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Abstract

In this paper we define graceful center of a graceful graph. We
proved any graph G which admits a-labeling has at least four graceful
centers. We also defined a new strong concept of universal graceful
graph. Some results on ring sum of two graphs for their graceful
labeling are proved.
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1. Introduction

In this paper a (p,q) graph G, we mean |[V(G)| = p, |E(G)| = ¢ and
it is a finite, undirected simple graph. Terms not defined here are used
from Harary [3]. Rosa [1] introduced the notion of graceful labeling (/-
valuation) and a-labeling of a graph. Any graph GG, which admits a-labeling
is necessarily a bipartite graph; such graph is known as a-graceful graph.

A Graph G = (V,FE) is said to be a graceful graph if G admits a
function f : V(G) — {0,1,...,¢q} is injective and the induce edge function
f*: E(G) — {1,2,...,q} denoted by f*(e = uv) =| f(u) — f(v) | is
bijective, V e = uv € F. Here function f is called graceful labeling of graph
G.

Let G be a graceful graph with a graceful labeling f : V(G) —
{0,1,2,...,q}. Avertexv € V(Q) is called a graceful center of G if f(v) =0
or f(v) = q. Any graceful graph G with graceful labeling f has at least
two graceful centers. It is obvious that ¢ — f is also a graceful labeling for
G and it produce same graceful centers for G. If a graph G has precisely
two graceful centers, then they are adjacent in G, as they produce the edge
label ¢ under f.

A graph G is said to be a universal graceful graph if for any v € V(G),
v is a graceful center for G with respect to some graceful labeling of G.
Also we call G is a universal a-graceful graph if for any v € V(G), v is a
graceful center for G with respect to some a-graceful labeling of G.

Every cycle C;, (n = 0 (mod 4)), star K} ,, are universal graceful graphs
as well they are universal a-graceful graphs. While C), (n = 3 (mod 4))
and wheel W, are universal graceful graphs, but they are not universal
a-graceful graphs, as symmetric structure of above said graphs and their
graceful labeling are given in Rosa [1], Hoede and Kuiper [2].

Ring sum of two graphs GG; and G5 denoted G1 @ Ga, where G1 $ Gy =
(V(Gl) UV (G2), E(G1)UE(G2)— E(Gh) ﬂE(Gg)) . Throughout this paper
we consider the ring sum of a graceful graph G with K7, by considering
one vertex v which is a graceful center of G and the apex vertex of Ky, as
a common vertex. Rest vertex of G and K, are distinct. If H = G® Ky,
then H = (V(G) UV (K1n), E(G) U B(K1,)), as B(G) N E(Ky,) = 6.
Thus, |V(H)| = |V(G)| +n and |E(H)| = |E(G)| + n.
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2. Main Results

Theorem - 1 : Any a-graceful graph G has atleast four graceful centers.

Proof : Let G be an a-graceful graph and f : V(G) — {0,1,2,...,q}
be an a-labeling for G. Since, f is a-labeling for G then 3 an integer
E (0 < k < q) such that for any uwv € E(G), min{f(u), f(v)} < k <
max{ f(u), f(v)}. Thus, V(G) can be partitioned into two parts

Vi={veV(G)/f(v) <k} and
Vo =V(G) = Vi ={v e V(G)/f(v) > k}.

Take |V1| = [. Tt is obvious that |Va| = p — I. Moreover, 3 wy,ws € V}
such that f(w;) =0, f(wz) = k and 3 w3, wy € V3 such that f(ws) =k+1
and f(ws) = g.

Here w; and w4 both are graceful centers for G with respect to a-
graceful labeling f.

Define h : V(G) — {0,1,2,...,q} as follows.

h(u)= k-f(u), Vv € V; and
h(v)=q+k+1— f(v),Yv € Va.

Note that A is injective, as f is an injective map. Further for any
uv € E(Q)

h*(uv) = |h(u) — h(v)|
= h(v) — h(u), assuming u € V}
=q+k+1—f(v)—k+ f(u)
=q+1-(f(v) = f(u))
=q+1— f*(uv).

Therefore, h* : E(G) — {1,2,...,q} is also a bijection, as f* is a
bijective map. Thus, h is also a graceful labeling for G. Infact h is an
a-graceful labeling for G, as min{h(u),h(v)} < k < max{h(u),h(v)}, V
wv € E(G). Since, h(wy) = 0 and h(ws) = ¢, wy and wy are graceful
centers for G with respect to a-labeling h. Thus, G has graceful centers
w1, wo, w3 and wy. So, G admits atlest four graceful centers.

Remark : A a-graceful graph G with a-labeling f admits three more
a-labelings ¢ — f, h and ¢ — h, as discussed in last theorem.

Theorem-2 : If G is a graceful graph, then G ® K1, is also a graceful
graph, for all n € N.
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Proof : Let f: V(G) — {0,1,2,...,q} be a graceful labeling for G and
v € V(G) such that f(v) =0. i.e. v is a graceful center for G with respect
to f.

Let H = G ® K1 by considering vertex v of G and the apex vertex
of K1, as a common vertex in H. Let V(G) = {vi,v2,...,v, = v} and
V(K1) ={v,u1,us,...,u,} with v is the apex vertex of K1 5. It is obvious
that V(H) = V(G)U{u1,ug,...,u,} and E(H) = E(G)U{vu;/1 <i<n}.
ie |V(H) =p+nand |E(H)| =q+n.

Without loss of generality we assume here f(v) = 0. Otherwise f(v) = ¢
and in this case ¢ — f is a graceful labeling for G with (¢ — f)(v) = 0. In
this case v is also a graceful center for G with respect to ¢ — f.

Define h: V(H) — {0,1,2,...,q+ n} as follows.

h(w)=f(w), Vw € V(G) and
h(w) =q+i,¥i=1,2,....n.

Note that A is an injective map, as f is injective. Also for any uw €
E(H), h*(uw) = f*(uw) € {1,2,...,q}, if vw € E(G) and h*(uw) =
h(vw;)) = q+14,Vi=1,2,...,n, if vw € E(K;,) (assuming v = v and
w = w;, for some i € {1,2,...,n}). Therefore range of h* is {1,2,...,q¢+n}
and so, it is a bijective map. Hence, h is a graceful labeling for H and H
is a graceful graph, for all n € N.

Corollary - 2.1 : C, @& Ky, is graceful, where t € N and n = 0,3 (mod
4).

Corollary - 2.2 : W, @ Ky, is graceful, V t,n € N.

Theorem - 3 : If GG is a universal graceful graph, then its one vertex
super graph G @ Kj is a graceful graph.

Proof : Let v € V(G) be any fixed vertex. Since, G is a universal graceful
graph, there is a graceful labeling f : V(G) — {0,1,2,...,q} such that
f(v)=0.

Let H = G & Ko, the ring sum of G with Ky by considering vertex v
and one pendant vertex of Ko as a common vertex.

It is obvious that |V (H)| = |V(G)| + 1 and |E(H)| = |E(G)| + 1. Let
V(H) =V(G) U{w}. Then we see that E(H) = E(G) U {vw}, as v and w
are adjacent vertices of Ko.

Define h : V(H) — {0,1,...,|E(H)|} as follows.
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h(w)=g+1 and
h(u)=f(u), Yu € V(G), where ¢ = |E(G)|.
It is observed that h is an injective map as f is injective. Moreover
h*(uw) = h(w) — h(v)
=q+1- f(v)
=q+1-0
= ¢+ 1 and for any ujus € V(G)
h*(uiuz) = |h(ur) — h(uz)|
= | f(u1) = f(u2)]
= f*(U1UQ).
Therefore, h* : E(H) — {1,2,...,|E(H)|} is bijective and so, h be-
comes a graceful labeling for H. Thus, G & K3 is a graceful graph.

Theorem - 4 : Let G be a graceful graph and G2 be an a-graceful
graph. Then ring sum G; @& G2 by considering graceful center of G; and
the graceful center of GGo as a common vertex is a graceful graph.

Proof : Let f; : V(G1) — {0,1,...,q1} be a graceful labeling and
fi(w1) = 0, for some w; € V(Gy), where g1 = |E(G1)|. Since, G2 is
an a-graceful graph, 3 fo : V(G2) — {0,1,...,92} a graceful labeling
for G2 and an integer k(0 < k < ¢g) such that for each uwv € E(G2),
min{ fa(u), f2(v)} < k < max{fa(u), f2(v)}, where g2 = |E(G2)|. Let
fa(we) = 0, where wy € V(G2). Take H = G1 & G2 by considering w;
and we as a common vertex. It is obvious that E(H) = E(G1) U E(G2),
E(G)| = a1 + .

Define g : V(H) — {0,1,...,q1 + g2} as follows:

g=k-f2 on V1,
g=q +q+k+1— fyon Vs and
g=k+ fi on V(G1), where
Vi= {w € V(GQ)/fQ(U}) < k‘} and V5 = V(GQ) - W.

Since, range of g on V4 C {0,1,2,...,k}, range of g on Vo C {q1 + k +
Lgi+k+2,...,q1+¢q} andrangeof gon V(G) C {k+1,k+2,....k+q },
g is a one-one map.

Moreover

g* = ft on B(G1) and g* = q1 + f§ on E(G).

Thus, range of ¢* = {1,2,...,q1,¢1 + 1,...,q1 + g2} and so, it is a
bijective map. Therefore, g is a a graceful labeling for H and so, H = GBG4
is a graceful graph.
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Theorem - 5 : If G; and G2 be two a-graceful graphs, then the ring sum
G'1 6 G» considering two graceful centers of G1 and G2 as a common vertex
is an a-graceful graph.

Proof : Since, G; and Gy both are a-graceful graphs, 3 f; : V(G;) —
{0,1,2,...,q;} graceful labeling for G; and non-negative integer k; (0 <
k; < ;) such that for each uv € E(G;), min{ f;(u), fi;(v)} < k; < max{f;(u), f;(v)},
where ¢; = |[E(G;)| and i = 1, 2.

Let fi(wi) = 0, fa(wa) = 0, where w; € V(G;), i = 1,2. Take H =
G'1 @ G4 by considering w; and ws as a common vertex. It is obvious that
E(H) = E(G1) U E(Gs) and |E(H)| = g1 + go.

Take Vi = {w € V(G1)/fi(w) < ki1},Va = V(G1) — V1, V3 = {w €
V(Gg)/fg('w) S kQ} and V4 = V(Gg) - V3

Define g : V(H) — {0,1,2,...,q1 + ¢2} as follows.

g=ko — f2 on V3,
=q+q+ka+1— foonVyand
= ko + f1 on V(Gy).

Since, range of g on V3 C {0,1,2,...,ka} range of g on V4 C {q1 + k2 +
Lgr+ke+2,...,q1+¢} and range of g on V(G1) C {ka+1,ko+2,... , ka+
q1}, g is a one-one map. Moreover, g* = f; on E(G1) and ¢* = g1 + f3 on
E(G2) gives range of g* = {1,2,...,q1,q2 + 1,...,¢q1 + g2}. Therefore, g*
is a bijective map and so, it is a graceful labeling for H = G; ® Gbs.

Take k = k1 + ko. Let uv € E(H) be any edge.

= Either uv € E(G1) or uv € E(G2).

Case—1I : wwv € E(Gy).

Without loss of generality we assume here v € V; and v € V5. Now
g(u) = ko + fi(u) < ky + ki =k and g(v) = k2 + f1(v) > k2 + k1 = k.
Case—II : ww € E(Gy).

Without loss of generality we assume here u € V3 and v € V4. Now
g(u) = ko — fo(u) <ksand g(v) =1+ @+ ko +1— fo(v) =q1 +ka+ 1+
(g2 — f2(v)) <k, as g2 — f2(v) > 0 and k1 < q1.

Thus, for any case we get min{g(u),g(v)} < k < max{g(u),g(v)}, V
wv € E(H).

Hence, h is an a-graceful labeling for H and so, H = G; & G5 is an
a-graceful graph.

Here four graceful centers of G1 & Gy are ws, w4, ws, wg, where fi(ws) =
ki, fi(ws) = k1 + 1, fa(ws) = ko and fo(ws) = ko + 1, w3, wy € V(G1),
ws, wg € V(G2). Because

g(wz) = ko + fi(wsz) = ko + k1 = k,
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g(wa) = ko + fr(ws) = ko + k1 +1=k+1,
g(ws) = kg — fa(ws) = k2 — k2 = 0 and
g(we) = q1 + g2 + ko + 1 — fa(we) = q1 + q2.

Now we give a counter example which is a-graceful but not universal
graceful graph; Namely a special type of caterpillar.

A caterpillar is a tree with the property that the removal of its pendant
vertices leaves a path. This path is known as spine of the caterpillar. It is

denoted by S(ni,na,...,ni), where Py is the spine of the given caterpillar
and ni,ne,...,n; are number of pendant vertices, which are adjacent with
the spine of S(ni,no,...,nk).

Theorem - 6 : Let T be a caterpillar S(2,0,1). Then T be an a-graceful
graph, but it is not a universal graceful graph, as the vertex v can not be
a graceful center for T with respect to any graceful labeling for T

%

Proof : As above tree T is a caterpillar S(2,0, 1), it is an a-graceful graph.

Suppose T" admits a graceful center v with respect to a graceful labeling
f on T if possible. Here f(v) = 0 and v is adjacent to one vertex whose ver-
tex label is ¢ = 5. i.e. there are two cases either f(v;) =5 or f(v2) =5. In
there both cases remaining four vertices have following 24 — 24 possibilities
are given in following table—1 and table—2.

From these table f creates one edge label twice and so, in any case f
can not be a graceful labeling for T

Therefore, T' is not a universal graceful tree.


Marisol Martínez
fig-1
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|| f(v2) | f(u) | f(u2) | f(us) | Possible four edge labels ||
1332
1231
1,3,3,2
1,121
12,13
11,12
22,42
2141
22,24
2121
2114
2112
3,1,4,3
3141
3,134
3231
31,14
32,13
1143
42,42
4134
1332
1224
1323

W WINN NN R W W R R e WD Do
NI WFRIWININF RN W RSP R W W N &N W
HIN | WIN| W[N] (DN QO | W | DN W[ DN | W

R WW W W W W NN NN DN | = =] =] =] =

Table-1: If f(v1) =5
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|| f(v2) | fur) | f(u2) | f(us) | Possible four edge labels ||
12,11
1,3,1,2
2111
2.3,1,3
31,12
3.2.1,3
1,121
1222
1,121
12,24
21,22
21,24
2131
91,33
1231
11,34
12,33
11,34
32,42
31,43
23,42
21,44
13,43
12,44

W WINN NN R W W R R ] WD Do
NI WRFRIWININF RN W RSP R W W N &N W
HIN | WIN| W[N] (DN QO | W | DN W[ DN | W

R i Wl w|wlw|ww NN NN NN~ R R =]

Table-2: If f(vy) =5
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