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PSEUDO-HERMITIAN MAGNETIC CURVES IN NORMAL
ALMOST CONTACT METRIC 3-MANIFOLDS

JI-EUN LEE

ABSTRACT. In this article, we show that a pseudo-Hermitian magnetic
curve in a normal almost contact metric 3-manifold equipped with the
canonical affine connection V? is a slant helix with pseudo-Hermitian
curvature £ = |g|sinf and pseudo-Hermitian torsion 7+ = gcosf. More-
over, we prove that every pseudo-Hermitian magnetic curve in normal
almost contact metric 3-manifolds except quasi-Sasakian 3-manifolds is
a slant helix as a Riemannian geometric sense. On the other hand we
will show that a pseudo-Hermitian magnetic curve v in a quasi-Sasakian
3-manifold M is a slant curve with curvature x = |(t — @) cos 0 + ¢|sin 6
and torsion 7 = a+ {(t — a) cos @ + ¢} cosf. These curves are not helices,
in general. Note that if the ambient space M is an a-Sasakian 3-manifold,
then ~ is a slant helix.

1. Introduction

Magnetic curves represent, in physics, the trajectories of the charged parti-
cles moving on a Riemannian manifold under the action of magnetic fields. A
magnetic field F on a Riemannian manifold (M, g) is a closed 2-form ® and
the Lorentz force associated to F' is an endomorphism field L defined by

g(LX,Y)=F(X,Y), X, Y eI'(TM).
The magnetic trajectories of F' are curves -y satisfying the Lorentz equation:
Vv =Ly
One can see that every magnetic trajectory has constant speed. Unit speed
magnetic curves are called normal magnetic curves.

Now let M = (M, ¢,£,n, g) be an almost contact metric manifold with closed
fundamental 2-form ®. Then F¢ , = —q® gives a magnetic field on M, called
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the contact magnetic field on M. Here q is a constant called the strength of
F¢ 4. The associated Lorentz force is L¢ 4 = qp. The Lorentz equation of a
magnetic curve with respect to Fg 4 is

(1) Vv =qpy.

A magnetic curve in a quasi-Sasakian 3-manifold M with respect to the
magnetic field F¢ 4 is a slant curve. Moreover, the magnetic curve v in a quasi-
Sasakian 3-manifold M with respect to the magnetic field F¢ , has constant
curvature k = |¢g|sinf and torsion 7 = a + gcosf (see [10]). Since « is a
function on a quasi-Sasakian 3-manifold M, a magnetic curve v is not a helix
in general. In case M is an a-Sasakian 3-manifold, v is a slant helix with
curvature k = |g|sinf and torsion 7 = ag + gcosf. In particular, if M is a
Sasakian 3-manifold, then ay = 1.

Druta-Romaniuc, Inoguchi, Munteanu and Nistor studied a magnetic curves
in cosymplectic manifolds in [5]. They proved that if a non-geodesic Legendre
curve is a magnetic curve in cosymplectic manifold, then it is a circle.

The trajectory equation (1) is valid for curves in arbitrary almost contact
metric manifolds even if ® is not closed. We consider curves satisfying (1) in
normal almost contact metric 3-manifolds from a pseudo-Hermitian geomet-
ric point of view. More precisely we study magnetic curves by virtue of the
canonical affine connection V' (see (7)).

The first contribution on pseudo-Hermitian geometric studies of magnetic
curves were obtained by Ikawa when the ambient space is Sasakian [7]. He gave
an interpretation of contact magnetic curves in Sasakian manifolds in terms of
the canonical affine connection V. Next contact magnetic curves in quasi-
Sasakian 3-manifolds are investigated by the canonical affine connection Vi in
[5]. In this article we introduce a notion of pseudo-Hermitian magnetic curve
in the following manner.

A regular curve + is said to be a pseudo-Hermitian magnetic curve in nor-
mal almost contact metric 3-manifolds if it satisfies the Lorentz equation with
respect to the canonical affine connection Vi

Vi = qpy.

In this article, we find the necessary and sufficient condition for pseudo-
hermitian magnetic curve in normal almost contact metric 3-manifolds. From
this and Frenet-Serret equations, we study the relationship between pseudo-
Hermitian magnetic curve and magnetic curve. In Section 3, we show that a
pseudo-Hermitian magnetic curve in a normal almost contact metric 3-manifold
equipped with the canonical affine connection V! is a slant helix with pseudo-
Hermitian curvature 4 = |g|sin@ and pseudo-Hermitian torsion 7 = gcos#.
In Section 4, we prove that every pseudo-Hermitian magnetic curve in normal
almost contact metric 3-manifolds except quasi-Sasakian 3-manifolds is a slant
helix as a Riemannian geometric sense. On the other hand we will show that
a pseudo-Hermitian magnetic curve v in a quasi-Sasakian 3-manifold M is
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a slant curve with curvature K = |(t — a)cosf + ¢|siné and torsion 7 =
a+{(t—a)cosf+q} cosf. These curves are not helices, in general. Note that
if the ambient space M is an a-Sasakian 3-manifold, then + is a slant helix.

2. Preliminaries
2.1. Normal almost contact manifolds

Let M be a manifold of odd dimension m = 2n + 1. Then M is said to be
an almost contact manifold if its structure group GL,,R of the linear frame
bundle is reducible to U(n) x {1}. This is equivalent to existence of a tensor
field ¢ of type (1,1), a vector field £ and a 1-form 7 satisfying

P =-X+neE nE)=1

From these conditions one can deduce that

e§ =0, nop=0.
Moreover, since U(n) x {1} € SO(2n + 1), M admits a Riemannian metric g
satisfying
9(pX,¢Y) = g(X,Y) —n(X)n(Y)
for all X, Y € X(M). Here X(M) = I'(TM) denotes the Lie algebra of all
smooth vector fields on M. Such a metric is called an associated metric of

the almost contact manifold M = (M, ¢, ¢, n). With respect to the associated
metric g, n is metrically dual to &, that is

g(X,E) = 77(X)

for all X € X(M). A structure (p,&,1,9) on M is called an almost contact
metric structure, and a manifold M equipped with an almost contact metric
structure is said to be an almost contact metric manifold.

The fundamental 2-form of (M, ¢,£,n,g) is defined by
O(X,Y) =g(X,pY), XY €X(M).
An almost contact metric manifold M is said to be a contact metric manifold if

® = dn. On a contact metric manifold, 7 is a contact form, i.e., (dn)™ An # 0.

On the direct product manifold M x R of an almost contact metric manifold
and the real line R, any tangent vector field can be represented as the form
(X, fd/dt), where X € X(M) and f is a function on M x R and ¢ is the
Cartesian coordinate on the real line R.

Define an almost complex structure J on M x R by

J(X,A/dt) = (pX — A, n(X)d/db).

If J is integrable, then M is said to be normal.
Equivalently, M is normal if and only if

[(Pa QD] (Xv Y) + 2dn(X7 Y)f =0,
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where [, ¢] is the Nijenhuis torsion of ¢ defined by
[0, Pl(X,Y) = [pX, oY ] + @*[X, Y] = p[pX, Y] - ¢[X, pY]

for any X,Y € X(M).

For more details on almost contact metric manifolds, we refer to Blair’s
monograph [1].

For an arbitrary almost contact metric 3-manifold M, we have ([12]):

(2) (Vxp)Y = g(pVxEY)E—n(Y)pVxE,

where V is the Levi-Civita connection on M.
Olszak [12] showed that a 3-dimensional almost contact metric manifold M
is normal if and only if V& o p = p o V€ or, equivalently,

3) Vx§ = —apX + (X —n(X)E), X e I(TM),

where a and § are the functions defined by
1 1
(4) o= iTrace (pVE), pB= iTrace (V¢) =div €.

We call the pair (a, 8) the type of a normal almost contact metric 3-manifold
M.

Using (2) and (3) we note that the covariant derivative Vi of a 3-dimensional
normal almost contact metric manifold is given by

(5) (Vxp)Y = a(g(X,Y)E —n(Y)X) + B(g(pX,Y)E — n(Y)pX).
Moreover M satisfies
2af +¢(a) = 0.

Thus if « is a nonzero constant, then 5 = 0. In particular, a normal almost
contact metric 3-manifold is said to be

e cosymplectic (or coKdhler) manifold if « = =0,
o quasi-Sasakian manifold if =0 and {(«) = 0.
o a-Sasakian manifold if « is a nonzero constant and 8 = 0,
e [-Kenmotsu manifold if a = 0 and S is a nonzero constant.
1-Sasakian manifolds and 1-Kenmotsu manifolds are simply called Sasakian
manifolds and Kenmotsu manifolds, respectively.

The exterior derivative d® of ® is given by

d® = By A D.

Thus @ is a magnetic field if and only if 5 = divE = 0, that is, M is quasi-
Sasakian.
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2.2. Frenet-Serret equations

Let 7y : I — M? be a curve parameterized by arc-length in an almost contact
metric 3-manifold M?3. We may define a Frenet frame fields (T, N, B) along 7.
Then they satisfy the following

VTT = I{N,
(6) VrN =—kT +7B,
VTB = —TN,

where k = |V 1T is the geodesic curvature of vy and T its geodesic torsion.

A heliz is a curve with constant geodesic curvature and geodesic torsion. In
particular, curves with constant nonzero geodesic curvature and zero geodesic
torsion are called (Riemannian) circles. Note that geodesics are regarded as
helices with zero geodesics curvature and torsion.

2.3. Canonical affine connections

Let M = (M,¢,£,1m,9) be an almost contact metric manifold. Define a
tensor field A = A? of type (1,2) by

(1) ALY = S o(Vx@)V — Jn(¥)Vxé — tn(X)pY + (Vxm) (V)¢

for all vector fields X and Y. Here ¢ is a real constant. We define an affine
connection V! on M by [9]:

VY = VxY + AL Y.

We call the connection V* the canonical affine connection of M. Note that the
connection VY is the (i, £, n)-connection introduced by Sasaki and Hatakeyama
in [13]. Moreover V! was introduced by Cho [2]. When M is a strongly pseudo-
convex CR-manifold,

VLY = VXY — tin(X)eY +n(Y)e(I + h)X — g(e(I + h)X,Y)E.

This formula shows that when M is a strongly pseudo-convex CR-manifold,
Vt|i=_1 is the Tanaka-Webster connection. The canonical affine connection
V¢ on an almost contact metric manifold satisfies the following conditions:

V=0, VE=0, Vn=0, Vg=0.

Remark 2.1 (Generalized Tanaka-Webster connection). Let M be a contact
metric manifold. Tanno introduced the following affine connection on M ([14]):

WxY = VxY 4+ 0(X)eY +n(Y)o(I +h)X — g(e(I +h)X,Y)E.

This affine connection is called the generalized Tanaka- Webster connection. In
case, the associated almost CR-structure S is integrable, generalized Tanaka-
Webster connection coincides with our canonical connection V¢|—_;. The
generalized Tanaka-Webster connection does not coincide with @t\t:_l if S
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is non-integrable. In fact, £, n and g are parallel with respect to ™V but for ¢,
TV satisfies

("Vxg)Y = QY. X)
holds. Here Q is the Tanno tensor field. Hence we notice that on a contact
metric manifold M, ™V = V*|;—_; if and only if its associated CR-structure is
integrable.

3. Pseudo-Hermitian magnetic curves in normal almost contact
metric 3-manifolds

In this section we assume that M is a normal almost contact metric 3-
manifold (or more generally, trans-Sasakian manifold of general dimension) of
type (a, ). Then (7) is reduced to

(8) AXY =a{g(X,Y) +n(Y)eX} + B{g(X,Y)§ —n(Y)X} — tn(X)pY.

The torsion tensor field T of V* is given by
(9) THX,Y) = af29(X, 0Y)E — n(X)pY +n(Y)eX}

+0(X)(BY —tpY) —n(Y)(BX —tpX).

For a Sasakian manifold (« =1 and 8 = 0) we get

(10) ARY = g(X, V)€ +n(Y)pX — tn(X)eY,
THX,Y) = 29(X, 9Y)E — (L +t)n(X)pY + (1+)n(Y)pX.

On a Sasakian 3-manifolds, canonical affine connection @f coincides with the
linear connection introduced by Okumura. In particular, V! is called the Oku-
mura connection [11].

Now, let us consider a contact magnetic curve in normal almost contact
metric 3-manifolds from a pseudo-Hermitian geometrical point of view.

Definition. A regular curve - is said to be a pseudo-Hermitian magnetic curve
in an almost contact metric manifold M if it satisfies the Lorentz equation with
respect to the canonical affine connection:

(11) Vi =aqpy.

It should be remarked that the notion of pseudo-Hermitian magnetic curve
is introduced by Giiveng and Ozgﬁr [6], independently to ours. However their
notion is different from ours. A regular curve in a Sasakian manifold M is said
to be a pseudo-Hermitian magnetic curve in the sense of Giiveng and Ozgiir if
it satisfies

VEA l=—1 = (q+ 2n(7))eY.
Obviously their notion coincides with ours when and only when ~ is a Legendre
curve, i.e., n(y') = 0.
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3.1. Frenet-Serret equations

Let v = v(s) : I — M?3 be a curve parameterized by arc-length in normal
almost contact metric 3-manifold M?3. We may define the Frenet frame field
F = (T,N ,E) along v with respect to the canonical affine connection @t,
since V! is a metric connection. Then F satisfies the following Frenet-Serret
equations with respect to Vi

ﬁ,tyIT = :‘%N,
fpoe A
(12) VN =—gT + 7B,
e .
V,Y/B = — TN,
where & = |@fy/f| is the pseudo-Hermitian curvature of v and 7 its pseudo-

Hermitian torsion for the canonical affine connection V*. A non-geodesic curve
~ is said to be a pseudo-Hermitian circle if & is nonzero constant and 7 = 0. A
pseudo-Hermitian heliz is a non-geodesic curve with nonzero constant pseudo-
Hermitian curvature & and pseudo-Hermitian torsion 7.

3.2. Pseudo-Hermitian magnetic curves

From the equation (11) and Frenet-Serret equations (12) for the canonical
affine connection V! we have the pseudo-Hermitian curvature
= lalv1=n()?
v — e — q
and the normal vector field N = T where ¢ Tl
Differentiating the pseudo-Hermitian normal vector field N then
/

St N Ot EQYy
(13) VVJV__V7F41ffa§55
q , n(y)n(y")’ , qan(y')
=¢c|- + +
: 1—MVP7 ( 1—MVPPWY 1—nWW§

The pseudo-Hermitian binormal vector field B is calculated by
- - €
B=9"xN=——c=—oA-n(y)7}.
V1=n()?
From the equation (13) and the Frenet-Serret equations (12) for the canon-
ical affine connection V¢ we get pseudo-Hermitian torsion
7 =aqn(y)
and n(y’) is a constant.
As a generalization of Legendre curve (in contact metric manifold), the no-
tion of slant curves was introduced in [3]. A unit speed curve 7 in an almost

contact metric manifold (M, p,&,7,g) is said to be slant if its tangent vector
field makes constant contact angle 6§ with &, i.e., cosf := n(y') is constant
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along 7 [3]. By definition, slant curves with constant angle 0 are trajectories
of £&. Slant curves with constant angle /2 are called almost Legendre curves
or almost contact curves. We studied almost contact curves in normal almost
contact metric 3-manifolds, see also [8].

Hence we have:

Theorem 3.1. Let v be a pseudo-Hermitian magnetic curve in an almost
contact metric 3-manifold with the canonical affine connection V'. Then v is
a slant helix with

(14) R =lq|sinf, 7 =gcosé.
Moreover, its ratio of K and 7 is constant.

Conversely, let v be a non-geodesic slant helix with constant curvature &
and torsion 7. Since v is a slant curve, it is defined by g(v/,£) = cosé for a
constant angle 6.

Differentiating g(7’,€) = cos#@, since 7 is a non-geodesic curve, we get
n(N) = 0. So N is orthogonal to both 4/ and £&. Thus N has the form
N = X\¢ x +/. This implies

1=|N|=|A|sin6.

Hence X is a constant. Note that since we assumed that ~ is non-geodesic,
sin@ £ 0. Thus N has the form

~ 9

!
sin 9907 '

This formula 1Inphes that
St A — on
Vo =apy

with
€

1= Gne™

Hence 7 is a magnetic curve with respect to the pseudo-Hermitian magnetic
field of strength q.
The pseudo-Hermitian binormal B is given by

. . £
B=9"xN = sine(ffcosﬂfy').

The pseudo-Hermitian torsion of 7 is computed as

. ecosf
T =

K.
sin 6
Theorem 3.2. Let v be a non-geodesic slant helix in a normal almost contact

metric 3-manifold with the canonical affine connection V. Then v is a pseudo-
Hermitian magnetic curve with strength q = e/ sinf.
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4. Magnetic curves in normal almost contact metric 3-manifolds

As we have seen before pseudo-Hermitian magnetic curves are slant curves.
In this section, we study pseudo-Hermitian magnetic curves from Riemannian
geometric point of view by virtue of (3).

Proposition 4.1. Let M be a normal almost contact metric 3-manifold. Then
v is a pseudo-Hermitian magnetic curve if and only if it satisfies

(15) Vo' ={(t — a)cosf + gty + B{cos 7' — £}
4.1. Quasi-Sasakian 3-manifold
From the equation (15), we get:

Proposition 4.2. Let M be a quasi-Sasakian 3-manifold. Then ~y is a pseudo-
Hermitian magnetic curve if and only if it satisfies

(16) Vv ={(t —a)cost + gty

Remark 4.3. In quasi-Sasakian 3-manifolds, a pseudo-Hermitian magnetic curve
means a contact magnetic curve with non-constant strength (¢ — «) cos + q.

From the above equation (16) and Frenet-Serret equations (6) we have the
geodesic curvature
k=|(t—a)cosh + ¢q|sinb,

and the normal vector field N = == €= m%~

Thus, the binormal vector field B is computed as

1 B=+ xN=——{¢—costy}.
(17) 7' % g6 st}

¢, where

Differentiating the above equation (17) then we have

Vo B =V —2{¢ = ()7}
= = {—apy — g(kN, &) — g(v/, —apy )Y — n(+' )N}

~ sinf
_ £ I /
=gttt —a)n(y) +q) cosley.

€

557, using the Frenet-Serret equations

Since the normal vector field N =
(6) we have:

Theorem 4.4. Let v be a pseudo-Hermitian magnetic curve in quasi-Sasakian
3-manifolds M. Then ~y is a slant curve with

k=|({t—a)cosl +¢|sinf, 7=a+{(t—«)cosl+ q}cosb.
Moreover, the ratio of k and T — « is constant.
Remark 4.5. If M is an a-Sasakian 3-manifold, then + is a slant helix.

For a Sasakian 3-manifold with respect to the Tanaka-Webster connection,
that is t = —1 and a = 1, we have:
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Corollary 4.6 (cf. [6]). Let~ be a pseudo-Hermitian magnetic curve in Sasak-
ian 3-manifolds M. Then ~y is a slant helix with

k=|q¢—2cosf|sinf, 7=1+{q—2cosf}cosb.
Moreover, the ratio of k and T — 1 is constant.

Example 4.7 (cf. [3,4]). The Heisenberg group Hj is a Cartesian 3-space
R3(x,y, 2) furnished with the group structure
(Z‘/, y/a Z/) ' ('Ta Y, Z) = (Z‘/ +z, y/ +, 2 +z+ (Z’/y - y/l‘)/Q)
Define the left-invariant metric g by
B dz? + dy?
N 4
We take a left-invariant orthonormal frame field (eq, es, €3):
0 0] 0 0 0]
=2y ey =2 o, €3 =2~
“ or 782 Oy +x8z’ “ 0z

Then the commutative relations are derived as follows:

1 1
+n®n, n= i{dz + i(yd:r — xdy)}.

(18) [e1, e2] = 2e3, [e2,e3] = [e3,e1] = 0.
Then the 1-form 7 is a contact form and the vector field £ = e3 is the charac-
teristic vector field on Hs.

We define a (1,1)-tensor field ¢ by

per = eg, peg = —eq, & = 0.

Then we find
(19) dn(X,Y) = g(X, oY),
and hence, (1,&, ¢, g) is a contact Riemannian structure. Moreover, we see that
it becomes a Sasakian structure.

Now, for a slant curve in the Heigenberg group Hs, we put the tangent vector
field

T(s) = sinag cos B(s)e; + sin ag sin S(s)es + cos apes,

then we get
(20) V" =sinag(8'(s) — 2 cosag)(—sin B(s)er + cos B(s)es).

Since ¢y = sinag(—sinS(s)e; + cos f(s)ez), from (16) and (20) we have
B =qand B(s) =qs+0b, beR.

Hence every pseudo-Hermitian magnetic curve in Hs is represented as

z(s) = % sin g sin(gs + b) + xo,
y(s) = —% sin g cos(gs + b) + o,

2(s) = {cos ag+sin? ag/(2q) s — Sig% {zo cos(gs+b)+yo sin(gs + b) } + 2o,

where ¢, b, xq, Yo, 20 are constants.
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From the equation (16) if + is an almost Legendre curve, then it satisfies
V' = qp7, hence we have:

Corollary 4.8. If~ is an almost Legendre curve in a quasi-Sasakian 3-manifold
M, then v is a pseudo-Hermitian magnetic curve if and only if v is a contact
magnetic curve. Moreover, it has

k=lql, T=a.

Lemma 4.9 ([10]). Let v be a contact magnetic curve in quasi-Sasakian 3-
manifolds M. Then v is a slant curve with

Kk = |q|sin6, T=a+qcosb,
and the ratio of kK and T — « is constant.
4.2. B-Kenmotsu 3-manifold
From the equation (15), we get:

Proposition 4.10. Let M be a B-Kenmotsu 3-manifold. Then v is a pseudo-
Hermitian magnetic curve if and only if it satisfies

(21) V. ={tcosd + gty + B{cosh~" — &}

From the equation (21) and the Frenet-Serret equations (6) we have the
constant curvature

k=/(B2+ (tcosf + q)2)sin#,
and the normal vector field N = L1[3(cos 6y’ — &) + (tcosf + q)pY'].
The binormal vector field B is computed as
1
B=7"xN=—[6py + (tn(y) + ) (€ =n(¥)7)]-
Differentiating the binormal vector field B we have
1
(22) V., B= ——cos O(t cos O + q)[B(n(cos by — &) + (tcos O + q)7'].
From (22) and Frenet-Serret equations (6) we have the constant torsion
7 = cosO(tcosd + q).
Hence we have:

Proposition 4.11. Let v be a pseudo-Hermitian magnetic curve in 3-Kenmo-
tsu 3-manifold. Then ~y is a slant helix with

k=1/(B2+ (tcosf +q)?)sinf, 7 =cosf(tcosh+q).

Thus, from the equation (21), if v is a Legendre curve, since n(v’) := cosf =
0, it satisfies Vv = gy’ — BE. So, we have:

Corollary 4.12. Let v be pseudo-Hermitian Legendre magnetic curves in a
B-Kenmotsu 3-manifold. Then it is an almost Legendre circle with

k=+pB%2+¢q% T=0.
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Remark 4.13. Let v be a contact magnetic curve in a S-Kenmotsu 3-manifold
M. Then it is a slant helix with

k=|q|sind, T =qcosb.
4.3. In cosymplectic 3-manifold
From the equation (15), we get:

Proposition 4.14. Let v be a pseudo-Hermitian magnetic curve in cosymplec-
tic 3-manifold if and only if

(23) V' ={tcos+ q}ey.

From the equation (23) and Frenet-Serret equations (6) we have the constant
curvature
Kk =+/(tcosf + q)?sinb,
and normal vector field N = L(tcosf + q)p7'.
The binormal vector field B is computed as

1

—(tcos + q) (€ —cosO~").
K

Differentiating the binormal vector field B we have

B=4xN=

1
V4B = ——cosf(tcosb + 9)*¢y'.
R

From (4.3) and Frenet-Serret equations (6) we have the constant torsion
7 =cosf(tcosb + q).
Hence we have:

Proposition 4.15. Let v be a pseudo-Hermitian magnetic curve in cosymplec-
tic 3-manifold. Then 7 is a slant heliz with

k= |tcosf+q|sinf, 7 = (tcosf+ q)cosb,
and its ratio of kK and T is constant.
Thus, from the equation (23) we have:

Corollary 4.16. If~ is an almost Legendre curve in a cosymplectic 3-manifold
M, then v is a pseudo-Hermitian magnetic curve if and only if v is a contact
magnetic curve. Moreover, it is a Legendre circle with

k=lql, T=0.

Remark 4.17. If v is a contact magnetic curve in a cosymplectic 3-manifold M,
then it satisfies

Kk =|q|sinf, T =qcosh.
Moreover, for an almost Legendre curve 7, it is a circle with k = |q|, 7 = 0.
(150)
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