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Simplicial structures over the 3-sphere and
generalized higher order Hochschild
homology

Samuel Carolus* and Jacob Laubacher

Abstract. In this paper, we investigate the simplicial structure of a chain
complex associated to the higher order Hochschild homology over the 3-
sphere. We also introduce the tertiary Hochschild homology corresponding
to a quintuple (A, B,C,¢,0), which becomes natural after we organize the
elements in a convenient manner. We establish these results by way of a bar-
like resolution in the context of simplicial modules. Finally, we generalize the
higher order Hochschild homology over a trio of simplicial sets, which also
grants natural geometric realizations.

1 Introduction

In 1971, higher order Hochschild (co)homology was implicitly defined by
Anderson in [1]. Then in 2000, Pirashvili gave an explicit description in the
homological case for any simplicial set in [22]. In particular, the original
Hochschild (co)homology, introduced in [15], is realized when the simplicial
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set is taken to be S'. More generally, the d-sphere was investigated by Ginot
in [13]. Higher order Hochschild (co)homology has been commonly used to
study deformations of algebras and modules (see [2], [5], [10], [11], or [12]),
and has recent applications to string topology and topological chiral homol-
ogy (see [6] and [14], respectively). In the correct setting, the definition was
extended to accommodate multi-module coefficients in [7], and generalized
to include a not necessarily commutative algebra in both [4] and [8]. Higher
order Hochschild (co)homology was even recently generalized over a pair of
simplicial sets in [9].

In [18] the concept of simplicial modules over a simplicial algebra was
introduced. With these simplicial structures, one can generate appropriate
chain complexes which allow the module structures to be different in each di-
mension. This was a necessary modification to accommodate the secondary
Hochschild cohomology (introduced in [23]), which was the primary objec-
tive of these simplicial structures. The main ingredient was a bar simplicial
module which behaves similarly to that of the well-known bar resolution
associated to an algebra. As a consequence, these simplicial structures have
been associated to the usual Hochschild (co)homology of the associative al-
gebra A with coefficients in the A-bimodule M in [18|. Taking A to be
commutative and M to be A-symmetric, this means that we have the struc-
ture for the higher order Hochschild homology over the d-sphere for d = 1.
The case for d = 2 was done in detail in [16]. In Section 3 of this paper we
expand and give detail for the chain complex associated to the higher order
Hochschild homology over S3, using concepts and techniques from [18]. One
of our main goals is to easily visualize and organize the elements, which take
on the shape of a tetrahedron living in three dimensions. For simplicity, we
strip the tetrahedron into layers so as to manipulate it in two dimensions.
There are several advantages to this description. One is a nice mnemonic
rule for remembering how to collapse the degree n tensor product to degree
n — 1. Another is that in general, higher order Hochschild homology cannot
be realized as a functor like the usual can (as the Ext functor); this simplicial
description is the next best thing.

In Section 4 we use these bar-like resolutions and visual representations
to introduce the tertiary Hochschild homology, which corresponds to a mor-
phism of commutative algebras 6 : B — C inducing both a B-algebra
and a C-algebra structure on A by way of the morphisms ¢ : B — A and
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€ofl: C —> A, respectively. This tertiary Hochschild homology reduces, as
one would hope, to the secondary Hochschild homology (introduced in [18]
and studied in [17]), as well as the usual Hochschild homology, under certain
conditions.

We spend Section 5 generalizing the work done in [9]. Instead of working
under one simplicial set, as is classical, or a pair of simplicial sets, as was
done in [9], we work with a trio of simplicial sets. Our argument can easily
be extended to an n-tuple of simplicial sets for any n > 1. We also note
that we work almost exclusively in the homological case, but these results
similarly hold for the cohomological case.

2 Preliminaries

For this paper, we fix k to be a field and we let all tensor products be over
k unless otherwise stated (that is, ® = ®). We set A to be a commutative
k-algebra and M to be an A-symmetric A-bimodule, unless noted to the
contrary. Furthermore, we assume all k-algebras are associative and have
multiplicative unit.

Definition 2.1. ([23]) We call (A4, B,¢) a triple if A is a k-algebra, B is
a commutative k-algebra, and € : B — A is a morphism of k-algebras
such that e(B) C Z(A). Call (A, B,¢) a commutative triple if A is also
commutative.

2.1 Simplicial structures Most of the results from this section are
from [18]|. First, however, recall the classic definition of a pre-simplicial
module, which can be found in foundational texts like [20], [21], and [25].

Definition 2.2. A pre-simplicial module Cq is a collection of k-modules
{Ch}n>0 together with morphisms of k-modules §; : C,, — C,,_; for all
0 < i < n such that

(SZ'(SJ' = (5]'_1(5@' (2.1)

whenever ¢ < j.

The following results are from [18]|. A pre-simplicial k-algebra is simply
a pre-simplicial object in the category of k-algebras. There is a detailed
definition below.
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Definition 2.3. ([18]) A pre-simplicial k-algebra A is a collection of k-
algebras { A, } >0 together with morphisms of k-algebras 5;4 A, — A1
for all 0 < i < n such that (2.1) is satisfied.

Definition 2.4. (|18]) We say that M is a pre-simplicial left module over
the pre-simplicial k-algebra A if M = (M,,)n>0 is a pre-simplicial k-vector
space (satisfies (2.1)) together with a left .4,,-module structure on M,, for
all n > 0 such that we have the following natural compatibility condition:

51'M(anmn) = 5f4(an)5iM(mn>
for all a,, € A, for all m,, € M,,, and for all 0 < i < n.

One can then define a pre-simplicial right module and a pre-cosimplicial
left module in an analogous way.

Recall the Tensor Lemma from [18], which has been adapted for pre-
simplicial modules below:

Lemma 2.5 (Tensor Lemma). ([18]) Suppose that (X,0:,05) is a pre-
simplicial right module over a pre-simplicial k-algebra A, and (Y, 5?’,03])
s a pre-simplicial left module over the same pre-simplicial k-algebra. Then
M = (X ®4),D;) is a pre-simplicial k-module where M,, = X, @4, Vn

for all n > 0, and we take
Di: My =Xn @4, Yn — X1 @A,y V1 = Mp_1
determined by
Di(zn ® 4, Yn) = 6" (€n) @ty 6 (yn)-

There is a similar result (the Hom Lemma), also presented in [18], which
produces a cochain complex in the same context. We omit it here, but the
construction combines a pre-simplicial left module X’ and a pre-cosimplicial
left module ) (both over a pre-simplicial k-algebra A) to generate a pre-
cosimplicial k-module, which we denote Hom4(X,)). Using simplicial
structures, one can then define the secondary Hochschild (co)homologies,
which are studied in [4], [9], [16], [17], [23], and [24].
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2.2 Higher order Hochschild homology For this section we refer
to [1], [13], [19], and [22]. The explicit construction involving any simplicial
set was defined in [22].

Let V be a finite pointed set. We can identify V with vy = {0,1,2,...,v}
where |V| =v+ 1. We let L(A, M) be a functor from the category of finite
pointed sets to the category of k-vector spaces. Here we define

L(AM)(V) = £(A, M)(vs) = M & A",
and for ¢ : V =vy — W = w, we have
L(A, M)() : £(A, M) (1) — £(A, M)(w)
which is determined as follows:
LA, M)(p)(mo® a1 @+ ® ay) =moby @ b1 @ -+ & by

where

bi = H CLj.

{i€vs 1 j#0, o(4)=i}
Take X, to be a pointed simplicial set such that |X,| = s, + 1. We identify
X, with (sp)+ ={0,1,2,...,s,}. Define
CXe = L(A,M)(X,) = M @ A®*,

For 0 <i < nandd;: X, — X,_1 we define d} := L(A, M)(d;) and take
Oy : OXe — CXe a5

B = Zn:(—nid;.
=0

Definition 2.6. ([1], [22]) The higher order Hochschild homology of A with
coefficients in M over the simplicial set X, is defined to be the homology of
the above complex, and is denoted HXe(A, M).

Remark 2.7. Notice that the degeneracy maps s; in the simplicial set play
no role in the definition of higher order Hochschild homology, which is why
it is sufficient to consider pre-simplicial modules in Section 2.1.
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2.3 Higher order Hochschild homology over a simplicial pair
This section is adapted from [9]. There the goal was to write the secondary
Hochschild cohomology as a type of higher order Hochschild cohomology.
Here we present the analogous homological construction.

Definition 2.8. ([9]) Let I'y be the category of finite pointed pairs. This
category has objects (U, V'), where V is a pointed set with basepoint % and
U is a pointed subset of V. The morphisms in this category are of the form
¢ : (U1, V1) — (Usz, Va), where ¢ is a morphism of pointed sets ¢ : Vi — V5
with ¢(Uy) C ¢(Us).

For a pointed pair (U, V) with |U| =1+ n and |V| =1+ m + n, we set
L((A,B,e); M) = M @ A®™ @ B®™.
Then, for ¢ : (U1, Vi) — (Us, V2), we define
L((A,B,e); M)(¢) : M @ A®’™ @ B¥"™ — M ®@ A®" @ B®™2

by
L((A;B,e); M)(¢)(m @ a1 @+ @ ap, @01 @ -+ @ biny)
:ma0®a1®®an2®ﬂl®®ﬁm2 ’

where for ¢ € Us, we have

o = H aj; H E(bk) cA

{jelrlj#*,0(j)=i}  {keVi\Ui|g(k)=i}

and for p € V5 \ Uy we have

By = 11 b, € B.

{geVi\U1 |g#%,9(q)=p}

Here we take the convention that if the product is taken over the empty set
then we put ; =1 € Aand 3, =1¢€ B.

We notice that L((A, B,e); M) defines a covariant functor from I's to
the category of k-modules.

Then, for a simplicial pair (X,,Ys), by which we mean a functor from
A — T'9, we define a complex as follows: for every ¢ € N, take

CWXYe) = L((A, B,e); M)(X,, Yy)
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and define a boundary map

where
d; = L((A, B,e); M)(d;) : CéX"Y') — Cq)_(I’Y').

Definition 2.9. (|9]) The homology of the above complex is called the higher
order Hochschild homology associated to the simplicial pair (Xo,Ys) of the
commutative triple (A, B,e) with coefficients in M. In dimension ¢ this is

denoted by HX*Y*)((A, B, e); M).

When one takes X, = Y,, one recovers Definition 2.6. In the cohomo-
logical version presented in [9], it was shown that taking a simplicial pair
(X,,Ys) which models (S, D?), we recover the secondary Hochschild co-
homology as defined in [23]. A similar result is true for the homological
case.

3 Higher order Hochschild homology over the 3-sphere

While higher order Hochschild (co)homology is defined for any simplicial set,
the most studied cases are when the simplicial set models S! (which recovers
the usual theory) or S? (see [5] and [16]). With these classic examples in
mind, we now present a convenient chain complex for computing higher order
Hochschild homology over the 3-sphere S2. Together with the previous work,
this suggests an easy generalization to the d-sphere, although we lack the
dimensions to display an accurate visual representation.

3.1 A simplicial set modeling the 3-sphere The goal of this sub-
section is to detail a simplicial set which models S3 and use it to describe a
chain complex for computing higher order Hochschild homology over S3. Let
the 3-sphere S® be obtained from the 3-simplex [ = [0123] by identifying
the boundary to a single point. We denote this non-degenerate 3-simplex
by 909, as seen in Figure 1.

Then for n > 3, we denote by ZDIC’ the degenerate n-simplex obtained by
having a additional copies of the vertex [0], b additional copies of the vertex
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1

Figure 1: The non-degenerate 3-simplex J019 = [0123]

1], ¢ additional copies of the vertex [2], and d additional copies of the vertex
[3] with @ + b+ ¢+ d + 3 = n. For instance, (009 denotes the degenerate

4-simplex [00123].

We now define the simplicial set X3 by Xo = {*0}, X1 = {*1}, Xo =

{*2}, and X,, = {*, }u {900 :

a,b,c,d € N, a+b+c+d+3=n} forn > 3.

Notice that | X,| =1for 0 <n<2and |[Xp| =14 (5) =1+ ”("%)("_2) for

n = 3.

For 0 < ¢ < n define d; : X,, — X,,—1 by d;(*,,) = *,—1 and

i
*n—1
arb—1
d; (§00) = ae

*n—1
a1
*n—1
a0

if
if
if
if
if
if
if

a =
a#0
b=0
b#0
c=
c#0
d=
d#0

and
and
and
and
and
and
and

and

i=0

0<1<a

i1=a+1
a+l<i<a+b+1
i=a+b+2
a+b+2<i<a+b+tc+2
i=a+b+c+3
a+b+c+3<i<n

(3.1)
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To make this a full simplicial set, the degeneracy maps s; : X;;, — X411
are defined in the obvious way, but since they do not serve a role in defining
higher order Hochschild homology, we omit them here.

Recall that for the usual Hochschild (co)homology, the tensor product
A®" is arranged in a line. Also, in the case of higher order Hochschild

n(n—1)
(co)homology over S?, the tensor product A%~ 2 2 s arranged as the upper
triangular part of an n x n tensor matrix. Now, from the definition of higher
order Hochschild homology (Definition 2.6), we see we shall have a tensor

product A®n(n17)(n2) in the case of S3. We will arrange this tensor product
as what we’ll call an upper tetrahedral matrix embedded in an n x n X n
tensor matrix. To do this rigorously, we define a new simplicial set according
to the following picture.

Consider the n X n x n integer lattice labeled by generalizing the po-
sitions of a matrix, starting with (1,1,1) on the closest left corner. By a
“row", we mean a collection of positions having the same first coordinate,
by a “column", we mean a collection of positions having the same second
coordinate, and by a “layer", we mean a collection of positions having the
same third coordinate.

Now, for n > 3, notice that the positions corresponding to
ot ={(, k1) | J k1 eN1<j<k<l<n}

describe a tetrahedron. These positions form what we call an upper tetrahe-
dral matriz.

Now we shall formalize the relationship between X,, and the upper tetra-
hedral matrix. For n > 3 we identify elements from X, \ {*,} with elements
from 27 as follows: we identify 002 € X,, to

(a+la+b+2,a+b+c+3)cal. (3.2)

Proposition 3.1. Let n > 3. Set X, = {*,} U {4 | a,b,c,d € N,a+ b+
c+d+3=n}and 2 ={(j,k,1) | j,k,1 € N,1<j<k<l<n}. Then the
map f: Xy \ {¥n} — 2" defined by f(402) = (a+1,a+b+2,a+b+c+3)
18 a bijection.

Proof. Notice that if 1 < j <k <l <n,thenj—-1>20k—-—j—12=0,
l—k—=12>0, n—l Oand( D+k—g—-1)+({-k-1)4+(n—-01)+3=n.
So Oy ean, and fFC O T = (GG -1+ 1,5 —14+1—k—142,5—
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1+l—-k—14k—j—14+3)=(j,k,1), hence f is surjective. Moreover, if
f(400) = f(¥02), then (a+1,a+b+2,a+b+c+3) = (w+1l,wtz+2,w+
x + y+ 3), so in particular, a = w, b = z, ¢ = y, and hence d = z (since
a+b+c+d=w+z+y+2), that is, 3¢ =¥ 0. Thus f is injective. [

Let *,, correspond to (0,0,0). Then equation (3.1), under the identifica-
tion of (3.2), becomes:

(0,0,0) if j=1 and ¢=0
(G—1k—1,0—-1) if j#1 and 0<i<j—1
(0,0,0) if k=541 and i=j

4Gk 1) = (j,k—1,1—1) if >j+1 and j<i<k—-1
(0,0,0) if l=k+1 and i=k
(j, k1 —1) if I>k+1 and k<i<l-—1
(0,0,0) if l=n and i=1
(7, k, 1) if l<n and [ <i<n

What we have is the simplicial set (X,,d;) as a model for S3, and an
isomorphic simplicial set (2’ U {(0,0,0)},d;) which represents positions in
the upper tetrahedral tensor matrix of the chain complex for higher order
Hochschild homology over S3.

From the definition of higher order Hochschild homology (Definition 2.6),
3 n(n—1)(n—2)
® 6

we know that Coc® (4, M) = L(A, M)(X,) = M @ A®

Notation 3.2. The three-dimensional integer lattice organizing the tensor
product should be kept in mind, but is unwieldy to write on paper. For
this reason, we shall “slice" along the third coordinate and write the three
dimensional picture one layer at a time. To reduce clutter, we shall only
include positions (7, k,1) in each layer which have j < k < [. Positions
which are not in the set 2’} will be filled in with a placeholder 1.



The 3-sphere and generalized Hochschild homology 103

n(n—1)(n—2)

Then an element in M @ A® : 6 will be written as
@ aio; arz; - a1y 1
I ags; -+ agg-1; 1
1 n - - : :
m®(®)®<® Ve e
=3 I agg-1y 1
1 1
1

where each [ represents one of the aforementioned layers. The three-dimensional
upper tetrahedral matrix can be recovered by lining up all of the (1)’s. Hence-
forth, any time we slice an upper tetrahedral matrix in this way, we will circle
the upper left hand corner of each layer to remind ourselves of how they align

in three dimensions.

To see how these two representations work, consider the cases n = 2,3, 4:
O———-1
1
me (@) ® <® 1)

me ) (b) Sliced representation
(a) In three dimensions

Figure 2: Upper tetrahedral matrix for M @ A% (n = 2)

Of course, this is not very interesting, so let’s see the first interesting
cases of n = 3 and n = 4:

We then have that d; : X,, — X,,_1 induces d} := L(A, M)(d;), and so

@D ar2; ar3; o ag-1y 1

1 ags; -+ agg-1; 1

, N & | S
di<m®(®)®<® 1)@ )

=3 1 a1y 1

1 1

—_
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a1,2,3 1
/ /1 1 @D ai23 1
1 2,
1/ ‘ m®(®)®<® 1>® 11
1
| |
! (b) Sliced tati
m ® @ 1ced representation

(a) In three dimensions

Figure 3: Upper tetrahedral matrix for M ® A! (n = 3)

@ biag bigg o0 big—g 1

I bazy -+ byg1g 1

@ 1 n—1 . . . .

=mbp 0 ® (@) ® < 1) & ® . : 1
1=3 1—2,1—1,1

1 1

1

where

bj)k)l = H ax,y,z~

{(x,y,z)Exi ‘ di(zzyvz):(jvkvl)}

n(n— l)(n 2)

Taking 8, : M ® A® M AR g =

> o(—1)id;, we have defined the chain complex

n(n—1)(n—2) (n— 1)(n 2)(n—3) On_1
6 R

Ol M e A® I M@ A®

83 82 81

8—“>M®A®10 % MoA®t % MeA M M M—0

which we denote by c . (A, M).

Remark 3.3. Roughly speaking, each d} map represents a different way to
take an upper tetrahedral matrix in an n X n X n integer lattice and collapse
it onto an upper tetrahedral matrix that fits into an (n—1) x (n—1) x (n—1)
integer lattice. We first work through a low dimensional example: consider
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a1,2.4 a1,3.4

/ /L)

a123

/ |
Vi 1/ / 1

o @

m

(a) In three dimensions

@ ar24 0134
@ 1 @D aigs 1 1 anas
m® (D) ® 1)@ 1 1]|® V

—_ = =

(b) Sliced representation

Figure 4: Upper tetrahedral matrix for M ® A* (n = 4)

n = 4. Recall 24 consists of the elements (2,3,4), (1,3,4), (1,2,4), and
(1,2,3). Then the maps d} are as follows:

do(2,3,4) = (1,2,3) da(1,3,4) = (1,2,3) ds(1,2,4) = (0,0,0)
di(2,3,4) = (1,2,3) ds(1,3,4) = (0,0,0) do(1,2,3) = (0,0,0)
d2(2,3,4) = (0,0,0) da(1,3,4) = (0,0,0) 41(1,2.3) = (0.0,0)
d3(2,3,4) = (0,0,0) do(1,2,4) = (0,0,0)

di(2,3,4) = (0,0,0)  di(1,2,4) = (0,0,0)  %2(1,2,:3)=1(0,0,0)
do(1,3,4) = (0,0,0) dy(1,2,4) = (1,2,3) d3(1,2,3) = (1,2,3)
di(1,3,4) = (1,2,3) ds(1,2,4) = (1,2,3) ds(1,2,3) = (1,2,3)
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Therefore, we see that

@ a124 G134
. @D 1 @D aiz3 1 1 ass
dy(me (D) ® 1) ® 1 1|®

1 1

—_ = =
N———

1 1
1

= mbyoo® (D) @ <® D o @D b1z 1

D agza 1
@ 1>® i

= ma1,2,301,2401 34 ® (@) ® < 1
1

Observe that dfj is removing the first row, column, and layer of the
4 x 4 x 4 integer lattice, which in our upper tetrahedral matrix consists
of the top row, or ai23, @124, and a;34. The product of these elements
becomes the coefficient of m. What’s left is now a 3 x 3 x 3 integer lattice,
and we have an upper tetrahedral matrix in there.

Next,

@D 1 @ aipz 1 @ ali2,4 21,3,4
dime@e (Y e 1 1)e

1 1 1

@D bios 1
1 94y
— mbogo ® (D) © (® 1) ® 1o

1

@ ) @ a1,34423 4 1
=maipza124 @ (D) @ < 1> ® ' 1

1

—_ = =
N———

We see that dj collapses the first row, column, and layer of the 4 x 4 x 4
integer lattice onto the second row, column, and layer, respectively, which
results in a 3 x 3 x 3 integer lattice. This forces some elements from the
upper tetrahedral matrix (namely a;23 and aj24) into a position where
there should be a placeholder 1, so they are replaced with placeholder 1’s
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and their product becomes a coefficient of m. The collapsing induces a
product between a1 34 and ag 34 which slots in the new position (1,2, 3).
Also,

@ @124 G134
. @D 1 @D a3 1 1 azs
d3(me (D) ® ® 1 1|®

1 1 1

—_ = =
N———

~tase (@) (P })e Db

1

D 1 @D aisga134 1
= mai2,3a234 ® (@) ® < 1> ® 1 1
1
Here we see a collapse of the second row onto the third row, the second
column onto the third column, and the second layer onto the third layer to
get a 3 x 3 x 3 integer lattice. This again forces some elements from the upper
tetrahedral matrix to the boundary (a172,3 and a273?4), so they are replaced
with placeholder 1’s and their product becomes the coefficient of m. The
collapsing of the second column onto the third forces a product of a; 2 4 and
a1 3.4 which sits in the new position (1,2, 3).
Now,

@D 1 @® a123 1 @ “1712,4 a1,3,4 1

ds <m® (@)@ ( 1) ® ) s o2 1 )
1 1

@ bias

1 1<y
= bo,0,0® (D) ® <® 1) 2 -

—_

1 1

! 1

D 1 D aizza104 1
= ma1,3,4023,4 & (@) ® < > ®

The description for d3 is similar to that of d] and d5 with the third row,
column, and layer being collapsed onto the fourth row, column, and layer,
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respectively. By looking carefully at the placeholder 1’s, one can observe

that the first two layers of (@) ® <® 1) are unaffected by this map.

1
Finally,

@ a124 G134
. @D 1 @D aiqzs 1 1 asas
di(me (D) ® 1 1]|e®

1 1 1

@ bz 1
1 1<
e @e (Y el 1
1
@ 1 D ai23 1
= may g 4a1,340234 ® (D) ® ( 1) © b

1

—_ = =
N———

The description here is a kind of mirror to dj. Namely, that the last
row, column, and layer are being removed from the 4 x 4 x 4 integer lattice
to obtain a 3 x 3 x 3 integer lattice. For the upper tetrahedral matrix, this
corresponds to the elements in the last layer to be multiplied together and

that product becoming the coefficient of m.
Then 04 : M @ ARAR®R AR A — M ® A is given by the alternating
sum of the above five terms. That is,

a ® a1,2,4 a1,34 1
Oy (m® (@)X (® i) ® <® 112'3 i) ® ( 1 a2,1374 i) )
1
©)

az 3.4 1
=may,23a1,2,401,34Q (D) ® <® i) ® ( 1 1)

@ a1,3,402,3,4
1

— maj,2,3a1,2,4 ® ®

©
NSNS N
®

@ e (
+mai 230234 ® (D) ® (
@ e (

@ a1,2,301,2,4
1

©

— mai,3,4a2,3,4 ® ®

(@ a1,2,401,3,4
1

® ai23
+ mai 2,401,3,40a2,3,4 @ (D) ® (® D ® ( 1

G GG

N~ O~ ~—
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Remark 3.4. One can do similar computations for any n > 1. In general

n

®n(n—l)(n—Q) ®(n—1)(n—2)(n—3) .
we have that 0, : M ® A 6 — M®A 6 with 9, =
n
> (—1)"d} determined by
=0
® a12; a1, ai,1—1,1 1
1 az.3,1 a21-1,1 1
@ 1 n . . . .
ime@e (P )o® S : )
=3 I ap—2g-10 1
1 1
1
® a23:1 aza; az1-1,1 1
1 asz,4,1 az,i—1,1 1
D 1)y :
=m H al,k,z@(@)@( 1>®® .
1<k<Il<n =4 1 aj_2,1-1,1 1
1 1
1
® a12:1 a13y ai,1—1,1 1
az 3] az -1, 1
n .
i(mo@e (P })e : )
=3 1 a25-11 1
1 1
1
® a12;1 a13y ai,i—1,
1 a3 a2,1—-1,1
i—1 n D 1 i—1
=m Il ajuit1 I] aiiv100 (@@ ( 1) =N0%) :
=1 1=i+2 1=3 1 a2 1.
1
® ai2401,2,i41  @1,3,i01,3,i+1 a1,5—1,i01,i—1,i+1 1
1 a2,3,i02,3,i4+1 a2,i-1,i02,i—1,i+1 1
® . X
1 aj—2,i—1,i0—2,i—1,i+41 1
1 1
1
® a12. a1,i,0101,i+1,0 a1,i+2,1 ai,1—1,1
1 a;1,i00i—1,i41,1 a;_1,i42,1 ai—1,1—1,1
1

®

@4 qi41,1%441,i+2,1 @i 1—1,1%+1,1—1,1

I=i42

1 aj—2,1-1,1

1

for1<i<n—1, and

® a121 a13; ai,i—1,1 1

1 az,3,1 az,1—1,1 1

* 1 2 . . . .
dn(m®(®)®(® 1)®§ - 1 : : )

aj—21—-1,1 1
1
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® a121 a1z - ay,i—1,1 1
1 az3i az -1, 1

@ 1 n—1
=m ] aj,l.n®(®)®( 1)®® : ; ;
1<j<I<n 1=3 1 aj_21-1,1 1

1
1

Now we shall think of our n X n x n integer lattice again and reframe
these descriptions geometrically. The first row, column, and layer of our
integer lattice consist of indices of the form (1,k,1), (4,1,1), and (j,k,1),
respectively. Then d§ removes them to get an (n—1) x (n—1) x (n—1) integer
lattice. From our upper tetrahedral matrix, this corresponds to elements in
the top being all multiplied together to become the coefficient on m. The
rest of the integer lattice, and in particular, a smaller upper tetrahedral
matrix, is left intact and is of the correct size.

For the maps di with 0 < ¢ < n, the descriptions are very similar to
each other, so for example, we consider ¢ = 2. This collapses second row,
column, and layer onto the third row, column, and layer, respectively, of the
n xn xn integer lattice to obtain an (n—1) x (n—1) x (n—1) integer lattice.
Notice that indices with a 1 in them are left alone. Some elements of the
upper tetrahedral matrix now lie where placeholder 1’s should be, so they
are replaced with placeholder 1’s and their product becomes the coefficient
on m. These elements are in the positions (j, 2, 3) or (2, 3,[). This collapsing
also makes a product between pairs of elements whose indices are the same in
two coordinates and one has a 2 and the other a 3 in the third coordinate. We
now have an upper tetrahedral matrix which fits in an (n—1) x (n—1) x(n—1)
integer lattice.

Finally, the description for dy is the mirror of dj. That is, it removes the
last row, column, and layer of the integer lattice. From our upper tetrahedral
matrix, this corresponds to the last layer being all multiplied together and
the product becoming the coefficient of m. The rest of the upper tetrahedral
matrix is left unchanged, and now fits in an (n—1) x (n—1) x (n—1) integer
lattice.

Remark 3.5. This idea of collapsing is in the spirit of the usual description
of the Hochschild homology, and is similar to what has been done for the
higher order over S? in [16] and for the secondary in [9] and [23]. This
mnemonic rule is the main advantage of this particular description of the
chain complex for computing HS' (A, M ). In the usual case (that is, over
S1), we are collapsing in one dimension, so the i-th face map collapses the
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elements in adjacent positions ¢ and ¢ + 1 of the tensor product together.
Meanwhile, over 52 and for the secondary, we collapse in two dimensions, so
the i-th face map collapses elements in the i-th row and column of the tensor
matrix onto the elements in the (i 4+ 1)-st row and column, respectively, onto
each other.

3.2 Simplicial structures over the 3-sphere The scope of this
section is to introduce a pre-simplicial algebra A3(A) and pre-simplicial

modules M3(M) and B3(A) over A3(A) so that
H (M3 (M) ® 434y B3(A)) = H" (A, M).

This is in the spirit of what was done for the secondary Hochschild coho-
mology in [18] and for the higher order Hochschild homology over S? in [16].
These can all be thought of as generalizations of the classic bar resolution
that is used for computing the usual Hochschild homology.

Example 3.6. Define the pre-simplicial k-algebra A3(A) by setting A, =
A®2*+antd - Before we get to defining the morphisms SA T A, — Apa,
we first need to subscribe to a polite way to organize our elements.

Picture an (n+2) x (n+2) x (n+2) integer lattice with positions labelled
(J, k,1) where 0 < j,k,l < n+ 1. Notice that the n X n X n integer lattice
from the last section is sitting inside at positions (7, k,[) with 1 < j,k,l < n.
Consider the set

yt :={(j,k,1) | 0<j <k <I<n+1 and one of the following:
j=0orl=n+lorj=kork=1}.

At these indices are precisely the faces of a tetrahedron which engulfs our
upper tetrahedral matrix from the previous section. As a picture, sliced
along the third coordinate as before, we have:



112

S. Carolus and J. Laubacher

Tao00] @011 @024 apl—21  Qoi-1, Q1,1
a1, a1,
n Q291 Q911
X — .
(=0 Q_2]-2] Q2]
Q-10-1,1 O1-11-1]
Ll
' Q0 1n+1  00,2,n+1 Q0,n—1,n+1 Q0 n,n+1 Q0,n+1,n+1
Q11n+l  O12n41 O1n—1n+1 Q1 pn+1 O n41,n+1
Q22 n+1 Q2 n—1,n+1 Q2 nntl Q2 nt+1n+1
2 . : .
An—1n—1n+l On—1nn+l COn—1n+lntl
Qn nnt1 Qp n4+1,n+1

An+1,n+1,n+1

Notation 3.7. Similar to our notation from last section, the three dimen-
sional picture can be recovered again by lining up the boxed entries. The
boxes [a] will appear whenever we are working with the pre-simplicial algebra
or pre-simplicial modules. The circles (@) will refer to the original construc-
tion from the last section. We make this differentiation because while the
pictures look similar, the index sets are different. In the last section, the
indices ranged from 1 to n, but in the simplicial setting, the indices range
from 0 ton + 1.

Remark 3.8. Notice that the zeroth, first, second, and last layers are each
an upper triangular matrix, but for layers 3,4, ...,n, the positions indexed
by elements in z7} are not included, so there is empty space in the middle
of these layers. For example, these are the layers for n = 3:

[@0,02] @012 Q022
) o (520 )

Q112 (122
a1,1,1 0099



The 3-sphere and generalized Hochschild homology 113

Qo 14 Q024 0034 Q044
Qp1,3 Qo233 033

Q114 0124 Q134 (144

a1 aq
® o3 33 1@ 224 Q234 Q244
223 (233 s (saa
03’373 i) sy

Q44,4

Now we shall count how many nonempty entries there are. The first
layer is always size 1, and the last layer has w For 0 <l <n+1,
the [-th layer has 1 in the left column, 2 each in the [ — 1 middle columns,

and [+ 1 in the last column, for a total of 1 +2(l —1) 41+ 1 = 3I. In total,
n

in dimension n we have 1+ > 31 + w = 2n% + 4n + 4. Thus, for
=1

the simplicial algebra A3(A) with A, = A®2*+4n+4 we arrange this tensor

product as the above upper tetrahedral tensor matrix.
Now we define

@1, @0,2,0 °° ag,1—2,1 QQ,1—1,1 ag,1,1
X1,1,1 Q11,1
i1 @291 211
A _
)= @
1=0 :
Qap_2,1-21 2.1,
p—1,1—1,1 ap—1,1—-1,1
g
0,0, %0,0,i+1| @0,1,i%0,1,i+1 " €0,i—1,i%0,i—1,i+1 €0, 3,5 00,7 ,i+10,i+1,i+1
Q11,500,141 Q14,30 541,041
®
Qj—1,i—1,i% —1,i—1,i+1 Qf—1,4,i%i—1,i+1,i+1
O 4,000 4, i1 i1, i1 Q1 ,i4+1,5+1
Qg1 @Q,i,100,i+1,1 o0, 1—1,1 0,11
1,1,1 o1
n .
¢ K O3 1 XG4, i41,1 Q114,11
I=i+2
Qr_1,0-1,1 Q1,11
INN
@0,0,n+1| Q0,1,n+1 - @0,i,n4+190,i+1,n+1 0, n41,n+1
o1, 1,n41 e 1 ,4,n41%1,i4+1,n+1 o1, n41,n+1
® : . :
O in41%, i 1,n4+1% 4 1,i4+1,n41 " Xl n 141, n41,n+1

Ant+l,n+1,n+1
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As in the last section, we think of these upper tetrahedral tensor matrices
as embedded in an (n + 2) x (n +2) x (n + 2) integer lattice matrix. Then
we have an explanation for how these face and degeneracy maps work, that
is, similar to that of the higher order Hochschild homology over S2 in the
previous section. Indeed, 5;4 collapses the i-th row, column, and layer onto
the (i + 1)-st row, column, and layer of the (n + 2) x (n 4+ 2) x (n + 2)
integer lattice, respectively. This yields an (n+1) x (n+1) x (n+1) integer
lattice which preserves the upper tetrahedral matrix. This has the effect
of collapsing an upper tetrahedral sub-matrix found at positions (i,1,17),
(i,4,i+1), (i,i+1,i+1),and (i+1,i+ 1,9+ 1) to a point. Note that some
positions on the edges of the tetrahedron have a neighbor collapsed on them
in two orthogonal directions, e.g. for (0,i,7 + 1) having both (0,4,47) and
(0,74 1,74 1). This occurs at the top of the i-th column and at the back of
the i-th row. Otherwise, members of the (i + 1)-st row, column, and layer
have just one neighbor in the i-th row, column, and layer. Moreover, notice
that before the ¢-th row, column, and layer, no change is made. Finally, after
the (i 4+ 1)-st row, column, and layer, no change is made except a reduction
of each coordinate by one.

Proposition 3.9. Taking A3(A) to be the collection of k-algebras { A, =
A®*HAnt Ay o together with the maps §A (described above) defines a pre-
sitmplicial algebra.

Proof. An easy verification of the definition. O

These maps are best understood by way of an example. Indeed, consider
an element in Az = A®34. Let

Q011 a0,02] 12 22
E= () ® ( - a1’1’1> 12 0122
” Q222

Qp14 Q024 0034 Q044
ap1,3 Qo233 033

Q114 0124 Q134 (144

o1, a1
& 1,3 A3 ® Q924 (234 Q244
223 (233 asa (ada
a373’3 39y 33y

Q444
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Then we have:

©0,0,220,1,21,1, ©0,2,291,2,
5("]4(E) aooga001a011a111D®< 0,2,2 22)

«@2,2,2
@0,0,3%0,1,301,1,3] ©0,2,3 ©0,3,3%1,3,3
® @223 @223
@3,3,3
@0,0,470,1,4%¥1,1,4| ©@0,2,401,2,4 ©0,3,4%1,34 Q0,4,4¥1 4,4
az 2.4 23,4 @244 )
@3,3,4 agz 4,4
g4,

a [¢0,0,1%0,0,2] @0,1,140,1,220,2,2
s () = aooo 0,0,140,0, 0,1,140,1,240,2, )

Q1,1,1001,1,2001,2,2002,2.2

< @0,1,3¢0,2,3 ao,s,3ﬂ1,3,3)

® @1,1,3002,2,3 ©1,3,302.3.3
a3,3,3
@(,1,420,2,4 @0,3,4 QQ,4,4
® 01,1,4001,2, 402,24 ©1,3,402.3,4  O1,4,402,4,4
@3,3,4 a3,4,4
q,4,4

52(E) = ([F0.00)) ® ( ao,l,l)

a1,1,1
©0,0,2%0,0,3]| @0,1,2¢0,1,3 @0,2,220,2,300,3,3
® a1,1,201,1,3 a1,2,2001,3,3
@2,2,2002,2,302,3 3003 .3,3
@o,1,4 @(,2,400,3,4 Qg,4,4
® a1,1,4 a1,2,401,3,4 a1,4,4 )
@2,2,4002,3,403,3,4  ©2,4,403,4,4
Qq,4,4

al1,2 Q1,22

@0,0,2 Qp,1,2  @0,2,2
(r) = (Fomn) @ (o] QOM)@( )

a1,1,1
@22
©0,0,320,0,4 «0,1,320,1,4 @0,2,30,2,4 @Q,3,3Q0,3,4%0,4,4
® @1,1,30¢1,1,4 a1,2,4 @1,3,30¢1,3,4Q1,4,4
Q32,2302 2.4 Q2,3,3002,3,402 4,4

@3,3,30¢3,3,4¢3,4,4004 4,4

Example 3.10. We now introduce the pre-simplicial left module B3(A) over
the pre-simplicial k-algebra A%(A). Simply put, we fill in the tetrahedron
outlined by an element from A3(A4). That is, an element in B, can be
indexed by 27} =yt Uz’ = {(j,k,1) | 0 <j <k <I<n+1}. Thus we set
B, — gt

as

. An element from B,, will be written in sliced form

ap1,l o Qoi-10 G0l

n+1 ayig v arg-1g a1y

a—10-1,1 Q-1
ap
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Notice that this is similar to an element from A,, except here, each layer
is a full upper triangular matrix.

The multiplication A,, x B, — B, is given by writing B,, = A, ® B], =
ABITL @ Al®IWEL where B!, = A®WH Then, for o € A, and b € B,, we
write b=a ® b, and define a-b=a-(a®@ V) = (aa) V.

Alternatively described, it is given by overlaying the element from A,

on the element from B,. That is, we multiply the elements whose indices
are in y"'. Indeed, given the element Y € B, with a’s for its entries and the

element X € A, with o’s for its entries, we have

©0,0,120,0,1 ©0,1,190,1,1 «0,1—1,120,1—1,1 «0,1,190,1,1

@1,1,191,1,1 a1,1—1,1 Q1,0,101,1,1

Qr—1,1—1,191—1,1—1,1 QL—1,1,121—1,1,1
L,1,191,1,1

@0,0,n+120,0,n+1 @0,1,n+120,1,n+1 @0,n,n+120,n,n+1 x0,n4+1,n+120,n+1,n+1

@1,1,n+121,1,n+1 A1, n,n+191,n,n+1 X*1,n+1,n+1%1,n+1,n+1

An,n,n+1%n n,n+1 An . n+1,n+1%n ,n+1,n+1
An+4+1,n+1,n+1%n+1,n+1,n+1

Furthermore, define

Ll a0

5 i—1 ay 1,1 a1,
(N =Q
1=0 :
a1
@0,0,i20,0,i+1| @0,1,i®0,1,i41 " ° a0,i—1,i00,i—1,i+1 @0,1,i00,4,i+100,i+1,i+1
@1,1,i01,1,i41 - a1,i-1,i01,i—1,i+1 @1,i,i01,4,i4101,i4+1,i+1
®
@i—1,i—1,i0i—1,i—1,i+1 @i—1,4,i@i—1,4,i410i—1,i+1,i+1
@i 0,0 Qi1 G i1, i1 Qi 141,041
ag,;,100,i+1,1 ag,i,1
nt1 . : N :
e X @i 00 41,0 %4 1,0+1,0 C Gq 1,141,
I=i+2

a1

Remark 3.11. Notice that 51-6 can be described in much the same way as 5;4,
with the difference that each layer is a full upper triangular matrix. That is,
515 collapses the i-th row, column, and layer onto the (i + 1)-st row, column,
and layer. As before, this forces the collapse of the the upper tetrahedral
sub-matrix consisting of positions (i,1,17), (i,4,4 + 1), (¢, + 1,7 4+ 1), and
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(i+1,i+1,i+ 1) to a single point. At the top of column ¢ + 1, the back
of row ¢ + 1, and the right side of layer ¢ 4+ 1 this forces a product of three
elements. Elsewhere on row, column, and layer i+ 1, we have the product of
just two elements. Before position ¢, the upper tetrahedral tensor matrix is
unchanged. After position 7 + 1, elements are reindexed to lose one in each
coordinate.

Proposition 3.12. Taking B3(A) to be the  collection
®(n+2)(n+3)(n+4) i B
{B, = A 6 tn>0 together with the maps 67 forms a left pre-

simplicial module over the pre-simplicial algebra A3(A).

Proof. An easy verification of the definition. O

Example 3.13. Define the pre-simplicial right module M?3(M) over the
pre-simplicial k-algebra A3(A) by setting M,, = M and 6™ = idy for all
n 2 0. The multiplication on M, is given by

m - (X) =m H gkl
4.k EYL
This makes sense because M is an A-symmetric A-bimodule and A is com-

mutative. It should be clear that this is indeed a pre-simplicial right module
over A3(A).

From Lemma 2.5 (the Tensor Lemma) we note that M3(M) ®A3(A)B3(A)
is a pre-simplicial k-module. In dimension n, we have

(n+2)(n+3)(n+4)
6 .

My, @4, By = M @4, A®

® (7z+2)(n33)(n+4)

Following Lemma 2.5, the maps D; : M ® 4, A — M ®a, ,
(n+1)(n+2)(n+3) .
A® 6 (for 0 < i< n) are
ap,1,0 - ag,1—1,1 ag,1,1
n+1 a1,1,0 a1,1-1,1 a1,
Di(m®a, ® & . : S ])
=0 . . .
ap—1,1—1,1 ap—1,1,1
a1
ap,1,0 - ag,1—1,1 ag,1,1
1 ay i, v ayi—1,1 ay i
=M m)@a, (@ : )

Il
<]

ap—1,1—1,1 ar—1,1,1
ag,i,1
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i—1 ai1,
=m®An 1 ®®
=0

20,0,i90,0,i+1 a0,1,i90,1,i+1 a0,i—1,i90,i—1,i+1
a1,1,i01,1,i+1 a1,4—1,401,i—1,i+1
®
Aj—1,i—1,i%—1,i—1,i4+1
ag,i,100,i+1,1

n41 :

® ® Q4§ 0104, i4+1,1%i41,i+1,1
1=i42

Proposition 3.14. We have that M ® 4, A

® (n+2)(n<6|»3)(n+4)

ao,1,1
a1,

a1,

@0,i,i@0,i,i4+190,i+1,i+1
A1,i,i01,4,44+101,i+1,i+1
Q1,040 —1,i,i4+1%i—1,i4+1,i4+1
Q3,055,541 04,i41,i+10541,i41,i4+1

ao,1,1
i, 1,19i41,1,1
ari,l

is isomorphic to

n(n—1)(n—2) 3 . .
M ® A® 6 under the obvious isomorphisms
(n+2)(n+3)(n+4) n(n—1)(n—2)
Oon: M@y, A 6 — MA® &
and (n=1)(n—2) (n+2)(n+3)(n+4)
ol M@ A% 6 — M ®y, A% G ,

both given below.

. ®(n+2)(n+3)(n+4) .
Proof. This follows from the fact that A 6 can be written as
n n n n
ACIEE = A% @ A®RT >~ g @ AP as an A, module. So we use
(n+2)(n+3)(n+4) n n(n—1)(n—2)
M@ A® 6 2 M@y, A, @ ASH 2 M@ AT
In particular,
ap,1,1 ag,1—1,1 ag,i,1
nt1 a1, ai—1,1 a1,
Pn (m® (029} )
1=0 : :
ar—1,1—1,1 ar—1,1,1
a1
= JI ajrr- me @ (® })
(G:k. D)€Y
® a121 a13; a1,1—2 ai,1—1,1 1
1 a3,3,1 az,1-2,1 az,1-1,1 1
o & EE : : B
;@, 1 aj—3,1—2,1 @1—-3,0—1,1 1
1 aj—21-1,1 1
1 1
1
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and
a1,2.1 a1,3,1 ay,1—2,1 aj,1—1,1 1
1 az,3,1 az,1-2,1 az,1-1,1 1
-1 1 - :
en (me(@)e ( ) ® : : :
( & 1 % 1 aj_g,j—2,0 @-3,1-1,0 1
1 aj—21-1,1 1
1 1
1
® 1 1
:m®(®)®(® D@( 11
1
1 1 1 1 1 1
1 a12; a13:1 - ai,i—2, a1,1—1,1 1
ag 3y v az -2 az -1, 1
n .
® . . .
=3 1 aj—30-20 @—-31-1,1 1
1 aj—27-1, 1
1 1
1
10,0 10,1 10,n+1
11,1 11, n+1
® .
Lnt1,n+1
Hence, our result. ]

Remark 3.15. Let’s go through the details and construct @30 (Dg — Dy +
Dy—Ds —|—D4)o<p21. An element of M ® A®* looks like m® (@) ® <® 1) ®

@D b ¢
®i‘ . 1 d
1

—_ =

and boxed entries.

1
1 . Notice below the switch between the circled
1
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We have that

—

(mo@ e (®

—1

i O Py

4
@30 > (=1)'D
=0

—

—

¢3o(D0—D1+D2—D3+D4)(m®A®52 @ e (

o

o

—

—_

— 0™~

o

—

+mbed ® (D) ® (® }) ® <® 1
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We notice that this is the same as the formula for 04 in the description of
higher order Hochschild homology over S? (see Remark 3.3).

One can do similar computations for any n > 1. In general we have that

® a12: a1sz; - ai,i—1,1 1
1 azzi az,1-1,1 1
n
—1 1 . . : :
(¢n—10Dg o, )(m®(®)®<® 1>®® . - . . )
Lt 1 a25-11 1
1 1
1
_ 1
=m ] ame@e 1
1<k<li<n
az,3,1 @240 az,1—1,1 1
1 ag 4 - az,i—1,1 1
n—2
® R . . : b
=4 1 a25-11 1
1 1
1
® a1 a1z; - ayi—1,1 1
1 az31 az 1-1,1 1
n
—1 1 . . : :
(¢n—10Djoepy )(m®(®)®(® 1)®® L : 1)
1=3 1 aj—25-11 1
1 1
1
ay,21 @13, ay -1, 1
1 az31 az -1, 1
i—1 n i—1
1] 1
=m H Qg i it H aiiv1, ® (1) ® < 1) ® ® . . : :
j=1 I=i42 1=3 1 a oy 1y 1
1 1
1
a1,2,;01,2,i41  @1,3,i01,3,i+1 - a1,i—1,i01,i—1,i+1 1
1 a2.3,ia2,3,i+1 - a2 i—1,i02,i—1,i+1 1
® : :
1 Aj—2,i—1,i%i—2,i—1,i+1 1
1 1
1
ayoq v a1,4,101,i41,1 a1, it2,1 ai,i—1,1 1
n 1 Qi—1,4,010i—1,i+1,1 ai—1,i+2,1 a;—1,1—-1,0 1
e X 1 @it 1,1 Qi 1,042,0 0 @ 0—1,0%41,0—-1,0 1
I=it+1 . .
1 aj—2,1-1,1 1
1
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for1<i<n—1, and

® a12; aizg - ayi—1,1 1
1 a2z - az -1, 1
n
1 1 . . . .
(én—10 Dy ooy, >(m®(®)®(® 1)®® P : 1)
=3 1 aj_21-1,; 1
1

—o T weee@e (@ )

1<j<k<n

ai21  a1,31 ai,1—1,1 1
1 a2z az1-1,1 1

n—1
® & . : :
=3 1 a2g-10 1
1 1
1

. n(n—1)(n—2) (n—1)(n—2)(n—3) . . .
Taking 0! : M@ A® 6 — M®A® 6 which is determined
g0y

by 9, = > o(=1)*(¢n—1 0 D; o o, 1), we produce a chain complex of the
form

n(n—1)(n—2)

o, o’ (n—1)(n—2)(n—3) &’
L M@ A% 6 M@ AYT

n—1

B a0,

A oL o o
o M@A®PI0 2 M@ A®t s MoA —25s M !

M — 0.

Comparing this to the construction of Hfs(A, M) explained in Section
3.1, we have the following:

Theorem 3.16. Let A be a commutative k-algebra, and let M be a sym-
metric A-bimodule. Then we have that

H(MP(M) © 4500) B*(4)) = HE' (4, M),
where A3(A), B3(A), and M3(M) are defined as above.

Proof. This follows from the above discussion. First, for each n we have
n(n—1)(n—2)

M, @4, By 2 M @ A® & . Moreover, d; as defined in Remark 3.4

has the same formula as ¢, _1 0 D;o @, ! foralln >0 and 0 <i < n. O
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4 Tertiary Hochschild homology

The goal here is to expand on the secondary Hochschild homology, which was
introduced in [18] by way of a bar-like resolution. Studied in [17], the sec-
ondary Hochschild homology, denoted H.((A, B,e); M), concerns itself with

n(n—1)

a triple (A, B, ¢), and the complex in dimension n is M ® A¥" @ B®~ =7 .
Notice how this is immediately comparable to the usual Hochschild homol-
ogy H.(A, M), whose complex in dimension n is M @ A®™,

In this section we work with the k-algebra A, which we take as not
necessarily commutative. Furthermore, M is an A-bimodule, but may not
be A-symmetric.

Definition 4.1. We call (A, B,C, ¢, 0) a quintuple if
(i) Ais a k-algebra,
(ii) B is a commutative k-algebra,
(iii) € : B — A is a morphism of k-algebras such that e(B) C Z(A),
(iv) C is a commutative k-algebra, and
(v) 0 :C — B is a morphism of k-algebras.
We call (A, B,C,e,0) a commutative quintuple if A is also commutative.

Remark 4.2. Notice that conditions (i)-(iii) above make (A, B,¢) into a
triple. Moreover, conditions (ii), (iv), and (v) make (B,C,#) into a com-
mutative triple, and conditions (i), (iii), (iv), and (v) make (A, C,c0#6) into
a triple. In particular, A can be thought of as both a B-algebra and a
(C-algebra, and B can be realized as a C-algebra.

The next three examples will be important for our construction. In
these examples, we will again prescribe to the organizational convention in-
troduced in Section 3, which details how to arrange elements in a tetrahedral
form and then slice them as layers. Again, one can line up the elements in
the boxes to recover the tetrahedral shape.
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Example 4.3. Let Q = (A, B,C,¢,0) be a quintuple. We define the pre-

simplicial k-algebra A(Q) by setting A, = A ® B®2+1 g &’ +2n+l g gop
for all n > 0. Moreover, for all a € A, B € B, and v € C, we set

0 Y0,n,n+1 Bontl
5 () @ @ ([oog -+ ou-1e For)® SR )

Yn,m,mn+1  Bn,n+1
ot

= ([&06(B0,16(9(70,0,1))D ® é ('Y0,0,Z'YO,l,l Y0,2,0 " Yo,l—1,1 Bo,z)
1=2

[’Yo,o,n+1"/0,1,n+1W1,1,n+1[ Y0,2,n4171,2,n41 ot Y0,mn+171,n,n+1 Bon+1B1,n4+1
¥2,2,n+1 Tt Y2,n,n+1 ﬂ?,n+1
® . : 5
Yn,n,n+1 Br,n+1
Q1

0 Y0,n,m+1 Bo,ntl
() e @ ooy -+ ou-1e For)® R )

Yn,n,n+1  Bn,n+1l

Qnt1
i1
=)o ( Y0010 50,1)
1=1

® ( o Y0,i—1,i70,i—1,i+1 ﬂo,iﬁo,i+19(’vo,i,i+1))
n
® & ( T Y0,i—1,0 7Y0,i,070,i4+1,0 Y0,i42,0 0 Y0,1-1,1 Bw)

l=i+2

B Y0,i,n4+170,i+1,n+1 e Y0,n,n+1 Bo,n+1

® Viyiyn+1Yi it n+1Yid1ib k1 0 Yinond+1Yidl,n,n+1l Bint+1Bi41,n41
Yn,n,n41 Bn,n41
Qpt1

for1<i<n-—1, and

s Yo,m,nt1 Bo,ndl
n
i (ED e @ (oo - oi-ia Por)e o D

Yn,n,n+1  Bn,nt1
ot

Y0,1—1,1 50,1)

70,0,n70,0,n+1] 7Y0,1,nY0,1,n+1  “°°  Y0,n—1,nY0,n—1,n+1 B0,780,n+10(70,n,n+1)

Y1,1,n+1 Y1,n—1,n+1 B1,n+10(V1,n,n+1)

Yn—1,n—1,n+1 Bn—-1,n+10(Yn—1,n,n+1)
an+18(Bn,n+1)e(0(Vn,n,n+1))
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Proof. One can verify that this satisfies (2.1). O

Example 4.4. Let Q = (A, B,C,¢,0) be a quintuple. We define the pre-
simplicial left module B(Q) over the pre-simplicial k-algebra A(Q) by setting
B, = A®"t2 ®B®w ® C®M for all n > 0. For 0 < i < n,
and for all a € A, b € B, and c € C, we set

Teoot] -+ cog-10  boy

n+1

6?(()@@

Cl—11-1,1 bi—1y
ap

' “ocou—11  boy

i—1
= ([@) @ |
=1 c-10-11 bi—1y
ap
€0,0,iC0,0,i+1| " *  €0,i—1,iC0i—1,i+1 bo,ibo,i+10(c0,ii+1)
® .
Cie1,i—1,iCi—1,i—1,i+1  i—1,ibi—1,i410(Ci—1,4,i+1)
;i1 (biiv1)e(0(Ciiiv1))
€0,i,1€0,i+1,l €o,1-1,1 bo,
- : : :
Q ® CiilCii+1,1Ci+1,i+1,0 * Cil—-11Ci+1,1-1,1 bi,lbi+1,l
1=i+2 ' : :
Cl—1,1-1, bi—1;
ay

Finally, for each B,,, we define the natural left A4,-module structure as fol-

lows:
o Yomntl  Bont

)

<()®® ( S N0-1 50,1)@

=1 Tn,nn+1 /Bn,n—i-l
Ap+1
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oo cog—10 boy

n+1

-(()@583

)

70,0,1€0,0,1| 70,110,101 "t Y0,0-1,0C0,0—1, Bouboy

Cl—1,0-1,1 bi—1y
a

" c1,1, s C1,1-1, bu

= ([@0m) © @ ' '
=1 Cl—1,]—1, bi—1,

ap

[70,0n+1C00nt1] “** Yomnn+1COnn+l  Bont1b0nt1

Tn,n,n+1Cnn,n+1 /Bn,n—i-l bn,n—i—l
Op4+10n41

Proof. One can check that this satisfies (2.1), as well as the compatibility
condition found in Definition 2.4. ]

Example 4.5. Let M be an A-bimodule which is B-symmetric (and there-
fore C-symmetric, being induced by #). We define the pre-simplicial right
module §(Q) over the pre-simplicial k-algebra A(Q) by setting S, = M for
all n > 0. We define the maps 5;5 = idps for all 0 < 7 < n, and we take the
obvious right A,,-module structure. That is,

o Yonntl  Bontl

)

n
m(()®® ( 0,014 50,l>®
=1

Tn,n,n+1 5n,n+1
Ap41

=Oén+1m0éo€( IT so: T1 5j,n+1>€(9< IT vore I 'Yj,k,n—i—l))-
1<I<n 0<i<n 0<k<i<n 0<y<k<n

Proof. This will clearly satisfy (2.1). The compatibility condition for a pre-
simplicial right module is also immediately satisfied since M is both B-
symmetric and C-symmetric. O
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Remark 4.6. Observe that when one takes C' = k, then Example 4.3 re-
duces to the simplicial algebra used in [18]. Likewise, Example 4.4 will
recover their bar simplicial module, as well as Example 4.5 identifying to
their simplicial module used in defining the secondary Hochschild homology.

Furthermore, taking C = B = k, one can see that the classic bar resolu-
tion appears as a left A ® A°P-module, as one would expect.

Remark 4.7. Notice that due to the Tensor Lemma, we have that S(Q)® 4(0)
B(Q) is a pre-simplicial k-module.

Definition 4.8. Let Q = (A, B,C,¢,0) be a triple. The homology of the
complex associated to the pre-simplicial k-module S(Q)® 40y B(Q) is called
the tertiary Hochschild homology of the quintuple (A, B, C,¢,0) with coeffi-
cients in M, and this is denoted by H,((A, B,C,¢,0); M).

When the quintuple is understood, we can denote this by H,(Q; M).

Remark 4.9. When we make the necessary identifications, we see that

Cn(Q; M) : =8n ®a, Bn

(n+1)(n+2) (n+1)(n+2)(n+3)
— ®n+2 ® ®
=M ®A®B®2n+l®c®n2+2n+l®Aop A ® B 2 ®C 6

® (nfl)g(nJrl) '

n(n—1)
=M A®"®B® 2 ®C

Under this identification, we will employ circles (instead of the boxes,
which were used in the pre-simplicial setting) to unite the tetrahedral and
sliced formations. See Figure 5 for an element in C4(Q; M) as an example.

Under the identifications in Remark 4.9 and Lemma 2.5 (the Tensor
Lemma), one can then see that the differential J,, : C,,(Q; M) — C,,—1(Q; M)

is given by:
ci20 c1,1—1,1 by 1

1, (m® () ® é c2.2.1 62,1.—1,1 b2.,z )

=2

cr—1,0-1,0 bi—1,
aj

=mare( I wan)e(o( T ews))® (@) e | | |

2<k<n 1<k<I<n 1=3

®

Ci—1,0-1,0 bi—1,1
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C1,2,4 C1,34 b1 4
/02 €234 b2 4
C1,2 3/
/ / 3,34 b3 4
——— bo3
—— b2
a4

/o

(a) True tetrahedral form

b €124 C134
b 1,23 013
1,2
me((a))® ® ®

b €224 €234
€223 023

as C3,3,4
as 3,3,

(b) Sliced representation

Figure 5: Arranging the tertiary tensor product in three dimensions

ci20 C1,1—-1,1 b1

n—1 i—1

den S e @)e@| T e

i=1 1=2

cl—1,0-1,0  bi—1,
a

b1,4

b2 4

b3 4
a4
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€1,2,4€C1,2,i+1 " °* €1,i—1,iC1,i—1,i+1 0(c1,i,i+1)b1,:b1 i+1

€2,2,i€2,2,i+1 " €2,i—1,i€2,i—1,i4+1 0(c2,i,i41)b2,ib2 it+1

Ci—1,i—1,iCi—1,i—1,i+1 0(ci—1,i,i+1)bi—1,ibi—1,it1
e(0(cs,i,i+1))e(biiv1)aiait1

€1,i,1C1,i41,1 bl,l
®

1=it+2 Ci,i+1,1Ci,i,1Ci+1,5+1,0 *°°  biabiy1

ap

cevteme( T )e(( I o)) o (@)

c1,1-1,1 b1,

cl—1,0-1,0  bi—1,
a

n—1
Q)
=2

It may be helpful to view this chain complex, along with the necessary

maps, in low dimension. As above (Remark 4.9), consider the chain complex
n(n—1) ®(n71)761,(n+1)

CQ(Q,M) given by Cn(Q,M) = M®A®H®B® 3 ® C
any n > 0, which yields:

for

2 MEABRBP@C®t 2y MeA®2RBRC 25 MeA 2 M — 0.
Moreover, we have that

Ji(m ® a1) = may — aym,

i (m ® (al) ® <cl’1’2 b1’2> ) = maie(b120(c1,1,2)) ® az

a2
-m a1a26(61729(01,1,2))
+ agme(b120(c112)) ® ar,
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and
11 bio 1,13 €123 b3
I3 <m® (1) ® < R ) €223 b3 )
2 a
_ by b 0 c223 b23
= maye(br 2b1,30(c11,2¢1,1,3¢1,2,3)) @ (az2) ® o

c c c b1 3b
@ (araze(brablcria)) ® < 1,1,3€1,2,3€2,2,3 1,(?;32,3

crigcis biabisf(cizs)
+m& (CLl) ® < a2a38(b2,39(62,2,3))

c1,12 bip

— agme(by,3b2,30(c1,1,3¢1,2,3¢2,2,3)) @ (a1) ® < o

Remark 4.10. Notice that when C' = k, we recover the secondary Hochschild

homology of the triple (A4, B, ¢) with coefficients in M, denoted H,.((A, B,e); M).

This is not surprising, given Remark 4.6. Moreover, when C' = B = k, this
reduces to the usual Hochschild homology of A with coefficients in M, de-
noted H,(A, M). Formally, we have

H,.((A,B,k,e,0); M) = H.((A, B,e); M)

and
H,.((Ak,k,e,0); M) = H.((A, k,e); M) = H.(A, M).

We also notice that there are natural morphisms from the usual and sec-

ondary Hochschild homologies to this tertiary Hochschild homology. These

are induced by the obvious inclusion maps M ® A®" «— M ® A®" ®

B®"("{:>(®C)® (=5 and MeA® g B 4 Mo AP @B T @
n(n+1

(n—1 .
c® 6 , respectively.

Example 4.11. Observe

M
(M, A]

Hy((A,B,C,e,0); M) = Hy((A, B,e); M) = Hy(A, M) =

Example 4.12. For a commutative quintuple (A, B, C, ¢, ) and a symmet-
ric A-bimodule M, we have that

Hi((A, B, C,e,0); M) = Hi((A, B,e); M) = M @4 Qy,

)
)
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where Q}M p are the Kahler differentials which are B-linear (and hence C-
linear). In particular, Hi((A, B,C,¢,0); A) = Hi((A, B,e); A) = Q}4|B.

Remark 4.13. Observe that Example 4.11 and Example 4.12 behave ex-
actly as one expects, which is inline with the results from [18] and [17],
respectively.

5 Generalized higher order Hochschild homology

In this section, we further generalize higher order Hochschild homology to
depend on a simplicial trio. In [9] we saw how to go from a single simpli-
cial set to a simplicial pair, so here we explain how to define higher order
Hochschild homology for a so-called simplicial trio.

Definition 5.1. Let I's be the category whose objects are trios (U, V, W)
where W is a finite pointed set with basepoint *, V' is a pointed subset of W,
and U is a pointed subset of V. A morphism f € Homr,(Uy, Vi, W;) —
(Ua, Vo, W3) is a morphism of pointed sets f : W3 — Wy such that f(V;) C
Vo and f(Uy) C Us.

We now construct a covariant functor £((A, B,C,¢,0); M) from I's to
the category of k-modules. For (U,V,W) € I's, where |U| = 1+n, |[V| =
1+n+m,and [W|=14n+m+ p, we set

L((A,B,C.e,0); M)(U,V,W) = M ® A" @ B¥™ © C®P.

If f: (U, Vi,W1) — (U, Vo, Wa) with |Us| = 1+ ny, |Vi| = 14 n; + my,
and |W;| =1+ n; +m; + p; is a morphism in I's, we define

L((A,B,C,e,0); M)(f) : MRA®™M@B®™ @C®Pt — M@A®"2® B®™M2gC %P2

by

L((A,B,C,e,0); M)(f/im®Ra1® - Qap, @01 Q@ Qbp, ®c1 Q- Rcp,)
=mo®a1 Q@ o, 1O QB @Y1 O+ @ Ypy,

where for ¢ € Uy, we have

;= 11 a; 11 £(br) 11 e(f(a)) € A,

{ietnli#« fG)=i}  {keVi\Uil|f(k)=i} {tewi\Va|f ()=}
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for j € Vi \ Uz, we have

Bj = 11 b, 11 0(ci) € B,

{keVi\Uili# f(k)=3}  {leWi\Va|f()=5}
and for k € W \ Vo, we have

T = 11 .

{tewi\n1|f())=k}
Again we take the convention that if a product is over the empty set, put
aj=1€A Bj=1€B,and v, =1€cC.
Definition 5.2. We call a functor A°? — T's a simplicial trio, and denote
it (Xe,Ye, Ze).

For a simplicial trio (X, Ys, Zs) we define the higher order Hochschild
homology associated to the commutative quintuple (A, B, C, ¢, ) and a sym-
metric A-bimodule M to be the homology of the complex defined as follows:
for ¢ € N, we set CéX.,Y.,Z.) = L((A,B,C,¢e,0); M)(X,,Y,, Zy) and con-
struct the boundary map induced by the simplicial structure on (X, Ye, Zs).
That is, for d; : Zy — Z4—1, we define

df = L((A, B,C,e,0); M)(d;) : CXeYoZe) oy ¢(Xp¥e %)

and take 0(x, v, ,7,) : CCSX"Y"Z') — C’q()_(I’Y”Z') to be

q

A(Xe Yo, Ze) = Z(—l)ld%k-
i=0
Definition 5.3. We call the homology of the complex defined above the
higher order Hochschild homology associated to the simplicial trio (Xe, Ye, Ze)
of the commutative quintuple (A, B,C,¢e,0) with coefficients in M, and this
is denoted by HiX"Y"Z')((A, B,C,e,0); M).

Remark 5.4. Notice we have
H (A, B, Cye,0): M) = HE" (A, Be); M),

as the latter is defined in [9]. Moreover, if Z, = Y, = X,, we recover the
original higher order Hochschild homology, that is

HiX.7X.,X.)((A’B’C’679);M) = Hi(‘(A, M)
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5.1 Ternary Hochschild homology We start by considering a par-
ticular simplicial trio: (X, Ys, Zs) = (S',S2,D?3). Here the ball D? is
obtained from the 3-simplex [0123] by collapsing the faces [012] and [123] to
a point (so the boundary of D? is the union of the faces [013] U [023]). The
sphere S? is obtained from identifying the boundaries of two copies of the
2-simplicies [013] and [023], and the circle S! is obtained from the interval
I = [03] by identifying the ends of the interval.

More precisely, we take X, to be the simplicial set whose only non-
degenerate simplex is the 1-simplex I = [03], denoted IJ. The basepoint
in dimension n will be denoted *,. For n > 2 we denote the degenerate
n-simplex by I having a + 1 copies of the vertex [0] and b + 1 copies of
the vertex [3], where a + b + 1 = n. That is, I{ is the interval I where
do(I§) = d1(I§) = o, and 1Y is a 2-simplex [033] with dy(I) = do(19) = I
and do(19) = *;.

The simplicial set Y, has all of the simplicies from X, together with two
non-degenerate 2-simplicies A = [013] and V = [023]. We denote them by
YAY and OV respectively, and take do(°AY) = da(°AY) = *1, d1(°AJ) = 1§,
do(°V9) = d2(°VY) = 1 and d1(°VY) = I§. In general, for n > 3, “A is the
degenerate n-simplex with a + 1 copies of the vertex [0], b+ 1 copies of the
vertex [1], and ¢+ 1 copies of the vertex [3]. Similarly, *V? is the degenerate
n-simplex with a + 1 copies of the vertex [0], b+ 1 copies of the vertex [2],
and ¢ + 1 copies of the vertex [3].

Finally, the simplicial set Z, has all the simplicies from Y, as well as a
non-degenerate 3-simplex 7' = [0123]. Denote it by )7 and take do(377) =
ds(3T3) = x9, d1(QTY) = °VY, and do(377) = °A§. For n > 4, ¢T? is the
degenerate n-simplex with a + 1 copies of the vertex [0], b+ 1 copies of the
vertex [1], ¢ + 1 copies of the vertex [2], and d + 1 copies of the vertex [3].

In general, we have

Xp = {#}U{I} | a,bEN,a+b+1=n},

Y, = X,U{?A%| a,b,c € N, a+b+c+2 = n}U{*V?| a,b,c € N, a+b+c+2 = n},

and
Zn =Y, U{T? | a,b,c,d € Nya+b+c+d+3=n}.

The maps d; : Z,, — Z,_1 are defined as follows:

dz(*n) = *p_1, (51)
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%qrp ifa=0andi=0
I“' ifa#0andi<a
(7O — b =
di( 1) I, ifb#0and a<i (5.2)
%qrp fb=0andi=n=a+1,
*(l+b+C+1 lfCL:OandZ:O
a—1Ab ifa£0andi<a
I¢ ifb=0andi=a+1
aAby _ c
di(“Ac) = aAb-1 ifo£0anda<i<a+b+1 (5.3)
*g+bter1 Hc=0andi=n=a-+b+2
[ 2Ab ifc#0and ¢ >a+b+2,
*a+b+c+1 lfCL:OandZ:O
a=lyb ifa£0andi<a
I¢ ifb=0andi=a+1
(axrby c
di("Ve) = ayb-t ifb#O0anda<i<a+b+1 (54)
*g+bter1 Hc=0andi=n=a+b+2
L 2V, ifc£0andi>a+b+ 2,
( *g+bterd+e fa=0andi=0
3_1ch ifa#0andi<a
% ifb=0andi=a+1
ab—1 ifb£0anda<i<a+b+1
(arb d*te X
di(qT:) = aAb ifc=0andi=a-+b+2 (5:5)
ard ifc#0anda+b+2<i<a+b+c+2
*gibtetdr2 fd=0andi=n=a+b+c+3
[ 4 TP ifd#0and a+b+c+3 <.

Notice that | X,,| =1+n, |V, =14+n+n(n—1),and |Z,| =1+n+
n(n — 1)—1—%. Thus

n(n—1)(n—2)
6

L((A,B,C\e,0); M)(Xp, Y0, Zy) = M@ A" @ B¥"(" D@ ¢

which, under the right identification, can be represented as an upper tetra-
hedral tensor matrix, as in Sections 3 and 4.
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Indeed, the element Ij' € X,, will correspond to the position (a + 1,a +
1,a + 1). The element “A’C’ € Y,, will correspond to the position (a + 1,a +
b+ 2,a+ b+ 2) and the element “Vg € Y, will correspond to the position
(a+1,a+1,a+ b+ 2). Finally, the element gTé’ € Z, will correspond to
the position (a + 1,a +b+2,a + b+ ¢+ 3). Include the symbol (0,0,0) to
correspond to .

With these identifications, the equations (5.2), (5.3), (5.4), and (5.5)
become

(0,0,0) ifj=1landi=0
j—-1,7—-1,j—1) ifj>landi<j—1
(3. 5.5) (J,7:7) ifj<nandi>j—1 (5.6)
(0,0,0) if j =n and i =n,
0,0, 0) if j=1andi=0
G-1Lk—1,k—-1) ifj>landi<j—1
o ) G-k ifh=j+1andi=j
G0k R) =3 (k—1.k—1) fk>j4landj—1<i<k—1 07
(0,0,0) ifk=nandi=n
L (4 k. k) ifk<nandiz>k,
(0,0,0) ifk=1land¢=0
(k—1Lk—1,1-1) ifk>landi<k—1
. ) ek ifl—k+1andi=k
Ak kD) = (e k1 —1) 1> k+landk—1<i<i—1 OO
(0,0,0) ifl=nandi=n
(k, k1) ifl<nandi>1,
( (0,0,0) if j=1andi=0
j-1,k—1,1-1) ifj>landi<j—1
Jok—1,1—1) ifk=j+landi=j
Jo . : e
ik 1) = Jk—1,01—1) ifk>j+land j<i<k-—1 (5.9)

gk, 1 —1) ifl>k+landk<i<l—1
0,0,0) ifl=nandi=n
jukal) 1fl<nandz>l

(
(
(
(
(o, 1 —1) if l=k+1andi=Fk
(
(
(
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All of these can be condensed to this:

(0,0,0) if j=1 and i=0

(Gj—1,k—1,0-1) if j>1 and 0<i<j—1
GG k1) =4 PRI if k>j+1 and j<i<k-1

(J k1 —1) if I>k+1 and k<i<l-—1

(0,0,0) if I=n and i=n

(4, k, 1) if I<n and [ <i<n.

Under this identification and using the same sliced upper tetrahedral
tensor matrix notation as in the last section, we have that elements in di-
mension n can be written as

bi1g| ci2q ci30 0 cri—1g by

ba2s €231 -0 cai-10 bagy

bi12| bi22 - b3ss -0 C31-10 €300

m®( a17171 )® < ®® 9 k) 9 b A
= arz2) 3, D ;

bi—11—-10 bi—1,y
a,

where a;;; € A, bjr; € B, and ¢, € C. We again recover the correct
three dimensional picture by lining up the boxed entries. For instance, see
Figure 6 for the case n = 4.

We then observe d; behaves similarly to the morphisms described in
Remark 3.4, with the small change that we apply € and 6 wherever the
collapsing passes elements from B into A and elements from C' into B. That
is, we have

c1,2,0 - €1,1-1,1 bi,1,1

5 b n ba2g oo €2,1-1,1 b 1,1
dg(m®()®< al-r“)@@ . : D
2,2,2 k=3 . : :
bi—1,—-1,0  bi—1,1,
a1,

n
= JI eCir)) - Tle®riibi) a1 -me () ® ( b2’3’3>

1<k<i<n =2 @3,3,3
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1 1,4 €1,2,4 1,34 b1,4,4
c /224 A 2,3,4 b2.4.4
1,1,3 1,2,3 1 3 3
b334 —— b344
/ﬁ 2,3 52 3 3 T
51,1,2 — by, 2 2
444
a3,3,3
a2,2,2

m

[

Figure 6: Arranging the ternary tensor product in three dimensions

b2 c231 €2,1-1,1 ba 11
n R A €3,1—1,1 b3 11
& . : -
1=4 - : .
bi—1-1,0 bi—1,.
a1,

b11, c120 c1,1-1,1 b1,1,1
n by o 21,1 ba 1,1
> ®Q - : )

a22,2 =3

ai (mo (@i1) ® ( b1z

bi_10-10  bi—1,.
a1,

L €1,2,1 C1,1—1,1 b1,i,1
i1 baog o c21-1,1 ba 1.1

bi—1,0-1,0  bi—11.
a1
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€1,2,i€1,2,i+1 """ €1,i—1,iC1,i—1,i+1 0(c1,4,i+1)b1,i,i01,i+1,i+1
b2,2,ib22,i41 €2,4—1,iC2,i—1,i+1 0(c2,i,i+1)b2,i,ib2 i+1,i+1
®
bi—1,i—1,ibi—1,i—1,i+1 0(ci—1,i,i+1)bi—1,i,ibi—1,i+1,i+1
e(bii,it104,i41,i41)00,4,00i41,i41,i41
C1,2,0 C1,4,1€1,i41,1 b1,1,1
® & 0(ci,i+1,0bi,0,005+1,041,0 0 bigabivii
I=i+2

ar,i,l

for 1 <i<n—1, and finally,

b1,1,1 cr20 c1,1-1,1 b1,

baog €2,1-1,1 b2.1,1
5 b n .2, a1, L
4 (me (@) o (22 n22)0 & | . )
az22 < - : :
2, 1=3 . .
bi_10-10 bi—1,1
ar,i,1
n—1
b1,1,2 b1,2,2
=TI 0 TT cCrinmbiim) - annn -me (@) © ( 2,
1<j<i<n 1=1 a2,2,2
120 c1,0-1,1 by 1,1
1 baog - €2,1-1,1 b2,1,1
2
1=3 . .
bi—1,0-1,0 bi—1,1,0

ag,i,1

Using similar language as the last section, we have a reasonable mnemonic
rule for remembering how these maps work. We see that df takes off the
top of the upper tetrahedral tensor matrix, applies # and ¢ to pass to A as
needed, and the product of all of these elements becomes the coefficient on
m. Missing its top, the rest is an upper tetrahedral tensor matrix which now
fitsin an (n — 1) x (n — 1) x (n — 1) integer lattice.

Next, df collapses the i-th row, column, and layer onto the (i+1)-st row,
column, and layer. Of course, € and 6 are used to make sure the elements
are in the correct k-algebra for the position in which they end up. This new
upper tetrahedral tensor matrix now fits in an (n — 1) x (n — 1) x (n — 1)
integer lattice.

Finally, d} removes the back of the upper tetrahedral matrix, applies the
appropriate morphism to pass to A, and the product of all those elements
becomes the coefficient on m.
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Definition 5.5. Call the homology of the above complex the ternary
Hochschild homology of the commutative quintuple (A, B, C, ¢, ) with coef-
ficients in M. Denote it by HX((A, B,C,¢,0); M).

Remark 5.6. Observe that
HX((A,B,C,e,0); M) = H 5P (A, B, C,e,0); M)

by construction of the former, so the ternary Hochschild homology can be
thought of as a type of higher order Hochschild homology.

Remark 5.7. Although similar in name, notice the distinction between
the tertiary and ternary Hochschild homologies. We observe, without going
through the details, that the tertiary Hochschild homology (see Definition
4.8) can also be written as a higher order Hochschild homology associated
to a simplicial trio (X[,Y/, Z.). This simplicial trio (X,,Y,, Z.) is similar
to the simplicial trio (X, Ys, Z,) used for the ternary Hochschild homology.
Take X, = X,, take Y/ to be Y, but without the *V?’s, and take Z. to be
Ze but gain the “Vlc”s. However, one notices that the tertiary and ternary
Hochschild homologies do agree when taken over a commutative quintuple
(A, B, B,e,id).

Remark 5.8. Notice that when C' = B = k, we have that ¢ : k — A is the
inclusion from A being a k-algebra, and 6 : k — k is the identity. Hence,
we recover the usual Hochschild homology.

Indeed, we have several natural morphisms between the ternary Hochschild
homology and other familiar homologies. The first is ¢f : H,(A, M) —
HX((A, B,C,¢,6); M) induced by the inclusion ¢1 : A®" «— A®"@BO("—Dg
c® s . There are two natural morphisms ¢3, 15 : H,((A, B,e); M) —
HY((A,B,C,&,0); M) induced by the two obvious inclusions 3 and 3 of

AP B®n(n2_1) s A®" @ BOn(n—1) g C®%. That is, each of 9
and ¢3 is the identity on A, and we can map an element b;; € B®n(n271) to
either position (j,7,1) or (j,1,1) in A®" @ B&"n—1) g o

Finally, there is the obvious morphism between the tertiary and ternary
Hochschild homologies 6, : H,,((A, B, C,¢,0); M) — HX((A, B,C,¢,0); M).
This is induced by the morphism of commutative k-algebras § : C — B in
the natural index.
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6 Observations and future work

We notice that there is nothing special about investigating S® in Section
3. As already mentioned, analogous constructions have already been done
for S! via the classic bar resolution (see [18]), as well as S? (see [16]). In
fact, one can perform similar constructions for S? for any d > 1 where the
simplest simplicial set modeling S¢ is obtained by considering a d-simplex
and identifying the boundary to a single point. However we very quickly
run out of dimensions to adequately visualize the elements, but they are
organized in a very similar fashion as what was presented in Section 3.
So instead of a 3-dimensional tetrahedral tensor matrix representation, we
would need a d-dimensional hyper-cube matrix representation, but indexing
the elements would be similar.

We also observe that there was nothing special about focusing on ho-
mology. The cohomology can be done in an almost identical fashion. One
would still use the pre-simplicial algebra in Example 3.6 and the bar-like res-
olution in Example 3.10. However, we would need to use the Hom Lemma
(instead of the Tensor Lemma) along with a pre-cosimplicial module defined
very similarly to the pre-simplicial module in Example 3.13. As mentioned
earlier, we concerned ourselves solely with pre-simplicial modules (instead
of simplicial modules) since the face maps are sufficient to obtain a chain
complex. We did this to simplify the construction, as adding the degeneracy
maps adds a considerable and unnecessary length to what we desired.

The description for higher order Hochschild cohomology over S? was
refined in [5], which lead to the observation of the existence of a G-algebra
structure for H,(A, A) by way of an operad. Using the obvious description
adapted from Section 3 for Hg;(A, A), one can imagine the existence of an
operad which would be described in three dimensions quite similarly to what
was realized in two dimensions in [5].

For Section 4, we again note that the tertiary Hochschild cohomology
can be defined in a completely similar fashion, but we omitted it in this
paper. This construction can be seen in full detail in [3]. This cohomology
is interesting since A is now simultaneously viewed as a B-algebra and a
C-algebra (due to Remark 4.2). This was used to study deformations of
algebras A that have this B-algebra and C-algebra structure in [3].

One of the main motivations for us to consider the tertiary Hochschild
homology in Section 4 was due to the organization of the elements inspired
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from Section 3. However, just as before, there is nothing special about the
tertiary. One could conceivably define quaternary and quinary Hochschild
homologies, and so on. One runs in to the same issues as above where the
real challenge is not necessarily organizing the elements, but accurately and
conveniently visualizing them. One also wonders if the tertiary Hochschild
homology fits into some long exact sequence relating to the other Hochschild
homologies that have been studied.

In the constructions presented in Sections 3 and 4, a bar-like resolution
is used. This is similar to what was done in [16] and [18]. One of the main
questions that one could ask is if we can replace these modules just like the
classic bar resolution can be replaced by any other projective resolution of
the algebra. It’s not too difficult to come up with sufficient conditions of
what a replacement could look like, but finding a practical example seems
to be our major issue.

The obvious visual representation that we have exploited throughout
the paper led us to the generalization presented in Section 5. Since we have
already established that there is nothing special about three dimensions,
we note that of particular interest is to view a higher order Hochschild
homology associated to a simplicial n-tuple defined in a natural way. Taking
the n-tuple to model (S',52%,...,5" 1, D") would give a nice geometric-
inspired generalization. This is what was done in [9] when they considered
a simplicial pair (S, D?). As above, however, one must combat a difficult
visual representation, of which we intentionally omit in this paper.
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