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Abstract: The article presents the problem of supply chain optimization from the perspective of a multimod-
al logistics provider and includes a mathematical model of multilevel cost optimization in the form of MILP 
(Mixed Integer Linear Programming). The costs of production, transport, distribution and environmental 
protection were adopted as optimization criteria. Timing, volume, capacity and mode of transport were also 
taken into account. The model was implemented in the LINGO ver.12. The numerical experiments were car-
ried out using sample data to show the possibilities of practical decision support and supply chain optimiza-
tion. 
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1 Introduction 
 
A supply chain is a concept in the area of science 
and practice that has been strongly developing since 
the ‘80s of the last century. Numerous definitions de-
scribe the term, and a supply chain reference model has 
also been designed ([6], [19] and [20]). A supply chain 
is commonly seen as a collection of various types of 
companies (raw materials, production, trade, logistics, 
etc.) working together to improve the flow of products, 
information and finance. As the words in the term indi-
cate, it is a combination of the chain’s individual links 
in the process of supplying products (material and ser-
vices) to the market. 

The idea of the supply chain dates back to the early 
‘80s of the past century when it was used as an alterna-
tive way to assess the relationship between suppliers 
and customers in the market previously perceived as 
an arena of ongoing hostilities and taking advantage 
of the position in the market for benefits and synergy 
effect. 

Initially, a supply chain was a remedy adopted for re-
ducing a company’s, supplier’s and customer’s inven-
tory levels. Currently, attention is being drawn 
to integration and synchronization of activities within 
the supply chain, and its automation through IT solu-
tions and multimodal environments. 

Supply-chain problems fall into three categories: 

 supply-chain infrastructure (network) design and 
strategy, 

 supply-chain planning, 

 supply-chain operations and execution. 

The first two categories are essentially offline activities 
associated with establishing the best way to configure 
and manage the supply-chain network. The third cate-
gory involves decisions on how to operate the network 
to choose best response to the external conditions faced 
by the supply chain (online decision). 

The article presents the problem of outsourcing  logis-
tics management in supply chain with multimodal net-
work environment and a mathematical model of supply 
chain optimization in multimodal environment 
as an integer linear programming problem [12]. 
This model can be the basis for the decision support 
in the supply chain management. 

The application of the model will allow answering 
many decision questions such as: How to realize cus-
tomers' orders at the best price? How will they look 
at the time of delivery? Which distributors will take 
part in the supply? Do distributors have sufficient ca-
pacity to carry out the orders? What is the level of utili-
zation of capacity distributors? There can be many 
more of such questions.  

As you can see, the results of the optimization 
of the presented model can be the basis for the decision 
support (both offline and online).  

The complexity and flexibility of the presented model 
as well as the manner of its implementation are 
the main achievements and contributions of the article. 
An additional achievement is the formulation of the 
model in the form of integer linear programming, 
which facilitates its use in the practical aspects.  
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Figure 1. The chart of the supply chain with logistics services outsourced to a logistic provider 
(source: own work) 

This is due to the availability of multiple environments 
solving this class of models like LINGO, CPLEX. 

Very interesting is also the proposal to introduce a new 
class of decision variables at the implementing level. 
These variables allow making a deeper analysis 
of the obtained solutions being transparent to the mod-
el, not complicating it further. 

 
2 Supply Chain Management 
 
The aim of supply chain management (SCM) is to in-
crease sales, reduce costs and take full advantage 

of business assets by improving interaction and com-
munication between all the actors forming the chain. 
The supply chain management is a decision process 
that not only integrates all of its participants but also 
helps to coordinate the basic flows: products/services, 
information and funds. Changes in the global economy 
and the increasing globalization lead to the widespread 
use of IT tools, which enable continuous, real-time 
communication between the supply chain links. 
One of the objectives is to optimize logistics and en-
trust it to specialized companies. 

This trend contributed to the development of logistics 
outsourced operators known as 3PL, 4PL, or 5PL. 
The term 3PL (Third Party Logistics) refers to the use 
of external companies and organizations to carry out 
logistic functions that can involve the entire logistics 
process or its selected features. The company offers 
and provides 3PL services using its own means 
of transport, warehouses, equipment and other neces-
sary resources, and acts as a "third party" between 

a producer and a customer. The resulting model with 
the supply chain logistics services outsourced to spe-
cialized 3LP companies is shown in Fig. 1. This kind 
of cooperation is frequently referred to as the logistics 
alliance.  

4PL (Fourth Party Logistics) is a certain evolution 
of the 3PL concept to provide greater flexibility 
and adaptation to the needs of the client. 4PL compa-
nies and organizations operate primarily by managing 
the information flow within the entire supply chain. 
A 4PL coordinates logistics processes along the whole 
length of the chain (from raw materials to end-buyers) 
not being limited only to the selected segment as is the 
case with a 3PL. The 4PL model enables the 3PL oper-
ator to become a coordinator and integrator of the 
flows, not just an operator of physical movement 
of goods. Very often, its subcontractors are 3PL 
or even 2PL (Second Party Logistics) operators, i.e., 
transport companies and warehouses. A company 
that uses the services of a 4PL provider is in contact 
with only one operator who manages and integrates all 
types of resources and oversees the entire functionality 
across the supply chain. 4PL providers, having a com-
plete picture of the supply chain and large IT capabili-
ties may offer optimization and decision support 
advisory services. Further development of logistics 
outsourcing resulted in the creation of 5LP model (Fifth 
Party Logistics) - providers of integrated logistics ser-
vices that can design and implement flexible and net-
worked supply chains with multimodal environments 
to cater to the needs of all participants (manufacturers, 
suppliers, carriers and end users) [18]. 

 

Logistic Provi‐

der 

Customers Retailers Distributors Manufactures Suppliers 

Flow of information 

Flow of goods 
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3 Mode of transport in Supply Chain 
 
Many logistic providers have or use multimodal trans-
portation systems. Transportation system is multimodal 
when the infrastructure supports various transportation 
modes, such as truck, rail, air, and ocean/river naviga-
tion, and carriers operating and offering transportation 
services on these modes. International multimodal 
transport is a logistic concept that covers the move-
ments of goods from a supplier to a receiver under the 
responsibility of a single transport operator. It repre-
sents the flow of goods, where at least on one part 
of the transport chain, two different modern mode 
of transport are involved at the same time.  

Currently, most of the logistics is or uses the services 
of MTO (Multimodal Transport Operator- organizes 
and is responsible for the whole transport chain 
on the basis of one multimodal contract).  

A model of supply chain network of multimodal 
transport is shown in Fig. 2. The chart on the left shows 
all the acceptable modes of transport between the par-
ticipants in the supply chain. The chart on the right 
shows the optimal or feasible configuration of the 
transport for a given set of customer orders. 

 
4 Motivation 

 
Simultaneously considering the supply chain produc-
tion, distribution processes in distribution centers 

and transport-planning problems greatly advances 
the efficiency of all processes. The literature in the field 
is vast, so an extensive review of existing research 
on the topic is extremely helpful in modeling and re-
search. Comprehensive surveys on these problems 
and their generalizations were published, for example, 
in [9]. 

In our approach, we are considering a case of the sup-
ply chain where: 

 the shared information process [9] in the supply 
chain consists of resources (capacity, versatility, 
costs), inventory (capacity, versatility, costs, time), 
production (capacity, versatility, costs), product 
(volume), transport (cost, mode, time), demand, 
etc., 

 the transport is multimodal (several modes 
of transport, limited number of means of transport 
for each mode), 

 different products are combined in one batch 
of transport, 

 the cost of supplies is presented in the form 
of a function (in this approach linear function 
of fixed and variable costs) ([11], [15], [14], [10] 
and [16]), 

 different decision levels are considered simultane-
ously, 

 the environmental aspects of use of transport modes 
(depend on the use of fossil fuels and carbon-
dioxide emissions etc.). 

 

 

Figure 2. The part of supply chain network including multimodal transport 
(source: own work) 
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Figure 3. The part of the supply chain network with marked indices of individual participants (elements).  
Dashed line marks one of the possible routes of delivery. Relationships between the participants are multimodal 

(source: own work) 

 

Therefore, the motivation behind this work [9] is 
to suggest an approach to decision support in the sup-
ply chain that can provide decision support at various 
levels of decision-making, taking into account 
the many types of constraints (time, capacity, environ-
ment etc.). The proposed approach will be a demand-
driven model. The aim of this paper is to design and 
implement the model that can become the basis 
for making optimal decisions at different levels of sup-
ply chain management. The proposed solution will also 
enable a comprehensive examination of the impact 
on cost and performance of various parameters of the 
shared information. An important feature of the pro-
posed model is its multimodality. It occurs at different 
levels of detail. On the one hand, the model includes 
multimodal transport and on the other constraints of the 
model are different types (modes). There are resource 
constraints, time constraints, capacity constraints, space 
and environment constraints. 

 
5 Mathematical model 
 
For the supply chain network model (see Fig. 3) with 
multimodal transport (see Fig. 2), an optimization 
model was proposed, designed from a perspective 
of logistic /MTO providers. The mathematical optimi-
zation model was formulated as an integer linear pro-
gramming problem ([17], [25]) with the minimization 
of costs (1) under constraints (2)..(24). Indices, parame-
ters and decision variables in the model together with 

their descriptions are provided in Table 1. The pro-
posed optimization model is a cost model that takes 
into account two other types of parameters, i.e., 
the spatial parameters (are/ volume occupied by the 
product, specified by the distributor) and time (duration 
of delivery and service by distributor, etc.). The posi-
tion of each parameter against the subsequent links 
of the supply chain is shown in Fig. 4. The objective 
function (1) defines the aggregate costs of the entire 
chain and consists of five elements. The first 
is the fixed costs associated with the operation of the 
distributor involved in the delivery (e.g. distribution 
center, warehouse, etc.). The second part sets out the 
environmental costs of using various means 
of transport. They are dependent on the one hand 
the number of courses the means of transport, the other 
from the environmental levy, which may depend 
on the use of fossil fuels and carbon-dioxide emissions. 

The third component determines the cost of supply 
from the manufacturer to the distributor. Another com-
ponent is responsible for the costs of supply from 
the distributor to the end user (the store, the individual 
client, etc.). The last component of the objective func-
tion determines the cost of manufacturing the product 
by the given manufacturer.  The model was developed 
with the constraints (2)..(24).  

Constraint (2) specifies that all deliveries of product k 
produced by the manufacturer i and delivered to all 
distributors s using mode of transport d do not exceed 
the manufacturer’s production capacity. 
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Figure 4. The selected path of the supply chain along with the parameters that describe the individual 

elements and their dependencies  
(source: own work)  

 
 

Table 1. Summary indices, parameters and decision variables of the mathematical optimization model 
(source: own work) 

Indices 
Symbol Description Symbol Description 
k product type (k = 1..O) N number of  manufacturers/factories 
j delivery point/customer/city (j = 1..M) M number of delivery points/customers 
i manufacturer/factory (i  = 1..N) E number of distributors 
s distributor /distribution center (s = 1..E) O number of product types 
d mode of transport (d = 1..L) L number of mode of transport 
Input parameters 
Symbol Description 
Fs the fixed cost of distributor/distribution center s (s = 1..E) 
Pk the area/volume occupied by product k (k = 1..O) 
Vs distributor s maximum capacity/volume (s = 1..E)  
Wi,k production capacity at factory i for product k (i = 1..N) (k = 1..O) 
Ci,k the cost of product k at factory i (i = 1..N) (k = 1..O) 
Rs,k if distributor s (s = 1..E) can deliver product k (k = 1..O) then Rsk = 1, otherwise Rsk  = 0 
Tps,k the time needed for distributor s (s = 1..E) to prepare the shipment of product k (k = 1..O) 
Tcj,k the cut-off time of delivery to the delivery point/customer j (j = 1..M) of product k (k = 1..O) 
Zj,k customer demand/order j (j = 1..M) for product k (k = 1..O) 
Ztd the number of transport units using mode of transport d (d = 1..L) 
Ptd the capacity of transport unit using mode of transport d (d = 1..L) 

Tfi,s,d 
the time of delivery from manufacturer i to distributor s using mode of transport d (I = 1..N)  
(s = 1..E) (d = 1..L) 

K1i,s,k,d 
the variable cost of delivery of product k from manufacturer i to distributor s using mode of transport d  
(d = 1..L) (i = 1..N) (s = 1..E) (k = 1..O) 

R1i,s,d 
if manufacturer i can deliver to distributor s using mode of transport d then R1isd = 1, otherwise R1isd = 0  
(d = 1..L) (s = 1..E) (i = 1..N) 

Ai,s,d 
the fixed cost of delivery from manufacturer i to distributor s using mode of transport d (d = 1..L) (i = 1..N) 
(s = 1..E)  

Koai,s,d 
the total cost of delivery from manufacturer i to distributor s using mode of transport d (d = 1..L)  
(i = 1..N) (s = 1..E)  

Tms,j,d 
the time of delivery from distributor s to customer j using mode of transport d (d = 1..L)  
(s = 1..E) (j = 1..M) 

K2s,j,k,d 
the variable cost of delivery of product k from distributor s  to customer j using mode of transport d
(d = 1..L) (s = 1..E) (k = 1..O) (j = 1..M) 

R2sjd 
if distributor s can deliver to customer j using mode of transport d then R2sjd = 1, otherwise R2s,j,d = 0  
(d = 1..L) (s = 1..E) (j = 1..M) 

Gs,j,d 
the fixed cost of delivery from distributor s to customer j using mode of transport d (s = 1..E)  
(j = 1..M) (k = 1..O) 

Kogs,j,d 
the total cost of delivery from distributor s to customer j using mode of transport d (d = 1..L) (s = 1..E)  
(j = 1..M) (k = 1..O) 

Odd the environmental cost of using mode of transport d (d = 1..L) 
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Table 2. Summary indices, parameters and decision variables  
of the mathematical optimization model (continued) 

(source: own work) 

Decision variables 
Sym-
bol 

Description 

Xi,s,k,d delivery quantity of product k from manufacturer i to distributor s using mode of transport d 

Xai,s,d 
if delivery is from manufacturer i to distributor s using mode of transport d then  
Xai,s,d = 1, otherwise Xai,s,d = 0  

Xbi,s,d the number of courses from manufacturer i to distributor s using mode of transport d 
Ys,j,k,d delivery quantity of product k from distributor s to customer j using mode of transport d 

Yas,j,d 
if delivery is from distributor s to customer j using mode of transport d then Yas,j,d = 1, otherwise  
Yas,j,d  = 0  

Ybs,j,d the number of courses from distributor s to customer j using mode of transport d  
Tcs if distributor s participates in deliveries, then Tcs = 1, otherwise Tcs = 0 
CW arbitrarily large constant 

 

Constraint (3) covers all customer j demands for prod-
uct k (Zj,k) through the implementation of supply 
by distributors s (the values of decision variables 
Yi,s,k,d). The constraint was designed to take into ac-
count the specificities of the distributors resulting from 
environmental or technological constraints (i.e., wheth-
er the distributor s can deliver the product k or not). 
The balance of each distributor s corresponds to con-
straint (4). The possibility of delivery in due to its tech-
nical capabilities - in the model, in terms of volume 
/capacity of the distributor's is defined by constraint 
(5). Constraint (6) ensures the fulfillment of the terms 
of delivery time. Constraints (7), (8), (9) guarantee 
deliveries with available transport taken into account. 
Constraints (10), (11), (12) respectively set values 

of decision variables based on binary variables Tcs, 
Xai,s,d, Yas,j,d. Dependencies (13) and (14) represent 
the relationship by which total costs are calculated. 
In general, these may be any linear functions. The re-
maining constraints (15)...(24) arise from the nature 
of the model (MIP- mixed integer linear programming). 

In this model the cost of supplies Koa (13), Kog (14) 
is presented in the form of a function. This could be 
any function with various parameters. In the present 
version of the model, they are linear functions whose 
values depend on such supplied products, distance 
and mode of transport. 

 

The objective function - minimization of costs 
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  1..Ld 1..O,k  1..M,j 1..E,s  1..N,ifor 

  TcTm*YaTp*XaTf*Xa k,jj,ds,d,j,sks,d,s,is,ai,d,s,i
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  1..Ld 1..O,k  1..M,j  1..E,sfor   P*YPt*Yb*2R kd,k,j,sdd,j,sd,j,s  (8) 
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1..Ld 1..E,s 1..N,ifor   Xa*CWXb d,s,id,s,i  (11) 

1..Ld 1..M,j 1..E,sfor    Ya*CWYb d,j,sd,j,s  (12)

1..Ld 1..E,s 1..N,ifor    X*1KXb*AKoa
O

1k
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1..Ld  1..0,k 1..E,s 1..N,ifor  0X d,k,s,i 
 (15) 

1..Ld 1..E,s 1..N,ifor  0Xb d,s,i 
 (16) 

1..Ld  2..M,j 1..E,sfor  0Yb d,j,s 
 (17) 

1..Ld 1..0,k  1..E,s 1..N,ifor   CX d,k,s,i 
 (18) 

1..Ld 1..E,s 1..N,ifor   CXb d,s,i 
 (19) 

1..Ld 1..0,k  1..M,j 1..E,sfor  CY d,k,j,s 
 (20) 

1..Ld  1..M,j 1..E,sfor   CYb d,j,s 
 (21) 

 1..Ld  1..M,j 1..E,s 1..N,ifor   1,0Xa d,s,i   (22) 

 1..Ld  1..M,j 1..E,sfor   1,0Ya d,j,s 
 (23) 

  1..Esfor   1,0Tcs 
 (24) 

6 Implementation of the model 
 
The model was implemented in LINGO environment 
designed by LINDO Systems [8]. LINGO Optimization 
Modeling Software is a powerful tool for building and 
solving mathematical optimization models. The LIN-
GO package provides the language to build optimiza-
tion models and the editor program including all the 
necessary features and built-in "solvers" in a single 
integrated environment. It is designed to model and 
solve linear, nonlinear, quadratic, integer and stochastic 
optimization problems. Model implementation is possi-
ble in two basic ways. The first way is to enter the 

model into the LINGO editor in the explicit form, that 
is, a full function of the objective with all the con-
straints, parameters, etc. Although this approach is 
intuitive and consistent with the standard form of linear 
programming [17], it is not very useful in practice. This 
is due to the size of models implemented in practice. 
For the examples presented in “Computational Exam-
ples” chapter, the number of decision variables 
and constraints was 451 and 863, respectively. 
The other way is to use the LINGO language of math-
ematical modeling (implicit form), an integral part 
of the LINGO package, whose basic syntax elements 
are shown in Table 2. 
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Table 2. The set of tables with numerical data for example P1, P2, P3  

Mathematical nomenclature LINGO syntax 
Minimum MIN = 
∑Zjkt @sum(ORDER (j,k,t)) 
j=1..M for each customer  (j) in the set of customers  @FOR(CUSTOMERS (j)) 
● * 
= = 
X  integer @gin(X) 
X  {0,1} @bin(X) 
Load input parameters p from the file dane.ldt p=@file(dane.ldt) 

 

For real examples with sizes exceeding several decision 
variables, the construction and implementation 
of the model is only possible using the modeling lan-
guage (see Listing 1).  

The basic elements of LINGO mathematical modeling 
language syntax are presented in Table 2. The model 
can be saved as a text file using any text editor and with 
a standard extension *. lng and *. ldt data file. 
The structure of the model is composed of sections. 
The main section is the MODEL section, which begins 
with the word MODEL: and ends with the word END. 
Other sections may be integrated in this section. 
The most important sections, highlighted by the rele-
vant keywords are: section SETS (SET: ENDSETS) 
and DATE (DATE: enddate). In the SETS section you 
can define types of simple or complex objects and their 

mutual relationships. In the implemented model, types 
such as products, factories, etc. correspond to simple 
objects; complex objects cover production, distribution, 
etc. In this section, the parameters and variables 
of the model are assigned to particular types. DATA 
section allows initiating or assigning values to individ-
ual parameters of the model. There are two methods 
to do it in the LINGO package: either place numerical 
data directly in the section or make references 
to the place where those data files are included. 
This method of model construction ensures the separa-
tion of data from the relevant model, which is very 
important because the change in data values or even 
their size does not require any changes in the objective 
function or constraints. Only the model implemented 
in the implicit form has such a feature. 

 

Listing 1. Implementation of the mathematical model in LINGO package

! k - product type     O = 5; 
! j - customers     M = 4; 
! i - factory     N = 2; 
! s - distributor     E = 3; 
! t - period    H = 10; 
! d - mode     L = 4; 
Model: 
 Sets: 
  products  /1..@file(rozmiary.ldt)/:p; 
 factory         /1..@file(rozmiary.ldt)/; 
 customers  /1..@file(rozmiary.ldt)/; 
 distributors        /1..@file(rozmiary.ldt)/:f,v,vx,T; 
 mode   /1..@file(rozmiary.ldt)/:pt,zt,od,dx; 
 order   (customers,products):z,tc; 
 production  (factory,products):c,w,wx; 
 location  (distributors,products):r,tp; 
 supplies_mode_1 (factory,distributors,mode):a,r1,tf,Xb,Xa,ko_1; 
 supplies_mode_2 (distributors,customers,mode):g,r2,tm,Yb,Ya,ko_2; 
 supp_mode_1  (factory,distributors,products,mode):X,k1; 
 supp_mode_2  (distributors,customers,products,mode):Y,k2; 
 supp_period_1        (factory,distributors,products); 
 supp_period_2        (distributors,customers,products); 
 
 EndSets 
Data: 
 p  =@file(dane.ldt);  
 f  =@file(dane.ldt);  
 v  =@file(dane.ldt);  
 pt =@file(dane.ldt);  
 zt =@file(dane.ldt);  
 z  =@file(dane.ldt);  
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Listing 1. Implementation of the mathematical model in LINGO package (continued) 

 tc =@file(dane.ldt);  
 c  =@file(dane.ldt);  
 w  =@file(dane.ldt);  
 r  =@file(dane.ldt);  
 tp =@file(dane.ldt);  
 a  =@file(dane.ldt);  
 r1 =@file(dane.ldt);  
 tf =@file(dane.ldt);  
 g  =@file(dane.ldt);  
 r2 =@file(dane.ldt); 
 tm =@file(dane.ldt);  
 k1 =@file(dane.ldt);  
 k2 =@file(dane.ldt);  
 od =@file(dane.ldt);  
 sta=@file(dane.ldt);  
EndData 
! Goal function; 
Min=  @sum(distributors(s):f(s)*T(s))+  
 @sum(supp_mode_1(i,s,k,d):ko_1(i,s,d)) + 
 @sum(supp_mode_2(s,j,k,d):ko_2(s,j,d)) +  
  @sum(production(i,k):c(i,k)*(@sum(distributors(s):@sum(mode(d):X(i,s,k,d) ))))+ 
 @sum(mode(d):od(d)* (@sum(factory(i):@sum(distributors(s):Xb(i,s,d))) + 
@sum(distributors(s):@sum(customers(j):Yb(s,j,d)))));   
 
@for(supplies_mode_1(i,s,d): 
 ko_1(i,s,d)=a(i,s,d)*Xb(i,s,d)+@sum(products(k):k1(i,s,k,d)*X(i,s,k,d)) 
    ); 
 
@for(supplies_mode_2(s,j,d): 
 ko_2(s,j,d)=g(s,j,d)*Yb(s,j,d)+@sum(products(k):k2(s,j,k,d)*Y(s,j,k,d)) 
    ); 
 
 
! Constraint-production capacity ; 
   @for(production(i,k):  
  @sum(distributors(s):@sum(mode(d): X(i,s,k,d))) <=w(i,k) ; 
  @sum(distributors(s):@sum(mode(d): X(i,s,k,d))) =wx(i,k) ; 
   ); 
 
! Constraint-customer orders; 
  @for(order(j,k): 
     @sum(distributors(s):@sum(mode(d): r(s,k)*Y(s,j,k,d))) >=z(j,k) 
  );   
 
! Constraint- balance of distributors; 
 @for(distributors(s): 
 @for(products(k): 
   @sum(factory(i):@sum(mode(d):X(i,s,k,d))) = 
@sum(customers(j):@sum(mode(d):Y(s,j,k,d))) 
       ) 
 ); 
! Constraint-distributors capacity; 
 @for(distributors(s): 
 @sum(products(k): 
   p(k)*@sum(factory(i):@sum(mode(d):X(i,s,k,d))) 
         ) <=T(s)*v(s); 
 @sum(products(k): 
   p(k)*@sum(factory(i):@sum(mode(d):X(i,s,k,d))) 
         ) <=vx(s); 
 ); 
! Constraint-time of delivery; 
 @for(order(j,k): 
   @for(distributors(s): 
    @for(mode(d): 
      @for(factory(i): 
      Xa(i,s,d)*tf(i,s,d)+Xa(i,s,d)*tp(s,k)+Ya(s,j,d)*tm(s,j,d)<=tc(j,k) 
           ) 
 ) 
   ) 
 ); 
 
! Constraint- mode of transport; 
 @for(supp_mode_1(i,s,k,d): 
 r1(i,s,d)*Xb(i,s,d)*pt(d)>=X(i,s,k,d)*p(k) 



86  Paweł Sitek, Jarosław Wikarek 

Listing 1. Implementation of the mathematical model in LINGO package (continued) 

 ); 
 @for(supp_mode_2(s,j,k,d): 
 r2(s,j,d)*Yb(s,j,d)*pt(d)>=Y(s,j,k,d)*p(k) 
 ); 
! Constraint- the number of units ; 
 @for(mode(d): 
 @sum(factory(i):@sum(distributors(s):Xb(i,s,d))) + 
@sum(distributors(s):@sum(customers(j):Yb(s,j,d)))  <=zt(d); 
 @sum(factory(i):@sum(distributors(s):Xb(i,s,d))) + 
@sum(distributors(s):@sum(customers(j):Yb(s,j,d)))  = dx(d); 
 
 
 ); 
! Constraint-distributors; 
 @for(distributors(s): 
  @sum(factory(i):@sum(mode(d):Xb(i,s,d)))<=T(s)*Sta 
 ); 
 
 @for(supplies_mode_1(i,s,d): Xb(i,s,d)<=Xa(i,s,d)*Sta); 
 @for(supplies_mode_2(s,j,d): Yb(s,j,d)<=Ya(s,j,d)*Sta); 
 
 @for(supplies_mode_1(i,s,d): Xb(i,s,d)>=Xa(i,s,d)); 
 @for(supplies_mode_2(s,j,d): Yb(s,j,d)>=Ya(s,j,d)); 
 
! Constraints-binary and integer; 
 @for(distributors(s): 
 @bin(T(s)) 
 ); 
 @for(supp_mode_1(i,s,k,d): 
 @gin(X(i,s,k,d)); 
 @gin(Xb(i,s,d)); 
      @bin(Xa(i,s,d)); 
 ); 
 @for(supp_mode_2(s,j,k,d): 
 @gin(Y(s,j,k,d)); 
 @gin(Yb(s,j,d)); 
      @bin(Ya(s,j,d)); 
 ); 
 
End 

 

7 Computational examples 
 
The mathematical model (1)..(24) was implemented 
in the LINGO environment. All acceptable modes 
of transport among the participants in the supply chain 
for the computational examples are in Fig. 5. For clari-
ty, all possible modes of transport are presented 
in separate diagrams. 

Optimization was performed for examples: P1 to P7. 
All examples relate to the supply chain in which there 
are two manufacturers (I = 1..2), three distributors (s = 
1..3), four recipients (j = 1..4), five types of products 
(k = 1..5), three  modes of transport (d = 1..3). 

The examples differ in capacity available to the distrib-
utors (Vs) and the environmental cost of using mode 
of transport d (Odd). The numerical data for all 
the model parameters from Table 1 are presented 
in Table 3.  

Decision variables of the model are directly or indirect-
ly related to the mode of delivery (customer orders) 

for operational decisions. These decisions refer 
to proper volume supply of particular products 
and the number of runs in a specific mode of transport.  

Full list of non-zero decision variables which optimize 
the objective function (Fc = 37820), for example, 
P1 is shown in Table 4. Fig. 6 illustrates that the modes 
of transport have been selected for various routes 
for the optimal solution. On the basis of these results 
it is possible to draw conclusions about the structure 
of the supply chain and transportation. Decisions result-
ing from the conclusions are long-term decisions con-
cerning, for instance, distribution capacity, production 
capacity etc. For further studies and especially long-
term decision support, the optimization model was 
extended in the implementation stage. To better support 
this type of decision, the authors have introduced addi-
tional decision variables which do not affect the value 
of the objective function nor make the mathematical 
model more complicated. The variables were intro-
duced only at the implementing level. LINGO system 
ensures such possibilities. Three new decision variables 
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were introduced: Wxik (level of capacity utilization 
for the product k the factory i), Vxs (capacity/volume 
utilization for distributor s) and Dxd (total number 
of courses of transport mode d). Sample values of im-
plementation decision variables Vxt, Wxikt,  Dxd 
for example P1 are presented in Table 4. 

Due to the size, detailed results of the optimization 
(non-zero values for all decision variables) are shown 
only for example P1. For examples from P2 to  P7 only 
the result of optimization is shown, i.e. the value 
of the objective function and the corresponding multi-
modal network (see Fig. 7 to 12). 

 

 

Figure 5. The all acceptable modes of transport among the participants in the supply chain  
for the computational examples 

(source: own work)  

 

Table 3. The set of tables with numerical data for examples P1..P7 
(source: own work) 

s Fs 
P1, P5, P6, P7 P2 P3 P4 

Vs Vs Vs Vs 
1 1 200 1 500 1 300 1 600 2 200 

2 1 500 1 500 1 300 1 600 2 200 

3 1 000 1 500 1 300 1 600 2 200 

 
 

d Ptd Ztd 
P1, P2, P3, P4 P5 P6 P7 

Ctd Ctd Ctd Ctd 
1 60 10 10 10 10 10 

2 180 10 60 30 60 120 

3 600 10 240 100 200 400 
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j k Zjk Tcjk j k Zjk Tcjk j k Zjk Tcjk j k Zjk Tcjk 

1 1 10 10 2 1 10 10 3 1 10 10 4 1 10 10 
1 2 10 10 2 2 0 10 3 2 20 10 4 2 0 10 
1 3 5 10 2 3 10 10 3 3 0 10 4 3 10 10 
1 4 10 10 2 4 10 10 3 4 20 10 4 4 0 10 
1 5 5 20 2 5 5 20 3 5 0 20 4 5 15 20 

 
 

i k Cik Wik i k Cik Wik  j Pj 

1 1 100 100 2 1 150 100  1 10 
1 2 200 100 2 2 210 100  2 15 
1 3 200 100 2 3 150 100  3 15 
1 4 300 100 2 4 250 100  4 10 
1 5 300 100 2 5 350 100  5 20 

 
 

s k Rsk Tpsk s k Rsk Tpsk s k Rsk Tpsk 

1 1 1 2 2 1 1 1 3 1 0 0 
1 2 1 2 2 2 1 1 3 2 1 3 
1 3 1 2 2 3 1 1 3 3 1 3 
1 4 1 2 2 4 1 1 3 4 1 3 
1 5 1 2 2 5 1 1 3 5 1 3 

 
 

i s d Aisd R1isd Tfisd i s d Aisd R1isd Tfisd 

1 1 1 10 1 2 2 1 1 5 1 4 
1 1 2 20 1 3 2 1 2 10 1 6 
1 1 3 40 1 4 2 1 3 20 0 7 
1 2 1 12 1 1 2 2 1 10 1 4 
1 2 2 24 1 2 2 2 2 20 1 6 
1 2 3 42 1 3 2 2 3 40 1 7 
1 3 1 5 1 1 2 3 1 15 1 4 
1 3 2 10 1 2 2 3 2 25 1 6 
1 3 3 25 1 3 2 3 3 35 0 7 

 
 

s j d Gisd R2isd Tmisd s j d Gisd R2isd Tmisd 

1 1 1 2 1 1 2 1 1 4 1 1 
1 1 2 4 1 1 2 1 2 8 1 1 
1 1 3 10 0 2 2 1 3 16 1 2 
1 2 1 2 1 1 2 2 1 3 1 1 
1 2 2 5 1 1 2 2 2 6 1 1 
1 2 3 12 1 2 2 2 3 15 1 2 
1 3 1 14 1 1 2 3 1 5 1 1 
1 3 2 12 1 1 2 3 2 10 1 1 
1 3 3 20 1 2 2 3 3 15 1 2 
1 4 1 15 1 1 2 4 1 2 1 1 
1 4 2 13 1 1 2 4 2 4 1 1 
1 4 3 30 1 2 2 4 3 10 1 2 
3 1 1 2 1 1 3 3 1 6 1 1 
3 1 2 4 1 1 3 3 2 10 1 1 
3 1 3 11 0 2 3 3 3 20 1 2 
3 2 1 3 1 1 3 4 1 4 1 1 
3 2 2 6 1 1 3 4 2 8 1 1 
3 2 3 14 1 2 3 4 3 20 1 2 

 



 Optimization Model for Multimodal Transportation Networks Based on Supply Chain 89 

i s k d K1iskd i s k d K1iskd i s k d K1iskd 

1 1 1 1 3 1 2 1 1 4 1 3 1 1 3 
1 1 1 2 2 1 2 1 2 2 1 3 1 2 2 
1 1 1 3 1 1 2 1 3 1 1 3 1 3 1 
1 1 2 1 3 1 2 2 1 4 1 3 2 1 3 
1 1 2 2 2 1 2 2 2 2 1 3 2 2 2 
1 1 2 3 1 1 2 2 3 1 1 3 2 3 1 
1 1 3 1 3 1 2 3 1 4 1 3 3 1 3 
1 1 3 2 2 1 2 3 2 2 1 3 3 2 2 
1 1 3 3 1 1 2 3 3 1 1 3 3 3 1 
1 1 4 1 3 1 2 4 1 4 1 3 4 1 3 
1 1 4 2 2 1 2 4 2 2 1 3 4 2 2 
1 1 4 3 1 1 2 4 3 1 1 3 4 3 1 
1 1 5 1 3 1 2 5 1 4 1 3 5 1 3 
1 1 5 2 2 1 2 5 2 2 1 3 5 2 2 
1 1 5 3 1 1 2 5 3 1 1 3 5 3 1 
2 1 1 1 4 1 2 1 1 3 1 3 1 1 4 
2 1 1 2 2 2 2 1 2 2 2 3 1 2 2 
2 1 1 3 1 2 2 1 3 1 2 3 1 3 1 
2 1 2 1 4 2 2 2 1 3 2 3 2 1 4 
2 1 2 2 2 2 2 2 2 2 2 3 2 2 2 
2 1 2 3 1 2 2 2 3 1 2 3 2 3 1 
2 1 3 1 4 2 2 3 1 3 2 3 3 1 4 
2 1 3 2 2 2 2 3 2 2 2 3 3 2 2 
2 1 3 3 1 2 2 3 3 1 2 3 3 3 1 
2 1 4 1 4 2 2 4 1 3 2 3 4 1 4 
2 1 4 2 2 2 2 4 2 2 2 3 4 2 2 
2 1 4 3 1 2 2 4 3 1 2 3 4 3 1 
2 1 5 1 4 2 2 5 1 3 2 3 5 1 4 
2 1 5 2 2 2 2 5 2 2 2 3 5 2 2 
2 1 5 3 1 2 2 5 3 1 2 3 5 3 1 

 

s j k d K2iskd s j k d K2iskd s j k d K2iskd 

1 1 1 1 3 1 2 1 1 3 1 3 1 1 3 
1 1 1 2 2 1 2 1 2 2 1 3 1 2 2 
1 1 1 3 1 1 2 1 3 1 1 3 1 3 1 
1 1 2 1 3 1 2 2 1 3 1 3 2 1 3 
1 1 2 2 2 1 2 2 2 2 1 3 2 2 2 
1 1 2 3 1 1 2 2 3 1 1 3 2 3 1 
1 1 3 1 3 1 2 3 1 3 1 3 3 1 3 
1 1 3 2 2 1 2 3 2 2 1 3 3 2 2 
1 1 3 3 1 1 2 3 3 1 1 3 3 3 1 
1 1 4 1 3 1 2 4 1 3 1 3 4 1 3 
1 1 4 2 2 1 2 4 2 2 1 3 4 2 2 
1 1 4 3 1 1 2 4 3 1 1 3 4 3 1 
1 1 5 1 3 1 2 5 1 3 1 3 5 1 3 
1 1 5 2 2 1 2 5 2 2 1 3 5 2 2 
1 1 5 3 1 1 2 5 3 1 1 3 5 3 1 
1 4 1 1 3 2 1 1 1 3 2 2 1 1 3 
1 4 1 2 2 2 1 1 2 2 2 2 1 2 2 
1 4 1 3 1 2 1 1 3 1 2 2 1 3 1 
1 4 2 1 3 2 1 2 1 3 2 2 2 1 3 
1 4 2 2 2 2 1 2 2 2 2 2 2 2 2 
1 4 2 3 1 2 1 2 3 1 2 2 2 3 1 
1 4 3 1 3 2 1 3 1 3 2 2 3 1 3 
1 4 3 2 2 2 1 3 2 2 2 2 3 2 2 
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s j k d K2iskd s j k d K2iskd s j k d K2iskd 

1 4 3 3 1 2 1 3 3 1 2 2 3 3 1 
1 4 4 1 3 2 1 4 1 3 2 2 4 1 3 
1 4 4 2 2 2 1 4 2 2 2 2 4 2 2 
1 4 4 3 1 2 1 4 3 1 2 2 4 3 1 
1 4 5 1 3 2 1 5 1 3 2 2 5 1 3 
1 4 5 2 2 2 1 5 2 2 2 2 5 2 2 
1 4 5 3 1 2 1 5 3 1 2 2 5 3 1 
2 3 1 1 3 2 4 1 1 3 3 1 1 1 3 
2 3 1 2 2 2 4 1 2 2 3 1 1 2 2 
2 3 1 3 1 2 4 1 3 1 3 1 1 3 1 
2 3 2 1 3 2 4 2 1 3 3 1 2 1 3 
2 3 2 2 2 2 4 2 2 2 3 1 2 2 2 
2 3 2 3 1 2 4 2 3 1 3 1 2 3 1 
2 3 3 1 3 2 4 3 1 3 3 1 3 1 3 
2 3 3 2 2 2 4 3 2 2 3 1 3 2 2 
2 3 3 3 1 2 4 3 3 1 3 1 3 3 1 
2 3 4 1 3 2 4 4 1 3 3 1 4 1 3 
2 3 4 2 2 2 4 4 2 2 3 1 4 2 2 
2 3 4 3 1 2 4 4 3 1 3 1 4 3 1 
2 3 5 1 3 2 4 5 1 3 3 1 5 1 3 
2 3 5 2 2 2 4 5 2 2 3 1 5 2 2 
2 3 5 3 1 2 4 5 3 1 3 1 5 3 1 
3 2 1 1 3 3 3 1 1 3 3 4 1 1 3 
3 2 1 2 2 3 3 1 2 2 3 4 1 2 2 
3 2 1 3 1 3 3 1 3 1 3 4 1 3 1 
3 2 2 1 3 3 3 2 1 3 3 4 2 1 3 
3 2 2 2 2 3 3 2 2 2 3 4 2 2 2 
3 2 2 3 1 3 3 2 3 1 3 4 2 3 1 
3 2 3 1 3 3 3 3 1 3 3 4 3 1 3 
3 2 3 2 2 3 3 3 2 2 3 4 3 2 2 
3 2 3 3 1 3 3 3 3 1 3 4 3 3 1 
3 2 4 1 3 3 3 4 1 3 3 4 4 1 3 
3 2 4 2 2 3 3 4 2 2 3 4 4 2 2 
3 2 4 3 1 3 3 4 3 1 3 4 4 3 1 
3 2 5 1 3 3 3 5 1 3 3 4 5 1 3 
3 2 5 2 2 3 3 5 2 2 3 4 5 2 2 
3 2 5 3 1 3 3 5 3 1 3 4 5 3 1 

 
 

Table 4. The set of tables with results (decision variables: Xiskd, Xbisk, Ysjkd, Ybsjk, Wxik,Vxs,Dxd)  
for example P1 (Fcopt = 37820)  

(source: own work) 

i s k d Xiskd i s d Xbisk 

1 1 1 3 40.00 
1 1 3 1 1 1 2 3 23.00 

1 1 5 3 16.00 
1 3 2 2 7.00 

1 3 2 1 
1 3 5 2 9.00 
2 1 3 1 1.00 

2 1 1 1 
2 1 4 1 6.00 
2 1 3 2 12.00 

2 1 2 1 
2 1 4 2 18.00 
2 3 3 2 12.00 

2 3 2 1 
2 3 4 2 16.00 
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s j k d Ysjkd s j d Ybsjk 

1 1 1 2 10.00 
1 1 2 1 1 1 2 2 3.00 

1 1 5 2 2.00 
1 2 1 2 10.00 

1 2 2 1 
1 2 3 2 10.00 
1 2 4 2 4.00 
1 2 5 2 5.00 
1 3 1 3 10.00 

1 3 3 1 1 3 2 3 20.00 
1 3 4 3 20.00 
1 4 1 2 10.00 

1 4 2 1 1 4 3 2 3.00 
1 4 5 2 9.00 
3 1 2 2 7.00 

3 1 2 1 
3 1 3 2 5.00 
3 1 4 2 10.00 
3 1 5 2 3.00 
3 2 4 1 6.00 3 2 1 1 
3 4 3 2 7.00 

3 4 2 1 
3 4 5 2 6.00 

 
s Vxs 

 

i k Wxik  d Dxd 

1 1500 1 1 40  1 2 
2 0 1 2 30  2 8 
3 625 1 5 25  3 2 
  2 3 25    
  2 4 40    

 
 
 

 

 

Figure 6. Left-hand side: a network of multi-modal optimal solution (Fcopt = 37820) for P1.  
Right-hand side: a screen shot of an optimal solution for P1. 
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Figure 7. Left-hand side: a network of multi-modal optimal solution (Fcopt = 379850) for P2.  
Right-hand side: a screen shot of an optimal solution for P2 

 

 

 

 

 

Figure 8. Left-hand side: a network of multi-modal optimal solution (Fcopt = 37760) for P3.  
Right-hand side: a screen shot of an optimal solution for P3 
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Figure 9. Left-hand side: a network of multi-modal optimal solution (Fcopt = 36390) for P4.  
Right-hand side: a screen shot of an optimal solution for P4 

 

 

 

 

 

 

 

Figure 10. Left-hand side: a network of multi-modal optimal solution (Fcopt = 37170) for P5.  
Right-hand side: a screen shot of an optimal solution for P5 
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Figure11. Left-hand side: a network of multi-modal optimal solution (Fcopt = 37700) for P6.  
Right-hand side: a screen shot of an optimal solution for P6 

 

 

 

 

Figure12. Left-hand side: a network of multi-modal optimal solution (Fcopt = 38505) for P7.  
Right-hand side: a screen shot of an optimal solution for P7 

 

To estimate the influence of parameters on the solution, 
additional experiments were carried out (much more 
than P1 .. P7). The effect of selected parameter (Vs) 
on the solution is presented on chart (see Fig. 13). 
For these studies assumed that the values of other pa-

rameters are the same as for example P1. As shown 
in the diagram (see Fig. 13) the value of the parameter 
V affects almost linearly the value of the objective 
function.  
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Figure 13. The impact of parameter V for the solution-stabilization  
of the solution despite the increase V 

 

That is, the larger the value of V, the smaller the value 
of the objective function. This happens until the vol-
ume reaches a value of about 2100. Above this value, 
the objective function does not change and has a mini-
mum value. Additionally, you can determine the use 
of only one distributor to deliver supplies as confirmed 
by P4. 

 
8 Conclusions  
 
The paper presents a model for optimizing supply chain 
costs. Creating the model in the form of a MILP prob-
lem undoubtedly facilitates its solution using mathe-
matical programming tools available in LINGO 
package1, in CPLEX2 or others. The model should be 
implemented in one, selected environment package. 
Implementation of the model in the LINGO package 
and the computational experiments was presented. 
The approach from the perspective of optimizing logis-
tics provider that has access to all data and all partici-
pants in the downstream chain is very interesting. 

After the implementation of the language from 
the LINGO mathematical modeling package, a number 
of computational experiments were conducted. Seven 
of them in the form of examples P1 .. P7 were de-
scribed in the article. Based on the experimental results, 
analysis and previous experience, the authors can state 
that the proposed model and its implementation ensure 
a very large range of applications. First, they allow 
finding the distribution flows (decision variables) 
for the modeled supply chain in optimal or feasible 

                                                 
1 www.lindo.com  
2 http://www-01.ibm.com/software/integration/optimization/ 
cplex-optimizer/ 

multi-modal network, which minimize the global cost 
satisfying the needs of customers. Second, they offer 
a lot of possibilities for decision support in supply 
chain management through the solutions sensitivity 
analysis and determination of the range and quality 

of the effect of various parameters on the cost and even 
on the structure of the supply chain. The analysis pre-
sented in the article, only in terms of the capacity avail-
able to distributors and producers fully confirms this 
statement. 

On the one hand, a number of computational experi-
ments show the correctness of the proposed model, 
on the other hand, they indicate high volumes of calcu-
lations that resulted from the nature of the model. This 
in practice may result in obtaining feasible solutions. 
Therefore, further work on the presented model 
and on other models of decision making in the field 
of supply chain management, manufacturing, etc. will 
be conducted in two environments. In the first envi-
ronment we will focus on finding feasible solutions 
using CLP (Constraint Logic Programming) [23]. 
The other environment will employ LINGO-type pack-
ages for finding the optimal solution based on the re-
sults from the first environment. It can be concluded 
that it would also be multi-modal approach to the im-
plementation and modeling. 
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