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RIEMANN-HILBERT CORRESPONDENCE FOR UNIT
F-CRYSTALS ON EMBEDDABLE ALGEBRAIC
VARIETIES

by Sachio OHKAWA

ABSTRACT. —  For a separated scheme X of finite type over a perfect field k
of characteristic p > 0 which admits an immersion into a proper smooth scheme
over the truncated Witt ring Wy, we define the bounded derived category of lo-
cally finitely generated unit F-crystals with finite Tor-dimension on X over W,
independently of the choice of the immersion. Then we prove the anti-equivalence
of this category with the bounded derived category of constructible étale sheaves
of Z/p"™Z-modules with finite Tor-dimension. We also discuss the relationship of
t-structures on these derived categories when n = 1.

RESUME. —  Soit X un schéma séparé de type fini sur un corps parfait k de
caractéristique p > 0 et qui admet une immersion vers un schéma propre et lisse
sur ’anneau des vecteurs de Witt tronqué W,,. Nous définissons la catégorie dé-
rivée bornée des F-cristaux unités localement finiment engendrés sur W, avec
Tor-dimension finie sur X, indépendemment de I'immersion. Nous provons ensuite
que cette catégorie est anti-équivalente & la catégorie dérivée bornée des faisceaux
constructibles étales de Z/p™Z-modules avec Tor-dimension finie. Nous étudions
aussi les relations de t-structures sur ces catégories dérivées lorsque n = 1.

1. Introduction

For a complex manifold X, Kashiwara [9] and Mebkhout [12] indepen-
dently established an anti-equivalence, which is called the Riemann—Hilbert
correspondence, between the triangulated category th(D x) of Dx-modules
with regular holonomic cohomologies and that D2(X,C) of sheaves of C-
vector spaces on X with constructible cohomologies. There is a significant
property from the point of view of relative cohomology theories that this
anti-equivalence respects Grothendieck’s six operations f', fi, f*, f., RHom
and @ defined on DY (Dx) and DY(X,C).

Keywords: D-modules, Frobenius structure, étale sheaves.
2010 Mathematics Subject Classification: 14F30, 14F10.



1078 Sachio OHKAWA

In [4], Emerton and Kisin studied a positive characteristic analogue of
the Riemann—Hilbert correspondence. Let k be a perfect field of charac-
teristic p > 0. We denote by W,, := W, (k) the ring of Witt vectors of
length n. For a smooth scheme X over W,,, Emerton and Kisin defined
the sheaf Dp x of Ox-algebras by adjoining to Ox the differential op-
erators of all orders on X and a “local lift of Frobenius”. By using Dr x,
they introduced the triangulated category Df’fgu(DR x ) of Dx-modules with
Frobenius structures with locally finitely generated unit cohomologies and
proved the anti-equivalence

Dl (Dp.x)° = Dby(Xew, Z/p" L)

between the subcategory Dfi,,(Dr,x)° of Dj,,(Dr x) consisting of com-
plexes of finite Tor dimension over Ox and the triangulated category
Db (Xe, Z/p"Z) of étale sheaves of Z/p"Z-modules with constructible co-
homologies and of finite Tor dimension over Z/p™Z, which they call the
Riemann—Hilbert correspondence for unit F-crystals. They also introduced
three of Grothendieck’s six operations, which are the direct image fy, the
inverse image f' and the tensor product ®" on Df’fgu(DF’ x), and proved
that their Riemann-Hilbert correspondence exchanges these to fi, f~! and
@Y on Db (Xes, Z/p"7Z).

Emerton and Kisin established the Riemann—Hilbert correspondence for
unit F-crystals only for smooth schemes X over W,,. Since the triangulated
category DP(Xst,Z/p"Z) depends only on the mod p reduction of X, it is
natural to expect that there exists a definition of the triangulated category
Df’fgu (Dr,x)° and the Riemann-Hilbert correspondence depending only on
the mod p reduction of X. Also, there should be the Riemann—Hilbert
correspondence for algebraic varieties over k which are not smoothly liftable
to W,,. The purpose of this article is to generalize the Emerton—Kisin theory
to the case of W,-embeddable algebraic varieties over k. Here we say a
separated k-scheme X of finite type is W, -embeddable if there exists a
proper smooth W,,-scheme P and an immersion X < P such that the
diagram

X“— P
s ]
Spec k —— Spec W,

is commutative. A quasi projective variety over k is a typical example of
Wp-embeddable variety and thus W,-embeddable varieties form a suffi-
ciently wide class of algebraic varieties in some sense.

ANNALES DE L’INSTITUT FOURIER



RIEMANN-HILBERT CORRESPONDENCE 1079

The first problem is to define a reasonable D-module category for W,,-
embeddable algebraic varieties over k. Our construction is based on Kashi-
wara’s theorem which roughly asserts that, for any closed immersion X «—
P of smooth algebraic varieties, the category of D-modules on P supported
on X is naturally equivalent to the category of D-modules on X. Using the
characteristic p > 0 analogue of Kashiwara’s theorem due to Emerton—
Kisin [4, Prop. 15.5.3], we show that, when we are given the diagram (1.1),
the full triangulated subcategory of fogu(DF’ p)° consisting of complexes
supported on X does not depend on the choice of immersion X < P
(Corollary 4.6). We denote this full subcategory by Df’fgu(X /Whp)°. Then
we show the Riemann—Hilbert correspondence

D}y (X/W,)° = Dy¢(Xer, Z/p"Z)

for any W,,-embeddable k-scheme X (Theorem 4.12). As in the case of [4],
we can naturally introduce three of Grothendieck’s six operations, that
is, direct and inverse images and tensor products. We then prove that the
Riemann—Hilbert correspondence respects these operations (Theorem 4.14).
A striking consequence of the Riemann—Hilbert correspondence over com-
plex numbers is that one can introduce an exotic t-structure on the topo-
logical side called the perverse t-structure, which corresponds to the stan-
dard t-structure on the D-module side. For an algebraic variety X over
k, Gabber introduced in [5] the perverse t-structure on D®(Xg,Z/pZ),
which we call Gabber’s perverse t-structure. In the case when X is smooth
over k, Emerton and Kisin showed that the standard ¢-structure on the
D-module side corresponds to Gabber’s perverse t-structure. In this paper,
we generalize it to the case of k-embeddable k-schemes. In the complex
situation, conversely, a t-structure on the D-module side corresponding to
the standard ¢-structure on the topological side is explicitly described by
Kashiwara in [10]. In this paper, we construct the analogue of Kashiwara’s
t-structure on lefgu(X /k) and discuss the relationship of it and the stan-
dard t-structure on D?(Xe, Z/pZ).

The content of each section is as follows: In the second section, we re-
call several notions, terminologies and cohomological operations on D p-
modules from [4] which we often use in this paper. We also recall the
statement of the Riemann—Hilbert correspondence for unit F-crystals of
Emerton—Kisin (Theorem 2.3). In the third section, we define the local co-
homology functor RI'; for Dp p-modules and prove compatibilities with
RI'z and other operations for D p-modules, which are essential tools to
define and study the triangulated category lefgu(X /Wp)° for any W,-
embeddable k-scheme X. In subsection 4.1, we introduce the category

TOME 68 (2018), FASCICULE 3



1080 Sachio OHKAWA

Dfy (X/Wy,)° for any W,,-embeddable k-scheme X and in subsection 4.2,
we construct three of Grothendieck’s six operations on Df’fgu(X /Why)°. Our
arguments in these subsections are heavily inspired by that of Caro in [2].
In subsection 4.3, we prove the Riemann—Hilbert correspondence for unit
F-crystals on W,,-embeddable k-schemes, which is our main result. In the
fifth section, we discuss several properties on D{’fgu(X /k) (in the case n = 1)
related to t-structures. In subsection 5.1, we introduce the standard t-
structure on Df’fgu(X /k) depending on the choice of the immersion X < P.
We prove that the standard t-structure corresponds to Gabber’s perverse
t-structure via the Riemann—Hilbert correspondence. As a consequence, we
know that the definition of the standard ¢-structure is independent of the
choice of X < P (Theorem 5.5). In subsection 5.2, we define the abelian
category fufgu,x as the heart of the standard t-structure on Dfy,, (X/k),
and prove that the natural functor D°(uggn,x) — lefgu(X /k) is an equiv-
alence of triangulated categories (Theorem 5.6), which can be regarded as
an analogue of Beilinson’s theorem. In subsection 5.3, depending on the
choice of the immersion X < P, we introduce the constructible t-structure
on lefgu(X /k) by following the arguments in [10] and prove that it cor-
responds to the standard t¢-structure on the étale side via the Riemann-—
Hilbert correspondence. As a consequence, we see that the constructible
t-structure does not depend on the choice of X < P (Corollary 5.19).

After writing the first version of this article, the author learned that,
in [13] Schedlmeier also studied on closely related subjects independently
in terms of the notion of Cartier crystals. In particular, he proved that, for
a separated F-finite k-scheme X which admits a closed immersion into a
smooth (but not necessarily proper) k-scheme, there exists an equivalence
of triangulated categories between the bounded derived category of Cartier
crystals on X and DY(Xe, Z/pZ).

Acknowledgments. This article is the doctor thesis of the author in the
university of Tokyo. The author would like to express his profound gratitude
to his supervisor Atsushi Shiho for valuable suggestions, discussions and the
careful reading of this paper. He would like to thank Kohei Yahiro for useful
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the Grant-in-Aid for Scientific Research (KAKENHI No. 26-9259), and the
Grant-in-Aid for JSPS fellows.
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Conventions. Throughout this paper, we fix a prime number p and a
perfect base field k of characteristic p. We denote by W the ring of Witt
vectors associated to k and by W, the quotient ring W/(p)™ for any natural
number n. For a scheme X, we denote the structure sheaf of X by Ox. For
a smooth W,,-scheme X, the dimension of X is a continuous integer valued
function on X defined by

dx :x € X — dimension of the component of X containing x.

For a morphism f : X — Y of smooth W,,-scheme, we denote a function
dx—dyof by dx,y and a function —dx,y by dy,x. For an abelian category
C, we denote by D(C) the derived category of C. For a scheme X and an
Ox-algebra A, we denote by D(A) the derived category of left .A-modules
and by Dgc(A) the full triangulated subcategory of D(A) consisting of
complexes whose cohomology sheaves are quasi-coherent as Ox-modules.
For A-modules F and G, we denote by Hom ,(F,G) the sheaf of A-linear
homomorphism from F to G. We denote a complex by a single letter such
as M and by M™ the n-th term of M. For an object M in D(A), we
denote by H?(M) the i-th cohomology of M and by Supp M the support
of M, which is defined as the closure of | J; Supp H (M).

2. Preliminaries

In this section we recall the notion of locally finitely generated unit D x-
modules introduced in [4] and the Riemann—Hilbert correspondence for unit
F-crystals in [4].

2.1. Locally finitely generated unit Dy x-modules

For a smooth W,-scheme X, we denote by Dx the sheaf of differential
operators of X over W, defined in [6, §16]. For a morphism of smooth W,,-
schemes f: X — Y and a left Dy-module M, f*M := Ox @-10, [~'M
has a natural structure of left Dx-modules. When there exists a lifting
F: X — X of the absolute Frobenius on X ®y, k, the left Dy-module
structure on F* M is known to be independent of the choice of the lifting F
up to canonical isomorphism by [4, Prop. 13.2.1]. Since the lifting F' above
always exists Zariski locally on X, we obtain a functor

F* : (left Dx-module) — (left Dx-module)

TOME 68 (2018), FASCICULE 3



1082 Sachio OHKAWA

by glueing for any smooth W,,-scheme X. We set
DF,X = @(F*)T’Dx.

r>0
Then Dp x naturally forms a sheaf of associative W,,-algebras such that
the natural embedding Dx — Dp x is a W,,-algebra homomorphism by [4,
Cor. 13.3.5]. It is proved in [4, Prop. 13.3.7] that giving a left Dp x-module
M is equivalent to giving a Dx-module M together with a morphism 4 :
F*M — M of left Dx-modules, which we call the structural morphism
of M.

Next let us recall the notion of locally finitely generated unit D x-
modules. We say that a left Dg x-module M is unit if it is quasi-coherent
as an Ox-module and the structural morphism ¥ : F*M — M is an
isomorphism. We say that a Dp x-module M is locally finitely generated
unit if it is unit and Zariski locally on X, there exists a coherent Ox-
submodule M C M such that the natural morphism Dp x ®o, M — M is
surjective. Then the locally finitely generated unit left Dp x-modules form
a thick subcategory of the category of quasi-coherent left Dy x-modules [4,
Prop. 15.3.4]. We say that a locally finitely generated unit Dp x-module
M is an F-crystal if M is locally free of finite rank as an Ox-module.

Finally we introduce some notations on triangulated categories. We de-
note by D(Dp x) the derived category of the abelian category of left Dp x-
modules and by Dqc(Dr,x) (resp. Diggu(Dr,x)) the full triangulated sub-
category of D(Dp x) consisting of those complexes whose cohomology
sheaves are quasi-coherent as Ox-modules (resp. are locally finitely gen-
erated unit left Dp x-modules). If e is one of ), —, +, b, we denote by
D*(Dp x) the full triangulated subcategories of D(Dp x) consisting of
those complexes satisfying the appropriate boundedness condition. We use
the notations D§.(Dr,x) and Dl.fgu(DF7 x) in a similar manner. We denote
by Df,,(Dr,x)° the full triangulated subcategory of Dfy,, (Dr,x) consisting
of those complexes which are of finite Tor dimension as O x-modules.

2.2. Cohomological operations for left Dy x-modules

For a morphism f: X — Y of smooth W,-schemes, f*Dry := Ox®-10,
f~1Dry has a natural structure of left Dg. x-module by [4, Cor. 14.2.2]. Tt
also forms a right f~1Dpy-module via the right multiplication on f~'Dgy-.
So f*Dp,y has a structure of (’DF,X, f_lD,gvy)—bimodule7 which we denote
by Dr x_y. For a Dgy-module M, we define a left Dg x-module f*M

ANNALES DE L’INSTITUT FOURIER
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by DF,X—>Y ®f’1DF,Y fﬁlM. Note that f*M = Ox Qf-10y fﬁlM as an
Ox-module. We then define a functor

Lf* : D™ (DF7y) — D™ (DF7X)

to be the left derived functor of f*. One has Lf* M = Ox ®Hf‘_1oy M as a
complex of Ox-modules. We also define a functor

f! : Di('DEy) — Di('Dpyx)

by f'M:=Lf*M]dx,y]. For the definition of the shift functor (—)[dx/y]
by the function dx/y, we refer the reader to [4, §0]. The second inverse
image functor is appropriate to formulate the compatibility with the
Riemann—Hilbert correspondence (see Theorem 2.3 (2) bellow). Let x be
one of qc or Ifgu and * one of o or (). Then the functor f' restricts to a
functor

f': DYDry)" — DY(Drx)*

by [4, Prop. 14.2.6 and Prop. 15.5.1].

Next let us define the direct image functor fy for D x-modules for a
morphism f : X — Y of smooth W,-schemes. First of all, we recall the
definition of the direct image functor

f2: D™ (Dx) — D™ (Dy)

for Dx-modules. For a smooth W,,-scheme Y, we denote by wy the canoni-
cal bundle of Y over W,,. Then Dy ®o, w;l has two natural left Dy -module
structures. The first one is the tensor product of left Dy-modules Dy and
wy' (cf. [1, 1.2.7.(b)]). On the other hand, using the right Dy-module
structure on Dy defined by the multiplication of Dy on the right, one has
the second left Dy-module structure on Dy ®o, wy " by [1, 1.2.7.(b)]. So
Dy ®o, wy' naturally forms a left (Dy,Dy)-bimodule. For a morphism
f+ X — Y of smooth W,,-schemes, by pulling Dy ®¢, w;l back with
respect to the second Dy-module structure, one has a left (f~'Dy,Dx)-
module f] (Dy R0y wy’l). Here, in order to avoid confusion we use the
notation fj instead of f*. By tensoring wx on the right, one obtains an
(f Dy, Dx)-bimodule

Dyex = fi (Dy ®oy wy') ®ox wx.

On the other hand, one has a left (D, f 1Dy )-module fa (Dy R0y w;l)
by pulling back Dy ®o, w{,l with respect to the first Dy-module structure.
By tensoring wx on the left, we obtain an (f 1Dy, Dx)-bimodule

Dy x' :=wx ®ox fg (DY Qoy w;l)'

TOME 68 (2018), FASCICULE 3
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Then there exists the natural isomorphism of (f~!Dy, Dx)-bimodules
Dy x — Dycx'.
For more details see [1, 3.4.1]. We define a functor f¥ : D= (Dx) —
D~ (Dy) by
fEM:=Rf. (Dyex @p, M).

Let us go back to the situation of Dp x-modules. We define Dry. x by
Drycx i=wx Qox [* (Dry ®oy w;l)-

Then Dry. x has a natural (f~'Dpy, Dr x)-bimodule structure (see [4,
§14.3]). We remark that Dpy. x has finite Tor dimension as a right D x-
module by [4, Prop. 14.3.5] and, since Y is a noetherian topological space,
Rf, has finite cohomological amplitude. We define a functor

f+: D (Dpx)— D (Dry)
by
J+ M =Rf, (IDF,YeX ®H{>F1X M)
Let * be one of qc or lfgu and * one of o or (). The functor f, restricts to
a functor
f+: DUDrpx)* — Di(Dry)*
by [4, Prop. 14.3.9 and Prop. 15.5.1].

Remark 2.1. — Let f: X — Y be a morphism of smooth W, -schemes.
The natural inclusion of (Dy, Dy )-bimodules Dy — Dpy induces an in-
clusion of (f~'Dy,Dx)-bimodules ¢ : Dy x — Dgy« x. We then obtain
morphisms in the derived category of (f~'Dy, D x)-bimodules

D1®D2>—>L(D1)D2
%

L
Dy x ®p, Dr.x = Dy x ®@pyx Drx Dry«x -

For an object M in D~ (Dp x ), applying the functor Rf.(— ®H{)FX M) to

the composite of the above morphisms, we obtain a Dy-linear morphism
M = fiM.

It is proved in [4, §14.3.10] that the morphism fM — f4 M is an isomor-

phism.

Let X be a smooth W,,-scheme. Let M and N be Dr, x-modules with
structural morphisms ¢ and . Then M ®p, A has a natural structure
of left Dx-modules. We define the structural morphism on M ®o, N to
be the composite of Dx-linear morphisms

F*(M®o, N)ZF*M @0, F*NMM(X)@XN.

ANNALES DE L’INSTITUT FOURIER
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Here the first isomorphism follows from [1, 2.3.1] and its proof. We thus

obtain the Dr x-module structure on M ®p N and define a bi-functor
D_(DF,X) X D_(DF,X) — D_(DF,X)

by (M, N) = M ®g N This functor restricts to a bi-functor

D{)fgu(,DF7X) X Df)fgu(DFyX)o — Df)fgu(DFJ()
by [4, Prop. 15.5.1].

PROPOSITION 2.2. — Let f : X — Y be a morphism of smooth W,-
schemes. If M and N are objects in D~ (Dp,y), then there are natural
isomorphisms

LM @b, LIN S LS (Mo N)

and

FM®%, f'N[dy,x] =i (M@, N).

Proof. — The second isomorphism follows from the first one. Let P — M
(resp. @ — N) be a resolution of M (resp. N') by flat Dpy-modules.
Note that P and Q are complexes of flat Oy-modules. So P ®p, Q —
M @, N gives a resolution of M ®g N by flat Dpy-modules (cf. [7,
Lem. 4.1]) and f*P is a complex of flat Ox-modules. By the universal
mapping property of the tensor product, one has a natural Dp x-linear
morphism f*P Qo f*Q — f* (P ®p, Q). Evidently it is an isomorphism
as a morphism in D(Ox) and hence it is the desired isomorphism. O

2.3. Riemann—Hilbert correspondence for unit F-crystals

Let X be a smooth W,-scheme. We denote by D®(Xg,Z/p"Z) the
bounded derived category of complexes of Z/p™Z-modules on the étale
site Xei. We let DY (X¢t, Z/p"7Z) denote the full triangulated subcategory
of D% (X, Z/p"Z) consisting of complexes whose cohomology sheaves are
constructible and which have finite Tor dimension over Z/p"Z.

For a morphism f: X — Y of smooth W,-schemes, the inverse image

J71: Dy (Yer, Z/p"Z) = Diyy(Xes, Z/p"Z)
and the direct image with proper support
fi + Dy (Xe, Z/p"Z) = Deyy(Yer, Z/p" L)

are defined. For a review of constructions of these functors, we refer the
reader to [4, §8].

TOME 68 (2018), FASCICULE 3
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Let X be a smooth W,,-scheme. We denote by mx : X4 — X the natural
morphism of sites, where X means the Zariski site of X. Then Dp x,, =
mx D x naturally forms a sheaf of associative W,-algebras on Xg. By

étale descent, we have an equivalence of triangulated categories (cf. [4, §7
and 16.1.1])

7% : Db.(Dp,x) = D! (Dr.x.,)
with quasi-inverse wx.. For M € D}, (Dr x)°, we set
Solx (M) = RHomp,, (% (M), Ox,,)|dx].

Then this correspondence defines a contravariant functor

Solx : Diyy(Dr,x)° = Diy(Xet, Z/p"Z)
by [4, Prop. 16.1.7]. Conversely, for £ € D% ;(Xe, Z/p"7Z), we set

Mx (L) = mx.RHomy ,n7 (L, Ox,,)[dx].
Then this correspondence defines a contravariant functor

My : Db (X4, Z/p"Z) — DT (Dr x).

Now we may state one of the main results in [4].

THEOREM 2.3. — For a smooth W,-scheme X, the functor Solx is
an anti-equivalence of triangulated categories between fogu(DF, x)° and
Db (X4, Z/p"Z) with quasi-inverse Mx. Furthermore Solx and My sat-
isfy the following properties:

(1) If f : X — Y is a morphism of smooth W,,-schemes, then Solx and
My interchange f' and f~1.

(2) Let f be a morphism of smooth W,,-schemes such that f can be
factored as f = goh, where g is an immersion of smooth W,,-schemes
and h is a proper smooth morphism of smooth W, -schemes. Then
Solx and Mx interchange f and fi.

(3) Solx and My interchange the functors ®H(‘9X and ®HZ; Jpnz, UP to shift.
More precisely, for objects M and N in fogu(DF, x)°, there exists
a canonical isomorphism

Solx (M) ®% 7, Solx (M) = Solx (M &, N) [dx].

Proof. — See [4, Prop. 16.1.10 and Cor. 16.2.6]. O

ANNALES DE L’INSTITUT FOURIER
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2.4. Remark in the case n =1

Let X be a smooth k-scheme and assume that n = 1 in this subsection.
Let Op x denote a sheaf of the non-commutative polynomial ring Ox [F] in
a formal variable F', which satisfies the relation Fa = a?F for a € Ox. One
can naturally regard Op x as a subring of Dp x. Giving an O, x-module
M is equivalent to giving an Ox-module M with a structural morphism
F*M — M, where F denotes the absolute Frobenius on X. We say an
OF x-module M is unit if it is quasi-coherent as an Ox-module and the
structural morphism F*M — M is an isomorphism. We say an Op x-
module M is locally finitely generated unit if it is unit and locally finitely
generated as an O, x-module. Similar to the case of D, x-modules, the lo-
cally finitely generated unit O x-modules form a thick subcategory of the
category of quasi-coherent O x-modules. So one can consider the bounded
derived category Df,,
mology sheaves are locally finitely generated unit. Similar to the case of
Dr x-modules, one can define the inverse and direct image functors for a
morphism of smooth k-schemes (see [4, §2 and §3]) and the derived tensor
product on lefgu(O F,x). Then Emerton and Kisin proved that the natural
functor

(OF x) of complexes of Op x-modules whose coho-

Df)fgu(DF,X) - D{)fgu(OF7X)
induces an equivalence of categories with quasi inverse Dp x ®H@F’X (=),
which is compatible with the functors f, f' and ®H@X, where f is a mor-
phism of smooth k-schemes [4, Prop. 15.4.3].

Remark 2.4. — 1In [4], Emerton and Kisin firstly established the theory
of Op x-modules for smooth k-schemes. They proved many properties of
Dr x-modules for smooth W,,-schemes including Theorem 2.3 by reducing
them to the corresponding properties of O xg,, r-modules.

3. Local cohomology functor

Let P be a smooth W,,-scheme. Let Z be a closed subset of P and jz the
canonical open immersion P\ Z < P. For a sheaf F of abelian groups on
P, we set 'z F := Ker(F — jZ*jgl]-'). If M is a left D p-module, then
I' ; M naturally forms a left Dg p-module. We have a left exact functor I';
from the category of left Dy p-modules to itself. Then the local cohomology
functor

RI'z : D+('DF7P) — D+('DF’p)
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is defined to be the right derived functor of I';. By definition, we have a
distinguished triangle

(3.1) RIyM — M — Rizj; M 5

for M € D" (Dp,p). Note that Rjz, = jz+ and jgl = ]'Z We can also
define the local cohomology functor

Rz : DT (Op) — DT (Op)

on the level of Op-modules. Then the forgetful functor D*(Dpp) —
DT (Op) commutes with RT'z. It is proved by Grothendieck that RT'z has
finite cohomological amplitude.

LEMMA 3.1. — Let P be a smooth W, -scheme and Z a closed subset
of P. Denote by jz the open immersion P\ Z < P. Then the following
conditions are equivalent for M € D(Op).

(1) RTzM = M,
(2) Rijzejiz M =0,
(3) Supp M is contained in Z.

Proof. — The equivalence of (1) and (2) follows from (3.1). Assuming
that Supp M C Z, one has jgl./\/l = 0. This shows (3) = (2). Finally
(1) = (3) is evident. O

LEMMA 3.2. — Let P be a smooth W,-scheme and Z a closed subset
of P. There exists a natural Op-linear isomorphism

(3.2) RTz (M) @5, N = Rz (M @), N)

for any M € D~ (Op) and N € D (Op). Furthermore for any M €
D~ (Dp) (resp. M € D~ (D)) and N' € D (D) (resp. N' € Do (D)
(3.2) is a Dp-linear (resp. Dp, p-linear) isomorphism.

Proof. — Note first that both sides are well-defined. Let us construct a
natural morphism in the Lemma. Let M be an object of D~ (Op) and N
an object of Dy (Op). One has RT'z (M) ®¢, N — M ®¢, N. Then since

Rz (M) ®g,, N is supported on Z, we have RT'z (RT'z (M) ®g, N) =
RI'z (M)®, N by Lemma 3.1. So R z (M)®g N — M®g N uniquely
factors as

RTz (M) @5, N = Rz (M &%, N) = M &g, N

and we get the desired morphism. Note that if M is an object of D~ (Dp)
(resp. D™ (Dr,p)) and N is an object of D (Dp) (resp. D (Dr,p)) then
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(3.2) is Dp-linear (resp. Dp p-linear). Let us prove that (3.2) is an iso-
morphism. It suffices to show that this is an isomorphism in D(Op). The
assertion is Zariski local on P and so we may assume that P is affine. Note
that the source is a way-out left functor in A/. Also, since RI'z is finite co-
homological amplitude, the target is also a way-out left functor in /. Using
the lemma on way-out functors (cf. [7, Chap. I, Prop. 7.1]), we reduce to
the case where N is a single quasi-coherent O p-module. Furthermore since
any quasi-coherent Op-module is a quotient of a free Op-module (because
P is affine), we may assume that N is a single free Op-module. Now since
RI'; commutes with infinite direct sums, we reduce the assertion to prove
the case when N' = Op. Then both sides are equal to R['z M and we are
done. ]

PrRoOPOSITION 3.3. — Let P be a smooth W,-scheme and Z a closed
subset of P. The local cohomology functor induces a functor

RI'z : Dity(DF,p)° = Ditgu(Dr.p)°.

Proof. — Let us first show that, for any M € Df’fgu(DR p), R['zM has
locally finitely generated cohomology sheaves. Let jz denote the open im-
mersion P\ Z < P. Then there exists a distinguished triangle

RTzM — M = Rijz.j, M 5.

Since M and Rjz.j,' M are objects of lefgu(DF,p) by [4, Prop. 15.5.1],
RI'z M is also an object of Df’fgu(DRp) by [4, Prop. 15.3.4]. Next we show
that, for any M € Df’fgu(DF,p)o, RI'z M is of finite Tor dimension over Op.
According to [8, I, Prop. 5.1], it is enough to show that Rz (M) ®g N is
a bounded complex for any Op-module N. First of all, suppose that N is
a quasi-coherent O p-module. Then, by Lemma 3.2, we have RT"z (M) ®H@P
N 55 RIz(M ®@, N). Since M is of finite Tor dimension, M @g N
is a bounded complex of Op-modules. So we know that RT'z(M) @, N
is bounded since RI'z is finite cohomological amplitude. Now if N is an
arbitrary Op-module, then the stalks of RT"'; (M) ®H@P N are uniformly
bounded, hence so is RI'z(M) ®g N because P is quasi-compact. O

LEMMA 3.4. — Let f: P — @ be a morphism of smooth W, -schemes
and Zg a closed subset of Q. We denote by Zp the inverse image of Zg.
There exists a natural isomorphism in D~ (Dg p)

Lf* o Rlz,(0q) = RT 7, (Op).
Proof. — One has natural morphisms

(3.3) ]Lf*RFZQ (OQ) — Lf*OQ — Op.
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Let us denote by jz, (resp. jz,) the open immersion Q \ Zg — Q (resp.

P\ Zp < P) and by f’ the restriction of f to P\ Zp. Then one has
L R 74 (0q) = Lf™j 7 RT 7,(Og) £ 0.

Hence, we know that Lf*RT'z,(Oq) is supported on Zp and the mor-
phism (3.3) uniquely factors as

]Lf*RFZQOQ i) RFZP(OP) — Op.

It suffices to prove that a is an isomorphism in D(Op). One has a morphism
of distinguished triangles

. . wp s +
Lf*RTz,0q9 —Lf*Oqg ——Lf R]ZQ*JZéOQ*)

| !

. — +
RFZP(OP) OP R]ZP*]Zi,OP;)'

Here c is defined to be the composite of morphisms
Lf*Rjzqri70Q = Rizpeizp L *Rizgeize O
= Rij*Lf/*jE; R]ZQ*]ESQ OQ
2 Rjz,nLf"i51 0q
= Rjzpwizp LI Og
— Rij*jE; OP )
where the first morphism and the third one are induced from the adjunction
morphisms id — Rjz,. jgi and jg; Rjzo« — id respectively. Then b is

evidently an isomorphism and c¢ is an isomorphism by [14, Lem. 35.18.3].
So a is an isomorphism. O

ProrosiTION 3.5. — Let f : P — @ be a morphism of smooth W,-
schemes and Zg a closed subset of Q. We denote by Zp the inverse image
of Zg. Then, for any M € Dy (Dr,q), there exists a natural isomorphism

Lf* o RTz,M = RTz, o Lf*M
and also a natural isomorphism
floRTzuM =5 RT 4, 0 f'M.

Proof. — The second isomorphism follows by applying the shift operator
to the first one. By using Proposition 2.2, Lemma 3.2 and Lemma 3.4, we
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obtain
Lf*RE 7(M) & Lf* (RT74(0q) 0, M)
= Lf*RT 2, (0g) @, Lf*M
S RI,(0p) @5, LIFM =RT 4, (LfF*M). O

Next we show the compatibility of the local cohomology functor and the
direct image. We begin with the corresponding result for usual Dp-modules
(without Frobenius structures).

PRrOPOSITION 3.6. — Let f : P — @ be a morphism of smooth W,-
schemes and Zg a closed subset of (). We denote by Zp the inverse image
of Zg. Let M be an object in D% .(Dp). Then there exists a natural iso-
morphism of functors

RTz, o fB3(M) = fEoRIz,(M).
We need some lemmas.

ProrosIiTION 3.7. — Let f : P — @ be a morphism of smooth W,-
schemes. If M is an object in D (Dg) and N is an object in D~ (f~'Dq),
then there exists a natural isomorphism

M &, REN SRS, (f7M&F 10, N).
in D_(DQ).

Proof. — Note first that both sides are defined. Let us take an f.-acyclic
resolution Z of A" and a Dg-flat resolution P of M. Then we have a natural
Dg-linear morphism

M@, REN =P ®Ro, £l — fo (f7'P ®f-104 I)
S RL ([P @s0, T) = RS (fIM &S0, V).

It is enough to prove that this is an isomorphism in D(Og). Then this
follows from [7, II, Prop. 5.6]. |

LEMMA 3.8. — Let f: P — @ be a morphism of smooth W,-schemes.
For an object £ in D™ (Dg) and an object F in D~ (Dp), there exists an
isomorphism

(15 5, Do) S5, 7 5 Do, (555, 7

in Db(f_po).
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Proof. — The proof is the same as that of the corresponding proposition
for D-modules of higher level proved in [2, Prop. 1.2.25]. O

Let us prove Proposition 3.6.
Proof. — Applying Proposition 3.7 to the case with M = RI'z,(Ogq)

and N = Do p ®H{)P M, we obtain
RTz,(0q) @6, Rfx (Poer @p, M)
SRS (7 (R02,(0q)) ©F-10, (Dawr &5, M)).
The left hand side is isomorphic to RI'z,, o ff(/\/l) by Lemma 3.2. On the
other hand, by Lemma 3.8, we have
fT' R 24(0q) ®f-10, Daer @p, M
= (f 'R 2, (0q) ®f-10, Pa«r) ©p, M
= Do p @p, (Lf'RT2,(0q) ©6, M).
Lemma 3.2 and Proposition 3.5 imply that

Doep @5, (LRI 2,(0g) @%, M)
= Doep @5, (RTz,(0p) ®5, M)
= Doep @5, Rz, (M).
Therefore the right hand side of the first isomorphism is isomorphic to
Rf. (Poep ®p, RT'7,(M)) = f£ o Rz, (M). -

ProOPOSITION 3.9. — Let f : P — @ be a morphism of smooth W,-
schemes and Zg a closed subset of Q. We denote by Zp the inverse image
of Zg. Let M be an object in D! (Dp,p). Then there exists a natural
isomorphism

RT'z, o f+ (M) = fy oRI'z,(M).
in Db(DF,Q)

Proof. — Let us construct a natural transformation RI'z, o f, — f4 o
RTz, . For an object M in D®(Dp p), the natural morphism RI" z, M — M
induces a morphism RI'z, f{ RI'z, M — RI'z, f+ M. Since, by Remark 2.1
and Proposition 3.6, f1RI'z, M = ffRI‘ZPM = RI'z, ff/\/l as a complex
of Do-module, we know that f{RI'z, M is supported on Zg. Therefore we
have a natural morphism

f+RD 7, M & RU 5, f1RT 7, M — Rz, f4 M.

Again by Proposition 3.6 we conclude that it is an isomorphism. O
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4. Riemann—Hilbert correspondence for unit F-crystals
4.1. Category D{’fgu(X/VVn)Q

DEFINITION 4.1. — Let P be a smooth W,,-scheme and let Z and T be
closed subsets of P. We define the category Cp z 1 to be the full triangulated

f’fgu (Dr,p)° consisting of complexes M satisfying

(4.1) RI'zM = M and R[xM =0.

LEMMA 4.2. — Let P be a smooth W,-scheme. Let Z, Z', T and T’ be
closed subsets of P satisfying Z \T = Z' \ T'. Then we have the equality

subcategory of D

Crzr =Cpz 1.

Proof. — First we prove the equality in the case Z = Z’. One has ZNT =
Z NT'. Then an isomorphism RI'z M — M induces

RO M <= RT zop M = RT g0 M =3 RTv M.

Next we consider the case T' = T’. We have to show that RI'z M =M
if and only if R['z, M =, M under the assumption R['p M = 0. For a
closed subset C of P, let us denote by jco the canonical open immersion
P\C < P. Then the condition RT"z M = Mis equivalent to the condition
Rjz.j; M = 0. One always has R[7Rjz.j,'M = Rjz.j,'R[7M = 0
by Proposition 3.5 and Proposition 3.9. By the distinguished triangle
RUTRj 7,57 M = Rjziz ' M = Rirajz 'Riza iz M s,

we see that the condition Rjz, jgl./\/l = 0 is equivalent to the condition
RjT*jfleZ*jglM = 0. Let us denote by j the open immersion (P\ T)\
(Z\T) = (P\T)\ (Z'\T) < P\ T and by j' the open immersion
(P\T)\ (Z\T) — P. We have the following cartesian diagram:

(P\T)\(Z\T)C;P\JT
p\z— 7 ___p,

Applying the flat base change theorem to the complex ]El./\/l of Op\z-
modules, we obtain

i1 Rizejz' M= R TIM = jr Rz M.
Hence Rijz.jr Riz.j, M = 0 if and only if Rjr.j5 ' Rjzr.j, M = 0. The
general case follows from these two cases. O
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PRrROPOSITION 4.3. — Let P be a smooth W,,-scheme and X a locally
closed subset of P. Let j : U — P be an open immersion of smooth W, -
schemes such that an immersion X — P factors as a closed immersion
X — U and the open immersion U — P. Let Z be a closed subset of P
such that ZNU = X. We set T := (P\U) N Z. Then the direct image
functor Rj.(= j+) induces an equivalence of triangulated categories

Rj. : Cuxp — Cpz1T
with quasi-inverse j (= j').

1

Proof. — Firstly we shall see that the functors Rj, and j= are well-

defined. Let M be an object in Cy xg. By Proposition 3.9, we have
Rz (RjM) = RjRCzopM = RjRTx M = Rj. M. We also have
RO (Rj.M) = 0 as TNU = @ and thus know that Rj, restricts to a
functor Cyy x,p — Cp,z,7. Conversely, let N be an object in Cp z 7. Apply-

ing the functor =1 to RT'zA = A we obtain RT xj~ A = j~'A/. There
exist natural adjunction morphisms (cf. [4, Lem. 4.3.1])

IR M > M and N — Rj,jTIN.

One has j7'Rj, M = M for any M € Cy x,9. Let us prove that the ad-
junction morphism N — Rj,.j~'N is an isomorphism for any N € Cp 7 r.
One has a distinguished triangle

REp\ g N — N — Rj, N s

We need to show that RT’ p\UN is quasi-isomorphic to zero. Let us consider
a distinguished triangle

(4.2) RLZRT p\y N = R p\y N = Rijzasi; 'RTpy g N T

where jz denotes the open immersion P\ Z < P. One has R['zRI p\y N =
RI'7A = 0. On the other hand, we obtain

Riz:jz ' RTp\uN = R p\pRjz.j; ' N = 0.
So the assertion follows from (4.2). O

Recall that a W,,-embeddable k-scheme is a separated k-scheme X of
finite type such that there exists a proper smooth W,-scheme P and an
immersion X < P which fits in the following commutative diagram:

X————pP

.

Speck — Spec W, .

ANNALES DE L’INSTITUT FOURIER



RIEMANN-HILBERT CORRESPONDENCE 1095

DEFINITION 4.4. — Let X be a W,,-embeddable k-scheme with an im-
mersion X — P into a proper smooth W,,-scheme P. We define the cate-
gory Cp x to be Cp z  for some closed subsets Z and T of P with X = Z\T.
This definition is well-defined by Lemma 4.2.

THEOREM 4.5. — Let f : P — @ be a proper smooth morphism of
smooth W,-schemes. Suppose that we are given closed immersions i :
X — P and iy : X — @ such that f oi; = iy. Then f, induces an
equivalence of categories

o

(4.3) J+:Cpxp — Co.x0
with a quasi-inverse RT x o f'.

Proof. — Since the definition of the category Cp x ¢y depends only on the
underlying topological space of X by Lemma 4.2, we may assume that X
is reduced. First of all, we note that the functors f, and RI'y o f' are
well-defined. Indeed, for M € Cp x y, by Proposition 3.9, we have

RTx f+ M = fLRT ;1 (x)M

IR

— f—&-RFf*l(X)RFXM

R

= M.

R

We also have Ry (RT x f'\) = ROy f'N for any N € Co,x,0- Next let
us construct a natural transformation from fy to RI'x o f' and its inverse.
By [4, Cor. 14.5.15], there are canonical adjunction morphisms

(4.4) fof'N = N and M — ff'M.
We thus obtain natural transformations of functors
(4.5) fARTx f'N = fo f'N = N
and

(4.6) M E ROxM — ROy f fo M.

Let us prove that these morphisms are isomorphisms by induction on n.
We begin with the case n = 1. Then P and @ are smooth k-schemes. Let
us firstly consider the case when X is smooth over k. Then [4, Cor. 15.5.4
and Prop. 15.5.3] imply that

o

FARUX N =5 fringd f'N S iagib N = A
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This shows that (4.5) is an isomorphism. In order to see that (4.6) is an
isomorphism, we claim that the natural morphism iy M — 4} f' f, M is an
isomorphism. Indeed, since M € Cp x ¢ is supported on X, there exists
M’ € D, (Drx) such that i3, M’ = M by [4, Cor. 15.5.4]. Then we
have iy M 22 ijip M’ = M’ and i\ f' fA M 234 f frig e M2 dbig M) 22
M’ hence we see the claim. Applying the functor 414 to the isomorphism
itM N i f f+ M we see that Tx M — RIx f'fi M is an isomorphism
by [4, Prop. 15.5.3].

Next let us prove the case n = 1 for general X by induction on the
dimension d of X. If d = 0, then X is étale over k and the assertion follows
from the smooth case. Let Xy be a d-dimensional smooth open subscheme
of X such that H := X \ Xy is of dimension < d. Let us consider the
following diagram:

X\H—= P\ f~1(H) =P

e )
Q\H Q.

Let us consider the following morphism of distinguished triangles

RT 1 g1y M M RjLj" M — >

| | |

RIx f f1RT -1 gy M — RUx f' f M —— RUx f' f2 RjL5 M —

In the left term, we have RT ;-1 ;M ¢— R o1 ;R x M = R M
and we also calculate

RO x f' f+RT p1 iy M 2 RT x f' {2 RT po1 iy RTp M 2 RU y f' £ RT gy M

by Proposition 3.9 and Proposition 3.5. Hence the induction hypothesis
implies that the left vertical arrow is an isomorphism. Similarly, by the
smooth case, one can see that the right vertical arrow is an isomorphism.
As a consequence, we see that M — RI'x f' f{ M is an isomorphism. Next
let us consider the following morphism of distinguished triangles

FLRTx f'RUGN — > fiRTx f'Rjuj N —> fRTx f'Rjuj N — >
RC N N Rj. N +

In the left term, we have f4 RI'x f'RTC g N 2 fL Ry f'RT g N by Proposition 3.5.
Hence the left vertical arrow is an isomorphism by the induction hypothesis. In
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the right term, we can calculate as
FrRTx f'Re (57 N) 2 fLROxRGLf" (57 N) 2 [ RIRDx i f” (57'N)
>~ R f1 R\ f" (77'N)
by Proposition 3.9. So the right vertical arrow is an isomorphism by the smooth

case and hence the middle arrow is also an isomorphism. This finishes the proof
in the case n = 1. Now let us consider a distinguished triangle

M ®Hi/pnz Z/pZ — M — M ®Hz‘/pnz Z/p'fklZ i> .

Then the induction hypothesis, Lemma 3.2 and [4, Prop. 14.8.1] reduce us to the
case n = 1 and we are done. O

COROLLARY 4.6. — Let f : P — @ be a proper smooth morphism of
proper smooth W, -schemes. Suppose that we are given immersions iy :
X — P and iy : X — @ such that f oi; = iy. Then f, induces an
equivalence of categories

(4.7) fr:Cpx = Cox
with a quasi-inverse RI' g o f'. Here Xp denotes the closure of X in P.

Proof. — Let us prove that fy restricts to a functor Cp x — Cg x. Let
V be an open subset of P such that iy factors as a closed immersion
X <— V and the open immersion j, : V < Q. Denote by U the open
subset f~1(V) of Q. Then i; factors as a closed immersion X — U and
the open immersion j; : U < P. For an object M in Cp x, by Propo-
sition 4.3, there exists M’ € Cy x ¢ satisfying Rjj, M’ = M. We have
fAM = [ Rj1 M = Rjo, flyy M. In the course of the proof of Theo-
rem 4.5, we saw that fjy4 M’ is in Cy x ¢. Hence we know that f, M =
Rjo« flu+ M’ is in Cq x by Proposition 4.3.

Next let us prove that RFXP o f! restricts to a functor Co x — Cp,x. Let
To be a closed subset of @) such that XQ \To = X in @, where XQ denotes
the closure of X in Q. We denote by Xp the closure of X in P. Let T be a
closed subset of P such that Xp \ T = X and we set Tp := TN f~1(Tg).
Then Tp is a closed subset of P such that Xp \Tp = X and we have
Cpx = Cp i, and Cox = Cq 5, 1,- For an object M in Cy 5, 1,
one has RI'g (]RFXPf!M) =N ]RFXPfIM. Also by assumption, one has
RI'r, M = 0. Applying the functor RT" ¢, f' to this equality we have 0 =
RT ¢, f'RO7, M 2= RT g, p-17,) f' M. Then we have RU'7, RT ¢, f'M =
R 7. RT g -1 (1) M = 0.

There are natural adjunction morphisms

U:fRTg, f'N - Nand ®: M —Rlg, f'fiM.
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By Proposition 4.3, ¥ is an isomorphism if and only if so is ¥}y, = j;l\IJ.
Now we can calculate as

Jo VfeRT g N 2 fiudr 'R N 2 fiu sy REx g fAN
= flu+RUx fipds "N

Hence we see that j, 10 : f|U+IR{FXf|!UjQ_1N — jy *N is an isomorphism
by Theorem 4.5. One can prove that ® is an isomorphism in a similar
manner. g

DEFINITION 4.7. — Let X be a W,,-embeddable scheme. Let us take an
immersion X — P into a proper smooth W,-scheme. We define the trian-
gulated category Di;, (X/W,)° by Cpx. This definition is independent of
the choice of embedding X — P up to natural equivalence by Corollary 4.6.

4.2. Cohomological operations on Df’fgu(X/Wn)O

Let f: X — Y be a morphism of W,,-embeddable schemes. Let us first
define a functor

f! : lefgu(Y/Wn)o - Df)fgu(X/Wn)o'

Let us take immersions 71 : X < P and i3 : Y < @, where P and @)
are proper smooth W,,-schemes. Then an immersion i : X — P xw, @
is defined by the composition X M, x XY L p Xw, Q. One has
p2oi =10 f, where py is the second projection P xw, @ — Q. Hence, for
a morphism f: X — Y of W,,-embeddable schemes, we can always obtain

the following commutative diagram:
X" _p
(1.8 o
Y2 _Q.
Here P and @ are proper smooth W, -schemes, i; and i, are immersions
and g is a proper smooth morphism of W,-schemes.

LEMMA 4.8. — Let f : X — Y be a morphism of W,-embeddable
schemes. Suppose that we are given the diagram (4.8). Let j : U < P be
an open immersion of smooth W,,-schemes such that i, factors as a closed
immersion X < U and j. Then the functor

Rj*RFXg‘!U : Cny — CP,X

does not depend on the choice of the open immersion j : U — P.
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Proof. — Assume that we are given an open subset V of U such that
X < U factors as a closed immersion X < V and the open immersion
3"V < U. Put j” := 7' o 4. Then one has

Rj/RCxgjy = RLRGRCx " gy 2 Rj.RjLj 'Rl xgly = Rj.RLxgjy -
This completes the proof. O
Next let us suppose that we are given the following commutative diagram:
X

|

(4.9) Y P——=P,

ho
g1 lgz

Q1T1>Q2~

Here P;, P, Q1 and Q)2 are proper smooth W, -schemes, and g1, g2, hy
and ho are proper smooth morphisms over W,,, and all slanting allows are
immersions. Let us denote by Xp, (resp. Yg,) the closure of X (resp. Y)
in P, (resp. Q1). Take an open immersion jo : U < P, such that the
immersion X — P, factors as a closed immersion X — U and j3. We set
V = hy'(U) and b} = hopy V. — U. Denote by j; the open immersion
V < Pj;. Then we have the following functors:

RI'g, ohj
1
Cp,x <~—Cp,x

lexRFXg!lvT TR]'Q*RFXOQ!MU

Cory <——Cq,y-
RI'y,, ohj
1

This diagram is commutative up to natural isomorphism since we have
. ~ . ! !
Rlg, h o Rj2.RT x gy ¢y = Rl g, Rjichy Rng'Q‘U
. ! ~ T s '
= Rj1RT X Ry, 1 (x)hh gy = Rj1RT xR gy

(where the first isomorphism follows from the flat base change theorem)
and

Rj1.RTx gl o Ry, My 2 RjLROXT 1 (5 0y hi = RjtRUx gy Ay

For a morphism f : X — Y of W,-embeddable schemes, we take a
diagram as in (4.8) and an open immersion j : U < P as in Lemma 4.8.
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We then define the inverse image functor
f! : Df]fgu(Y/Wn)o - lefgu(X/W’ﬂ)o

by f' = Rj,.Rl Xg‘!U. The above argument shows that this definition is
independent of the choice of diagram (4.8) up to natural isomorphism.

Next let us define the direct image functor fi : lefgu(X/VVn)O —
fogu(Y/Wn)o'

LEMMA 4.9. — Let f : X — Y be a morphism of W,-embeddable
schemes. Suppose that we are given a diagram as in (4.8). Then the functor
g+ restricts to a functor

g+ CP,X — Cny.

Proof. — Take an open subset V of Q such that i5 : Y < @ factors as a
closed immersion Y < V and the open immersion js : V < @Q. There exists
an open subset U of g=!(V) such that the immersion X < ¢g=1(V) factors
as a closed immersion X < U and the open immersion U < g=1(V). We
denote by j; the open immersion U — P. Let M be an object in Cp x.
Then, by Proposition 4.3, there exists N € Cy x ¢ satisfying Rji, N = M.
We have g, M = g, Rj1.N = Rjo.gju+N. In the course of the proof of
Theorem 4.5, we saw that g|U+./\/ is in Cy,y,¢. By Proposition 4.3, we know
that g+M = Rjg*g“]_i_./\/. is in CQ7y. g

Let us assume that we are given a diagram as in (4.9). Then we have a
natural isomorphism of functors hiy o g1+ = hoey o goy. For a morphism
f: X =Y of W,-embeddable schemes, we take a diagram as in (4.8) and
define the direct image functor

f+ : Df)fgu(X/Wn)o - D{)fgu(Y/W’ﬂ)o

by fi:=g+.

Finally let us take an immersion ¢ : X — P into a proper smooth W,,-
scheme and Z and T closed subsets P such that X = Z\ T as a set. For M
and N € Cpzr = Cpx we consider M ®H@P N|—dp] in Dﬁcgu(’DF7P). By
Lemma 3.2, we have R['z (M ®g  N) = (RT'zM) @¢, N =M ®%, N.
We also have RI'r (M ®g, N) = (RT'rM) ®@g N = 0. Hence M @,
N[—dp] is an object in Cp z 7. Assume that we are given another immersion
7' : X — @ into a proper smooth W,,-scheme and a proper smooth W,,-
morphism f: P — Q with f oi = 4. There exists an equivalence RT 5 f* :
Co,x = Cp,x by Theorem 4.5, where X denotes the closure of X in P. For
objects M and N in Cg x, applying the functor RT g f' to M ®H@Q/\/[—dQ],
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we compute that
RT g/ (M @b, N[-dg]) = RIx (/M &, ['N) [dp]
by Proposition 2.2. On the other hand, there exist isomorphisms
R ¢ f/'M @, RT ¢ f'N[~dp] 2 RT g (f'M @, BT ¢ f'A') [~dp]
S REg (M 05, ) [dp)
by Lemma 3.2. Therefore we can define a bi-functor
(=) @ (=) : Digu(X/W)® % Dl (X/W3)® = Digy(X/W3)°

to be M @ N := M ®p,_, N[—dp] for some immersion X < P into a
proper smooth W,-scheme P.

4.3. Riemann—Hilbert correspondence for unit F-crystals

Let X be a W,,-embeddable scheme with an immersion ¢ from X into a
proper smooth W,,-scheme P. We define a functor Solx to be the composite
of the functors

o Sol n
fogu(X/Wn) = CP,X - fogu(DF,P) —P> D(Zztf(PéhZ/p Z)
it n
“— Diy(Xet, Z/p" L),

where the first functor is the natural embedding.

LEMMA 4.10. — This definition is independent of the choice of embed-
ding i : X — P up to natural isomorphism.

Proof. — Let us first suppose that we are given an open immersion j :
U — P such that i factors as an closed immersion ' : X < U and j.
Then j~! induces an equivalence Cux.p =N Cp,x by Proposition 4.3. Let
us consider a functor i'~! o Soly : Cy x,p — D2(Xest,Z/p"Z). Then one
has

(4.10) 'L Soly j'M =2 i'"~1j71 Solp M 24’71 Solp M

for any M € Cp x. Next let us suppose that we are given a closed im-
mersion i/ : X — @ into a smooth W,-scheme ) and a proper smooth
Wy-morphism U — @ with f o4’ = . Then f, induces an equivalence
Cu.x.0 = Co,x,p by Theorem 4.5. Note that, because Soly is compati-
ble with the inverse image functor by Theorem 2.3, we know that Soly M
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is supported on X for any M € Cy x . Then, for M € Cy x 9, we can
compute that

"~ Solg f+- M = "7t fiSoly M = 4" fiiti'™ ! Soly M 22 i'~* Soly M.

We can prove the lemma by combining two claims proved above. O
Next let us define a functor Mx : DY (Xer, Z/p"Z) — Dip,, (X/W)°.
We define Mx to be the composite of the functors
n T n M o
Dstf(XéfnZ/p Z) — ch)tf(Péta Z/p Z) — Df)fgu(Dpr) .
LEMMA 4.11. — The essential image of Mx is contained in Cp x.

Proof. — Let us take an open subscheme U of P such that ¢ factors as
a closed immersion i’ : X < U and an open immersion j : U < P. Then
by [4, Cor. 16.2.8] Mx is naturally isomorphic to the composition
n Z; n M o
Dgtf(Xét,Z/p Z) = Dgtf(UétaZ/p Z) — Df)fgu(DF,U)
Rj. o
% lefgu(DF,P) :

So we reduce to the case when X is closed in P by Proposition 4.3. Now
since Mp is compatible with the inverse image functor by Theorem 2.3,
F € Db¢(Ps,Z/p"7Z) is supported on X if and only if so is Mp(F). O

One can prove that this functor is independent of the choice of X — P
as in Lemma 4.10. By Lemma 4.11, we obtain a functor

My : Dlp(Xet, Z/p"Z) = Dipg(X/W)° .
We now state our main result.

THEOREM 4.12. — Let X be a W, -embeddable k-scheme. Then Sol x
induces an equivalence of triangulated categories

(4.11) Soly : Dl (X/Wy)° = Dby(Xew, Z/p" )
with quasi-inverse M x .
In order to prove Theorem 4.12 we need the following lemma.

LEMMA 4.13. — Let X be a W,-embeddable k-scheme with a closed
immersion i from X into a smooth W,-scheme P. Let us denote by
Dlgtf7x(Pét7Z/an) the full triangulated subcategory of DY (Pe,Z/p"Z)
consisting of complexes supported on X. Then Solp : lefgu(DF7 p)° —
Db (Ps, Z/p"7Z) restricts an equivalence

Cpxp — Dl x (Pe, Z/p"Z) .
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Proof. — By Lemma 3.1, we can write as
CP,X,(B = {M S D{)fgu(DF’p)o | Supp/\/l C X}
Denote by j the open immersion P\ X < P. For an object M in Cp x g, the
condition Supp M C X is equivalent to the condition j~' M = 0. Applying
the functor Solp to 7'M = 0, by Theorem 2.3, one has j~! (Solp M) =
Solp\ x 571 M = 0. Hence we know that Solp restricts to a functor
Solp : Cp xp — Dl x(Pet, Z/p"Z).

Similarly, Mp restricts to a functor Mp : Dé’tﬂX (Pet, Z/p"Z) — Cp,x g and
we are done. ]

Let us prove Theorem 4.12.

Proof. — We may assume that there exists a proper smooth W,,-scheme
P, an open subset U of P together with a closed immersion i : X — U.
Then Solp is compatible with Soly and Soly induces an equivalence of
triangulated categories

Cu,x,0 = Dl x (Uex, Z/p"Z)

with quasi-inverse My by Lemma 4.13. Also, i~ : DgthX(Pét,Z/an) —
Db (Xg,Z/p"Z) is an equivalence of triangulated categories with quasi-
inverse i,. This finishes the proof. ]

THEOREM 4.14. — Let f : X — Y be a morphism of W,-embeddable
schemes. Then there exist natural isomorphisms of functors

Soly of+ 2 fi o Solx : Dity (X/Wn)® — D¢y (Yer, Z/p" ),
F o Soly = Solx o f': Dl (Y/W,)® — Dby(Xew, Z/p"Z)
and a functorial isomorphism
Solx (M) ®Hz‘/pnz Solx (N) =N Sol x (./\/l QF N)
for objects M and N in Dfy, (X/W,)°.
Proof. — We may assume that there exists a commutative diagram

xc_p
|
Yo 2 _q

such that P is a smooth W,,-scheme which is an open subscheme of a proper

smooth W,,-scheme P, @ is a proper smooth W, -scheme, i, is a closed
immersion, io is an immersion, and g is the composite of an immersion and a
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proper smooth morphism. Also, we can identify the categories lefgu (X/W)
and lefgu(Y/Wn) in the statement with the categories Cp x g = Cp x and
Cq,y respectively. Via this identification, Soly is identified with ifl o Solp
on Cp x ¢ by (4.10). For any object M in Cp x gy, Solp(M) is supported on
X. So we can compute that

(4.12) Solyof, :=i5 " Solg g4 =iy g1 Solp =i *griy.ii ' Solp = fioSolx.

Let us prove the second isomorphism. Recall that f' := RT'xg': Coy —
Cp x,p. We define a natural transformation f~toSoly — Solx o f! to be
the composite of natural transformations

ftoSoly =i tg ! Solg =i  Solp gt — 7! Solp RT'xg' = Solx o f.

Let us prove that it is an isomorphism. The usual dévissage argument re-
duces the proof to the case n = 1. First of all, suppose that X is smooth over
k. Then using [4, Cor. 15.5.4] and Theorem 2.3, we obtain isomorphisms

foSoly = izt Solg = iT iy g™  Solg =iy ! Solp o (i14i1g')
=~ ;' Solp o (RI'xg') = Solx o f'.

In general case, we shall prove by the induction on the dimension d of X. Let
Xy be a d-dimensional smooth open subscheme of X such that H := X\ X,
is of dimension < d. Let a denote the open immersion P\ H — P and M
an object in Cg y. We have a distinguished triangle in D%(Pe, Z/pZ)

(413)  SolpRIxaya'g'M — Solp RT xg'M — Solp RT yg' M 55 .

Let us denote by iy the closed immersion H — P. For any object F in
DY (Py,7Z/pZ), there exists a distinguished triangle in D%( Py, Z/pZ)

(4.14) ama\F = F = imig'F 5.
Applying (4.14) to F = g~ Solg M, one has a distinguished triangle
(4.15) aa gt Solg M — g ! Solg M — iH!z‘;Ilgfl Solg M + .
There are natural morphisms

Y :aia” g™t Solg M = Solp ara'g' M — Solp R xaya'g' M

and

o

¢ iHin_{lg_l SO]Q M= iHI’L'I_Jl Solp g!./\/l — iH[iI__Il Solp ]RFHQ!M
>~ Solp R[ g g' M.
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Here the last isomorphism follows since Solp RI';7g' M is supported on H.
Hence we obtain a morphism of distinguished triangle from (4.15) to (4.13).
We then claim that il_lzb is an isomorphism. We can calculate as

Solp RT xata'g'M = Solp a; RI x\ ya'g' M
= a SOIP\H RFX\HQ!Q!M .
So il_lcna_lg_1 Solg M and 2'1_1 Solp RFXa+a!g!./\/l are supported on X \
H. Hence il_1¢ is an isomorphism if and only if so is a'_lil_lw, where
a’ denotes the open immersion X \ H — X. We denote by i} the closed
immersion X\ H < P\ H. Applying the functor a’~1i;* to the isomorphism
Solp RT'ya,a'g' M = a Solp\ g RFX\Ha!g!M, we have
a/Yi7'Solp Rl yaya'g' M = a/~tiTtay Solp i1 RI‘X\HaIg!M

(a2

ila Solp\i fix\uM

12

"7 Solpy s fx\ g M = Solx\ i flx uM.

We can also calculate as

1

i'Tta Yaya g7 Solg M
i'Tta~ g™ Solg M
= o/~ f=Liy = Solg M = flgg\H Soly M.

a' iy aa™ g™ Solg M

12

Hence o'~ iy '4) is identified with the morphism
Ffixd Soly M = Solx\ i flx\ pM

and it is an isomorphism by the smooth case. On the other hand, since
Solp RI'7g' M and iH!igIlg_l Solg M are supported on H, ¢ is an iso-
morphism if and only if so is i;{l¢. Let us denote by fjy the compos-

ite of morphisms H — X ENR'S Applying iI_{l to Solp RT';¢g' M and

ngiI_{lg_l Solg M, one has
iy Solp RT rg' M = Soly f{ M
and iy'imiy g~ Solg M = [} Soly M
respectively. So z';(ﬁ is identified with the morphism fl;Il Soly M —
Solg fl!H./\/l and it is an isomorphism by the induction hypothesis. Now
we know that the morphism of distinguished triangle from (4.15) to (4.13)

is an isomorphism after we apply the functor il_l to it. As a consequence,

we obtain the desired isomorphism f~! Soly =, Sol x fh.
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Finally let us prove the last isomorphism. For objects M and N of
Df’fgu(X /Whn) = Cp x,p, there exists a natural isomorphism

SOIPM ®%/p"Z SOIPN E) SOlp (M ®L(9p N) [dp]

by Theorem 2.3. Recall that M @“ N is defined to be M ®g , N[—dp].
Applying the functor Soly :=i~! Solp to it, one has

Soly (M @"“N) =i~!Solp (M ®%, N[-dp])

"' Solp (M &g, N) [dp]

it (Solp M ®HZ‘/an Solp./\f)

Solx (M) &7 /pnz Solx (V).

This finishes the proof. O

12

1

12

5. t-structures on Df’fgu(X /k)

In this section, we study several t-structures on Df, (X/k) for a k-

embeddable k-scheme X. Note that, for a smooth k-scheme P, one has
lefgu(DF7 p)° = Df’fgu(DR p) and lefgu(DF, p)° is naturally equivalent to
Df’fgu(ORp) (see the subsection 2.4).

5.1. The standard t-structure on lefgu(X/k)

For a smooth k-scheme P, we set

Dy (Drp) = {M € D}, (Dr.p) | H*(M) = 0 for k > n} and

Ifgu
D (Dp.p) = {M € D}, (Dr.p) |H*(M) = 0 for k < n}.

Let X be a k-scheme of finite type. The middle perversity is the function

p: X — Z defined by
p(z) = —dim{z}.

For € X, we denote by i, the canonical inclusion {z} — X. We then
define a full subcategory PDSO(X¢,Z/pZ) (resp. PDZ%(Xg, Z/pZ)) of
D%(Xet, Z/pZ) by the condition: F is in PDS(Xg,Z/pZ) if and only if
H*(i;1F) = 0 for any € X and k > p(x) (resp. F is in PDZ%(Xey, Z/pZ)
if and only if H* (i}, F) = 0 for any » € X and k < p(z)).

Gabber proved that (PDSO(Xe,Z/pZ),PDZ°(Xey, Z/pZ)) forms a t-
structure on DY(X¢,Z/pZ), which we call Gabber’s perverse t-structure,
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in [5, Theorem 10.3]. Emerton and Kisin gave another proof of it in the case
when X is smooth over k based on the Riemann—Hilbert correspondence [4,
Theorem 11.5.4]: Indeed, they proved that DE;H(X/k) (resp. ngou(X/k‘))
is equivalent to PDZ0(Xg, Z/pZ) (resp. PDS(X¢, Z/pZ)) via Solx. We

generalize [4, Theorem 11.5.4] to the case of k-embeddable k-schemes.

DEFINITION 5.1. — Let P be a smooth k-scheme with a closed subset
X of P. We set
Clg&,@ = {M€Cpxy | H*(M) =0 for k > 0} and

€70 = {M € Cpxo | H*(M) = 0 for k < 0}

Then (leg(,m,C?g(,@) defines a t-structure on Cp x 9, which we call the
standard t-structure on Cp x ¢. For a k-embeddable k-scheme X with an
immersion X < P into a proper smooth k-scheme P, we take an open
immersion j : U — P such that the immersion X — P factors as a closed

immersion X — U and j. We define the standard t-structure (ng(, C?&)

on Cpx by the essential image of (C;%_@,Cig{m) under the equivalence
Rj.. This definition is independent of the choice of U < P by the following
lemma.

LEMMA 5.2. — Let j : U — V be an open immersion of smooth k-
schemes. For any closed subset X of U which is also closed in V, the
functor

Rjs : Cux,0 = Cvx0
induces an equivalence of triangulated categories, which is t-exact with
respect to the standard t-structure.

Proof. — We can prove that Rj, is an equivalence of triangulated cate-

1'in the same way as in the proof of Proposi-

tion 4.3. Then it is enough to prove that Rj, and its quasi-inverse j ! are

left t-exact (cf. [11, Cor. 10.1.18]). These claims are evident. O

We need the following lemma.

gories with quasi-inverse j~

LEMMA 5.3. — Let P be a smooth W,-scheme and i : X — P a
closed immersion. For € {< 0,> 0}, we denote by D} x(Ps,Z/pZ) (resp.
PD? (Ps, Z/pZ)) the full triangulated subcategory of D2(Pe, Z/pZ) (resp.
pD;,(Pét, Z,/pZ)) consisting of complexes supported on X. Then the equiv-
alence i, : D?(Xa, Z/pZ) —» D! x (Pet, Z/pZ) restricts to an equivalence

o

PD2(Xet, Z/pZ) — P D2 x (Pst, Z/pZ)

with quasi-inverse i 1.
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Proof. — For an object £ in PDS%(Xg,Z/pZ), one obviously has i, L €
pr%(Pét, 7/pZ). Let L be an object of P DZ%(X¢, Z/pZ) and x an element
of X C P. Denote by i, (resp. i,) the canonical inclusion {z} — X (resp.
{2} = P). One has i!'i,. £ = i'i'i,L£ =i\, L. So we have H* (i}i,L) = 0 for
any k < p(z). If z € P\ X, one has H¥ (i}i,£) = 0 for any k. Hence we see
1L € pDig((Pét,Z/pZ). Conversely, for an object £ in prg((Pét,Z/pZ),
one obviously has i ~'£ € PDS%(Xg, Z/pZ). Finally let £ be an object of
pDCZ’g((Pé*“Z/pZ). Then, since £ is supported on X, we have i'£ — i~
and hence we have i~ 1L € PDZ%( Xy, Z/pZ). O

COROLLARY 5.4. — Let X be a k-embeddable k-scheme with a closed
immersion i : X < P into a smooth k-scheme P. Then Solx = i~! Solp :
Cp.x.g — DV(Xs,Z/pZ) sends leg(,@ (resp. Cligg(b) to PDZ0( X, Z/pZ)
(resp. PD*(Xey, Z/L)).

Proof. — By Lemma 4.13, Solp restricts to an equivalence of triangu-
lated categories

Cpx.0 — DL x(Ps,Z/pZ).
We know that Solp sends legm to pDi%(Pét, Z/pZ) and CI%gf,(b to
ijg((Pét,Z/pZ) by [4, Theorem 11.5.4]. By Lemma 5.3, we see that i~!
sends PD¢ y (Pet, Z/pZ) to PDe(Xe, Z/pZ) if @ € {< 0, > 0}. This finishes
the proof. a
By Lemma 5.2 and Corollary 5.4, one has the following theorem.

THEOREM 5.5. — Let X be a k-embeddable k-scheme with an immer-
sion X — P into a proper smooth k-scheme P. We set
(5.1) Dis(X/k) = C3l and Dig,, (X/k) = Cplx.
Then the t-structure (legou(X/k:), ngou (X/k)) is independent of the choice
of X — P, which we call the standard t-structure on Df’fgu(X /k). Fur-
thermore, (DE;U(X/k),ngOu(X /k)) corresponds to Gabber’s perverse t-

structure via Soly.

5.2. Beilinson’s theorem

In this subsection, we prove an analogue of Beilinson’s theorem (The-
orem 5.6), which is a generalization of [4, Cor. 17.2.5] to the case of k-
embeddable k-schemes. In the rest of this subsection, we fix a k-embeddable
k-scheme X, an immersion 7 : X < P into a proper smooth k-scheme
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and an open subscheme P of P such that i factors as a closed immersion
i : X < P and the open immersion P < P. Denote by 1, (resp. fusg,) the
category of unit Dp p-modules (resp. locally finitely generated unit D p-
modules). We also denote by gy, x (resp. puggu,x) the full subcategory of
fu (resp. fuggu) consisting of objects supported on X. Note that puiggy, x is
the heart of the standard ¢-structure on Df’fgu(X/k) =Cpx =Cpxyp and
hence it is independent of the choice of X < P and P by Theorem 5.5.
The following theorem is the main theorem in this subsection.

THEOREM 5.6. — The natural functor
Db(,ulfgu,X) — Df)fgu(X/k)

is an equivalence of triangulated categories.

The proof of Theorem 5.6 is divided into two parts. First of all, we prove
the following theorem.

THEOREM 5.7. — The natural functor
D (puggu,x) — Df)fgu(X/k)

is essentially surjective and, for any objects M and N in D®(uggy, x) the
map
Hom pb (6,0 ) (M, N) — Holebfgu(X/k)(j\/l,N)

is surjective.
We need the following lemma.

LEMMA 5.8. — Let Ind-uigeu,x be the full subcategory of ji, x consisting
of objects which are direct limits of objects in pigeu,x. Then the natural
functor

Db(,ulfgu,x) — Df’fgu(lnd‘ﬂlfgu,X)
is an equivalence of triangulated categories.

Proof. — For an object M in Df’fgu (Ind-pufgn, x ), there exists a subcom-
plex M’ of M such that the canonical inclusion M’ — M is a quasi-
isomorphism and the terms of M’ are locally finitely generated unit. Since
M is supported on X, so is M’. Hence Db(,ulfgu7X) — D{)fgu(]:nd—/l]fgu’x)
is essentially surjective. Let us prove the full faithfulness of the functor.
We denote by K°(uggu,x) (resp. K’(Ind-pugeu, x)) the (bounded) homo-
topy category of fugeu,x (resp. Ind-pugeu, x) and suppose that we are given
a quasi-isomorphism M — N in K®(Ind-fign, x) with N € K®(tigu,x).
Then all cohomology sheaves of M are locally finitely generated unit and
so there exists a subcomplex M’ of M such that the canonical inclusion
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M’ — M is a quasi-isomorphism and the terms of M’ are locally finitely

generated unit. Hence, by [11, Prop. 1.6.5], D®(tutgu,x) — D®(Ind-piirgu, x )

is fully faithful and the assertion follows. O
Let us prove the Theorem 5.7.

Proof. — The proof is a refinement of the proof of [4, Cor. 17.1.2]. For
a k-scheme Y of finite type, we denote by €y the category of constructible
étale sheaves of Z/pZ-modules on Y. By using the results in [3, p. 94], we
know that the natural functor D®(€y) — D2(Ys, Z/pZ) is essentially sur-
jective and induces a surjection on Hom'’s. Let E denote the residual com-
plex of injective quasi-coherent Op,,-modules resolving Op,,. It is proved
in [4, Prop. 17.1.1] that E naturally forms a complex of unit D p,,-modules
and the terms of E are in Ind-pu¢gy. Then, as in the proof of [4, Cor. 17.1.2],
Mx may be computed as Wp*mz/pz(—, E)oi, and we have the following
commutative diagram of categories:

Db(¢x) DY(Xet, Z/pZ)

Db(CP) DS(Pé‘mZ/pZ)

WP*mz/pz(_vE)i \LMP
lefgu (IIld—/.L]fgu) - lefgu(DF,P) .

The composite of the functors
D"(€x) — D2(Xet, Z/pZ) — DY(Pet, Z/pZ) — Dipy,(Dr,p)

induces a functor D*(€x) — Df}gu(X /k) which is essentially surjective and
induces a surjection on Hom’s by Theorem 4.12. On the other hand, the
essential image of the composite of the functors D’(€x) — D’(€p) —
Dfy,, (Ind-puggy) is contained in Dfy,, (Ind-puggu,x ) because for an object G

in D*(€x), we have the natural isomorphism
ﬂ'P*HOmz/pz('L'*g, E) = WP*i*HOmz/pz(g7 Z‘Elx) .

Hence we know that the functor Df’fgu(lnd—mfgu, x) — Df’fgu(X /k) is essen-
tially surjective. So, by using Theorem 4.12 and Lemma 5.8, we see that
the functor induces a surjection on Hom’s. Now the assertion follows from
Lemma 5.8. g

In order to prove the full faithfulness of the functor Db(/,dlfgu7 x) —
Diyo(X/k), we need some preparation.

LEMMA 5.9. — The category p,,x has enough injectives.
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Proof. — For an object M in p, x, we can take an injection M — I into
an injective object Z in u, by [4, Cor. 15.1.6]. Applying I"x to the injection
M — I, one has an injection M = I'x M — I'xZ. Hence it is enough to
prove that I'xZ is an injective object in uy, x. Suppose that we are given
an injection ¢ : NV — A and a morphism f : NV — I'xZ in p, x. Let us
denote by g the natural morphism I'xZ — Z. Since Z is an injective object,
there exists a morphism h : N'— I satisfying hoi = g o f. Then one has
I'xhol'xi=Txgol'xf.Since 'xiisequaltoi: N/ =TxN' - TxN =N
and T'xgoDlxf : N =TxN' — I'xI'xZ — I'xZ is equal to f, we know
the equality I'xh o4 = f. Hence I'xZ is an injective object in i, x. O

For an object M in 1, x, there exists a unique maximal subobject L(M)
of M which lies in Ind-fusg, by [4, Lem. 17.2.1(i)]. Then L(M) belongs
to Ind-fugeu,x and it is a unique maximal subobject of M which lies in
Ind-pgn, x - By [4, Lem. 17.2.1(ii)], the correspondence M — L(M) defines
a left exact functor

L : py,x — Ind-piggn, x

which is right adjoint to the natural functor pigeu,x — pu,x. Since fiy,x
has enough injectives by Lemma 5.9, we obtain the right derived functor

RL : D" (pn,x) — DT (Ind-piysen, x) -

By using Theorem 5.7, one can prove the following lemma in the same way
as [4, Lem. 17.2.2].

LEMMA 5.10. — Objects in pugeu,x are acyclic for RL.

Proof. — For an object M in ey, x, one can choose an injective reso-
lution M — T in p, x by Lemma 5.9. For a natural number n > 0, we
denote by £" the image of the differential Z" — Z™*!. In order to prove
that M is RL-acyclic, it is enough to prove that the map L(Z™) — L(E™)
is surjective. We denote by ZS™ the complex defined by (IS”)Z = T' for

i < n and by (Ign)i = 0 for 4 > n. Then one has an (n + 1)-extension
0=+M=T0 5T — o 5T 5 E" =0

of £" by M and denotes by ¢ the class of this extension in Ethj‘i (", M).
For a locally finitely generated unit Dp p-submodule F of £", we denote
by cr the image of ¢ under the map

Extz:ﬁi (E"M) — EXth,i (F, M) = Hompo(,, o\ (F[-n], M)
i) Hongc(DF‘P)(]:[—n], M) .
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Note that « is an isomorphism: Indeed we have the diagram of functors
Db(:uu,X) - Db(ﬂu) - Db(NQC) - Dgc(DF,P)

(where pqc denotes the category of Op-quasi-coherent Dp p-modules)
in which the first (resp. the second, the third) functor is fully faithful
by Lemma 5.12 below (resp. [4, Lem. 17.2.3 (iii)], Bernstein’s theorem [4,
Cor. 17.2.4]). Hence we can regard cx also as an element in Eth"’i (F, M).

By Theorem 5.7, there exists an (n+ 1)-extension in pig,, x which is sent

to c¢x by the map
HOHlDb( (f[—n],./\/l) — HOHllefgu(X/k) (]:[_TLLM)

= HOD’IDQC(DF‘P)(.F[—TL], M) .

Hifgu, X )

Let us denote this (n + 1)-extension by
0-M—=>N—=F—=0,

where NV is a complex of locally finitely generated unit Dp, p-modules whose
terms are supported on X and are 0 outside [0,n] and such that HY(N) =
M if i =0, H(N) = F if i = n and H(N) = 0 otherwise. Since Z is a
complex of injective objects in p,, x there exists a map of extensions

0 M AL En 0
1dT ¢T wT
0 M N F 0.

Let us consider the exact sequence
Hom,,, . (F,Z") = Hom,,  (F,&") % Ext"*1 (F, M) — 0.

By construction of ¢z one has §(¢)) = cx. If we denote by ¢’ the natural
inclusion F — £, then we also have 6(¢’') = c¢x. Thus ¢ — ¢’ lifts to

amap ¥ —v¢' : F — I™. Let us also denote by ¥ — ¢’ the composite of

morphisms N — F Y=¥, Tn. Then we have a locally finitely generated
unit Dp p-submodule (¢™ — 1 —¢')(N™) of I which surjects on ¢’ (F).
This finishes the proof. U

LEMMA 5.11. — Let pr-ac,x denote the full subcategory of puy x
consisting of L-acyclic objects. Then the natural functors D®(jugn x) —
D (pr-ac,x) and D¥ (pp-ac,x) — DT (pu, x) are fully faithful. As a conse-
quence, the natural functor

Db(legu,X) — Db(ﬂu,X)
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is fully faithful.

Proof. — The strategy of the proof is the same as that of [4, Lem. 17.2.3]
but we slightly modify their proof. Let us suppose that we are given a
quasi-isomorphism N — M in K (pac,x) with M € K®(gey, x ). Then
the adjunction morphism L(N) — N is a quasi-isomorphism since the
terms of N and its cohomology sheaves are acyclic for L by Lemma 5.10.
Now since the terms of L(N) are in Ind-fug,, x and cohomology sheaves
of it are in pugy, x, there exists a bounded subcomplex L(N)" of L(N)
such that L(N)" — L(N) is a quasi-isomorphism and L(N)" belongs to
K b(mfgu, x ). Hence the first functor is fully faithful by [11, Prop. 1.6.5]. Next
suppose that we are given a quasi-isomorphism A" — M in KT (pp ac, x)
with A" € K (p1y,x). Then, by Lemma 5.9, one has an injective resolution
T of M in K% (puy,x). So the full faithfulness of the second functor also
follows from [11, Prop. 1.6.5]. O

Let us consider the following commutative diagram of categories:

Db (pigu, x ) — D (puggu)

l |

Db(,“u,X) I Db(/‘ﬂ)

| |

Df)fgu(X/k) Df)fgu(,DFJD) .

In order to prove the full faithfulness of the functor D°(pggux) —
Df’fgu(X/k:), by Lemma 5.11 and [4, Cor. 17.2.4], it suffices to prove the
following lemma.

LEMMA 5.12. — The natural functor D*(ju, x) — D®(p,) is fully faithful.
In order to prove Lemma 5.12, we define a functor
RTx : D* (pu) = D™ (ptu,x)

to be the right derived functor of the left exact functor I'x : g — pu,x-
Here we use the notation R'T'x instead of R'x : Dgc(DF,P) — Dgc(DF,P)
to avoid confusion. We have the following lemma.

LEMMA 5.13. — Objects in u,,x are acyclic for R'Tx.

Proof. — For an object M in pu, x, take an injective resolution M — I
in p,. Since M is supported on X, we have H(R['x M) = 0 for i > 0.
On the other hand, each Z™ is injective in u, by definition and it is known
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by [4, Cor. 15.1.6] that such an object is always injective in the category of
Op-quasi-coherent Dp p-modules. So we have H (R['xZ™) = 0 for i > 0.
By considering the long exact sequence for RI'x, we deduce that 0 - M =
I'xyM — I'xZ is exact. Hence M is acyclic for R'T'x. O

Let us prove Lemma 5.12.

Proof. — Let us denote by pir-ac the full subcategory of y1, x consisting
of R'T x-acyclic objects. It is enough to prove that the natural functors
D®(pu,x) = DF(ury-ac) and D¥ (uryac) — DF(py) are fully faithful. Let
us suppose that we are given a quasi-isomorphism A — M in KT (pury _ac)
with M € K®(uy x). Then the natural morphism I'x ' — N is a quasi-
isomorphism since the terms of A" and its cohomology sheaves are acyclic for
R'T'x by Lemma 5.13. Moreover, since I'x N is cohomologically bounded,
there exists a bounded subcomplex I'x N of I'x A such that T'x N/ — T'x N’
is a quasi-isomorphism and T'xA” belongs to K°(u, x). Hence, by [11,
Prop. 1.6.5], we know that the first functor is fully faithful. For the second
assertion, let us take a quasi-isomorphism N — M in K¥(ury . ac) with
N € K*(uy,). Then M is quasi-isomorphic to its injective resolution Z in
K™ (py). Hence the second functor is fully faithful by [11, Prop. 1.6.5]. O

By Theorem 5.7 and Lemma 5.12, we finish the proof of Theorem 5.6.

5.3. The constructible ¢-structure on Df’fgu(X/k)

Let P be a smooth k-scheme. Let A be a sheaf of Op-algebra which is
quasi-coherent as a left Op-module and left noetherian. Let us first recall
a t-structure on D}, (A) introduced by Kashiwara in [10]. For more detail,
we refer the reader to [10, §3]. We define a support datum & = {&"} by

6" :={Z| Z is a closed subset of P of codimension > n}.

Then & has the structure of an ordered set by the natural inclusion. For
a sheaf F of A-modules, we define I'gn (F) := lim o, I'z(F). Then I'gn
defines a left exact functor from the category of A-modules to itself and we
obtain the right derived functor R['gn : Dgc(.A) — DgC(A).

We define a full subcategory ©DSF(A) (resp. ©DZF(A)) of D}.(A) by
the condition: M is in © D§F(A) if and only if RT g1 H" (M) = HY (M)
for any n (resp. M is in SDZF(A) if and only if R[zM € DZ"*(A) for
any n and Z € &").
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Kashiwara proved that (°DSY(A), ®DZ(A)) forms a t-structure on
D}.(A). We call this t-structure the constructible ¢-structure. In partic-
ular, we have a t-structure (6D§CO((9F7P),Gcho(OF’p)) on DgC(OF,p).

Moreover, we have the following theorem.

THEOREM 5.14. — Let P be a smooth separated k-scheme. We set
© D5 (Or.p) = D5 (Op,p) N Dty (Opp) and
©Dip(Or.p) :="DZ%(Op,p) N Dity (Or.p).

Then (GDEgOH(OF)p), GDE?H(OF,p)) defines a t-structure on D}, (O p).

Proof. — Tt suffices to show that for any M € Df’fgu(Op, p), there exists
a distinguished triangle
M M- M5
such that M’ € 6D§£u(6’)p,p) and M" € 6D1%g0u(OF’p). We show it by
induction on the codimension d of S := Supp(M). Let us consider a dis-
tinguish triangle

(5.2) <M M= 2 Mm

where 7 denotes the truncation functor with respect to the standard t-

structure. Evidently, one has Rl gr+1 (HF (7<9M)) = H* (7<¢M) for
any k > d. For any k < d, one has S € &**! and

Rlgrer (HF (7<9M)) = HF (r<IM).
Hence we have 7<9M € ® D30 (Or p). By using [10, Lem. 2.1] with (5.2),

Ifgu
we are reduced to the case where M is an object in Dﬁgu((’)p,p). Let Sy be
a d-codimensional smooth open subscheme of S such that H := S\ Sy is
of codimension > d. We set U := X \ H. Then we have a closed immersion
i : 8o < U and the open immersion j : U < P. Since M|y is supported
on Sy, by [4, Cor. 5.11.3], there exists an object N € Df’fgu((’)p’go) such
that i, N = My. Note that, by [4, Cor. 3.3.6], iy is t-exact with respect
to the standard ¢-structure. So N belongs to Dﬁgu(Op)so). Applying [4,
Prop. 6.9.6], by shrinking Sy if necessary, we may assume that all coho-
mology sheaves of N are unit F-crystals. In particular, these are locally
free of finite rank. Then we claim that ¢4 N belongs to GDﬁgou (Opy). In
order to see this claim, by the induction on the cohomological length of A/,
we may assume that A is a single unit F-crystal supported on degree > d.
Then for any n-codimensional closed subset Z of U, we have RI"zng, (N) &
RI' zns,(Os,) @ N € DE;(OF,SO)' Then since iy is left t-exact with re-
spect to the standard t-structure, we have RI'zi, N = i, RTzn5, N €
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DE;I((’)RU) as desired. Because Rj, is left t-exact with respect to the
constructible t-structure by [10, Lem. 3.7], one has Rj,i, N=Rj,j 1M €

GngOu((’)R p). Let us consider a distinguished triangle

ROyM — M — Rj M L.

Since the codimension of Supp (RI' g M) is greater than d, then the induc-
tion proceeds by [10, Lem. 2.1]. O

COROLLARY 5.15. — For a smooth separated k-scheme P with closed
subsets Z and T of P, we set

S <0 .. 6 nNn<o
Cpzr="D3 (Orp)NCpzr and

S 20 .6 n=0
Cozr="D3i (Orp)NCpzr.

Then (6C§70Z7T, 6C§7%7T) defines a t-structure on Cp,z 1, which we call the
constructible t-structure on Cp z 7.

Proof. — Denote by j the open immersion P\ T < P. For an object

M € Cpzr C Dty (O p). there exists a distinguished triangle

M M- M5
such that M’ € ®D;? (OF p) and M” € & pzo (Op,p). Since RT'z, Ry,

lfgu lfgu
and j~! are t-exact with respect to the constructible ¢-structure by [10,

Prop. 4.1, Prop. 4.2 and Lem. 3.7] respectively, we have a desired distin-
guished triangle

Rj.j 'RLzM’' — M — Rj.j 'RIzM" 5
such that Rj,j~'RIz M’ € SC5% 1 and Rj,j'RIzM” € ©CZ ;.. This
finishes the proof. |
For a k-embeddable k-scheme X with an immersion X — P into a proper
smooth k-scheme P, we define by
< < > >
60133( = 6CP,OZ,T and SCP,%( = 6CP,OZ,T

for some closed subsets Z and T of P satisfying X = Z \ T. Then this
definition is independent of the choice of Z and T by Lemma 4.2 and
(GCE&,GC?&> defines a t-structure on Cp x, which we call the con-

structible t-structure on Cp x. By [10, Prop. 4.2 and Lem. 3.7], one im-
mediately obtains the following lemma.

LEMMA 5.16. — Let X be a k-embeddable k-scheme with an immersion
X < P into a proper smooth k-scheme P. Let U be an open subscheme of P
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such that the immersion X < P factors as a closed immersion X < U and
the open immersion j : U < X. Then the equivalence in Proposition 4.3

Rj. : Cu,xp — Cp,x
is t-exact with respect to the constructible t-structure.

THEOREM 5.17. — Let X be a k-embeddable k-scheme with a closed
immersion i into a smooth separated k-scheme P. We set

DSO(Xet) = {F € DY(Xe, Z/pZ) |H¥(F) = 0 for k > 0} and
DZ%(Xe) = {F € D)(Xe, Z/pZ) | H*(F) = 0 for k < 0}.
Then the equivalence of triangulated categories

Solx =i~ Solp : Cp x.0 — D(Xa, Z/pZ)

sends (SC5 . SCZY ) to (DE(Xer), DZ°(Xer)).

In order to prove Theorem 5.17 we need the following lemma.

LEMMA 5.18. — Let P be a smooth k-scheme of dimension dp and M
a complex in Df’fgu(O r,p). The following conditions are equivalent.

(1) M e SDZ " (Opp).

(2) M is quasi-isomorphic to a bounded complex N of flat O p-modules
such that N = 0 for any n < —dp.

(3) H* (i, M) = 0 for any k < 0 and any closed point x of P, where i,

denotes the canonical closed immersion {z} — P.

Proof. — The equivalence of 1 and 2 follows from [10, Prop. 4.6]. Let
us prove that the condition 2 implies the condition 3. Suppose that M is
quasi-isomorphic to a bounded complex N of flat Op-modules such that
N™ =0 for any n < —dp. Let us denote by r(x) the residue field at .
Then, as a complex of k(z)-modules, we can calculate as

M= h(e) @ iz M=)

= k(@) ©y 10, i3 W[—dp].

We have the condition 3 from this description. Next we show the condition 3
implies the condition 1. Suppose that M satisfies the condition 3. We prove
that M belongs to Gng;dP (OF,p) by the induction on the codimension
d of S := Supp(M). Let Sy be a d-codimensional smooth open subscheme
of S such that H := S\ Sp is of codimension > d. Then we have a closed
immersion ¢ : Sy < U := P\ H and the open immersion j : U < P. Since

My is supported on U, by [4, Cor. 5.11.3], there exists N € Df’fgu(ORSo)
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such that i; "= M|y. By shrinking Sy if necessary, we may assume that
all cohomology sheaves of A/ are unit F-crystals. We fix a closed point
x € Sy and denote by i, (resp. i/,) the closed immersion {x} < P (resp.
{z} < Sp). By pulling back the isomorphism i, N' = M,y to {z}, we have
i" N = i) M. Let us take a flat resolution F — N as Og,-modules. One has
k() @i’ F = it M[ds,]. By this description combined with the condition
3, we know

>_d
N e legu %0 (OF»S'O)'

By a similar argument in the proof of Theorem 5.14, one has iy N €

GDl%g;dP (Opv). Since Ry, is left t-exact with respect to the constructible
t-structure by [10, Lem. 3.7], we have Rj,i N € 6D§g;dp (Or,p). Let us

consider a distinguished triangle
PERTEM — i M = ibj T M

By taking the long exact sequence, we see H¥ (i!w]RFHM) = 0 for any k£ < 0.

Hence the induction hypothesis implies RI'g M € Gng;dP (OF,p) and we
obtain M € SDgZ_ ¥ (Opp). 0

Now we may start to prove Theorem 5.17.

Proof. — First of all, we shall prove that the equivalence
Solp : Dfy,, (Op,p) = DY(Pu,Z/pL)

sends (9D, " (Opp), ® D, " (OF,p)) to (DSO(Pyy), DZ°(Pyy)). Since
Solp is an equivalence of triangulated categories, it suffices to show
that 6D§g;dP(OF7P) corresponds to DSO(Ps,Z/pZ) via Solp (cf. [11,
Cor. 10.1.18]). Let us first suppose that M is an object in GDEg;dP(OF,p).
Let 2 be a point in P. Denote by {z} the closure of {z} in P. For an open
subset U of @, we denote by ¢y the canonical immersion U — P. By
Lemma 5.18, there exists an Op-flat resolution A of M such that N™ =0

for any n < —dp. We then calculate
.1 ~ L -—1
ZUM = OU ®il_]10P 3% M[dU/P]

=0u ®itop iz Nlduyp)-

By this description, we have HF (Z'UM) = 0 for any k < —dy. By shrinking
U if necessary, we may assume that all cohomology sheaves of Z'UM are
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unit F-crystals. Then, by [4, Prop. 9.3.2], i;, M is Hom,,,. (m3;(—), Ou, )-
acyclic. Hence we can calculate as

ip* Solp(M) == Solys iy M)
= HOHIOF’Uét (WE(Z'UM)v OUét)[dU] .

By this description, for any n > 0 the equality H" (i&l Solp(/\/l)) =0
holds. So we have Solp(M) € DSO(Py,Z/pZ). Conversely, suppose that
we are given an object F in DSO(Py,Z/pZ). By [3, p. 94, Lem. 4.7], we
may assume that F is a bounded complex of constructible Z/pZ-modules.
For any closed point =, we can calculate as

ipMp(F) = M,y (i; ' F)
= RHomy, 5 (i, ' F, ()
= Homy 5 (i ' F, w(2)).

By this description, we see the condition 3 in Lemma 5.18 for Mp(F) and
thus Mp(F) € €D Y (Op p).

Now let X be a k-embeddable k-scheme with a closed immersion i :
X < P. Let Dgx(Pét,Z/pZ) denote the full triangulated subcategory of
D?(Ps,7Z/pZ) consisting of complexes supported on X. By Lemma 4.13,
Solp restricts to an equivalence of triangulated categories

Solp : Cpx.g —+ Db x (P, Z/pZ).

Then €C7 " corresponds to DSy (Pa) = DEO(Pst) N DY (P, Z/pZ)

via Solp. Moreover, since the equivalence
i DY (P, Z/pZ) = DY(Xey, /D)

is t-exact with respect to the standard ¢-structure, we see that ng( (Pet)

corresponds to DS%(Xg;) via i~!. As a consequence, we know that M €

GC?;{%’ if and only if Solx (M) € Dfo(Xét), O

COROLLARY 5.19. — Let X be a k-embeddable k-scheme with an im-
mersion from X into a proper smooth k-scheme P. We set

-l B -} \_d -l = /_d
(5.3) S D (X/k) :=SC5 " and  SD) (X/k) = SCZ".

Then the t-structure (GDEQU(X/k),GDfsu(X/k)) is independent of the
choice of X — P, which we call the constructible t-structure. Moreover,
the constructible t-structure corresponds to the standard t-structure on

DY (X, Z/pZ) via Soly.
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