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SOME RESULTS ON DEGENERATE FUBINI AND
DEGENERATE BELL POLYNOMIALS

Taekyun Kim* and Dae San Kim

The aim of this paper is to further study some properties and identities on the
degenerate Fubini and the degenerate Bell polynomials which are degenerate
versions of the Fubini and the Bell polynomials, respectively. Especially, we
find several expressions for the generating function of the sum of the values
of the generalized falling factorials at positive consecutive integers.

1. INTRODUCTION

Carlitz [3] initiated a study of degenerate versions of Bernoulli and Euler poly-
nomials, namely the degenerate Bernoulli and the degenerate Euler polynomials.
In recent years, some mathematicians have explored degenerate versions of many
special polynomials and numbers, which include the degenerate Bernoulli numbers
of the second kind, the degenerate Stirling numbers of the first and second kinds,
the degenerate Bell numbers and polynomials, and so on (see [6,8,10-12,14-17,19]
and the references therein). Many interesting results on such degenerate versions
together with their applications were found by employing several different tools
such as combinatorial methods, generating functions, p-adic analysis, umbral cal-
culus techniques, differential equations, probability theory, operator theory, special
functions and analytic number theory. It is remarkable that the exploration for de-
generate versions is not only limited to polynomials and numbers but also extended
to transcendental functions like gamma functions (see [13]).

Recently, the degenerate Fubini polynomials and the degenerate Bell poly-
nomials are introduced (see [12,16]). The aim of this paper is to further study
some properties and identities on the degenerate Fubini and the degenerate Bell
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polynomials which are degenerate versions of the Fubini and the Bell polynomials,
respectively. Especially, we find several expressions for the generating functions of
the sum Sy, x(p) = (1)pa+(2)pa+---+(n)p x of the values of the generalized falling
factorials at positive consecutive integers. The outline of this paper is as follows.
In Section 1, we recall degenerate exponential functions, degenerate logarithms,
degenerate Stirling numbers of the first kind and degenerate Stirling numbers of
the second kind which are respectively degenerate versions of exponentials, loga-
rithms, Stirling numbers of the first kind and Stirling numbers of the second kind.
Also, we recall the degenerate Bell polynomials, the degenerate polylogarithm and
the degenerate Fubini polynomials. In Section 2, we derive recurrence relations for
the degenerate Bell polynomilas in Theorems 1 and 2. In Theorem 4 and 7, the
exponential generating function of the sum S, x(p) is determined in terms of the
degenerate Bell polynomials. Another exponential generating function for the sum
Sp.a(p) is obtained in Theorem 6 in terms of the degenerate Stirling numbers of the
second kind. In Theorem 8, the generating function for S, »(p) is determined in
terms of the degenerate Fubini polynomial. In Theorem 12, obtained is a differen-
tial equation satisfied by the degenerate Fubini polynomials. Finally, we conclude
our paper in Section 3.
The generalized falling factorial sequence is defined by

1) @or=1 @wr=2(z-NE—21) (- (n-1N), (1),
where ) is a real number (see [8,12]).

For any A € R, the degenerate exponentials are defined by

o0 n

t
(2) ex(t) = Z(x)m)\a, (see [11,14]).
n=0
o0 tn
In particular, for = 1, ey (t) = e (t) = Z(l)n,)\—'. Note that lim €% (t) = e™*.
=0 n: A—=0
The degenerate Bell polynomials are considered by Kim-Kim and given by
(e — - tn
(3) erlex®-1) — Z@L,\(x)a, (see [14,15]).
n=0

From (1), (2) and (3) we note that
lim ¢, A (2) = ¢n(z), (n>0),
n—oo
where ¢, (x) are the ordinary Bell polynomials given by
‘ = t"
(4) pole'=1) Z%gz;n(x)a, (see [6 — 12,14 — 20]).

In [8], the degenerate Stirling numbers of the first kind are defined by

(5) (x)n = ZSI,A(na k)(w)k,/\v (n > 0)7
k=0
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where (z)o =1, (¥)p=2(xz—1)---(z—n+1), (n>1).
Note that ;irr%J Sia(n, k) = Si(n, k) are the ordinary Stirling number of the
—
first kind given by

(T)n = Z Si(n, k)xkv (n=>0), (see[l—5,7]).
k=0

As the inversion formula of (5), the degenerate Stirling numbers of the second kind
are introduced by Kim-Kim and given by

(6) (@na =D Sea(n k)@, (n>0), (see [8]).
Let log, t be the compositional inverse of ey (t). Then we have

(7) logy(1+1t) = Z A nl//\ (see [8]).

Note that lim log, (1 + ¢) = log(1 + ¢).
A—0

For k € Z, the degenerate polylogarithm function is defined by Kim-Kim and
given by

o0 n 1 )
. n,1/X n
(8) Liga(t ; —n ik t",  (see [8]).
Note that lim Lig »(t) = Lig(¢ E s is the polylogarithm function and
A—=0 1

Lij 5 (t) = —log, (1 —1).
From (5) and (10), we can derive the generating functions of degenerate
Stirling numbers which are given by

9) k(log,\lth Zsunk
and
(10) %(ex(t) — 1)k = Z 52’)\(”7k)%, (k>0), (see[8]).

In [15], the degenerate Fubini polynomials are defined by

11 — Fy,
(11) 1—ace,\ Z A

n=0
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Thus, by (11), we get
(12) Foa(z) = Zk!Sg,)\(n,k)xk, (n>0), (see [15]).
By (3) and (6) we easily get

(13) Pna( ZSQ A(n, k)2t (n>0),

—x - k n,A
=e kz( ,1, ok, (see [9, 10,14, 15)).
-0

2. SOME NEW FORMULAE ON DEGENERATE FUBINI AND
BELL POLYNOMIALS

First, by (3), (4), (5) and (6) we get

(1) OO = (o) - DO
tn
Z(};( ) n—kAPEA(T) — dn A (T ))n'

Thus, by (3) and (14), we get

(15) Pp(@) = %Q%,A(x) = Z (Z) (Dn—rk 2@k () — Pna(2)

k=0

= % (Z) (Dn-kadea(z), (n=>1).

From (3), we note that

(]‘6) Z ¢n+17)\(x)i = %ex(e,\(t)fl) = m@ifA(t)ew(e/\(t)fl)
n:
n=0
Z i, )‘l' Z O ( k:'
=0
oo n n -
= 1—A)po —.
2 (; (3)orr@ = Nnea )

By comparing the coefficients on both sides of (15), we have

(17) Pnt1a(z Z < )qbk A@) (L= Nn—kr, (n>0).

k=0
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From the definition in (1), we easily get
(18) (T=Nnkr=Dn-rr(1 = (n=k)N).
From (17) and (18), we have

M=

(19) ¢prin(z) == (Z) (@) (Dnron (1 (0 — F)A)
( )qjk/\( Y-k xAZ( ) ) (D) n—k 2,2 (2)

(Z>¢k’k(x)( " ’“_”“Z( >¢m 2)(Dn—kr-

Therefore, by (19), we obtain the following theorem.

b
I
o

I
&3

k=0

Il
-

x>
Il

0

Theorem 1. Forn € Z with n > 0, we have

n n—1

> (Z)¢n,k($)(1)n—k7z\ —n41( +n)\z ( )% A(@) (D,

k=0
By (15) and Theorem 1, we obtain the following theorem.

Theorem 2. Forn € Z with n > 0, we have

%¢n+17x(fﬂ)=¢ A(@) + dna(z —n>\2< )%A 2)(1)n—k,x-

Let
o0 1;"
N = 30 Y o™
(20) nozol k=1
l.n
= (Mo + @pr -+ ()
— n!
where p is a positive integer.
From (20), we note that
[} 0o " 0o k—1 ’Il
(21) V@) = D (Bpa 30 = (s (ew _ u)
k=1 n=k k=1 1=0
n (13), we note that
v o~ (M
(22) “opala) =Y —P2a", (pE).



6 Taekyun Kim and Dae San Kim

yp)\( ) = Yx(z,p) — e"Ppa (z)

(23) _Z< Jor + (2 p,A+-~-+(n—1)p,A)%, (p € N).

By (21), (22) and (23), we get

n—1

(24)  ypa(z) = ddypA :Z( oA+ (2)pa + - +(n71)p,x)(;_1)!

3
||
N

xn
( Joa+ (2)pr+-+ (n)p,k) ol

> (o (—1)p7x)%+i(n)mxn
n=1

= Yp( Z = Yp(T) + e"Ppa(2).

tqu

3
Il
-

|P”18

From (24), we have the following differential equation.
Proposition 3. For p € N, we have
y;;,)\(x) — Ypa(z) = e"Pp A (7).

By Proposition 3, we easily get

(25) (@) = Gpa(a).

Thus, by (25), we get

(26) Ypr(@) = ¢ / Syl

Therefore, by (20), (23) and (26), we obtain the following theorem.

Theorem 4. For p € N, we have

o0

5 (W + @ o4 () o = pala) +* [ 6,000

n=1

In [10], considered are the degenerate differential operators which are given
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For p € N, by (27), we get

(28) (+2 ) i m 2" = e dpa(x).

Therefore, by (28), we obtain the following theorem.

Theorem 5. For p € N, we have

(138), o = 3 e = ,00)

From (23) and (26), we note that

(29) Yo (z,p) = e*dpa(z) + €° /96 Gp(t)dt

=e"gpa(x) +e" ZS2AP7 /tkdt

k+1

— () + 7> Sl B

k=0
p
- (

Therefore, by (20) and (29), we obtain the following theorem.

>52 A(ps k).

Theorem 6. For p € N, we have

71

i( Dpx+ (2)pr+ -+ (n) ) ewzp:( k+1)527>\(p,k).

k=0
By (6), we easily get
(30) Soa(n+1,k) =9 x(n,k— 1)+ (k —nX)Sa2x(n, k),

where n, k > 0 with n > k.
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From (27), (28), (30) and noting Sz x(p, k) = 0 for p > 1, we note that

(31)
P
Yi(z,p) = Z( )smp, )
P
- Z kSQ/\pa Z SQ/\Z% )
p+1 k p+1
T e\ 2 k) 4
— Z(SQ)\ (p, k k—p)\)—i—Sg,)\(p,k—l))k—i—p)\e kZ:lTx
p+1
= Z% ox(p+ 1, k)" + pre® Z —Sox(p, k)a”
k=1
1,k) A
_ ( LI P, ) )
dt
/ Gp+1A(E) + PAdpa(t ))77
1 p+1
where p € N and Eqﬁpﬂyk(t) = Z Sox(p+1,k)th 1t
k=1

Therefore, by (31), we obtain the following theorem.
Theorem 7. For p € 7Z, we have
n

i ( Jor + @t (n)p’)\) % =e’ /09” (¢p+1,x(t) +p)\¢p,,\(t)) %

From (12), we note that

(32
S Wpaat =D 2> Son k) Dr =Y 2" > Saalp, k)( )kv
=0 =0 k=0 =0 k=0
- Z ml Z 527)\(]9, k) (i) k! = Z SQ,A(p? k)k' Z (l _; k) bk
=k k=0 k=0 =0
— ZSQ’)‘(p’ k)k'xkz (l-i];k)m _ 252 A(p, k)klz ( i )k+1
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For p € Z with p > 0, and by using (32), we have

(33) (x%)p7/\1ix :n:o (I%) —nz p’AJJ 1pr’/\(1f1’).

Thus, for p € N, we have

(39 > (Wpat @pateo+ <n>p,A)x" =2 2" Y (k)
n=1 n=1 k=1
=S > = S et = (1)
k=1 n=k k=1

Therefore, by (33) and (34), we obtain the following theorem.

Theorem 8. For p > 0, we have

d > 1 T
( d.’L‘)p)\l_fL' Z )z —pr’/\(l—x)'

n=0

In addition, for p € N, we have

oo

> ((1)’””\ +@pat (n)p)\>mn T jx)QFp’A(lfx)'

n=1

Now, we observe that, for p € N,

o] .Tn+1
@ (—Z ) Z .
(" = et (25

Therefore, by (35), we obtain the following corollary.
Corollary 9. For p € N, we have

Z ”*(1—:5 li:ﬂ) 1—33)2Fp’)‘(1fx)'

From (7) and (8) we note that

>0 o0 y\\k—1

. = (N D,
=22 oy
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For any nonnegative integer r, let D,. denote the linear operator D, = %(%)Tﬂ,

so that, for any polynomial p(x) € C[z], we have

(37) Dovte) = 15 (52) [0t
From (36) and (37) we note that
(38) D, Fy(2) = % (di) ' {f: Soa(n, k)k'!xk”]

% {i Soa(n, k)k!(k + T)rzk}
k=0

=5 Son(n,k) (k Z T) Rk,

k=0

Therefore, by (38), we obtain the following theorem.

Theorem 10. For n,r > 0, we have

D, F, x\(z) = Z <k Z 7") ELSa x(n, k‘)xk

k=0

Let p € N. On the one hand, we have

(39) i <n j r) (n)prz™ = i <n N r> Z Sox(p, Kk

= n=0
FunE
k=0 k
S k+r\(n+r
LS (1)
2t z +
:ZS&A@’@'«(’”’“)&("*’”’") :
k=0 r ~
p k+ 1kt
:kZ:OSQ)\(p7 ( T>xk<1 )
1 r+1 .
:1—33) DFp,( 1:)

On the other hand, we also have

RGeS o (S [CO NS o G TS

Therefore, by (39) and (40), we obtain the following theorem.
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Theorem 11. For p € N, and r € Z with r > 0, we have

() () =3 (e = () P (7).
? n=0

1

By using Theorem 8, we observe that

:!(jx)r{u frx)QFP’A(ﬁx)}

L[S (@ )
i( p)\+...+(n)p7>\)<n+r>x".

r

Now, from Theorem 11 and (41) we obtain

(42) i(k)p,x ((1 i I)TH B Zk: (r Jlr l)xl)

k=1 =0
— ; <n : T) z" < kz::l(k)zm (n)p,)\>
3 ("1 ) @t @t o= 3 (1 Yt

%(di)r {(1 fTx)2l[7p’k(1 - x)} N (x%)m(l i x>m'

Therefore, by (42), we obtain the following differential equation for the degenerate
Fubini polynomials.

Theorem 12. Forr € Z with r > 0, and p € N, we have

%(%)T {(1 frx)2Fp*<1 fg;ﬂ - (mé)p,x(1 i x)rﬂ

o0

3. CONCLUSION

In this paper, we studied the degenerate Fubini and the degenerate Bell poly-
nomials and found some further properties and identities on such polynomials which
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had been introduced by Kim-Kim. Especially, we found several expressions for gen-
erating functions for the sum S, A(p) = (1)p.x + (2)pa + -+ - + (n)p,x of the values
of the generalized falling factorials at positive consecutive integers.

As we mentioned earlier, there are various ways of studying special numbers
and polynomials, including generating functions, p-adic analysis, umbral calculus,
combinatorial methods, differential equations, special functions, probability theory,
analytic number theory and operator theory.

It is one of our future projects to continue to explore various degenerate
versions of many special polynomials and numbers by making use of such various
tools.
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