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GEOMETRY OF CERTAIN FOLIATIONS ON THE COMPLEX PROJECTIVE PLANE
by

Samir BEDROUNI & David MARIN

Abstract. — Let d > 2 be an integer. The set F(d) of foliations of degree d on the complex projective plane can
be identified with a ZARISKI’s open set of a projective space of dimension d? 4+ 4d + 2 on which Aut(IP%) acts.
We show that there are exactly two orbits O(F?) and O(#5) of minimal dimension 6, necessarily closed in F(d).
This generalizes known results in degrees 2 and 3. We deduce that an orbit O(F) of an element ¥ € F(d) of
dimension 7 is closed in F(d) if and only if ¢ ¢ O(F) for i = 1,2. This allows us to show that in any degree d >3
there are closed orbits in F(d) other than the orbits O( ) and O(#5"), unlike the situation in degree 2. On the other
hand, we introduce the notion of the basin of attraction B(F) of a foliation 7 € F(d) as the set of G € F(d) such
that 7 € O(G). We show that the basin of attraction B(F?), resp. B(5?), contains a quasi-projective subvariety of
F(d) of dimension greater than or equal to dimF(d) — (d — 1), resp. dimF(d) — (d — 3). In particular, we obtain that
the basin B(723) contains a non-empty ZARISKI open subset of F(3). This is an analog in degree 3 of a result on
foliations of degree 2 due to CERVEAU, DESERTI, GARBA BELKO and MEZIANI.

2010 Mathematics Subject Classification. — 37F75, 32865, 32M25, 32MO05.

Introduction

The set F(d) of holomorphic foliations of degree d on IP% is identified with a ZARISKI open subset of the

projective space P(‘éZHdH. We are interested here in the action of the group Aut(P%) = PGL3(C) on F(d).
We generalize to arbitrary degree some results known in small degrees [9, 1, 5] on this action.

For F € F(d), we will respectively denote by O(¥ ) and Iso(F) the orbit and the isotropy group of # under
the action of Aut(P%), i.e.

O(F):={¢"F €F(d) | ¢ € Aut(P%)} and Iso(F) :={p € Aut(PZ) | "F = F}.
O(¥) is a ZARISKI irreducible subset of F(d) and Iso( ¥ ) is an algebraic subgroup of Aut(PZ).

Key words and phrases. — foliation, singularity, inflection point, orbit, isotropy group.

This work has been partially funded by the Ministry of Science, Innovation and Universities of Spain through the grant PGC2018-
095998-B-100, by the Agency for Management of University and Research Grants of Catalonia through the grant 2017SGR1725 and
by the Spanish State Research Agency, through the Severo Ochoa and Maria de Maeztu Program for Centers and Units of Excellence
in R&D (CEX2020-001084-M).



2 SAMIR BEDROUNI & DAVID MARIN

Following [14] we will say that a foliation of F(d) is convex if its leaves other than straight lines have no
inflection points. We will denote by FC(d) the subset of F(d) consisting of convex foliations, which is a
ZARISKI closed subset of F(d).
According to [7, Proposition 2.2] every foliation of degree 0O or 1 is convex. For d > 2, FC(d) is a
proper closed subset of F(d) and it contains the foliation Tld defined in the affine chart (x,y) by the 1-form
(see [3, page 75])

of = ydx+ x4 (xdy — ydx).
We know from [9, Proposition 2.3] that if ¥ is an element of F(d) with d > 2, then the dimension of O(F )
is at least 6, or equivalently, the dimension of Iso( ¥ ) is at most 2. In addition these bounds are attained by
the convex foliation ?’ld and the non convex foliation 972‘1 defined by the 1-form (see [3])

@ = xdx +y? (xdy — ydx).
The main result of this paper is the following.

Theorem A. — Let d be an integer greater than or equal to 2 and let F be an element of F(d). Assume that
the isotropy group Iso(F ) of F has dimension 2. Then F is linearly conjugated to one of the two foliations
fld and 972‘] defined respectively by the 1-forms

1. of =yddx+x4(xdy — ydx);

2. of =xddx+y?(xdy — ydx).
In other words, O(F{%) and O(Fy') are the only orbits of dimension 6. They are closed in F(d). Moreover we

have
Iso(fld):{<(lxi[;i B ) ‘oce(C* BE(C}

Iso(ff)z{(‘l"féx 1+[3x> ‘oceC* BG(C}

these two groups are not conjugated.

This theorem is a generalization in arbitrary degree of previous results on foliations of degrees d = 2 ([9,
Proposition 2.7]) and d = 3 ([1, Theorem 10], [5, Corollary B]).
We also obtain the following corollary, which generalizes [S, Corollary 3.9]:

Corollary B. — Let d be an integer greater than or equal to 2 and let F be an element of F(d).
IfdimO(F) <7, then

O(F) c O(F)UO(FH)UO(F).

In particular, when dim O(F) = 7, the orbit O(F) of F is closed in F(d) if and only if F¢ & O(F) for
i=1,2.

In the spirit of Corollary B we can ask under what condition the closure in F(d) of the orbit O(F) of an
element ¥ of F(d) contains the foliations #? and ¢, a question that we have already asked and studied in
degree 3 in [5, Section 3]. In Section §3, we extend (Propositions 3.4 and 3.11) in arbitrary degree d our
previous results in [5, Propositions 3.10, 3.12, 3.15, 3.17] concerning this question.
For F € F(d), we call basin of attraction of F the subset B(F) of F(d) defined by

B(F):={G€F(d)| F € 0(G)}.
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It follows from [9, Theorem 2.15] that in degree 2 the basin B( le) contains a quasi-projective subvariety of
F(2) of dimension greater than or equal to dimF(2) — 1. In Section §3, we establish an analogous result in
any degree greater than 2.

Theorem C (Theorem 3.10). — For any integer d > 2, the basin of attraction B( Tld ) of ,‘Fld contains a quasi-
projective subvariety of F(d) of dimension greater than or equal to dimF(d) — (d — 1).

Notice that the non-convexity of 75 and the fact that FC(d) is closed in F(d) imply that

(0.1) B(F) C F(d)\FC(d).
In degree 2, according to [9, Theorem 3], inclusion (0.1) is an equality:
0.2) B(#7) =F(2) \FC(2).

It follows in particular from equality (0.2) that the basin B( ;%) is a ZARISKI open subset of F(2). For d > 3
we show the following result.

Theorem D (Theorem 3.18). — In any degree d > 3, the basin of attraction B(‘F) of 5 contains a quasi-
projective subvariety of F(d) of dimension greater than or equal to dimF(d) — (d — 3). In particular, the basin
B(%}) contains a non-empty ZARISKI open subset of F(3).

Along the same order of ideas, we prove the following result.

Theorem E (Theorem 3.21). — For any integer d > 2, the intersection B(F%) N\B(/F) is non-empty and it
contains a quasi-projective subvariety of F(d) of dimension equal to dimF(d) — 3d.

By combining equality (0.2) with the classification of C. FAVRE and J. V. PEREIRA of convex foliations of
degree two (cf. [10, Proposition 7.4] or [6, Theorem A]), we see that the only closed orbits in F(2) under the
action of Aut(IP’é) are those of > and 7. We show in Section §4 that in any degree d > 3 there are closed
orbits in F(d) other than the orbits O( ) and O(F5), unlike the situation in degree 2. More precisely, we
will consider a family of elements of F(d) which has been already studied in degree d = 2 in [9, page 189],
namely the family (' (X))sec- of foliations of degree d on P% defined by the 1-form

of (L) = xdy — Aydx + y¢dy.

We will see that, for A = 1, fod (1) is linearly conjugated to the foliation fld and that, for any A # 1,
dim O(#'(L)) = 7. Moreover, we will show (Proposition 4.2) that the orbit O(%(1)) is closed for any
d>3and A= —d—il, resp. for any d € {3,4,5} and any A € C*, and we conjecture that it is so for any d > 6
and any A € C* (see Conjectures 1 and 2).

1. Some definitions and notations

1.1. Singularities and local invariants. — A degree d holomorphic foliation F on ]P% is defined in homo-
geneous coordinates [x : y : z] by a 1-form
® = a(x,y,z)dx+ b(x,y,z)dy +c(x,y,2)dz,

where a, b and ¢ are homogeneous polynomials of degree d 4 1 without common factor and satisfying the
EULER condition ir® = 0, where R = x% + y% —|—za% denotes the radial vector field and ig is the interior
product by R.



4 SAMIR BEDROUNI & DAVID MARIN

Dually the foliation F can also be defined by a homogeneous vector field

d d )
Z2=U 7)==+ Vo) - +Wxy,2) 5,
(x,3,2)5 -+ (xyZ)ay+ (.3,2)5,
the coefficients U,V and W are homogeneous polynomials of degree d without common factor. The relation
between Z and ® is given by

w= iRiz(dx/\dy/\dZ).

The singular locus Sing & of F is the projectivization of the singular locus of ®
Singo = {(x,3,2) € C*|a(x,y,2) = b(x,y,2) = c(x,y,2) =0}

Let C C IP% be an algebraic curve with homogeneous equation F(x,y,z) = 0. We say that C is an invariant
curve by ¥ if €~ Sing¥ is a union of (ordinary) leaves of the regular foliation F |IP% <Sing#- In algebraic
terms, this is equivalent to require that the 2-form ®w A dF is divisible by F, i.e. it vanishes along each
irreducible component of C.

Let p be an arbitrary point of C. When each irreducible component of C passing through p is not ¥ -invariant,
we define the tangency order Tang(F, C,p) of F with C at p as follows. We fix a local chart (u,v) such that
p=1(0,0); let f(u,v) =0 be a reduced local equation of C in a neighborhood of p and let X be a vector field
defining the germ of F at p. We denote by X(f) the LIE derivative of f along X and by (f,X(f)) the ideal
of C{u,v} generated by f and X(f). Then

C{u,v}
(fiX(f)

Notice that Tang(F, C, p) coincides with the intersection multiplicity (C.C’), at p of the two algebraic curves
C={F =0} and ' = {Z(F) = 0}. Moreover, Tang(F, C, p) < +oo by the non-invariance of the irreducible
components of C passing through p. By convention, we put Tang(7,C,p) = +oo if there is at least one
irreducible component of ( invariant by ¥ and passing through p.

Tang(¥, C, p) = dime

Let us recall some local notions attached to the pair (¥, s), where s € Sing ¥ . The germ of ¥ at s is defined, up
to multiplication by a unity in the local ring O; at s, by a vector field X = A(u,v) a% +B(u,v) a%. The algebraic
multiplicity v(F ,s) of F at s is given by

V(7 ,s) = min{v(A,s),v(B,s)},

where v(g,s) denotes the algebraic multiplicity of the function g at s. Let us denote by £,(7) the family
of straight lines through s which are not invariant by . For any line ¢ of £,(F ), we have the inequalities
1 < Tang(¥,¢,s) < d. This allows us to associate to the pair (,s) the following (invariant) integers

©(F,s) = min{Tang(F,¢,s) | £ € £,(F)}, K(F,s) = max{Tang(F,¢,s) | L € £,(F)}.

The invariant T(F ,s) represents the tangency order of # with a generic line passing through s. It is easy to
see that

T(F,s) =min{k > 1| det(J*X,Ry) 0} > v(F,s),

where JX X denotes the k-jet of X at s and R; is the radial vector field centered at s. The MILNOR number of
F at s is the integer

u(F,s) =dimg O/ (A,B),
where (A, B) denotes the ideal of O; generated by A and B.
The singularity s is called radial of ordern— 1, withn € {2,...,d},if v(F,s) =1 and ©(F,s) = n.
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The singularity s is called non-degenerate if u(‘F,s) = 1, or equivalently if the Jacobian matrix of X at s,
denoted by JacX(s), possesses two nonzero eigenvalues A, u. In this case, the quantity
tr’(JacX(s)) A u

==+5 42
u

BB(¥,s) = N

 det(JacX(s))
is called the BAUM-BOTT index of F at s, see [2].

We will say that the singularity s is quasi-radial of order n — 1 if u(¥,s) =1, BB(¥,s) =4 and x(¥,s) = n.
In the sequel we will denote by QRad(¥ ,n — 1) the set of quasi-radial singularities of F of order n — 1 and
by QRad( ¥ ,n — 1) the subset of Sing(F ) x £,(F ) defined by

éﬁﬁCﬂn—I%:{@Jﬁesmgfjxﬂﬂf)“KTJ)zlJHMTJ):4fﬁmﬂTJJ):n}

Remark 1.1. — Every radial singularity s of order n — 1 of a foliation F of degree d > 2 on Pé is quasi-radial
of order > n— 1, because k(7 ,s) > t©(F,s). The converse is false: for instance, for the foliation defined in
the affine chart z = 1 by the 1-form (x+y)dy — ydx+ (x" +y?)dx, with n € {2,3,...,d}, the point [0: 0: 1] is
a quasi-radial singularity of order n — 1, but it is not radial.

1.2. Inflection points. — Let us consider a foliation F of degree d on IP% and let p be a regular point of 7.
Let us denote by TE F the tangent line to the leaf of ¥ passing through p; it is the straight line of IP%
passing through p with direction T, F. If k € {2,...,d}, we will say that p is a (transverse) inflection point
of order k — 1 of F if Tang(F ,T;lf F,p) =k, in which case the line T;lf F is not invariant by #. When TE F
is ¥ -invariant, the point p will be called a trivial inflection point of F. If we denote by Inv( ) the set of
invariant lines of , then the set of trivial inflection points of 7 is precisely Inv(F )\ Sing( ¥ ). In the sequel,
we will denote by Flex(F) the set of inflection points of ¥ and by Flex(F ,k — 1) the subset of Flex(F)
consisting of transverse inflection points of # of order k — 1, i.e.

Flex(F,k—1) := {pEFlex(jf) | p & Sing(F), Tang(T,Tgf,p) :k}.

Let us recall the notion of inflection divisor of F, introduced by PEREIRA [16], which allows to determine the
set Flex(F ). Let Z be a homogeneous vector field of degree d on c3 defining ¥ . The inflection divisor of F,
denoted by I, is the divisor of IP’% defined by the homogeneous equation

x Z(x) Z%(x)
(1.1) y Z(y) Z%(y) | =0.
7 Z(z) Z7%(z)

According to [16], I+ satisfies the following properties:

1. The support of Iy is exactly the closure of the set Flex(F) of inflection points of F. More precisely, L5
can be decomposed as Iy = Ii" + I'', where the support of 7" is the set Inv(F) of F-invariant lines
and the support of I‘} is the closure of the set of transverse inflection points of ¥ .

2. If Cis an algebraic curve invariant by ¥, then C C I if and only if C C Inv(F).
3. The degree of the divisor I is 3d.

The foliation ¥ will be called convex if its inflection divisor I ¢ is totally invariant by ¥, i.e. if I+ is a product
of invariant lines.
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2. Description of the foliations 7 of degree greater than or equal to 2 such that dimO(F) =6
Recall that the foliations Tld and fzd are respectively defined in the affine chart z =1 by the 1-forms
of = ydx+ x4 (xdy — ydx) and ¢ = x?dx+y¢ (xdy — ydx).
The foliation ,‘Fld is convex with inflection divisor I}—]d = Iif“l‘; = x?*1y24=1 and it has two singular points

s1=1[0:0:1] and s, = [0: 1 : 0]; the singularity s; has maximal algebraic multiplicity d and s, is radial

of maximal order d — 1. The foliation }’2‘1 is not convex with invariant inflection divisor Iifn‘[j = x%4*1 and
2

transverse inflection divisor I‘}d = y¢~!. The singular locus Sing( %) is reduced to the point s; = [0:0: 1];
2

d d
() (v
moreover V( TZd,sl) = d. We note that the 1-forms xT;d and xd—i are closed and they respectively admit as
first integrals
d—1
1 X 1 1 yya+l 1
— | = - and (7) — =
d—1 < y> * X d+1\x X

this allows to check that

d—1 d d
Iso(fld):{<m,ligx> ]aec*,ﬁe@} and 1so(72d)={<f‘+ﬁi,ﬁgx) ]aec*,se@}.

In particular, dimIso( %) =2 for i = 1,2. Thus the orbits O(F?) and O(F") are both of dimension 6, which
is the minimal dimension possible in any degree d > 2 ([9, Proposition 2.3]). Theorem A announced in the
Introduction shows that the orbits O(F?) and O(F,?) are the only orbits having minimal dimension 6. The
goal of this section is to prove this theorem.

Let us denote by X(IP’%C) the LIE algebra of holomorphic vector fields on ]P’é: X(IP%) is of course the LIE algebra
of the automorphism group of IP%. Let F be afoliation on IP% and let X be an element of x(IP%). Following [9]
we will say that X is a symmetry of the foliation ¥ if the flow exp(¢X) is, for each ¢, in the isotropy group
Iso(F) of F.1f  defines ¥ in an affine chart, X is a symmetry of ¥ if and only if Lx® A ® = 0, where Lx®
denotes the LIE derivative of ® along X.

d+1

Lemma 2.1. — Let T be a foliation of degree d on ]P% and let X be a symmetry of F . Assume that there is
an affine chart C*> C IP’% such that the vector field X is affine (i.e. degX < 1) and let ® be a 1-form defining F
in this chart. Then there is a constant A € C such that Lx® = Aw.

Proof. — We will use an argument similar to one in [9, Proposition 2.5]. Since Lx® A ® = 0 and o has
isolated singularities, the DE RHAM-SAITO division theorem (cf. [17] or [8, Proposition 1.14]) ensures the
existence of a holomorphic function g on C? such that Lx® = gw. The 1-form ® and the vector field X
being polynomials, Lx® is also polynomial; therefore g is rational and holomorphic on C? hence polynomial.
The vector field X being affine we have deg Lx® < deg m; the equality Lx® = g implies that g is constant.

O

If F is a foliation on P2, we will denote by iso(F) the LIE algebra of the algebraic group Iso( ¥ ); iso(F)
is a LIE subalgebra of (P%) and it consists of symmetries of #. We know from [9, Proposition 2.5] that
if dimiso(7) = 2 then iso(F) is affine, i.e. generated by two vector fields X and Y such that [X,Y] =Y.
The following lemma classifies the affine LIE subalgebras of x(IP%) and it will be used to prove Theorem A.

Lemma 2.2. — Every affine LIE subalgebra of X(P%) is linearly conjugated to one of the following models
@ (yx2 —|—ya%, a%> withy € C*;
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() <yayaa>>

© <ax+y§y,§y>

@) (g4 (x+Y) 550
(®) <x8x+2yay’ax +x§>-

Proof. — Let g be an affine LIE subalgebra of (P%). Then there exist X and Y in 3(IP%) such that g = (X,Y)
and [X,Y] =Y. Fixing homogeneous coordinates [x : y : z] in P% we have an isomorphism of LIE algebras
7 : 513(C) — x(P%) defined, for A € sl3(C), by

aiy ap a3

Notice thatif A= | a1 a» ax; | €sl3(C), then in the affine chart z = 1 the vector field T(A) € y(P%)
asy azx ass

writes as

2 J 2y O
(az1 + (a1 — az3)x+az1y — ai3x” — axxy) Fi (az2 +ainx + (ax — aszz)y — a13xy — azsy”) PN

Let M and N be the matrices of sl3(C) associated to the vector fields X and Y respectively, i.e. M =1~ (X)
and N =t !(Y). Then the LIE bracket [X, Y] corresponds to [M,N] := MN — NM and therefore [M,N] = N.
—myp —m33 My M3
Let us write M = moy moyy M3 . Taking into account the possible JORDAN forms of a matrix
ms3) m3p  ms33
of s513(C), it suffices us to treat the following possibilities

—a—b 0 0 2 0 0 000 000
N= 0 ao0]|, Nn=l 0o col], Nn=looo]|, N=]100
0 0 b 0 1 ¢ 010 010

where a,b € C,c € C*, with (a,b) #

—a—b 0 0
LIfN = a 0 | then the equality [M,N] = N implies that « = b = 0: contradiction.
0 b
—2c
2. If N= 0 ¢ 0 then the (1,1) coefficient of the matrix [M,N] — N is equal to 2¢ and is
0 1 ¢
therefore nonzero: contradiction.
0 0 0 1— ZM33 mip 0
3. Assumethat N=1| 0 O O [;theequality [M,N]=N thenleadsto M= 0 mz—1 0 .
010 m3j m3p m33

Up to replacing M by M — m3,N we can assume that ms3; = 0. Now we will distinguish several eventualities:
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3m33 —1 nip 0
3.1. When (3m33 — 1)(3m33 —2) # 0 the matrix P = 0 3mz3 —2 0 commutes
—m31  —m3myy  3mzz—2
1—2ms33 0 0
with N and P~'MP = 0 mz—1 0 . Thus g is linearly conjugated to

0 0 ms3

<T(P71MP)7T(N)> <(1_3m33) yay78y> <Yxax+y8y73y> Wherey:3m33—1 eC.

1 —miyp 0
3.2. Assume that m33 = % If 6 € C* then the matrix P = 8 1 0 commutes with N and
0 mpms 1
10 0
P 'MP = 0 —% 0 |. Asaresult g is linearly conjugated to
B0

(o(P~ MP),TN)) = (5 %=y 5 ) = (B R Hv5 ),

The case where m3; = 0 leads to the model (b). If m3; # 0 then by taking 6 = —m3; we get the model (c).

b 0 0
3.3. Assume that m33 = % If 6 € C* then the matrix P = 0 1 0 | commutes with N

—0m3; —mipomzy 1

4o
and P~'MP = 0 —% (2) . As a consequence g is linearly conjugated to
0 3
—1 Jd 0 d 0
< ( MP > < xax mﬁlzx y)ay’ay> < +(y_m )ay’ay>

The case mj; = 0 leads to the model (a) with y= 1. If m, # O then by taking d = —m), we obtain the
model ().

0 —1 0O O

0 |; then the equality [M,N] = N implies that M = | m3; 0 O
0

0
4. Assume that N = 1
0 m3; m3 1

- o O

1 00
Up to replacing M by M — m3,N we can assume that m3, = 0. The matrix P = 0 1 0 | commutes
—-=L 0 1
-1 0 0
with N and P~'MP = 0 O O |. Therefore g is linearly conjugated to
0 01
<T IMP (N)>:<_2x8x yay’y8x+ > <2x8x+y8y’y8x+ a>
By permuting the coordinates x and y we obtain the model (¢). O

Proof of Theorem A. — Since dimiso(¥) = dimIso(¥) = 2, [9, Proposition 2.5] implies that iso(F) is
affine. Therefore, up to linear conjugation, iso(F ) is one of the models (a)—(¢) of Lemma 2.2.
Let  be a 1-form defining ¥ in the affine chart z =1

®=A(x,y)dx+B(x,y)dy, A,Be€Clx,y], gcd(A,B)=1.
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We will study the five possible models (a)—(¢) of the LIE algebra iso() and show that o is linearly conju-
gated to one of the two 1-forms ¢ or @¢.

1. Assume that iso(F) is of one of the types (a)-(2), i.e. that iso(F) = (X,Y) where X € {Yxaa—x +
y%,s% —i—ya%,x% + (x+y)a%_},Y = a% with € € {0,1} and y € C*. By Lemma 2.1 there exist A,u € C such
that Lx® = A® and Ly® = po. Since Lydx = dLyx = 0 and Lydy = dLyy = 0, we have Ly®w = Y(A)dx+
Y(B)dy = g—f;der 98 dy. Therefore Ly® = ue if and only if ?T/; = uA and 32 = uB. Since A,B € C[x,)]
and u € C, it follows that u =0, A(x,y) = A(x) and B(x,y) = B(x). Thus

o =A(x)dx+B(x)dy, A,Be€Clx], ged(A,B)=1.
1.1. Let us consider the case where X = yxaa—x +ya% with y € C*. We have
Lx® = X(A)dx+AdX(x) + X(B)dy + BdX(y) = (yxA'+YA)dx+ (yxB'+ B)dy,
so that Lx® = A if and only if yxA’ = (A —7Y)A and yxB' = (A — 1)B. By putting K = 7‘%7 and v = 7“—;1,
the last two equations can be rewritten as xA’ = kA and xB' = VB and can be immediately integrated to give
A(x) = ax® and B(x) = Bx", where o, € C. Since A, B € Cx] and gcd(A,B) = 1, we deduce that o, € C*,
K, v € Nand kv = 0. The equality deg F = d then implies that

— either k=0 and v = d, in which case ® = odx + Bx?dy;

— or v =0and k = d, in which case ® = ox?dx + Bdy.

If ® = adx + Bx?dy, resp. @ = ax?dx + Bdy, by making the change of coordinates (x,y) — ()XC, —B%), we
reduce ourselves to @ = ®¢ = y?dx + x4 (xdy — ydx), resp. ® = 0 = x?dx +y¢(xdy — ydx).

1.2. Let us examine the case where X = 8% + ya% with € € {0,1}. Since Lxdx = dLxx = 0 and
Lxdy = dLxy = dy, we have Lx® = X(A)dx+ X(B)dy + Bdy = € A’dx+ (¢ B’ + B)dy. Therefore Lx® = A if
and only if €A’ = AA and eB’ = (A — 1)B. Since A,B € C[x] and A € C, it follows that AB = 0: contradiction
with gcd(A,B) = 1.

1.3. Let us study the eventuality: X = x% +(x+y) a%. We have dX(x) = dx and dX(y) = dx+dy, so that
Lx® = X(A)dx+Adx+ X(B)dy + B(dx+dy) = (xA' + A+ B)dx + (xB' + B)dy.

The condition Lx® = A® is then equivalent to the system of differential equations xA’+ B = (A —1)A
and xB' = (A — 1)B, which can be easily integrated to yield A(x) = (a — bInx)x*"! and B(x) = bx*~!,
where a,b € C. Since A € C[x], we deduce that b = 0 and therefore B = 0: contradiction with gcd(A,B) = 1.

2. Assume that iso(F) is of type (¢), i.e. iso(F) = (X,Y) where X = x2 +2ya%,Y =2 —|—xa%. As before
by writing explicitly that Lx® = A® and Ly® = uy®, with A,u € C (Lemma 2.1), we obtain the system of
partial differential equations

BB =14, xL+P=0A-2)B, BixPL=pA-B, L+xP¥=puB.

It follows in particular that

(¥ —2y)9 = (ux+2-1)B and (¥ —2y) 9% = (ux+1—1)A - xB.

Elementary integrations then lead to

A—2—ux A—2—ux

Bley) =b()(=2) " and  A(ry) = (al)va2 =2y —xb(x)) (¥ —29) 2,
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for some functions a and b of the coordinate x. Since A,B € C[x,y] and gcd(A,B) = 1, we deduce that
A—2—pux =0 and a(x) =0 for any x € C, hence A = 2,y = 0 and a = 0. Therefore B(x,y) = b(x) and
A(x,y) = —xb(x) = —xB(x,y): contradiction with gcd(A,B) = 1. O

3. Foliations of F(d) degenerating onto 7 and %

In this section we will study the problem of knowing whether the closure of the orbit of a foliation of F(d)
contains the foliations ‘F, ld and fzd. The following definition will be useful.

Definition 3.1 ([9]). — Let ¥ and F’ be two foliations of F(d). We say that ¥ degenerates onto ¥ if the
closure O(F) (in F(d)) of the orbit O(F) contains O(F') and O(F) # O(F').

Remarks 3.2. — Let F and F' be two foliations such that F degenerates onto F’. Then:
(i) dim O(¥') < dim O(¥);
(i) degly’ < deglyy, which is equivalent to degliy > degli,. In particular, if ¥ is convex, #' is also
convex.

Corollary B is an immediate consequence of Theorem A and Remark 3.2 (i).

Remark 3.3. — Corollary B applies particularly to any foliation of F(d) which is homogeneous, i.e. which
is given, for a suitable choice of affine coordinates (x,y), by a homogeneous 1-form ® = A(x,y)dx+ B(x,y)dy,
where A, B € C|[x,y|; and ged(A, B) = 1. Indeed, for such a foliation # € F(d), we have (cf. [4])

Iso(H) = {(ax,ay) |ooe C'};
in particular, dim O(H) = 7 and consequently

O(H) C O(H)U O(F) U O(F5).
Assertion 1. (resp. 2.) of the following proposition gives a necessary (resp. sufficient) condition for a foliation
of F(d) to degenerate onto the foliation F.

Proposition 3.4. — Let F be an element of F(d) such that ¢ ¢ O(F). The following assertions hold:

1. If T degenerates onto fld , then F possesses a non-degenerate singularity m satisfying BB(F ,m) = 4.

2. If F possesses a quasi-radial singularity of maximal order d — 1, i.e. if QRad(¥,d —1) # 0, then F
degenerates onto F.

Proof. — 1. Assume that ¥ degenerates onto Tld. Then there is an analytic family of foliations (%) defined
by a family of 1-forms () such that % belongs to O(F) for € # 0 and Fe—o = F{. The non-degenerate
singular point of Tld , denoted by my, is “stable” in the sense that there is an analytic family (mg) of non-
degenerate singular points of F¢ such that me—o = mg. The F¢’s being conjugated to F for € # 0, the foliation
F admits a non-degenerate singular point m such that

Vee C*, BB(Fe,mg) = BB(F,m).

Since u(Fe,me) = 1 for any € € C, the function € — BB( %, m) is continuous, hence constant on C. As
a consequence

BB(¥F,m) = BB(Fe—q,me—o) = BB(F{,mp) = 4.
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2. Assume that F has a quasi-radial singularity m of order d — 1. Then u(¥,m) = 1,BB(¥,m) =4
and k(7 ,m) = d. This last equality ensures the existence of a line ¢,, passing through m, not invariant by
F and such that Tang( ¥ ,¢,,,m) = d. Let us choose an affine coordinate system (x,y) such that m = (0,0)
and ¢,, = {x = 0}. The foliation ¥ is defined in these coordinates by a 1-form ® of type

® = Cy(x,y)(xdy — ydx) + Z i(x,y)dx+Bi(x,y)dy),  where A;, B; € C[x,yl;, Cq € C[x,y]q.
i=1
We have

d
Z (0,y)dy Adx = ZBOlydy/\dx

Then the equality Tang(F,/,,,m) = d translates into B;(0,1) =0 for i € {1,2,...,d — 1} and B;(0,1) # 0.
This allows to write

Bl(x,y)ZOLx, Bd(xay):xgdfl(xvy)_kyyd) Bi(xvy):xgifl(xﬁy) fori€{273a"'vd_1}v

where B;_; € Clx,y]i-1, By, € Clx,y]a—1, Y€ C*, o € C. The equalities u(F,m) = 1 and BB(¥,m) =4
imply that o0 £ 0 and A (x,y) = dx — oty for some & € C. Thus ® is of type

d—1
o= 5xdx+(de 1(x,y) +vy? )dy+(Cd(x y)—I—(x) (xdy ydx +ZA X,y dx—l—xZB, 1 (x,y)dy,
i=2 i=2

where A; € Clx,y];, B, € Clx,y]i-1, By, € Clx,y]a-1, 6 € C, a,ye C*.
By putting ¢ = (&x,€y) and 6 = o(xdy — ydx) +yy?dy, we obtain

1 R d -1
W(p*(y) =9+l <5xdx +xBg_1 (Sdflx,y)dy) +e9C (e, y) (xdy — ydx) + Z e 714 (e xy)dx + x Z 1B (e x,y)dy
i=2 i=2

which tends to 6 as € tends to 0. By making the change of coordinates (x,y) — (J—‘ — XL ’f), we reduce

y o oyly
ourselves to 8 = @7 = y4dx+ x4 (xdy — ydx). As a result F degenerates onto F. O
Example 3.5. — Let us consider the homogeneous foliation 5—[1”1 defined in the affine chart z = 1 by the
1-form

(T)‘f = yddx - xddy.
We know from [4, Proposition 4.1] that #{ is convex and admits the points [1:0:0] and [0: 1 : 0] as radial
singularities of maximal order d — 1. Therefore }[{’ degenerates onto Tld (Proposition 3.4) and it does not
degenerate onto ,‘de, because Tzd is not convex. Thus, according to Remark 3.3, we have

o) = o7y U O(F).

Example 3.6. — Let us consider the family (G%(Y))yec of foliations of degree d on P% defined in the affine
chart z =1 by

M’ (¥) = (x—vyy)dy — ydx +x“dv —y“dy.
We remark that the point m = [0: 0 : 1] is a non-degenerate singularity of G%(7y) with BAUM-BOTT index 4.
Moreover, along the line £ = {y = 0} we have n(y) A dy‘ 0= x4dx A dy, so that Tang(G9(y),¢,m) = d.
y:

It follows that the singularity m of G¥(Y) is quasi-radial of maximal order d — 1. As a consequence G(Y)
degenerates onto 71" (Proposition 3.4).
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The converse of assertion 2. of Proposition 3.4 is false as the following example shows.
Example 3.7. — Let T be the foliation of degree d > 2 on ]P’%C defined in the affine chart z = 1 by
o = xdy — ydx+ P(y)dy,
where P is a polynomial of C[y] of degree d admitting 0 as a root of multiplicity <d — 1, i.e. P is of the form

P(y) =y (ap+ary+---+as_vy"), where v e {1,2,...,d — 1}, a; € C, apag_y # 0.
The singular locus of F consists of the two points m = [0:0: 1] and m’ = [1 : 0 : 0]; moreover
u(F,m)=1, BB(¥,m) =4, K(F,m)=v <d, u(F,m') > 1.
It follows that F has no quasi-radial singularity of maximal order d — 1, i.e. QRad(¥,d — 1) = 0. However,

. v 1
F degenerates onto fld . Indeed, by putting ¢ = ( a‘é—d"x, sy) , we see that

8d+l
lim ¢ 0 = xdy — ydx + y?dy.
£—0 ad—v

Question 1. — Let ' be a foliation of degree d > 2 on IP’%. Is it true that if F degenerates onto jfld then
— either F admits a quasi-radial singularity of maximal order d — 1,
— or F is conjugated to Example 3.7, i.e. up to linear conjugation F is given by a 1-form of type
xdy — ydx + P(y)dy with P € Cly], degP =d and P(0) = 0?

Proposition 3.8. — Let d be an integer greater than or equal to 2. Let us denote by U, (d) the subset of F(d)
defined by

Uy (d) = {7 € F(d) | Vs € Sing(F), u(F,s) = 1,7(F,s) = 1}.

Then:
(i) Ui(d) is a non-empty ZARISKI open subset of F(d); in particular, for anyy € C, G%(y) € U,(d) if and

d+1
only ify <yd+1 + (dtlld)) #£0.

(ii) Let F be an element of U;(d). For any singular point s € Sing(F ), the set
A(F,s) = { s € £,(F) | Tang(F ,,,5) > 1}

d _—_
has at most 2 elements. In particular, the set |J QRad(¥ ,n — 1) is finite.
n=2

To prove this proposition, we need the following lemma.

Lemma 3.9. — Let F be a foliation of degree d > 2 on P%, s a singular point of F, { a line passing
through s and not invariant by F and X = A(x,y)% + B(x, y)a% a polynomial vector field defining F in an

affine chart (x,y) containing s. Let us denote by (xo,yo) the coordinates of s and let a(x —xo) +b(y —yo) =0
be an equation of the line (. Then, for any n € {2,3,...,d}, Tang(¥F ,{s,s) > n if and only if
d/
@<aA(xo+bt,y0 — at) + bB(xo + bt, yo —at)) ’ =0, Vie{l2..n—1}
=

In particular, the set A(F,s) := {Es € L4(F) | Tang(F ,4,s) > T(f,s)} is finite and its cardinality is
at most tT(F ,s) + 1.
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Proof. — The 1-form o = A(x,y)dy — B(x,y)dx also defines the foliation ¥ because ix® = 0. We have

= P(r)dy A dx,

O)Ad(a(x—xo)+b(y_y0)) (x,y)=(x0+bt,yo—at)

where P(t) = aA(xo + bt,yo — at) + bB(xo + bt,yo — at). Thus Tang(¥,4s,s) = V(P(t),0). Notice that
P(0) = 0 because the point s being singular for F, we have A(xo,yo) = B(xo,y0) = 0. Then Tang(F ,4;,s) >n
if and only if the root + = 0 of the polynomial P has multiplicity at least n, that is if and only if
P'(0) = P"(0) = --- = P"=1)(0) = 0, hence the announced equivalence holds.

By conjugating ® by the translation (x + xo,y + yo), we can assume that s = (0,0). Let us denote t(F,s)
simply by T. Then the vector field X decomposes in the form

d+1
X =Cia(x,y)R+ Y X;,

=T

where R = x% —i—yaa—y, C:_, is a polynomial of degree <1—2, X; = A,»(x,y)% —i—B,»(x,y)a% is a homogeneous
vector field of degree i, with det(X<,R) # 0. Thus, we have

aA(bt,—at)+bB(bt,—at) = (a (xCT,z(x,y) + di’lA,-(x,y)) +b (yCT,z(x,y) + di’l B,-(x,y)) )

i=1 i=T (x,y)=(bt,—at)
d+1
=) (aA,-(bz, —at) + bB;(bt, fat))
=T
d+1
=Y 10iri(a,b),

=T
where Q;11(a,b) :=aA;(b,—a)+bB;(b,—a) is a homogeneous polynomial of degree i+ 1 in (a,b). From this,
we deduce that Tang(F, /s, s) > T if and only if Q¢ (a,b) = 0. As a result

A(F ) = {ts = {ar+by =0} € (%) | Qcii(a,b) =0}

Now, the polynomial O is not identically zero because Q1 (a,b) = — det(X+,R) ’ (53)=(b,—a) £ 0. It follows
that A(F,s) has cardinality at most T+ 1. O

Proof of Proposition 3.8. — We have
Ui(d) = { F € F(d) | Vs € Sing(F), det(JacX(s)) # 0, det(JIX,R,) o},

where X denotes a polynomial vector field defining ¥ in an affine chart containing s and Ry is the radial
vector field centered at s. It follows that U, (d) is a ZARISKI open subset of F(d). To establish assertion (i),

it remains to show that for any y € C, G (y) € U;(d) if and only if y (yd“ + %) # 0. In homogeneous
coordinates, the foliation G¢(Y) is defined by the 1-form

Qd(y) = Z(Xd _yzdfl)dx_z(yd_*_yyzdfl —xzdfl)dy+ (yd“ _ —H(yzzd*l)dz.
The singular locus Sing(gd (y)) consists of the points
so=10:0:1], st=[x:x{:1), sj=[1:&:0, ke{1,2,....d>—1},1€{0,1,...,d},

where & = exp (% ) and the x;’s are the roots of the polynomial P(x) = X1 =1
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In the affine chart z =1, resp. x =1, gd (y) is given by the vector field

d b - P ) )
Y:(yd‘l‘Yy—x)a-F(xd—y)@, resp. Z = (y"! + vy l_l)a*y-FZ(yd-Fszd 1_d 1)87Z

A direct computation show that det(JacY(so)) = 1 # 0, det(J} Y,Ry,) = yy* and

d

det(JacZ(s))) = (d+ 1) 2 £0,  det(JacY(s)) = 1 —dyxd ™' =~ = (d—1)(dyx' —d — 1), because P(x;) =0,
det(J)Z,Ry) = d& ™! (y— &)z #0, det(J Y, Ry,) = (ax{ ~+y) (y—x{)* — dx{ " (x—x)* £ 0, because x; # 0.

From these we deduce that G%(y) € U;(d) if and only if Y% 0 and dyx{ ' —d — 1 #0, i.e. if and only if Y 0
and x! £ <1 Now, by putting Q(t) = t+! +y1 — 1, we have P(x) = Q(x?~!) so that fy € C is a root of the

dy
polynomial Q(¢) if and only if there exists k € {1,2,...,d> — 1} such that rp = x¢ ' It follows that
d+1 d+1)4+!
gt ev@ =10 th) ro sy (v + T o
Assertion (i) is an immediate consequence of Lemma 3.9. 0

Theorem 3.10. — Let d be an integer greater than or equal to 2. Let us denote by X (d) the subset of F(d)
defined by

1(d) = {f € F(d) | QRad(F,d — 1) ;A@}.
Then

(@) 07 %,(d) & B(F");
(b) X1(d) is a constructible subset of F(d) of dimension greater than or equal to dimF(d) — (d — 1).

Proof. — (a) Z;(d) contains the foliations #? and G%(y),y € C (Examples 3.5 and 3.6) and is therefore non-
empty. Assertion 2. of Proposition 3.4 ensures that £;(d) C B(#{); this inclusion is strict as Example 3.7
shows.
(b) Let us denote by P2 the dual projective plane of PZ. Let T : F(d) x P% x P2 — F(d) be the projection
onto the first factor; we have X (d) = n(W;(d)), where
Wid):= |J {F}xQRad(F,d-1)

Fer; (d)
= {(F.5.0) €F(d) x P x B | s € Sing(F), L€ £(F), u(F ) = 1, BB(F ,s) = 4, Tang(F ,£,5) = d }.
According to Lemma 3.9, W, (d) can be rewritten as

s = (x0,¥0) € £ = {a(x—x) +b(y—yo) =0}

tr?(JacX(s))
A(x0,50) = 0, B(xo,y0) = 0, det(JacX(s)) # 0, ——=——- =5 =4
(B.1)  Wi(d)={ (F,s,) €F(d) x P% x P% det(JacX(s)) 7

aA(xg +bt,yo — at) + bB(xo + bt,yo —at) 0

d/
w(aA(quth,yofat)+bB(x0+bt,yofat)>‘ =0,j=1,...,d—1

where X = A(x,y) % + B(x,y) a% is a polynomial vector field defining F in an affine chart (x,y) containing s.

It follows that W;(d) is a quasi-projective subvariety of F(d) x P x PZ. Thus, by CHEVALLEY’s Theorem
[11, Exercise I1.3.19], the set Xy (d) = m(W;(d)) is constructible.
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According to the above discussion and Proposition 3.8 (i), the intersection U, (d) NZ;(d) contains the folia-
tions G¥(7), with y (Y’“ d%) # 0, and is therefore non-empty (U, (d) being the set of F € F(d) such
that for any s € SingF, u(F,s) = 1 and T©(F,s) = 1). Then there exists an irreducible component £(d) of

Y1 (d) such that Uy (d) NE9(d) # 0. Let Wy (d) = U W|(d) be the decomposition of W; (d) into its irreducible
i=1
components. Let us denote by my : Wi (d) — F(d) the restriction of  to W;(d). Then, there isne{l,...,k}

such that 1o (W}'(d)) = X{(d). Indeed, since £; (d) = 1o (W, (d)),wehaveZ?(d)CZl( )= Uno(W’(d)).The

irreducibility of £{(d) therefore ensures the existence of n € {1,...,k} such that £(d) C 7r0(Wl (d)) CcXi(d).
Since XY(d) is an irreducible component of X (d) and since To(W/(d)) is irreducible by continuity of Ty, we
deduce that 7o (W/'(d)) = Z9(d).

Thus, since U;(d) is a ZARISKI open subset of F(d) (Proposition 3.8 (i)), the morphism 7y induces by

restriction a dominant morphism of quasi-projective varieties & : W/'(d) Nw, ' (Ui(d)) — X(d) N Uy (d).
Notice that all the fibers of mp over the elements of U;(d) NX;(d) are finite and non-empty. Indeed,
if F € Ui(d)NZX;(d) then, by Proposition 3.8 (ii), the set Q/Rai(f,d — 1) is finite and non-empty; therefore
so is 1y ' (F) = {F} x QRad(F,d — 1). Since 1o(W"(d) N1y (U1 (d))) C Uy(d) NE41(d), it follows that
all the non-empty fibers of 7 are finite and therefore zero-dimensional. The fiber dimension theorem
(cf [15, Theorem 3, page 49]) then implies that dim(W]'(d) N, ' (U1(d))) = dim(%ﬁ U,(d)); since
Wi(d) Ny ' (Ui (d)) and X9(d) N Uy (d) are non-empty open subsets of the irreducible varieties W/'(d)
and X9(d) respectively, we have

dimXY(d) = dim(X{(d) N Uy (d)) = dim(W}'(d) Nny ' (U1(d))) = dimW'(d).
Now, from (3.1) we deduce that each irreducible component W} (d) of W, (d) has dimension
dimW{(d) > dim(F(d) x P& x P2) —4 — (d — 1) = dimF(d) — (d — 1),

hence

dim¥;(d) = dimZ, (d) > dimZ9(d) = dimW}'(d) > dimF(d) — (d — 1).

O

Assertion 1. (resp. 2.) of the following proposition gives a necessary (resp. sufficient) condition for a foliation
of F(d) to degenerate onto the foliation F.

Proposition 3.11. — Let F be an element of F(d) such that 75! ¢ O(F ). The following assertions hold:

1. If F degenerates onto Tzd, then degIt} >d—1.

2. If F admits an inflection point of maximal order d — 1, i.e. if Flex(F,d — 1) # 0, then ¥ degenerates
onto F5'.

Proof. — 1. If F degenerates onto fzd , then degIt,jrr > degIt}d. An immediate computation shows that
2
I;d = y¢~1 50 that degIt; = d — 1, hence the announced inequality holds.
2 2
2. Assume that F possesses such a point. We choose an affine coordinate system (x,y) such that p = (0,0)
is an inflection point of order d — 1 of ¥ and x = O is the tangent line to the leaf of F passing through p.
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Let  be a 1-form defining ¥ in these coordinates. Since T;If F ={x=0}, ois of type

® = Cy(x,y)(xdy — ydx) +Ocdx+z i(x,y)dx + Bj(x, y)dy) where A;, B; € C[x,y];, C; € Clx,y]4, o€ C*.
i=1

We have

d

Z (0,y)dy Adx = ZB (0,1)y'dy A dx.

i=1 i=1

Therefore the hypothesis that (0,0) is an inflection point of order d — 1 of ¥ translates into B;(0,1) =0

forie {1,2,...,d—1} and B4(0,1) # 0. Then we can write

Bd(x>y) :xgd—l(xvy) +Byd7 Bi(X,y) :xgifl(xhy) forie {172a s 7d_ 1}7
where E,‘_l S C[x,y]i_l, Ed—l € C[x,y]d_l, B € C*. Thus w is of type

d d—1
o = odx + (xBg—1 (x,y) + By’ )dy + Ca(x,y) (xdy — ydx) + Y Ai(x,y)dx+x Y Bi_i(x,y)dy,
i=1 i=1
where 4; € Clx,y;, Bi_1 € C[x,y]i-1, Ba—1 € C[x,ya_1, 0, B € C*.

d+1

Let us consider the family of automorphisms ¢ = ¢ = (€' x,€y). We have

- R d (S,
@@ =odrt (deBd_1 (e'x,y) + Byd> dy+e"1Ca(e'x,y) (xdy — ydx) + ; e'Ai(e”x, y)dx + x ; e'B;1(e'x,y)dy
which tends to adx + By?dy as € tends to 0. Clearly adx + By?dy defines a foliation conjugated to Tzd ;asa
result F degenerates onto 7. O

Example 3.12. — Let us consider the homogeneous foliation ﬂ-[zd defined in the affine chart z = 1 by the
1-form

@9 = x7dx — y?dy.
We know from [4, Proposition 4.1] that ﬂ-@d has no non-degenerate singularity with BAUM-BOTT index 4 and
that

Flex(H,d —1) = {xy =0} \{[0:0: 1]} #0.
Thus ﬂ-@d degenerates onto Tzd (Proposition 3.11) and it does not degenerate onto T]d (Proposition 3.4).
Consequently, according to Remark 3.3, we have

%d o(H") U O(F).

Example 3.13 (JOUANOLOU’s foliation). — Let us consider the foliation ¥, Jd of degree d > 2 on ]P’é de-
fined, in the affine chart z =1, by

of = (x?y — 1)dx+ (y* — x4 dy.
This example is due to JOUANOLOU and is historically the first explicit example of foliation without invariant
algebraic curve ([12]). The point p = (0,0) is an inflection point of maximal order d — 1 of ,’Fjd because
Tﬁ?}d ={x=0} and (x)ji Adx o yddy Adx. As a result ?’Jd degenerates onto fzd (Proposition 3.11).

However, we know from [13, Section 3] that every singularity s of de is non-degenerate with BAUM-BOTT
index
(d+2)?

BB = aray

4,
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so that ‘de does not degenerate onto Tld (Proposition 3.4).
The converse of assertion 2. of Proposition 3.11 is false as the following example shows.

Example 3.14. — Let F be the foliation of degree d > 2 on IP% defined in the affine chart z = 1 by
o = dx+ P(y)dy, where P € C[y|, degP =d.

It is easy to check that Sing(F) = {[1:0:0]} and I{ = P'(y). If the derivative P’ has a single root, i.e if P is
of the form P(y) = a(y — a)? + b, where o,a,b € C,a # 0, then ¥ is conjugated to f/fzd; indeed, we have

1
;(p*co =dx+y?dy, where ¢ = (ax—by,y+a).

We assume that the derivative P’ has at least two distinct roots; this implies that d > 3. A straightforward
computation shows that ¥ has no inflection point of maximal order d — 1, i.e. Flex(F,d — 1) = 0. However,
F degenerates onto 7. Indeed, by writing P(y) = ap +ary + -+ aqy’, a; € C, aq # 0, and by putting

o aq 1 .
Y= <€d+1x, 8y> , we obtain that

8dJrl
lim ——y*o = dx+ y*dy.
e—0 ayg
Question 2. — Let F be a foliation of degree d > 3 on IP%. Is it true that if F degenerates onto Tzd then
— either F possesses an inflection point of maximal orderd — 1,
— or F is conjugated to Example 3.14, i.e. up to linear conjugation F is given by a 1-form of type
dx+ P(y)dy with P € C[y|, degP =d?

Proposition 3.15. — Letd be an integer greater than or equal to 2. Let us denote by U, (d) the set of foliations
F € F(d) whose inflection divisor 1 ¢ is transverse (i.e. ¢ = I‘r) and reduced. Then

(i) Ux(d) contains the JOUANOLOU’s foliation F; and it is a (non-empty) ZARISKI open subset of F(d);
(ii) for any d > 3, every foliation F € U,(d) has a finite number (possibly zero) of transverse inflection
d
points of order greater than or equal to 2; in other words, the set |J Flex(F ,k— 1) is finite.
k=3

To establish this proposition, let us first prove the following lemma.

Lemma 3.16. — Let T be a foliation of degree d > 2 on IP’%, p aregular point of ¥ and X a polynomial vec-
tor field defining F in an affine chart (x,y) containing p. Then, for any k € {2,3,...,d}, Tang(T,Tng, p) >k
X(x) X*(x) - XK(x)

if and only if the matrix
d ( X() X(y) - XKy

) ‘ has rank 1.
p

Remark 3.17. — If X = Z Xi(z1,.--12n) Ba is a holomorphic vector field on C" and if # — au(¢) is an integral
<i
curve of X, then we have the following formula which can be easily proved by induction on j :

(3.2) (?—t]joc(t) = (X (21),.... X () o 0U(t).

Proof. — Let t — a(t) be the integral curve of X passing through p at r = 0. The point p being
regular for ¥, we have T,F > o'(0) = X(p) # 0. Up to linear conjugation, we can assume that

p = (0,0) and T;}jf = {y = 0}. We can then write a(r) = (Zx,l,, Zy,l,> with y; = 0 and x; # 0.

i>1
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Thus, Tang(fF,T;l:T,p) = v(g(),0), where g(t) = ¥, y, - As a result, Tang(f,Tgf,p) > k if and only

i>2
xl X2 e xk

if yp =y3 =--- =y =0, or equivalently if and only if the matrix <
0 y2 -+ W

> has rank 1.

Now, by using formula (3.2), we see that

<x1 Xy e xk>:<X(x) X2(x) 5 Xk(x)>

0 » - »m (xy)=(0,0)

hence the lemma follows. O

Proof of Proposition 3.15. — (i) For F € F(d), to say that I 5 is transverse and reduced means that ¥ has
no invariant line and that I+ has no multiple component, which shows that U, (d) is a ZARISKI open subset
of F(d).

As we have already mentioned in Example 3.13, the JOUANOLOU’s foliation fjd has no invariant algebraic
curve [12]; in particular, it has no invariant line and consequently I Fi = Itr To establish the first announced
assertion, it remains to prove that I ?d is reduced. In homogeneous coordmates the foliation Tl is defined

by the vector field yd —|—x ; an immediate computation, using formula (1.1), shows that Ifd has
equation F(x,y,z) =0, Where

2d+1 d71+y2d+1xd71+z2d+1 d—1

F(x,y,2) =x"¢ —3xdylz

We must show that F' has no multiple factor in C|x,y,z]. Since F € Zlx,y,z], it suffices to show that F' has
no multiple factor in F,[x,y,z|. Indeed, if F had a multiple factor in Clx,y,z|, then one of the resultants
Res, (F, %—’;) € Zy,z] or Res,(F, %—5) € Z[x,z] or Res,(F, %—5) € Z|x,y] would be identically zero and therefore
so would be its reduction modulo 2; so that F would also have a multiple factor in F[x,y, z]. We have to show
that ged(F, %1; , %f , aaf ) = 1 in [Fy[x,y,z], or equivalently that

ged(F, ) =1inFa(y2)l],  ged(F, ) =1inFa(x,2)ly],  ged(F %) = 1in Fa(x,y)[2].

The coordinates x,y,z playing a symmetric role, it suffices again to show that gcd(F —) =1 in Fa(y,2)[x].
In F2[x,y,z] we have

F = 21 g0 (2l 1y 2l ydl dydzd g OF ( d+27d=1 4 g d (d+1)y2d+1).

Then x = 0 is not a root of F € F,(y,z)[x] and consequently

2d+1
Fa(, )l 3 ged(F, 3) = ged(F,9), where ="+ duay +(d+ 1) 2

Moreover, a straightforward computation shows that

i1 i+
BF = (xd+2zd—1 7(d71)xydzd7dyzd+1>(P+yd—1zzd+1 <x+ . ) <x2+(d2—d—1) g

y2d+2
xdd+12"),
@’ )
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so that
d+1 d+1
Fa(y,z)[x] > ged(F, @) = ged ((x—l— yZT) (x— yZT>’ (p> , because > —d = d(d+1) =0 mod 2

Yt Y1
:gcd<x—,xd+2+dxzyd+(d+l) )

- 241
d+1 2d+1
y a+2 Y
=ged | x———, x"7 ——
A -1

1 d+2 21 -
because (Zd> # a1 in the field F2(y,z). As aresult Fy(y,z)[x] > ged(F, 5 ) = 1.

(ii) Let ¥ be a foliation of degree d > 3 on IP’% with reduced and transverse inflection divisor I, i.e.

d
F € Ux(d). We want to show that the set I'(F ) := (J Flex(F,k— 1) is finite. By definition of I'( F ) we have
k=3

(3:3) (F) C {pe Pt | p¢Sing(F), Tang(F, T5F,p) = 3.

Let X be a vector field defining ¥ in an affine chart C? = {(x,y)} C P4. Lemma 3.16 and inclusion (3.3)
imply that I'(F ) N C? is contained in the set of points p € C? such that

X() 0 XWX [, X0 X |,
( X(y) ) (p) # < 0 > , Ix(p) = ‘ X(y) Xz(y) ’(p) =0, X(Ix)(p)= ‘ X(y) X3(y) ’(p) =0.
Now, the affine chart C*> = {(x,y)} C P% being arbitrary, I'(F) is finite if and only if [(F) N C? is finite.
It suffices therefore to show that the algebraic curves I N C? = {Ix(x,y) = 0} and C := {X(Ix)(x,y) = 0}
intersect at a finite number of points, i.e. that they have no common component. Let us argue by contradiction
and assume that there exist K,L,L" € C[x,y], with degK > 0, such that Ix = KL and X(Ix) = KL'. Then
KL' = X(KL) = X(K)L+ KX(L) and therefore X(K)L = K(L' — X(L)). Moreover, the hypothesis that I+ is
reduced implies that gcd(K,L) = 1. It follows that there is L” € Clx,y] such that X(K) = KL”, which means
that the algebraic curve ' := {K(x,y) = 0}, contained in I, is invariant by #, contradicting the hypothesis
that I is transverse. O

Theorem 3.18. — Let d be an integer greater than or equal to 2. Let us denote by X, (d) the subset of F(d)
defined by

% (d) = {7 € F(d) | Flex(F,d —1) # 0}.
Then
(a) B(F}?) =F(2)\FC(2) = X,(2) and, for any d > 3, we have 0 # ,(d) & B(F);
(b) X,(d) is a constructible subset of F(d);
(c) forany d > 3, we have dimX,(d) > dimF(d) — (d — 3).
In particular, the set £(3), and therefore B('F;*), contains a non-empty ZARISKI open subset of F(3).

Proof. — (a) As we have already said in Introduction, the first equality B(‘F2) = F(2) \ FC(2) follows
from [9, Theorem 3]. The second equality F(2) \ FC(2) = X»(2) is a consequence of the following obvious
remark: if 7 € F(2)\ FC(2) then every transverse inflection point of 7 is of order 1.
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The set X;(d) contains the foliations 5—6‘1 and TJd (Examples 3.12 and 3.13) and is therefore non-empty.
According to assertion 2. of Proposition 3.11, we have X, (d) C B(#5?); this inclusion is strict for any d > 3
as Example 3.14 shows.

(b) Let  : F(d) x P2 — F(d) be the projection onto the first factor; notice that £5(d) = 1(Wa(d)), where

Wa(d):= |J {7} xFlex(F,d—1)
Fex(d)

= {(#.p) € F(@) xPL | p ¢ Sing(F), Tang(F, T, . p) = d }.

By Lemma 3.16, W>(d) can be rewritten as

a0 w@={F.peraxr| (X0 Jo# (o).

X X(x) X/(x)
y

X(y) X/(y)
where X denotes a polynomial vector field defining ¥ in an affine chart (x,y) containing p. It follows

that W»(d) is a quasi-projective subvariety of F(d) x P4. Therefore, by CHEVALLEY'’s theorem [11, Ex-
ercise I1.3.19], the set £,(d) = m(W>(d)) is constructible.

’(p)zO,sz,...,d},

(c) From the above discussion and Proposition 3.15 (i), we have F € U,(d) NZa(d) # 0 (U2(d) being the
set of foliations of F(d) with reduced and transverse inflection divisor). Therefore there exists an irreducible
component £9(d) of £5(d) such that U (d) NX9(d) # 0. We denote by Tt : Wa(d) — F(d) the restriction of 7

n .
to Wa(d). Let Wa(d) = | W,(d) be the decomposition of W,(d) into its irreducible components. Then, by
=1

=

arguing as in the proof of Theorem 3.10, we see that there is k € {1,...,n} such that 7o(W5(d)) = Z3(d).
Since U,(d) is a ZARISKI open subset of F(d) (Proposition 3.15 (i)), the morphism my therefore induces

by restriction a dominant morphism of quasi-projective varieties © : WX (d) N1, ' (Uz(d)) — %ﬂ U, (d).
Notice that, for any F € Us(d) NXy(d), the fiber my'(F) is finite and non-empty, because m, ' (F) =
{F} xFlex(F,d — 1) and Flex(¥,d — 1) is finite and non-empty by assertion (ii) of Proposition 3.15.
Since 7o (W (d) Ny ' (Uz(d))) C Ua(d) NZa(d), we deduce that all the non-empty fibers of 75 are finite and
therefore zero-dimensional. The fiber dimension theorem (cf. [15, Theorem 3, page 49]) then ensures
that dim(WS(d) Ny ' (Ux(d))) = dim(Z3(d) N Ua(d)); since Wi (d) Ny ' (Uz(d)) and £3(d) NUx(d) are
non-empty open subsets of the irreducible varieties W5 (d) and £9(d) respectively, we have

dimX}(d) = dim(X3(d) NUs(d)) = dim(Wa (d) N7y ' (Ua(d))) = dim Wy (d).
Now, it follows from (3.4) that each irreducible component Wi(d) of W (d) has dimension
dimWj(d) > dim(F(d) x P2) — (d — 1) = dimF(d) — (d — 3),

hence

dim%,(d) = dimZ;(d) > dimx9(d) = dimWJ (d) > dimF(d) — (d — 3).

The subset X5 (d) C F(d) being constructible, it contains a dense open subset of its closure X, (d). In degree
d =3 we have dimX,(3) > dimF(3) and therefore dimX,(3) = dimF(3), so that X, (3) = F(3) because F(3)
is irreducible. It follows that ¥»(3) contains a dense open subset of F(3). This ends the proof of the theorem.

U




GEOMETRY OF CERTAIN FOLIATIONS ON THE COMPLEX PROJECTIVE PLANE 21

Remark 3.19. — The set F(d) contains elements which degenerate onto both fld and fzd, e.g. the family of

foliations G¥(7), y € C. Indeed, on the one hand, we have seen (Example 3.6) that G () degenerates onto F°.

On the other hand, by putting ¢ = (,%) we obtain that lirr(l) e?tlo'n?(y) = ®%, which shows that G¢(Y)
€—

degenerates onto the homogeneous foliation }Qd (Example 3.12) and therefore, by transitivity, onto Tzd .

Example 3.20. — Let us consider the homogeneous foliation ﬂ-[ffz defined in the affine chart z = 1 by the
1-form

(T)jl’z = (xd + yd)dx +xdy.

This foliation degenerates onto both 7 and 7. Indeed, on the one hand, }[ffz is given in the affine charty = 1
by

=d

0, = xdz — zdx +xdz 4+ x? (xdz — zdx);
we see that the point [0 : 1 : 0] is a radial singularity of maximal order d — 1 of 5-[1‘12 Thus, by Proposition 3.4,
7—[{{2 degenerates onto Tld. On the other hand, a straightforward computation shows that

Flex(H,d —1) = {y=0}\ {[0:0: 1]} #0;
consequently, }[1[,12 also degenerates onto Tz (Proposition 3.11).
Since O(#H,) C O(H%,) U O(F{') U O(F) (Remark 3.3), we deduce that in fact
O(#%) = O(H%) U O(F{) U O(%).

Theorem 3.21. — Let d be an integer greater than or equal to 2. Then
(a) 0#X1(d)NZy(d) C B(F) NB(F) D B(HY,);
(b) B(H, 2) contains a quasi-projective subvariety of F(d) of dimension equal to dimF(d) —3d.

Proof. — (a) The intersection X;(d) NX,(d) contains the homogeneous foliation ,‘7-[1‘12 (Example 3.20) and is
therefore non-empty. The inclusion X, (d) NX2(d) C B(F¢) NB(F) follows from Theorems 3.10 and 3.18.
Let us show the inclusion B(ﬂ-[ldz) CB(FH)NB(F?). Let F € B(ﬂ-[l‘fz), i.e. F € F(d) such that 5-[1‘12 € 0(F).

Since 5—% degenerates onto F¢,i = 1,2, it follows that %4 € O(H,) C O(F ), hence F € B(F{) NB(7F5).

(b) Let us denote by Z(}[ ,) the subset of F(d) defined as follows: an element ¥ of F(d) belongs to
(}[ldg) if and only if
(1) F admits an invariant line /;

(2) there is a system of homogeneous coordinates [x:y: z] € IP’% in which £ = {z =0} and ¥ is defined in
the affine chart z = 1 by a 1-form  of type

d—1 d—1
o=Y 0+io{, =Y o+ ((xd+yd)dx+xddy> :
i=0 i=0

where A € C* and the ®;’s are homogeneous 1-forms of degree i.
Notice that Z(}[]dz) C B(.‘]—[ldz) Indeed, by putting @ = (%,%) and by writing @; = P;(x,y)dx + Q;(x,y)dy,
where P;, Q; € (C[x y]i, we obtain
d—1

eMo'o=Y (e 'P(x,y)dv+eQ;(x,y)dy) + A& ,
i=0
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which tends to ?»(73‘1172 as € tends to 0. It follows that 7—[{{2 € O(F) forany ¥ € Z(ﬂ-[l‘fz), hence the inclusion
() C B(H,) holds.
Moreover, every foliation F € F(d) is given in the affine chart z = 1 by a 1-form of type

d

Y (Ai(x,y)dx+ Bi(x,y)dy) 4 Ca(x,y) (xdy — ydx),
i=0

d d
where A;,B; € Clx,y];,C; € Clx,y|s with gcd(yCd - YA ,xCi+ ¥ Bi) = 1. Condition (2) is then equivalent
i=0 i=0
to taking Cy = 0, Ag(x,y) = AMx? +y9), By(x,y) = Ax“. Since the set of foliations of F(d) admitting an invari-
ant line is a ZARISKI closed subset of F(d), we deduce that Z(}[l‘fz) is a quasi-projective subvariety of F(d).
Since ® and u define the same foliation if u # 0, and the choice of a line £ C ]P% is equivalent to the choice
of a point in IF%, conditions (/) and (2) imply that

d—1
dimX(#Hy) =242 Y (i+1)=d*+d+2=dimF(d) — 3d.
i=0

4. A family of foliations of F(d) with orbits of dimension less than or equal to 7

In this section we will establish some properties of the family ( fF()d(k))xEC* of foliations of degree d on IP’(Z:
defined in the affine chart z = 1 by
o (L) = xdy — Aydx + ydy.
In homogeneous coordinates, (1) is given by

QI = —Ayzldx+z (xzdfl +yd) dy+y ((7» — Dxz?! —yd> dz.

Thus, the singular locus of 7 (1) consists of the two points s; =[0:0: 1] and s, = [1: 0: 0]. The singularity s;
is non-degenerate with BAUM-BOTT index BB(%{(A),s1) =2+ A+ ; and the singular point s, has maximal
algebraic multiplicity d. We see that for A = 1 the 1-form Qg (1) writes in the affine chart x = 1 as

Zdy +y! (zdy — ydz);
we deduce that fod (1) is conjugated to the foliation Tld and is therefore convex.
In the sequel we assume that A € C\ {0, 1}. A direct computation, using formula (1.1), leads to

(4.1) ;nof,m =yz2! and Loy = (= Dx—((d— DA+ 1)y

it follows that, for any A € C\ {0, 1}, #{()) is not convex.
A straightforward computation shows that the algebraic curve (1 —Ad)x+y¢ = 0 is invariant by 7 (A).
@p(A)
y((1=Ad)x+y7)
X

p i Iny; this allows to see that Iso( % (1)) is the group {(a’x,ay) | a0 € C*}.
y

What is more, the rational 1-form ng(A) = is closed. For A = J we note that n¢(3) =

f (1)
yd+1

When A € C\ {0, 1, 7} a straightforward computation shows that g (A) integrates into

An ((1 —xd)x+yd) “lny,

has as first integral
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which allows to verify that the isotropy group is here again

Iso(F£ (L) = {(o?x,0y) | oo € C*}.
It follows in particular that, for any A € C\ {0,1}, O(%{ (X)) has dimension 7.
Notice that two foliations () and F{(X') are conjugated if and only if L = L.

Proposition 4.1. — Let A be a nonzero complex number. Let F be an element of F(d) such that (L) ¢
O(F).

1. If T degenerates onto T (A), then F admits a non-degenerate singular point m satisfying BB(F ,m) =
2+A+5.

2. It F possesses a non-degenerate singular point m such that

BB(T,m):2+7»+% and  x(¥F,m)=d,

then F degenerates onto F'(\).

Proof. — It suffices to argue as in the proof of Proposition 3.4, replacing the foliation fld by fod (A) and the
equality BB(¥ ,m) =4 by BB(F,m) =2+ A+ 1. -

Proposition 4.2. — The orbit O(F{'())) is closed in F(d) in the following two cases:
) d>3 and A= ——;

(i) d >3 an 71

(i) d € {3,4,5) and A € C*.

The proof of this proposition uses the following lemma.

Lemma 4.3. — Let A be a nonzero complex number. Then, the orbit O( (L)) is closed in F(d) if and only
if F{ (L) does not degenerate onto F5'.

Proof. — The direct implication is obvious. Let us prove the converse. From the above discussion, 7{ (1)
is conjugated to the convex foliation F,; therefore its orbit O( (1)) is closed in F(d). Forany A € C\ {0, 1},
the unique non-degenerate singular point s; = [0: 0: 1] of #¢(A) has BAUM-BOTT index BB(#{(A),s1) =
24+A+ % # 4; this implies, according to assertion 1. of Proposition 3.4, that #{/ (L) does not degenerate
onto F4. Moreover, forany A € C\ {0, 1}, O( ¢ (X)) has dimension 7. The converse implication then follows
immediately from Corollary B. O

1 . : —
7-7 according to (4.1) we have Itfrod(ko) = (Ao — 1)x, hence

=1<d—1 for any d > 3. According to the first assertion of Proposition 3.11, it follows that,

Proof of Proposition 4.2. — (i) Letus put Ao = —

tr
degl%d(lo)

for any d > 3, the foliation 7{'(Ag) does not degenerate onto F, so that its orbit O(F(Ao)) is closed
in F(d) (Lemma 4.3).

(ii) Let [x : y : z] be homogeneous coordinates in PZ. For n € N, let us denote by A} the C-vector space
of 1-forms in the variables x,y,z, whose coefficients are homogeneous polynomials of degree n. Let us put
o= ydz — zdy, B = zdx — xdz and y = xdy — ydx. We have the identification

= {[Q] € P(Ay;)) | @ = pdx+qdy+rdz, p,q,r € Cx,y,2]g+1, xp+yq+zr =0,gcd(p,q,r) =1}
= {[Q] e P( Ad+1 | Q=A0+BB+Cy, A,B € C[x,y,2)q, C € C[x,y]4, ged (YA —xB,zB—yC,xC—zA) =1}.
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By writting

A=E + &y By + (§2d+3f‘d71 +&upsx Tyt §4Ll+1yd71)2+ (§4d+3X472 &5yt iﬁd—])’d72)12 ot gt
B=8x + 8yt 8 + (Gaaad 8o Dyt By o (Barsad 2 Baanex Iy 4 By )P 4B g0

_ d d-1, 202 d—1 d
C=8n 303X T8 304X V82 305X Y o 82 4000 8240430

we can identify the class [Q] of Q@ = Ao+ BB+ Cyto the element [§; : &yt -+ 1 Eppiuyis] € P(‘é2+4d+2. Thus,
we can identify F(d) with the ZARISKI open set:

A=Ex? +&x y+ -+ &gy’ + (§2d+3xd71 +&aqasx? Tyt +§4d+1yd71)1+ e +§d2+3d+1zd
B=&x! +Ex?ly 4+ + Epginy? + (§24+4X‘H +Eqrex Tyt +§4d+2yd71)2+ e +§dz+3d+2zd
C=8p 3035 82 1300 aX V482 30 sV + o 8 ag 0 T 82 aa 43!

ged (yA —xB,zB —yC,xC —zA) =1

e d%+4d+2
[E1:8 118 gqi3] €PE T

Then, via this identification, we have

F = [0Q4] = [x"B+y"y=[0:1:0:0:---:0:0:1]
and

diny _ Tod (ol d—1 A=1RT — OO0 "ee 0-1-0-0-"ve0-1-0-0-%-0-0-+...-
Fo' (M) = [Q5N)] = [0 +xz* Do+ Ayz 'B] = [0:0:---:0:1:0:0:---:0:1:0:0:2:0:0:---:0].
2d d?+d-5 d+3

In addition, the orbit of a foliation F = [Q] € F(d) is
O(F)= {[(p*Q] ’ O =[aix+ay+aszz: asx+asy+aez : azx+ agy + agz] € Aut([[”%)} )

. . 2 .
Let [x X2+ 1 X244, 3] be a system of homogeneous coordinates in Pfé +4d+2 For d = 3, let us consider
the following homogeneous polynomial in x1,x7,...,xp4 of degree 5:

Py = —90x, (xl (294x; —269x4) + 10x, (2933 +4xg) + 86x§)x22xz4 — 112523 (21x) — 23x4) x23024
+45x, (2)63 (294x1 + 13x4) — x6 (552x1 —271x4) + 1 125x2)c5)x21x24 +28125x2X10X21X23X24
+25 (108 (x9 —2x12) (3x1 —4xq) +9x10 (112x3 — 93x6) + 675x2x1 )xglm — 6000x2.x10x3,X24
— 5625x5x1143, + 20( (2x1 —x4) (4130 — T1a) + 30x10 (253 — 3x6) + 50x21 )xg2 — 50625x3:2,
-5 (2;;9 (207x1 — 116x4) —x12 (153x] — 314x4) + Sx10 (35633 — 359x6) + 13502311 )xﬂxzzm
+ 1875 (x“ (2x3 — x6) + x5 (2x9 — X12) )x%]xzz —375x; (2x1 (Bx1 — 7x4) — x2 (3x3 — 2x¢) + 8x§>x%3
+50 (5x10 (39x1 —38x4) — 3%z (xo — 32x12) )x21x§3 50 (m (14x1 — 37x4) — 3x2 (Txo +x12) >x§2x23
+ 15<5x11 (21x] +22x4) — 8x3 (14x9 — 43x12 ) + 6xg (13x9 — 56x12) fSSOxsxlo)xglng +Rx},
-5 <2Ox11 (24x1 —Txa) +4x9 (97x3 — 43x6) +x12 (94x3 — 211x6) — 600xSx10>x21x§2 +Sx21x22

75 <2x10 (78x1 —29x4) — 15x5 (2x9 — 19X12) >x21xz2xz4 + 125x2x10x22x%3 + Tx%z + Uxz1x23

+ Vaxxos,
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where
R = 5568x6x5 (3x1 —4xq) — 18x3x5 (1612x; — 1941x4) 4 6x% (19523 — 4389x6) + 3x2 (7057x3 — 2136x6) — 11250x2x2
+2700x7 (3x; 74X4)2 + 54xg (3x1 —4x4) (106x3 — 89x¢) ,
S =27000x2x7 (3x1 —4x4) — 24x§ (658x1 —249x4) + 1512x4x5 (11x1 —4x4) + 252)% (83x5 — 36x3) — 90x2x3 (329x5 — 318x3)
— 2x4x5 (17073x1 — 6047x4) + 3x1x6 (8712x3 — 3599x6) — x4x6 (11658x3 — 604 1x¢) + 90x2x6 (226x5 — 267x3) ,
T = 200, x3 (294x; — 253x4) — 40x1x6 (159x1 — 152x4) 4 1900x2x3 (x3 — Xg) 4 20x7 (68x3 — 95x6) — 25x2x6 (40x3 — 33x4)
+ 60x1x2 (361x5 — 252x3) — 10x2x4 (983x5 — 756x3) + 67500)c%x77
U =90x1x3 (98x1 — 117x4) — 30x1x6 (17 1x1 — 284x4) — 150x2x6 (68x3 — 35x6) — 30x2x4 (167x5 + 396x3) + 7050xzx§
+20x3 (73x3 — 157x6) + 270x1.x2 (4 1xs 4 33x3) ,
V = 5xpx4 (1604x3 — 611x6) — 30x7 (294x; — 563x4) — 3043 (355x1 — 86x4) — 30x1x7 (463x3 — 242x6) — 75x3 (109x5 — 198x3) .
A computation carried out with Maple shows that evaluating P5 at an arbitrary element [&; : &, : -+ : Ep4] of

O(F5(N)), we find P3([€1 : & 2 -+ : &x4]) =0, ie. O(F (M) is contained in the zero locus of Ps
Zeros(P3) := {[x1 TXp e ixp4] € IP%3 | P3([X] B OREEE :x24]) :O},

which is a ZARISKI closed subset of PZ. Therefore we have O( % (L)) C Zeros(P3) for any A € C*. More-
over, we have

P3(0,1,0,0,---,0,0,1) = —50625 0,

hence 75 ¢ Zeros(P3). It follows that, for any A € C*, we have 7’ ¢ O(7; (X)), so that Fg(A) does not
degenerate onto 7. Consequently, according to Lemma 4.3, the orbit O( 7 (1)) is closed in F(3).
To show that the orbit O(%;'(A)), resp. O(%;(A)), is closed in F(4), resp. F(5), it suffices to argue as in

degree d = 3, replacing the polynomial P; by the following polynomial Py, resp. Ps:
Py = (3x3 (129x3 — 212x6) + 3x4 (1785 + 15xg) + 121 (22x5 — 3xg) + 5184x27 — 20x§)x31 +1728x15:3,
—432(2x13 — x16) X31x32 + 48 (42x11 — 31x14) x31x33 — 18 (241 — 19x14)x§2 —162x; (4x; — 15x4) x34
— 18(2)61 (27X3 — ZOX5) — X4 (ISX3 7)66) —+x2 (17OXS — 69)68) >X32 +4212x12x31x34 — 486x12x32X33

n 36(3 (1 —2x4) (12x1 —x4) +22x (3x3 — 2x6) )m — 10368x3x3s,

resp. Ps = (50}(7 (4906x1 — 4749x4) — 27040x10 (5x1 — 6x4) — 5x5 (10596x3 — 13469x6) + 20x3 (1019x3 — 2028x6)
+569100x2)C9>X43 + 142275)619&%3 — 11690x17x43x44 + 98140x14x43x47 — 140x2 (2180)61 — 169 IX4)X47
+35(1564x13 — 1645x16) X43X46 + <8620X3 (2x1 —x4) — 50x5 (141x1 — 11x4) 4+ 10x3 (513x3 — 1580x¢)

+70x2 (2779x7 — 2704x10) + 9875x§)x44 —35 ( (x1 —x4) (295x1 +683x3) — x2 (37763 — 4427x5) )x%
+70(323x18 — 253x15) x43%45 + 7 (686113 — 293x16) Xaaxgs — 2975x15x34 — 15946x14x35 — 142275063 x48

n (14)@ (15x1 + 1124x4) — 14x6 (1031 + 11292x4) — 5951, (2215 — 250x3) )x45 +49210x 1434446
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For d > 6, we propose:

Conjecture 1. — Let d be an integer greater than or equal to 6 and A a nonzero complex number. A homo-
; . o od? .
geneous coordinate system [Xx| :x; : -+ : X2 44.3] being fixed in P(‘é +4d+2 there exists a homogeneous poly-

nomial Qq € Clxy,x2,++ ,xz2,443) of degree 3, not depending on A, which vanishes on the orbit O( (1))
and does not vanish at the point 7' =[0:1:0:0:---:0:0: 1].

Computations made with Maple by the first author show the validity of this conjecture for d small (d < 30)
by taking the polynomial Q, in the following form:

Xd214d+43
d_1 4 Xd2-+4d+2
Q4 =X 13443 (Z 04 X2d 42141 X424 d4d+2—i T ), ﬁix2d+2i+4xd2+4d+2i> +(x1 X2 o xg)M :
i=1 i=0
Xd2+3d+3
d-3
X2 13d 44 | Q0X2d+4X02 {aa+1 1 X2a 16 X2 140+ Z YiX2d+2i+1Xa2+4d+1—i | »
i=1
L
Ly
where M = ) is a square matrix of order d + 1 whose lines are of the form:
Lyt
Li=[0 0 ajxi+bisxs a14x3+biaxe aisxs+bisxg -+ a1 ar1%4-3+ b1 a+1%4]
Ly = [by1xy azpxi+booxs ar3x3+bosxe aaxs+boaxg arsxy+basxio - ayai1%2a—1 +b2av1%2a42]
Ly = [O 0 - 0 axp—12%41%2k—1 +b2k—1,2k11%2k 42 Q2k—1,2%42X2%k+1 T P2k 1 2k12X2k 44 *** A2k—1,d+1X2d—2k—1 +h2k1,d+1x2d2k+2:|
min(2k,d+1)
Lx=10 0 -+ 0 bogop_12o by ' bog _ b _ ,
2k |: o~ 2k, 2k—1X2k A2k 2kX2k—1 T D2k 2k X2k+2 A2k, 2k+1X2k+1 + Dok 2k+1X2k+4 A2k, d+1X2d—2k+1 + D2k, d+1X24 2k+4:|

where oc,-,B,-,yi,S,-,a,-J,biJ € C with b271 75 0.
It is clear that Conjecture 1 and Lemma 4.3 imply the following conjecture.

Conjecture 2. — For any integer d > 6 and any ) € C*, the orbit O( (L)) is closed in F(d).
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