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1 Introduction

As is well known, viruses have caused the abundant types of epidemics and are alive al-
most everywhere on Earth, infecting people, animals, plants, and so on. There are a large
number of diseases, which are caused by viruses for example: influenza, hepatitis, HIV,
AIDS, SARS, Ebola, MERS. Therefore, it is important to study viral infection, which can
supply theoretical evidence for controlling a disease to break out. In the past years, many
authors have studied continuous time viral infection models which are described by the
differential equations. See, for example, [1-28] and the references cited therein.

In [1], Hattaf ez al. proposed the following continuous time viral infection model:

% =LA —dx—f(x,y,v)v,

% =f(x,y,v)v —ay, 1)
dz—(;) =ky — uv,
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where %, y, and v denote the densities of uninfected cells, infected cells and virus cells,
respectively, A is the rate of production of uninfected cells, d is the death rate of uninfected
cells, f(x,,v) is the rate of uninfected cells to become infected by virus, a is the rate of
disappearance of infected cells, & is the rate that virus produces by infected cells, and u is
the rate of virus died. The dynamic behaviors of the model are studied. Although model
(1) is simple, model (1) is very important in viral epidemiology, which can show ample
viral behaviors. Then, based on continuous model (1), Shi and Dong in [22] proposed
a discrete-time analog for the special case f(x,y,v) = Bx of model (1) by using Micken’s
non-standard finite difference (NSFD) scheme. The authors studied the local and global
stability of the equilibria and the permanence of the model. In [26], Hattaf and Yousfi
proposed the following discrete-time analog directly for model (1) by using the NSFD

scheme:

Xp+l = Xp + h()‘ - dxn+l _f(xn+1;ynr Vn)Vn);
Ynsl =Yn + h(_f(xn+1xyn: Vn)Vn - ﬂyn+1), (2)

Vil =Vp t h(kyn+1 — UVpi1),

where n € N, and N denotes the set of all non-negative integers. The global asymptotic sta-
bility of the disease-free equilibrium and the chronic infection equilibrium is established
by constructing the suitable Lyapunov functions. In [28], the authors extended model (2)
to the delayed case. By using the method of Lyapunov functions, the authors established
the global asymptotic stability of the disease-free equilibrium and the chronic infection
equilibrium with no restriction on the time-step size.

In general, our target is to eliminate and control the virus and infected cells. For all
this, many authors have noted that the immune response takes great effect to eliminate
and control the virus and infected cells because CTL (cytotoxic T lymphocyte) cells affect
the virus load. Therefore, a four dimension continuous time virus dynamical model with
Beddington-DeAngelis incidence rate and CTL immune response was studied by Wang,

Tao and Song in [2]. The model proposed is as follows:

SOy gy B

dt Trmatny’
% = 1+r€1fcj—nv —ay —pyz )
% =ky —uv,
% =cyz - bz.

The authors established the global stability of the disease-free equilibrium, the immune-
free equilibrium, and the endemic equilibrium.

Motivated by the above works, in this paper we consider a discrete-time analog of a
class of continuous time virus dynamical models with nonlinear incidence and CTL im-
mune response which is established by using NSFD scheme. The model is proposed in the

following form:
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Rl = )= A~ f (Kt Y Vi) Vi

Ynsl=In = f Fns15 Y Vi)V = @Y1 = PYni1Znsts @
Vntl=Vn _ kynJrl — UVyi1»

% = CYu+1Zn+1 — bzn+l)

where x,,, y,,, v, and z,, denote the densities of uninfected cells, infected cells, virus cells,
and CTL cells at time #, respectively. The parameters A, d, 4, k, and u have the same
biological meanings as in model (1), p is the removed rate for the infected cells by the CTL
immune response, ¢ is the proliferated rate for the CTL cells by contact with infected cells,
b is the disappearance rate for the CTL cells, and the function ¢ is a denominator function
(see [29, 30]), which is defined by

edh _1

d

¢ =o(h) =

It is well known that the non-standard scheme satisfies the following important rules:
the standard denominator # in standard discrete derivative is replaced by a denominator
function 0 < ¢ (k) < 1, where ¢ (/1) = i + o(h2) and  is the time-step size of numerical inte-
gration, and the nonlinear terms are approximated in a nonlocal way using more than one

mesh point (see [31, 32]).
Bx

1+mx+nv’

Particularly, when f(x,y,v) = we can get the corresponding discrete-time analog

of continuous model (3) as follows:

% =)»—dxn+1_1+mﬂxa:% m
uel 2 = 1+miijﬁ-nvn Vi — AYn+1 — PYn+12n+15 ®)
Zns1=2n

= CVn+1Zn+1 — bzn+l'

In this paper, our main purpose is to study the threshold dynamics of model (4). The
two basic reproduction numbers Ry and R; are defined. The basic properties on the pos-
itivity and boundedness of solutions and the existence of the virus-free equilibrium, the
no-immune equilibrium and the infected equilibrium are established. By using the Lya-
punov functions and linearization methods, we will establish a series of criteria to ensure
the stability of the equilibria for model (4). That is, we will prove that when Ry <1 then
model (4) only has the virus-free equilibrium and it is globally asymptotically stable, when
Ry > 1 and R; <1 then model (4) has only the virus-free and the no-immune equilibria,
the virus-free equilibrium is unstable and under the additional assumption (44) (see Sec-
tion 3) the no-immune equilibrium is globally asymptotically stable, and lastly when Ry > 1
and R; > 1 then model (4) has three equilibria: the virus-free equilibrium, the no-immune
equilibrium, and the infected equilibrium; the virus-free and the no-immune equilibria
are unstable and under the additional assumption (A4) the infected equilibrium is globally
asymptotically stable. Furthermore, numerical simulations are given. It is shown that even
if assumption (A4) does not hold, the no-immune equilibrium may be globally asymptot-
ically stable only when Ry > 1 and R; < 1, and the infected equilibrium may be globally
asymptotically stable only when Ry >1 and R; > 1.
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This paper is organized as follows. In Section 2, we will first introduce some assump-
tions for nonlinear incidence function f(x,y,v). Next, we will state and prove some ba-
sic results on the existence, uniqueness, positivity and ultimate boundedness of solutions
with positive initial conditions for model (4). Furthermore, the existence of the virus-free,
the no-immune, and the infected equilibria also is obtained. The stability of the virus-
free, the no-immune, and the infected equilibria is presented in Section 3. The numerical
simulations are presented in Section 4. Lastly, some concluding remarks are presented in

Section 5.

2 Preliminaries
As the epidemiological background of model (4), we assume that any solution (x,,, ¥, Vi, 211)
of model (4) satisfies the following initial condition:

%o >0, ¥0 >0, vo >0, zo > 0. (6)

We also require that the function f(x, y, z) satisfies the following assumptions:

(A1) f(0,y,v)=0forally>0andv=>0,
(As) W>Oforallx>0,y20andv20,
(A3) WsOandw50forallx20,y20andv20.

Specially, when f(x,7,v) = —2*— and f(x,7,v) = £%-, where 8 >0, m > 0, g > 0, and

1+mx+nv 1+m1’
n > 0 are constants, by simple calculation we know that such f(x, y, v) satisfies the above

assumptions (A;)-(A3).

Lemmal Let (A1) and (A3) hold. Then the solution (x,, Yu, Vu, 2n) of model (4) with initial

value (6) exists uniquely and is positive for all n € N. In addition, 0 < y, < 1;;"’ for n =
1,2,....
Proof We know that model (4) is equivalent to the following form:
Xn+l = ﬁ(xn + ¢()¥ _f(xn+1:yny Vi)Vi))s
= It Cn 1 YnVn)Vn
Ina1 ] +1;>(ﬂ+pzn+1) ’ (7)
Vpy1 = 1+¢}ZI+1 ’

— Zn
Zn+l = 1+p(b-cyn+1)

When n = 0, we prove that (x1,y1,v1,21) exists uniquely and is positive.
We first consider x;. According to the first equation of model (7), we have

@) £ w1 + @[ dxy +f (%1, 0, v0)vo — A] — %0 = 0.
Owing to ¢(0) = —xg — PA < 0, lim,, .o ¢(x1) = 00 and from (A43),
d
@' () =1+ ¢|:d + —f(xl,yo, Vo)vo] > 0.
8x1

Hence, there is a unique x; > 0 such that x; = x + ¢[1 — dx1 — f(x1, 50, vo)vol.
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Next, we consider z;. According to the second and fourth equations of model (7), we
have

Yo + ¢f (x1,50,v0)v0 - bzl]. ®)

21:z0+¢|:c 1+ ¢(a+pz)

Let
9(z1) £ op(L+ ¢b)z; + (1+ p[a - pzo - cyo
— pevof (¥1,90,v0) + b(1 + ¢pa) )z — z0(1 + ¢a).

This is a quadratic function. Since ¢(0) = —zo(1 + ¢pa) < 0 and lim,, . ¢(21) = 00, there is
a unique z; > 0 such that ¢(z;) = 0. That is, (8) holds.

In the following, we consider y;. According to the second and last equations of model
(7), we have

y1=Yo+ ¢[f(x1,yo, Vo)Vo — ay1 — py1 %} 9)

Let
o) £ @[c(L + pa)y; — (b + cyo + dcf (x1,y0,vo)vo +a
+ pab +pzo)yl +90b + (1 + ¢b)f (%1, 0, VO)V()] + 90 — 1.
Owing to z; > 0, from the last equation of model (7) we have y; < I%b. Then we have

9(0) = yo + ¢[yob + (1 + ¢b)f (x1,y0,vo)Vo| > 0,

<1 + ¢b> Ppzo + ¢pbzy
@ =- <
¢c c

0.

1+

Since ¢(y1) is a quadratic function, there is a unique y; € (0, sz) such that ¢(y;) = 0. That
is, (9) holds.
Finally, we consider v;. According to the third equation of model (7), we have v; =

vo+okyi
1+¢u °

Hence, we know that v; uniquely exists and is positive. Therefore, (x,71,v1,21) exists
uniquely and is positive.

When # =1, by a similar argument to the above, we can prove that (x5, y2,v2,25) exists
1+¢b

uniquely and is positive. Owing to z, > 0, we also have y; < . Using the mathemati-

¢c
cal induction, for any # > 0, we know that (x,, y,, V4, z,) exists uniquely and is positive.
Furthermore, we also have y, < lxb. This completes the proof. O

Let us consider the region

A
F = {(x,)’,v,z) : 0 <x,)’,V;ZS g},

where & = min{d, 7, u, b}. We have the following result.

Lemma 2 Any solution (x,,yy, vy, z,) of model (4) with initial condition (6) converges on
I" as n — 0o, and T is positive invariable for model (4).
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Proof Define a sequence M, as follows:

a p
Mn =Xy +Ynt ﬂvn + Zzn.

We have

a p
Mn+1 =Xp+1 t Yui1 + 5 Vi1 t+ Zzn+l

2k

a V4
=Xnt)Ynt 2_kVn + Zzn + QA —dxyg - AYn+1 _pyn+lzn+1]

a au pb
+ ¢ 5)%1 — 5 Vusl +pyn+1zn+1 - 7zn+1

2k
ol1_d a au pb
=M, + —ax - = - —V, - —Z
n n+1 2yn+1 2k n+1 c n+1

< Mn + ¢[)¥ - SM;'HI]'
Hence,

0y
+ .
1+¢é&

Mn+1 =

<7 +¢§M (10)

n

By using the induction, we have

() o 31 |
M, < Mo+ =|1- .
L+¢§ § L+¢§

Consequently, limsup,,_, ., M, < % Owing to the positivity of solution (x,,, ¥4, Vi, 2x), We

see that (x,, ¥, v, 2,) converges on I' as n — co. Furthermore, from Lemma 1 and (10),
we easily see that I is positive invariable for model (4). This completes the proof. O

The basic reproductive numbers for model (4) are given by

kf(5,0,0) c .
Ro==—=— R=pn
where yj is given in the following conclusion (ii) of Lemma 3. Ry is defined as the average
number of secondary infected cells generated by a single infected cell put in an uninfected
cell (or free virus) population, R; is defined as the average number of killed infected cells by
asingle CTL cell contacting the infected cells. Based on these basic reproductive numbers,
we give the following lemma.

Lemma 3 Let (A1)-(As) hold.
(i) Model (4) always has a virus-free equilibrium Eo(ﬁ, 0,0,0).
(i) IfRo <1, then model (4) has only a virus-free equilibrium Ey, and if Ry > 1, then
model (4) has a no-immune equilibrium E (x},y5,v},0), except for equilibrium Ey.
(ili) If Ry > 1 and Ry <1, then model (4) has only the virus-free equilibrium Eq and the
no-immune equilibrium Ey, and if Ry > 1 and Ry > 1, then model (4) has an infected

equilibrium Ey (X3, 53, V5,23), except for equilibria Ey and E;.
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Proof It is clear that the equilibrium of model (4) satisfies the following equation:

A—dx—f(x,y,v)v=0,
flx,y,v)v—ay—pyz=0,
ky—uv=0,
¢yz—bz=0.

Obviously, (11) has a solution (4,0, 0,0). Hence, model (4) always has a virus-free equilib-

rium Eo(ﬁ, 0,0,0). This shows conclusion (i).

A— dx V:k(

Let z=0, from (11) we have y = Aa;udx), and f (%, y,v)v = ay. Hence,

=0.

A —dx k(A —dx) au
au

§41 (x) :f (xr 4 ’ A

We have g1(0) = =% <0 andgl(g) = % (Ro —1). Based on (A;) and (A3), we know that g1 (x)
is monotonously increasing for all x € (0, %). When Ry > 1, then gl(g) > 0. Hence, g1(x) =0
has a unique solution x} € (0, %1)' This shows that model (4) has a unique no-immune
and v* = K= dxl . When Ry <1, thengl( )<0.
Hence, g1(x) = 0 has no solution in (0, d). This shows that model (4) has only equilibrium

equilibrium E; (%], y5, v}, 0) with y§ =

Ey. Therefore, conclusion (ii) is true.

Let z #0, from (11) we have y = %, v= %, and the following equation:

b kb uc
£ (%) f(x, ,;)—E(A—dx):O

uch A—dxf

We have g»(0) = —47- < 0. When Ry > 1 and R1 > 1, we know y! > & 2. Owing to y; = —1,

by simply calculatmg we can obtain x] < ; -2 Hence,

A ab A ab b kb ua o x o HA
o(i-%) f(a‘%?;)‘?f(xvyvvl)‘?-°-

From (A;), we know that g(x) is monotonously increasing for x > 0. Hence, there is a
unique x5 € (0, % - fi—i’) such that g, (x3) = 0. This shows that model (4) has a unique infected
equilibrium E, (x5, y3, v}, 23) with y5 = %, Vs = % and

1 1 A ab ab
zy=— (A —dxi—ay}) > |:A d(— - —) - —] =
Py Py d dc) ¢
When Ry > 1 and R; < 1, similarly to above discussion we can see that if go(x) = 0 has
a positive solution x3, then xj > % — 22, But, if model (4) has a posmve equlllbrlum
Ey(x3,55,v3,25), then 25 = 1%()‘ —dx; — uyz) > 0. Hence, we must have x} < 4 — 2 b which

leads to a contradiction. Therefore, conclusion (iii) is true. This completes the proof. g

3 Stability of equilibria
First of all, we introduce the following assumption:

fe,y,v) \ [(flyLv) v -
<1_f(x,y§‘,V2‘)>< fxy,v) _v_j‘> =0, =12 (Ag)
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for all (x,5,v,2) € T, and (x},y}, v}) is the coordinate of equilibrium E; for i = 1,2, respec-

tively.
Bx

1+mx+nv

Specially, when f(x,y,v) = , by simple calculation we know that f(x, y, v) satisfies

assumption (Aq).
Bx

However, when f(x,y,v) = ;-7

, in Section 4, we will give the numerical examples to

indicate that assumption (A4) may not be satisfied.

Theorem 1 Suppose that (A;)-(As) hold. If Ry < 1, then the virus-free equilibrium

Eo(%,0,0,0) of model (4) is globally asymptotically stable.

Proof Letx* = % and (%, Y4, Vu, 2,) be any solution of model (3) with initial condition (6).

Choosing a Lyapunov function as follows:

n f(x*,0,0 1
Wy =x,—a" — Mds+yn+mvn+£zn,
«  f(s,0,0) k c
we let
X *’0’0
m(x) £ x —x* — [67,0.0
x* f(S, 0’0)

According to (A;), we easily obtain m(x) > m(x*) = 0 for all x > 0. Therefore, W, > 0 for
allx, >0,y,>0,v, >0, and z, > 0. In addition, W, = 0 if and only if x, = x*, , = 0,

v, =0 and z, = 0. Computing AW,,, we have

Xn+l (x*, 0, 0)
AW, =x,,+1—x,,—f f ds + ¥ue1 — Y

v f(50,0)
a(l+ ¢u)
Tk

(Vi1 — V) + lg(znﬂ - 2zy)

f(x*,0,0)
: ( —m)(x”ﬂ_xn)"'ynﬂ—yn
+ M(VM —v)+ P -z
k c

Substituting model (4), we have

f(x*,0,0)
AW, < ¢)|:(1 _m) ()L — dXp _f(anrlrym Vn)Vn) +f(xn+1:ym Vu)Vn

a(l+ ou
) ayVHI —pyn+1zn+1 * %(kyVHI - MVVHI) + Ig(cynﬂZml - bzn+1):|
f(x*,0,0)
= 1—— )\.—d N+ —_ nels Vs Vi 5
¢|:( f(xn+1,0,0) ( x 1) f(x LYV )V

*,0,0 n n+l Vi Vi )V — AYns1 — PYn+1Zn+

f(*441,0,0) f(x )v +f X1 Vs Vi)V = Va1 = PYn1Znnt
au(l + ¢u) b

+ AYpe1 + AUy — ———— )

V4
Vsl + PYn+1Zn+1 — — Zn+l
k c
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Substituting A = dx* and v,,,1 = %ﬁ;y;” from model (7), we further obtain

)(1 _ f(x*: 0,0) > +f(xn+1;yn: V”)f(x*,O,O)v,,

AW, < ¢[dx* (1 _
x*

f(xn+1) 01 0) f(xn+lr 0; O)
au(l + ¢u) v, + pky,.a  pb
+ pauy,, — P 1+ ¢u - T Zp4l

_ % Xn+l f(x*,0,0)
- ¢|:dx <1 - x* )(1_f(xn+l: 0, 0))

au f(xn+l)ynr Vn) pb
- —R _1 n = T An+ .
Tk (f(xn+1,0,0) HY GRS

Based on (A3), we have

* KXn+l f(x*r 0) 0) au pb
AW, 1- -2 - vy ——2zpn |
W Sd)[dx ( x* )( f(xml,0,0)) "k (Ro — v ¢’ 1}

According to (A,), we know

k
(l_x}’H-l)(l_ f(x 70y0) )SO.
x* f(xn+1; O’ 0)
Therefore, when Ry <1 and z, > 0, v, > 0, we get AW, <O0. It is obvious that AW, = 0 if
and only if x, = x*, ¥, = 0, v, = 0 and z, = 0. Based on LaSalle’s invariance principle (see

[33]), we finally see that the virus-free equilibrium Eq(x*, 0,0, 0) is globally asymptotically
stable. This completes the proof. d

Theorem 2 Suppose that (A1)-(As) hold. If Ry > 1, then the virus-free equilibrium
Eo(ﬁ, 0,0,0) of model (4) is unstable.

Proof By calculating, we can see that the linearization system of model (4) at equilibrium
E() is

#f(4,0,0)

_ 1
Xun1 = 1+¢dX” Y Vins
_ 1 ¢f(5,0,0)
Yo =ggtnt —1ga Vm ) 12)
1 £.0,0
Voo ok __y , Lelay(Gool,

(1+¢a)(L+pu) =" (1+¢a)(1+¢u)
Zn+1 = ﬁZn

By calculating we can obtain the characteristic equation of system (12),

N 1 1 3
fy) = ()L—1+¢d)()\—1+¢b)|:(1+¢a)(1+¢u))»

oo as) o]

Solving this equation, we get A; = ﬁ, Ay = ﬁ, As and A4 are determined by the follow-

ing equation:

g 2 1+ ¢pa)(l + pu)r* — <2 +¢)[a+ u +¢kf<§,0,0>])k +1=0.

Page 9 of 19
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Since when Ry > 1, we have g(1) = ¢2au(l — Ry) < 0 and lim;_, o, g(1) = 00, there exists an
n € (1, +00) such that g(n) = 0. This shows that A3 or A4 is greater than 1. Therefore, the
virus-free equilibrium Eo(g, 0,0, 0) is unstable. This completes the proof. O

For model (5), by calculating, we see that the basic reproductive numbers Ry and R; are

given by

kB ABkc + a’umb

Ry=——, Ry = .
0 au(d + m) Y7 aduc + adbkn + aBbk + aulmc

Asa consequence of Theorem 1 and Theorem 2 we have the following result for model (5).

Corollary 1 IfRy <1, then the virus-free equilibrium Eo(g, 0,0,0) of model (5) is globally
asymptotically stable. Otherwise, if Ry > 1, then equilibrium E is unstable.

Theorem 3 Suppose that (A1)-(As) and (As) for i =1 hold. If Ry > 1 and R, <1, then the
no-immune equilibrium E; (x},y5,v},0) of model (4) is globally asymptotically stable.

Proof Let (x4,Yu, Vu»24) be any solution of model (4) with initial condition (6). From
Lemma 2, we can assume (X, Yy, Vy,2,) € I' for all n > 0. Define a Lyapunov function as

follows:
B f o0 vn) In
L,=x,—x] - —————ds+y,-y; —y;In—
" U e Tyt O T
1 n
+ @(W -v{ —viln “:_T) + ‘gzml.

According to (A,), we easily obtain

* f(x5,0,0)

———ds>0
xf f(S,0,0)

m(x) & x —x} -

for all x > 0 and x # x*. Hence, L, > 0 for all x, > 0, y, > 0, v, > 0 and z, > 0. Obviously,
L, =0 if and only if x, = x§, y, = §, v, = V{, and z,, = 0. Computing AL,, we have

Tl f (x5, y5, V) Vel
AL, = Xy — Xy — —— —ds+ 9y, —Yu—% In
! / Flsypvp) & T I AR

a(l + ¢u) al+ou) ., Ve p
+——— (V1 —Vy) - ——— i In +=(2u11 — 2n)
k k V. ¢
SOL 01 ) ) Vel
f l_ﬁ (xn+ _xn)"' n+ _yn_y*ln
( f(xn+1¢y1¢V1) ! y ! ! n
1 " 1
JALEOW) e Ve Py P,
k Vi c k

From Inx < x —1 for x > 0, we further have

AL, < (1 M)(xnﬂ — %) + (1 - N )(y;ﬂl _yn)
Y

f(anrlny, VT n+l

a vy dau v
te <1 - —1)(1/,“1 —V) F — (v,m — Vv, +viIn = ) + ‘g(zml —z,).

Vil k Vil
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Substituting model (4), owing to 7, y{, and v] satisfying the equations

0= —duxy —f(5, 51, vVI»
0 =f 0,1 ViV — i,
0 = ky} —wvy,

we obtain
ALn S (1 - f(xl’yl’ )(xn+1 - xn) + (1 ) (f(erl:ym Vn)Vn
xn+l¢y1 , V1 Yn+1
a vy
- ﬂyn+l —P}/n+12n+1)¢ + % (1 - —1> (kym—l - an+1)¢
Vil
LI %VT in— + L (cypiizin - bzu)e
k k Vsl €

= (1— M)(xn+l—xn)+ﬂyr<l— N ﬁf(x"+1’y”’v"’)>¢

f(xnﬂ’yfrvl Yn+1 VT f(xf,yT,VT)
nil Vi
+ ﬂ)’f (1 - ‘)i _1 - _>¢ +f(xn+1rym Vn)Vn¢

dau Vi
—viln—

— (R -1 n+
+ (R = Dzpi1 + 3 o

Since A = dx§ + ayf, the first equation model (4) becomes
KXnl =X + q)[dxi‘ + ﬂﬁ —dXpa _f(xwrl;ym Vn)Vn]~

We have

SG1 91 v1) )
AL,, < l_ﬁ dx*+a >k_dxn - (xn 4 mVn)Vn ¢
( Pty ) 5O e = Gy

v ay’ <1_ N V_Zf(xn:h);mZn)>¢+ayik<1_3ﬂv_1_V_:>¢

Yna1 Vq f(xl,yl, V1) Vil yik Vi
¢pb dau v
+ ¢f(xn+lyym Vn)Vn + L(Rl - l)zn+1 + —Vik ll’l —
c k Vi+l

S5 1) > ( S 1)
= (1- 220 2V dat —dxy)p +ayi |1 - —2L2 1
( f(xnﬂ:yrr VT) ( ! Vl+1) N f(xn+1,yik, VT)

+f(xn+lxymvn) V_n)¢+a *<1_ ﬁ ﬁf(xrﬁ-lyymVn)>q5

1
f(xn+1:yik: Vik) VT Yn+1 Vik f(xik,yik,vf

x
b
+ayf<1— MV—I - —>¢ + ¢L( Ry — 1)z, + MVfln Y
Vn+1y1 V1 c k Vsl

_¢dx (1_ n+1><l_M)+¢ﬂy*<4_M
' xl f(xn+lryTyVT) ! f(x,,+1,y’1",vf)
_ O VGt Vi) _Mﬁ_w_mm>
)’n+1 Vik f(xf’yik; VT) yik Vil f(xml,yn,vn) Vy

+ ¢ﬂy1( 1-27 f(xn+1;y1;V1) " V_nf(xn+l:ym Vn)) + ¢P

b
. - — (R = 1)z,1.
f(xwrl;yn; Vn) V1 f(xn+1,y1,V1) ! ml



Wang et al. Advances in Difference Equations (2016) 2016:143 Page 12 of 19

Let g(x) =x —1 —Inx, then g(x) > 0 for all x > 0. Hence, we can get

f(xik’yik’vf) yik an(anrlrym Vn)

S@n317) - Yua Vi fO9100)

_ MV_T _f(xm,yi‘, VT) _ Vil
J’T Vil f(xn+1;yn; Vn) Vn
f(x17yl’vl yf an(xn+1’ym Vn)
—-£ -& I
(Xne1, 975 V7) Y Vi f (5075 0)
—g<y"—fv—1> (fx””’yl’vl ) <o, 13)
Y1 Vnn (xn+1»ymVn)
According to (A,), we know
(1 - x””) <1 - 7f(x1’yl;vli ) <o0. (14)
xl f(xn+1:y1;V1)

Since (A4) holds for i = 1, we further have

f(anrlryl,Vl + V_:f(anrl,y:; V:) < 0. (15)
S 1Y Vi) V] f @i 955 V)

-1- —* +
Therefore, when R; <1, from (13), (14), and (15) we finally obtain AL, <0 and AL, = 0 if
and only if x,, = %7, ¥, = 9§, v, = v{ and z,, = 0. Based on LaSalle’s invariance principle, we
see that the no-immune equilibrium E; (x], 37, v{, 0) is globally asymptotically stable. This
completes the proof. d

Theorem 4 Suppose that (A;)-(As) hold. If Ry > 1 and Ry > 1, then the no-immune equi-
librium E;(x3,y},v7,0) of model (4) is unstable.

Proof By calculating, we easily see that the linearization system of model (4) at equilibrium

El(xik’yik7 VT; 0) is

% X ¢df * ¢(§—fvvi“+f xl yl Vl))
ml = 1+¢(d+ :ﬁv*) " 1+¢(d+ g£ Vi) 1+¢p(d+ :;é vy) "
O s Of
o dvr 3x i of %
Y, dx 1 2_odx 1oyl
T Ll v irga) Kot L=97 Leg(d+ L) +o5m)
of «¢ dvvl 1 v ))
x 1+q§a nt 1+¢a [- 9x 1 1+(d+ 3{;"1)
3 opy; 1
f *+¢f(x1,y1, )]V _1+q>blcy )1+¢HZ"’
9 9
v ¢dx v (1 ¢2 6£ v Bj; i (16)
T e v trga) o L+ d+ % vﬁ
r)f * 1 (Pk
+ &35 ay 1)1+¢a L+pu Yo+ [1+¢a 1+q>u( d’

9 av"l*f x91v1))
XW ¢ v1+¢f(x1,y1, Vi) + 1+¢M]

o 1 ¢k
1+p(b—-cyy) 1+pa 1+pu™"’

Zns

_ 1
Zni1 = T+p(b-cy})
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where
aof of ., ., ., of o . . . f _f o o »
i ~ax ) gy =g i), =, i)

By calculating we obtain the characteristic equation of equation (16),

af,_ 1 3 2 _
f(M(k 1+¢(b—cyi‘)>()h +mA? +nh+ 1) =

where
2
m=—(1+ pd) ¢k(;“+f@“””“” !
U+ ¢d+ L)1+ pu)(1+pa) 1+odu
¢ v1+1 q)zgfcvi‘gj; B 1
1+ ¢a (1+¢w+ V)1 +pa) 1+¢(d+Lvr)
Ok (Lt + £, y5,v))) 1

a+md+”*wu+¢wu+¢m 1+ + L)+ pu)

1 1 ¢V1+1
(s ) 1
L+p(d+vi) 1+ou/) 1+¢a
¢2k:0—fv
1+ p(d+ L)1+ pu)(1L+ pa)
oLv; +1

A+ od+m)+ou)1 + da)

Let A; (i =1,2,3,4) be the roots of f(A) = 0, then A; = m

the equation A> + mA? + uA + [ = 0. From Z, > 0, we know

and Ay, A3 and A4 satisfy
I‘II’T > 0. BY R1 > 1 we

have % < y7. Hence, we get > 1. This shows that when R; > 1, the no-immune

1+¢(b —cyy)
equilibrium E; (x, 5,7, 0) is unstable This completes the proof. d

As a consequence of Theorems 3 and 4 we have the following result for model (5).

Corollary 2 IfR, >1and R, <1, then the no-immune equilibrium E,(x}, 7, v{,0) of model
(5) is globally asymptotically stable. Otherwise, if Ry > 1 and Ry > 1, then equilibrium E; is
unstable.

Theorem 5 Suppose that (A;)-(As) and (A4) for i =2 hold. If Ry > 1 and R, > 1, then the
infected equilibrium Ey(x5,y5,V5,25) of model (4) is globally asymptotically stable.

Proof Let (x,, Y4, Vy 2,) be any solution of model (4) with initial condition (6). We can
assume by Lemma 2 (x,, y,, v, z,) € T for all n > 0. Define a Lyapunov function as follows:

o f (3,95, v5) In
L,=x,—x;— —== = ds+y,—y; —y;In—

n 2 f(syy;;‘/;) yn yZ y2 y;

(a+pz;)(1 + pu) N A . xq Zn
++ vn—vz—vzlnF +Z zn—z2—z2ln% .

2

Page 13 of 19
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Obviously, we know L,, > 0 for all x, > 0,5, >0, v, >0 and z, > 0,and L, = 0 if and only

ifx, =x3, y, =¥, vo = v, and z,, = z5. Computing AL,, we have

ot f(x;,y;, V;) J’n+1
AL, = x — Xy — — == “ds+ - —y5In
n n+l n /xn f(S,yZ,Vé) Ynil = Vn = Y2 Vn

a+pzy)(1+ ou 12 z
arpn)it éu) le)<( ¢ )(v,,+1—vn—v§1n "+1>+1—7<zn+1—zn—zz‘ln "+1)
c

Vi Zn
< (1- L) »
f(xn+1¢y§¢ V;) n+l

(a+pz5)(1 + pu) v Vnsl\ P . Znsl
+T Vnsl — Vg — V5 In +; Zyel —2Zn — 25 10 .

Vn

)(xn+1 _xn) +yr1+1 —Yn +y; In

Zn

Using Inx < x —1 for x > 0, we further have

AL, < (1 M)(xnﬂ —%Xy) + (1 - yé )(ynﬂ _yn)

_f(xn+1,y§;V§) Yn+l

(a +pz;)(1 + ¢u) (@+pz)(L+¢u) .. Vi
t e ) - v In—=

k Vy
z
+ 1_7(1_ 2 )(ZVH—I _Zn)~
c Zn+1

Since equilibrium Ey(x3, 53, V5, z;) satisfies the equations

A —dx; —f(x5,55,v3)v5 =0,
S 3,55, v3)vs —ays — py325 = 0,
kyy —uvs =0,

* ok * _
cy3zy —bzy =0,

we have

AL, < (1 - M)(xnﬂ — %) + (1 - yyz )(ynﬂ _yn)

f(xn+1¢y§¢ V;) n+l

+ (a +PZ3])((1 * ¢u) (Vn+1 - Vn) -

a+ pz; 1%
wv*ln”_+1

k 2,
* * % Vit Z*

- ¢(ay; +py325) In L E- 2 (Zns1 — 2n)
Vn 4 Zn+l

f5,5,v3) ”
=\ o — %X 1- _
( f(xn+11y§, V;) (xn+1 * ) + Vel (ynﬂ yn)
(a + pz5) (
| Vna1

-V, —v;In
Vi

k 51 M) + ayz +*py;‘/; (Vn+1 - Vn)¢

2

~ (ays +pyizy) In L ’f(l G )( ).
Vn 4 Zp+l

Substituting model (4) and A = dx + ay; + py5z;, we have
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S #5,95,v5)
ALn = -5 d. 5 5 s —d +1 — n+lr» Yn»
- ¢|:( a1, 5, V5) ( Xy +ayy + pyszy — A% —f (Xne1s Yn Vn)Vn)

+ (1 - 72 > (f(xn+lrym VVI)VVI — aYn+l _py”+12”+1)

yn+1

(a+ pz3) 123 ays + pysvi
+ % 1- V— (kY1 — V1) + M(Wml — V)
n+l

- (”yz +py222) < Zel (Cyn+lzn+1 - bzn+1):|
n+

KXn+l X9, Y2: Vo fx3,y5,V5)

dxi(1- S 2720 7)

q{ x2< ) ( f(xm,yz,vz)) * @ py ZZZ)( F G733
an(xnﬂ;ym Vi) (2 VY Yn+1 V}F )

sz(xn+1yy2y V2) V; yz Vil

) “yz +PYszs

yg an(xnﬂ,yn; Vn)

— (ays + py323) ~ (ays + pyizs) In 222 }

Yn+1 V2 f(xz,y2, Vz) Vn
Xn+1 f(xzxy;v;) * *, % f(x;y;’vz)
¢>|:dx <1— )(l—ﬁ t @y +py)\ 4 - ———~
> xz f(xnﬂ»yzy Vz) ( 72 72 2) f(xmlyyz,Vz)
_ iﬁf(xn-*—l;yn; Vn) _ Mi _f(xn+lry§r V;) —In Vn+1>
yVHl V; f(x;’y;’ V;) y; Vi+l f(xn+l:ym Vn) Vn

% % % Vi f(xnﬂyy;: V;) an(xml;ym Vn)
i o .
* (ayz +py222)< V; +f(xn+l)ymVr1) * V;f(xnu,yﬁ, V;)

Let g(x) =x — 1 —Inx, we have

k

_ f(x;y;"/z) _ yz V_nf(xn+1)ynrvn)
S @1, 95,V5) Y V3 f(&5,55,V5)
_ Yn+1 V; _f(xnﬂ,y;; V;) _ Vil

J’}F Vi1 f(xn+1rym Vn) Vn

— g S &35,53,v3) )_ (y’i Qf(xm,yn,vn))

(%41, Y3, V5) Yue1 Vs f(%5,95,V3)

_g<‘)ﬂv_;> fx,,+1,y2,V2 ) 0. (17)

y; Vit1 (xn+1:ym Vn)

According to (A3), we know

(1 - x”j) <1 _Sb5v) ) <o. (18)
X5 f(xnﬂ:yg; V2)

Since (A4) holds for i = 2, we further obtain

oV SGnn 95 vs) | Vnf st Y Vi)
>k

V2 f(xn+11ynr Vn) V;f(x}’Hl:y;; V;)

<0. (19)

Therefore, when R; > 1, from (17), (18), and (19) we finally have AL, < 0. Obviously,
AL, =0 if and only if x,, = 3, y, = ¥, v» = v}, and z,, = z;. Based on LaSalle’s invariance
principle, we finally see that the infected equilibrium E5(x3, y5, v}, 25) is globally asymptot-
ically stable. This completes the proof. d
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As a consequence of Theorem 5 we have the following result for model (5).

Corollary 3 Let R, > 1. Then the infected equilibrium E,(x5,y3,V5,25) of model (5) is glob-
ally asymptotically stable.

4 Numerical examples

In this section, we give the numerical examples to discuss assumption (A4). In model (4),

we choose a nonlinear incidence f(x, y,v) = I i ’;2. Furthermore, % = 1 in the denominator
function ¢. The mortality rate of the CTL response b in model (4) is chosen as a free
parameter. All remaining parameters in model (4) are chosen as in Table 1.

We first take the mortality rate of CTL response b = 0.75. By calculating, we see that
the basic reproduction numbers Ry =75 > 1 and Ry = 0.5216 < 1. Furthermore, we also
have % =100. Hence, model (4) has only the virus-free equilibrium E((100,0,0,0,) and
the no-immune equilibrium E;(21.745,39.127,39.127,0).

Consider assumption (A4). By calculating we obtain

f(xrer) f(x:yf"’f) v _ 1+I’1V?~<2 * *
(1 _f(x,yi‘m?)>( Ty _> - (1 “Tew )“‘ i) 1), (20)

Fori =1, since n’glvf —1=38.127 > 0, where v§ = 39.127, from (20) we see that assumption

(A4) for i = 1 is not satisfied.
However, the numerical simulations given in Figure 1 show that equilibrium E; is glob-
ally asymptotically stable.

We next take the mortality rate of CTL response b = 0.15. By calculating, we see that the
? =
100. Hence, model (4) has the virus-free equilibrium E;(100, 0, 0, 0), the no-immune equi-
librium E;(21.746,39.127,39.127,0), and the infected equilibrium E;(12.621,15,15,0.383).

Consider assumption (A4). Since ngva‘ —1=14 > 0, where v; =15, from (20) we see that
assumption (A4) for i = 2 is not satisfied.

basic reproduction numbers Ry =75 >1and R; = 2.608 > 1. Furthermore, we also have

However, the numerical simulations given in Figure 2 show that equilibrium E, is glob-
ally asymptotically stable.

The above numerical examples show that even if assumption (A4) does not hold, the no-
immune equilibrium may be globally asymptotically stable only when Ry > 1 and R; < 1,
and the infected equilibrium may be globally asymptotically stable only when Ry > 1 and
Ry >1.

Table 1 List of parameters

Parameter Definition Value Source

A Production rate of uninfected cells 10 References [31, 32]
d Death rate of uninfected cells 0.1 References [31, 32]
B Infection rate 0.15 References [31, 32]
a Death rate of infected cells 0.2 References [19, 31]
p CTL effectiveness 1 References [19, 31]
n Saturation coefficient 0.01 Reference [7]

k Production rate of free virus 0.1 References [19, 31]
u Clearance rate of free virus 0.1 References [19, 30]
c Proliferation rate of CTL response 0.01 References [19, 30]
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Figure 1 The trajectories of solutions (xy, Yn, Vn, Z,) with initial values (xo, yo, vo,2o) = (10, 30, 20, 7),
(25,40, 35, 2), and (30,50, 50, 5).
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Figure 2 The trajectories of solutions (x,, ¥n, Vn, zn) with initial values (xo, o, o, 20) = (20,15, 15,0.1),
(30,10, 10, 1.5), and (5, 20,20, 1).

5 Discussions

In this paper, we studied a four dimensional discrete-time virus infected model (4)
with general nonlinear incidence function f(x,y,v)v and CTL immune response obey-
ing Micken’s non-standard finite difference (NSFD) scheme. Assumptions (A;)-(A4) for
nonlinear function f(x,y,v) are introduced and two basic reproduction numbers Ry and
R, also are defined. The basic properties of model (4) on the existence of the virus-free
equilibrium Ej, the no-immune equilibrium Ej, and the infected equilibrium E,, and the
positivity and ultimate boundedness of the solutions are established. Under (A;)-(A4), the
global stability and instability of the equilibria are completely determined by the basic re-
production numbers Ry and R;. That is, if Ry <1 then E is globally asymptotically stable,
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if Ry > 1and R; <1 then E, is unstable and E is globally asymptotically stable and if Ry > 1
and R; > 1 then Ej and E; are unstable and E; is globally asymptotically stable.
We see that (A;)-(As3) are basic for model (4). Particularly, when f(x,y,v) = Bx _ and

1+mx+nv

Sy,v) =1 f: 7 then (A1)-(A3) naturally hold. But (A4) is a mathematical assumption. It is

only used in the proofs of theorems on the global stability of the no-immune equilibrium
E; and the infected equilibrium E; to obtain AL, < 0 for the Lyapunov function L, (see the

proofs of Theorem 4 and Theorem 5). However, we also see that when f(x, y,v) = - rffmv,

(A4) naturally hold. Furthermore, the numerical simulations given in Section 4 show that
even if (A4) does not hold, the no-immune equilibrium E; may be globally asymptotically
stable only when Ry > 1 and R; < 1, and the infected equilibrium E; may be globally asymp-
totically stable only when Ry > 1 and R; > 1.

Generally, we expect that the global stability of the equilibria for model (4) can be com-
pletely determined only by the basic reproduction numbers Ry and R;. Therefore, an open
problem is whether (44) can be thrown off in Theorem 4 and Theorem 5. Furthermore, we
also do not obtain the local asymptotic stability of the infected equilibrium E; only under
(A1)-(As). The cause is that the characteristic equation of linearized system of model (4)

at equilibrium Ej is very complicated.

When the incidence function f(x,y,v) = Bx__ e know that (41)-(A4) are satisfied.

l+mx+nv

The global stability of the equilibria of the discrete model (5) only depends on the basic
reproduction numbers Ry and R;. This shows that the global stability of the equilibria for
the discrete model (5) is equal to the corresponding continuous model (3). This implies
that the NSFD scheme preserves the stability of the continuous model.

As is well known, in our body the immune response is made up of both a cellular re-
sponse and a humoral response. The cellular response is that T cells kill the infected cells,
the humoral response is that B cells produce an antibody to neutralize the virus. In this
paper, we only consider the cellular response. In the future, our work will focus on the idea
that the two kinds of immune response simultaneously play a role.
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