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CONSTRUCTING HOLDER MAPS TO CARNOT GROUPS

STEFAN WENGER AND ROBERT YOUNG

ABSTRACT. In this paper, we construct Hélder maps to Carnot groups equip-
ped with a Carnot metric, especially the first Heisenberg group H. Pansu and
Gromov [7] observed that any surface embedded in H has Hausdorff dimen-
sion at least 3, so there is no a-Holder embedding of a surface into H when
a > % Ziist [17] improved this result to show that when a > %, any a-Holder
map from a simply-connected Riemannian manifold to H factors through a
metric tree. In the present paper, we show that Ziist’s result is sharp by con-
structing (% —€)-Hoélder maps from D? and D3 to H that do not factor through
a tree. We use these to show that if 0 < a < %, then the set of a—Holder maps
from a compact metric space to H is dense in the set of continuous maps and

to construct proper degree—1 maps from R? to H with Holder exponents arbi-

; 2
trarily close to 5.

1. INTRODUCTION AND STATEMENT OF RESULTS

The first Heisenberg group H, equipped with a Carnot metric, is a subrieman-
nian manifold. The Hausdorff dimension of such a manifold is greater than its
topological dimension; the Heisenberg group, for instance, has topological di-
mension 3 and Hausdorff dimension 4. It follows that there is no surjective
Lipschitz map from R3 to H, since Lipschitz maps cannot increase Hausdorff
dimension. Indeed, the image of the 3—-dimensional unit ball D3 under an a—
Holder map has Hausdorff dimension at most %, so when a > 43'1’ there is no
a-Holder map from D? to H whose image contains a metric ball.

When a < %, a construction like that of Kaufman [10] can be used to con-
struct an a-Holder map from D? to H whose image contains a ball, but when
% <a< %, the topology of such maps is very restricted. These conditions arise
from the fact, proved by Gromov in [7, 0.6.C, 2.1] and therein also attributed to
Pansu, that any surface embedded in H has topological dimension 2 but Haus-
dorff dimension at least 3, so if a > %, then the image of a surface under an a-
Holder map cannot be a surface. Indeed, Ziist [17] showed that if M is a simply-
connected Riemannian manifold and f: M — H is a—Hélder with a > 2, then f

factors through a metric tree. Moreover, Le Donne and Ziist [11] proved that if
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a> % then any a-Hoélder surface in H (if it exists) must intersect many vertical
lines in a topological Cantor set.
In [7, 0.5.C], Gromov asked:

Given two [Carnot—Carathéodory] spaces V and W and a real
number 0 < a < 1, describe the space of C*-maps f: W — V.
For example, when can each continuous map W — V be uni-
formly approximated by C*-maps? When can W be C*-embed-
ded into V? When are V and W C* homeomorphic? etc.

The special case of finding the maximum a such that there is an a—Holder home-
omorphism from R3 to H has become known as the Holder equivalence prob-
lem. It follows from the results of Pansu and Gromov [7, 2.1] or Ziist [17], both
mentioned above, that if a > % then there is no locally a-Hélder homeomor-
phism from R? to H and that continuous maps from R? to H cannot be approxi-
mated by a—Hélder maps. On the other hand, a smooth or C? map from R3 to H
is locally %—Hélder, so a continuous map from R3 to H can be approximated by
alocally %—Ht’)lder map, and there are many locally %—Ht’)lder homeomorphisms
from R3 to H.

In this paper, we will partially answer Gromov’s question by showing that
there are many a-Holder maps from R” to H for « arbitrarily close to %, in-
cluding maps that are topologically nontrivial (e.g., proper and degree-1) and
maps that approximate arbitrary continuous functions. Our constructions build
on techniques developed in [15] and [12]. Results like this were first suggested
by unpublished work of Piotr Hajtasz, Jake Mirra, and Armin Schikorra, who
explored constructing Holder maps by numerical methods and found results
pointing to the possible existence of nontrivial surfaces in H with Hélder expo-
nent larger than % [13].

Our first result provides Holder extensions of maps from subsets of R? to gen-
eral Carnot groups equipped with a Carnot metric. In order to state our theorem
we recall the following definition. A pair (X, Y) of metric spaces X and Y is said
to have the a—Hélder extension property, 0 < a < 1, if there exists L = 1 such that
for every subset Z c X every (A, a)-Holder map ¢: Z — Y has an (LA, a)-Holder
extension ¢: X — Y.

Theorem 1.1. Let G be a Carnot group of step k, endowed with a Carnot metric
d;. Then the pair (R?, (G, d;)) has the a—Holder extension property for every a <
2

k+1°

In particular, given a closed Lipschitz curve y: S' — H, we can extend y to a
a-Holder map of a disc for any a < % Our construction produces a disc which
is not even locally an embedding, even if y is an embedding, and it is an open
question (see [7, 0.5.D]) whether there are a—Ho6lder embeddings from R? to H
for % <a< %

We can extend the construction used in the theorem above to produce Hélder

maps from 3-dimensional Riemannian manifolds to H. Let dg be the distance
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coming from a left-invariant Riemannian metric on H and let d. be the associ-
ated Carnot metric. Let Hz be the integer lattice in H.

Theorem 1.2. Forany a < % there is a locally a—Hélder map g: H, dg) — (H, d,)
which is Hz—equivariant (that is, g(h-x) = h- g(x) for all h € Hz and x e H) and
equivariantly homotopic to the identity.

As a consequence, we obtain the following approximation result.

Theorem 1.3. Let Y be a compact metric space and let0 < a < % Any continuous
map ¢: Y — H can be approximated uniformly by a-Hélder maps.

This exponent is sharp; when % < a <1, [17] implies that any a-Holder map
w: D? — H factors through a metric tree, so y(dD?) has filling radius zero. A
curve with nonzero filling radius cannot be uniformly approximated by curves
with filling radius zero, so if ¢: D? — H s a continuous map such that cp(GDZ) is
a simple closed curve, then ¢ cannot be uniformly approximated by a-Holder
maps when a > %

The map constructed in Theorem 1.2 is self-similar, and by taking a tangent
cone at a carefully-chosen point, we furthermore obtain the following result.
Recall that a continuous map between metric spaces is called proper if preim-
ages of compact sets are compact. A Euclidean similarity is a composition of a
scaling, translation, and rotation/reflection. A Heisenberg similarity is a scaling
composed with a left-translation.

Theorem 1.4. For any e > 0, there is an 0 < ¢’ < € such that there is a globally
(% —€')-Hélder map F: R® — (H,d.) which is proper and of degree 1. This map
is self-similar in the sense that there is a Euclidean similarity h: R® — R3 and a
Heisenberg similarity m: H — H, both with scaling factors bigger than 1, such
that m(F(h~'(x))) = F(x) forall x € R,

Gromov showed [7, 3.1.A] that a-Ho6lder maps from R3 to H must have local
degree zero when a > % and asked whether this exponent can be improved; this
construction shows that Gromov’s result is sharp.

We now give an outline of the proofs of our results. In order to prove Theo-
rem 1.1 it is enough to show that there exists L = 1 such that every A-Lipschitz
curve y: S! — (G, d,) admits an (LA, a)-Holder extension f: D? — (G, d,) to the
2-dimensional unit ball D? (see [12, Theorem 6.4]).

We construct such an extension using methods based on the Holder exten-
sion results in [12]. The main ingredient is the so-called coarse Dehn function,
also known as Gromov’s mesh function, which is roughly defined as follows. Let
X be a geodesic metric space and € > 0. For r > 0 the coarse Dehn function
Arx ((r) is the smallest number such that any closed curve in X oflength at most
r can be subdivided into Arx ¢ (r) closed curves of length at most €. We refer to
Section 2 for a precise definition. When X is a Carnot group G of step s, equipped
with a Carnot metric d,, it can be shown that

Ar(G,y,z () < C-n**! 1)
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(see Lemma 3.3).

Fix a closed Lipschitz curve y in (G, d;) of length r. Using the bound (1) we
can construct nested subdivisions of y as follows. Let n € N be sufficiently large,
only depending on a and C, and set N = Cn**!. Then there exist closed curves
y}, .. ’7/11\/ oflength n~!r that subdivide y. Each curve y} can then be subdivided

into curves Y%j—l)N+1""’y§N of length n~2r, and so on. We will construpt the
Holder extension f of y so that its image is the closure of the union U; ; y;.

We start by constructing a family of nested discs in D?. Let BY = D? and let
B%,...,B}V c B? be disjoint discs of equal radius p, where p = N_%. We repeat
the process on each disc; for each i =0 and j = 1,...,N', we choose N disjoint
discs of.radius p*! inside B and label them B(‘]fr_ll)NH,...,B;.;“\,l. Let M; = D?\
Uj intB]l., so that

Sl :M0CM1CM2C---CD2
is an increasing sequence of subsets and |J; M; is the complement of a Cantor
set K.

Next, we define f on the boundaries of the discs so that f (0D?) = y and
f (aB]’.) = y;. for every i and j. We extend f to the rest of D? by noting that the
complement D?\J;, joB ; consists of the Cantor set K = ((D?\ M;) and infinitely
many connected components that are each homeomorphic to a genus 0 surface
with N + 1 boundary components. Let

. ) JN .
. +
S =B;\ U intB,,
m=(j—-1)N+1
be one such component. Then f sends the outer boundary OB]". to yj. and the N

inner boundary components to N curves y’! that subdivide y; Consequently,

we can extend f over S;. so that
. JN .
fsHe U oot
m=(j-1)N+1
and f is Lipschitz on S; This defines f on D?\ K. If we construct the exten-

sions to the Sj.’s carefully, we can ensure that f is Holder on D?\ K and extend f
continuously to K to obtain the desired map.

Note that f is far from injective. In fact, for any neighborhood U of K, the
image f(D?\ U) has Hausdorff and topological dimension 1; actually, the re-
striction f|p2\; factors through a graph.

This construction uses two main ideas: First, we can reduce the problem of
constructing a Holder extension of a closed curve y to the subproblem of con-
structing Holder extensions of each curve in a subdivision of y. That is, we can
extend y by subdividing y into y1,...,yn, constructing a map from an N-holed
disc M to G that sends the outer boundary of M to y and the boundaries of the
holes to the y;’s, and constructing Holder extensions of the y;’s. Second, we
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don’t need to actually solve any of the subproblems. As long as we can split the
original problem into smaller and smaller subproblems, we can pass to a limit
where all of them disappear.

We use a version of these ideas to construct the map from (H, dr) to (H, d.)
in Theorem 1.2, but the extra dimension adds some complications. To simplify
matters, consider constructing a map g from the Euclidean ball D3 to (H, d.).
As in the two-dimensional case, one can construct a sequence of nested sets
M; € M, c --- c D3, where M; consists of D3 with k; balls B{,...,B,ic_ removed.
One could attempt to construct a Hélder map by following the outline of Theo-
rem 1.1. Thatis, each ball B ; contains some collection of smaller balls Cy,..., Cy,.

If g is already defined on the outer sphere 0B j., one can extend it to B]’: \Uk Ck so
that it sends the inner spheres to a subdivision g(8C),...,g(0C,) of g(0B ;) The

images g(dM;) then form a sequence of finer and finer subdivisions of g(dD3),
and we can extend the map to all of D3 by passing to a limit.

The main difficulty with this outline is that the spheres and their subdivisions
need to be parametrized by Hélder maps. These are more difficult to construct
than the horizontal subdivisions of curves that we used in the two-dimensional
case. That is, in the two-dimensional case, we reduced from a horizontal curve
Y to its horizontal subdivision y1,..., Yy by constructing a map from a N-holed
disc M to the horizontal graph U; y; that sends the outer boundary to y and the
inner boundaries to the ;. Since the edges of the graph are horizontal, the map
on M can be taken to be Lipschitz and thus Hélder. Suppose instead that S is a
sphere in H, subdivided into spheres S, ..., Sy. Then there are continuous maps
from the N-holed ball M to US; that send the outer boundary to S and the inner
boundaries to the S;’s, but those maps may not be Holder, even if all of the S;’s
are images of Holder spheres.

This is difficult to solve directly, so in Sections 4-5, we develop a different ap-
proach to constructing Hélder maps. We give a brief sketch. We start by choos-
inga 0 < s < 1 and constructing a sequence of simplicial complexes X;. We scale
the metric on X; so that each simplex is a regular simplex with sides of length s
and ask that the X; approximate (H, d;) more and more closely in the sense that
there are C > 1 and bilipschitz homeomorphisms ¢;: X; — (H, dg) that satisfy

Cldx, (x,y) - Cs' = dc(1;(x),1;(y)) < Cdx, (x,y) + Cs'

forall x,y € X;.

We construct a map P: Xy — H by composing a sequence of Lipschitz cel-
lular maps Q;: X; — X4 that are admissible maps. An admissible map is a
cellular map such that for each d > 0 and each d—cell § € #¢(X;), there is a col-
lection of closed balls Bf, . .,BZ c 6 with disjoint interiors such that Q; sends

each Bf homeomorphically to a d—cell of X;.; and collapses 5 \U; B? to alower-
dimensional set, i.e.,

i+1

Qi(é\UBf) c xé-n
j
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FIGURE 1. The maps P; and Q; send uncollapsed balls (small
triangles) to cells of X;; by similarities and collapse the region
outside the uncollapsed balls to lower-dimensional skeleta. The
four mid-sized triangles on the left are the uncollapsed balls of
P; = Qp and the small triangles are uncollapsed balls of P, =
Q1 © Qp. Note that P; collapses more and more of X to the 1-
skeleton of X; as i increases.

where Xﬁ;” denotes the (d — 1)-skeleton of X;,;. We call the Bf’s uncollapsed

balls, and we construct Q; so that the Bf 's are pairwise disjoint, as in Figure 1.
Let

P;=Qj-10---0Qp: Xg — X;.

If the Q;’s have small displacement in the sense that d.(1;41(Q;(x)),;(x)) < 5%,
then (; o P; converges uniformly to a locally Holder map P: Xy, — H; indeed,
dc(tjoP;, P) < st. Since lp is a bilipschitz homeomorphism from Xy — (H, dg),
the map g = Poy, ! will also be locally Holder.

In fact, this construction results in a map based on nested subdivisions of
curves and spheres, like the one outlined above. As i increases, P; sends larger
and larger pieces of Xj to the 1-skeleton of X;. That is, for any d, let Ml@ =
Pl._1 (Xlgd)) be the preimage of the d—skeleton of X;. The cellularity of Q; implies
that Mlgl) c Mﬁr)l forall i. Let 6 be a 2—cell of Xy and let M ; :=6n Ml?l). This is
the complement of the uncollapsed discs of P;. Each uncollapsed disc of P;.; is
contained in an uncollapsed disc of P; (see Figure 1), so U; le contains all of &
except for a Cantor set.

Let y := P(09); when s is sufficiently small, y will be a (1 —¢)-Holder curve
in H with diameter roughly 1. Such curves are generally not differentiable, so
they do not have horizontal velocities, but several authors have noted that they
satisfy an integral version of the horizontality condition, see for instance [11,
Lemma 3.1]. Let Ms;:=6n Mlgl) be the complement of the uncollapsed discs
of P;. Then P;(M;s ;) X;”, and there is an N such that M; ; is an N-holed
disc. The outer boundary of M;s ; is 06, so the images of the inner boundaries
of M5 ; subdivide y into closed curves vy1,...,yn, each of diameter roughly s'.
As i increases, these subdivisions grow finer and finer, and as in the proof of
Theorem 1.1, the restriction P|s is Holder.
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We see the same picture in the 3—cells. Let A be a 3—cell of X, and let S :=
P(0A) be a Holder sphere. Let Ma ; := AN Ml@; as before, this is A minus some
uncollapsed balls. Since P;(M, ;) is 2-dimensional, P sends the outer boundary
of My ; to S and sends the inner boundaries of My ; to a subdivision of S into
Holder spheres of diameter roughly s’. As i increases, the subdivisions grow
finer and finer, so that ultimately P|, is Holder.

Though we can write P in terms of subdivisions, our bound on the Hoélder
exponent takes a different approach. We sketch the bound here; for full details,
see Section 5. The main idea of the Holder bound is that because d,(t; o P;, P) <
si, the Holder exponent of P is bounded by the growth rate of Lip(P;), and we
control Lip(P;) by placing geometric conditions on the Q;’s.

First, we require that Q; is Lipschitz on X;D with Lipschitz constant indepen-
dent of s. This ensures that Lip(P;| Xén) does not grow too quickly. Second, we
require that there is an 0 < a < s such that for all i, the uncollapsed balls of Q;
are disjoint regular simplices of radius as’ and that Q; sends each uncollapsed
ball to a cell of X;,; by a similarity with scaling factor .

The Dehn function of the Heisenberg group puts an upper bound on the size
of a. That s, if § is a 2—cell of X;, then Q;(09) is a curve of length roughly st
in X;;1, which is to say that Q;(88) is a loop of roughly s~! edges. Filling such
a loop with a disc typically requires on the order of s~ triangles, so Q;|s might
have roughly s~3 uncollapsed balls. If these all have radius as’ and are contained
in a ball of radius s, then a < s%. In fact, we may choose Q; so that a = cs% for
some c independent of s.

We claim that there is a C such that

(f)' <Lip(P) <C (f)’ .

a a
The lower bound follows from considering uncollapsed balls. If B is an uncol-
lapsed ball of P;, then for each 0 < j < i, P;(B) is contained in an uncollapsed
ball of Q;. Since Q; scales P;(B) by (%, the composition P; scales B by a factor of
(5"

‘ The upper bound is more difficult, but the key idea is that for any x € X, we
may consider the sequence D;(x) of integers such that D;(x) is the dimension
of the cell of X; whose interior contains P;(x). This sequence is non-increasing,
and if D;(x) > 1 and P;(x) is not contained in an uncollapsed ball of Q;, then
Djs1(x) < Dj(x). Since D;(x) < 3, this can happen at most three times. That
is, for all but at most three values of i, either P;(x) lies in an uncollapsed ball
of Q; or P;(x) € X;D. But Q; is %—Lipschitz on uncollapsed balls and uniformly

Lipschitz on X;”, SO
. S\
Lip(P;) < C(E)

for some C depending on max; Lip(Q;).

We use this bound and the bound d,(¢; o P;, P) < st to show that P is locally
log s logs
loga > loga

. . . 3
—Hoélder, see Section 5. Since a = s: approaches % as s—0.
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1.1. Structure of paper. In Section 2 we establish basic notation used through-
out the text. We furthermore recall the precise definition of the coarse Dehn
function Arx . and the definition of an admissible map between complexes. Fi-
nally, we collect some background on Carnot groups needed for the rest of the
paper. In Section 3 we deduce Theorem 1.1 from the extension results proved in
[12].

In Section 4 we construct the triangulations X; of H and the maps Q;: X; —
Xi+1 used in the sketch. In practice, the X;’s are all scalings of one triangula-
tion Xy and the Q;’s are all scalings of one map Xy — X;. We compose scalings
of Q to produce a map P from X, to (H,d.). We give two constructions of Q;
to prove Theorem 1.2, we mainly need bounds on the Lipschitz constant of Q
and the volume of its cells, but to prove Theorem 1.4, we need some additional
conditions, which are provided by Lemma 4.3 and Lemma 4.4. These lemmas
deal with approximating continuous maps to arbitrary simplicial complexes by
admissible maps, and we defer their proofs to Appendix A.

In Section 5 we show that the map P satisfies the properties of Theorem 1.2
and prove Theorem 1.3. In Section 6 we analyze the tangent cone of P and prove
Theorem 1.4.

1.2. Acknowledgments. The authors would like to thank Assaf Naor for sug-
gesting Theorem 1.3 and to thank the referee for their hard work reading the
original version of the paper and providing critical feedback.

2. PRELIMINARIES

2.1. Basic definitions and notation. The Euclidean metric on R? will be de-
noted by |-|. For x € RY and r > 0, we let B(x,r) := {x € R? : |x| < r} and let
D% := B(0,1) be the closed unit ball.

Let (X, dx) be ametric space. The length of a curve cin X is denoted by ¢4, (¢)
or simply by ¢(c). Let (Z, d~) be another metric space. Amap ¢: Z — X is called
(A, a)-Holder if

dx(¢(2),9(2)) < A-dz(z,2)*
forall z, z' € Z. We say ¢ is a—Holder if it is (A, a)-Holder for some A > 0.

Let U c R? be open. The (parametrized) volume of a Lipschitz map ¢: U — X

is defined by

Vold((p) = vold((p;X) = / #zeU:p(z)=x} d76% (x),
X

where /¢ denotes the d-dimensional Hausdorff measure on X. If X is a Rie-
mannian manifold or a CW complex with piecewise Riemannian metric then,
by the area formula, vol?(¢p) agrees with the volume defined by integrating the
jacobian of the derivative of ¢.

2.2. Admissible maps. Let X be a simplicial complex. For d = 0 we denote by
Z4(X) the set of closed d-simplices in X and by X (@ the d-skeleton of X. Let
Z (X) be the set of cells in X of every dimension.
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We say that a continuous map f: D" — X" is an admissible map if there is
a collection of closed subsets By, ..., B € D", called uncollapsed balls, such that
the interiors of the B; are pairwise disjoint, f sends each B; homeomorphically
to an n—cell of X, and f(D"\UB;) c X1 We call k the admissible volume of
f, denoted avol(f; X) or simply avol(f) when it is clear what the target complex
is. This differs slightly from the definition given in [2], where the target space is
a CW complex and the uncollapsed balls are open balls.

Given simplicial complexes X and Y, we call a continuous map f: X - Y
admissible if f is cellular (i.e., f(X(i)) c Y@ for all i) and for every d—cell o €
Z%(X) with d > 0, the map f|, is admissible in the sense above. Note that if X,
Y, and Z are simplicial complexes and f: X — Y and g: Y — Z are admissible,
then go f is admissible.

2.3. The coarse Dehn function. The coarse Dehn function which we introduce
here is a slight variant of Gromov’s definition of mesh function given in [6], see
also [3, IILLH.2.1] or [4]. A triangulation of the closed unit disc D? is a homeo-
morphism from D? to a combinatorial 2-complex 7 in which every 2—cell is a
triangle. We endow D? with the cell-structure of 7. Let X be a geodesic metric
space and c¢: S! — X a Lipschitz curve. Let € > 0. An e-filling of c is a pair (P,7)
consisting of a triangulation 7 of D? and a continuous map P: 1) — X such that
P|g1 = c and such that £(P|sr) < € for every triangle F in 7. The e-area of c is

Are(c) :=min{|7|| (B 1) is an e-filling of ¢} .

Here, |7| denotes the number of triangles in 7. If no e-filling exists then we set
Arc(c) := 0o. The e-coarse Dehn function of X is defined by

Arx ¢(r) :=sup{Are(c) | c: S! — X Lipschitz, ¢(c) < r}

forr > 0.

It is not difficult to show that the asymptotic growth of Arx ((r) is a quasi-
isometry invariant. Moreover, under mild conditions on the underlying space
the function Arx ((r) has the same growth as the so-called Lipschitz Dehn func-
tion 6I;p(r) (see [12]). We will however not need this. Recall here that the Lips-

chitz Dehn function 6];(119 (r) measures how much (parametrized) area is needed
to fill a curve of length r by a Lipschitz disc in X.

2.4. Carnot groups and Carnot-Carathéodory distance. A connected, simply-
connected nilpotent Lie group G is called a Carnot group if its Lie algebra g ad-
mits a stratification into subspaces

g=Vie- -0V

such that [V}, V;] = Vi foralli=1,...,k—1and [V;, V] = 0. Here, [V}, V;] is the
subspace spanned by the elements [v, v'] with v € V; and v’ € V;. The number k
is called the step or nilpotency class of G.
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As Gis asimply-connected nilpotent Lie group, the exponential map exp: g —
G is a diffeomorphism. Since it is Carnot, G comes with a family of scaling ho-
momorphisms §,: G — G for r = 0. They are given by

ko
5 (exp(v)) = exp (Z r! vi)

i=1
for v = vy + - + vy with v; € V;. The derivative D6, of §, at x € G is given by
D8, (DoLx(v)) = ' DoLs, (x) (1) 2)

for all v € V;, where L, denotes left-translation by x and 0 is the identity element
of G.

The horizontal bundle T H is the subbundle of TG obtained by left-translation
of the subspace V;. Let gy be a left-invariant Riemannian metric on G such that
at 0 the subspaces V; are pairwise orthogonal with respect to gy. Let dr be the
distance coming from gy. A curve c: [0,1] — G which is absolutely continuous
with respect to dp is called horizontal if ¢'(t) € T¢(r)H for almost every ¢ € [0, 1].
The Carnot-Carathéodory distance (or Carnot metric for short) associated with
dpg is defined by

dc(x,y) :=inf{€g(c)| c: [0,1] — G horizontal curve from x to y}.

Here, ¢ (c) denotes the length of ¢ with respect to the metric dr. It can be shown
that the Carnot-Carathéodory distance is always finite and thus defines a met-
ric. It is moreover left-invariant and 1-homogeneous with respect to the scaling
automorphisms; that is,

de(6r(x),6,(x") = rdc(x, x")

for all x,x’ € G and all r > 0. The topologies induced on G by dp and d, agree,
however it is well-known that these metrics are not even locally bilipschitz equiv-
alent (except when G is abelian). Throughout this article, when we talk about a
Carnot metric on G we always mean one which is associated with a distance
coming from a left-invariant Riemannian metric such that at 0 the subspaces V;
are orthogonal.

We will need the following simple facts.

Lemma 2.1. Let G be a Carnot group of step k. Let dg be the distance coming
from a left-invariant Riemannian metric on G and let d. be the associated Carnot
metric. Then there exists L = 1 such that

(i) dr(x,x)<d.(x,x")<L-dgr(x,x")+L forall x,x' € G.
(i) foreveryx € G the curvey(r) := 6, (x) satisfies

CR(Ylis.) < L+ (de(x,0) + D)5 -1 — ]
forall0ss<t<1.

We provide a short proof for the convenience of the reader, compare with [14].
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Proof. The first inequality in (i) is clear. To prove the second inequality in (i),
notice that
L:=supld;(y,2): dr(y,z) <1} =sup{d.(0,x) : dr(0,x) < 1} < 0.

Let x, x' € G be distinct and set [ := dg(x, x'). Let y: [0, 1] — (G, dg) be a geodesic
from x to x', parametrized by arc-length. Let m be the largest integer smaller
than /. Then

dc(x,x) <) de(y(i—1),y(@) +dc(y(m),y(D)) < L-dg(x, x") + L,

i=1
which proves the second inequality in (i).

We now prove statement (ii). For x € G define the curve yx: [0,1] — G by
Yx(r) := 6, (x). Notice that

L:=supilly’.(nll: dr0,x) < 1,7 €[0,1]} < co.
Letxe Gand 0 < s < ¢ < 1. Suppose that dr(0,x) < 1. Then

t
fR(YxI[s,t])=/ Iyl dr < L-|t=s| < L+ (de(x,0) + D*-[£ = s].
N

Now suppose that dr(0,x) > 1. Let § be a geodesic with respect to dr from 0

to x. By (2), if { € (0,1), then
CR(b¢oP) <ElR(P) =¢dRr(0,x).

Let & = (dg(0,x)) 71, so that dr(0,6¢(x)) < lr(bgoPf) < 1.

By (2), 61 distorts length by at most a factor of ¢ —*, s0

CR(Yxlis) SE X CRBgoyilisn) :f_k'[R(')’&f(x)“s,t]) <L-&kot—s
and thus
CR(yxlisn) < L-(dr(0,))* - [t = 5| < L-(de(0,))" - £ s,

This proves statement (ii). O

Finally, we consider the first Heisenberg group which is the Carnot group of
step 2 given by H := R3 with the multiplication

(x, 3,2 -&,y,2)=(x+x,y+y,z+ 2 + xy). 3)
A basis of left-invariant vector fields on H is given by
X= 9 Y= 9 +Xx 9 Z = 9
- ox’ oy Tz T oz

and the Lie algebra h of H has the stratification h = span{X, Y} & span{Z}. We
denote by Hz := Z3 the integer lattice in H.

Let go be aleft-invariant Riemannian metric on H such that at 0 the subspaces
V1 and V, are orthogonal. It follows from (2) that for r = 1 the scaling automor-
phism 6, on H distorts 2-dimensional area in (H, go) at most by a factor r3 and
3-dimensional volume by a factor of exactly r4.
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3. FROM TRIANGULATIONS TO HOLDER EXTENSIONS

In this section we prove Theorem 1.1. The main ingredient is the next theo-
rem, which follows from the results proved in [12].

Theorem 3.1. Let X be a complete, geodesic metric space. Suppose there exist
K =1 and B =2 such that for allr >0 and n € N we have

Ary,z(r)<K-nP.
Then for every a < % the pair (R?, X) has the a—Holder extension property.

Proof. Let K = 1 and f = 2 be as in the statement of the theorem and let a < %

Choose n so large that

1 1
n:= o8n = ogn >a.

log2VKnP) log2+3-logK + g -logn
It follows from Proposition 7.4 in [12] that the space X is n—Ho6lder 1-connected
and, in particular, also a-Hoélder 1-connected. Thus, there exists C = 1 such
that every A-Lipschitz curve c: S' — X admits a (CA, a)-Holder extension to
D?. Now, Theorem 6.4 in [12] implies that the pair (R?, X) has the a-Holder
extension property, which completes the proof. U

We now apply the theorem to Carnot groups:

Corollary 3.2. Let G be a Carnot group and let d. be a Carnot metric on G. Let
K=1and =2 besuch that forallr = 1,

Ar(G,dc),l(r) <K- rﬁ.
Then the pair (R?, (G, d.)) has the a—Holder extension property for all a < %

Proof. Let n € N and r > 0. Since scaling automorphisms are 1-homogeneous
with respect to d. we have

Ar(G,dL»),i(r) =AI'(GYdC)’1(n) < K. nﬁ
and hence the corollary follows from Theorem 3.1. 0

Now, Theorem 1.1 follows from the corollary above together with the next
lemma.

Lemma 3.3. Let G be a Carnot group of step k and let d. be a Carnot metric on G.
Then there exists K = 1 such that

Ar(G,a1 (1) < K- rk*1
forallr=1.

The lemma could easily be deduced from the upper bound on the growth of
the Lipschitz Dehn function proved in [14] and the fact that the coarse Dehn
function has the same growth as the Lipschitz Dehn function (see e.g. [12]). We
prefer to give a direct proof here.
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Proof. Let dg be a left-invariant Riemannian metric on G such that d. is the
Carnot metric associated with dgi. Let L = 1 be as in Lemma 2.1.

Using the scaling homomorphisms it suffices to show that there exists K such
that

ArGayer(r) < K-rkt! 4)

for all r = 6L. In order to prove (4) let c: S' — (G,d,) be a Lipschitz curve of
length r = 6L. We may assume that ¢ has constant speed and that ¢ passes
through 0 € G.

We construct a 6L-filling (P, 1) of c as follows. Let M € N be the smallest in-
teger larger than ; and set v; := i for I = 0,..., M —1. Furthermore, let m be
the smallest integer larger than L- (r + 1)X. We define a triangulation 7 of D? as
follows. The set of vertices of 7 is the subset of D? given by the points vy = 0
and vji= % -vyforj=1,....mand [ =0,..., M—1. For [ =0,...,M -1 we add
edges between the points v;; and v, for j =0,...,m —1, where we have set
Vo,; = Vo,0, between v;; and vj 4 for j =1,...,m, where vy = vjo, and be-
tween v;;and vj,y, 4 for j=1,...,m—1. This gives a triangulation 7 of D? con-
sisting of less than 2mM triangles and thus |7| < Kr**!, where K only depends
on L and k. We now define a map P: 7'V — G by setting P|g := ¢ and by defin-
ing P(vj ) := 0 j (c(v)). We extend P to M by mapping the edges in W\ S to
geodesics with nfespect to the d.-distance. It remains to show that ¢.(P|3r) < 6L
for every triangle F in 7, where ¢, denotes the length with respect to the Carnot
metric d.. For this we use the estimates in Lemma 2.1. Firstly, we have

de(P(0},1), PWj141) = L - de(e(v), 0i1)) = - Lol < L.
Secondly, writing y;(£) := 8 ¢(c(v;)) we obtain that

1
dc(P(Vj,l),P(Uj.F]yl))SL'(R(')’”[Lji )+LsL2-(r+1)k-E+L52L.

The two inequalities together finally yield
dc(P(;), P(Vj41,141)) < 3L,

from which it follows that ¢.(Plsr) < 6L for every triangle F in 7. This proves
4). ]

4. CONSTRUCTING HOLDER MAPS FROM ADMISSIBLE MAPS

While one can construct Hélder maps from discs to Carnot groups by con-
structing a sequence of nested subdivisions, it is difficult to generalize this con-
struction to higher-dimensional domains. Instead, we will construct Holder
maps using admissible maps.

As in the introduction, we will construct a sequence of simplicial complexes
Xo, X1,-.., equipped with path metrics, a sequence of maps ¢;: X; — H, and a
sequence of admissible maps Q;: X; — X;,;. We then define P;: Xy — X;,

P;:=Qj-10---0Qq,
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andlet P: Xo — H, P:=1lim;(; o P;. The map P is the desired Hélder map. In this
section, we will give the details of the construction by defining X;, ¢;, and Q;,
and in the next section, we will show that P is Holder.

We will define the X;’s to be scalings of a single triangulation X of H. Re-
call that Hz < H is the lattice of integer points. Let X be an Hz—equivariant
piecewise-linear (PL) triangulation of H. That is, X is a tuple X = (Y,1,{) of a
simplicial complex Y, a PL homeomorphism ¢: ¥ — H, and a left Hz—action
Clgl: Y — Y, g € Hz, such that «({[g](x)) = gt(x) for all g e Hz, x € Y. The ex-
istence of such a ¢ relies on the fact that by (3), if a: R" — H is affine, then for any
g € H, the translate v — ga(v) is also affine. This induces a subdivision of H into
simplices (L(U)) veF(Y)" Since ¢ is equivariant, the action of Hz on H permutes the
simplices in this subdivision. We write x € X to denote a point in the underlying
simplicial complex Y of X and define gx = {[g](x) for g € Hz, x € X. Let dx be
the standard metric on X, i.e., the path metric such that every simplex of X is
isometric to the unit regular simplex. Since ¢ is PL, it is a bilipschitz equivalence
from (X, dp) to (H, dr), where dp is the Riemannian metric on H.

Let n > 1 be a large integer to be chosen later, and let s = n~!. For each i
and for each i = 0, let X; be X scaled by st. Thatis, X; = (Y,1;,{;), where (; =
0,-ictand {;[gl(x) = ([0,:(@1(x) =6,i(g)x forall ge Hz, x€ X. Then X; isa
triangulation of H, and for each o € & (X;) with dimo > 0, the simplex ¢; (o) has
d.—diameter roughly si. Furthermore, t; is Hz—equivariant, i.e., for all x € Xj,

L(Ci181(x0) = 8 ,-i (116, (©)1())) = 6 -1 (8 4 (8)1(x)) = 86 -1 (1(x)) = gL (x).

As before, for x € X;, we let gx denote {;[g](x).

We equip X; with the metric d; = s’da. Since ¢ is a bilipschitz equivalence
from dj to d; and d, is quasi-isometric to dg (Lemma 2.1), ¢ is a quasi-isometry
from (X, da) to (H, d.). That is, there is a k > 1 such that for any x, y € X,

ktda(x,y) — k < de(1(x), 1)) < kda(x, ) + k. (5)

By the scale-invariance of d,, d.(1;(x),¢;(y)) = sidc(t(x),t(y)), so multiplying (5)
by s’ gives

ktd;(x,y) — ks’ < d.(;(x),1:(0) < kdi(x,y) + ks'. (6)

Thatis, (X;, d;) approximates (H, d.) more and more closely as i increases.

We will construct P: Xy — H from a sequence of Hz—equivariant admissible
maps Q;: X; — Xj41. Since all of the X;’s have the same underlying simplicial
complex, we can construct the Q;’s as a scaling of a map Q: X — X which is
equivariant as a map from X, to Xj, that is, Q({o[g](x)) = {1[g](Q(x)) for all g €
Hz, x € X. Since {;[g](x) ={[6,:(g)](x) for all g e Hz, x € X, we have Q({[g](x)) =
(16,(8)1(Q(x)) and

Qi [g1(x)) = Q16,1 (&N (x)) = 16 i1 (RINQ(X)) = {141(81(Q(X))

for any i = 0. That is, if Q is Hz—equivariant as a map from X, to Xj, then it is
Hz—equivariant as a map from X; to X;; forany i = 0.
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We construct Q so that it satisfies the following properties. A similarity from
one simplex to another is a map that scales the metric by a constant factor, i.e.,
a rotation or reflection followed by a scaling.

Lemma 4.1. There are c, ng > 1 such that for every n > ny there is an admissible,
surjective, degree—1, Hz—equivariant Lipschitz map Q: Xo — X that has the fol-
lowing properties. Let Q;: (X;,d;) — (Xj+1,d;i+1) denote Q viewed as a map from
X; to Xj41.

(1) Foralli, Lip(Q;) =Lip(Q) and Lip(Qilym) <c.
(2) Qi has small displacement. That is, for every x € X;,

de(t; (%), 1:41(Q; (X)) < cs'.

3) Leta=c'n"3; note that 0 < a < s < 1. Foro € F4(X;) with d = 2,3,
every uncollapsed ball B of Q;|, is a regular simplex with edges of length
as', i.e., B is a copy of o scaled by a.

(4) For any uncollapsed ball B, the restriction Q;|g is a similarity from B to a
simplex of X1, with scale factor 3.

(5) Thereisanr >0 independent of n such that for any o € F3(X,), thereis a
q € H such that

d.(q,11(Q(Xp\ ) >r.

Before we prove the lemma, we will sketch how to use the lemma to con-
struct Hélder maps. Indeed, the map in Theorem 1.2 can be constructed from a
map Q; that satisfies conditions (1), (3), (4), and the condition that there is some
D(n) > 0 such that

de(t;(x),1i+1(Q; (X)) < D(m)s’ forall x € X. 7

This is a version of (2) in which the bound on displacement is allowed to depend
on n.

Given Q and Q; satisfying these conditions, we let P;: Xy — X;, P; = Q;j_j©
---0Qp. We claim that (i; o P;); converges uniformly as i — co. By equation (7),
for any x € Xy, we have

de(1:(Pi (1)), 1741 (Pis1 (1)) = de(1i (P (0)), 1i+1(Q; (P; ()))) < D(m)s”,

so (tj o P;); is uniformly Cauchy. Let P: Xy — H, P =lim;; o P;. Since s < %,

de(1i(Pi(x)), P(x)) < % <2D(n)s". (8)

Combining (6) and (8) with a bound on the growth of the Lipschitz constants
of the P;’s leads to Holder bounds on P. For example, condition (1) of Lemma 4.1
implies the following bound.

Lemma 4.2. Let Q;, P;, and P be as above and lete > 0. If n is sufficiently large,
then Pl is locally (1 — €)-Holder.
0
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Proof. Letx,y€ Xél) such that 0 < dp(x,y) < 1. Let p= 2 <1 and let i > 0 be the

integer such that p'*! < dy(x, y) < p’. By condition (1) of Lemma 4.1 and the fact
that Q; is cellular, we have Lip(P;| ) < ¢'. Let k be as in (6). Then by (8),
0

de(P(x), P(y)) <4D(n)s’ + dc(1; (P;(x)), 1;(P; ()))

; ;o . 4D(n)+2k logs
<4D(n)s' + kc'p' + ks' = Ls”rl < K'dy(x, y)Tose,
s

where K' = K'(n) = w. As n — oo,

1 -
lim —8° _ Jim _ —logn =1.

n—oologp n—oo—logn—logc
When n is large enough that 113% >1—c¢,

logs
dc(P(x),P(y) < K'dp(x, y)@ < K'dy(x, )",

as desired. O

That is, a bound of the form Lip(P;) < K (n)L! implies that P is locally %—
L

Hoélder. To prove Theorem 1.2, it suffices to show that Lip(P;) < K(n) - (g)i for
some K(n), and we will use conditions (3) and (4) to prove this bound in Sec-
tion 5.

When 7 is sufficiently large, condition (5) lets us show that forany o € & 3(X0),
there is a y € o such that

d.(P(y),P(Xp\0))>r—2cs > %;

we will use this in Section 6 to construct a proper tangent cone of P and prove
Theorem 1.4.

Since Theorem 1.2 relies only on the existence of a map satisfying equation (7)
and conditions (1), (3), and (4), we will sketch the construction of such a map for
readers who are primarily interested in Theorem 1.2. For each vertex v € #°(X),
choose Q(v) to be a vertex of X; that minimizes the distance d.(1y(v), 11 (Q(v))).
By (6), for each edge e = [v, w], we have d; (Q(v), Q(w)) < 1. Define Q on e to
be a shortest path in X{” from Q(v) to Q(w), parametrized with constant speed.
There is a ¢y > 0 independent of n such that this path has at most cyn edges, so
Lip(QIXén) < ¢y, i.e., Q satisfies condition (1).

For every triangle 0 € & 2(Xy), the image Q(00) is a closed curve in Xl(l) with at
most 3con edges. Since the Heisenberg group has a cubic Dehn function, results
of [2] imply that there is a ¢; > 0 such that we can extend Q to an admissible
map on o with avol(Q|,) < c; n3. We can take the uncollapsed discs of Q|, to be a
collection of disjoint balls. There is a homeomorphism from o to itself that sends
these disjoint balls to a collection of disjoint regular simplices of edge length

roughly 1
1 \2 _
(Cl n3) s

Nlw
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We compose Q with this homeomorphism so that it satisfies condition (3), and
by applying a further homotopy, we can ensure that it satisfies condition (4), see
Lemma 4.4 and Appendix A.

Now, for every tetrahedron A € & 3(Xy), the image Q(0A) is a 2-sphere in X,
consisting of at most 4c; n® triangles. The filling volume function of the Heisen-
berg group grows like FV3(¢) = £3, so, using results of [2] again, we can extend
Q to an admissible map on A with disjoint uncollapsed balls and avol(Q|A) <
FV3(4c1n®) < cn*. There is a homeomorphism that sends the uncollapsed balls
of Q| to disjoint simplices, so we can adjust Q to satisfy conditions (3) and (4).

All of these constructions can be done equivariantly, so Q can be chosen to
be Hz—-equivariant. Since Hz acts cocompactly on H, the map 130 Qo ! has
bounded displacement; say that there is some D(n) such that

dc(1o(x),11(Q(x))) < D(n)
for all xe X. Then
et (20,1741 (Q; (X)) = de (8 4i (19 (x)), 8 4 (11 (Q(x)))) < s D(n),

so equation (7) holds. Then Q and the Q; satisfy the desired conditions, so Q
can be used in the proof of Theorem 1.2. Readers who are primarily interested
in Theorem 1.2 may turn to Section 5 for the proof.

To achieve conditions (2) and (5) as well, we need stronger control over the
geometry of Q. We thus construct Q by first constructing a map ¢: Xy — Hwhich
is close to (, then approximating tl‘l o ¢ by an admissible map A: Xy — X, and
finally adjusting A to satisfy conditions (3) and (4). Let x > 0 be small enough
that for every 3—simplex A € & 3(Xy), the image 1y (A) contains a d.—ball of radius
k. Any curve in H can be approximated arbitrarily closely by a horizontal curve,
so there is an Hz-equivariant PL map ¢: Xo — H such that ¢ is horizontal on
every edge of X, and

de(p(2), 10(0)) < g )

for all x € Xy. Then Ll_l o ¢ is an Hz-equivariant PL map from Xj to X;. By the
following lemma, which is proved in Appendix A, we can approximate LII o¢ by
an admissible map A: Xy — X;.

Lemma4.3. Let Y, Z be finite dimensional simplicial complexes equipped with
the standard metric, and letw: Y — Z be a Lipschitz map. Then there is an ad-
missible Lipschitz mapy: Y — Z such that:

(1) ForasubsetSc Z, letsupp S be the smallest subcomplex of Z containing
S. For any simplex o € & (Y), we havew (o) c suppy (o).

(2) Foranyedgeee & L), Y (e) is an edge path parametrized with constant
speed.

(3) Foranysimplexo € #(Y),

avol(ls) <b- ) Voldim(al)(wlgr) (10)
o'e%(0)

for some constant b depending only on the dimension of Z.
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Ify is equivariant theny can be taken to be equivariant as well.

Let A= ll_l o¢: Xy — X; be the map obtained by applyinh Lemma 4.3 to the
map ¥ = LII o¢. We claim that A is Lipschitz on Xén with a Lipschitz constant
independent of n and that avol(Als) < Cn*lforalld =2 and 0 € F4(Xy). The
bound on the Lipschitz constant will help us achieve condition (1) in Lemma 4.1,
and the bound on avol(A|;) will help us achieve conditions (3) and (4).

Let

M= max voli(l,),
0eZF1(Xy),d=1 R Plo

where Volﬁ is d-volume with respect to the Riemannian metric dg on H. This
maximum exists because there are only finitely many cells of Hz\X,. We can
bound the number of uncollapsed discs of A in terms of M and n. Let £y and
¢, =n"1¢y be length with respect to dy (the standard metric) and d;, and let
Volg and Vol‘li denote d-volume with respect to dy and d;.

Let e be an edge of Xp. Then A, is an edge path in X;. By (10),

01(Ale) = n”tavol(Al,) < ™ b(Lo (7 o ple) +2).
Since ¢ is horizontal on each edge e of X and « is bilipschitz,
Coy o le) = Lo 08,0 Ple) = LR(BnoPle) = NlR(le) < nM.
Therefore,
01(Al)) = n 'b(nM+2) < bM +2bn™?,
S0 A| e is (M +2)b)-Lipschitz.

Recall from Section 2.4 that §, distorts 2-dimensional area by a factor of at
most 12 and distorts 3-dimensional volume by a factor of n*. Thusif d > 2,

vold (57 0 Ply) = vOl4 (8, 0 plg) < N M.

It follows that there is a C = C(X, ¢) > 1 such that Lip(A| x0) <C and
0

avol(Al,) < Cn+! (11)

foranyd =2 and any o € gd(Xo).

We construct Q by adjusting A to make the uncollapsed balls into regular sim-
plices. We use the following lemma, which will be proved in Appendix A. A col-
lared ballin a d-dimensional manifold M is the image of the radius—% Euclidean

d-ball B(0, %) c R? under an embedding of the unit ball B(0,1).

Lemma 4.4. LetY, Z be finite dimensional simplicial complexes equipped with
a multiple of the standard metric, and let f: Y — Z be an admissible map. For

each simplex o € FAY) withd = 2, let B",...,B;’Vol(f| yco be the uncollapsed

balls of f|s and lett7 = f(B7) € F%(Z) be the corresponding cells of Z.

LetCi’, e Cgvol(flﬂ) c o bedisjoint collared balls and letg?: Cl?’ — T? be home-

omorphisms with the same orientation as f1ge. Then f is homotopic to an admis-
siblemap h: Y — Z such that:

(1) h agrees with f on Yy,
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(2) For each simplex o € F4(Y) with d = 2, the uncollapsed balls of hl|, are

the C{'’s, and for each i, h agrees with g7 on C?.

(3) For every simplexo € Z4(Y), h(o) c supp f(0).
If f is Lipschitz and the g7 s are Lipschitz, we can take h to be Lipschitz on each
cellof Y; if f and the g{ s are equivariant, we can take h to be equivariant as well.

We use these lemmas to prove Lemma 4.1.

Proof of Lemma 4.1. We first construct Q. Let ¢ > 0 be a large number to be cho-
sen later. For each simplex o € g/:d(XO) with d = 2, let BY,...,B be the

uncollapsed balls of A|, and let T? = A(B;T) e ZYXy).
Let C > 1 be as in the remarks after Lemma 4.3, so that Lip(A| x0) <C and
0

avol(Aly) < Cn%*! for each d = 2,3 and each simplex o € gd(Xo). Let § >0 be
small enough that for d = 2,3 and for any N > 0, one can construct N disjoint

o
avol(Aly)

regular simplices of edge length SN =7 in the interior of the unit regular simplex
A? (for instance, by inscribing a cube in A%, subdividing the cube into a grid
with [N ‘5] grid cells on an edge, then inscribing a regular simplex in each grid
cell).

Letcy = ,B_IC%. Forany c>c¢pand d =2,3,

a=c'n2< ,BC_%n_% < B(Cno*ha.
Thus for each d = 2,3 and each cell o € #4 (Xp), we can construct

[ [ s
Cys-- o Cvolay,) € Into

which are disjoint regular simplices of edge length a. For each o and i, let
g7 C7 — 77 be a similarity with the same orientation as A|gs and scale factor
diamz{
diamC} ~— a°

Let Q: Xp — Xj be a Lipschitz, Hz—equivariant, admissible map satisfying
Lemma 4.4 for this choice of C7 and g7. Then Qp = Q satisfies conditions (3)
and (4) of Lemma 4.1. Since Q; is the same map as Q, with the metric on the
domain and range scaled by s, Q; satisfies conditions (3) and (4) for any i.

We claim that Q; satisfies the rest of the desired conditions. Since d; = s'd,
for all i, we have Lip(Q) = Lip(Q;) for all i. By Lemma 4.4, legn = Alxé”' SO
Lip(QiIXlgn) < C by our choice of C. Thus, (1) holds when ¢ > C.

Condition (2) claims that d.(1o(x), 11 (Q(x))) < 1 for all x € Xp. Let x € X; and
let o be a simplex of X that contains x. Then

de(1o(x),11(Q(x))) < dc(1p(x), P(x)) + dc(Pp(0),11(Q(x))) + diam (o).
By (9), dc(19(x),p(x)) < § < 1. Likewise,

diam¢(o) < max diam¢() < 1.
569(){0)

Finally, we have
Q(x) € Q(0) < supp A(g) < suppsupp(t; L (p(0))) = supp(t;* (o).
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Since simplices of X; have side length s,
A (Q(x), 11 (o) < 5.

By (6),

de(11(Q(x)), p(0)) < 2ks S 1.
Summing these inequalities, we find that there is a universal constant ¢, > 0
such that d (19 (x), 11 (Q(x))) < c¢2. Then condition (2) holds for all ¢ > c,.

In fact, tp and 1; 0 Q: Xy — H are homotopic by a straight-line homotopy that
moves each point distance at most c,. Since ¢ is a degree-1 map, so is ¢; 0 Q.
Thus Q is a surjective, degree-1 map.

Finally, recall that by the construction of iy, there is a x > 0 such that for every
o€ F3(Xp), thereis a point g € H such that if y € Xy \into, then d.(q,1,(y)) > .
By (9),

de(q, (1) > g (12)

_ K
Letr = Z,let

D= max diamiy(a)
acF(Xo)

and let np = %. Suppose that n > ny.
Suppose that 7 € F3(Xy) and 7 # 0. Since 7 < X \ into, we have d.(q,¢(1)) >
5, and we claim that d(q, (Q(7))) > r. By Lemma 4.3 and Lemma 4.4,

Q(1) c supp A(1) = supp (LII o (,b(r)) < supp (Ll_l (P(1))).

That is, for any w € Q(7), there are z € T and a € & (X)) such that {w,tl‘1 (Pp(2)} c
a and thus

de(t (), p(2)) < diamu (@) < Dn~! < Z.
By the triangle inequality,

de(q,1 (W) =z de(q,$(2)) — de(P(2), 11 (w)) > Z =T.
Therefore, d.(q,t1 (Q(7))) > r. Since this holds for every 1 # o, we have

de(q,1(Q(Xp\ o)) > r.
This proves condition (5). n

5. HOLDER BOUNDS FOR P

Let ¢ be as in Lemma 4.1. By condition (2) of Lemma 4.1, for any x € Xy, we
have d.(1;(P;(x)),1i+1 (Pi+1(x))) < cs', so the P;’s converge uniformly. Let P =
lim;¢; o P;. Then

i

do (1 (P (x)), P() < % <2cs'. (13)

In this section, we will prove an exponential bound on Lip(P;) and combine
it with (13) to prove Holder bounds on P. We bound Lip(P;) as follows.
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Lemma 5.1. Letc, n, a= c‘ln‘%, and Q;: X; — Xj4+1 be as in Lemma 4.1. Let

Pi=Qj-10---0Qp. There is a C > 0 depending on X and n such that Lip(P;) <
C-(3)".

Proof. Let A;: Xy — R be the local Lipschitz constant
Ai(x) = rlirg Lip(P;i|B(x,r),

where B(x, r) denotes the ball with respect to dy. Let L = Lip(Qy); since the Q;’s
are scalings of Q;, we have L = Lip(Q;) for all i. Since Q; scales uncollapsed balls
by 2, we have 2 < L, but 2 will typically be much smaller than L. In general,
Ai+1(x) = LA;(x), and we will prove the lemma by showing that A;4;(x) < 21 i (%)
for all but six values of i.

For each i, define D;: Xy — {0,1,2,3} so that D;(x) is the dimension of the
smallest cell of X; containing P;(x). Let

Di(x) = linol maxD; (B(x, ).
r—0+

Then Dy(x) = 3 and D; (x) = D;(x) for all x and i. Since Q; is a cellular map, we
have D;,1(x) < D;(x) and Biﬂ(x) < ﬁi(x) forall x and i.

Let x € Xy. We claim that ﬁi (x) = D;(x) = Dj+1(x) for all but at most six values
of i and that if D;(x) = D;(x) = Dj+1(x), then A4 (x) < 2Ai(x).

First, since (D;(x)); is non-increasing, there are at most three values of i such
that D;(x) # Dj+1(x). Suppose that D;(x) # D;(x); we must have D;(x) > D; (x).
Let d = D;(x), so that P;(x) € Xl.(d). By condition (3) of Lemma 4.1, there is an
r > 0 such that P;(B(x,r)) does not intersect any uncollapsed (d + 1)-ball and
thus Pi1(B(x, 1) € X%, i.e,, Di1(x) < D;(x) < D;(x). Since (D;(x)); is non-
increasing, this can happen for at most three values of i. There are thus at most
six values of i such that D;(x) # D;;1(x) or ﬁi(x) # D;(x).

For every other value of i, we have D;i(x) = D;(x) = Dj4+1(x). If D;(x) <1, then
there is some r > 0 such that P;(B(x,r)) XE”. By condition (1) of Lemma 4.1,
Lip(Qilp;Bx,m) < €< 3,50 Ajr1(x) < 2A;(x).

Otherwise, if D;(x) > 1, let d = D;(x). Since D;(x) = D;;1(x), P;(x) lies in the
interior of some uncollapsed d-ball B of Q;(x). Since D;(x) = d, there is some
r > 0 such that P;(B(x,r)) c Xl.(d). Thus, if r > 0 is sufficiently small, we have
P;(B(x,r)) < B. Since Q; rescales B by a factor of 751’ we have 1,41 (x) = Ai(x)é.

Thus, for up to six values of i, we have A;;(x) < LA;(x), and for all the rest,
Aip1(x) < é/li(x). Since A¢(x) = 1, this implies

i
L =1°(2)
a
for all x. Since X is a path metric space,
in(P; . 6(S)
Lip(P;) < sup A; (x) < L (a) ,

xeXo

as desired. O
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Given the lemma, one can use (13) to show that P is locally Hoélder and prove
Theorem 1.2. This is the same argument as in Lemma 4.2.

Proof of Theorem 1.2. Let a < % and let ¢ > 1 be as in Lemma 4.1. Since a =
c'n"2ands=n"",
logs logn™!
lim —2° = lim 8 3
n—ologa n=®|ggc-lp~:

2
=3

logs
loga
tasin (5) and (6), and let C be as in Lemma 5.1 so that Lip(P;) < C- (%)".

We claim that P islocally (K, a)-Holder, where K = w. Let x, y € Xy such
that 0 < dy(x, y) < 1. Let i = 0 be the integer such that a’*! < dy(x, y) < a’. Then,
by (13) and (6),

Let n be large enough that = a. Let k > 1 be the quasi-isometry constant of

d.(P(x),P(y)) = 4est + de(t; (P (%)), 4 (P; (1))
<dcs'+ kLip(Py)a' + ks' < Ks'*! < Kdy(x, p)%,

as desired.

Since g is a bilipschitz equivalence from (H, dg) to Xy, the composition g =
Pouy 1. (H,dg) — (H,d,) is an Hz—equivariant, locally a—Ho6lder map. Since H is
contractible, any such map is equivariantly homotopic to the identity. (]

We prove Theorem 1.3 by using g to construct a sequence of locally Hélder
maps that converge to the identity map.

Proof of Theorem 1.3. Let Y be a compact metric space and let ¢: Y — H be a
continuous map. Lete >0 andlet0 < a < %

We first approximate ¢ by a Lipschitz map. Let § > 0 be such thatif x,y e H
and dg(x,y) <, then d.(x,y) < 5. Let B c H be a ball containing ¢(Y) and
note that the Riemannian metric on B is bilipschitz equivalent to the Euclidean
metric on B (with a constant depending on the radius of B). Lipschitz maps
from Y to R® are dense in the space of continuous maps by [8, 6.8] or by the
Stone-Weierstrass theorem, so there is a Lipschitzmap A: Y — (H, dg) such that
dr(@(y), A(y)) <6 for every y € Y and hence d.(¢(y), A(y)) < 5.

By Theorem 1.2, there is an Hz—equivariant map g: (H, dgr) — (H, d.) that is
locally a-Holder. The Hz—equivariance of g implies that there is an m > 0 such
that m = d.(x,g(x)) forall x e H. Let r = ﬁ For any x € H,

de(x, (6,0 8067)(x) = r-de(57 (x), (671 (x)) < rm = g

Lety =§,0g08, 0. Then v is locally a-Holder with respect to d., and since
Y is compact, a locally a-Holder map from Y to H is globally a—Hoélder. For any
yey,

dc(o),w() <dc (@), Ay) +dc(A(y), v (y)
< g +do(A(Y), (5,0 go8 HAM) e,
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so v is an a—Hoélder map that is e-close to ¢. U

6. A GLOBALLY HOLDER MAP FROM R3 TO (H, d,)

In this section, we prove Theorem 1.4 by constructing a self-similar globally
Hoélder map from R3 to H.

First, we show that the construction in Section 4 produces a self-similar map.
Recall that all the complexes X; have the same underlying simplicial complex
X and that all of the maps Q: Xy — X; and Q;: X; — X;;1 are the same as maps
from X to X. The main difference between the X;’s is that they are equipped with
different metrics d; = s'd,, different actions ¢; (gl =([6,:(g)] (where ([g]: X —
X is the action of Hz on X), and different equivariant maps ¢;: X — H, t; =0 ,,-: ot
(where 1: X — H is an equivariant homeomorphism).

In this section, we will identify all of the X;’s with X. Under this identification,

P;i=Qi_10--0Qy=Q".

Lemma 6.1. With notation as in Section 4, let 0 € #3(X). Let D c X be an un-
collapsed ball of Q and suppose that there is a g € Hz such that Q(D) = {[g~'](0).
Lett =Q(D).

With respect to the standard metric da, D is a regular simplex with side length a
and o is aregular simplex with side length 1, and there is a similarity h: (D, dp) —
(0, dp) with scaling factor a~' > 1 and a Heisenberg similarity m: H — H, m(x) =
g0 ,(x) such that:

Px) = m(P(h_l(x))) forallxeao, (14)
and

P(y)=m ' (PCIgIQy))  forallyeX. (15)

Proof. Let m(x) = g6,(x). Since P =lim;_.ot; 0 Q'and P is equivariant,
m(P(y)) = lim g6,(1i(Q" () =
ilifglogli—l(Qi_l(Q(y))) = gP(Q(y) = PIg1Q()).

Applying m~! to both sides proves (15).

Equation (14) follows from (15). By condition (3) of Lemma 4.1, D is a regular
simplex with sides of da-length a and Q sends D to 7 by a similarity that scales
the da—metric by a’!. Let h: D — o be the similarity i = {[gloQl|p: D — 0. Let
x€o andlet y = h™!(x). By (15),

P(x) = PWI81(Q(y)) = m(P(y)) = m(P(h~" (x))),

which proves (14).
O

If we can find simplices o satisfying Lemma 6.1, we can use them to construct
self-similar Holder maps F: R3 — H, i.e., maps such that there are expanding
similarities m: H — H and h: R3 — R3 that satisfy m(F (h~Y(x))) = F(x) for all
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x € R3. In order to prove Theorem 1.4, however, we want F to be proper, i.e.,
F~1(K) is compact for every compact K c H.

Since m is expanding, it has a unique fixed point g € H. If F is proper and
F(p) = q, then F(h(p)) = m(F(p)) = q, so h(p) € F~1(g), i.e., F"1(g) is invariant
under h. But the only compact sets that are invariant under h are the empty
set and the set {p} where p is the unique fixed point of /. Thus, in order to use
Lemma 6.1 to construct a proper self-similar map F: R3 — H, we will need to
adjust the construction so that there is a point g € H such that P~!(g) is a single
point.

We need the following lemma (see also [16]).

Lemma 6.2. Letd = 3, let Y be a (d — 2)—connected simplicial complex, and let
f: D% — Y be a continuous map such that f(aDd) c YD gnd f(Dd) cYy@d,
For each d—cell § € ZF4(Y), the degree of f is the same at every point in the interior
of 6; letdegs (f) be this degree. Then there is an admissible map g : D% — Y which
agrees with f on 0D and such that for every d—cell 5 € Z(Y), the number of
uncollapsed balls in g*(6) is | degg (f)I.

Proof. The image f (ID%]) of the fundamental class of D? is a cellular d—chain in
Y that can be written

fapn =Y degs(NHI5],

SeF(Y)

where [6] represents the fundamental class of §, and 8 £ ([D9]) = f([0D4]).

Let k = Y s1degs(f)| and let By,...,B; < int D be k disjoint smoothly em-
bedded balls. For each ball, choose a cell §; € #%(Y) and a homeomorphism
gi: Bi — 0; so that each cell § is chosen | degs(f)| times and so that the orienta-
tion of g; corresponds to the sign of degs(f).

We will extend the maps g; to the desired map g. We proceed as in [15]. Con-
sider the complement E = D4 \U;int(B;). Choose v € 0D? and for each i, let
v; € 0B;. For each i, let y; be a simple smooth curve connecting v to v;, and sup-
pose that the y;’s are disjoint. The interior of the complement E \ J; v; is home-
omorphic to an open d-ball, and we can give E the structure of a CW complex
with vertices v, vy, ..., vg; edges y1,..., Yk (d —1)—cells oD%, 0B1,...,0B;; and a
single d—cell, which we call 0. Define g on E@~D so that it agrees with g on D¢
and with g; on each dB;; since Y is connected, we can extend g on each edge. It
remains to extend g on o.

Since Y is (d — 2)-connected, so is Y @™V, and Hurewicz’s Theorem implies
that my_; (Y@ V)= H,_ (YD), Let a: $4~! — E(@-D be the attaching map of
o. Then

gla((s*~'N) = f19D) - )" g(10B;))

=) degs(f)186]-)_degs(f)[06]
F) 6

=0.
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Therefore, g o a is null-homotopic, and the obstruction to extending g to a map
from D? to Y@~V vanishes. O

Applying this lemma to Q produces a map that satisfies Lemma 4.1 and also
has a simplex with a small preimage.

Lemma 6.3. For any sufficiently large n, there is an admissible Lipschitz map
Q: X — X which is Hz—equivariant as a map from X, to X1, satisfies Lemma 4.1,
and satisfies the following conditions.

o Foreveryo € F3(X), thereis at € #3(X) such that o = {[g](1) for some

g € Hz and Q™' (int7) is the interior of a single uncollapsed ball in o.
e Letr >0 beasin Lemma4.1. Foreveryy € X \into,

de(P(y),11(1)) = %

Proof. By Lemma 6.2, for any sufficiently large n, there is a map Q satisfying
Lemma 4.1 with the property that for every o € F3(X) and every 6 € & 3(X),
exactly |degs(Qls)| uncollapsed balls of Q|, map to 6.

Let 0 € #3(X). By Lemma 4.1, there are r > 0 and g € H such thatif y € X\ o,
then d.(q,t1(Q(3))) > r. Suppose that n > % and that n is large enough that for
any d.-ball B of radius 7* in H, there is a g € Hz such that gi(¢) c B. Then there
isa g € Hz such that

rn
§10) < B(8.(q), i)
where B(q,r;d.) is the metric ball with respect to d.. Let T = {[g] (o). Then

0(r) = 6,1 (guo)) < B, 7ide),

and by the triangle inequality, for every y € X\ o,
3r
e Q) n() >,

ie, Q(y) €. Thus Q‘l(r) c 0. Since Q is degree-1, we have deg,(Qls) =1, so
there is exactly one uncollapsed ball that maps to 7. Finally, by (13) and our
choice of n, for every y € X\ o,

(P, 1(1) > o —2¢5> ©
(T ——2cs>—.
Uyl h 4 2
By continuity, if y € X \into, then d.(P(y), 1 (1)) = g
Now we prove Theorem 1.4.

Proof of Theorem 1.4. Let o € %3(X) and let 7 satisfy Lemma 6.3 for some large
n to be chosen later. Let D c o be the uncollapsed ball of Q such that Q(D) = 7.
Let g e Hz be such that 7 = C[g_l]a.

By Lemma 6.1, there are a similarity h: D — o with scale factor a~! and a sim-
ilarity m: H— H, m(x) = g6, (x) such that P(x) = m(P(h Y (x))) for all x € 0. We
identify o with a unit simplexin R® and D c o with a subset of that simplex. Then
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we can extend & to a similarity 4: R3 — R3 that sends D to o and has scaling fac-
tor n. Since n > 1, h has a unique fixed point p such that lim; .o, h~%(x) = p for
every x € R%; since h™!(0) = D € 0, we have p €intD cinto.

We define F: R® — H as follows. Let x € R3. Since lim;_.o, h~i(x) = p, there is
an i € Z such that h~%(x) € . Let

F(x)=m'(P(h™" (x)).
Then F is well-defined; if i < j and h~i(x) € o, then Lemma 6.1 implies
m' (P(h™'(x))) = m'(m/~ o Po h'™J (W™ (x))) = m! (P(h™ (x))).
Furthermore, for all x € hi (o), we have h~!(x) € hi™1(0), so
m(F(h™ (x))) = m(m'~ (P(h™ (™1 (0))) = m ™ (P(h' (X)) = F(x).

That is, F is self-similar.
It remains to show that F is globally Holder, proper, and degree 1.

logs
loga
restriction P|, is (C,n)-Holder for some constant C. Let x,y € R3. Then there

exists i € Z such that x, y € h'(0) and
de(F(x), E(y) = de(m' (P(h™" (x))), m' (P(h™' (1))
=n'd.(P(h™"(x)), P(h™' ()
<cCnllh i x) -k i
<Cni(a'|x- "
=Clx-y|".
Thus F is globally n-Hoélder.

Next, we show F is proper. Let g := F(p) = P(p) € H. Then q is the unique fixed
point of m, because m(q) = m(F(p)) = F(h(p)) = F(p). Let r be as in Lemma 6.3,
so that d.(P(y), 11 (1)) > 5 for every y € X \ 0. We will show that if 7 is sufficiently
large, and z € R3\ g, then d.(P(z), q) > i. We will then use self-similarity to

conclude that F is proper.
First, we claim that when n is sufficiently large

First, we show that F is n—Holder for n := . Since P is locally n—Hélder, the

de(P(Y), @) >£ forall y € X \into. (16)

Let ¢ be as in Lemma 4.1 and Lemma 6.3 and suppose that n > %. Since p € D,
we have Q(p) € 7. On one hand, by Lemma 6.3, for any y € X \into, we have
d:.(P(y),11(Q(p))) = %; on the other hand, by (13),

dc(q,11(Q(p)) =d:.(P(p),11(Q(p))) <2cs< i,

so the triangle inequality implies (16).

Now suppose that z € R3\¢. Let i > 0 be such that 4~ '(z) € o\ D and let
y= h~i(z) so that F(z) = m (P(h”i(z))) = mi(P(y)). Since y € o\ D, we have
Q(y) g int7 and {[g](Q(y)) ¢ into. By (15),

P(y) = m  (PWIg1Q))),
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so by (16),
d:(P(y),q) = n"'d.(mPB), q) = n"'d.(PCIg) Q). q) > ﬁ

and .
dc(F(2),q) =n'd.(P(y),q) > L

as desired.

By the scale-invariance of F, if z € R3\ hi(0), then d.(F(z),q) > ﬁni. LetKcH
be a compact set. Then there is some i € Z such that K < B(gq, ﬁn"; d;) and thus
F~YK) c hi(0). Since F~1(K) is closed and bounded, it is compact. Therefore,
the preimage of any compact set is compact, and F is proper.

Finally, we claim that F has degree 1. It suffices to show that deg, (F) = 1. Let
B=B(q,%;d.). Then F~'(B) c g, so

deg, (F) = deg,(Fl,) = deg,(Pl,) = deg,(P) = 1.

Since F is proper, the degree is constant on H. U

APPENDIX A. PROOFS OF LEMMAS 4.3 AND 4.4
The aim of the appendix is to prove Lemmas 4.3 and 4.4. We first show:

LemmaA.l. Let Z be a finite dimensional simplicial complex equipped with the
standard metric and letp: D% — Z be a Lipschitz map such that p(0D%) c z@-1
Then p is homotopic relative to 9D? to an admissible map o: D% — Z with

avol(p) < ¢ -vold(g),

where ¢ only depends on the dimension of Z. The homotopy between p and p
is Lipschitz with image in supp(o(D?)) and its (d + 1)-volume is bounded from
above by ¢ -vol? (p).

If d = 1 then we may assume that p is an edge path parametrized with con-
stant speed.

Proof. By the (proof of the) Federer-Fleming deformation theorem, see for ex-
ample [5, Theorem 10.3.3], g is Lipschitz homotopic relative to oD% to a map
p: D% — Z@ such that the d-volume of p and the (d + 1)-volume of the ho-
motopy are both bounded from above by ¢ - vol?(p) for some constant ¢ only
depending on the dimension of Z. Moreover, the image of the homotopy is
contained in supp(Q(Dd)). Arguing almost as in the proof of Lemma 2.3 of [2],
one shows that p is homotopic relative to dD? to an admissible map p with
avol(p) < c-vol“(p) through a Lipschitz homotopy of zero volume and with im-
age in supp(9(D%)). This proves the lemma. U

Proof of Lemma 4.3. Denote by N the dimension of Y. Letw: Y — Z be as in
the statement of the lemma. For 0 < d < N, let Y; be the mapping cylinder of
the inclusion Y% c v, i.e.

Y= (Y x{0Du(Y? x[0,1]) c Y x [0, 1].
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We will construct y by constructing a sequence of auxiliary maps w;: Yy — Z
such thatforalld andall ye Y, w,4(y,0) = w(y), w41 extends g4, and ¥|yw :=
w4(+,1) satisfies the conditions of the lemma. Then ¥ = wy(-, 1) is the desired
map.

Let wo be the Lipschitz map that coincides with ¢ on Y x {0} and such that
for v e FO(Y) the following holds: ¢ (v,1) is a point in Z © which is closest to
wo(v,0) = w(v) and ¥y (v, ) is the constant speed parametrization of the segment
between its endpoints. Since ¥, (v,1) and ¥ (v) lie in the same simplex of Z,
wlyo = o, 1) satisfies the lemma and each segment (v x [0,1]) has length
at most 1.

We use Lemma A.1 to extend vy, to a map v as follows. Let e € #!(Y) be an
edge. Then (e x {0}) U (de x [0,1]) is a path in Yy, and

Qe = Wol(exionu@ex[o,1])

isapathin Z. By Lemma A.1, we can define y; on e x [0,1] so that ¥1|exq1y is a
constant-speed edge path approximating a. and so that ¥/1|.x[0,1] is a homotopy
between a, and its approximation. We obtain v; by repeating this process for
every edge of Y.

Then v is a Lipschitz map extending v, and it has the following properties.
For each edge e € F1(Y), w1le x {1} is an edge path parametrized with constant
speed. Moreover, the length of 11 l.x(1; and the 2-volume of 1 ¢x[0,1] are both
bounded from above by c- f(a.) < c- €(y|,) + 2¢ for some ¢ = c(dim Z). Finally,
w1 (e x [0,1]) c supp(y(e), so wlym := w1 (-, 1) satisfies the lemma.

We repeat the process to obtain a Lipschitz map y,: Y; — Z for each d =
2,3,...,N. That is, we suppose that y,_, is already defined and for each o €
F4(Y), we define

Ao =Wa-1l@x{0nu@ex0,1])-
This is a Lipschitz map from a d—disc to Z. By Lemma A.1, we can define 4
on o x [0,1] so that ¥ g4lysx1} is an admissible map approximating a, and so that
Walox(o,1] is the homotopy between a, and its approximation.

Then v 4 extends v 4_; and has the following properties. For every o € Z4(Y)
the restriction ¥ 4|sx {1y is admissible and v, (o x [0, 1]) < supp(y(0)). Moreover,
both avol(¥ 41y« 1) and vol**! (414x(0,1)) are bounded from above by

c-vol(ay) < c-vol?(yl,) + ¢ - vol? Wa-1loox01) <ba Y voldim@") Wlgr)
o'eZ (0)

for some by > 0 depending on d and the dimension of Z. That is, ¥|yw :=
W 4(-, 1) satisfies the lemma for some constant by depending on the dimensions
of Y and Z, and we define ¥ := wy(-,1). In fact, if 0 € F¢(Y) and d > dim Z,
then avol(y|,) = 0, so y satisfies the lemma for b = b, 7.

If v is equivariant then we can take all the maps v 4 to be equivariant as well,
and hence also V. O

In preparation for the proof of Lemma 4.4 we first establish the following re-
sults.
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Lemma A.2. Let Z be a finite dimensional simplicial complex. If f: D% — Z is
an admissible map with uncollapsed balls By, .. ., By, it is homotopic to an admis-
sible map f': D% — Z such that f and f' agree on D% \\JB;, avol(f) = avol(f"),
and each uncollapsed ball B of f' is a collared ball contained in B;.

Proof. Each B; ishomeomorphic to a closed ball. Let B; c B; be the image of the
ball B(0, %) < R? under a homeomorphism from B(0,1) c R? to B;. Then there is
amap (;: B; — B; that sends B; homeomorphically to B;, such that {; (B; \ B;) c
0B; and (; is the identity on dB;. Let f’: D¢ — Z be the map such that f' agrees
with f outside the uncollapsed balls B; and such that f'(x) = f({;(x)) for all
x € B;. This is an admissible map whose uncollapsed balls are the collared balls
Bj,...,B,. O

LemmaA.3. Let Z be a finite dimensional simplicial complex and let f: D¢ — Z
be an admissible map with uncollapsed balls By, ...,By. Leto; = f(B;) € FU27)
foralli. Let Cy,...,Cy C D4 be a set of disjoint collared balls, and fori =1,...,k,
let ¢;: C; — o; be a homeomorphism such that (fIBi)_1 o;: C;i — B; preserves
orientation. Then there is an admissible map g: D — Z with uncollapsed balls
Ci,...,Cy such that glc, = ¢; and glspa = flspa. Furthermore, there is a homo-
topy between f and g that fixes 0D pointwise and has image in supp f(D%). If
flapa and @; are Lipschitz then we can take g to be Lipschitz as well.

Proof. By Lemma A.2, we may suppose that the B; are disjoint collared balls.
By the uniqueness of connected sums, the complements J = D% \|; int(B;) and
K = D%\ U;int(C;) are homeomorphic; indeed, any collection of orientation-
preserving homeomorphisms k;: 6C; — dB; can be extended to a homeomor-
phism #: K — J that fixes dD? pointwise. Thus, there exists a homeomorphism
h: D% — D% which fixes dD pointwise and satisfies hlc, = (fIBi)‘1 o; for all
i=1,...,k. Let g = f o h. This map has the desired restrictions. Since & is homo-
topic to idpa, g is homotopic to f.

Suppose now that f|;p« and the ¢; are Lipschitz. Then g(D%) c f(D%) c
supp f(D%) and g(K) c 2@V, Since supp g(K) c Z@~V is locally Lipschitz n—
connected for every n we can use the Lipschitz extension theorems in [1] or [9]
to approximate g arbitrarily closely by an admissible Lipschitz map g’ which still
satisfies g'lc, = ¢; and g'lspe = flspe and is still homotopic to f via a homotopy
that fixes dD? pointwise. O

We are ready to prove Lemma 4.4.

Proof of Lemma 4.4. We construct a homotopy between f and a suitable map
h satisfying the properties of the lemma by repeatedly applying Lemma A.3 as
follows. Let N be the dimension of Y. For 1 =d < N set

Y= (Y x{0Hu (@ x[0,1]) c Y x [0,1].

We will define maps H;: Y; — Z such that H;,, extends H; and such that Hy is
the desired homotopy. Let H; be the map such that H,(y,0) = f(y) forall ye Y
and H (y,1) = f(y) forall (y,1) € YV x [0,1].
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Let 2 < d < N and suppose that we have already defined H;_; with H;_1lgx1;
admissible and H;_, (o x [0,1]) c supp f (o) forall o € Fa-1(y). Let 0 € F4(Y).
Then Hy_; (80 x [0,1]) < supp f(00) < Z@D and thus Hy_; is admissible on
the d-disc (o x {0}) U (0o x [0,1]). By Lemma A.3 there exists a continuous map
Hglgx[0,1) which coincides with H;_; on (o x {0}) U (8o x [0,1]) and such that
Hglgxq1) satisfies Lemma 4.4. That is, Hy|s«(1; is admissible and its uncollapsed
balls are the C{’s and for each i it agrees with g7 on C?. Moreover, Hy(o x
[0,1]) c supp f (o). Since o was arbitrary this defines a map H,; on all of Y.

Applying this construction repeatedly we obtain maps H;: Y; — Z for d =
2,...,N. The map H = Hy: Y x [0,1] — Z is a homotopy from f to the map
h: Y — Z given by h = Hy(-,1) and it follows from the construction that & has

the properties asserted in the statement of the lemma. U
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