | TSZ(G) %% X*H(G, x)]
ldx x=1
1
H(G, x
(iv) Harary index [28] Har(G) j ( = ) dx
0

Chain hex-derived network of the third type of dimension n. Nocetti et al. [30] introduced the
n-dimensional hexagonal network in 2002 and also discussed its properties. During 2008, the n-dimen-
sional hex-derived network of the first type (H/DN1) and the hex-derived network of the second type (HDN2)
are derived by using the hexagonal network [31]. Hex-derived networks have a wide range of applications in
electronics, pharmaceutical sciences, and communication networks. Besides this, Raj et al. [32] designed some
new chemical networks from the hexagonal network of dimension 7 in 2017, called hex-derived networks of
the third type. Taking into account the chain silicate network [33] and the third type of the hex-derived net-
work [32], a chain hex-derived network of the third type of dimension' n (CHDN3[n]) has been constructed
(for a detailed drawing algorithm of the CHDN3[n] network, please refer to [34]). An example of the third type
of chain hex-derived network of dimension 5 (i. e., CHDN3[5]) is shown in fig. 1.

In reference [35], various degree-based topological indices of the CHDN3[n] network are calculated with the
help of their direct formulas. Whereas, very recently in reference [34], the same was derived by using the M-poly-
nomial of the CHDN3[n] network and one also plotted the topological indices and the M-polynomial to under-
stand their mathematical characteristics. Also, in reference [36], the structure of the subdivided hex-derived
network of the third type of dimension n (SHDN3[n]) was designed and its M-polynomial and corresponding
topological indices were estimated.

An outline of our work. In this paper, we will compute the distance-based topological indices of the
CHDN3[n] network in two different ways. In the first place, we will use the direct mathematical formulas to
calculate the indices of the CHDN3[n] network in section «Direct computation of distance-based topological
indices of the CHDN3[n] network». Secondly, in section «Finding the Hosoya polynomial for the CHDN3[n]

"Dimension 7 indicates the number of edges in a row line for the third type of chain hex-derived network of dimension 7.
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Fig. 1. The third type of chain hex-derived network of dimension 5 (CHDN3[5])

network», we obtain an exact expression of a Hosoya polynomial for the CHDN3[n] network and thereafter
derive the related distance-based topological indices of the network by using the Hosoya polynomial. Ad-
ditionally, we will sketch the Hosoya polynomial and correlated distance-based topological indices of the
network for different dimensions in section «Graphical illustrations of our obtained results» to understand their
geometrical behaviours.

Direct computation of distance-based
topological indices of the CHDN3[n] network

Let us now estimate the distance-based topological indices of the chain hex-derived network of the third
type of dimension 7 directly by using their respective topological formulas mentioned in the previous section.
Theorem 1. Consider the third type of the chain hex-derived network of dimension n (CHDN3[n)), where
n 25, then we have the following results:
. 2 11
(i) W(CHDN3[n]) = ?S;f + 3?5;12 -3

2 2 11
(if) WW(CHDN[n]) = 2n* + 204 22,2 19
247 12 24 12

i)

5 5 93 53 101
(iii) TSZ(CHDN3[n)) = —n’ + =n* + —=n’ + —n* - —n;
24 2 8 2 6
46n° +126n+70 ") 59 64

(iv) Har(CHDN3[n]) = 5 %(Sn —-5r+7)+ S5
r=4

+
n(n + 1)(n + 2) 3
Proof. Letus first assume that p and g are two arbitrary vertices of CHDN3[n] and d ( D, q) =r. For different
pairs of vertices, the following cases arise which are shown in table 2.

Table 2
Different cases of counting of pairs of vertices which are at distance r from each other
Pairs of degree
Different cases Distances d(P) =4, d(P) =4, d(P) =9, Total number
of such pairs
d(q)= d(q)=8 d(q)=
Case 1 d(p, q)=1 Sn+6 on—4 n—2 12n
Case 2 d(p, q)=2 10n -1 8n—12 n-3 19n - 16
Case 3 d(p, q)=3 15n—-16 8n—20 n—4 24n — 40
d(p,q)=r,
Case 4 P q) 16(n—r+2) 4(2n—2r+1) n—r—1 5(5n—5r+7)
4<r<mn-1
Case 5 d(p,q)=n 33 2 0 35
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Ending table 2
Pairs of degree
Different cases Distances d(p) =4, d(P) =4, d(P) =8, E?tsalicrilug;?fsr
d(q)= d(q)=38 d(q)=38
Case 6 d(p, q)=n+l 10 0 0 10
Case 7 d(p,q)=n+2 1 0 0 1
Hence, we have
(i) Wiener index:
W(CHDN3[n) = Y, d(p.q)=
{p.q}cV(G)
= Y dp.g+ X dpg+ Y dp.g)+
{p.q}cv(G), {p.q}cv(G), {p.q}cv(G),
d(p,q)=1 d(p,q)=2 d(p,q)=3

+ Y dip.q)+ Y, d(p.q)=
{p.a}cV(G), {p.atcv(G).
d(p,q)=r,re{4,...,n-1} d(p,q)=n

n—1
=12n-1+(197-16) - 2+ (24n—40) -3+ Y 5(5n =5r +7) - r+35-n+

r=4
n—1
+10-(n+1)+1-(n+2)=168n—140+5Y r(5n—5r+7)= 2—65n3+375n2—% ;
r=4
(i1) Hyper-Wiener index:
WW (CHDN3[n]) = - Y d(p, q)2+1w(G)=
{p.q}<V(G) 2

1
=3 Y dpa)+ Y dp.gl+ Y d(p.q)+
{ V(G), {p.q}c7(0), {p.atcv(G).
1 d(p.q)=2 d(p.q)=3

+ > dip.g) + > d(p.q)+
{p.a}cv(G), {p.atcv(G),

d(p,q)=r,re{4,...n-1} d(p,q)=n

1|25 35 11
+ 2 d(p, q)2 + 2 d(p, q)2 +5[?n3+7n2—?n}=
{p.atcv(G). {p.a}cr(G).
d(p,q)=n+1 d(p,q)=n+2

n—1
:%[12n~12+(19n—16)-22+(24n—4o)-32+ N 5(5n—5r+7)-r*+35-n* +

r=4

—_—

+10-(n+1)2+1-(n+2)2}+l|:£n3+3—5n2——1n}=
21 6 2 3

r=4

n-1
-1 46n" +328n — 410+ 5 r*(5n—5r+7) s U2 B T
2 20 6
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} 1[253 35 , 11}
+—|—n +—n —?n =

. 355 317 , 97
—n +—n +—n"——n
12 3 12 6

1[25
2 2| 6 2

25 , 95 5 527 , 119
=—n+—n+—n ——un;
247 12 24 12

(ii1) Tratch — Stankevitch — Zefirov index:
1 1 1
TSZ(CHDN3[n)]) = 2 [—d(p, q)3+5d(p, q)2+§d(p, q):lz

I
1 3 1 2 1
=g[ 2 dp.aq) ]+5{ Y, d(p.q) ]+5[ > dp, q)}=
{p.atcv(G) {r.q}c¥(G) {p.q}c¥(G)
1
= X dpg+ ¥ dpgf+ X dlpq)+
{p.qtcV(G). {r.q}cV(G), {p.qa}cv(G),
d(p,q)=1 d(p,q)=2 d(p,q)=3
+ > dp.q + Y dlpa)+ Y dpq)l+
{p.a}cV(G), {p.a}cr(G), {p.at<cv(G),
d(p,q)=r,re{4,...n-1} d(p,q)=n d(p,q)=n+1
1|25 35 317 97 1|25 35 11
+ 2 d(p, q)3 +—l:—n4+—n3+—n2——n}+—[—n3+—n2——n}=
{p,q}cV(G), 2112 3 12 6 31 6 2 3
d(p,q)=n+2

r=4

n—1
1[12?1-13+(19n—16)-23+(24n—40)-33+ 3 5(5n—5r+7) P +35-2 +10-(n+1) +

1
+1-(n+2)3 +—|—n"+—n n n
2112 3 12 6

20, 80, 30 | B, 8 1),
31 6 2 3

r=4

n—1
=l 46n3+36n2+854n—1190+52r3(5n—5r+7) +l §n4+§n3+ﬂn2—ﬂn +
6 2112 3 12 6

1|25 35 11 1|5 35 317 179 271
[ } —n2——n}= [— 5+—n4+—n3+—nz——n}+

o —|=n
31 6 2 3 6| 4 4 12 4 6
25,035, 307 5 971 025 35, 1S s, 29 85, 101,
2012 3 12 6 3L 6 2 3 24 2 24 2 6
(iv) Harary index:
1
Har(CHDN3[n])= =
{r. q}EV(G)d(p’ q)
= Y L, L D L,
a6, 4P a) 1, 06, 4P a) () fore) d(ps 4)
d(p.q)=1 d(p,q)=2 d(p,q)=3

{p.qtcV(G), d(p, Q) {p,q}gV(G),d(p’ ‘1)
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1 1
+ + =
{r, q}zQ:V(G),d(p’ q) {r. q}zg“V(G),d(p’ q)

d(p,q)=n+1 d(p,q)=n+2

1 2

n n+l n+2

12n 19n—16  24n—40 & 5(5n - 5r+7) 35 10 1
Z + =+ +

_46n2+126n+70 = 35 59 64

1
5 Sn=5r+7)+ ">+ —=n-—.
n(n+1)(n+2) ¥ % (Sm=Sr+7)+ 5+ 2" 3

Finding the Hosoya polynomial for the CHDN3[n] network

Here we compute an exact expression of the Hosoya polynomial for the third type of the chain hex-derived
network of dimension # to derive the related distance-based topological indices which are calculated in the
previous section.

Theorem 2. The Hosoya polynomial of the third type of the chain hex-derived network of dimension n
(CHDNS[n]), where n > 5, is

H(CHDN3[n] x)=12nx + (197 —16)x” + (24n—40)x" +

Z (5n—5r+7)x"+35x" +10x" '+ x" 2,
r=4
Proof. Let p and g be two arbitrary vertices of the third type of the chain hex-derived network of dimen-
sion 7. Note that the longest distance among distances of all pairs of vertices (i. e., diameter) of the CHDN3[n]
network is n + 2. Here, we use the data tabulated in table 2, which gives the counting of the number of pairs of
vertices of the CHDN3[n] network which are at a distance » from each other, where 1 < < n + 2. Therefore,
from definition 1 of the Hosoya polynomial, we have

n+2
H(CHDN3[n], x) = 3 <9 = 4(CHDN3{n], )’ =
{p, q} V(CHDN3[n]) et

=d(CHDN3[n], 1) x' + d(CHDN3[n], 2) x* + d(CHDN3[n], 3)x" + f d(CHDN3[n], r)x" +
r=4
+d(CHDN3[n], n) x" + d(CHDN3[n], n + 1) x"*' + d(CHDN3[n], n + 2) x"** =
=12nx + (197 —16)x” + (24n — 40)x” + nz_jS(Sn =5r+7)x"+35x" +10x" X"
Underneath we derive the distance-based topologirczai indices of the CHDN3[n] network by using the above

single closed expression of the Hosoya polynomial and the relational formulas outlined in table 1.

Theorem 3. Let CHDN3([n] be the third type of the chain hex-derived network of dimension n (n > 5). Then
form the Hosoya polynomial H(CHDN3[n], x):

(i) W (CHDN3[n]) = %if + 3?5;12 - 13—1n,-

2 2 11
(ii) WW (CHDN3[n]) = 250 25,5,32T 0 119
12 24 12

101
(iii) TSZ (CHDN3[n]) = %nS S &f + ﬁnz _lo,

2 8 2 6
46n* +126n+70 "=l 59 64
Har(CHDN3 +5 (5n=5r+7)+ =n-—
(iv) ar( []) (n+l)(n+2 2 n—>5r+ + 2n 3

Proof. The Hosoya polynomial for the CHDN3 [n] network, as obtained in theorem 2, is
H(CHDNS[n] x)=12nx + (197 —16)x” + (24n — 40)x” +

2 5n 5r+7x+35x F10x" T 4 X2,
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By applying the relational formulas (listed in table 1) over the Hosoya polynomial H (CHDN 3[n], x), we
derive the distance-based topological indices as follows.
(1) The Wiener index and the Hosoya polynomial are related by

W (CHDN3[n]) = %H (CHDN3[n], x)|__ =

=9 o + (197 —16)x> + (24n — 40)x° +

25 5 35, 11
—n +—n"——n.
6 2 3

z 5n 5r+7x+35x +10x" ! + x"+2]

x=1

(i1) The relation between the hyper-Wiener index and the Hosoya polynomial is

x=1

W (CHDN?3[n])= %j—i[x - H(CHDN3[n), x)]
X

2
= %%[121/1}52 + (197 -16) x> + (24n — 40)x* +
X

z 5n 5r+7 r+1+35x”“+10x”+2+x”+3]

x=1

n—1
=% 24n + 6(19n - 16) + 12(24n - 40) + 2 5r(r + 1)(5n —5r+ 7)+

r=4

+35n(n+1)+10(n+1)(n+2)+ (n+2)(n+3) |=

=23n2+248n—275+§2 r+1)(5n—=5r+7)=

25 4 95 5 527 , 119
=—n+—n+—n —-——n
24 12 24 12
(ii1) The Tratch — Stankevitch — Zefirov index and the Hosoya polynomial are connected by

3
TSZ(CHDN3[n]) = %%[xz - H(CHDN3{], x)]
- ax

x=1

3 -
:%j—l:nnx + (197 =16)x* + (24n — 40)x° 2 (5n=5r+7)x""% +
X =

5 93 53 101
—rw+nt+ =+ =n - —n.

+35x”+2+10x”+3+x"+4] =
x=1 24 2 8 2 6

(iv) The relation between the Harary index and the Hosoya polynomial is
1
H(G,
Har (CHDN3{n)= | ¥
0

dx =

1 n—1
:j[lzn + (197 =16)x + (24n — 40)x* + Y 5(5n—=5r+7)x" "'+ 35x" ' +
0 r=4

2 n—1
p10x 4t |2 202 H 0 g b, s 2,8
n(n+1)(n+2) a7 2 3
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Hence, the results of theorem 1 are verified. Moreover, we can see that finding the Wiener index, hyper-Wiener
index, Tratch — Stankevitch — Zefirov index, and Harary index via the Hosoya polynomial of the CHDN3[n] network
is more easy, feasible, and compact than computing (as shown in section «Direct computation of distance-based
topological indices of the CHDN3[n] network») these indices of the network directly by their respective definitions.

Graphical illustrations of our obtained results

A graphical model of the chain hex-derived network of the third type of dimension # is discussed in subsec-
tion «Chain hex-derived network of the third type of dimension n». By using this model, the expression of the
Hosoya polynomial and the corelated distance-based topological indices have been derived which are functions
of n and x (table 3). To understand the geometrical behaviours of these expressions of the CHDN3[n] network,
we draw the Hosoya polynomial for the third type of the chain hex-derived network of dimension n = 5 in the
domain 0 < x <2 in fig. 2 and the corresponding distance-based topological indices of the network for different
dimension? n (5 < n < 10 is considered here) in fig. 3, with the help of Maple-13 software. From fig. 3, it can
be observed that as the dimension increases, the values of each of the topological indices are also increasing.

(98]
[
(=]
(=]

2000

Value of Hosoya polynomial

—_
[
(=]
(=]

Fig. 2. The plot of the Hosoya polynomial
of the CHDN3[5] for 0 <x <2

70 000

—e— Wiener index
—=#— Hyper-Wiener index

Tratch — Stankevitch — Zefirov index
50 000 F — Harary index

60 000

~

S

(=]

S

S
T

30 000 -

Value of topological index

20 000

10 000

Dimension

Fig. 3. The plot of the Wiener, hyper-Wiener,
Tratch — Stankevitch — Zefirov, and Harary indices
of the CHDN3[n] network for different values of n (5 <n < 10)

*Note that, the upper bound of the dimension 7 of the network has no limit.
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Conclusions

In the current study, a chemical network named as the third type of the chain hex-derived network of dimen-
sion n (CHDN3[n]) has been considered to investigate the analytical expression of some of its distance-based
topological descriptors. Initially, we used the distance-dependent mathematical formulas to evaluate the dis-
tance-based topological indices, namely, Wiener, hyper-Wiener, Tratch — Stankevitch — Zefirov, and Harary
indices of the CHDN3[n] network. Afterwards, we derived the same indices by using our proposed closed form
of the Hosoya polynomial of the CHDN3[n] network. And hence, we concluded that calculating these indices
via the Hosoya polynomial is more simple, shorter, compact, and more practical, instead of computing them
directly by using their mathematical formulas. Moreover, we graphically represented the Hosoya polynomial
and the distance-based topological indices of the underlying structure to realise their geometrical behaviour.
The obtained results may play a key role in amplifying our understanding of the behaviour and nature of chain
hex-derived networks further.
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