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1. Introduction

In many economic and social studies, researchers are interested in features, attributes 
and characteristics that are inherently sensitive. Questions about sensitive topics include 
tax frauds, corruption, illegal work, black market, abortion, politically incorrect views, 
drug use, and many more.

The first statistical method of indirect questioning intended for dealing with sensi-
tive features was proposed by Warner (1965). The method is called mirrored question 
design. Nowadays it is one of many techniques belonging to a larger group of methods 
named randomised response techniques (RRTs). The common feature of all RRTs is the 
use of a randomising device by respondents. A randomising device can be a coin, dice, 
spinner, deck of cards or a random number generator. Other elemental randomised re-
sponse techniques are: unrelated question design (Greenberg, Abul-Ela, Horvitz, 1969) 
and forced response design (Boruch, 1971; Fox, Tracy, 1986). A very good summary of ba-
sic RRTs can be found in Blair, Imai and Zhou (2015).

Randomised response techniques developed very strongly in the 21st century. The-
oretical developments include much more complicated models (Abdelfatah, Mazloum, 
2015; Batool, Shabbir, Hussain, 2017), optional randomised response techniques (Khalil, 
Zhang, Gupta, 2021) and scrambled randomised responses (Vishwakarma, Singh, 2021). 
Applications of RRTs include research on inappropriate sexual behaviour (Rueda, Cobo, 
López-Torrecillas, 2020), illegal waste disposal (Chong et al., 2019), ethics in business 
(Chu, So, Chung, 2018), corruption (Gingerich, 2010), and many more.

Although RRTs are well established in statistical theory and practice, there is an on-
going debate as to whether these methods really help to elicit truthful answers to ques-
tions that are inherently sensitive (Coutts, Jann, 2011; Wolter, Preisendörfer, 2013; Leslie 
et al., 2018). The biggest disadvantage of randomised response techniques is the necessi-
ty to use a randomising device by respondents. Randomised response techniques usual-
ly cannot be used in telephone or internet surveys. To avoid this drawback, Yu, Tian, and 
Tang (2008) introduced crosswise and triangular models that resemble RRTs but do not 
need any randomising device. The new methods received the name of non-randomised 
response (NRR) techniques and gained a great deal of attention in the 21st century. Groe-
nitz (2014) proposed a new NRR technique for a categorical sensitive variable called the 
diagonal model, Tian (2014) proposed the parallel model, Arnab, Shangodoyin, and Arcos 
(2019) extended the parallel model to complex survey designs. Applications of non-ran-
domised response techniques include research on xenophobia (Hoffman, Meisters, Musch, 
2020), mental stress among students (Erdmann, 2019), attitudes towards female lead-
ers (Hoffmann, Musch, 2019), attitudes towards Muslims (Johann, Thomas, 2017), pre-
marital sex among university students (Wu, Tang, 2016), and tax evasion (Korndörfer, 
Krumpal, Schmukle, 2014).
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Section 2 of the paper presents the statistical background of the crosswise model 
proposed by Yu, Tian, and Tang (2008). In Section 3, the methodology of the newly pro-
posed generalised crosswise model (GCM) is presented, the maximum likelihood estima-
tor of the population sensitive proportion is obtained, and the degree of privacy protec-
tion is given. In Section 4, the properties of the new GCM are discussed and comparisons 
with other NRR models are made. The practical relevance of the newly proposed gener-
alised crosswise model is shown. The article ends with Conclusions set out in Section 5.

2. Non-randomised response techniques

To allow for further examinations and comparisons, we briefly present key results for the 
crosswise model pioneered by Yu, Tian, and Tang (2008). Although the paper introduces 
a generalisation of the crosswise model, to present a broader point of view, we will also 
refer to the triangular model given again in Yu, Tian, and Tang (2008). In the mentioned 
models, the researcher is interested in a sensitive variable Z with binary outcomes, i.e. 
Z ~ Bernoulli(π). The parameter under study is an unknown population sensitive pro-
portion π.

Crosswise model (Yu, Tian, Tang, 2008)

In the crosswise model, a neutral question with binary outcomes and a known distribu-
tion is used, i.e. we have Q ~ Bernoulli(q), where q is a known population proportion such 
that q ≠ 0.5. It is assumed that neutral and sensitive questions are unrelated, i.e. that Q 
and Z are independent. Respondents are presented with two questions simultaneous-
ly, one neutral and one sensitive. They are instructed to report only if answers to those 
two questions are the same.

The observable variable in this model is Y, where:

 


= 


1 if two answers are YES or two answers are NO
 .

0                                                                       otherwise
Y   (1)

We have:

 ( ) ( )( )= = + − −π π1 1 1CMP Y q q  (2)

and

 
− +

=
−

π 1
2 1

ˆCM
y q

q
  (3)
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π π π ππ π
π 2 2
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A popular indicator of respondents’ privacy in indirect methods of questioning is the 
degree of privacy protection (DPP) defined as DPP = P(Z = 1|Y). For the CM, we have:

 ( ) ( )
( ) ( )

−
= = =

− + −
π

π π
1

1| 0 .
1 1CM

q
P Z Y

q q
 (5)

 ( ) ( )( )
= = =

+ − −
π

π π
1| 1 .

1 1CM
qP Z Y

q q
 (6)

It has to be emphasised that the choice of model parameters should be based on some 
sort of compromise between the efficiency of estimation and the degree of privacy pro-
tection. For example, in the crosswise model, ( )π̂TMVar  for ( )∈ 0;0.5q  is an increasing 
function of q, therefore, small values of q are preferred. At the same time, PCM(Z = 1|Y = 0 
is a decreasing function of q, therefore, large values of q are needed. Consequently, in re-
search on sensitive topics both the efficiency of estimation and respondents’ privacy 
need to be taken into account simultaneously. This discussion will be continued in the 
next sections of the paper.

3. New proposed generalised crosswise model

In this section, we introduce a generalised crosswise model (GCM). We present the 
methodology of this new technique, obtain the maximum likelihood estimator of the 
unknown population sensitive proportion and derive the degree of privacy protection. 
Then we show that the crosswise model proposed by Yu, Tian, and Tang (2008) is sta-
tistically a special case of the GCM proposed here.

For better understanding and also for further comparisons, we first present a ver-
sion of this new technique for two neutral questions only. Then the model will be fur-
ther generalised.

We are interested in a sensitive variable Z with binary outcomes, i.e. Z ~ Bernoulli(π). 
The parameter under study is an unknown population sensitive proportion π. We use 
two neutral questions with binary outcomes and a known distribution, i.e. we have Q ~ 
Bernoulli(q), R ~ Bernoulli(r) , where q and r are known population proportions and gr ≠ 
(1 – q)(1 – r). We assume that three questions are unrelated, i.e. mathematically, we as-
sume that Q, R, Z are mutually independent.
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Respondents are presented with all three questions simultaneously, i.e. they are pre-
sented with one sensitive and two neutral questions at the same time. Then they are 
asked only about the three joined questions. In particular, they are instructed to report 
if answers to all three questions are the same, i.e. if all answers are YES or all answers 
are NO. They are not asked about individual questions. Therefore, none of the variables 
Q, R, Z is directly observable (they are latent variables). The only variable observable 
in this model is Y, where:

 


= 


1 if three answers are YES or three answers are NO 
.

0                                                                             otherwise
Y  (7)

We have:

 ( ) ( )( )( )= = + − − −π π1 1 1 1 .GCMP Y qr q r   (8)

Now we construct a log-likelihood function:

 
( ) ( )( )( )

( ) ( )( )( )
 … = + − − − + 

 + − − − − − − 

π π π

π π
1ln , , ; , , ln 1 1 1

1 ln 1 1 1 1 .
nL q r y y ny qr q r

n y qr q r
 (9)

By using standard derivation, we obtain the maximum likelihood estimator of the 
unknown sensitive proportion:

 
( )( )
( )( )

− − −
=

− − −
π̂

11
1 1GCM

y q r
qr q r

  (10)

The variance of this estimator is given by:

 ( ) ( )( )( ) ( )( )( )
( )

   + − − − − − − − −   =
+ −

π π π π
π 2

1 1 1 1 1 1 1
.ˆ

1GCM

qr q r qr q r
Var

n r q
 (11)

To analyse the properties of the new technique, let us derive the degree of privacy 
protection (DPP), which is a popular indicator of privacy in indirect methods of question-
ing. The DPP is defined as DPP = P(Z = 1|Y), and it describes the probability of possess-
ing a sensitive attribute given the answer Y. For the newly proposed model, we obtain:

 ( ) ( )
( ) ( )( )( )( )

−
= = =

− + − − − −
π

π π
1

1| 0 .
1 1 1 1 1GCM

qr
P Z Y

qr q r
 (12)

 ( ) ( )( )( )
= = =

+ − − −
π

π π
1| 1 .

qr 1 1 1GCM
qrP Z Y

q r
 (13)
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Now let us generalise this model to a larger number of neutral variables. We use k, k 
≥ 1 neutral questions with binary outcomes and a known distribution, i.e. we have Qi ~ 

Bernoulli(qi), where qi are known population proportions, i = 1, …, k and ( )
=

=

≠ −∏ ∏1
1

1
k

k
i ii

i

q q . 

We assume that all questions are unrelated, i.e. that Q1, …, Qk, Z are mutually independent.
Respondents are presented with all (k + 1) questions simultaneously, i.e. they are 

presented with one sensitive and k neutral questions at the same time. Then they are 
instructed to report if answers to all (k + 1) questions are the same, i.e. if all answers 
are YES or all answers are NO. The only variable observable in this model is Y, where:

 ( ) +
= 


1   if answers to all 1  questions are the same 
.

0                                                                            otherwise
k

Y  (14)

We have:

 ( ) ( ) ( )
=

=

= = + − −∏ ∏π π
1

1

1 1 1 .
k

k
GCM i ii

i

P Y q q   (15)

The log-likelihood function is:

 
( ) ( ) ( )

( ) ( ) ( )

=
=

=
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1

ln , , , ; , , ln 1 1

ln 1 1 1 .

k
k

n n i ii
i

k
k

i ii
i

L q q y y ny q q

n ny q q
 (16)

The maximum likelihood estimator of the unknown sensitive proportion is:

 
( )

( )
=

= =

− −
=

− −
∏
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π 1
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1

1

k
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GCM k k
i ii i
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The variance of this estimator is given by:

 ( )
( ) ( ) ( ) ( )

( )( )
= = = =

= =

   + − − − − − −
   =

− −

∏ ∏ ∏ ∏
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1
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 (18)

For the proposed model, we obtain:

 ( )
( )

( ) ( )( )( )
=

= =

−
= = =

− + − − −

∏
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π π

1

1 1

1
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ii

GCM k k
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It can be easily seen that the GCM simplifies to the crosswise model proposed by Yu, 
Tian, and Tang (2008) for k = 1. And formulas (14–20) simplify to formulas (1–6). There-
fore, the crosswise model is a special case of the new GCM. From a mathematical point 
of view, it is obvious that we have obtained a more general model. Now an important 
question arises as to whether such a theoretical generalisation has any practical rele-
vance. The answer is ‘yes’ and it will be justified it in the next section.

4. Properties of the generalised crosswise model

In real surveys, we usually cannot choose values of qi freely, as we are limited by the 
kind of questions we can ask in a given population. Consequently, having some questions 
at our disposal, we have given the values of qi, i = 1, …, k in advance. Therefore, it will 
be convenient to compare the traditional CM and the newly introduced GCM for select-
ed model parameters, i.e. for selected values of qi, i = 1, …, k and π.

First, let us study the efficiency of the GCM in comparison with the CM introduced 
by Yu, Tian, and Tang (2008). For this purpose, let us define:

 ( ) ( )
( )

=
π

π
π

,
ˆ

ˆ
ˆ
GCM

GCM
CM

Var
Eff

Var
  (21)

where ( )π̂GCMVar  is given in formula (18) and ( )π̂CMVar  is given in formula (4). In both 
models, we assume the same values of q1 and π. This means that in both models we con-
sider the same sensitive question and one neutral question. The only difference is that 
in the generalised crosswise model succeeding neutral questions are added. Table 1 pre-
sents the efficiency of the GCM for selected model parameters and different values of neu-
tral questions (different values of k).

Table 1. Efficiency ( )π̂GCMEff  of the proposed GCM for selected model 
parameters

Sensitive population proportion π
Parameters qi 0.10 0.20 0.30 0.40 0.50 0.60 0.70

k = 2
q1 = q2 = 0.2 1.266 1.147 1.054 0.974 0.898 0.818 0.728
q1 = q2 = 0.3 1.103 1.027 0.957 0.890 0.824 0.755 0.681
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Sensitive population proportion π
Parameters qi 0.10 0.20 0.30 0.40 0.50 0.60 0.70

q1 =0.2; q2 = 0.1 0.869 0.822 0.779 0.735 0.685 0.626 0.552
q1 = 0.2; q2 = 0.3 1.870 1.644 1.479 1.346 1.232 1.124 1.014

k = 3
q1 = q2 = q3 = 0.3 1.531 1.370 1.227 1.095 0.966 0.838 0.704
q1 = q2 = q3 = 0.4 1.141 1.062 0.985 0.909 0.834 0.758 0.680
q1 = 0.3; q2 = 0.3; q3 = 0.2 1.167 1.052 0.946 0.846 0.746 0.642 0.532
q1 = 0.3; q2 =0.3; q3 = 0.4 2.102 1.874 1.674 1.494 1.325 1.159 0.992

k = 4
q1 = q2 = q3 = q4 = 0.3 2.250 1.971 1.726 1.503 1.292 1.086 0.875
q1 = q2 = q3 = q4 = 0.45 1.247 1.177 1.108 1.039 0.970 0.902 0.833
q1 = q2 = q3 =0.4; q4 = 0.3 1.121 1.018 0.916 0.816 0.716 0.615 0.511
q1 = q2 = q3 = 0.4; q4 = 0.45 1.981 1.817 1.657 1.503 1.350 1.199 1.047

Source: own calculations

It can be seen in Table 1 that using more than one neutral question can be beneficial 
as far as the efficiency of the estimation is concerned. In particular, in the cases of mod-
el parameters corresponding to the shaded cells in Table 1, the newly introduced GCM 
is more efficient than the traditional CM.

Now that we know that adding neutral questions can be beneficial, an important 
question arises. Namely, is there an optimal number of neutral questions? Or equivalent-
ly, is there an optimal number of k? The answer is no. It depends on the unknown sen-
sitive proportion π. To show that, let us examine the following example. Let us say that 
we have at our disposal four different neutral questions, answers to which are Bernoulli 
distributed with the same parameter q = 0.3. Shall we use all four questions, three ques-
tions, two questions, or only one question? There is no single answer to this question. 
If the real sensitive proportion is π = 0.1, then

 ( ) ( ) ( ) ( )= = = =≤ ≤ ≤π π π π1 2 3 4ˆ ˆ ˆ ˆk GCM k GCM k GCM k GCMVar Var Var Var .

Therefore, in this particular case, it is best to use one neutral question only. But if the 
real sensitive proportion is π = 0.3, then we have

 ( ) ( ) ( ) ( )= = = =≤ ≤ ≤π π π π2 1 3 4ˆ ˆ ˆ ˆk GCM k GCM k GCM k GCMVar Var Var Var .

Therefore, in this particular case, it is best to use two neutral questions. Last but not 
least, if π = 0.8 ,  then 

 ( ) ( ) ( ) ( )= = = =≤ ≤ ≤π π π π3 2 4 1ˆ ˆ ˆ ˆk GCM k GCM k GCM k GCMVar Var Var Var .
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Therefore, in this particular case, it is best to use three neutral questions.
Let us now consider the problem of privacy protection. For respondents to feel safe, 

the DPP should be small. On the other hand, the extreme version of DPPP = 0 frees re-
spondents from any suspicion of possessing sensitive attributes. Let us note that for the 
triangular model (Yu, Tian, Tang, 2008), it holds:

 ( )= = =1| 0 0.P Z Y

This means that by answering ҅ No, ҆ i.e. by answering that Y = 0, in this model, re-
spondents can protect themselves from being accused of possessing a sensitive attrib-
ute. This is not a desirable feature of the model due to the fact that the model possesses 
an option for full protection. Respondents may be tempted by this option and may select 
it to show that they do not have the undesired characteristic. For the crosswise model 
(Yu, Tian, Tang, 2008) and for the new proposed GCM, it holds:

 ( )= = = ≠ =1| 0 for 0,1.DPP P Z Y i i

Thus, the CM and GCM do not have any option for full protection, which is consid-
ered an advantage. Therefore, in this regard, both the CM and GCM models are superior 
to the triangular model.

Therefore, let us now examine in detail the degree of privacy protection for both the 
GCM and CM for the same model parameters as in Table 1. Tables 2 and 3 present ratios 
of degrees of privacy protection defined as:

 ( ) = =
= = = =

= =
( 1| )1|   for  0,1,
( 1| )

GCM
GCM

CM

P Z Y ir Z Y i i
P Z Y i

  (22)

where PGCM(Z = 1|Y = i) is given in formulas (19) and (20) and PCM(Z = 1|Y = i) is given 
in formulas (5) and (6).

Table 2. Ratios of degree of privacy protection rGCM(Z = 1|Y = 0)

Sensitive population proportion π
Parameters qi 0.10 0.20 0.30 0.40 0.50 0.60 0.70

k = 2
q1 = q2 = 0.2 0.743 0.800 0.844 0.880 0.909 0.933 0.954
q1 = q2 = 0.3 0.804 0.837 0.867 0.893 0.915 0.936 0.954
q1 =0.2; q2 = 0.1 0.910 0.933 0.950 0.963 0.972 0.980 0.986
q1 = 0.2; q2 = 0.3 0.623 0.696 0.757 0.808 0.851 0.889 0.922

k = 3
q1 = q2 = q3 = 0.3 0.686 0.733 0.777 0.816 0.853 0.887 0.918
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Sensitive population proportion π
Parameters qi 0.10 0.20 0.30 0.40 0.50 0.60 0.70

q1 = q2 = q3 = 0.4 0.820 0.843 0.865 0.886 0.907 0.927 0.946
q1 = 0.3; q2 = 0.3; q3 = 0.2 0.739 0.781 0.818 0.852 0.882 0.910 0.935
q1 = 0.3; q2 =0.3; q3 = 0.4 0.640 0.691 0.738 0.783 0.825 0.864 0.901

k = 4
q1 = q2 = q3 = q4 = 0.3 0.615 0.668 0.717 0.764 0.809 0.851 0.891
q1 = q2 = q3 = q4 = 0.45 0.878 0.892 0.906 0.920 0.934 0.947 0.961
q1 = q2 = q3 =0.4; q4 = 0.3 0.796 0.822 0.846 0.870 0.893 0.916 0.938
q1 = q2 = q3 = 0.4; q4 = 0.45 0.764 0.792 0.820 0.847 0.874 0.900 0.926

Source: own calculations

Table 3. Ratios of degree of privacy protection rGCM(Z = 1|Y = 0)

Sensitive population proportion π
Parameters qi 0.10 0.20 0.30 0.40 0.50 0.60 0.70

k = 2
q1 = q2 = 0.2 0.255 0.262 0.270 0.280 0.294 0.314 0.345
q1 = q2 = 0.3 0.440 0.454 0.470 0.491 0.517 0.552 0.600
q1 =0.2; q2 = 0.1 0.114 0.117 0.122 0.127 0.135 0.147 0.165
q1 = 0.2; q2 = 0.3 0.435 0.443 0.454 0.467 0.484 0.508 0.543

k = 3
q1 = q2 = q3 = 0.3 0.191 0.199 0.210 0.224 0.243 0.270 0.310
q1 = q2 = q3 = 0.4 0.462 0.483 0.507 0.536 0.571 0.615 0.672
q1 = 0.3; q2 = 0.3; q3 = 0.2 0.112 0.117 0.124 0.134 0.146 0.165 0.194
q1 = 0.3; q2 =0.3; q3 = 0.4 0.295 0.307 0.321 0.340 0.364 0.397 0.444

k = 4
q1 = q2 = q3 = q4 = 0.3 0.082 0.086 0.092 0.099 0.109 0.123 0.146
q1 = q2 = q3 = q4 = 0.45 0.569 0.593 0.621 0.652 0.688 0.730 0.779
q1 = q2 = q3 =0.4; q4 = 0.3 0.202 0.215 0.232 0.254 0.282 0.320 0.376
q1 = q2 = q3 = 0.4; q4 = 0.45 0.380 0.400 0.424 0.452 0.488 0.533 0.594

Source: own calculations

As we can see in Tables 2 and 3, for all model parameters considered in these tables 
(shaded cells), the generalised crosswise model increased respondents’ privacy, i.e. de-
creased conditional probabilities P(Z = 1|Y = 0) and P(Z = 1|Y = 1) that respondents pos-
sess a sensitive attribute. Moreover, in many cases, this improvement is extremely sig-
nificant. Therefore, the new GCM can find applications especially in surveys where 

https://www.czasopisma.uni.lodz.pl/foe/


FOE 5(356) 2021 www.czasopisma.uni.lodz.pl/foe/ 36

Barbara Kowalczyk | An Analysis of the Properties…

sensitivity of the studied variable is exceptionally high. It should be noted, however, that 
this is not always the case. There are exceptions to this rule. For example, for k = 2; 
q1 = 0.4; q1 = 0.2 ,  we have rGCM(Z = 1|Y = 0) > 1 for all values of the sensitive proportion π.

In Tables 2–3, we have indicated situations in which it is superior to the CM in terms 
of privacy protection. We have also emphasised that both the CM and GCM do not have 
any option for full protection, which is considered an advantage over the non-randomised 
triangular model.

Last but not least, let us note that the new GCM increases simultaneously both the 
efficiency of estimation and respondents’ privacy for all model parameters correspond-
ing to the shaded cells in Table 1 compared to the traditional non-randomised CM. This 
proves that the presented generalisation is very important from a practical point of view.

5. Conclusions

Non-randomised response techniques are innovative and valuable tools for dealing with 
sensitive questions in surveys. Existing NRR models provide many possibilities for ap-
plications. Nevertheless, it is still valuable to develop existing theory. In the paper, a gen-
eralisation of the existing crosswise model has been introduced. It has been shown that 
the classical crosswise model pioneered by Yu, Tian, and Tang (2008) is a special case 
of the obtained generalised crosswise model. Additionally, in the paper, it has been indi-
cated that this generalisation is also relevant from a practical point of view. For selected 
model parameters, the introduced GCM increases not only the efficiency of estimation 
but also respondents’ privacy as compared to the traditional CM. Such an improvement 
is very important as far as sensitive topics are concerned.
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Analiza własności nowo zaproponowanej techniki 
nierandomizowanych odpowiedzi
Streszczenie: Techniki nierandomizowanych odpowiedzi to nowoczesne i stale 

rozwijające się metody przeznaczone do radzenia sobie z tematami 
drażliwymi, takimi jak oszustwa podatkowe, czarny rynek, korup-
cja itp. W artykule zaproponowano nową technikę nierandomizowa-
nych odpowiedzi, którą można traktować jako uogólnienie znanego 
modelu krzyżowego. Przedstawiono metodykę nowego uogólnione-
go modelu krzyżowego oraz podano estymator największej wiary-
godności dla nieznanej populacyjnej frakcji cechy drażliwej. Omó-
wiono również problem ochrony prywatności. Przeanalizowano 
własności nowo zaproponowanego modelu, a następnie porówna-
no go z tradycyjnym modelem krzyżowym. Pokazano, że klasyczny 
model krzyżowy jest specjalnym przypadkiem zaproponowanego 
modelu uogólnionego. Wykazano również, że to uogólnienie ma duże 
znaczenie dla praktyki.

Słowa kluczowe: ankietowanie pośrednie, pytania drażliwe, techniki nierandomizo-
wanych odpowiedzi, model krzyżowy, estymacja NW, stopień ochro-
ny prywatności

JEL: C13, C18, C83
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