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Abstract General one-loop contributions to the decay pro-
cesses H → f f̄ γ and its applications are presented in this
paper. We consider all possible contributions of the additional
heavy vector gauge bosons, heavy fermions, and charged
(also neutral) scalar particles propagating in Feynman loop
diagrams. Therefore, analytic results are valid in a wide class
of models beyond the Standard Model. Analytic formulas
for the form factors are expressed in terms of Passarino-
Veltman functions in the standard notations of LoopTools.
Hence, the decay rates can be evaluated numerically by using
this package. The computations are then applied to the cases
of the Standard Model, U (1)B−L extension of the Standard
Model as well as Two Higgs Doublet Model. Phenomenolog-
ical results for all the above models are studied. We observe
that the effects of new physics are sizable contributions and
these can be probed at future colliders.

1 Introduction

After discovering the Standard-Model-like (SM-like) Higgs
boson [1,2], one of the main purposes at future colliders like
the high luminosity large hadron collider (HL-LHC) [3,4] as
well as future lepton colliders [5] is to probe the properties
of this boson (mass, couplings, spin and parity, etc). In this
experimental program, the Higgs productions and its decay
rates should be measured as precisely as possible. Based on
these measurements, we can verify the nature of the Higgs
sector. In other words we can understand deeply the dynamic
of the electroweak symmetry breaking. It is well-known that
the Higgs sector is selected as the simplest case in the Stan-
dard Model (SM), since there is only one scalar doublet field.
From theoretical viewpoints, there are no reasons for this
simplest choice. Many models beyond the SM (BSMs) have
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extended the Higgs sector (some of them have also expanded
gauge sectors, introduced mass terms of neutrinos, etc). In
these models many new particles are proposed, for examples,
new heavy gauge bosons, charged and neutral scalar Higgs
as well as new heavy fermions. These new particles may
also contribute to the productions and decay of Higgs boson.
Therefore, the more precise data on the Higgs productions
and decay rates could provide us an important information to
answer the nature of the Higgs sector and, more importantly,
to extract the new physics contributions.

Among all the Higgs decay channels, the processes H →
f f̄ γ are of great interest for the following reasons. Firstly,
the decay channels can be measured at the large hadron col-
lider [6–9]. Therefore,these processes can be used to test
the SM at the high energy regions. Secondly, many of new
particles as mentioned in the beginning of this section may
also propagate in the loop diagrams of the decay processes.
Subsequently, the decay rates could provide a useful tool for
constraining new physics parameters. Last but not least, apart
from the SM-like Higgs boson, new neutral Higgs bosons in
BSMs may be mixed with the SM-like one. These effects can
also be observed directly by measuring of the decay rates of
H → f f̄ γ . For above reasons, the detailed theoretical eval-
uations of one-loop contributions to the decay of Higgs to
fermion pairs and a photon within the SM and its extensions
are necessary.

Theoretical implications for the decay H → f f̄ γ in
the SM at the LHC have been studied in Refs. [10–12].
Moreover, many computations of one-loop contributions to
the decay processes H → f f̄ γ are available within the
SM framework [13–20]. The same evaluations for the Higgs
productions at eγ colliders have been proposed in [21,22].
One-loop corrections to H → f f̄ γ in the context of the
minimal super-symmetric standard model Higgs sector have
been computed in [23]. Furthermore, one-loop contributions
for CP-odd Higgs boson productions in eγ collisions have
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been carried out in [24]. In this article, we present general
formulas for one-loop contributions to the decay processes
H → f f̄ γ . The analytic results presented in the current
paper are not only valid in the SM but also in many BSMs
in which new particles are proposed such as heavy vector
bosons, heavy fermions, and charged (neutral) scalar parti-
cles that may propagate in the loop diagrams of the decay
processes. The analytic formulas for the form factors are
expressed in terms of Passarino-Veltman (PV) functions in
standard notations ofLoopTools [25]. As a result, they can
be evaluated numerically by using this package. The calcu-
lations are then applied to the SM, the U (1)B−L extension
of the SM [26] and two Higgs doublet models (THDM) [27].
Phenomenological results of the decay processes for these
models are also studied.

We also stress that our analytical results in the present
paper can also be applied to many more BSM frameworks.
In particular, in the super-symmetry models, many super-
partners of fermions and gauge bosons are introduced. Fur-
thermore, with extending the Higgs sector, we encounter
charged and neutral Higgs bosons in this framework. There
exist extra charged gauge bosons in many electroweak gauge
extensions, for examples, the left-right models (LR) con-
structed from the SU (2)L × SU (2)R × U (1)Y [28–30], the
3-3-1 models (SU (3)L × U (1)X ) [31–37], the 3-4-1 mod-
els (SU (4)L × U (1)X ) [37–42], etc. Analytic results in this
paper have already included the contributions by such par-
ticles which may also be exchanged in the loop diagrams
of the aforementioned decay processes. Phenomenological
results for the decay processes in the above models are of
great interest in future. Future publications will be devoted
to these topics.

The layout of the paper is as follows: we first write down
the general Lagrangian and introduce the notation for the
calculations in the Sect. 2. We then present the detailed cal-
culations for one-loop contributions to H → f f̄ γ in Sect. 3.
The applications of this work to the SM,U (1)B−L extensions
of the SM and THDM are also studied in this section. Phe-
nomenological results for these models are analysed at the
end of Sect. 3. Conclusions and outlook are presented in the
Sect. 4. In appendices, we first review brieflyU (1)B−L exten-
sions of the SM and THDM. Feynman rules and all involved
couplings in the decay processes are then shown.

2 Lagrangian and notations

In order to write down the general form of Lagrangian for a
wide class of the BSMs, we start from the well-known con-
tributions that appear in the SM. We then add the extra terms
which are extended from the SM. For example, the two Higgs
doublet model [27] adds a new Higgs doublet that predicts
new charged and neutral scalar Higgs bosons; a model with

a gauge symmetry U (1)B−L which proposes a neutral gauge
boson Z ′, a neutral Higgs [26,43]; minimal left-right mod-
els with a new non-Abelian gauge symmetry for electroweak
interactions SU (2)L × SU (2)R × U (1)B−L [28–30] intro-
ducing many new particles including charged gauge bosons,
neutral gauge bosons and charged Higgs bosons. The men-
tioned particles give one-loop contributions to the decays
under consideration.

In this section, Feynman rules for the decay channels
H → f f̄ γ are derived for the most general extension of
the SM with considering all possible contributions from the
mentioned particles. In this computation, we denote Vi , Vj

for extra charged gauge bosons, V 0
k for neutral gauge bosons.

Moreover, Si , S j (S0
k ) are charged (neutral) Higgs bosons

respectively and fi , f j indicate fermions. In general, the clas-
sical Lagrangian contains the following parts:

L = L f + LG + L� + LY (1)

where the fermion sector is given by

L f = ψ̄ f i /Dψ f (2)

with Dμ = ∂μ−∑
V igV

[ ∑
a T

aV a
μ

]
. In this formula, T a is

a generator of the corresponding gauge symmetry. The gauge
sector reads

LG = −1

4

∑

V

[ ∑

a

V a
μνV

a,μν
]
, (3)

where V a
μν = ∂μV a

ν − ∂νV a
μ + g f abcV b

μV
c
μ with f abc being

a structure constant of the corresponding gauge group. The
scalar sector is expressed as follows:

L� =
∑

�

Tr [(Dμ�
)† (

Dμ�
)] − V (�). (4)

We then derive all the couplings from the full Lagrangian.
The couplings are parameterized in general forms and pre-
sented as follows:

• By expanding the fermion sector, we can derive the ver-
tices of vector boson V with fermions. In detail, the inter-
action terms are parameterized as

LV f f =
∑

fi , f j ,V

f̄iγ
μ(gLV f f PL + gR

V f f PR) f j Vμ + h.c

(5)

with PL ,R = (1 ∓ γ5)/2 and h.c is hermitian conjugate
terms.

• Trilinear gauge and quartic gauge couplings are expanded
from the gauge sector:
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LVVV,VVVV

=
∑

V 0
k ,Vi ,Vj

gV 0
k Vi Vj

[
(∂μV

0
k,ν)V

μ
i V ν

j

+V 0
k,νV

μ
i (∂νVj,μ) + · · ·

]

+
∑

V 0
k ,V 0

l ,Vi ,Vj

gV 0
k V

0
l Vi Vj

[
V 0
k,μV

0
l,νV

μ
i V ν

j + · · ·
]

+

+
∑

Vk ,Vl ,Vi ,Vj

[
gVkVl Vi Vj Vk,μVl,νV

μ
i V ν

j + · · ·
]

+ · · · (6)

• Next, the couplings of scalar S (S can be neutral or
charged scalar) to fermions are taken from the Yukawa
part LY . The interaction terms are expressed as follows:

LS fi f j =
∑

fi , f j ,S

f̄i (g
L
S f f PL + gR

S f f PR) f j S + h.c. (7)

• The couplings of scalar S to vector boson V can be
derived from the kinematic term of the Higgs sector. In
detail, we have the interaction terms

LSV V,SSV,SSV V =
∑

S0
k ,Vi ,Vj

gS0
k Vi Vj

S0
k V

μ
i V j,μ

+
∑

S0
i ,S j ,V

gS0
i S j Vk

[(∂μS
0
i )S j − (∂μS j )S

0
i ]Vμ

k

+
∑

Sk ,Vi ,V 0
j

gSkVi V 0
j
SkV

μ
i V 0

j,μ

+
∑

Si ,S j ,V 0

gSi S j V 0
k
[(∂μSi )S j − (∂μS j )Si ]V 0,μ

k

+
∑

Si ,S j ,Vk ,Vl

gSi S j VkVl Si S j V
μ
k Vl,μ

+
∑

Si ,S j ,V 0
k ,V 0

l

gSi S j V 0
k V

0
l
Si S j V

0,μ
k V 0

l,μ

+
∑

S0
i ,S0

j ,Vk ,Vl

gS0
i S

0
j Vk Vl

S0
i S

0
j V

μ
k Vl,μ

+
∑

S0
i ,S0

j ,V
0
k ,V 0

l

gS0
i S

0
j V

0
k V

0
l
S0
i S

0
j V

0,μ
k V 0

l,μ

+ · · · (8)

• Finally, the trilinear scalar and quartic scalar interactions
are from the Higgs potential V (�). The interaction terms
are written as

LSSS,SSSS =
∑

S0
k ,Si ,S j

gSi S j Sk S
0
k Si S j

+
∑

S0
i ,S0

j ,Sk ,Sl

gS0
i S

0
j Sk Sl

S0
i S

0
j Sk Sl

+
∑

S0
i ,S0

j ,S
0
k

gS0
i S

0
j S

0
k
S0
i S

0
j S

0
k

+
∑

S0
i ,S0

j ,S
0
k ,S0

l

gS0
i S

0
j S

0
k S

0
l
S0
i S

0
j S

0
k S

0
l

+
∑

Si ,S j ,Sk ,Sl

gSi S j Sk Sl Si S j Sk Sl + · · · (9)

All of the Feynman rules corresponding to the above cou-
plings giving one-loop contributions to the SM-like Higgs
decays H → f f̄ γ are collected in Appendix D. In detail,
the propagators that appear in the decay processes in the uni-
tary gauge are shown in Table 6. All the related couplings
that occur in the decay are parameterized in general forms
which are presented in Table 7 (we refer to appendices B and
C for two typical models).

3 Calculations

In this section, one-loop contributions to the decay pro-
cesses H → f (q1) f̄ (q2)γ (q3) are calculated in detail. In
the present paper, we consider the computations in the limit
of m f → 0 for external fermions. All Feynman diagrams
involving these processes can be grouped into the following
classes (see Fig. 1).

By working in on-shell renormalization scheme, we con-
firm that the contribution of diagrams (e + h) vanishes for
on-shell external photon, as explained in Refs. [44,45]. One
can neglect the Yukawa couplings y f (since m f → 0 for
external fermions) in this computation. As a result, the con-
tributions of diagrams (g + k) can be omitted. Following
Refs. [44,45], it is known that we need a counterterm to
get a finite result for these processes, because there exist tree
level coupling HZZ and renormalization of mixing Zγ . The
counterterm is depicted in the diagram (m) and its amplitude
takes the form of ∼ gμνCHZγ . As discussed in many previ-
ous works [13,15,17,23,46], if we collect the form factors
as the coefficients of qμ

3 q
ν
k in Eq. (10), the form factors do

not receive any contribution from the counterterm diagram
(m). Moreover, total contribution from the class (a + f ) is
vanishing. We also consider the group of (n + o) that is not
equal to zero (as the group of (a + f )). However, we know
that the couplings of S0

k f f̄ are proportional to m f /v (v is
Vacuum Expectation Value). As a result, this contribution is
also omitted in the limit of m f → 0. Hence, we only have
the contributions of (b+ c+d) which are separated into two
kinds. The first one is the topology b which is called V 0∗

k pole
contributions. The second type (diagrams c and d) belongs
to the non-V 0∗

k pole contributions. We remind that V 0∗
k can

include both Z , γ in the SM and the arbitrary neutral vector
boson Z ′ in many BSMs. In the further course, we consider
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Fig. 1 Types of Feynman diagrams contributing to the SM-like Higgs decays H → f f̄ γ
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the general case of additional neutral gauge bosons in the
loop diagrams. Their mixing is also included. In this paper,
we take only m f → 0 for external fermions. For fermions at
internal lines, their masses will be non-zero. Therefore, there
are no infrared (IR) divergences the current calculations.

The general one-loop amplitude which obeys the Lorentz-
invariant structure can be decomposed as follows [20]:

Aloop =
2∑

k=1

{
[qμ

3 q
ν
k − gμνq3 · qk]ū(q1)(Fk,RγμPR

+Fk,LγμPL)v(q2)
}
ε∗
ν (q3), (10)

where the Dirac spinors ū(q1), v(q2) for the external fermions
and the polarization vector ε∗

ν (q3) for the external photon are
taken into account in this equation. All form factors are com-
puted as follows:

Fk,L/R = F
Vk0∗ -poles
k,L/R + F

Non-Vk0∗
k,L/R (11)

for k = 1, 2. Kinematic invariant variables involved in the
decay processes are taken into account: q2 = q12 = (q1 +
q2)

2, q13 = (q1 + q3)
2 and q23 = (q2 + q3)

2.
We first write down all Feynman amplitudes for the above

diagrams. With the help of Package-X [47], all Dirac
traces and Lorentz contractions are handled. In this computa-
tion, dimensional regularization is performed in space-time
dimensions d = 4 − 2ε. Therefore, the trace and contrac-
tions are applied for Feynman loop momentum in general d
dimensions. Subsequently, the amplitudes are then written
in terms of tensor one-loop integrals. By following tensor
reduction for one-loop integrals in [48] (the relevant tensor
reduction formulas are shown in appendix A), all tensor one-
loop integrals are expressed in terms of PV-functions. We
then take d → 4 for the final results. By using LoopTools,
these scalar functions can be evaluated numerically. We then
get numerical results for the decay rates.

3.1 V 0∗
k pole contributions

In this subsection, we first arrive at the V 0∗
k pole contributions

which are corresponding to the diagram b. In this group of
Feynman diagrams, it is easy to confirm that the form factors
follow the below relation:

F
V 0∗
k -poles

k,L/R = F
V 0∗
k -poles

1,L/R = F
V 0∗
k -poles

2,L/R (12)

Their analytic results will be shown in the following subsec-
tions. All possible particles exchanging in the loop diagrams
are included. We emphasize that analytic expressions for the
form factors presented in this subsection cover the results
in Ref. [49]. It means that we can reduce to the results for
H → νl ν̄lγ of Ref. [49] by setting f to νl and replacing the
corresponding couplings. Furthermore, all analytic formulas
shown in the following subsection cover all cases of V 0∗

k

poles. For instance, when V 0∗
k → γ ∗, we then set MV 0

k
= 0,

�V 0
k

= 0. In addition to thatV 0∗
k becomes Z (or Z ′) boson, we

should fix MV 0
k

= MZ and �V 0
k

= �Z (or Z ′) respectively.
In the following results, QV denotes the electric charge of
the gauge bosons Vi , Vj and QS (and Q f ) is the charge of
the charged Higgs bosons Si , S j (and fermions f ).

We begin with one-loop triangle Feynman diagrams where
all particles in the loop are vector bosons Vi, j (see Fig. 2).
One-loop form factors of this group of Feynman diagrams
are expressed in terms of the PV functions as follows:

F
V 0∗
k -poles

k,L |Vi ,Vj = eQV

16π2

∑

Vi ,Vj ,V 0
k

×
gHV iV j gLV 0

k f f

M2
Vi
M2

Vj
(q2 − M2

V 0
k

+ i�V 0
k
MV 0

k
)

×
{[

2gV 0
k AVi Vj

(M2
H − M2

Vj
)

+gV 0
k Vi Vj

(M2
H + M2

Vi + M2
Vj

)
]

×B11(M
2
H , M2

Vi , M
2
Vj

)

+
[
gV 0

k Vi Vj
(M2

H + 3M2
Vi − M2

Vj
)

−2gV 0
k AVi Vj

M2
Vi

]
B1(M

2
H , M2

Vi , M
2
Vj

)

+2M2
Vi (gV 0

k Vi Vj
− gV 0

k AVi Vj
)

×B0(M
2
H , M2

Vi , M
2
Vj

)

+2gV 0
k AVi Vj

[
M2

H B111 + B00 + 2B001

]

×(M2
H , M2

Vi , M
2
Vj

)

+4gV 0
k Vi Vj

M2
Vi

(
M2

Vi + 3M2
Vj

− q2
)

×C0(0, q2, M2
H , M2

Vi , M
2
Vi , M

2
Vj

)

+2gV 0
k Vi Vj

[
M2

H (M2
Vi + M2

Vj
− q2)

+M4
Vi + M4

Vj
+ (4d − 6)M2

Vi M
2
Vj

−q2(M2
Vi + M2

Vj
)
]
(C22 + C12)

×(0, q2, M2
H , M2

Vi , M
2
Vi , M

2
Vj

)

+2gV 0
k Vi Vj

[
M2

H (M2
Vi + M2

Vj
− q2)

+3M4
Vi − M4

Vj
+ (4d − 6)M2

Vi M
2
Vj

−q2(3M2
Vi − M2

Vj
)
]

×C2(0, q2, M2
H , M2

Vi , M
2
Vi , M

2
Vj

)

}

,

F
V 0∗
k -poles

k,R |Vi ,Vj = F
V 0∗
k -poles

k,L |Vi ,Vj

(
gL
V 0
k f f

→ gR
V 0
k f f

)
. (13)
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Fig. 2 One-loop triangle
diagrams with vector bosons
Vi, j in the loop

Fig. 3 One-loop triangle
diagrams with scalar bosons Si, j
in loop

The results are written in terms of B- and C-functions. We
note that individual one-loop amplitudes for the diagrams in
Fig. 2 can contain one-loop three-point tensor integrals up to
rank R = 6. However, after taking into account two triangle
diagrams, the amplitude for this subset of Feynman diagrams
is only expressed in terms of theC-tensor integrals up to rank
R = 2. As a result, we have up to C22-functions contributing
to the form factors. Furthermore, some of them may contain
UV divergences but after summing all these functions, the
final results are finite. The topic will be discussed at the end
of this section.

We next concern one-loop triangle Feynman diagrams
with Si , S j in the loop (as described in Fig. 3). The cor-
responding one-loop form factors are given:

F
V 0∗
k -poles

k,L |Si ,S j = eQS

4π2

×
∑

Si ,S j ,V 0
k

gHSi S j gV 0
k Si S j

gL
V 0
k f f

M2
Hq

2(M2
H − q2)(q2 − M2

V 0
k

+ i�V 0
k
MV 0

k
)

×
{

(q2 − M2
H )

[
A0(M

2
Si ) − A0(M

2
S j )

]

+M2
H (M2

Si − M2
S j − q2)B0(q

2, M2
Si , M

2
S j )

+q2(M2
H − M2

Si + M2
S j )B0(M

2
H , M2

Si , M
2
S j )

+2M2
Hq

2(M2
H − q2)C12(0, q2, M2

H , M2
Si , M

2
Si , M

2
S j )

}

,

F
V 0∗
k -poles

k,R |Si ,S j = F
V 0∗
k -poles

k,L |Si ,S j
(
gL
V 0
k f f

→ gR
V 0
k f f

)
.

(14)

We observe the factor 1/(M2
H − q2) in these formulas.

This may lead to the kinematic divergence in the limit of
q2 → M2

H . However, we check that this divergence will be
cancelled out. In the limit of q2 → M2

H , the sum of B0-
terms in these formulas is vanishing. Other terms contain the
overall factor M2

H − q2 that is also cancelled out the pole
1/(M2

H − q2). As a result, the final results stay finite in the
limit of q2 → M2

H .
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Fig. 4 One-loop triangle
diagrams with two scalar bosons
Si and a vector boson Vj in the
loop

Fig. 5 One-loop triangle
diagrams with a scalar boson S j
and two vector bosons Vi in the
loop

Similarly, we have the contributions of one-loop triangle
Feynman diagrams with exchanging scalar boson Si and vec-
tor boson Vj in the loop. The Feynman diagrams are depicted
in Fig. 4. Applying the same procedure, one has the form fac-
tors

F
V 0∗
k -poles

k,L |Si ,Vj = eQV

8π2

×
∑

Si ,Vj ,V 0
k

gHSi Vj gV 0
k Si Vj

gL
V 0
k f f

M2
HM2

Vj
q2(q2 − M2

H )(q2 − M2
V 0
k

+ i�V 0
k
MV 0

k
)

×
{

(q2 − M2
H )(M2

H − M2
Si + M2

Vj
)
[
A0(M

2
Si ) − A0(M

2
Vj

)
]

+M2
H

[
q2(M2

Si + 3M2
Vj

− M2
H )

+(M2
Si − M2

Vj
)(M2

H − M2
Si + M2

Vj
)
]
B0(q

2, M2
Si , M

2
Vj

)

+q2
[
M2

H − (MSi + MVj )
2
]

×
[
M2

H − (MSi − MVj )
2
]
B0(M

2
H , M2

Si , M
2
Vj

)

+2M2
Hq

2(M2
H − q2)(M2

H − M2
Si + M2

Vj
)

×C12(0, q2, M2
H , M2

Si , M
2
Si , M

2
Vj

)

}

,

F
V 0∗
k -poles

k,R |Si ,Vj

= F
V 0∗
k -poles

k,L |Si ,Vj

(
gL
V 0
k f f

→ gR
V 0
k f f

)
. (15)

We also consider the contributions of one-loop triangle dia-
grams with exchanging a scalar boson S j and two vector
bosons Vi in the loop. The Feynman diagrams are presented
in Fig. 5. The corresponding form factors for the above dia-
grams are given:

F
V 0∗
k -poles

k,L |Vi ,S j = eQV

8π2

×
∑

Vi ,S j ,V 0
k

gHVi S j gV 0
k Vi S j

gL
V 0
k f f

M2
HM2

Vi
q2(M2

H − q2)(q2 − M2
V 0
k

+ i�V 0
k
MV 0

k
)

×
{

(M2
H − q2)(M2

H − M2
S j + M2

Vi )
[
A0(M

2
S j ) − A0(M

2
Vi )

]

+q2
[
M2

H (M2
H + 4M2

Vi ) − (M2
S j − M2

Vi )
2
]
B0(M

2
H , M2

Vi , M
2
S j )

−M2
H

[
M2

H (M2
S j − M2

Vi + q2) + M2
S j (2M

2
Vi − M2

S j − q2)

+M2
Vi (5q

2 − M2
Vi )

]
B0(q

2, M2
Vi , M

2
S j )

+2M2
Hq

2(M2
H − q2)(M2

H − M2
S j + M2

Vi )

C12(0, q2, M2
H , M2

Vi , M
2
Vi , M

2
S j )

+4M2
HM2

Vi q
2(M2

H − q2)C0(0, q2, M2
H , M2

Vi , M
2
Vi , M

2
S j )

}

,

F
V 0∗
k -poles

k,R |Vi ,S j
= F

V 0∗
k -poles

k,L |Vi ,S j
(
gL
V 0
k f f

→ gR
V 0
k f f

)
. (16)

Finally, we have to consider fermions exchanging in the one-
loop triangle diagrams (shown in Fig. 6). The form factors
then read

F
V 0∗
k -poles

k,L | fi , f j = eQ f

4π2

×
∑

fi , f j ,V 0
k

N f
C gL

V 0
k f f

(q2 − M2
V 0
k

+ i�V 0
k
MV 0

k
)

×
{[

2m fi (g
L
H fi f j g

L
V 0
k fi f j

+ gR
H fi f j g

R
V 0
k fi f j

)

+2m f j (g
L
H fi f j g

R
V 0
k fi f j

+ gR
H fi f j g

L
V 0
k fi f j

)
]

×
[
C22 + C12

]
(0, q2, M2

H ,m2
fi ,m

2
fi ,m

2
f j )
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Fig. 6 One-loop triangle
diagrams with charged fermions
fi, j in the loop

+
[
3m fi (g

L
H fi f j g

L
V 0
k fi f j

+ gR
H fi f j g

R
V 0
k fi f j

)

+m f j (g
L
H fi f j g

R
V 0
k fi f j

+ gR
H fi f j g

L
V 0
k fi f j

)
]

×C2(0, q2, M2
H ,m2

fi ,m
2
fi ,m

2
f j )

+m fi (g
L
H fi f j g

R
V 0
k fi f j

+gR
H fi f j g

R
V 0
k fi f j

)C0(0, q2, M2
H ,m2

fi ,m
2
fi ,m

2
f j )

}

,

F
V 0∗
k -poles

k,R | fi , f j
= F

V 0∗
k -poles

k,L | fi , f j
(
gL
V 0
k f f

→ gR
V 0
k f f

)
. (17)

3.2 Non-V 0∗
k pole contributions

We turn our attention to the non-V 0∗
k pole contributions, con-

sidering all possible particles exchanging in the loop dia-
grams (c+d). One first arrives at the group of Feynman dia-
grams with vector bosons Vi, j at internal lines (as depicted
in Fig. 7). Analytic formulas for the form factors are given:

F
Non-V 0∗

k
1,L |Vi ,Vj = eQV

16π2

×
∑

Vi ,Vj

gHVi Vj g
L
Vi f ν f

gLVj f ν f

M2
Vi
M2

Vj

×
{

− 2M2
Vi

[
C0(0, q12, M

2
H , M2

Vi , M
2
Vi , M

2
Vj

)

+C0(q12, 0, M2
H , M2

Vi , M
2
Vj

, M2
Vj

)
]

−(M2
H + M2

Vi + M2
Vj

)
{[

C22 + C12

]

(0, q12, M
2
H , M2

Vi , M
2
Vi , M

2
Vj

)

+
[
C22 + C12

]
(q12, 0, M2

H , M2
Vi , M

2
Vj

, M2
Vj

)
}

−(M2
H + 3M2

Vi − M2
Vj

)
[
C2(0, q12, M

2
H ,

M2
Vi , M

2
Vi , M

2
Vj

)

+C2(q12, 0, M2
H , M2

Vi , M
2
Vj

, M2
Vj

)
]

+2(M2
Vj

− M2
Vi )C1(q12, 0, M2

H , M2
Vi , M

2
Vj

, M2
Vj

)

+(8 − 2d)M2
Vi M

2
Vj

[
D3(0, 0, 0, M2

H ;
q12, q13, M

2
Vi , 0, M2

Vj
, M2

Vj
)

+D3(0, 0, 0, M2
H ; q23, q12, M

2
Vi , M

2
Vi , 0, M2

Vj
))

]

+(4 − 2d)M2
Vi M

2
Vj

{[
D33 + D23 + D13

]

(0, 0, 0, M2
H ; q23, q12, M

2
Vi , M

2
Vi , 0, M2

Vj
)

+
[
D33 + D23

]
(0, 0, 0, M2

H ; q12, q13,

M2
Vi , 0, M2

Vj
, M2

Vj
)
}

+4M2
Vi M

2
Vj
D2(0, 0, 0, M2

H ; q12, q13,

M2
Vi , 0, M2

Vj
, M2

Vj
)

}

, (18)

F
Non-V 0∗

k
1,R |Vi ,Vj = F

Non-V 0∗
k

1,L |Vi ,Vj
(
gLVi f ν f

→ gR
Vi f ν f

; gLVj f ν f
→ gR

Vj f ν f

)
, (19)

F
Non-V 0∗

k
2,L |Vi ,Vj = F

Non-V 0∗
k

1,L |Vi ,Vj
(
{q13, q23} → {q23, q13}

)
, (20)

F
Non-V 0∗

k
2,R |Vi ,Vj = F

Non-V 0∗
k

2,L |Vi ,Vj
(
gLVi f ν f

→ gR
Vi f ν f

; gLVj f ν f
→ gR

Vj f ν f

)
. (21)

We find that the result is presented in terms of C- and D-
functions up to C22- (D33-) coefficients. The reason for this
fact is explained as follows. Due to the exchange of vec-
tor bosons in the loop, we have to handle one-loop tensor
integrals with rank R ≥ 3 in the amplitude of individual dia-
grams. However, they are cancelled out after summing all
diagrams. As a result, the total amplitude is only expressed
in terms of tensor integrals with R ≤ 2 that explain for the
above result.

For neutral vector bosons V 0
i , V 0

j at internal lines (see
Fig. 8), the corresponding form factors are obtained as

F
Non-V 0∗

k
1,L |V 0

i ,V 0
j

= eQ f

16π2
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Fig. 7 One-loop triangle and
box diagrams with vector
bosons Vi, j in the loop

Fig. 8 One-loop triangle and
box diagrams with vector
bosons V 0

i , V 0
j in the loop

Fig. 9 One-loop diagrams with
charged scalar bosons Si, j in the
loop
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Fig. 10 One-loop box
diagrams with neutral scalar
bosons S0

i, j particles in loop

Fig. 11 One-loop diagrams
with exchanging vector boson
Vi and scalar boson S j particles
in loop
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Fig. 12 One-loop diagrams
with vector boson V 0

i and scalar
boson S0

j in the loop

×
∑

V 0
i ,V 0

j

gHV 0
i V

0
j
gL
V 0
i f f

gL
V 0
j f f

×
{
(4 − 2d)

[
D33 + D23

] + (8 − 2d)D3

}

(0, 0, 0, M2
H , q23, q13, M

2
V 0
i
, 0, 0, M2

V 0
j
), (22)

F
Non-V 0∗

k
1,R |V 0

i ,V 0
j

= F
Non-V 0∗

k
1,L |V 0

i ,V 0
j

(
gL
V 0
i f f

→ gR
V 0
i f f

; gL
V 0
j f f

→ gR
V 0
j f f

)
, (23)

F
Non-V 0∗

k
2,L |V 0

i ,V 0
j

= F
Non-V 0∗

k
1,L |V 0

i ,V 0
j

(
{q13, q23} → {q23, q13}

)
, (24)

F
Non-V 0∗

k
2,R |V 0

i ,V 0
j

= F
Non-V 0∗

k
2,L |V 0

i ,V 0
j

(
gL
V 0
i f f

→ gR
V 0
i f f

; gL
V 0
j f f

→ gR
V 0
j f f

)
. (25)

Next, we also consider one-loop diagrams with charged
scalar bosons Si, j at internal lines (shown in Fig. 9). The

results read

F
Non-V 0∗

k
1,L |Si ,S j = eQS

8π2

×
∑

Si ,S j

gHSi S j g
R
Si f ν f

gR
S j f ν f

×
{[

D33 + D23 + D3

]

×(0, 0, 0, M2
H ; q12, q13, M

2
Si , 0, M2

S j , M
2
S j )

+
[
D33 + D23 + D13 + D3

]

×(0, 0, 0, M2
H ; q23, q12, M

2
Si , M

2
Si , 0, M2

S j )

}

, (26)

F
Non-V 0∗

k
1,R |Si ,S j = F

Non-V 0∗
k

1,L |Si ,S j
(
gR
Si f ν f

→ gLSi f ν f
; gR

Sj f ν f
→ gLSj f ν f

)
, (27)

F
Non-V 0∗

k
2,L |Si ,S j = F

Non-V 0∗
k

1,L |Si ,S j
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(
{q13, q23} → {q23, q13}

)
, (28)

F
Non-V 0∗

k
2,R |Si ,S j = F

Non-V 0∗
k

2,L |Si ,S j
(
gR
Si f ν f

→ gLSi f ν f
; gR

Sj f ν f
→ gLSj f ν f

)
. (29)

Furthermore, one also has the contributions of neutral scalar
bosons S0

i, j exchanging in the loop diagrams (as described in
Fig. 10). Analytic results for the form factors then read

F
Non-V 0∗

k
1,L |S0

i ,S0
j
= −eQ f

8π2

×
∑

S0
i ,S0

j

gHS0
i S

0
j
gL
S0
i f f

gR
S0
j f f

×
[
D33 + D23 + D3

]

×(0, 0, 0, M2
H ; q23, q13; M2

S0
i
, 0, 0, M2

S0
j
), (30)

F
Non-V 0∗

k
1,R |S0

i ,S0
j
= F

Non-V 0∗
k

1,L |S0
i ,S0

j
(
gL
S0
i f f

→ gR
S0
i f f

; gR
S0
j f f

→ gL
S0
j f f

)
, (31)

F
Non-V 0∗

k
2,L |S0

i ,S0
j
= F

Non-V 0∗
k

1,L |S0
i ,S0

j
(
{q13, q23} → {q23, q13}

)
, (32)

F
Non-V 0∗

k
2,R |S0

i ,S0
j
= F

Non-V 0∗
k

2,L |S0
i ,S0

j
(
gL
S0
i f f

→ gR
S0
i f f

; gR
S0
j f f

→ gL
S0
j f f

)
. (33)

We now consider non-V ∗0
k pole one-loop diagrams with

scalar S j (or S0
j ) and vector Vi (or V 0

i ) propagating in the
loop. The diagrams are depicted in Figs. 11 and 12. The cal-
culations are performed with the same procedure. We finally
find that these contributions are proportional to m f . As a
result, in the limit of m f → 0, one confirms that

F
Non-V 0∗

k
k,L |Vi ,S j = F

Non-V 0∗
k

k,R |Vi ,S j = 0, (34)

F
Non-V 0∗

k
k,L |V 0

i ,S0
j
= F

Non-V 0∗
k

k,R |V 0
i ,S0

j
= 0 (35)

for k = 1, 2.
We verify the ultraviolet finiteness of the results. We find

that the UV-divergent parts of all the above form factors come
from all B-functions, while C- and D-functions in this paper
are UV-finite. Higher rank tensor B-functions can be reduced
into B0 and A0. We verify that the sum of all B-functions
gives a UV-finite result. As a result, all the form factors are
UV-finite (see our previous paper [49] for example).

Having the correct form factors for the decay processes,
the decay rate is given by [20]:

d�

dq12q13
= q12

512π3M3
H

[
q2

13(|F1,R |2

+|F2,R |2) + q2
23(|F1,L |2 + |F2,L |2)

]
. (36)

Table 1 All the couplings involving the decay processes H → f f̄ γ
in the SM

Vertices Couplings

gHVi Vj eMW /sW

gV 0
k Vi Vj

e cW /sW

gV 0
k AVi Vj

e2 cW /sW

gL
V 0
k ν f ν f

e/(2sW cW )

gR
V 0
k ν f ν f

0

gL ,R
H fi f j

e m f /(2sW MW )

gL
V 0
k fi f j

e(T f
3 − Q f s2

W )/(sW cW )

gR
V 0
k fi f j

−eQ f sW /cW

gLVi f ν f
e/(

√
2 sW )

gRVi f ν f
0

Integrating the above integrand over 0 ≤ q12 ≤ M2
H and

0 ≤ q13 ≤ M2
H − q12, one gets the total decay rates. We

show typical examples which we apply our analytical results
for H → f f̄ γ to the SM, the U (1)B−L extension of the
SM, THDM. Phenomenological results of these models will
be presented in the next section.

4 Applications

We are going to apply the above results to the standard
model, the U (1)B−L extension of the SM, and the THDM.
For phenomenological analyses, we use the following input
parameters: α = 1/137.035999084, MZ = 91.1876 GeV,
�Z = 2.4952 GeV, MW = 80.379 GeV, MH = 125.1 GeV,
mτ = 1.77686 GeV, mt = 172.76 GeV, mb = 4.18 GeV,
ms = 0.93 GeV andmc = 1.27 GeV. Depending on the mod-
els under consideration, the input values for new parameters
are then shown.

4.1 Standard model

We first reduce our result to the case of the standard model.
In this case, we have Vi , Vj → W+,W−, V 0

k → Z , γ . All
couplings relating to the decay channels H → f f̄ γ in the
SM are replaced as in Table 1.

In the SM, the form factors are obtained by taking the
contributions of Eqs. (13, 17, 18, 22). Using the above cou-
plings, we then get a compact expression for the form factors
as follows:

F2L = α2m2
t

3sW MW

[
16

q12
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Table 2 Numerical checks for
form factor F2L in this work
with b1 in A2 of [20]

(q12, q13) This work Ref. [20]

(100, 200) 9.62231539663501 · 10−8 9.62231539662956 · 10−8

−3.501515874673991 · 10−10 i −3.501515874674078 · 10−10 i

(−100, 200) −9.95227151085161 · 10−8 −9.95227151084899 · 10−8

−3.531494528007124 · 10−10 i −3.531494528006995 · 10−10 i

(100,−200) 9.62360254230002 · 10−8 9.62360254229717 · 10−8

−3.597907189717628 · 10−10 i −3.597907189717582 · 10−10 i

(−100,−200) −9.95098785515085 · 10−8 −9.95098785514946 · 10−8

−3.622848558573573 · 10−10 i −3.622848558573332 · 10−10 i

+2(8s2
W − 3)

esW cW

gLZ f f

q12 − M2
Z + i�Z MZ

]

×
{

4
(
C22 + C12 + C2

)
+ C0

}

(0, q12, M
2
H ,m2

t ,m
2
t ,m

2
t )

+ α2

sW M3
W

[
1

q12
− cW

esW

gLZ f f

q12 − M2
Z + i�Z MZ

]

×
{[

− M2
H

(
B1 + 3B11 + 2B111

)
− 2

(
B00 + 2B001

)]

×(M2
H , M2

W , M2
W )

+
[
4M2

W

(
q12 − M2

H

)
+ 2M2

Hq12 + 8(1 − d)M4
W

]

×
(
C22 + C12 + C2

)
(0, q12, M

2
H , M2

W , M2
W , M2

W )

+4M2
W (q12 − 4M2

W )C0(0, q12, M
2
H , M2

W , M2
W , M2

W )

}

+ α

4πsW M3
W

(
gLW f ν f

)2

×
{

(−M2
H − 2M2

W )
[(

C12

+C11 + C1

)
(M2

H , 0, q12, M
2
W , M2

W , M2
W )

+
(
C12 + C11 + C1

)
(M2

H , q12, 0, M2
W , M2

W , M2
W )

]

−2M2
W

[
C0(M

2
H , 0, q12, M

2
W , M2

W , M2
W )

+C0(M
2
H , q12, 0, M2

W , M2
W , M2

W )
]

+2M4
W (2 − d)

[(
D13 + D12 + D11

)

(M2
H , 0, 0, 0; q12, q13, M

2
W , M2

W , M2
W , 0)

+
(
D23 + D22 + D13 + 2D12 + D11

)

(M2
H , 0, 0, 0; q23, q12, M

2
W , M2

W , 0, M2
W )

]

−4M4
W

[(
D3 + D2 + D0

)

(M2
H , 0, 0, 0; q12, q13, M

2
W , M2

W , M2
W , 0)

+D0(M
2
H , 0, 0, 0; q23, q12, M

2
W , M2

W , 0, M2
W )

]

Table 3 Cross-check the results
of the decay widths in this work
with [13]

k This work Ref. [13]

0 0.576865 0.5782

0.1 0.242514 0.245

0.2 0.184121 0.1897

0.3 0.121368 0.1242

0.4 0.0572478 0.05844

−2dM4
W

[(
D2 + D1

)

(M2
H , 0, 0, 0; q23, q12, M

2
W , M2

W , 0, M2
W )

+D1(M
2
H , 0, 0, 0; q12, q13, M

2
W , M2

W , M2
W , 0)

]}

+ αMW

2πc2
WsW

(
gLZ f f

)2
{

(d − 2)

×
[
D23 + D22 + D13 + 2D12 + D11

]

(M2
H , 0, 0, 0; q23, q13, M

2
Z , M2

Z , 0, 0)

+
[
d
(
D2 + D1

)
+ 2

(
D3 + D0

)]

(M2
H , 0, 0, 0; q23, q13, M

2
Z , M2

Z , 0, 0)

}

, (37)

where some coupling constants relate in this representation
like gLW f ν f

= e/(
√

2sW ), gLZ f f = e(2s2
W −1)/(2cW sW ) and

gR
W f ν f

= 0, gR
Z f f = esW /cW .

Other form factors can be obtained as follows.

F1L = F2L

(
{q13, q23} → {q23, q13}

)
, (38)

FkR = FkL
(
gLW f ν f

→ gR
W f ν f

; gLZ f f → gR
Z f f

)
(39)

for k = 1, 2.
It is stressed that we derive alternative results for the form

factors of H → f f̄ γ in the SM in comparison with previous
works, because our calculations are computed in the unitary
gauge. Thus, our formulas may get different forms in com-
parison with the results in [20] which have been calculated
in Rξ -gauge. In this paper, we cross-check our results with
[20] by numerical tests. The numerical results for this check
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are shown in Table 2. We find that our results are in good
agreement with the ones in [20] with more than 10 digits.

We also generate the decay widths for H → eēγ and
cross-check our results with [13]. The results are presented
in Table 3. For this test, we adjust the input parameters and
apply all cuts in the same way as in [13]. In the Table 3, the
parameter k is taken into account which comes from the kine-
matical cuts of the invariant masses m f f , m f γ as follows:

m2
f f ,m

2
f γ ≥ (kMH )2. (40)

We find that our results are in good agreement with the ones
in [13].

4.2 U (1)B−L extension of the SM

We refer to the appendix B for reviewing briefly this model.
In the appendix B, all couplings relating to the decay pro-
cesses H → f f̄ γ are derived in U (1)B−L extension of the
SM (see Table 4). Apart from all particles in the SM, two
additional neutral Higgs and a neutral gauge boson Z ′ which
belongs to U (1)B−L gauge symmetry are taken into account
in this model.

For phenomenological study, we have to include three the
new parameters such as the mixing angle cα , the U (1)B−L

coupling g′
1 and the mass of new gauge boson M ′

Z . In all the
below results, we set cα = 0.3, 0.7 and cα = 1 (for cα = 1,

we are back to the standard model case). The mass of Z ′ is
in the range of 600 GeV ≤ M ′

Z ≤ 1000 GeV. The coupling
g′

1 is in 0.05 ≤ g′
1 ≤ 0.5.

We study the impact of the U (1)B−L extension of the
SM on the differential decay widths as functions of m f f

and m f γ . The results are shown in the Fig. 13 with fixed
M ′

Z = 1000 GeV. In these figures, the solid line shows the
SM case by setting cα = 1. While the dashed line presents
cα = 0.7 and the dash-dotted line is for cα = 0.3. In the left
figure, we observe the photon pole at the lowest region of
m f f . The decay rates decrease up to m f f ∼ 60 GeV. They
then grown up to the Z -peak (the peak of Z → f f̄ ) which
is located around m f f ∼ 90 GeV. Beyond the peak, the
decay rates decrease rapidly. In the right figure, the decay
widths increase up to the peak of m f γ ∼ 81 GeV which
corresponds to the photon recoil mass at the Z -pole. They
also decrease rapidly beyond the peak. It is interesting to
find that the contributions of U (1)B−L extension are sizable
in both cases of cα = 0.7, 0.3. These effects can be probed
clearly at the future colliders.

We next examine the decay widths as a function of M ′
Z .

In this study, we change the mass of Z ′ boson as 800 GeV
≤ MZ ′ ≤ 1000 GeV and set cα = 0.7 (see Fig. 14). The
dashed line shows the case of g′

1 = 0.05, the dotted line
presents g′

1 = 0.2 and the dash-dotted line is for g′
1 = 0.5.

In the whole range of M ′
Z , we observe that the decay widths

Fig. 13 Differential of the decay width as functions of m f f and m f γ
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Fig. 14 The decay widths
which are functions of M ′

Z

Fig. 15 The decay widths are function of g′
1

are proportional to g′
1 (it is also confirmed by later analyses).

They also decrease with increasing M ′
Z . We observe that the

contributions from the U (1)B−L extension are massive and
can be probed clearly at future colliders.

We finally discuss the effect of g′
1 on the decay widths

(seen Fig. 15). In these figures, we set MZ ′ = 800 GeV and
cα = 0.3 (cα = 0.7) for the left figure (for the right figure)

respectively. We find that the decay widths are proportional
to g′

1.

4.3 Two Higgs doublet model

For reviewing the THDM, we refer to the appendix C for
more detail. In this framework, the gauge sector is the same as
in the SM. It means that we have Vi = Vj = W , V 0

k = Z , γ .
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Fig. 16 Differential decay rates as a function of the invariant mass of leptons m f f with changing α = −0.4π, 0, 0.4π
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Fig. 17 Differential decay rates as a function of the invariant mass of leptons m f f with changing charged Higgs masses MH± = 400, 600, 800
GeV
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In the Higgs sectors, one has additional charged Higgs H±
and two neutral scalar CP even Higgs bosons H0

1 , H0
2 and a

CP odd Higgs A. All couplings relating to the decay processes
H → f f̄ γ are shown in Table 5.

For the phenomenological results, we take 1 ≤ tan β ≤
30, MH0

1
= 125.1 GeV, −9002 GeV2 ≤ m2

12 ≤ 9002 GeV2,
340 GeV ≤ MH± ≤ 900 GeV, −π/2 ≤ α ≤ π/2. We study
the differential decay rates as a function of the invariant mass
of leptons m f f . We select MH± = 700 GeV, m2

12 = 8002

GeV2. The results are shown in Fig. 16. In this figure, the
solid line shows the SM case. The dashed line presents the
case of α = −0.4π . The dash-dotted line is for the case of
α = 0. The dotted line is for the case of α = 0.4π . The
values of tan β (tan β = 5, 10, 15 and 25) are shown directly
in the sub-figures of Fig. 16. The decay rates have the same
behavior as in previous cases. We observe the photon pole
at the lowest region of m f f . They decrease from the photon
pole to the region of m f f ∼ 60 GeV and then grown up
to the Z -peak. Beyond the Z -peak, the decay rates decrease
rapidly. The effect of the THDM are also visible in all cases.

We next change the charged Higgs masses MH± =
400, 600, 800 GeV and take α = 0.4π . In this figure, the
solid line shows the SM case. The dash-dotted line is for
the case of MH± = 400 GeV. The dashed line presents the
case of MH± = 600 GeV. The dotted line is for the case of
MH± = 800 GeV. The values of tan β (tan β = 5, 10, 15
and 25) are shown directly in the sub-figures of Fig. 17. The
decay widths are inversely proportional to the charged Higgs
masses. We find that the effect of the THDM are sizeable
contributions in all the above cases. These effects can be
discriminated clearly at future colliders.

5 Conclusions

We have performed the calculations for one-loop contribu-
tions to the decay processes H → f f̄ γ in the limit ofm f →
0. In this computation, we have considered all possible
contributions of the additional heavy vector gauge bosons,
heavy fermions, and charged (and also neutral) scalar parti-
cles that may exchange in the loop diagrams. The analytic
formulas are written in terms of Passarino-Veltman func-
tions that can be evaluated numerically by using the pack-
age LoopTools. The evaluations have then been applied
to the Standard Model, U (1)B−L extension of the SM, the
Two-Higgs-Doublet Model. Phenomenological results of the
decay processes for the above models have been studied in
detail. We find that the effects of new physics are sizable
contributions and they can be probed at future colliders.
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Appendix A: Tensor one-loop reductions

In this appendix, tensor one-loop reduction method in [48]
is discussed briefly. First, the definition of one-loop one-,
two-, three- and four-point tensor integrals with rank R are
as follows:

{A; B;C; D}μ1μ2···μR = (μ2)2−d/2

∫
ddk

(2π)d

kμ1kμ2 · · · kμR

{P1; P1P2; P1P2P3; P1P2P3P4} . (A.1)

In this formula, Pj ( j = 1, . . . , 4) are the inverse Feynman
propagators

Pj = (k + q j )
2 − m2

j + iρ. (A.2)

In this equation, we use q j = ∑ j
i=1 pi with pi for the exter-

nal momenta, andm j for internal masses in the loops. Dimen-
sional regularization is performed in space-time dimension
d = 4 − 2ε. The parameter μ2 plays the role of a renor-
malization scale. When the numerator of the integrands in
Eq. (A.1) becomes 1, one has the corresponding scalar one-
loop functions (they are noted as A0, B0,C0 and D0). Explicit
reduction formulas for one-loop one-, two-, three- and four-
point tensor integrals up to rank R = 3 are written as follows
[48]. In particular, for one- and two-point tensor integrals,
the reduction formulas are:

Aμ = 0, (A.3)

Aμν = gμν A00, (A.4)

Aμνρ = 0, (A.5)

Bμ = qμB1, (A.6)

Bμν = gμνB00 + qμqνB11, (A.7)

Bμνρ = {g, q}μνρB001 + qμqνqρB111, (A.8)
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For three-point functions, one has

Cμ = qμ
1 C1 + qμ

2 C2 =
2∑

i=1

qμ
i Ci , (A.9)

Cμν = gμνC00 +
2∑

i, j=1

qμ
i q

ν
j Ci j , (A.10)

Cμνρ =
2∑

i=1

{g, qi }μνρC00i +
2∑

i, j,k=1

qμ
i q

ν
j q

ρ
k Ci jk, (A.11)

Similarly, tensor reduction formulas for four-point functions
are given by

Dμ = qμ
1 D1 + qμ

2 D2 + qμ
3 D3 =

3∑

i=1

qμ
i Di , (A.12)

Dμν = gμνD00 +
3∑

i, j=1

qμ
i q

ν
j Di j , (A.13)

Dμνρ =
3∑

i=1

{g, qi }μνρD00i +
3∑

i, j,k=1

qμ
i q

ν
j q

ρ
k Di jk . (A.14)

The short notation [48] {g, qi }μνρ is used as follows:
{g, qi }μνρ = gμνqρ

i + gνρqμ
i + gμρqν

i in the above rela-
tions. The scalar coefficients A00, B1, · · · , D333 in the right
hand sides of the above equations are so-called Passarino-
Veltman functions [48]. They have been implemented into
LoopTools [25] for numerical computations.

Appendix B: Review of U(1)B−L extension

In this appendix, we review briefly U (1)B−L extension [26].
This model follows gauge symmetry SU (3)C ⊗ SU (2)L ⊗
U (1)Y ⊗U (1)B−L . By including complex scalar S, general
scalar potential is given by

V (�, S) = m2�†� + λ1(�
†�)2 + μ2|S|2

+λ2|S|4 + λ3�
†�|S|2. (B.1)

In order to find mass spectrum of the scalar sector, we expand
the scalar fields around their vacuum as follows:

� =
⎛

⎝
φ+

vφ + h + iξ√
2

⎞

⎠ , S = vs + h′ + iξ ′
√

2
. (B.2)

The Goldstone bosons φ±, ξ will give the masses of W± and
Z bosons. In unitary gauge, the mass eigenvalues of neutral
Higgs are given:
(
h1

h2

)

=
(
cα −sα
sα cα

) (
h
h′

)

(B.3)

with mixing angle

s2α = sin 2α = λ3vφvs
√

(λ1v
2
φ − λ2v2

s )
2 + (λ3vφvs)2

(B.4)

After this transformation, masses of scalar Higgs are given

M2
h1

= λ1v
2
φ + λ2v

2
s −

√
(λ1v

2
φ − λ2v2

s )
2 + (λ3vφvs)2,

(B.5)

M2
h2

= λ1v
2
φ + λ2v

2
s +

√
(λ1v

2
φ − λ2v2

s )
2 + (λ3vφvs)2.

(B.6)

The masses of the gauge bosons W, Z and Z ′ are obtained
by expanding the following kinematic terms

Lgauge → (Dμ�)+Dμ�, (DμS)+DμS. (B.7)

As a result, the mass of Z ′ is MZ ′ = 2vsg′
1.

The Yukawa interactions involving right-handed neutrinos
are given:

LY = −ydjk q̄L j dRk� − yujk q̄L j uRkiσ2�
∗ − yejk l̄L j eRk�

−yν
jk l̄L jνRkiσ2�

∗ − yMjk(νR)
c
jνRk S + h.c. (B.8)

for j, k = 1, 2, 3. The last term in this equation is the Majo-
rana mass term for right-handed neutrinos. After the sponta-
neous symmetry-breaking, the mass matrix of neutrinos is

M =
⎛

⎝ 0 mD = (yν)∗√
2

vφ

mT
D M = √

2yMvs

⎞

⎠ . (B.9)

The diagonalization is obtained by the transformation

diag
(

− (mi
D)2

Mi
, Mi

)
=

(
cos αi − sin αi

sin αi cos αi

) (
0 mi

D
mi

D Mi

)

(
cos αi sin αi

− sin αi cos αi

)

(B.10)

for i = 1, 2, 3 and αi = arcsin(mi
D/Mi ).

We show all relevant couplings in the decay under consid-
eration. In the case of αi → 0, all the couplings are shown
in Table 4

Table 4 All the couplings involving the decay processes H → f f̄ γ
in the U (1)B−L extension of the SM

Vertices Couplings

h1(h2) f f̄ −i
cα(sα)e m f

2MWsW
Z ′

μ f f̄ i Q f g′
1γμ

h1(h2)W+
μ W−

ν i eMW
sW

cα(sα)gμν

h1(h2)ZμZν) i eMW
c2
W sW

cα(sα)gμν

h1(h2)Z ′
μZ

′
ν) −i4g′

1M
′
Z sα(−cα)gμν
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Appendix C: Review of two Higgs doublet model

Based on Ref. [27], we review briefly the two Higgs doublet
model with softly-broken Z2-symmetry. In this model, there
are two scalar doublets �1,�2 with hypercharge Y = 1/2.
Parts of the Lagrangian extended from the SM are presented
as follows:

L = LK + LY − V (�1,�2), (C.1)

where the kinematic term is LK , the Yukawa part is LY and
V (�1,�2) is the Higgs potential. First, the kinematic term
takes the form of

LK =
2∑

k=1

(
Dμ�k

)† (
Dμ�k

)
(C.2)

with Dμ = ∂μ− igT aWa
μ − i g

′
2 Bμ. The Higgs potential with

broken the Z2-symmetry is expressed:

V (�1,�2) = 1

2
m2

11�
†
1�1 − m2

12(�
†
1�2

+�
†
2�1) + 1

2
m2

22�
†
2�2 + λ1

2

(
�

†
1�1

)2

+λ2

2

(
�

†
2�2

)2

+λ3

(
�

†
1�1

) (
�

†
2�2

)

+λ4

(
�

†
1�2

) (
�

†
2�1

)

+λ5

2

[(
�

†
1�2

)2 +
(
�

†
1�2

)2
]

. (C.3)

In this potential, m2
12 plays the role of soft-breaking scale

of the Z2-symmetry. The two scalar doublet fields can be
parameterized as follows:

�1 =
⎛

⎝
φ+

1
v1 + η1 + iξ1√

2

⎞

⎠ , �2 =
⎛

⎝
φ+

2
v2 + η2 + iξ2√

2

⎞

⎠ .

(C.4)

We get an equation system for these parameters from the
stationary conditions of the Higgs potential. The relations
are shown as follows:

m2
11 − μ2 v2

2

v2 + λ1

2
v2

1 + λ345

2
v2

2 = 0, (C.5)

m2
22 − μ2 v2

1

v2 + λ2

2
v2

2 + λ345

2
v2

1 = 0, (C.6)

where v2 = v2
1 + v2

2 is fixed at the electroweak scale or
v = (

√
2GF )−1/2 = 246 GeV and the new parameter μ2

is defined as μ2 = v2

v1v2
m2

12. The shorten notation is λ345 =
λ3 +λ4 +λ5. The mixing angle is given tβ = tan β = v2/v1.
The mass terms of the Higgs potential Vmass can be expressed

as:

Vmass = (φ+
1 , φ+

2 )Rβ

(
0 0
0 M2

H+

)

R−1
β

(
φ+

1
φ+

2

)

+1

2
(ξ1, ξ2)Rβ

(
0 0
0 M2

A

)

R−1
β

(
ξ1

ξ2

)

+1

2
(η1, η2)Rβ

(
M2

H0
2

0

0 M2
H0

1

)

R−1
β

(
η1

η2

)

. (C.7)

Here the diagonalized matrix of neutral masses is defined as

diag(M2
H0

2
, M2

H0
1
) = RαM2RT

α , with (M2)i j = ∂2V

∂ηi∂η j
.

(C.8)

The mass eigenstates can be then expressed as follows:
(
G+
H+

)

= R−1
β

(
φ+

1
φ+

2

)

,

(
G0

A

)

= R−1
β

(
ξ1

ξ2

)

,

(
H0

2
H0

1

)

= R−1
α R−1

β

(
η1

η2

)

(C.9)

where

Rβ =
(

cβ sβ
−sβ cβ

)

, Rα =
(

cα sα
−sα cα

)

(C.10)

with −π/2 ≤ α ≤ π/2. In the unitary gauge, it is well-
known that G+ and G0 are massless Goldstone bosons that
will become the longitudinal polarization of W+ and Z0.
The remains H±, A and H0

1,2 become the charged Higgs
bosons, a CP-odd Higgs boson and CP-even Higgs bosons
respectively. The masses of these scalar bosons are given by

M2
H± = μ2 − v2

2
(λ4 + λ5), (C.11)

M2
A = μ2 − v2λ5, (C.12)

M2
H0

1
= s2

αM2
11 − 2sαcαM2

12 + c2
αM2

22, (C.13)

M2
H0

2
= c2

αM2
11 + 2sαcαM2

12 + s2
αM2

22. (C.14)

From the Higgs potential in Eq. (C.3) with the stationary
conditions in (C.5), we have 7 parameters. They are
{
λ1,2,3,4,5, tβ,m2

12

}
. (C.15)

For phenomenological analyses, the above parameters are
transferred to the following parameters:
{
M2

H+ , M2
A, M2

H0
1
, M2

H0
2
, α, tβ,m2

12

}
. (C.16)

All the couplings that are involved in the decay processes
H → f f̄ γ are derived in this appendix. In general, we can
consider the lightest Higgs boson H0

1 is the SM like-Higgs
boson. In Table 5, all the couplings are shown in detail.

For the Yukawa part, we refer [27] for more detail. Depend
on the types of the THDMs, we then have the couplings of
scalar fields and fermions.
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Table 5 All the couplings that
are involved in the decay
processes H → f f̄ γ in the
THDM

Vertices Couplings

H0
1 W

+
μ W−

ν i
2M2

W
v

s(β−α)gμν

H0
1 ZμZν i

2M2
Z

v
s(β−α)gμν

H0
1 (p)H±(q)W∓

μ ∓i MW
v

c(β−α) (p − q)μ

H+(p)H−(q)Aμ i 2MW
v

sW (p − q)μ

H+(p)H−(q)Zμ i MZ
v
c2W (p − q)μ

H0
1 H

+H− i
v

[
(2μ2 − 2M2

H± − M2
H0

1
)s(β−α) + 2(μ2 − M2

H0
1
)cot2β c(β−α)

]

H+H−AμAν 2ie2 gμν

H+H−ZμAν ieg c2W
cW

gμν

Table 6 Feynman rules involving the decay channels in the unitary
gauge

Particle types Propagators

Fermions f i
/k + m f

k2 − m2
f

Charged (neutral)
gauge bosons
Vi (V 0

i )

−i

p2 − M2
Vi

(M2
V 0
i
)

[

gμν − pμ pν

M2
Vi

(M2
V 0
i
)

]

Gauge boson
V 0∗
k poles

−i

p2 − M2
V 0
k

+ i�V 0
k
MV 0

k

[

gμν − ξV 0
k

pμ pν

M2
V 0
k

]

Charged (neutral)
scalar bosons
Si (S0

i )

i

p2 − M2
Si

(M2
S0
i
)

LH0
1 t t̄

= −mt

v

cα

sβ
t̄ t H0

1 . (C.17)

Appendix D: Feynman rules and couplings

In the below Tables 6 and 7, we use PL/R = (1 ∓ γ5)/2,
�μνλ(p1, p2, p3) = gμν(p1 − p2)

λ + gλν(p2 − p3)
μ +

gμλ(p3 − p1)
ν and Sμν,αβ = 2gμνgαβ − gμαgνβ − gμβgνα

and QV denotes the electric charge of the gauge bosons
Vi , Vj and QS is charge of the charged Higgs bosons Si , S j .
Moreover, the factor ξV 0

k
is included for covering all possible

cases of neutral gauge boson. It can be 0 and 1 for the case
of the pole of photon and Z-boson (Z ′-boson) respectively.

Table 7 All couplings that are involved in the decay processes in unitary
gauge

Vertices Couplings

H · Si · S j −i gHSi S j

H · S0
i · S0

j −i gHS0
i S

0
j

H · Vμ
i · V ν

j i gHVi Vj g
μν

H · V 0 μ
i · V 0 ν

j i gHV 0
i V

0
j
gμν

H · f̄i · f j −i
(
gLH fi f j

PL + gRH fi f j
PR

)

S0
k · f̄ · f −i

(
gL
S0
k f f

PL + gR
S0
k f f

PR

)

Aμ · fi · f̄i ieQ f γ
μ

H(p) · Vμ
i · S j (q) i gHVi S j (p − q)μ

H(p) · V 0 μ
i · S0

j (q) i gHV 0
i S

0
j
(p − q)μ

V 0 μ
k · V ν

i · S±
j ± i gV 0

k Vi S j
gμν

V 0 μ
k (p1) · V ν

i (p2) · V λ
j (p3) −i gV 0

k Vi Vj
�μνλ(p1, p2, p3)

Aμ(p1) · V ν
i (p2) · V λ

i (p3) −ieQV �μνλ(p1, p2, p3)

V 0 μ
k · fi · f̄ j iγ μ

(
gL
V 0
k fi f j

PL + gR
V 0
k fi f j

PR

)

V 0 μ
k · Aν · V α

i · V β
j −i eQV gV 0

k AVi Vj
Sμν,αβ

V 0 μ
k · Aν · Si · S j −i eQS gV 0

k ASi S j
gμν

V 0 μ
k · Si (p) · S j (q) i gV 0

k Si S j
(p − q)μ

Aμ · Si · Si ieQS (p − q)μ

Vμ
i · f · ν f iγ μ

(
gLVi f ν f

PL + gRVi f ν f
PR

)

V 0 μ
i · f · f iγ μ

(
gL
V 0
i f f

PL + gR
V 0
i f f

PR

)

Si · f̄ · ν f igLSi f ν f
PL + igRSi f ν f

PR

S∗
i · f · ν̄ f igRSi f ν f

PL + igLSi f ν f
PR
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