FILTERED HIRSCH ALGEBRAS

SAMSON SANEBLIDZE

ABSTRACT. Motivated by the cohomology theory of loop spaces, we consider
a special class of higher order homotopy commutative differential graded al-
gebras and construct the filtered Hirsch model for such an algebra A. When
x € H(A) with Z coefficients and 22 = 0, the symmetric Massey products (z)"
with n > 3 have a finite order (whenever defined). However, if k is a field
of characteristic zero, (x)" is defined and vanishes in H(A ® k) for all n. If
p is an odd prime, the Kraines formula (z)? = —8P1 () lifts to H*(A ® Zp).
Applications of the existence of polynomial generators in the loop homology
and the Hochschild cohomology with a G-algebra structure are given.
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1. INTRODUCTION

In this paper we investigate a special class of homotopy commutative algebras
called Hirsch algebras [20]. When the structural operations of a Hirsch algebra A
agree component-wise with those of a homotopy G-algebra (HGA), the pre-Jacobi
axiom can fail [7], [8], [19], [37] and the induced product on the bar construction
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BA is not necessarily associative. Indeed, the theory of loop space cohomology
suggests that it is impossible in general, to construct a small model for H* (QX) in
the category of HGAs. The investigation here applies a perturbation theory that
extends the well-developed perturbation theories for differential graded modules
and differential graded algebras (dgas) [3], [9], [13], [11], [27], [28].

One difficulty encountered when constructing a theory of homological algebra
for Hirsch algebras is that the Steenrod cochain product a ~— b fails to be a co-
cycle even for cocycles a and b. Consequently a —1 b does not necessarily lift to
cohomology. We control such difficulties by introducing the notion of a filtered
Hirsch algebra, which can be thought of as a specialization of a distinguished res-
olution in the sense of [I0] (see also [I4]). On the other hand, the filtered Hirsch
model (RH,d + h) of a Hirsch algebra A is itself a Hirsch algebra whose struc-
tural operations E, , : RH®? ® RH®? — RH are completely determined by the
commutative graded algebra (cga) structure of H = H(A,d4); furthermore, the
perturbation h : RH — RH of the resolution differential d is determined by the
Hirsch algebra structure on A (Theorem [I]). Thus by ignoring the operations E, 4
we obtain a multiplicative resolution (RH,d) — (H,0) of the cga H thought of as a
non-commutative version of its Tate-Jozefiak resolution ([35], [L6]) and the filtered
model of the dga A is the perturbation (RH,d+h) — (A,d4) in [27] (such a filtered
model in the category of cdgas over a field of characteristic zero was constructed
by Halperin and Stasheff in [11]).

A Hirsch resolution always admits a binary operation Us, which can be viewed
as divided Steenrod —q-operation. This leads to the notion of a quasi-homotopy
commutative Hirsch algebra (QHHA) introduced here. We note that in general, the
construction of a Hirsch map (RH,d+ h) — A compatible with a QHHA structure
on A is obstructed by the non-free action of S¢; on its cohomology H(A).

Every cdga H can be thought of as a trivial Hirsch algebra in which the oper-
ations I, , = 0 for all p,q > 1. However, we exhibit an example of a cohomology
algebra H = H(A) with a non-trivial Hirsch algebra structure determined by Sq;.

For a Hirsch algebra A over the integers, we establish some formulas relating the
structural operations E, , with syzygies in (RH, d) that arise from a single element
x € H(A) with 22 = 0. Whereas the n-fold symmetric Massey product (z)" with
n > 3 is defined in H(A) ([23], [22]), our formulas imply that (x)™ has finite order.
Note that when A is an algebra over a field k of characteristic zero, (z)™ is defined
and vanishes for all n > 3 (Theorem [2). As a consequence we have (compare [4]):
Theorem A. Let X be a simply connected space, let k be a field of characteristic
zero and let o, : H (QX;k) = H,1(X;Kk) be the suspension map. If y ¢ Kero,
and y? # 0, then y™ # 0 for all n > 2.

Given an odd prime p, consider the Hirsch algebra A®Z,, let x € H*™ T (ARZ,),
and let 8 be the Bockstein operator. We obtain the formula

(1.1) ()P = =pPi(x),

which has the same form as Kraines’s formula in [23], however, the cohomology
operation Py : H* T (A®Z,) - H*"PT1(A®Z,) in () is canonically determined
by the iteration of the —1-product on A ® Z, (Theorem [3). Dually, if A is the
singular chains on the triple loop space Q3X, we can identify P; with the Dyer-
Lashof operation (see [22]). In fact the validity of (II) in a general algebraic
framework is conjectured by May [25, Section 6]. Furthermore, when X = BFy,
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the classifying space of the exceptional group Fy, we exhibit explicit perturbations
in the filtered model of X and recover formula (L)) in H*(X;Zs).

Although Theorem 1 provides a theoretical model of a Hirsch algebra A endowed
with higher order operations E), 4, in practice one can construct a small multiplica-
tive model for recognizing H*(BA) as an algebra in which the product is determined
only by the binary operation Ey; =-—3. Thus, a (minimal) multiplicative resolu-
tion of H*(A) endowed with a ~—1-product provides an economical way to calculate
the algebra H*(BA). We apply this technique to the Hochschild cochain complex
A = C*(P; P) of an associative algebra P over a field k of characteristic zero to
establish the following
Theorem B. If the Hochschild cohomology H* = H(C*(P; P)) is a free algebra,
then the Lie algebra structure on Tor(k,k) is completely determined by that of the
G-algebra H*. Consequently, the product p* on Tor(k,k) is commutative if and
only if the G-product on H*is trivial.

Some applications of filtered Hirsch algebras considered in an earlier version of
this paper are also considered in [31], [32] (see also [29], [33]).

I wish to thank Jim Stasheff for helpful comments and suggestions. I am also
indebted to the referee for a number of helpful comments and for having suggested
many improvements of the exposition.

2. THE CATEGORY OF HIRSCH ALGEBRAS

This section defines the generalized notion of a Hirsch algebra applied here, the
morphisms between them, and the notion of a Hirsch resolution.

Let k be a commutative ring with unity 1 and characteristic v ; in the applica-
tions, k will be the integers Z, a finite field Z, = Z/pZ with p prime, or a field
of characteristic zero. Graded k-modules A* are assumed to be graded over Z. A
module A* is connected if A° =k, and a non-negatively graded, connected module
A* is 1-reduced if A = 0.

For a module A, let T(A) = @;2, A®%, where A° =k, be the tensor module of
A. An element a1 ® - - ® a,, € A®" is denoted by [a1] - - |a,] when T(A) is viewed
as the tensor coalgebra or by a; ---a, when T(A) is viewed as the tensor algebra.
We denote by s~ A the desuspension of A4, i.e., (s7tA)" = AL,

A dga (A,dy) is assumed to be supplemented; in particular, it has the form
A = A@k. The (reduced) bar construction BA on A is the tensor coalgebra
T(A), A=s"'A, with differential d = d; + do given for [ay]---|a,] € T"(A) by

difa|---[an] = = Y (=) (@] [daas)] - - [an]
1<i<n
and
dofar|---|an) = = Y (D)% (@] [@a@g] - - |an),
1<i<n

where € = |z1| + -+ + |zi| + 4.

Let us generalize (slightly) the definition of a Hirsch algebra [20]. Let A be a dga
and consider the dg module (Hom(BA®BA, A), V), where V is the canonical Hom
differential. Since the tensor product BA® BA is a dgc with the standard coalgebra
structure, the —-product induces a dga structure on (Hom(BA ® BA, A),V,—).
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Definition 1. A Hirsch algebra is an associative dga A equipped with multilinear
maps
Epq: AP @ A®1 — A, p,g>0, p+q>0,
satisfying the following conditions:
(i) degEpg =1—p—g;
(11) El,O =1Id= EO,l and Ep>1,0 =0= E07q>1;
(iii) The homomorphism E : BA® BA — A defined by

(2.1) Ear]-1ap) @ Bl -+ ba]) = Epg(@1, s i br, 1 bg)
is a twisting cochain in the dga (Hom(BA ® BA,A),V,—), i.e., VE =
—F — FE.

A morphism f : A — B between two Hirsch algebras is a dga map f that
commutes with Fy 4 for all p,q.

Condition (iii) implies that ug : BA® BA — BA is a chain map; thus BA is a dg
bialgebra whose multiplication pp is not necessarily associative (compare [8], [37],
[5], 210, [26]); in particular, p, . is the shuffle product on BA, and a Hirsch
algebra with E, , = 0 for all p, ¢ > 1 is just a cdga (cf. 23)). It is useful to express
equation (27]) component-wise:

(22) dBpg(ar, ...apiby,ibg) = Y (=11 Ep glar, .., dai, ..., api by, ..., by)

1<i<p
+ 3 (1) B (a1, ey ap; by, e b, .y by)
1<5<q
+ Z (—1)E?Ep_1,q(a1, ceny Q5415 +ony Qp; bl, ceey bq)
1<i<p
a b
+ Z (—1)6P+€j p7q_1(a1, veey Qpj b1, ..., bjbj+1, ey bq)
1<5<q
+ Z (=) E; j(@1,ees @i5 b1,y bj) - Epi g j (@it 1500 Qp3 Djie 1,00, bg),
0<i<p
0<j<gq
(4,5)7#(0,0)

€. =€ + e?— + (e + 65)6?— + 1.

In particular, the operation E; ; satisfies conditions similar to Steenrod’s cochain
—1-product:

(2.3) dEi(a;b) — E11(da;d) + (1)U E; 1 (a;db) = (—1)%lab — (—1)lal0b+Dpg,

consequently, 7 1 measures the non-commutativity of the product - on A. We shall
use the notation a ~—1 b = Ej 1(a;b) interchangeably. The following special cases
will also be important for us, so we write them explicitly:

The Hirsch formulas up to homotopy

dEs1(a,b;¢) = By (da,b;c) — (—1)4Ey 1 (a, db; ¢) + (=1)1*HPI B, | (a, b; de)—
(—D)lel(ab) —1 c+ (—1)leHPIHRlel(q —y )b + (—1)1la(b —1 )
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and

dE) 5(a;b,¢) = By o(da;b,¢) — (1)U Ey 5(a;db, ¢) + (=1)1*HPIE, 5(a;b, de)+
(=Dl Plg — 1 (be) — (= 1)l Pl (@ —1 b)e — (=1)lIP=Dp(a — ¢)

tell us that the deviations of the binary operation «—; from left and right derivation
of the - product are measured by the respective boundaries of the operations Ej o
and E5 1 on three variables.

The following definition describes a class of Hirsch algebras in which the —1-
product itself is homotopy commutative (cf. (Z3) below).

Definition 2. A quasi-homotopy commutative Hirsch algebra (QHHA) is a
Hirsch algebra A equipped with a binary product Us : A® A — A such that

(2.4) d(aUsb) =daUs b+ (=1)1%a Uy db+ (—1)l%la —1 b+ (=1)Ia+ DIl ) g
- Q(avb)u
where q(a;b) satisfies:

(2.4)1 Leibniz rule: dq(a;b) = —q(da;b) — (—=1)!%lq(a; db);
(2.4)y Acyclicity:  [q(a,b)] =0 € H(A,d) for da = db=0.

Note that (2.4); follows from the equalities (2.2) and d? = 0. Obviously, discard-
ing the parameter ¢(a;b), the above formula just becomes the Steenrod formula for
the —9 -cochain product:

(2.5) d(a —9 b) = da —3 b+(—1)1%a —y db+(=1)1%a — b4 (=1)UelFDIPI, ) g,

However, ¢(—; —) may be non-zero when passing to models constructed via coho-
mology as below. In the following four examples, the first is a naturally occurring
example of a cochain Hirsch algebra (compare Example Bl); in the second example
QHHA structures are considered for certain Hirsch algebras; in the third and fourth
examples a Hirsch algebra structure is lifted to the cohomology level. In fact, the
fourth example was the original motivation for this paper.

Example 1. The primary ezamples of Hirsch algebras for topological spaces X are
their cubical or simplicial cochain complexes [20], [19], [2I]. In the simplicial case
one can choose Ey, o =0 for ¢ > 2 and obtain an HGA structure on the simplicial
cochains C*(X;Kk) [2] (see also [19]). Furthermore, the product pug on BC*(X;k)
gives the multiplicative structure of the loop space cohomology H* (X ; k).

Here the cochain complex C*(X;Kk) of a space X is 1-reduced, since by definition
C*(X;k) = C*(Sing' X;k)/C>°(Sing z ; k) where Sing' X C SingX is the Eilenberg
1-subcomplex generated by the singular simplices that send the 1-skeleton of the
standard n-simplex A™ to the base point x of X. Unlike the cubical cochains, the
Hirsch algebra structure of the simplicial cochains is associative, i.e., the above
product pg is associative.

Example 2. First, note that the Hirsch algebras from the previous example are also
QHHA s by setting Uy =—2 and q(—; —) = 0. Let A be a special Hirsch algebra, i.e.,
A is an associative Hirsch algebra and BA also admits a Hirsch algebra structure.
Then A is a QHHA since it admits a Usz-product satisfying (2.3) (cf. [18]). An
important example of a special Hirsch algebra is A = C*(X;Kk) from the previous
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example (cf. [20], [34]). Finally, for « QHHA A with v to be zero or odd and
—o-product satisfying (2.3), define the divided —2-operation Uy as

1
sa~—9a, a=»0

a U2 b= 2 2% .
a—2 b, otherwise.

Then A with this Us-operation is again o QHHA.

Example 3. Let (H,d = 0) be a free cga H = S(H*) generated by a graded set
H*. Then any map of sets E~p7q cH*P x H*Y — H of degree 1 —p — q extends to a
Hirsch algebra structure E, , : H®? @ H®? — H on H. Indeed, using formula (22)
the construction goes by induction on the sum p + q. In particular, if only E’Ll 18
non-zero then the image of Ep 4 for p4+q > 3 is into the submodule of H spanned by
the monomials of the form E~111(a1; b1) - ~E~111(ak; br) - x for a;,b; € H, x € H, and
k>1.

Example 4. The argument in Example[3 suggests how to lift a Hirsch Zs-algebra
structure from the cochain level to cohomology. Given a Hirsch algebra A, let H =
H*(A). For a cocycle a € A™, one has daE1 1(a,a) =0 and Sq1 : H™ — H?*™~!
is defined by
[a] = [E11(a,a)].

The trick here is to convert the Hirsch formulas up to homotopy on A to the Cartan
formula Sqq(ab) = Sqra-Sqob + Sqoa-Sqib on H by fizing a set of multiplicative
generators H C H. Define the map §Q1,1 tHxH— H fora,beH by

SQ1a’a a = ba

gfh,l(a;b) = {

and extend to the operation Sq11 : H ® H — H as a (two-sided) derivation with
respect to the - product; then in particular, Sq1,1(u;u) = Squu for all w € H. Define
Spg = Epq: H?? @ H®1 — H for p+ q > 3 by means of (Z23). Note that if the
multiplicative structure on H is not free, such an extension might not exist. This
procedure gives a Hirsch algebra structure {Sgq, ¢} on the cohomology algebra H in
the following situations:

0, otherwise

(i) H has trivial multiplication (e.g. the cohomology of a suspension).
(i) H is a polynomial algebra.
(i) H has the following property: If a-b =0, then Sqia-b=0=Sqa-Sqb
for all a,b € H.

Obviously we have the following proposition:

Proposition 1. A morphism f : A — A’ of Hirsch algebras induces a Hopf dga
map of the bar constructions

Bf: BA — BA'.
If the modules A, A" are k-free and f is a homology isomorphism, so is Bf.

This proposition is useful when applying special models for a Hirsch algebra A to
calculate the cohomology algebra H*(BA) = Tor?(k, k) (see Subsection 3.4 below),
and consequently, the loop space cohomology H*(2X;k) when A = C*(X; k) (see,
for example, [31]).

Given a Hirsch algebra A with cohomology H = H(A), let us construct a Hirsch
algebra model of A. The commutative algebra H admits a special multiplicative
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resolution (RH, d), which is endowed with the Hirsch algebra structure {E, 4} . The
perturbed differential dj, on RH gives the desired Hirsch algebra model (RH, dp,)
of A.

2.1. Hirsch resolution. Let H* be a graded algebra and recall that a multiplica-
tive resolution (R*H*,d) of H* is the bigraded tensor algebra T'(V') generated by
the bigraded free k-module

v @ v,

J,m=0
where V~9™ c R™JH™. The total degree of R~7H™ is the sum —j + m, d is of
bidegree (1,0) and p : (RH,d) — H is a map of bigraded algebras inducing an
isomorphism p* : H*(RH,d) = H* where H* is bigraded via H** = H* and
H<%* =0 ([27]; compare [11], [13]). In other words,

((ReE™a) B ™) = (o S R2H™ S R S RO S )

is a usual free (additive) resolution of the k-module H™ for each m, and there is a
multiplication on the family { R* H™},, ez, which is compatible with both d and the
bidegree. When each H™ is k-free, QBH (the cobar-bar construction of H) is an
example of RH with V' = BH. In general, the multiplicative structure of H* gives
rise to (additively) non-minimal submodules (R*H™,d) even for H™ to be k-free
or H™ = 0. The reason for this is that a (multiplicative) relation in H involving
elements of degree < m can produce an element a € R™'H"* with k < m, say
m = kn, some n > 2, and since the multiplication on R* H* respects the bidegree,
the non-zero element a”, the n" power of a, ultimately belongs to R~"H™, the nt"
component of a k-module resolution of H™ (see the proof of Proposition Bl below).
Furthermore, even for H to be a free cga over a field k, the non-commutative nature
of RH fails to imply R*H™ to be a minimal k-module resolution of H™, i.e.,

R°H™ =H™ and R°H™ =0,i > 0;

this is quite different from the situation in [I1].

For example, consider the polynomial algebra H = Zs[x,y] with x,y € H? and
x0,y0 € RCH? satisfying prg = x and pyo = y. Then R~'H* # 0 since there is
an element a € R™'H* such that da = zoyo + yozro. In particular, if H is the
cohomology of a dga A with a non-commutative ~—1-product (and perhaps higher
order operations E, 4; cf. Examples [I] and []), then the construction of a Hirsch
algebra model of A using RH requires to add another element b in R~!H* with
db = xoyo + yozo. Then denote a = zp —1 yo and b = yg ~—1 x( respectively (see
Theorem [Il). Furthermore, if H* is 1-reduced and we wish to have a 1-reduced
multiplicative resolution RH, we must restrict the resolution length of R*H™ so
that RT'H™ =0 for i > m — 1 (e.g. H™ is k-free for all m or H? is k -free and k
is a principal ideal domain). This motivates the following definition:

Definition 3. Let H* be a cga. An absolute Hirsch resolution of H is a multi-
plicative resolution

p:RFH* - H*, RH=T(V), V=(V),
endowed with the Hirsch algebra structural operations

E,q,: RH®*” ® RH®? -V C RH
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such that V is decomposed as V** = £** & U** in which £%* = 0, U%* = VO~

and E* = @ E50* is distinguished by an isomorphism of modules
p,q21
Eq: D < ® RTH"Q) © RJ’ann) — gt v
. ; 1<r<p 1<n<q ’
HORFIOR
ko) +E(a)=t

where Ty =T+ + T

Given a Hirsch algebra (A, {E} ;},d), a submodule J C A is a Hirsch ideal of A
if it is an ideal with E, 4(a1, ..., @p; Gpt1, ..., Gpyq) € J whenever a; € J for some i.

Definition 4. Let p, : (R.H,d) — H be an absolute Hirsch resolution and J C
R,H be a Hirsch ideal such that d : J — J and the quotient map g : RyH —

R.H/J is a homology isomorphism. A Hirsch resolution of H is the Hirsch algebra
RH = R,H/J with a map p: RH — H such that p, = pog.

Thus an absolute Hirsch resolution is a Hirsch resolution by taking J = 0.
Proposition 2. Fvery cga H* has an (absolute) Hirsch resolution p : R*H* — H*.

Proof. We build a Hirsch resolution of H* by induction on the resolution degree. Let
H* C H* be a set of multiplicative generators. Denote V0* = H*; let VO* = (V0:)
be the free k-module span of V%* and form the free (tensor) graded algebra ROH* =
T (V%*). Obviously, there is a dga epimorphism p° : (ROH*,0) — H*. Inductively,
given n > 0, assume we have constructed a k-module R H* = Qo<r<nR™"H*
with a map p(™ : (RC™H* d) — H* with p"(R""H*) = 0 for 1 < r < n, where
d: R"H* — R™"T'H* is a differential of bidegree (1,0) defined for 1 < r < n and
acyclic in resolution degrees —r for 1 <r < n; R™"H* is a component of bidegree
(=7, %) of T(V=")*) for VEm)* = VO* @ ... @ V" so that

R TH* =V "* o DT = £ ey U—"r* ey DT*

where €77 = @ &, and £, 7% spans the set of (formal) expressions
pg>1 '
Epq(ai,...;ap;b1,...,00), a5 € RT%H* by € RTPH*, 7 = iy + jg +p0+q— 1,
while D~"* is the module of decomposables of bidegree (—r, *) in T(V{=")*); d is
given by formula ([2.2) on £~ "*, while acts as a derivation on D~"*.
—n—1x _ —n—1,* —n—1,* :

Let & = p%@ 1Ep7q where &7 spans the set of expressions
Epﬂq(al,...,ap;bl,...,bq), arp € RT%H* by € R H* n+1 = ip) +Jq + P+
q— 1, and let D=~ 1* be the module of decomposables of bidegree (—n — 1, *) in
T (Vi @ 7n=1*) ; Define d by formula [Z2) on £7"~1* and as a derivation
on D~"~1* 50 that

g—n—l,* @'D_n_l’* i R "H* i R_n—HH*.
Define a free k-module U ~"~%* and d on it to achieve acyclicity in resolution degree

—n, i.e, denoting V—"~1* = £~n~L* ¢ ="~ L* we obtain a partial resolution for
each m € Z

ynlm g ponlm 4 penpgm 4 pontipm 4 4 pagm 4 popm A pm.

Define R~"'H* = V—nb* gD " L* and p"t! : R-""'H* — H* to be trivial.
This completes the inductive step.
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Finally, set R*H* = @, R H* with V** = (V**), £5% = @,E™*, U** =
SnU ™", plrog+ = p° and p|g-—ng+ = 0 for n > 0 to obtain the desired resolution
map p: RH — H. (I

Note that in a Hirsch resolution (RH,{E, 4},d), we may have relations among
E, s (e.g. E,q4 =0 for some p,q > 1; cf. Subsection[Z0]). For example, the Hirsch
structure of RH is associative if the product u,, on the bar construction B(RH) is
associative and is equivalent to the equalities among F, 4’s as follows.

Given a Hirsch algebra A and an arbitrary triple

(a;b;c) = (a1,...,ar; b1, ... be5c1, 0, 60), @iy by e € A,

denote
Rk;Z;T((a; b),C) = Z (_1)€Ep,7‘(Ek1,f1 (alu'-'uak1;b17"'7bé1)7
k) =Fkil ()=~
1<p<k+{
s Byt (akikwl, ey O blilwl, wabp)ier, . er)
and
Rier(@(bic)) = Y (=1)°Egg(ar, .o an; Bey oy (b1, s beys 01, o),
Ligy=bir(q)=T
1<q<t+r

s By, (bhl‘ﬁl, ooy b Crergtir oo cq))s

where we use the convention that Ey 1(—;a) = E10(a; —) = a, Egm(—;a1, ..., ) =
Emo(al,...;am;—) = 0,m > 2, and T(n) = T1 + -+ + Ty, while the signs ¢ and ¢
are induced by permutations of symbols a;, b;, ¢s (cf. [37]). Then the associativity
of A is equivalent to the equalities

(2.6) Rier((a;b);c) = Ry (a5 (b; ), k, £,r > 1.
Now consider the expression
(2.7) Rie.r(a (b;¢)) — Reer((asb)ic) € E7F %

in an absolute Hirsch resolution RH. We have that this expression belongs to
E72* and is a cocycle for (a;b;c) = (a;b;c), a,b,c € R°H (see (28) and Fig. 1
below in which the boundaries of both hexagons are labelled by the 6 compo-
nents of dRq1.1(a;(b;c)) = dR11.1((a;b);¢)). So there is an element, denoted
by s(R111 (a;(b;c))) € V=3* such that ds(Ri1.1 (a;(b;c))) = Ri11(a;(bjc)) —
Ri1,1,1((a;b); ¢). In general, define elements s(Ry ¢ (a; (b;c))) € V such that

ds(Re,e.r (a; (b;c))) +

$(Ri,e.r (da; (b;€))) + (=1)* s(Ri,e,r (a5 (db; €))) + (=1)°*$(Ri,e,r (a5 (b; dc)))

= Rie.r(a; (b;c)) — Rie,r((a;b); )
e1=la|l+k ea=lal+ |b|+k+¢

Consequently, RH = R,H/J,ss is an associative Hirsch resolution, where Juss C
R, H is a Hirsch ideal generated by

{Rie.r(a (b;€)) = Rye.r((a;b); €), 8(Rise,r (a5 (bs€)))

In particular, for (a;b;c) = (a;b;¢) the associativity of a Hirsch resolution im-
plies the following
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Proposition 3. For a,b,c € RH, there is the equality

(2.8) (a—1b) —1 c+ Fay(a,bye) + (=1)IaH+DWHD Ry (b a; c)
=a—1 (b—1¢)+ Eia(asb,c) + (1) PHFVIHVE, o (a;c,b).
A Hirsch resolution (RH,d) is minimal if
du) € E4+ D+ Ky V for allu e,

where D** C R*H* denotes the submodule of decomposables RH*- RH*T (RH*
denotes RH modulo the unital component) and %, € k is non-invertible. For
example, when k = Z we have &, € Z\ {—1,1}; when k is a field we have x,, = 0 for
all u. Note that a minimal Hirsch resolution is not minimal in the category of dgas
since the resolution differential does not send multiplicative generators into D even
when k is a field. Furthermore, the notion of minimality of RH does not depend
upon whether some operation E,, ; is zero (cf. Subsection [2.6). On the other hand,
in order to define a —s-operation in a simple way on RH we have to consider a
non-minimal Hirsch resolution in the next subsection.

Such a flexibility of choice of RH is due to the trivial Hirsch structure of H, and,
in practice, the choice is suggested by a Hirsch algebra A that realizes H as the
cohomology algebra.

2.2. QHHA structures on Hirsch algebras. First, note that one can introduce
a ~—g-product on a Hirsch resolution that satisfies ([Z.5). However, such a QHHA
structure on RH in not always satisfactory, and we shall consider a Us-operation
simultaneously for the reasons explained below. For an even dimensional a, or for
any a whenever v = 2, we have that a ——; a is cocycle for da = 0; hence, there is
an element x € RH with dr = a —; a. But we can not identify x with a —2 a
because d(a —2 a) = 0 according to ([ZH). On the other hand, it is helpful to
denote x := aUs a since certain formulas are conveniently expressed in terms of the
binary operation Uy (see, for example, Proposition [l or Remark [7]). Furthermore,
we can identify a Uy a with a3 a for |a| even and 2 invertible in k.

By construction of a Hirsch resolution in Proposition [ the definition of —o
mimics that of —; . We start with the consideration of the expression

(=1)% —1 b+ (—1)Ie+DPp g e £71% for a,be VO

It is a cocycle in (RH,d), and hence, must be killed by a multiplicative generator;
denote this generator by a — b € U~2*. Inductively, assume that the right-hand
side of ([Z.5) has been defined as an element of U~""%*. Then it is bounded by a
multiplicative generator a —o b € U~"™*. Thus, a —o b € U for all a,b € RH. In
particular, if dz = 0, then d(x —2 ) = 0 or d(§ x —2 x) = 0 for |z| to be odd or
for both |z] and v to be even respectively in which case a multiplicative generator
y € U with dy = x ~—2 x is denoted by x Us x.
Now define a Us-operation by

aUQb_{ a—2b, a#b, a,barein a basisof RH

(2.9) 0, a=0b, la|]and v are odd ,

while, otherwise, define a Us a € U by

a—1 a+a—sda+daUsda, la|iseven
S(a—1a+a—3da)+daUsda, |a|isodd, v iseven.

(2.10) d(aUsga)= {
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Hence, a Us b € U for any a,b € RH, and let
T={aUsbeUla,be RH}.

Thus, we obtain the decomposition U = T & M, some M, and, hence, the decom-
position

V=EaU=EaTaoM.
In particular, 7 contains elements of the form a; Us - - - Uz ay, a; € RH, obtained
by the iteration of the Us-product for n > 2. In particular, for a; € V%2" we have
the following equality

d(a1 Ug - -+ U an) = Z sgn(i;j)(ail Ug -+ - U aik) —1 (ajl Ug -+ - U aje),
(53)
where the summation is over unshuffles (i;j) = (i1 < --+ < dg;j1 < --- < Jg) of
n with (@, ..., ;) = (@i, ...;a;; ) if and only if i = i’ and sgn(i;j) is induced by
the permutation sign a; Uy a; = (—1)l%ll%la; Uy a; (see also Fig.1 for n = 3);
consequently, for a; = -+ = a, = a and a”*" := a Uy --- Uz a, we get

(2.11) da=>™ = Z a2k a2t k,£>1.
k+{4=n
Note that the above equalities do not depend on the parity of a;’s when v = 2.

Remark 1. 1. The definition of T does not depend on the (Hirsch) associativity
of RH.
2. In a minimal Hirsch resolution one can also minimize the module T as

T:{aU2b€U|a,b€M},

while a Uz b for a,b € RH is extended by certain derivation formulas. These
formulas are rather complicated, but they could be written down if necessary.

3. The module M reflects the complexity of the multiplicative relations of the
commutative algebra H.

For example, if H is a polynomial algebra and RH is a minimal Hirsch resolution,
then M = M%* = V%* and, consequently, RH is completely determined by the
—1- and Ug-operations [31] (see also Theorem [ below).

2.3. Some canonical syzygies in the Hirsch resolution. Below we give topo-
logical interpretation of some canonical syzygies in the Hirsch resolution RH. In
particular these syzygies reflect the non-associativity of the —q-product. Remark
that higher order canonical syzygies should be also related with the combinatorics
of permutahedra. In practice, such relations are helpful to construct small Hirsch
resolutions RH (cf. [31], see also Remark [Tl above).
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c(a~—1b) (b1c)a
Fis(a;e,b FEo(b,a;c
(a~10)b 12( )a%(cb) (b~1c)a bla~1c) 21 )ba)vw c(a~—1b)
L avl(bvlc) p = L (avlb)vlc p
a(b—qc bla~qc a~—1b)c a~1¢)b
(b-1c) @16 o (a3 b, ¢) (@) {ab) (@)1 (a, bi ) (#10)
(a—1b)c a(b—1c)
c-1(aUzb)
a1 b (bUzC)vla
o —0
ab ba ber (aUse)

(aUzb)1c

Figure 1. Topological interpretation of some canonical syzygies in the Hirsch
resolution RH.

The symbol =" in the figure above assumes equality (2.8)); the picture for
a Us b Us ¢ is in fact 4-dimensional and must be understood as follows: Whence
a Us b corresponds to the 2-ball, the boundary of a Us b Us ¢ consists of the six 3-
balls each of which is subdivided into four 3-cells by fixing two equators (these cells
just correspond to the four summand components of the differential evaluated on
the compositions of the ~—1- and Us-products). Then given a 3-ball, two cells from
these four cells are glued to the ones of the boundary of the (diagonally) opposite
3-ball, and the other cells are glued to the ones of the boundaries of the neighboring
3-balls according to the relation

r—(y—12)+(@—ry)—r1z=y—1 (=1 2)+(y—11) —1 2

2.4. Filtered Hirsch model. Recall that a dga (A*,d) is multialgebra if it is
bigraded A" = @ A% i <0,j>0,andd =d°+d' +---+d*+--- with
n=i+j
dn: AP9 — Aptma—ntl 19] A dga A is bigraded via A%* = A* and A* =0 for
i # 0; consequently, A is a multialgebra. A multialgebra A is homological if d° = 0
(hence d'd! = 0) and
Hi(-- B oaie & gt dy 4 4o g <o,
For a homological multialgebra the sum d?+d3+- - -4+d"+- - - is called a perturbation
of d'. In the sequel we always consider homological multialgebras, d' is denoted by
d, d” is denoted by h", and the sum h? + h3 +--- + h™ + - .- is denoted by h. We
sometimes denote d + h by d,.
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A multialgebra morphism ¢ : A — B between two multialgebras A and B is a
dga map of total degree zero that preserves the resolution (column) filtration, so
that ¢ has the components ( = (%4 -+ 4., (*: A5t — BsTHt=% A chain
homotopy s : A — B between two multiplicative maps f,g : A — B is an (f, g)-
derivation homotopy if s(ab) = s(a)g(b) + (—=1)1*If(a)s(b). A homotopy between
two morphisms f,g9 : A — B of multialgebras is an (f,g) -derivation homotopy
s: A — B of total degree —1 that lowers the column filtration by 1.

A multialgebra is quasi-free if it is a tensor algebra over a bigraded k-module.
Given m > 2, the map h™|4-m,- : A7™* — A%* is referred to as the transgressive
component of h and is denoted by h*". A multialgebra A with a Hirsch algebra
structure

. p i,k q jkvln 5 s—p—q+1,t
EP#Z : ®r:lA ® ®n:1A A

with (s,t) = (i(p) +J(a) » k) —|—€(q)) ,p,q > 1, is called Hirsch multialgebra. A
homotopy between two morphisms f,g : A — A’ of Hirsch (multi)algebras is a
homotopy s : A — A’ of underlying (multi)algebras and

5(Ep.q(av; o, ap; b1, ., bg))
= Z (_1)€p+6£—lEp,q(fa/17-.-7 fa/p 5 fb17-.-7 fbé—l, Sbé,gb[_l,_l,...,gbq)
1<t<q

+ Z (_1)6271EP;Q(fa/17 ceey fa/k—la SAk, JAk+1, ---5 §ap ;gblu 7gbq)
1<k<p
- E (_1)6M’[E’L'1j(fa’17 sy fa"i 5 fb17 sy fbffla Sbfvgbl+1; agbj)

1<i<
(2.12) 1<0<5<q

: Epfi#I*j(fa”H*la ey fapfla Sa’p;gbj+la agbq)
- Z (_l)éij’kE’iﬁj(fala-"afai;SblangV"vgbj)

0<i<k<p
1<j<q
’ EP*i7(I*j(fa”i+la"'a fakfla $Ak, §Ak+15--, 9ap 5 gbj+17"'7 gbq)v
_ b b
6i,j,m - ngl + €m—1 + (eg + eg)ejv b,q Z 17

in which the first equality is
s(a—1 b) = (=)l fa —y sb+sa—q gb— (—1)IaHFDWIFD g 5.
Denote the homotopy classes of morphisms between two Hirsch (multi)algebras by
[_7 _]'
Definition 5. A quasi-free Hirsch homological multialgebra (A,{Ep .}, d+h) is a
filtered Hirsch algebra if it has the following additional properties:
(i) In A=T(V) a decomposition

V*,* — 5*,* @ U*7*

is fived where £%* = 6215;2’* is distinguished by an isomorphism of
P4
modules

Epg: A®P @ A®1 Epg CV, pg>1;

(i) The restriction of the perturbation h to £ has no transgressive components
R'" | i.e., htT|g = 0.
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Given a Hirsch algebra B, a filtered Hirsch model for B is a filtered Hirsch
algebra A together with a Hirsch algebra map A — B that induces an isomorphism
on cohomology. Our next proposition, which is a Adams-Hilton type of statement,
exhibits a basic property of filtered Hirsch algebras:

Proposition 4. Let ( : B — C be a map of (filtered)Hirsch algebras that induces
an isomorphism on cohomology. If A is a filtered Hirsch algebra, there is a bijection
of sets of homotopy classes of (filtered) Hirsch algebra maps

¢, :[A,B] = [A,0

Proof. Discarding Hirsch algebra structures, the proof goes by induction on the
resolution grading and is similar to that of Theorem 2.5 in [12] (see also [28]). The
Hirsch algebra structure serves to specify a choice of homotopy s on the multiplica-
tive generators £ C V. When constructing a chain homotopy s : A — C between
two multiplicative maps f,g : A — C, we can choose an s on £"* that satisfies
formula (2I2) in each step of the induction. O

The basic examples of a filtered Hirsch algebra are provided by the following
theorem, which states our main result on Hirsch algebras:

Theorem 1. Let H be a cga and let p : (RH,d) — H be an absolute Hirsch
resolution. Given a Hirsch algebra A, assume there exists an isomorphism ia :
H =~ H(A,d). Then
(i) Existence. There is a pair (h, f) where h : RH — RH is a perturbation of
the resolution differential d on RH and

f:(RH,d+h)— A
is a filtered Hirsch model of A such that (f| , ) = iapl,,, : R°H —
H(A).
(i) Uniqueness. If (h, f) and f : (RH,d+ h) — A satisfy the conditions of (i),
there is an isomorphism of filtered Hirsch models

¢:(RH,d+h) =5 (RH,d+h)
of the form ¢ = Id + ¢t + -+ (" + -+ with (" : R-°H* — R™sTTH!="

such that f is homotopic to f o (.

Note that the proof of the theorem uses an induction on resolution grading as it
is used by the construction of filtered model due to Halperin-Stasheff [11] (compare
also [27], [28]); although in the rational case for the existence and the uniqueness
of a pair (h, f) the zero characteristic of k is essentially involved, the proof below
shows that such a restriction can be simply avoided. Here a technical subtlety is
that we have certain canonically chosen multiplicative generators on which (h, f)
must act by a canonical rule.

Proof. Existence. Let RH = T(V) with V = £ @ U. We define a perturbation h
and a Hirsch algebra map f : (RH,d + h) — (A,d) by induction on resolution
(column) grading. First consider ROH = T'(V%*) (=T (U"%*)). Define a chain map
00 (VO*,0) = (A,d) by (°)" = iap|,,. : VO* — H(A). Extend {* multiplicatively
to obtain a dga map f° : RYH — A. There is a map 1 : V=1 — A*~! with
f0d|y—1.- = df*; in particular, choose f* on £71* (= £ ") defined by the formula
f'(a —1 b) = fa —1 f9 for a,b € RYH. Then extend f° + f multiplicatively to
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obtain a dga map f;i) : T(VED*) = (A, d); then denote the restriction of f;i) to
REVH by fO  (REVH, d) — (A, d).

Inductively, assume that a pair (h("), f (")) has been constructed that satisfies
the following conditions:

(1) ™ = A% 4+ ... 4 A" is a derivation on RH,
(2) Equality Z2) holds on RC-™ H for d + h(™ in which

P
h"Ep q(a1,...;ap; b1, ..., bq) = Z(—l)egflEpyq(al, v hTas, a1, ., bg)

=1

q
+ 3 (DG Ey g(ar, e ap by, e D5, by), 2 <7 <
j=1

(3) dh™ +h"d + Zi-i-j:n-i-l h'h? =0,
(4) f™ . RC™H — A is the restriction of a dga map f;f) : T(V(_")’*) — A
to RE™MH for f() = fO4 ... 4 fn
(5) f™(d+h™) =df™ on R-™H, and
(6) f(™ is compatible with the maps E, , on &),
Consider
F(d 4 RN |y VL gL

clearly df™(d + h(™) = 0. Define a linear map h"+! : U="~1* — ROH*~" with
ph" 1 =i ) (d + h(™)] and extend A"+ on RH as a derivation (denoting by
the same symbol) with

dh" 4+ R Z hihI =0
i+j=n+2
and

p
W By q(a1, ooy ap s by, i bg) = Y (=11 Ep g(a1, .o, K", o ag b1y by)
=1

q
+ 3 (1) S G By g(ar, ey ap by, e, A7, L by).
j=1

Then there is a map §f**1 : V=n=1* — A*=n=1 guch that it is compatible with F, ,
on £7"~1* and

FONd+ ROy = df T
Extend Y = % + ... 4 ! multiplicatively to obtain a dga map f
T(V(=n=1*) 5 A; the restriction of fs‘gﬂ) to RC-"=D H denote by

(n+1) |
# :

foH) R A

Thus the construction of the pair (h(”“), f(”“)) completes the inductive step.
Finally, a perturbation h = h%2 4+ --- + h™ 4+ --- and a Hirsch algebra map f such
that f = fO4 .-+ f® + ... are obtained as desired.
Uniqueness. Using Proposition [d] we construct a multialgebra morphism
¢:(RH,d+h) — (RH,d+ h),

¢ =C%+C¢ "+, with fo( ~ f; in addition, it is easy to choose ¢ with ¢ = Id. O
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2.5. Filtered model for a QHHA. Referring to Subsection 2.2 this section
considers the compatibility of the perturbation h and the Hirsch map f with the
Us-product of RH in Theorem [II Even if A is a QHHA in the theorem, it is
impossible to obtain a QHHA map f which commutes with Us-products because
the compatibility of parameters g(—; —) under f is obstructed. When A is a Zo-
algebra, for example, the obstruction is caused by the non-free action of Sq; on H.
However, when ¢(—; —) = 0 for the Us-operation in A (cf. Example 2)), one can
refine the perturbation h in Theorem [ as it is stated in Proposition Bl below (in
particular, item (i) of this proposition is an essential detail of the proof of the main
result in [33)]).
Let T C T be a submodule defined by

T={(aUsb e T |a#bin a basis of M).
For v =2, let Sq; : H™(A) — H?™~1(A) be the map from Example @l

Proposition 5. Let A be a QHHA with Us-operation satisfying (2.43) (e.g. A
is a special Hirsch algebra from Ezample 2). Then in the filtered Hirsch model
f:(RH,dy) — A given by Theorem[d, the perturbation h can be chosen such that
(i) W7 =0;
(ii) Let v =2. Then for z; = h'" (a“*2") with a € RH,

po1 = Sailpa) and h(a”?) = 3 Uy a2 4z,
1<i<n

Proof. (i) First, remark that any element of T satisfies (2.8) (cf. ([29)). Following
the construction of a pair (h, f) in the proof of Theorem[I] define f for aUsb € T=2*
with a,b € V%* by the formula

(213) f(a U b) = fa Uy fb.

Since (Z.3)), f is chain with respect to the resolution differential d of RH, so we can
set h?(a Uy b) = 0. Inductively, assume that for a Uy b € T~"*, 2 < r < n, the map
f is defined by (ZI3), while h is defined by

(2.14) h(aUs b) = haUs b+ (—1)1%a Us hb.

Then for a Uz b € T~™* define h again by [2I4). Clearly, fdy(a Uz b) is a cocycle
in A and is bounded by fa Us fb. Therefore, we can define f on a Us b by 213).
Consequently, we set h!'"(a Uz b) = 0 as required.

(ii) Since f is a Hirsch map, it commutes with ——1-products and the first equality
follows from the definition of Sq;. The verification of the second equality follows
immediately from (2IT]). O

Remark 2. Whereas Sq; induces the product on H(BA), the transgressive values z;
in item (i) of Proposition[3 are closely related with the existence of the symmetric
Massey products of the element o*(pa) € H(BA) for the suspension map o* :
H*(A) — H*"Y(BA) (compare Theorem[3 and Remark[7 below): When o*(pzx) = 0
fork <i ( e.g. 2z, € D**), the cohomology class o*(pz;) is automatically identified
with the symmetric Massey product (o*(pa))?".

Unlike Example[I] the Hirsch algebra A provided by the following example does
not have a ‘—o-product. This fact allows us to lift a combination a —1 b£b—1 a
for cocycles a,b € A to the cohomology level as a non-trivial (binary) product (see
also Subsection B.4]).
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Example 5. [t is known that the Hochschild cochain complex C*(P; P) of an asso-
ciative algebra P admits an HGA structure ([17] , [8]), which is a particular Hirsch
algebra. Furthermore, whereas the Hochschild cohomology H = H (C*(P; P)) is a
cga, H is also endowed with the binary operation xxy defined for x = [a] and y = [b)]
by xxy = [aob— (—1)UeFDUFDho ] where o (=—1) is Gerstenhaber’s operation
on the Hochschild cochain complex. The x product on the Hochschild cohomology is
referred to as the G-algebra structure. Since H is a cga, we can apply Theorem [1]
for A = C*(P; P) and obtain the filtered Hirsch model f : (RH,d+h) — C*(P; P).
Given a,b € VO* obviously we have ph?(a Uz b) = pa x pb (since f'(a —1 b) =
fPa o f°). In other words, the non-triviality of the G-algebra structure on H
implies the mon-triviality of perturbation h? restricted to the submodule T C V.
Consequently, the operation a Uy b with q(a,b) satisfying item 24)2 does not exist
on the filtered Hirsch model of C*(P; P) in general.

2.6. A small Hirsch resolution R.H. Let A be a Hirsch algebra over k. Whereas
(RH,dy) = (T(V),dp) in a filtered Hirsch model f : (RH,dp) — A, the calculation
of H(BA) can be carried out in terms of V as follows. Denote V = s~}(V>%) @ k
and define the differential dj, on V by the restriction of d + h to V to obtain the
cochain complex (V,dy). There are isomorphisms

2.15)  H*(V,d,) ~ H*(B(RH),d, .. ) & H*(BA,d,,)~ Tor’(kk).

' YB(RH)

In particular, for A = C*(X;k) with X simply connected (cf. Example [I),
H*(V,dy) ~ H*(BC*(X;k),d,.) ~ H*(QX;k).

Remark 3. Note that the first isomorphism of (218) is a consequence of a general
fact about tensor algebras [0], while the second follows from Proposition [l

Furthermore, to conveniently involve the multiplicative structure of (Z.1%]), one
can reduce V at the cost of £ C V in the manner we shall describe. Let J. C R, H
be the Hirsch ideal of an absolute Hirsch resolution R,H generated by

{Epq(ar, ... ap;api1, .., apig), dEpg(an, ..., ap; apy1, . Gpig) [P+ q 2 3}
with
ai,...ap € RgH, ap1 €V, p>1,g=1

al,...,ap+q€RaH, le,q>1.

Then
R.H=R,H/J.

is a Hirsch resolution of H. Indeed, using ([2.2) we see that d : J. — J. and
H(J.,d)=0. Thus g. : (R.H,d) — (R.H,d) is a homology isomorphism. We have
an obvious projection p. : (RcH,d) — H such that p = pc o g.. Consequently, pc
is also a resolution map. Furthermore, we have h : J. — J. so that (R.H,dy) is a
Hirsch algebra (in fact an HGA) and g extends to a quasi-isomorphism of filtered
Hirsch algebras

(2.16) 9s : (ReH,dp) — (R.H,dy).

Thus, the Hirsch (HGA) structure of R.H = T(V,) is generated by the —;-
product and (22)) is equivalent to the following two equalities:

(1) The (left) Hirsch formula. For a,b,c € R.H :
(2.17) ¢ —1ab=(c—1 a)b+ (=1 Vlalg(ec 1 p)
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(2) The (right) generalized Hirsch formula. For a,b € R.H and ¢ € V, with
dp(c)=>c1---¢cq, ¢ € Vit

a(b —1¢) + (1)1 (@ — 0)b, q=1,

a(b—1c)+ (=)D (g —1¢)b

(218) (lb —1C= 4+ Z (_1)5 cl-e 'Ci—l(a —1 Ci) Cit1
1<i<j<q

ccj1(b—1 ) e cq, q>2,

where & = (Ja| + 1) (5, +i+1) — (]| +1) (51 +4) -

Remark 4. First, Formula ZI8) can be thought of as a generalization of Adams’
formula for the —1-product in the cobar construction [I, p.36] from ¢ = 2 to any
q > 2. Second, the usage of R¢H shows that the multiplication s, on H*(BA) ~
H*(V_,dy) is in fact determined only by the —1-product on V.

zP3 (=zo~1(zo~120)+2E12(z05w0,0))

d + d

€2 —dGzziC‘mg b 3'((10"1%)1(#900(10*'110)) 6m +3
h2
h? P 6
- . » » 3 m+ 2
2h2bs T6h2as (z)
z§? (=z0—120)
_ C1 (: bl) d 7 -‘1- d d _
- 21, F2a32 22 (=0) 4m + 2
h2
i d hd * 4dm +1
hzbl
- e . . o« P
To €T 2m + 1

R_3H*—(i R—2H*_£ R—lH*_(i ROH*_p, H*

Figure 2. A fragment of the filtered Hirsch Z-algebra obtained as a perturbed
resolution (RH,d+ h) of a cga H.

Note that for any Hirsch resolution of H considered here, and consequently for
any filtered Hirsch model, the first two columns in Figure 2 are the same.

3. SOME EXAMPLES AND APPLICATIONS

In the discussion that follows we sometimes abuse notation and denote R.H
by RH. As we mentioned in the introduction, certain applications of the above
material are given in [31], [32]. The applications that appear here are new.
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3.1. Symmetric Massey products. Recall the definition of the n-fold symmetric
Massey product (z)™ (cf. [23], [25]). Let @ € H(A) be an element for a dga
A, and zp € A be a cocycle with = [zg]. Given n > 3, consider a sequence
(20,21, ..., Tn—2) in A such that

(3.1) dop = Y (D e, 1<k<n-2
i+j=k—1
in particular, dz; = —(—1)I*l22 ie., 22 = 0. Then Y (=Dl is a
itj=n—2

cocycle, and a subset of H(A) formed by the classes of all such cocycles is denoted
by (x)". (In other words, the existence of a sequence (zo,z1, ..., Tk, ...) satisfying
@B0) for all k implies that ¢ := Y xy, is a twisting element in A whenever this sum
E>0
(possibly infinite) has a sense; an element ¢ € A is twisting if de = £ ¢ - ¢; cf. [3].)
When A = C*(X;Z,) for p to be an odd prime, and z € H*"T(X;Z,) is odd

dimensional, the following formula is established in [23] (for the dual case see [22]):

(3-2) (@)" = =pP1()

where Py : H*"(X;Z,) — H*™PT1(X;Z,) is the Steenrod cohomology opera-
tion. Thus, the formulas in [23] and [22] involve the connection of the symmetric
Massey products with the Steenrod and Dyer-Lashof (co)homology operations in
their respective topological settings (cf. [25]). Below Theorem [B] emphasizes the
algebraic content of these formulas and generalizes them using a filtered Hirsch
model over the integers.

3.2. Massey syzygies in the Hirsch resolution. Let (RH,d) be a Hirsch res-
olution of H. Given a sequence of relations of the form da; = A\b; and
(3.3) du; = (—1)‘“i‘+1aiai+1 + v, dv; = (—1)““|biai+1 + a;ibit1,

ai,u;, v; € RH, A e Z\{-1,1}, 1<i<n,

in (RH,d), there are elements Uay, .0, € RH, 3 < k < n, defined in terms of
syzygies that mimic the definition of k-fold Massey products arising from k-tuples
(@iyy ey aiy ) [23]. Precisely, uq,,....q, is defined by

_ § : 54
(34) dua17~~~7an - (_1) Zua1;~~~;aiuai+1;~~~;an + )\Ualx~~~)an7

0<i<n
_ e +1
dvalw--van - Z ((_1) ’ Ua1)~~~)aiuai+1)~~~;an +ua17~~~7aivai+1;~~~;an)7
0<i<n
with the convention that ug, = a;, Ua;,a;, = i and ve;, = by, Va; a4, = vi- When
b; = 0, equation (B4 reduces to
_ (5
dual »»»»» an — Z (_1) " Uay,..., a;Ua;qq,..., an
0<i<n

We are interested in the special case of ([B3]) obtained by setting a1 = -+ = a,.

More precisely, we consider the following situation (see also Example [ below).
Let A be a torsion free Hirsch algebra over Z and fix a filtered model f :
(RH,dy) — A. For a module C over Z, let Cx := C ®z k and let tx : C — C be
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the standard map; then Ay = A®zk and RHy = RH ®z k. Also let Hy := H(Ay).
There is the Hirsch model of (Ak,da,) given by

f]k = f ®1: (RHk,dh ® 1) — (AkudAk)'
Given an element x € Hy, let xg be a representative of z in RH so that [t, f(z¢)] = «.
In particular, zg € ROH* for 8(z) = 0,k > 1, and 29 € R™*H* with dzx¢ = Az},
xfy € RVH*, for B(x) # 0, where 8 denotes the Bockstein cohomology homomor-
phism associated with the sequence

0—Zy — Zy> = Zy — 0.

If v € H = H*(A), then obviously zp € R'H*. In any case, assuming 22 = 0 we
have the corresponding relation in (RH,d) :

dry = (—1)'“’”11% + Az}

with the convention that o) = 0 whenever xo € R°H*. This equality is a special
case of (B3)), so (B4) gives the following sequence of relations in (RH,d) :

(3.5) dr, = > (D" Haw; 4 X, n>1,
itj=n—1
4,7>0
where 2/, = 0 for xg € R°H.

We have the following description of Massey symmetric products in terms of the
sequence x = {xy }n>0 in (RH,d}). Denote y; = txx; in (RHy,dy). If hy; = 0 for
0 < i < n, then (BX) implies dpd(y,) = dd(yn) = 0, and consequently, [dy,] =
—[hyn]. Therefore

(3.6) fildyn] = — fi Thyn] € ()"

Furthermore, the elements x, appear in a family of relations in (RH,d). For
example, these relations can be deduced from the following observation. For x € H
with 22 = 0, let « : BH — B(RH,d) be a chain map such that «([Z]...|z]) =
(—=1)"[zy,] for [Z]...|7] € B""1H, n > 0. Assuming BH is endowed with the shuffle
product shy, the map ¢ will be multiplicative up to a chain homotopy b. Since
B(RH) is cofree, we can choose b to be (ug o (¢ ®t),t o shy)-coderivation. This
observation easily extends to the mod X\ case when zop € R™'H with dzg = A\x}).
Now let

k ¢

- ey S , , ,
bre := b([Z]...|7] ® [Z]...|7] ) | 7 and i) i= iy 4 i+

then the equality pup(t ® 1) —toshy =d b+ bd implies in (RH,d) :
For |zo| odd:

B(RH) BH®BH

k+1(
(3.7) dbk)gZ(—l)kJre( k )lvk-i-é—l

k+L0+p+ )
+ 0> (1) T PTIE, o(Tiy s ooy Ty i Ty s ey T
ip)=F, jiq) =£

= D DT ()T E (@i e T3 Ty 05, ) Bkt

0<r<k,0<m<¢
Us]=Ts I} =

r+m
+ ( r ) bk—r,é—m xr—i—m—l) + Ab;{;)f
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in which bj, , = 0 for 2o € R°H, and the first equalities are:

dbLl = 2:E1 + xo ~—1 X0 + /\b/l,l’
dby = —3x2 + E2 1(x0,20;T0) — 1 —1 o — Tob1,1 + by 170 + AbS 4,
dby 2 = =32 + E1 2(w0; 2o, To) — 2o ~—1 &1 — £ob1,1 + b1 120 + AbY .

For |zo| even:
(3.8) dbk)g = (—1)k+éak)g Lh+0—1

k+L+p+ )
+ 0> (1) T PTIE, (Tiy s ooy Ty i Ty s ey T
ip)=Fk, jlq) =4

Z ktr1)mtstrtt :
- ((_1)( rHmtstr Esﬁt('rila"-aIisalea"-axjt)bk*ﬂe*m
0<r<k,0<m<¢

s =T, I =m

+ (_1)k+6+r(f+m)ahm bkfr,ffm xr+m71) + Ab;c,b

((it;%/2), 1,7 are even,
;= ((7:"1‘_1;/_21)/2)7 i is even, j is odd,
0, 1,7 are odd,

in which b, , = 0 for zp € RYH, and the first equalities are:

dbl,l =g —1 To + )\5/171 (i.e., 5171 =29 Uz g when xzg € ROH*),
dba1 = —x2 + E1(20,T0; T0) — &1 —1 To — Tob1,1 — b1 170 + AbY 4,
dby 2 = —x2 + E1 2(20; To, o) — To —1 T1 + Tob1,1 + by 120 + Ab] 5.

Of course, for the sake of minimality, one can choose only certain by ¢ above to be
nontrivial. For example, let |z| be even, let baji1 := b1 211, and set 2, in (B.1)
as

(3.9) Top = —To —1 Tapn—1 + Z (w2ibojp1 — bajr1x2;).
itj=n—1
Thus one can also set by 2, = 0 and eliminate by 2, from ([B.8)); in particular, by ;
can be identified with zg —9 21 for n = 1.
Note that for an HGA A (e.g. A = C*(X;Z)) we have that E,, = 0 for all
q > 2, that the second Hirsch formula up to homotopy from Section 2l becomes
strict, and consequently, the formulas above are much simpler (see also Subsection

2.9).
Theorem 2. Let A be a Hirsch algebra over Z and let k be a field of characteristic
p>0.
(i) Let x € H(A) with 2*> = 0. If (z)" is defined for n > 3, it has a finite order.
(ii) Let x € Hy with x> =0 and p > 0. Then (z)" is defined for 3 <n < p and
vanishes whenever 3 < n < p.
(iii) Let x € Hy with x> = 0 and p = 0. Then (x)" is defined and vanishes for
all n.

Proof. (i) Observe that the inductive construction of the terms h”, r > 2, of h in
(RH,dy) implies ha; = 0 for 0 < i < n—2 whenever ()" is defined. Apply formulas
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B2D)-B.38) to verify that m(x)™ = 0 with m = n for |z| odd (take (k,¢) = (1,n—1)
in @), whilem =r—1orm =r forn=2rorn=2r+1 (take (k,¢) = (2,n—2)
in ) for |x| even.

(ii)—(iii) The proof follows an argument similar to that in (i). O

Remark 5. First, regarding Theorem [3, item (i), note that formula B3) implies
that (x)™ = 0 whenever |z| and n are even. Second, if |x| is odd, formulas (B
~[B8)) imply that whenever defined, {x)™ consists of a single cohomology class in-
dependent of the parity of n (see [23], [22]).

3.3. The Kraines formula. Let p := ) be an odd prime. Let a € A?™+! be an
element with da = 0 or da = pa’ for some a’. Given n > 2, take (the right most)

ntP-power of @ € A under the p,, product on BA and consider its component in A.
Denote this component by s~1(a¥") for ™ € A?™"+1 The element a®" has the
form

a®" =aT" + Qn(a)u
where @Qp(a) is expressed in terms of Fj; for 1 < k < n (for the relations of

small degrees involving this power, see also Fig. 2). For example, Q2(a) = 0 since

a¥? = a2 and Q3(a) = 2E1 2(a; a, a). In particular, if A is an HGA, then obviously
w

a®" = a~1". Thus da®" is divided by an integer p > 2 if and only if p is a prime
and n = p’, some i > 1. Consequently, the homomorphism

(3.10)  Pr: HZ™ = HZ™PH iy, (a)] = [tz, (a*P)],  a € A, d(tz,(a) =0,

is well defined.

Theorem 3. Let A be a Hirsch algebra as in Proposition[d. Let A be torsion free
and p be an odd prime. Then formula (32) holds in Hy, for Pi given by (310).

Proof. Given n > 1, let b, := by, and set (k,¢) = (1,n) in (37) to obtain

(3.11) dby = (=1)" ! ((n+ Dan — Y (=1)"E1 g(x0; Ty, ., 75,))

Jg=n
1<g<n

+ ) (=1)' (bjw; — xiby) + pbl,.

i+j=n—1

By means of the element xy and the sequence {by, },>1, form the sequence {¢, }n>1
in RH as follows:

c1=b; and ¢, =nlb, + 9 —1 cp_1, n > 2.
For n = p — 1, relation (BI1]) implies a relation of the form
(3.12) dep1 = —plap_ 1 + 25" + pup_1,
where u, 1 € RH* - RH* for (z) = 0, while u, 1 = wp_1 + (p — 1)!b,,_; with
wp—1 € RHT - RHT for B(z) # 0. Hence, from d?(c,—1) = 0 we get
d(zg?) = pldry—1 — pduy—1 = p((p — D)dey_1 — duy_1).

Obviously, h(zg?) = 0 because h(zg) = 0 (recall that a perturbation h annihilates
RV H and is a derivation on £ ). Consequently,

dn(20") = p((p — 1) dwp—1 — dup—1).
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Taking into account (p — 1)! = —1 mod p, and passing to Hz, we obtain

BPi(x) = [ [=dyp—1 — dvpa] = =] [dyp—1] = f] [dvp1] for vy :=t, (up-1).
Since fgp [dyp—1] = (z)” by (B8], it remains to show that fgp [dvp—1] = 0. Indeed,
if B(x) = 0, then xp € R°H, u,—y € RH™ - RH™, and hv,_1 = 0 by the similar
argument as in the proof of Theorem [ (ii). Consequently, 0 = f* [~hv, 1] =
fgp [dv,—1]. If B(z) # 0, then 2o € R™'H, and let dzo = px,. We have that u,_;
contains by, ; as a summand, and hv, 1 = —hbj,_;. Denoting 2o = g¢(wo) and
2h = go(zp) in (Re,dy) where g is given by (ZI6), we have that g (") = 25 ¥
and g¢(hbj,_;) is mod p cohomologous to

E 25— 2h —1 25 7! a summand component of d(zy ).

0<i<p
But this component bounds > zovli —1 (20 Uz 2{) ~1 zovlp_i_2 mod p that
0<i<p—2
finishes the proof. O
Remark 6. When p = 2 the relation d(xo —1 xo) = —22%+2(x} —1 To+T0 —1 Tf)

implies the Adem relation Sqo(a) = Sq'Sqi(a) in Hz, thought of as the “Kraines
formula” (a)* = a2 = BSq1(a).

Example 6. Fiz a Hirsch filtered model f : (RH,dp) — A with RH = T(V).
Suppose that we are given a single relation

(3.13) da=Mb, aecV L2l pcyOZtl N>9 k>1,
and deduce the following relations in (RH,d) : First, define c € V by

de — ab + %b —1 b, X s even
Tl 2ab+Ab—1 b, X\ s odd.

When X is odd, denote (cf. B3)

(3.14)

U2ab = —C, Up2q :=C—2a—1b and ugpp:=2ab+AN—1)b—1b
and obtain
(3.15)
dug,q = —a? + Mg,q, Vaa=C¢—0a—1D,
dig 2p,p = —aUBb — Ua, 260 + AVg 201

= —2a%b — (A — 1)a(b —1 b) + cb+ Aup.2p.b,
dup 2a,p = buae,p — Up,20b + AUy 20, = bc — (¢ — 2a ~—1 b)b + Aup 260,
dua,2a,b = —QU2q,b + u2a,ab + )\'Ua,2a,b;
where Vg2pb = Vb2a,b = Ub2bp = 2Upbp. Keeping in mind the fact that d,% =0,
there is the following action of the perturbation h on the relations above:
dh2ua,a = —\h2c,

dh*ug 20 = —h*c - b — Ah?up 2p.p,

dh2ub72a,b =b-h%c+h%c-b— AhQUb)Qb)b,

dh2ua,2a_,b = —a-h%c— 2h2ua_,a -b— )\h2va12a,b,
dhgua,2a,b = _h3u2a,a -b— /\h3va,2a,b - h2h2ua,2a,b'

Below we shall exploit the third equality in list of relations above. First, we have

d (h*up2ap +b—1 h?c) = —Ah?up 2 p.-
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Suppose that k is a ring such that v divides A and
(3.16) [tk (a)][tx(D)] = 0.
By BI4) one has [tx(ab)] = —[txh3c], so that h*c = 0 mod v above. Denoting
[txf(a)] :==y and [txf(D)] := =, we have xy = 0 by BI6). Thus the triple Massey
product (x,y, x) is defined in Hy and contains [ty f (bugp—up,ab)] (= —[txf (hup,a.p)])-
Obviously, (x)3 is also defined and
Bala,y,z) = —()°
(here By denotes the Bockstein map associated with 0 — Z,, — Zy,x — Zx — 0).
Now let p= X = 3 and consider BI2)) for x. Then
Cy = 262 —|— o 1 bl, .ISJB = $6/13 —|— 2E1)2(I0;I0,I0), Ug = [11:1:0 — .Iobl
and
dcg = —6x9 + ,’Ea/lg + 2E172(CE0; X0, LL‘Q) + 3(b1$0 — J,'le).
Since [z0]*> = 0, one has h*b; = 0 and hence
heg = 2(h? + h*)by

(for the relations above, see also Fig. 2). In particular, dh?cy = 6h%wy. Let a := yq,

b = mo, wpyp = 1 and uppy = T2 and set hicy = —2h2u10)y0,10. Further-
more, if we also have h3ca = h3ug, 4 2, mod 3, then [ty f(zg?)] = —[txf(hca)] =
— [t f (RUzy,yo,20)] and, consequently,

(3.17) Pi(x) € (x,y, ).

For example, let A = C*(BFy;Zs), the cochain complex of the classifying space
BF, of the exceptional group Fy. Then equality BI6) together with BIT) holds in
H(BFy;Zs3). More precisely, let x; € H'(BFy;Z3) be multiplicative generators in
notation of [36] and recall the following relations among them: xgxg = 0 = x4221,
Sxs = X9, 05 = Tag; also P3(wg) = wo1 and Pl(wa1) = xas; thus PP3(wg) =
Pi1(xg) = xa5 by an application of the Adem relation. Thus the knowledge of
both H*(BFy;Z3) and H*(Fy;Z3) in low degrees enables us to use the filtered
Hirsch model of BFy to deduce the following: Let a and b be defined in (BI3])
by [t,, f(a)] = x5 and [t, f(b)] = x9. Then [t,, f(hc2)] = [t,, f(hupap)] = =225 and
[tzsf(hzubﬁb,b)] = X9g S0 that

<{E9>3 = —ﬁpl(!Eg) with Pl (,’Eg) = <{E9,{E8,,’Eg>.

Finally, we remark that the both sides of this formula become trivial under the
loop suspension map o* : H*(BFy;Z3) — H*"Y(Fy; Z3) by a general well-known
fact about Massey products [23], [24] (compare P1(i3) for iz € H3(K(Zs;3);Zs3)).

3.4. Hochschild cohomology with the G-algebra structure. In this section
we assume that k is a field of characteristic zero. Refer to Example [l and recall
that the HGA structure E = {E, 4 }p>0.g=0,1 on the Hochschild cochain complex
A = C*(P; P) induces an associative product g on the bar construction BA and
hence the product u on H*(BA) = Tor?(k, k). Since Tor? (k, k) is an associative
algebra, it can be converted into a Lie algebra in the standard way.

Theorem 4. If the Hochschild cohomology H* = H(C*(P; P)) is a free algebra,
then the Lie algebra structure on Tor(k,k) is completely determined by that of the
G-algebra H*. Consequently, the product puy on Tor(k,k) is commutative if and
only if the G-product on H* is trivial.
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Proof. For a free algebra H, the module M C V has simple form in the (mini-
mal) Hirsch resolution (RH,d), i.e., M<%* = 0. Indeed, given an odd dimensional
multiplicative generator z € H and a representative zo € ROH of z, the elements
Zn in the sequence ([B.5) can be defined as x,, = % :1:5””1 and hence z,, € £
for n > 1. In particular, there is a map of dg algebras (RH,d) — A and hence an
isomorphism of dg coalgebras H*(BA) =~ H*(BH) for a dga A with H = H*(A)
(a free k-algebra H is intrinsically k-formal). Regarding the filtered Hirsch model
(RH,dy), the perturbation & may be non-zero only on 7. More precisely, accord-
ing to Example [ the cohomology class [h(a Uz b)] € H*(RH,dy) is defined by
pax pb € H for a,b € V°*. Since H*(BH) ~ H*(BA) ~ H*(V,d;,) (cf. 13)),
the multiplication uj on H*(BH) is induced by the ~—1-product on V' (cf. Remark
B). Therefore, the Lie bracket on H*(BH) is determined by the bracket

[a,b] =a b — (_1)(‘a‘+1)(‘b|+1)b —1a

on V. The observation that s~'[a,b] is cohomologous to s~ 'h(a Uy b) in V for all
a,b € V%* completes the proof. (I

Remark 7. Note that the transgressive component h'" evaluated on the elements
a1 Us --- Uy ap, €T for a; € VO*, n > 3, determines higher order operations on
Tor?(k; k) that extend the Lie algebra structure to an Loo-algebra structure.

For example, a polynomial algebra P = Kk[z1,...,z,] provides the case of H*
in the theorem. Indeed, in general, to calculate the Hochschild cohomology of
an algebra P construct a small complex (CY(P),d), which is quasi-isomorphic to
C*(P; P) as follows (compare [I5]): Fix an ordinary multiplicative resolution p :
RP — P with RP = T(V), view P as an RP-bimodule via p, and let B(p)® :
C*(P; P) — C*(RP; P) be a quasi-isomorphism induced by B(p) : B(RP) — BP.
Set (Cy(P),d) = (Hom(V, P),d) in which d is defined for f € Cy(P) by df = g,

9(@) = D (=1)%pvr) - f@)---plog), dz=>> wvi---vg, v €V, k> 1,

1<i<k

vi = (|f|+1)(Jva| + - - - + |vi—1]), and define a chain map x : C},(P) — C*(RP; P)
by xf = [,

. f(@), x eV,
(@) = 1<Z:< (=)Yip(v1) - f(3) - plon), =D v v, v; €V,n>2.

Isomorphism (2-T5]) implies that x is a homology isomorphism. On the other hand,
the ~—-product on C*(P;P) induces a —-product on C} (P); more precisely, we
have that V is a coalgebra with the coproduct A : V — V ®V induced by the stan-
dard coproduct of BP and, consequently, Hom(V, P) is endowed with the standard
—-product. When P is polynomial, the minimal V* can be thought of as generated
by the iterations of a (commutative) —-product ([30]); consequently, (V*, A) is
an exterior coalgebra. Dually, V, is an exterior algebra on generators Zi, ..., Z,.
Furthermore, d = 0 and hence H(C{ (P),d) = C%(P). Thus the Hochschild coho-

mology H* is isomorphic to the algebra C} (P) ~ Vi_1 ® P*, which is the tensor
product of an exterior algebra and a polynomial algebra, as required.
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3.5. Symmetric Massey products in C*(X;k) and powers in the loop
homology H.(2X:;k). Let A, be a dg coalgebra over a field k and let A* =
Hom(A., k) be a dg algebra so that H(A*) = Hom(H (A),k). Let

t: H(BA*) — Hom(H(QA.),k)),

be the canonical map, where QA, denotes the cobar construction of the coalgebra
A.,. Given the suspension map o* : H*(A*) — H* 1(BA*),let z € H.(A*) and y €
H,._1(2A,), where y is a basis element with «(c*z)(y) =1 € k, and «(c*z)(y’) =0
for any basis element ' # v.

Suppose that (z)™ is defined for z. Let {a;}o<i<n be a defining system of (x)™
with a9 € A* a representative cocycle of . Then ag € BA* is a cocycle with
[ao] = o*x and {a;}o<i<n lifts to a cocycle a € BA* so that the cohomology class
[a] € H*(BA*) is represented by the y" (the n'*-power of y) in H.(QA.) via the
map ¢. Then Theorem [2 immediately implies the following:

Theorem 5. Let X be a simply connected space, let k be a field of character-
istic zero, and let o, : H.(QX;k) — H.41(X;k) be the suspension map. If
y € H.(QX;k) such that y ¢ Kero, and y* # 0, then y™ # 0 in H.(QX;k)
for alln > 2.

Finally, recalling the connection between symmetric Massey products and twist-
ing elements in A*, which arise from the sequences {a;};>0 above, we remark that
the observation above relates the existence of twisting elements in A* with the
existence of polynomial generators in H, (2A,).
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