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1. Introduction

Ageing phenomena occur widely in physics: glasses, granular systems or phase-
ordering kinetics are just a few examples, see e.g. [5, 9, 23, 24] for reviews. Ageing
phenomena may typically arise in the presence of two competing, globally equiv-
alent, steady-states: except for very particular initial preparations, the physical
system does not relax to any of these; rather there appear ordered domains which
grow in size with time and which are separated by fluctuating boundaries.* A con-
venient way to describe this sort of system is through a Langevin equation, which
might schematically be written as

2MOp = —(;—Z + 1, (1.1)
where ¢ = ¢(t,r) stands for the physical order-parameter (here assumed to be non-
conserved), F is the Ginzburg-Landau functional, the “mass” M plays the role
of a kinetic coefficient and n describes a Gaussian, delta-correlated noise. While it
is well-accepted [5] that systems of this kind should display some sort of dynami-
cal scaling when brought into the situation sketched above, the question has been
raised whether their non-equilibrium dynamics might possess more symmetries than
merely scale-invariance [19]. At first sight, the noisy terms in the Langevin equa-
tion (1.1) might appear to exclude any nontrivial answer. However, a more refined
answer is possible. One may consider (1.1) as the classical equation of motion of an
associated field-theory, whose action reads

S[¢, ¢ = Solo, 8] + Su[d], (1.2)

where qNS is the response-field associated to the order-parameter field ¢. Here, the

“noise” as described by the random force n only enters into the second term Sp|[¢].
In many cases, the so-called “noise-less” part Sy takes a free-field form

Sold, 3] = / Atdrd(2Md; — A)o, (1.3)

which has the important property of being Galilei-invariant. If that is the case,
the Bargman superselection rules coming from the Galilei-invariance of Sy allow
one to show that all n-point correlation and response functions of the theory can
be expressed in terms of certain (n + 2)-point correlation function of an effective
deterministic theory whose action is simply Sp [30]. This result does not depend
on Sy being a free-field action but merely on its Galilei-invariance [3]. In order to
study the properties of the stochastic Langevin equation (1.1), it is hence sufficient

2A typical experimental method to achieve this is to prepare a system in a disordered “high-
temperature” initial state and then to “quench” it by lowering very rapidly the temperature
below the critical temperature T¢ such that ergodicity is broken and several distinct steady-states
appear.
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(a) (b) (©) (d)

Fig. 1. (a) Root diagram of the complex Lie algebra By and the identification of the generators
(1.4) of the complexified conformal Lie algebra (confs)c D (schy)c. The double circle in the center
denotes the Cartan subalgebra. The generators belonging to the three non-isomorphic parabolic
subalgebras [20] are indicated by the full points, namely (b) schy, (c¢) age; and (d) alt;.

to concentrate on the properties of its deterministic part (where 7 is dropped) which
reduces the problem to the study of those dynamical symmetries of nonlinear partial
differential equations which extend dynamical scaling. For a systematic exposition,
with many explicit tests, see [24]. The symmetry properties of the deterministic
part of this kind of problems will be studied in this paper.

In the context of phase-ordering kinetics, the Schrodinger algebra sch; [29] has
played an important role.” In what follows we shall restrict to one space dimension
and we recall in Fig. 1 through a root diagram the definition of gcvbl as a parabolic
subalgebra of the conformal algebra confs [6, 20]. The inclusion sch; C (confs)c
can be realized by considering the “mass” M as an additional coordinate. It is
convenient to perform a Fourier-Laplace transform with respect to M, with the
dual coordinate ¢. Then the generators of (conf;)c read explicitly

X_ 1 =-0, Y 1= -0, My= 18@ Y% = —t0, + iT@C,
1 x i
Xo = —t0; — =10, — =, X1 = —t20; — tro, + =r?0; — xt
0 O 27"8 5 1 O 7"18 + 27" aC xt, (14)
N = —td +C0;, W =—(?0; — (rd, — 57‘28,5 — x(,

Vo = —(0r — 10, Vi = —2trd; —2(rd; — (r* + 2it)d, — 2,

and the correspondence with the root vectors is illustrated in Fig. 1(a).
The complete list of non-isomorphic parabolic subalgebras of (confs)c is as fol-
lows [20]:

2,é7M0aN>7
6521 = <X0,17Y—%,%7M07N>7 (15)
alty = (D, X1,Y_; 3, Mo, N, V5.)

ﬁﬁh =(X_1,01,Y_1

PWhile in the literature it is usually stated that the Lie algebra sch; was first written down by Lie
[27], its elements already occur almost 40 years earlier in Jacobi’s lectures on analytical mechanics
[26].
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and these definitions are illustrated in Fig. 1(b)—(d). Here we used the generator D
of the full dilatations®

D:=2Xy—N = —t0 —r0, — (0¢ — x. (1.6)

For applications to non-equilibrium physics, it is of interest to consider as well the
corresponding “almost-parabolic subalgebras’ without the generator N [32], namely

schl = <X—1,0,17Yj:%7M0>7
age,; = <X0,17Yj:%7M0>7 (17)
alt; = <D7X1aYi%7M0aV+>~

We shall show in Sec. 2.1 that alt; is isomorphic to the Poincaré algebra ps (well-
known from relativistic field-theory) through a non-conventional realization of the
latter; a correspondence which at first thought might appear surprising.

While the explicit representation (1.4) concerns the linear free Schrédinger equa-
tion S¢ = 0, with & = 2MyX_; — Y'2,, Schrédinger-invariance can also be proven
for semilinear Schrodinger equations of the form

S¢ = gF(6,9), (1.8)

where ¢ is a dimensionful coupling constant, hence it transforms under the action of
scaling or conformal transformations. The corresponding representations have been
explicitly derived in the case of a variable mass for (confs)c [32] and its subalgebras
and for a fixed mass for sch; and for age; [3], from which the form of the potential
F in (1.8) can be deduced. Supersymmetric extensions of the Schrodinger algebra
are discussed in [21].

While these examples and others already illustrate the intensive study of the
Schrodinger algebra and of its subalgebras [4], the other nontrivial subalgebra alt
has so far received much less attention.? One of the few results established so far
concerns the non-relativistic limit of the conformal algebra (confs)c. For a dynam-
ical mass, that is the dynamical symmetry algebra of the massive Klein—-Gordon
equation

For o o
and the non-relativistic limit is obtained by letting the speed of light ¢ — oc.
Contrary to widely held beliefs (which go back at least to [2]), it turned out that

(1 » 20 2—/\/l2c2)<;sM(t,r)=0 (1.9)

¢In physics, if one considers the spacetime rescaling t — A?t, r — Ar with constant A, the quantity
z is called dynamical exponent. Integrating the infinitesimal dilatation generator Xo in (1.4), one
finds z = 2, whereas the dilatation generator D in (1.6) gives z = 1.

dThis algebra had been identified first in [17], under the name of “conformal Galilean algebra”
CGA(1). In recent years, especially string theorists have pursued the study of its representations,
often in the context of variants of the AdS/CFT correspondence. It can be shown that sch; and
alt; are essentially the only possible distinct non-relativistic limits of the conformal algebra, for
light-like and time-like geodesics, respectively [10].
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in this limit (confs)c — alt; 2 sch; and furthermore this is not a group contraction
[20]. In this paper, we study the Lie structure of alt;, give matrix as well as dual
representations, characterize Appell systems in connection with coherent states and
Leibniz function. The organization of the paper is as follows: Sec. 2 concerns the
Lie structure of alt; where in particular we study infinite-dimensional extensions
and also discuss applications to the computation of covariant two-point functions.
Casimir operators and matrix representations are provided in Sec. 3. Section 4
focuses on Cartan decomposition and dual representations. A smooth introduction
to Wick products and Appell polynomials is given in Sec. 5. Appell systems of alt
are characterized in Sec. 6. Calculations concerning coherent states and Leibniz
function are contained in Sec. 7 and we conclude in Sec. 8. Some of our results were
announced earlier [22].

2. A Brief Perspective on the Algebra alt;

We shall take in this section a closer look at the abstract Lie algebra alt; and its
representations; we shall also see that, like the algebra sch,, it can be embedded
naturally in an infinite-dimensional Lie algebra ¥/ which is an extension of the
algebra Vect(S?) of vector fields on the circle. Quite strikingly, we shall find on our
way a “no-go theorem” that proves the impossibility of a conventional extension of
the embedding alt; C conf; on the one hand, and a surprisingly simple geometric
interpretation of W that hints at a possible connection with sv.

2.1. The abstract Lie algebra alty
Elementary computations make it clear that
alty :<V+aDaY—%> X <X17Y%aMO> =g b, (21)

is a semi-direct product of g = s[(2,R) by a three-dimensional commutative Lie
algebra b; the vector space b is the irreducible spin-1 real representation of s[(2,R),
which can be identified with s[(2,R) itself with the adjoint action. So one has the
following

Proposition 2.1. The following Lie algebra isomorphisms hold true. First,

R
alt; 2 sl(2,R) ® % (2:2)
where € is a “Grassmann” variable. Second,
alty = ps, (23)

where p3 = 50(2,1) x R? is the relativistic Poincaré algebra in (2 + 1) dimensions.

Proof. We shall establish the first isomorphism explicitly. Take a basis
(L1, Lo, L_1) of s[(2,R) such that

[Lo,L1] = —L1, [Lo,L_1]=L_y, [L1,L_1]=2Ly.
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These generators may be written in terms of the anticommuting Pauli matrices
(02,0y,0.) as follows Ly = (0, +i0y)/2,Log = —0./2 and L_; = —(0, — ioy)/2.
Then let

Lf = Li®€

(1t = —1,0,1) where ¢ is a Grassmann variable. Then the linear map ®:alt; —
sl(2,R) ® R[e]/e? defined by

(I)(V+) = L17 (I)(D) - LO, (I)(Yfé) = L—la
1
(X)) = 5Li, (V) =Lj @(Mo)= L%,

is a Lie isomorphism.
The second relation is obvious from the Lie isomorphism s0(2,1) 2 s((2,R).
O

~

In particular, the representations of alt; = ps are well-known since Wigner
studied them in the ’30s.

2.2. Central extensions: an introduction

Consider any Lie algebra g and an antisymmetric real two-form a on g. Suppose that
its Lie bracket [, ] can be “deformed” into a new Lie bracket [, ] on g := g x RK,

—~—

where [K,g] = 0, by putting [(X,0), (Y,0)] = ([X,Y],a(X,Y)). Then g is called
a central extension of g. The Jacobi identity is equivalent with the nullity of the
totally antisymmetric three-form da: A3(g) — R defined by

da(X,Y, Z) = o([X, Y], Z) + ([Y, Z], X) + ([Z, X],Y). (2.4)

Now we say that two central extensions g1, go of g defined by «aq, as are equivalent
if go can be obtained from gy by substituting (X,c) — (X,c+ AMX)) (X € g)
for a certain one-form \ € g*, that is, by changing the non-intrinsic embedding
of g into g1. In other words, a; and as are equivalent if as — a3 = d\, where
dA(X,Y) = (A [X,Y]). The operator d can be made into the differential of a
complex (called Chevalley—Eilenberg complex), and the preceding considerations
make it clear that the classes of equivalence of central extensions of g make up a
vector space H%(g) = Z?(g)/B?(g), where Z? is the space of cocycles a € A?(g*)
verifying da = 0, and B? is the space of coboundaries d\, X € g*.
Let us see how this applies to alt;.

Proposition 2.2. The Lie algebra alty has no nontrivial central extension:
H2(a[t1) =0.

Proof. Of course, this is a consequence of the fact that Poincaré algebras have
no nontrivial central extensions, but let us give a proof in this simple example to
see how computations work. Note that ad L acts diagonally on the generators
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(L;) and (L5) (i = —1,0,1), defining a (—1,0, 1)-valued graduation ¢ on alt;. It is
then well known that « is cohomologous to a cocycle o such that o/(Z;, Z;) = 0
if Z;, Z; are homogeneous generators such that §(Z;) + d(Z;) # 0 (see for instance
[16], Chap. 4), so we may just as well assume this is already the case for . Then
« is defined by

a:=a(Li,L_y), o =a(Llf, L),
b:=a(Li,L%,), b :=a(Lli,L_1), c:=a(Le,Lj).

The nontrivial Jacobi identities
0=do(L1,L_1,L5) =2c+b—0°, 0=doa(L],L_1,L5) =a",
0=da(Ly,L,,L5) =a®, 0=da(L],L_1,Lo) =—2c

give ¢ = a® = 0 and b = b®. But the central extension « is then trivial: it is killed
by substituting Lo — Lo + 2aK, Lj — L§ + 20K. O

A new situation arises upon embedding alt; into an infinite-dimensional Lie
algebra.

Remark 2.1. In d = 2 spatial dimensions, a so-called ‘exotic’ central extension
exists for the algebra alty [28].

2.3. Infinite-dimensional extension of alty

The Lie algebra Vect(S1) of vector fields on the circle has a long story in math-
ematical physics. It was discovered by Virasoro in 1970 [34, 8] that Vect(S!) has
a one-parameter family of central extensions which yield the so-called Virasoro
algebra

vit := Vect(S1) @ RK = (L )nez, K) (2.5)

with Lie brackets (¢ € R is a parameter and is called the central charge)
[K,L] =0, [Lp, L] =(n—m)Loym+ 5n+m70%n(n2 ~1K. (2.6)
When ¢ = 0, one retrieves Vect(S!) by identifying the (L,,) with the usual Fourier
basis (e"?d),cz of periodic vector fields on [0,27], or with Ly, — £, := —z"+1 L

with z := €. Note, in particular, that (L_1, Lo, L;) is isomorphic to s[(2,R), with
Lie brackets given in Sec. 2.1, and that the Virasoro cocycle restricted to sl(2,R)
is 0, as should be (since s[(2,R) has no nontrivial central extensions).

The Schrodinger algebra sch; can be embedded into the infinite-dimensional
Lie algebra sv (introduced in 1994, [18]) which is spanned by the generators
(Lp, Y, My,), with nonvanishing commutators

[Ln,Ly] = (n—p)Lntp, [Ln,Ym] = (n/2—m)Ynim,

2.7
[LnaMp] = _pMn—O—pa [YmaYm’] = (m - ml)Mm+m’ ( )

with n,p € Z and m,m’ € Z + 3. Note that sv is a semi-direct product of Vect(S*)
with an infinite-dimensional nilpotent Lie algebra. Its mathematical structure is

1250006-7
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analyzed in detail in [31, 33] and supersymmetric extensions are discussed in [21].
There is only one class of central extensions of sv, given by the extension by zero
of the Virasoro cocycle [18].

An analogous embedding holds for alt;, namely alt; = 5[(2,R) ® R[g]/e? can be
embedded into the Lie algebra

R
W = VeCt(Sl) ® 6— — <Ln>n€Z X <Li>n627 (28)
with Lie bracket
[an Lm] = (n - m)Ln+m7 [Lm Lfn] = (n - m)LfL—‘rm? [Liw Lfn} =0. (2‘9)

These brackets come out naturally when one puts W in the 2 x 2-matrix form

ly, 0 . 0 4,
L, — (O gn), L — (O O) (2.10)

leading to straightforward generalizations (see, in particular, [31, 33] for a defor-
mation of sv that can be represented as upper-triangular 3 x 3 Virasoro matrices
instead).

In terms of the standard representations of Vect(S!) as modules of a-densities
Fo = {u(z)(dz)*} with the action

d

FE) g w2)(d2)?) = (fu' + af'u)(2)(d2)", (2.11)

we have

Proposition 2.3.

W 2 Vect(Sh) x F_i. (2.12)

Proof. Immediate from the obvious isomorphism of Vect(S') (with the adjoint
action) with the Vect(S')-module F_;. m|

It can be easily shown that WV has two linearly independent central extensions:

e the natural extension to W of the Virasoro cocycle on Vect(S!), namely [, | = m

except for [Ly, L_,] = n(n? — 1)K + 2nL. In other words, Vect(S?1) is centrally
extended, but its action on F_; remains unchanged.

e the cocycle w which is zero on A?(Vect(S')) and A%(F_;), and defined on
Vect(S!) x F_1 by

W(Ln, LE,)) = Spymon(n® —1)K®. (2.13)

The independence of these two central charges is nicely illustrated through the
following example: consider the generators V,, and V,! (n € Z) of two commuting
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Virasoro algebras with central charges ¢ and ¢’. Then identify

V, +V! 0 . (0 V,
L"H< 0 %ﬁ%ﬁ) L"H<o o)

(2.14)
1 0 . 0 1
Kl—)(o 1>7 K |—><O O)
and the nonvanishing commutators become
c+c
[Ln7 Lm] = (’I’L — m)Ln+m + 12 (n3 — n)§n+m,0K7
. (2.15)
[Ln, L2 = (n —m)L5 ., + —(n® — )0 im0 K°.

n+m 12

A natural related question is: can one deform the extension of Vect(S!) by the
Vect(St)-module F_1? The answer is: no, thanks to the triviality of the cohomology
space H?(Vect(S), F_1) (see [15] or [16]). In other words, any Lie algebra structure
[, ] on the vector space Vect(S!) & F_1 such that

[(X7 ¢)7 (}/7 1[))} = ([Xv Y}Vect(S1)7 aJd\/'ect(Sl))("(/} - adVect(Sl)Y¢ + B(X7 Y)) (216)

(B antisymmetric two-form on Vect(S?)) is isomorphic to the Lie structure of W.
So one may say that W and its central extensions are natural objects to look at.

2.4. Some results on representations of W
We shall give in this subsection several results, the second of which certainly

deserves deeper thoughts and will be developed in the future.

Proposition 2.4. (“no-go theorem”) There is no way to extend the usual repre-
sentation of alty as conformal vector fields into an embedding of W into the Lie
algebra of vector fields on R3.

Proof. Put L = f0; + g0r + hO; where f = f(t,r,(),g = g(t,r,(),h = h(t,r,()
are yet undetermined functions. We use the explicit forms of the generators of alt;.
Then the relations

[L5,L_1) =3L5, [L5,L%4] =0, [L5Lj =0

give respectively

onf = —6t2, 0.9 = —6tr, O.h = 3ir?, (2.17)
Ocf =0¢g=0ch =0, (2.18)
o-f=0, [f=tro.g, ig+td.-h=0. (2.19)
But (2.17) and (2.19) are incompatible. m|

The following proposition hints at quite unexpected connections between contact
structures in R3, the Lie algebra sv and the Lie algebra V. Recall that a contact

1250006-9



Confluentes Math. 2012.04. Downloaded from www.worl dscientific.com
by 54.204.77.23 on 11/08/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

M. Henkel et al.

form « on a three-dimensional manifold V is a one-form on V such that da A « is
a non-degenerate volume form.

Proposition 2.5. Let a be the complez-valued contact form on R? defined by
a(t,r,¢) = rdr — 2i{dt. Then the Lie algebra of vector fields X (t,r, ) such that:

(i) Lxa is proportional to «, i.e. Lxa = fa for a certain function f = f(t,r,();
(ii) [X,90:] =0, i.e. components of X do not depend on (;
(iii) Lxdt is proportional to dt, so that X is tangent to each leaf t = constant is
generated by L,,, LS, n € Z, with

1 :
L, = —t"t1o, — E(n + D)t"ro, + i(n + Dnt" " 1r?9, — %(n + 1)t
L (2.20)
L;, = —t"t1-9, + %(n +1)t" 9.
r

The Lie algebra (L, L%) is isomorphic to W, with commutators given by formula
(2.9) in Sec. 2.3.

The attentive reader will have noted that L,, = X,, and L5 = 1Y, 1 [20].

[N

Proposition 2.6. The infinite-dimensional extension W of the algebra alty is a
contraction of a pair of commuting loop algebras Vect(S*) & Vect(St) — W. In
particular, we have the explicit differential operator representation

Ly, = —t""19, — (n + 1)t"rd, — (n + D)at™ — n(n + 1)yt" 1r,
(2.21)
LE = —t" 19, — (n+ 1)yt

where x and v are parameters and n € 7.

Proof. Let ¢, and ¢, be the generators of the two commuting loop algebras

Vect(S') and Vect(S!). Obviously, the generators X,, := ¢, + £, and Y;, := al,
satisfy the commutation relations

(X0, Ximn] = (n—m) X, [Xn, Yool = (0 — m) Yo, [Ya, Y| = a(n — m)Yoim

which in the limit ¢ — 0 reduces to (2.9). A differential-operator representation of
the X,, and Y, is given in case (iii) of Table 1 of [19] and L, = lim,_0 X, and
L: = lim,_, Y, which yields the form (2.21). m|

One of the possible applications of these generators is the calculation of multi-
point correlation functions of many-body systems. One says that the n-point cor-
relator F,, := (®q---®,) of so-called quasi-primary fields ®; is covariant under
the action of the generators (X;);c; of a Lie algebra if X;F,, = 0 for all i € 1.
We apply this idea to the two-point correlators covariant under alt;. The standard
representation (1.4) refers to the coordinates ¢, ¢, and the quasi-primary field will
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be denoted by ¥ = ¥((,t,r) and is assumed to have a scaling dimension x. The
two-point function reads [20]

t1>(752$1)/2

<1/)1(C1,t1ﬂ“1)1/)2(§27t27r2)> = (tl _ tz)f(a:1+w2)/2 <t2

i (7"1 — 7“2)2
X — — = 2.22
f(Cl G2t 3 PR— ), (2.22)
where f is an arbitrary function. Similarly, imposing covariance under the repre-
sentation (2.20) leads to

ir? —r3

(W1 (Ciyt1,7m1)02(Cost2, 72)) = Ogy 2, (t1 —t2) ™2 f <C1 + G+ 57;7

— ) (2.23)

where again f is an arbitrary function. It is evident that these two representations
will describe quite distinct physical systems.

Furthermore, instead to working with the variable (, it is from a physical point
of view more natural to consider the Fourier-transform of the field ¢ with respect
to ¢ and to define [20]

B(t, 1) = dp(t,r) := \/%/RdCe_iMcw(C,t,r). (2.24)

Then the quasiprimary fields ¢ are characterized by M and their scaling dimension.
We find the following two-point correlation functions

o for the standard representation we find from (2.22) [20]

(z2—w1)/2
(P1(t1,71)05(t2,m2)) = P (My — M2)O(t1 — t2) (-1)

to
)2
% (t1 — to)~(@1F22)/2 oy [_&M] : (2.25)
2ty —te

where O(t) is the Heaviside function and ¢y a normalization constant.
e for the representation (2.20), we find from (2.23)

(B1(t1,71)P2(t2,m2)) = P00sy 206 (M1 — Ma)(t1 —t2)™ "

My 12 —r2
X oxp [_;g

2.26
2t —t ( )

e finally, for the representation (2.21), the quasiprimary field ¢(¢,r) is characterized
by its scaling dimension = and the extra parameter v. One has [19]

L —Tr2
th — to

(D1(t1,71)P2(t2,72)) = G002y ,200~: 42 (t1 — t2) " exp {—271 ] . (2.27)

Clearly, the form of these two-point correlators, notably their invariance under time-
or space-translations, are different.
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3. Casimir Operators and Matrix Representations for alt;

From now on, we consider the finite-dimensional representations of alt;. We shall
use the following notational conventions (see Sec. 2.1):

e 5[(2,R) is spanned by X11, X.
e The commutative algebra h is spanned by Y11, Yj.

The nonzero commutators of alt; are:
(Xn, Xm]=n—m)Xpim, [Xn,Ym]=0m—m)Yoirm; n,me{£1,0}. (3.1)

In the notation of Sec. 2, X,, = L,, and Y,, = L5,

3.1. Casimir operators

The construction of such operators is important, because in the vector-field rep-
resentation they correspond to the invariant differential operators. Looking for
second-order differential operator we write:

S = ainin + b”XlYJ + Cij)/i)/j + d1X1 + 61)/1 (32)

Here the sum over repeated index is understood and 7,5 € {£1,0}. From the
conditions [S, X;] = [S,Y:] = 0 the coeflicients a,b, ¢, d, e can be determined. The
result is the following:

S = AS, + S1, A = cste.

So = X_1Y1 + X1V 1 — 2X,Y0 (3.3)

Sy =Y 1Y) - Y{

The calculation for different representations gives the results:
e In the physical representation (1.4)
S = —t2(2i0:0; + 92) — it(2x — 1)d, (3.4)

which for the canonical scaling dimension of the wave function z = % reduces to
the usual Schrodinger-operator in dynamical-mass representation, see [20, 32].
e In the representation (2.20)

S =i (g - 1) dc — iag. (3.5)

The inverse Fourier transformation with respect to ¢ of the wave function leads
to a constant.
e Finally for the representation (2.21) this operator is again constant.
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This confirms the statement that the “fixed mass” or projective representation of
alt; characterizes the wave function with its scaling dimension x and the constant
v instead of mass (the mass generator drops out).®

Remark 3.1. In fact, when consider d spacial dimensions that is a representation
of alty, the compatibility with rotations require this constant v to be a vector [7]

Y—=7=01--7d)

3.2. Matrix representations

The adjoint representation can be obtained directly from the commutators
([, ms] = Cfﬂ?k) in the following 6 x 6-matrix form

0000 -1 0 00010 0
0000 0 —2 00000 0
loooo o o 00000 —1
Y =~ = Y, = cF. =
"% 1o 000 0o of "% |ooo0oo0o0 ol
0000 0 0 00000 0
0000 0 0 00000 0
(3.6)
000000 0 0 00 0 0
000020 0 -1 00 0 0
00000 1 0 0 -20 0 0
Y, = cF = X . =cF =
=% "o 000 0 o0f T4l 0 00 0o ol
000000 0 0 00 -1 0
000000 0 0 00 0 —2
(3.7)
10 000 0 020000
00 000 0 001000
00 -1 00 0 000000
=% Tloo0 o010 ol “TT%T|o o000 2 0
00 000 0 00000 1
00 000 —1 000000
(3.8)

¢If one admits values z # 1,2 for the dynamical exponent, there are no representations of alt; in
terms of local differential operators. However, for generic values of z, nonlocal representations in
terms for fractional differential operators can be constructed, which can be shown to close on the
solution space of an appropriate linear PDE of fractional order [25].
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An embedding into su(4) can be obtained by taking the six-dimensional restric-
tion of the algebra WV and writing the generators in its Pauli-matrix form

00 00 00 -1 0
00 —1 0 1{o o o1
=100 ool ™ 3loo ool (3.9)
00 00 00 0 0
00 0 1 00 00
000 0 10 0 0
n=lo o000l oo ool (3.10)
00 0 0 00 —1 0
10 00 010 0
1l o1 00 00 0 0
Xo=31 00 -1 0 ® {0001 (3.11)
00 01 000 0

4. Cartan Decomposition and Dual Representations

It is clear, from the commutation relations, that alt; has the following Cartan
decomposition:

alty :P@’C@ﬁz{Yth}@{Yo,Xo}@{Yfl,Xfl} (4.1)

and there is a one-to-one correspondence between the subalgebras P and L.

The typical element X of the algebra alt; is given by X = E?:l a;n; where
{ni},i =1,...,6 is a basis of alt;. The {a;},i = 1,...,6 are called coordinates of
the first kind. The matrix form is:

(%] Q3

- Q2 —— aq

2 o 2 s

—ag — —as -

X = 2 a2 (4.2)

0 0 —_ (6%}
2 o
0 0 —ag -5

The group element (near to identity) can be expressed as:

exp(a;n;) = g({Ai}) = exp(Aim) - - - exp(Ag7e)- (4.3)

The A;,i = 1,...,6 are called coordinates of the second kind. Here the following
correspondence is made 171 = Y1,1m2 = X1,m3 = Yo, 0 = Xo,m5 = Y_o1,m6 = X_1.
Next, consider the one-parameter subgroup generated by X, e*¥, the coordinates o
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scale by factor s, while the coordinates A become functions of the single parameter
s. Consequently one can write

9(A(s)) = e*¥. (4.4)
Evaluating at s = 1 gives the coordinate transformation A = A(«), while taking

derivatives with respect to A; gives

Xg = Z edim .. eAi—lni—lAinieAini oL eAene — A#aug (4.5)
7

with 9, = 9/0A,,; the dot denotes differentiation with respect to s. Further consid-
erations show that the coordinates A contain the complete information about the
Lie algebra structure.

We can calculate

1-— A2A6€A4 A2€A4 A A
1 1
s | —Aget At (A5 + zAzAg)e™ - Aze
g{A}) = e ¢ ¢ (As + 3 Asdo)e™  SAse™ | )
0 O 1— A2A6€A4 A2€A4
0 0 —Ages eAa
where

1 1 . 1
A=— <A2A5 + §A2A3A6 + A1A6) €A4 - 5143, A= <§A2A3 + Al) €A4.

From (4.6) the second kind coordinates can be given in terms of the elements of
the matrix representation of the group (and conversely):

2
Alzgﬁ_gmg”‘ A2:gﬁ, Ag = 924,

922 (932) 7 922 922 (4.7)
923 924921 921 '
Ay =2Inge, As=-""-"F%, Asg=-".
922 (932) 922
The multiplication by basis elements 7, g — g7, acting on the universal enveloping

e

algebra with basis [n] = n™ = n{"* - ng
n*, acting on function of A (action commutes with multiplication by group element
on the left, so n acts on the right), given in terms of pi-matrix 7} = 7, (A)0,.
Similarly, multiplication on the left gives right-invariant vector fields 77ii = Trfﬂ (A)0,.

The dual representations are defined as realization of the Lie algebra as vec-

tor fields in terms of coordinates of the second kind acting on the left or right

are realized as left-invariant vector fields

respectively

ig(A) = 7, (A)9u9(A),  g(A)n; = 7,(A)d,9(A). (4.8)

in
The connection between left and right dual representations is given by the following
splitting lemma

Lemma 4.1.

A = oy, (A) = O‘Mﬂ—ik

(4) (4.9)
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with initial values Ax(0) = 0,7*(0) = 7(0) = I is gathered from [1, 12, 13].

For our case we find

1 0 0 0 0 0
0 1 0 0 0 0
; 0 0 1 0 0 0
=1 4 -4, 0 1 0 o | (4.10)
A2 0 24, 0 e As 0
241 A5 A% —2A; —2A4, —Agei‘A4 e~ A
o
02
: %
= —A181 — Agag — 34 ) (4'11)
A%@l —2A503 + €7A484
2A1A501 + A%ag — 2A1(93 — 24504 — A36_A4a5 — 6_A486
e As 0 24 0 A2 0
—Agei‘A4 e A4 —2A5 —2A4¢ 2A5A46 A%
. 0 0 1 0 —Ag 0
~=1 o 0 0 1 Ay Al (4.12)
0 0 0 0 1 0
0 0 0 0 0 1
€_A4(91 — 2A6(93 + A%85
—A36_A481 + 6_A482 — 2A503 — 2A604 + 2A5A605 + A%(?G
03 — AgOs
* = . 4.13
K 04 — Asds — Agds (4.13)
05
06

The last representation leads to the physical case (2.21) from [19] if A5 —
—r, Ag — —t and one supposes the action of the vector fields on the functions in
the form e~ 74se=244 f( A5, Ag).

5. Wick Products and Appell Polynomials

Appell polynomials share many properties with Wick products. In physical litera-
ture, the term Wick product is even more popular. The aim of this section is to
provide a “smooth” introduction to Appell polynomials through Wick products.
The following presentation is gathered from [1].
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Let X1, Xo,... be random variables. The Wick powers are defined inductively
on k as follows. Start with (X7, Xo,...,Xj) = 1 for £ = 0. Then for any k£ > 0,
(X1, Xo,..., X)) is defined recursively for k = 1,2,..., by

B(X1,Xa,..., X)) =0 (5.1)

and
X1, Xoy ..o, Xi)
0X;
where E means expectation (or mean) and X, denotes the absence of the X; vari-
able.

= (X1, X1, X5, Xig1, -, X, (5.2)

Example 5.1. The first two Wick products are
(X1) = X1 — EX;q,

5.3
(X1,X0) = X1 Xy — X1EXe — XoEXy +2EX 1 EXs — EX 1 X, (5:3)
The Appell polynomials P, (x) are then defined by
Px (X)) =P, (X)=(X,...,X). (5.4)
—_———

n times

Example 5.2. Denoting m; = EX =0 and m; = EX*,i=2,..., we have:

Ps(x) = 2% — 10maz® — 10msx? + 5x(6m32 — my) + 20mams — ms.

Remark 5.1. If X ~ N(0,1) (the Gaussian random variable with mean equal to
0 and variance equal to 1), then we get the familiar Hermite polynomials. But in
general, Appell polynomials are not necessarily orthogonal polynomials.

Appell polynomials P, (z);n € N are also characterized by the two conditions
e P, (x) is a polynomial of degree n,
o P (2)=nP, ().
Interesting examples are furnished by the shifted moment sequence

P = [ " (@ 4 ) u(dy), (5.5)

—00
where o is a probability measure on R with all moments finite. Of course, this
includes in particular the Hermite polynomials for the Gaussian case. In [14] the

1250006-17



Confluentes Math. 2012.04. Downloaded from www.worl dscientific.com
by 54.204.77.23 on 11/08/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

M. Henkel et al.

probabilistic interpretation of Appell polynomials is used to define their analog on
Lie groups where, in general, they are no longer polynomials. For this reason they
are called Appell systems.

6. Appell Systems of the Algebra alt;

Appell systems of the Schrodinger algebra sch, have been investigated in [11] but
the algebra alt; requires a specific study.
Referring to the decomposition (4), we specialize variables, writing

V1,Va, By, By for Aq, As, As, Ag respectively. Basic for our approach is to calcu-
late eBrY-1+B2X1ViVi4Va X We get

0 0 0 0 0o Vv 0 W
—By, 0 —B; 0 0O 0 0 O
B1Y_ By X | = Y] X, =
Y1+ BoX o o o ol iy + VX, 00 0
0 0 —By 0 0O 0 0 O
(6.1)
and finally:
1 Vs 0 71
—By 1—-DByV, —By —ByVi — BV;
B1Y_1+4BxX_1 ViYi+VoXy 2 2V2 1 2V1 1v2
e e = 0 0 1 % . (6.2)
0 0 —Bsy 1 — BV,

Proposition 6.1. In coordinates of the second kind, we have the Leibniz formula

9(0,0,0,0, By, B2)g(V1,V2,0,0,0,0) = g(A1, Aa, As, Ay, As, Ag)
:g<B1V22+V1 Va _,BiVa+ BoVA
(1= B2Va)" (1 = BaVa)’ (1 - BVa) ’
By —2B1By Vs — B%Vl By
7 (1 — B2Va)? 7 (1—32‘/2))

In(1 — ByVa) (6.3)

Now we are ready to construct the representation space and basis — the canonical
Appell system. To start, define a vacuum state 2. The elements Y7, X7 of 3 can be
used to form basis elements

k) =Y XFQ, § k>0 (6.4)

of a Fock space § = span{|jk)} on which Y7, X; act as raising operators, Y_1, X_1
as lowering operator and Y, Xy as multiplication with the constants 7,z (up to the
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sign) correspondingly. That is,

Y10 = [10), X;Q = |01),
Y40 =0,X_1Q=0, (6.5)
YoQ = —7(00), XoQ = —z[00).

The goal is to find an abelian subalgebra spanned by some self-adjoint operators
acting on the representation space, just constructed. Such a two-dimensional subal-
gebra can be obtained by an appropriate “turn” of the plane P in the Lie algebra,
namely via the adjoint action of the group element formed by exponentiating X _.
The resulting plane, Pg say, is abelian and is spanned by

Vi = P yie PN =Yy - 26Y0 + B2V,

_ 6.6
X4 :eﬁX’leeiﬁX*l =X —2ﬂX0+ﬂ2X,1. ( )

Next we determine our canonical Appell systems. We apply the Leibniz formula
(6.3) with By =0, By = 3,V] = 21, Vo = 25 and use (6.5). This yields

6211716225(19 — BX1p21Y1 022 X0 =X 1 () — BX-1 211 p22X0 ()

1Yy 29 X1 2+8z21
— ¢ (1-B22)2 o (1-Bz2) ¢ (1-Bz2) (1 — ﬂz&)izajﬂ, (67)

To get the generating function for the basis |jk) set in Eq. (6.7)

Z1 22

NS T

Substituting throughout, we have

Proposition 6.2. The generating function for the canonical Appell system |jk) =
Y XFQ is:

v v o .
e 1 Y1+ gle = exp (yl W) eXp <y2m>

X exp <—%) (1+ Buy)~2*Q, (6.9)

where we identify Y1 =y, - 1 and X9 = yy - 1 in the realization as function of
Y1, Y2-

Remark 6.1. With v; = 0, we recognize the generating function for the Laguerre
polynomials, while v3 = 0 reduces to the generating function of a standard Appell
system.
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7. Coherent States and Leibniz Function
Now we define an inner product such that
y] =y, X =pX_,. (7.1)

In such a way the operators (6.6) are extended to self-adjoint ones on appropriate
domains. For simplicity we take 8 = 1 and define the two-parameter family of
coherent states.

\I/V = “IJV1,V2 = €V1Y1€V2X19. (72)
The Leibniz function is defined as inner product of coherent states

Vpv = (Up, Ty) = (Q,eBrY-1B2X1 11N 12 X0 ()

2v(B1Va +B2V1))
(1 - ByV3)

= (1 — ByVa) *exp ( (7.3)
Here we use the result (6.3) and a normalization (2, Q) = 1 is understood. Further
consideration shows that one can recover the raising and lowering operators as
elements of the Lie algebra acting on the Hilbert space with basis consisting of the
canonical Appell systems.

The remarkable fact is that the Lie algebra can be reconstructed from the Leib-
niz function Vpy. Really, differentiation with respect to V4 brings down Y; acting
on Wy, while differentiation with respect to By bring down Y7 acting on ¥z which
moves across the inner product as Y_; acting on Wy. Similarly for X; and X_;.
We thus introduce creation operators R; and annihilation operators V;, satisfying
Vi, Ri] = digl. For alty, we identify Y7 = R1, X1 = Ra. Note, however, that V;
is not adjoint of Ri, nor Vs of Ry. Bosonic realization of the respective adjoints
Y_1,X_1, we want to determine now. One method is the following. When the
explicit form of the Leibniz function Yy = Y is known, one can (formally) write

the partial differential equations for it. In our case they are
8313} = (‘/228V1 + 27‘/2):))’
(7.4)
OB, Y = (V#0v, + ViValy, + 22Va + 29V7) ).

Then, one interprets each multiplication by V; as the operator V; and each differ-
entiation by V; as the operator R;. This gives the following action of the operators
Y_1, X _1 on polynomial functions of Y7 and X;:

Y_1 =29V + R1V22,

(7.5)
X_ 1= R2V22 4+ 2R1 V1 Vo + 29V + 22V
From the commutation relations, we find Yy and X
Yo = —R1V2 — ’)/,XO = —R1V1 — RQVQ — XT. (76)
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Using the more usual notation a1 = Vi,a0 = Vs, af = Rl,c12+ = Ry we have the
following;:

Proposition 7.1. The raising af, aér and lowering a1, as operators appear as ele-
ments of the algebra alty in the following way:

Y1 = af, X1 = CL;_,
Yo = —afas—~, Xo=—ajar—ajaz—u, (7.7)
Y | = afa% + 2vas, X_1 = a;a% + 2afa1a2 + 2va1 + 2xas.

The action on the Fock space, consisting of two parameter family of coherent state
(7.2) with basis the canonical Appell systems with generated function (6.9) is as
follows:

Y1|.]a ‘]+17k>a Xl‘]7k>:|]ak+1>a

(7.8)

Y_1l4,

k) =
Yolj. k) = —klj+ 1,k —1) =715, k), Xolj, k) == +k+ )i, k),
k) = k(k—1)7+ 1,k —1) +2v[5,k — 1),

k)

X_alj, k) = Kk +25 + 20— Dlj,k — 1) + 2 — 1, k).

The natural involution on the algebra Y7 < Y_1, X7 <+ X_1, with substitutions
—a1 — 1r,—ay — t,—a;r — 8T7—az+ «— 0O leads to the physical representation
(2.21).

8. Concluding Remarks

We have studied properties of the Poincaré or “altern” algebra alt;, nowadays also
often referred to as “conformal galilean algebra”, and of interest in connection
with the ageing phenomenon in condensed-matter physics and in string-theory in
the context of the AdS/CFT correspondence. In particular, we have shown that
alt; can be embedded in an infinite-dimensional Lie algebra and have discussed its
relationship with the Virasoro and the Schrédinger—Virasoro algebras.

As for the representation-theory, we have systematically constructed the Casimir
operators and have written down explicit matrix representations. Considerations of
the Wick product has led us to the construction of the Appell systems of alt; which
are useful for the construction of coherent states.

A more general study of random walks and stochastic processes on alt; is a
challenging research project.
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