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1. Introduction

The notion of warped product of manifolds was introduced by Bishop and O’Neill (1965) in order to
construct a large velocity of manifolds of negative curvature. The idea of warped product on sub-
manifolds was introduced by Chen (2001). Basically, Chen considered warped product of the type
N, x¢ Ny such that N, is totally real submanifold and N; is holomorphic submanifold of a Kaehler
manifold and found that these warped product are simply CR-product as defined in Chen (1981).
Therefore, Chen considered the warped product of the type N; Xg N, and obtained an inequality for
squared norm of second fundamental form, these types of warped product are called CR-warped
product. Later on, the geometrical behavior of these type of submanifolds were studied by many
researchers (c.f. Arslan, Ezentas, Mihai, & Murathan, 2005; Khan, Khan, & Uddin, 2009; Sahin, 2006).

In Al-Luhaibi, Al-Solamy, and Khan (2009) investigated CR-warped product submanifolds in the
setting of nearly Kaehler manifolds and obtained some basic results and finally worked out an esti-
mation for squared norm of second fundamental form if ambient manifold is generalized complex
space form. These types of warped products are also studied in different settings of almost Hermitian
manifolds (c.f. Al-Luhaibi et al., 2009; Faghfouri & Majidi, 2015; Khan & Jamal, 2010; Sahin, 2009).
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The contact version of warped product manifolds were also studied in different settings (see
Ateken, 2011, 2013; Sular & Ozgur, 2012). Recently, we also studied semi-invariant warped product
submanifolds and obtained inequality for squared norm of second fundamental form Al-Solamy and
Ali Khan (2012). Moreover, Aitceken (c.f. Ateken, 2011, 2013) investigated an inequality for squared
norm of second fundamental form which characterize the existence of contact CR-warped product
submanifolds in the setting of Cosymplectic and Kenmotsu space forms. Motivated by Aitceken
(2011, 2013) and Sular and Ozgur (2012) studied the contact CR-warped product in more general
setting namely trans-Sasakian generalized Sasakian space forms and obtained an inequality for
existence of CR-warped product submanifolds. After reviewing the literature, we realized that char-
acterizing inequality for existence of CR-warped product submanifolds is not yet investigated in the
setting of generalized complex space forms. In this paper we obtained an estimation of second
fundamental form in terms of Hessian of Inf, where f is a warping function and finally obtained an
characterizing inequality for existence of CR-warped product submanifolds of generalized complex
space forms and in particular for complex space forms.

2. Preliminaries
Let M be an almost Hermitian manifold with almost complex structure J and a Hermitian metric g i.e.

J2=—I and gUU, JV) = g(U, V), (2.1)

for all vector fields U, V € TM. If almost complex structure J is parallel with respect to the Levi-
civita connection Von Mi.e. VJ = 0, then (M, J, g) is called Kaehler manifold. There is a more gen-
eral structure on M, namely nearly Kaehler structure and characterized by the following equation

VDV + (V,)U =0, (2.2)

equivalently, (2.2) can also be written as

(VyhU =0, (2.3)

forallU, V € TM.

A nearly Kaehler manifold M is Kaehler manifold if and only if Neijenhuis tensor of J vanish identi-
cally. Any four dimensional nearly Kaehler manifold is a Kaehler manifold. Six dimensional sphere s®
is a typical example of a nearly Kaehler non Kaehler manifold. The complex structure J on S8is de-
fined by vector cross product in the space of purely imaginary Cayley numbers. There is a more
general class of almost Hermitian manifolds than nearly Kaehler manifold, this class is known as
RK— manifolds. A generalized complex space form is an RK—manifold of constant holomorphic sec-
tional curvature c and of constant a is denoted by M(c, «). The sphere $® endowed with the standard
nearly Kaehler structure is an example of a generalized complex space form which is not a complex
space form. The curvature tensor R of generalized complex space form M(c, a)is given by

3%, WU - gu, WyV) +

—g(V,JW)JU] + 2g9(U, JV)JW1.

€ % U, WV

RWU, V)W = 4 (2.4)

Let M be a submanifold of M, then the induced Riemannian metric on M is denoted by the same
symbol g and the induced connection on M is denoted by the symbol V. If TM and TM denote the
tangent bundle on M and M respectively and T1M, the normal bundle on M, then the Gauss and
Weingarten formulae are given by

Y,V = v,V +hU, V), (2.5)

VN =-AU + VN, (2.6)
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for allU, V € TM and N € T*M where V* denotes the connection on the normal bundle T*M. h
and A, are the second fundamental form and the shape operator of immersions of M in to M.
Corresponding to the normal vector field N they are related as

gAW, V) = g(hU, V), N). (2.7)

The mean curvature vector H of M is given by

1 n
H== ; hee, e),

where n is the dimension of M and {e,, €,, ..., e,}is a local orthonormal frame of vector fields on
M. The squared norm of the second fundamental form is defined as

> =’ gthe, e, hee, €)).
ij=1 (2.8)

A submanifold M of Mis said to be a totally geodesic submanifold if h(U, V) = 0,foreachU, V € TM,
and totally umbilical submanifold if h(U, V) = g(U, V)H.

ForU € TMand N € T*M we write

JU =PU + PU, (2.9)

JN =tN +fN, (2.10)

where PU and tN are tangential components of JU and JN respectively and FU and fN are the normal
components of JU and JN.

The covariant differentiation of the tensors J, P, F, t and f are defined as respectively

VyhV =V, vV -Jv,V, (2.11)
(VyP)V =V, PV -PV,V, (2.12)
(V,F)V =V,FV-FV,V, (2.13)
(V N = V tN — tV|N, (2.14)
(VPN = VN = fViN. (2.15)

Furthermore, for any U, V € TM, the tangential and normal parts of (V,J)V are denoted by P, Y and
9,Yie.

VDV =P,V +Q,V. (2.16)
Moreover, it is easy to verify the following property

(T IV = —J(T )IV). (2.17)

On using equations (2.5)-(2.13) and (2.16), we may obtain that

P,V = ,PV-A,U-thU,V), (2.18)
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Q,V = (V,F)V +hU,TY) - fhU, V). (2.19)

Similarly, for N € T*M, denoting by PyN and Q)N respectively the tangential and normal parts of
(V DN, we find that

PN = (T,N + PAU - A, U, (2.20)

QuN = (VN + h(tN,U) + FAU. (2.21)
On a submanifold M of a nearly Kaehler manifold by (2.2) and (2.16)

(@) P,V+P,U=0, (b)Q,V+Q,U=0 (2.22)

forany U, V € TM.
Now we have the following properties of 7 and Q, which can be verified very easily

P, () P, W =P,W+PW (i) Q,, W =Q,W+0Q,Z,
(P,) () Py(V + W) =P,V + P,W (ii) Qu(V + W) = Q,V +Q W,
(Py) (i) g(P,V, W) = —g(V, P,W) (ii) g(Q,V, N) = —g(V, P,N),

forallU, V, W € TMandN € T*M.

Let M be an almost Hermitian manifold with an almost complex structure J and Hermitian metric
g and let M be a submanifold of M, M is said to be CR-submanifold if there exist two orthogonal com-
plementary distributions D and D* such that D is holomorphic distribution i.e., JD € D and D* is to-
tally real distribution i.e., JD* C T*M.

If uis the invariant subspace of the normal bundle T1M, then in the case of CR-submanifold, the
normal bundle T*M can be decomposed as follows

M = u @ JD*. (2.23)

A CR-submanifold M is called CR-product if the distribution D and D* are parallel on M. In this case M
is foliated by the leaves of these distributions. In general, if N, and N, are Riemannian manifolds with
Riemannian metrics g, and g, respectively, then the product manifold (N, X N,, g) is a Riemannian
manifold with Riemannian metric g defined as

g, V) = g,dx,U, dx,V) + g,(dx,U, dx,V), (2.24)

where 7, and 7, are the projection maps of M onto N, and N,, respectively, and dr, and dr, are their
differentials.

As a generalization of the product manifold and in particular of CR-product submanifold, one can
consider warped product of manifolds which are defined as follows.

Definition 2.1 Let (B, gp) and (C, g.) be two Riemannian manifolds with Riemannian metric g; and
g respectively and y be a positive differentiable function on B. The warped product of B and C is the
Riemannian manifold (B x C, g), where

9=y +v’g.

For a warped product manifold N, x,, N,, we denote by D, and D, the distributions defined by the
vectors tangent to the leaves and fibers respectively. In other words, D, is obtained by the tangent
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vectors of N, via the horizontal lift and D, is obtained by the tangent vectors of N, via vertical lift. In
case of CR-warped product submanifolds D, and D, are replaced by D and D* respectively.

The warped product manifold (Bx C, g) is denoted by B x,, C. If U is the tangent vector field to
M=B X, Cat (p, q) then

IUII* = [ldz,UI> + v’ (p)lldz, U1 (2.25)

Bishop and O’Neill (1965) proved the following
THEOREM 2.1 LetM = B x,, C be warped product manifolds. If X, Y € TBand V, W e TC then

(i) v,y eTB

. _ _ )ﬂ

(i) v,V = Vvi(g(; g,)v' 2
(i) V,W = == V.

From above Theorem, for the warped product M = B x, C it is easy to conclude that

Y,V =V, X = (Ulny)V, (2.26)

forany X e TBand V € TC.
grady is the gradient of w and is defined as

g(grady, U) = Uy, (2.27)
forallU e T™M.

COROLLARY 2.1  On a warped product manifold M = N, x,, N,, the following statements hold

(i) N, is totally geodesicin M
(i) N, is totally umbilical in M.

In what follows, N, and N; will denote a totally real and holomorphic submanifold respectively of
an almost Hermitian manifold M.

A warped product manifold is said to be trivial if its warping function f is constant. More generally,
a trivial warped product manifold M =N, x N, is a Riemannian product N, x Ny where N is the
manifold with the Riemannian metric w®g, which is homothetic to the original metric g, of N,. For
example, a trivial CR-warped product is CR-product.

Let M be a m—dimensional Riemannian manifold with Riemannian metric g and let {e,, ..., e} be
an orthogonal basis of TM. For a smooth function y on M the Hessian of f are defined as
H"U, V) = UVy — (V V)y = g(V grady, V), (2.28)
for any U, V € TM. The Laplacian of f is defined by
m m
Ay = Z{(Veiei)y/ —eey)=— Z g(V, gradf, e). (2.29)
i=1 i=1

Itis eviedent from the above two equations that Laplacian is the negative of the Hessian. Moreover
from the integration theory on manifolds, for a compact orientable Riemannian manifold M without
boundary, we have
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JA‘VdV _o, (2.30)

M

where dV is the volume element of M (O’ Neill, 1983).

3. CR-warped product submanifolds

In this section we consider warped product of the type M = N, X, N, in a nearly Kaehler manifold,
where N, is holomorphic submanifold and N, is totally real submanifold, these warped product sub-
manifolds are called CR-warped product submanifolds. N and N, are the integral submanifolds of
the distributions D and D*.

Estimation of squared norm of second fundamental form for CR-warped product submnaifolds in
the setting of almost Hermitian manifolds has been worked out by many authors (see Al-Luhaibi
etal,, 2009; Chen, 2003; Khan et al., 2009). Our aim in this paper is to obtain a characterizing inequal-
ity for squared norm of second fundamental form for CR-warped product submanifolds in the setting
of generalized complex space form.

Now, we obtain some basic results in the following Lemma.
LEMMA 1 LetM = N; x N, be a CR-warped product submanifold of a nearly kaehler manifold M, then

(i) g(hUU, W), JW) = Ulny |W|1%,

(i) g(hU, W), W) = —JUlny |W|1%,

(i) gUhU, W), P, U) = [P, UII%,

(iv) g(hWU, W) = JhU, W), Q,,U) = 1Q,,UII%,

foranyU e TN, andW € TN,.

Proof Assume that M is a CR-warped product submanifold of a nearly Kaehler manifold. From (2.5)
and (2.16), we can write

gthQu, W), JW) = g(Q,, U, JW) +g(V,,U, W),

using part (ii) of P, and (2.26), above equation gives

g(h(JU, W), JW) = —g(U, P, JW) + Ulny | W|]%.

By use of (2.16) and (2.17) in above equation we get
g(huu, W), Jw) = Ulny | W%,

replacing U by JU, we can find part (ii).

From Gauss formula and (2.16), we have

g(Jh(U: W), PWU) = g(vaU - (VWJ)Uy PWU),

Using (2.5), (2.26), (2.11) and (2.16), the above equation yields

guhU, W), P,U) = JUlnyg(W, P,U) — [P, U)]|>.

By use of part (i) of P, and some easy calculations, the second term of above equation becomes zero
and we get the required result.
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Applying Gauss formula, (2.16) and (2.26), we obatin

g(hWu, W), Q,U) = 1Q,U)II* + Ulnyg(W, Q,,U)) + gJhU, W), Q,U),

by making use of part (ii) of P,, (2.16) and (2.3), the second term on right hand side becomes zero and
we get part (iv) of Lemma.

LEMMA 2 For a CR-warped product submanifold M = N; x,, N, of a nearly Kaehler manifold M, we have
9hu, W), Q,,U) = ~Ulny)*|W|* = ghJU, W), JhU, W)) + [lhU, W)|I?,

foranyU e TN, andW e TN, .

Proof In view of part (ii) of P, and (2.16), we have

By use of (2.11) in above equation, we have

gthyu, w), 9,,U) = g(Jhlu, W), v, U) - g(V,,hJdu, W), Ju).

On making use of (2.5), (2.26) and part (i) of Lemma 3.1, above equation reduced to

g(hUU, W), Q,,U) = —(Ulny)*IW|1*> — g(h(U, W), Jh(U, W)) + [|hQU, W)|1%,

which is the required result.

THEOREM 3.1 Let M = N; x,, N, be a CR-warped product submanifold of a nearly Kaehler manifold M,
then

AU, W)|I> + [|hQU, W)|I* = 2g(h(JU, W), Jh(U, W)) + (Ulny)* |W||*
+UIny)* [WII2 + 1P, UIIZ + 1Q, I, (3.1)

foranyU e TN;andW € TN,.

Proof Let M be a CR-warped product submanifold of a nearly Kaehler manifold, then by Gauss for-
mula we have

g(h(JU, W), Jh(U, W)) = ghU, W), ¥,,JU - V,,JU),

By use of (2.11), (2.16), parts (ii) and (iii) of Lemma 3.1, above equation yiels

IhU, W)lI* = gthU, W), Jh(U, W)) + 1P, UII*
- gUh(U, W),Q,,U) + Ulny)* [ W|1*. (3.2)
Now, further calculating the third term on right hand side as follows

g(Jh(U, W)y QWU) = Q(JVUW _JVWU: QWU)J

In view of (2.26), the above equation becomes

gUh(U, W), Q,U) = gU%,,U, 9,,U) - UlnygUw, Q,,U),
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After using part (i) of P, (2.16) and (2.17), the second term on right hand side of above equation
becomes zero. Further, on applying (2.5), (2.16) and (2.17), we get

guhU, W), 9,,U) = —[19,,UII> + g(h(U, W), Q,,U).
(3.3)

By use of Lemma 3.2 and (3.3) in (3.2), we get (3.1), this completes the proof.

Now we will prove the following theorem for CR-warped product submnaifolds of a generalized com-
plex space form.

THEOREM 3.2 Let M = N; X N, be a CR-warped product submanifold of a generalized complex space
form M(c, ), then we have

C—a

AU, W)II> + [IhJU, W)|I> = H™ (U, U) + H™ JU, JU) +
(3.4)
+ 2P, UI1% + 211Q, U1 + (Ulny)*g(W, W) + (JUlny)>g(W, W),

foranyU e TN,andW € TN,.

Proof Suppose M be a CR-warped product submanifolds of a generalized complex space form then
by (2.4), we have

C—a
2

On the other hand by Coddazi equation

R(U, JU, W, JW) = Xg(h(JU, W), JW) — g(V JW, h(JU, W)) — g(h(V,JU, W), JW)
- g(h(V,W, JU), JW) — JUg(h(U, W), JW) + g(h(U, W), ¥ ,,JW)
+g(h(V,,U, W), JW) + g(h(V , W, U), JW),

on using (2.5), (2.26), decomposition (2.16), parts (i) and (ii) of Lemma 3.1, above equation takes the
form

R, JU, W, JW) = UUlny)g(W, W) + 2(Ulny)*g(W, W) — g(h(U, W), QW)
— gth(U, W), Jh(U, W)) — Ulnyg(h(JU, W), JW)
— g(h(VJU, W), JW) — (Ulny)*g(W, W)
+JUUUIny)g(W, W) + 2JUlnyg(V ,,W, W) (3.6)
+g(hU, W), @, ,W) + g(h(U, W), Jh(JU, W))
+ JUlnyg(h(U, W), JW) + g(h(V ,U, W), JW)
— (JUlny)’g(W, W).

From part (i) of Lemma 3.1 and (2.7)

9(A,,W, JU) = Ulnyg(W, W).

Since V,U € TN;, then we can replace U by V,U as

9A,,W, JV,U) =V, UinygW, W).

Applying Gauss formula, we find

(A, W, JV,U - Jh(U, U)) = V, Ulnyg(W, W), (3.7)

On using (2.11), (2.3) and (2.26) in the following equation

Page 8 of 13



Khan & Ishan, Cogent Mathematics (2017), 4: 1306153 0.1&;' Cogent ~m ath ematics
http://dx.doi.org/10.1080/23311835.2017.1306153

g(h(U, U), JW) = -gUv,U, W),

one can conclude that h(U, U) € y, using this fact in (3.7), we get
g@A W, JV,U) = v, UlnygW, W).

By use of (2.5) and (2.3), the above expression reduced to

g, W, v, JU) =V, UlnygW, W),

or

gth(vJu, W), JW) = v, Ulnyg(W, W). (3.8)

Similarly, we can get

gh(v ,U, W), JW) = v, JUlnyg(W, W). (3.9)

Moreover, using (2.22)(b) as follows
- gthQu, W), 9, W) + g(th(U, W), 9, W) = gth(Ju, W), 9,,U)

- g(h(uy W)y QWJU);
or
- gthu, W), 9 W) + g(hU, W), 9, W) = gth(Ju, W), 9,,U)
using (2.17), it is easy to see that

- gthuu, W), 9 W) + gthU, W), 9 ,W) = g(hUU, W) - JhU, W), 9, U)

- gUhU, W), P, U). (3.10)

By making use of (3.8), (3.9), (3.10) in (3.6), we get

R, JU, W, JW) = {U(Ulny) + JUUUlny) — (V,Ulny + ¥, JUlny) | W2
+g(hyu, W) - JhU, W), Q,,U).

By parts (iii) and (iv) of Lemma 3.1, and (2.28), we have

R, JU, W, JW) = H™ U, U) + H™ JU, JU) + ||P,, U|I?
+ 19, UII> = 2g(Uh(U, W), hJU, W)). 6.11)
Applying (3.1) and (3.5) in (3.11), we get
—C‘T"‘ =H™ U, Uy + H™ U, JU) + 2|12, U2 + +2[1Q,, UII2

= IhU, W)[I> = [lh(JU, WII* + (Ulny *[|W]|? + JUlny)? | W12,
which is the required result.

Note 1. If for the CR-warped product submanifolds M = N, X N, the ambient manifold is com-
plex space form M(c),thena = 0and ? = Q = 0.

In view of Note 3.1 we have the following Corollary.

CoroLLARY 3.1 LetM =N, x N, be a CR-warped product submanifold of a complex space form M),
then we have
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I, WII? + 1hQU, W) = H™ U, U) + H™ U, JU) + 5

+ {(Ulny)? + JUlny ) g(W, W).
Let {e;, e, ..., €, Je,, Je,, ..., Jep, el, e?, ..., e%) be an orthonormal frame of TM such that
{e1, €y .08, Je,, Je,, ...,Jep} are tangential to TN; and {e!, €%, ..., €9} are tangential to TN,.

Moreover assume that {Je!, Je?, ..., Je?} and {N,;, N,, ..., N,,} are tangential to JN, and u
respectively.

Finally, we will prove the main theorem.

THEOREM 3.3 LetM =N; x N, be a compact orientable CR-warped product submanifold of a general-
ized complex space form M(c, ). Then M is CR-product if the following inequality holds

Ilh, (D, DY)II* > =5-=p.q + 2| Pp:DII” + 211Q,.DI,
where 2p and q are the real dimensions of N, and N .

Proof By the definition of Laplacian of Iny
P p
~Alny = )" g(V, gradiny, e) + ' g(V,, gradiny, Je))
i=1 i=1
q .
+ Z g(V gradiny, €).
j=1

Here we consider V be a Levi-Civita connection, N; is totally geodesic in M. Hence gradlny € TN;,
then by Equations (2.26) and (2.27) the previous equation reduced to

p p
—Alny = 2 g(v, gradiny, e,) + Z g(v,, gradiny, Je,)

i=1 i=1
q
+ Y g(gradiny, gradiny)g(€, &),
j=1

or

p
~Alny = ) (H™ (e, e) +H"™ (Je,, Je)) + qligradiny|1*.

i=1

(3.12)
In (3.4) using local frame of vector fields on N; and N, and summing both sidesoveri=1, 2, ..., p
and j=1, 2, ..., q,we have
P q _ ) p
Y Ylihee, N* + lIhde, e)lP) = Y (H™ (e, &)+ H™ (Je;, Je)}q
i=1 j=1 i=1
C—a :
+=52p.q+q ) (e lny)” + (Jelny)’ }IW|)°
i=1 (3.13)

q
Y IPgell? + Qg€

=1

DM

+2

1l
-

i

Furthermore, we can write the second fundamental form h as follows
. q . zr .
hee,, €) = 2 g(hce,, ), Je*)Je* + Z g(hce,, €),N)N,,
k=1 t=1
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foreachl <i < pand1 <j < g.Taking the inner product of the above equation with h(e;, &) we get

2r

p q
lihe,, e)II° = Z Z ghe,, &), Je*y + 3 3" 3 gihce, &), N,

i=1 j,k=1 i=1 j=1 t=1

M'U
M-

Il
-
Il
ey
-~

i=1 j

then making use of part (ii) of Lemma 3.1, the last equation takes the form

q ) p p q )
D, 2 llhtey, e)li* = q Y Jeilny)* + 3 3 llh,(e;, e)l”. (3.14)

j=1 i=1 i=1 j=1

I ©
,_.I"I
..

—.

Similarly, we can get

p q
Ihie,, &)l* = q Z(e Iny)* + . > lIh,Je, )%, (3.15)

i=1 i=1 j=1

M'u
M-

]
-
—.
]
-

By use of (3.12), (3.14) and (3.15) in (3.13), we have

™~
M-

Il
-
-
Il
iy

(lh (e, )II* + lIh, e, e)I?) = (~Alny — gligradiny||*)q + —pq
b g (3.16)
+2 ) Y Pgell’ + 119 ).

i=1 j=1

Now, we use the following notations

p q ) )
llh, @, DHII* = Y dllh (e, eNl* +1lh,Je;, e,

i=1 j=1

P q
IP5:DI” + 1125:D1* = Y D (IPe;ll* + 10117

i=1 j=1
In view of above notations, (3.16) can be written as

—-a

—qalny = [Ih, (D, DY) + g ligradiny[* - <= %p.q

(3.17)
- 2||P,.DII* - 2[1Q,.DI*.

From (2.30), we can conclude that

[ h, @, 0912 + ¢ graciny1? - €5%p.q
M (3.18)

—2||P,.D|I* - 2]|Q,.D[I»)}dV = 0.

Here, if

llh,(0,DY1* > ===p.q + 2||P,.D|* + 21Q,.DII%,

(3.18) and above inequality implies that ||gradlny || = O i.e. wis constant, since q # O, which proves
the Theorem completely.

Now, we have some consequences of above findings as follows.

COROLLARY 3.2 Let M=N;x;N, be a compact orientable CR-warped product submanifold of a
complex space form M(c). Then M is CR-product if the following inequality holds
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c-p-q
2 )

lIh, (D, DY)||* >

where 2p and q are the real dimensions of N, and N .

COROLLARY 3.3 Let M=N;x;N, be a compact orientable CR-warped product submanifold of a
generalized complex space form M(c, a). Then M is CR-product if and only if

C—a
llh, @, DY)I* = =5=p.q+ 2IP,: DII* + 219, DII*.

(3.19)

Proof Assume that M is compact CR-warped product submanifold of a generalized complex space
form M(c, «) satisfying (3.19), then from (3.18) y is constant i.e. M is CR-product.

Conversely, if M is CR-product, i.e. f is constant, then from part (i) of Lemma 3.1 one can conclude
hU,W) € uforallU € TN, and W € TN, . Hence, it is easy to see that (3.19) holds.

COROLLARY 3.4 Let M=N;x;N, be a compact orientable CR-warped product submanifold of a
complex space form M(c). Then M is CR-product if and only if

2_ SPq
lIh, (D, DH|I* = -5
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