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1. Introduction

In the theory of the classical Hopf algebras, Radford’s biproducts are very important
Hopf algebras, which play a central role in the theory of classification of pointed Hopf
algebra [1] and account for many examples of semisimple Hopf algebra. There has been
many generalizations of Radford’s biproducts such as [2] for quasi-Hopf algebra case, [9]
for multiplier Hopf algebra case and [13] for monoidal Hom-Hopf algebra.

Let B x H be the Radford’s biproduct, where B is both a left H-module algebra and a
left H-comodule coalgebra. Define 7 : Bx H — H, w(bx h) = eg(b)h and j(h) = 15 X h,
let Autpope(B x H,m) be the set of Hopf algebra automorphisms F' of B x H satisfying
mo F = m. Radford [17] characterized the element of Autyeps(B x H, ), and factorized
F eAutyops(B x H, ) into two suitable maps. Motivated by the idea in [17], the study of
automorphisms of Radford’s Hom-biproducts introduced in [13] is the focus of this paper.

This paper is organized as follows. In Section 2, we recall some definitions and basic re-
sults related to monoidal Hom-algebras, Hom-coalgebras, Hom-bialgebras (Hopf algebras),
Hom-(co)module, Hom-module algebras, Hom-smash (co)products and Hom-biproducts.

In Section 3, we study the automorphisms of Radford’s Hom-biproducts and show that
the automorphism has a factorization closely related to the factors B and H of Radford’s
Hom-biproduct B x H in [13]. Finally, we characterize the automorphisms of a concrete
example.
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2. Preliminaries

Throughout this paper, k will be a field. More materials about monoidal Hom-(co)algebra,
monoidal Hopf Hom-algebra, etc. can be found in ([3-8,10-16, 18-20]). We denote idys
for the identity map from M to M.

Let M = (M, ®, k,a,l,r) be the monoidal category of vector spaces over k. We can
construct a new monoidal category H(M) whose objects are ordered pairs (M, p) with
M € M and p € Aut(M) and morphisms f : (M, u) — (IV,v) are morphisms f: M — N
in M satisfying v o f = f o u. The monoidal structure is given by (M, pu) ® (N,v) =
(M ® N,p ® v) and (k,idg). All monoidal Hom-structures are objects in the tensor
category H(M) = (H(M), ®, (k,idy), @,1,7) introduced in [3] with the associativity and
unit constraints given by

amnc((men) @p) = um) @ (n @y~ (),
lz@m) =F(m®z) = zu(m),

for (M, ), (N,v) and (C,~). The category H(M) is termed Hom-category associated to
M. In the following, we recall some definitions about Hom-structures from [3] and [13].

2.1. Monoidal Hom-algebra

A monoidal Hom-algebra is an object (A4, «a) € j-vC(M) together with linear maps m4 :
AR A— A ma(a®b) =aband ny : k — A such that

a(ab) = a(a)a(b), ala)(be) = (ab)alc), (2.1)
2.2

a(n(1)) =n(1), an(l) = a(a) = n(1)a,
for all a,b,c € A. We shall write n4(1) = 14.
A left (A, a)-Hom-module consists of an object (M, 1) € H(M) together with a linear
map ¢ : A® M — M,¢¥(a ®m) = a-m satisfying the following conditions:

(ab) - w(m) = a(a) - (b- ), 1 - m = u(im), (2.3
for all m € M and a,b € A. For 1 to be a morphism in H(M), one needs
ula-m) = afa) - u(m). (2.4)

We call that v is a left Hom-action of (A, «) on (M, ).
Let (M, u) and (M’ 1) be two left (A, a)-Hom-modules. We call a morphism f : M —

M’ right (A, a)-linear, if fopu =y o f and f(a-m) = a- f(m). H(4M) denotes the
category of all left (A, a)-Hom-modules.

2.2. Monoidal Hom-coalgebras

A monoidal Hom-coalgebra is an object (C,7) € H(M) together with two linear maps
Ac:C = C®C, Ac(c) = c1) ® ¢(z) (summation implicitly understood) and e¢ : C' — k
such that

7 eay) ® Ac(e) = caya) @ (caye) @7 @), Ac(v(e) = v(cq)) @ v(cw), (2.5)

ec(v(c)) = ec(e), cayeclee) =7 (c) = eclcq))e), (2.6)
for all c € C. N
A left (C,y)-Hom-comodule consists of an object (M, u) € H(M) together with a linear
map py : M — COM, ppr(m) = m_y®@myg) (summation implicitly understood) satisfying
the following conditions:

Ac(mi_y)) @ p~H(mp) =7~ (m_1)) @ (myg)-1) ® myoa)), (2.7)
—1

ec(m- 1])m[o] =p~ (m), (2.8)
pm(p(m)) = v(m—1) ® p(my)), (2.9)
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for all m € M. We call that pys is a left Hom-coaction of (A, a) on (M, p).

Let (M, ) and (M’, ') be two left (C,~)-Hom-comodules. We call a morphism f :
M — M’ left (C,v)-colinear, if fou = p'o fand f(m)g @ f(m)—1) = f(mp) © m_q).
H (M) denotes the category of all left (C,~)-Hom-comodules.

2.3. Monoidal Hom-Hopf algebra

A monoidal Hom-bialgebra H = (H,B,mpg, 1y, Ay, eg) is a bialgebra in the category
H(M). This means that (H, 3, mp, 1x) is a monoidal Hom-algebra and (H, 5, Ap,ep) is
a monoidal Hom-coalgebra such that Ay and e are Hom-algebra maps, that is, for any
h,g e H,

AH(hg) :AH(h)AH(g),AH(lH) =1lg®ly, (2.10)
eg(hg) =eg(h)en(g),eg(ly) = 1. (2.11)
A monoidal Hom-bialgebra (H, () is called a monoidal l-Iom—Hopf algebra, if there exists
a morphism (called the Hom-antipode) Sy : H — H in H(M) such that
Su(hy)he) =en(h)la = ha)S(he), (2.12)
forall h € H.

2.4. Hom-module algebra

Let (H, () be a monoidal Hom-bialgebra. A monoidal Hom-algebra (B, «) is called a
left (H,)-Hom-module algebra, if (B, «) is a left (H, 3)-Hom-module with the action -

obeying the following axioms:
h- (ab) = (h(l) . a)(h(g) . b), h - 13 = €H(h)13, (2.13)

for all a,b€ A and h € H.
Let (B, ) be a left (H, §)-Hom-module algebra. The Hom-smash product (BfH, o)
of (B,«) and (H, 3) is defined as follows, for all a,b € B, h,g € H,

- as k-space, BifH = B® H,
- Hom-multiplication is given by
(ath)(big) = a(hqy - o (0)§B(h2))g-
(BtH,1p#ly,a ® ) is a monoidal Hom-algebra.

2.5. Hom-comodule coalgebra

Let (H, ) be a monoidal Hom-bialgebra. A monoidal Hom-coalgebra (B, «) is called

a left (H,)-Hom-comodule coalgebra, if (B, «a) is a left (H, 5)-Hom-comodule with the
coaction pp(b) = b_;) ® bjg) obeying the following axioms:

b1 ® Ap(bo) = by-11b2)-1] @ b)) @ b2yjo)s b-1eB (b)) = ep(d)la,  (2.14)

for all b € B.
Let (B,«) be a left (H,f)-Hom-comodule cocalgebra. The Hom-smash coproduct
(ByH, ayp) of (B,«) and (H, () is defined as follows, for all a,b € B, h,g € H,

- as k-space, BiH = B® H,
- Hom-comultiplication is given by

A(bhh) = (b iba)—1B~ ' (ha))) ® ((b2)0))bh(2))-
(ByH,A,ep ® eg,a ® ) is a monoidal Hom-coalgebra.
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2.6. Hom-comodule algebra

Let (H, B) be a monoidal Hom-bialgebra. A monoidal Hom-algebra (B, «) is called a left
(H, p)-Hom-comodule algebra, if (B, «) is a left (H, §)-Hom-comodule with the coaction
pp obeying the following axioms:

pr(ab) = a_yb_y @ apbpy, pe(le) =1 @ 1p, (2.15)
for all a,b € B.

2.7. Hom-module coalgebra

Let (H, ) be a monoidal Hom-bialgebra. A monoidal Hom-coalgebra (B, «) is called a
left (H, 5)-Hom-module coalgebra, if (B, «) is a left (H, 5)-Hom-module with the action -
obeying the following axioms:

Ap(h-b) = h(l) . b(l) & h(Q) . b(z), eg(h-b) =ep(h)ep(b), (2.16)
forallbe B and h € H.

2.8. Radford’s Hom-biproduct

Recall from [Theorem 3.5] that the vector space B ® H with the Hom-smash product
structure and the Hom-smash coproduct structure is a monoidal Hom-bialgebra if and
only if the following conditions hold:

- ep is an algebra map and Ag(lp) = 1p ® 15,
- (B,a) is a left (H, f)-Hom-module coalgebra,
- (B, ) is a left (H, §)-Hom-comodule algebra,

- for a,b € B,
Ag(ab) = agy(a@)-1 - o (b)) ® ala@)o)be) (2.17)
-forallhe H and b € B,
(hq1y - @ (b)) =112 @ a((hy - a1 (B) o) = haybi—1] @ he2) - byg- (2.18)

Under the assumption that (H, Sg) is a monoidal Hom-Hopf algebra and idp has a convo-
lution inverse in End(B), B® H is a monoidal Hom-Hopf algebra. The monoidal Hom-Hopf
algebra(B @ H,a ® () is called the Radford’s Hom-biproduct and is denoted by B x H.

3. Factorization of certain biproduct endomorphisms

Let (B x H,a ® ) be the Radford’s Hom-biproduct. We define 7 : B x H — H by
m(bxh) =ep(b)hforbe Band h€ Hand j: H— BxH by j(h)=1pxhfor h € H are
monoidal Hom-Hopf algebra maps which satisfy moj = idg. Let Endygom-topt(B < H, H, )
be the set of all monoidal Hom-Hopf algebra endomorphisms F' of A such that mo FF =7
and let Autyom-Hopt(B X H, H,m) be its set of units. Thus Autyom-Hopt(B X H, H,7) is
the group of monoidal Hom-Hopf algebra automorphisms F' of B x H such that ro FF =7
under composition. We will write Endgom-topt(B % H, ) for Endpom-Hopt(B x H, H, ),
and Autiom-Hopt(B X H, ) for Autpom-tiopf(B X H, H, 7). The pupose of this section is to
show that F' has a factorization closely related to the factors B and H of B x H.

We defineIl1: BxH — Band J: B— BxH by II(bxh) =beg(h), forallbe B,h € H
and J(b) = b x 1y, for all b € B. There is a fundamental relationship between these four
maps given by:

Joll =idpxpgx(joSyom). (3.1)
The factorization of F' is given in terms of F;: B — B and F, : H — B defined by:
Fi=ToFoJ and F.=1IloFoj. (3.2)

First, we shall reveal the relationships among F', F; and F;. in the following lemma.
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Lemma 3.1. Let F €Enduom-Hopt(B x H, ). Then:
F(b) x1g = F(bx 1g), (3.3)
F.(h) x 1y = F(1p X hq))(1p x Su(h))),
F(b x h) = Fi(a” (1) F (k) x Bh),
forallbe B and h € H.
Proof. We need to calculate JoIlo F. For b € B and h € H, we use (3.1) to compute
(J o I (F (b x h)) = F((bx h)1))(j o S om)(F((bx h)@)))
F((b x h) ) (G oSuom)((bxh)eq))
F(bay % bay—1B~ " (h)))(j © S o m) (b)) X h2))
= F(a™}(b ) X h 1) (1a x Sa(h))).
It follows that
(JoIlo F)(bx h)=F(a™'(b) x h))(1s x Su(h)),

for all b € B and h € H. Equations (3.3) and (3.4) follow from the above equation. As
for (3.5), we calculate

F(bxh)
F(a™'(b) x 1m)F(1p x 871 (h))
Flam ' (b) x 1) [F(1p x B~ (h)) (s x Su (B8 (h@ym))(1p x B~ (hay2))]
F(a™'(b) x 1g)[(F(1p x B72(h@))(1p x Su (B~ () (1B X hz)2))]
(@™'(®) x L) [(F(1p x 87 (haya)) (1 x Su(B~ (haye)(1s x B~ (h(z)))]
= [F(a™?(b) x 1g)(F(15 x 87 (hayw)) (s x Sa(B™ (hay@)))(1p X hz)
= [Fi(a™2(b) x 1) (Ex (B (hq))) x 1H)](1B x hz))
= Fi(a™ (b)) Fr (k1)) x Bh),
as desired. m
By (3.3) and (3.4) of Lemma 3.1:
(tdpxm)i =idp and (idpxm)r =MBocH. (3.6)
Since Fj(1g) = 1p by (3.3) of Lemma 3.1. By (3.5) of Lemma 3.1:
F(lp x h) = F(B(h))) x B(h)), (3.7)
for all h € H. We are now able to compute the factors of a composite.

Corollary 3.2. Let F,G €Endpom-topt(B x H, ). Then
(1) (FoG)=F oG,
(2) (FoG)y = (FoGy)+F
Proof. For b € B, by (3.3) of Lemma 3.1, we have
(FOG)l(b) Xlg = (FOG)(b X 1) = F(Gl(b) X 1H) = (E OGl)(b) X lg.
Thus, it follows that part (1) holds. Let h € H. Using (3.7), the fact that F' is multiplica-
tive, and part (1) of (3.3), we obtain that:

(FoG)(B(h(1))) x B(h(2))
(3.7) =(F o G)(1p x h)
(3.7) =F(Gr(B(hq))) x B(h2))
—F(Gy(h) % 1) F(1p x he)

“11
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(3.3) =(F1Gr(h1y) x 1) (Fr(B(h(2)1))) x B(h2)2))
=FGr(ha)F(B(hay1))) X B2 (h@) )
=FGr(B(hy ) Fr(B(h1y@2)) x B(he)),

ie.,
(FoG)r(B(h1))) x Blhey) = FiG(B(hya))) Fr(B(hay@)) x Blhy)-
Applying idp ® e to both sides of the above equation, we can get part (2). O
By virtue of Lemma 3.1, to characterize F is a matter of characterizing F; and Fg.

Note in particular part (5) of the following describes a commutation relation between F;
and Fg. First, we shall characterize F; in the following lemma.

Lemma 3.3. Let F €Endyom-Hopt(B x H, ). Then:

(1) F;: B — B is a monoidal Hom-algebra endomorphism.
(2) ego F; =¢p.
(3) forallb e B,

A(Fy(b)) = Fila™ (b)) Fr(b@)-1) © Fi(a(bayo)), (3.8)
(4) for allb € B,
p(Fi(b)) = bi_y @ Fi(byy)), (3.9)
(5) forallbe B and h € H,

Fi(hqay - 0)Fr(B(hey)) = Fr(B(hy))(hey - F1(D)). (3.10)

Proof. In order to prove (1), we need to check three aspects. From the above discussion,
we have known that Fj(1p) = 1p. It is easy to check that Fjoa = ao Fj. Finally, we shall
check that Fj preserves the multiplication. In fact, for a,b € B, we have

Fi(ab) =(IT o F o J)(ab)
=II(F(ab x 1p)) =II(F(a x 1g)F(b x 1f))
(3.3) =IL((Fi(a) x 1) (Fy(b) x 1))
=Fi(a)Fi(D).

It is easy to check part (2). Next, we shall check that parts (3) and (4) hold. As a matter
of fact, we compute the coproduct of Fj(b) x 1y = F(b x 1) in two ways. First of all,

A(F(b) x 1) = (F1(b) (1) x B(F1(D)(2)(-11)) @ (a(F1(b)(2)0) X 11)
and secondly, since F' is a coalgebra map, we have
A(F(bx 1g))
=F((b x 11)a)) @ F((bx 11)2))
= F(ba) x Bben)) ® Flalbe)o) x 1n)
= [Fi(a™ (b)) Fr (B(b)—111))) % B2 (b@)i-112)] @ (Fi(albyp)) * 1u).
It follows that
(F1(b) (1) x BIFI(b)(2)[=11)) @ (a(F1(b)(2)07) X 1) (3.11)
=[Fy(o (b)) Fr(B(ba)—1)1)) * B2 (b@y-112)]- ® (Fi(a(bao) % 1)

Applying idp ® eg ® idp ® £ to both sides of (3.11) yields (3.8). It follows easily that
epo F, =¢ep from (3.7). Applying ep ® idy ® idp ® ey to both sides of (3.11) again, we
can gain (3.9).

Finally, it is left to us to check part (5). Indeed, for b € B and h € H, we have

F((1pxh)(bx1)) = F((B(h1))-b)xB*(h(2))) = Fi(hay-a (b)) Fr (8% (h2)1))) % B> (h(2)(2))-
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On the other hand, Since F' preserves the multiplication, we compute:
F((1p xh)(bx1g))=F(1g x h)F(bx 1p)
= (F(B(h(1))) x B(h2)))(Fi(b) x 1m)
= Fr(8(ha))(Blh)m) - Fia™ (1)) x B2 (ha)2))-
Applying idp ® ey to both expressions for F((1g x h)(b X 15)), we obtain (3.10). O

As the reader might suspect, whether or not Fj is a coalgebra map is explained in terms
of I R-

Corollary 3.4. Let F €Endyom-Hopt(B x H,m). Then, F; is a monoidal Hom-coalgebra
if and only if Fy.(cj—1)) @ cjg) = 15 ® a=Y(c), for all ¢ € Im(F}).
Proof. Suppose Fy.(ci_1)) ® ¢jo) = 13 ® a~*(c), for all ¢ € Im(F;). Then we have

| = (c
A(F(0) =Fi(a” (b)) Fr(b@)-1) © Fi(a(bg)o))
(3.9) =Fy (o' (b)) Fr(F ( Di=1]) @ a(Fi(be))))
=Fi(ba)) ®Fz(b( ))-
Conversely, suppose that F; is a monoidal Hom-coalgebra map. For all b € B, we compute

Fr(Fy(b)j—1)) ® Fy(b) g
(3.9) =F(b_1)) ® Fi(bo))

=Fy(ep(a (b)) 1) Fr(be)-1) ® Fi(e(b)))

=F(Sp(a™' (bayay))e (b)) Fr((bey-1) @ Fi(e(ba)o)

=[F(Sp(a™" (bayw)))) Fila~ ( N IE-((b2)—11) ® Fi(a(bey)))

(2.5) =[Fy(SB(a (b)) Fila" (b)) Fr (B (b(Q)(Z[ 1)) ® Fi(a® (b))

(2.1) =F(Sp(a (b)) [Fi(e b2y 1)) Fr(b2)2)1-1)] © e Fr(a(biz)2)0)))

(3.8) =Fi(Sp(a™ (b)) Fi(b2)) 1) (Fz(b(z))(z))
=F(Sp(a™" (b)) Fi(be)a)) ® Filalbe))
—FI(SB(b(l)(l)))Fl(b(l)(Q)) ® Fi(bz)
=1p ® o (Fy(b)),

as desired. ]

From Lemma 3.3, we have characterize the conditions that Fj satisfies. It is left to us
to characterize F, as follows.

Lemma 3.5. Let F' €Enduom-Hopt(B x H, 7). Then,

(1) F-(1g) = 1B.
(2) for all h,g € H,

Fy(hg) = F-(B(hy)) (hay - Fr(B7(9))), (3.12)

(3) F, : H— B is a monoidal Hom-coalgebra map,
(4) for allh € H,

p(F(R)) = hay1yS(B~ (h2) @ F(B(hay@))- (3.13)

Proof. 1t is easy to check part (1). We shall check that part (2) holds, for all h,g € H,
we calculate on one hand,

F(1p x hg) = Fr(B(h1))B(901))) x B(h2))B(9(2));
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and on the other hand,
F(lp x hg) = F(1p x h)F(1p x g)
= (Fr(B(hq))) x Blh))(Fr(B(g9(1))) x Bl92))
= F(B(h) (B(h)1)) - Fr(901)) x B2 (h2)2))B(9(2))-

Applying idp ® e to both expressions for F(1p X hg), it follows that (3.12) holds.
Let h € H. To show parts (3) and (4), we compute A(F(1pxh)) in two ways as follows.

A(F(1g x h)) = F(l1p X h(;)) @ F(1p x h(g))
= (F(B(h1y))) x B(hy2)) @ (Fr(B(he2ya))) X B(h@)2)))-
On the other hand,
A(F(1p x h)) =A(Fr(B(hy)) x B(h2))
=(Fr(B(h))) ) x Fr(B(h)) @)-1h@)1)
® ((Fr (B(h))) @)07) % Blh2)2)))-
Applying idp®epg ®id, ®ep to the expressions for A( (1px h)) gives part (2). Applying

ep ®idy ®idp ® e to the expressions for A(F(1p x h)) again yields
B(hqy) @ Fr(hez)) = Fr(B(h@))-1yhe) ® Fr(B(ha)))o)- (3.14)
Therefore,

p(Fr(h)) :/B_I(Fr(ﬁ h(l

(hay)—1)er (B~ (b))l ® Fr(B(ha)) o)
=B~ F (B(ha) -8B~ (b)) S(B~ (h(z)(2 N @ (8
W)=

1)l ) (1))
(2.1) =[B72(F(B(h))1-1)) 8 (h))IS(hzy@) @ Fr(B(hw))o)
(2.5) =[B(Fr(B*(hy1))-1))B~ ( W@)SB () © Fr (B2 (ha1y1))o)
=B72(F(B*(hay1) =1 B(hay2))S (B~ (h2))) @ Fr(B*(haym)) o)
(3.14) =h(1)1)S (B (h)) @ Fr(B(h1)(2))),
which shows that (3.13) holds. O
Corollary 3.6. Let F' €Enduom-Hopt(B % H, ). Then Fy is a left (H, 3)-Hom-module

map if and only if the condition Fy(h(yy - b)F.(B(he))) = Fr-(B(h1)))Fi(h(2) - b). hlods.

Proof. The necessary condition can be followed easily from (3.10) of Lemma 3.3. Now,
we will prove the sufficient part. Suppose that the condition holds. Note that F. is a
Hom-coalgebra map by (3) of Lemma 3.5. Using this fact and (5) of Lemma 3.3, for all
h € H and b € B, we have

h- Fi(b) =ep(F(B(hy) 15 (k) - Fi(a™ (b))
=(SB(F(B(hayay))) Fr(Bhay)))(he) - Fi(a™ (b))

=S(F (B (hy ) Fr (B(ha1y@2) (B~ (k) - Fila™?(b)))]

(2.5) =Sp(F-(B(h@y) ) [Fr(B(h@)1) (@) - Fila™*(b))))

(3.10) =Sp(F-(B(ha) DFi(he)q) - 2(5))F( (h(z)(g)))]
=Sp(Fr(B(h@))Fr(B(h@)1) Filh@) @) - a2 ()]
=[SB(Fr(ha))) F-(B(ha)) ))] 1(B(he) ) (b))

(2.5) =[SB(F-(B(hyay)) Er(B(hay2)) Fi(h) - o~ (b))
=ep(Fr(h))Fi(B(hz) - b)
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which shows that Fj is a left (H, §)-Hom-module map. O

Lemma 3.7. Let F' €Enduom-topt(B % H, 7). Then, F, is a monoidal Hom-algebra map
if and only if h - F,.(9) = eg(h)F.(5(g)), for all h,g € H.

Proof. Suppose that F, is a monoidal Hom-algebra map. Using (2) and (3) of Lemma
3.5, for h,g € H, we have:

h- Fr(g) =[S(Fr(B(haywy)) Fr(B(hay@))) (hez) - F-(B71(9)))
=S(E(B%(hay ) (B(h1y2) (B~ ( 2) - Fr(87%(9)))]
(2.5) =S(F(B(h@y) )IE-(B(hy 2) W) (b)) - Fr(B7%(9)))]
(3.12) =S(F(B(h1)))) Fr (b8~ (9))
=S(F(B(hq))))(Fr (R ) (871(9)))
=[S(F () Fr(h2)] Fr(g)
=en(h)F, ( (9))-

If h- Fr(g9) =en(h)F-(B(g)) holds, by using (2) of Lemma 3.5, we have

(hg) Fr(B(h))(hey - Fr(B7(9)))
Fr(B(h))er (hiz)) Fr(g))
E.(h)F:(9)-

0

Corollary 3.8. Let F EEndHom_Hopf(B x H,m). Then F, has a convolution inverse J,

Proof. Let h € H. Then by parts (1) and (2) of Lemma 3.5, we have
F*J() Ey(hy)Jr (R )
E(h))(h)q) - Fr(Sa(h2)2))))
(2.5) =F-(B(ha1y1)) (hay@) - Fr (B~ (Su(h2)))))
(3.12) =F(h(1)Su(h(2)))
=epg(h)lp,
and using the fact that (B, «) is a left (H, 5)-Hom-module algebra, we have
Jp % Fr(h) =Ju(h1)) Fr(hea))
=(hq)) - Fr(Su (b)) Fr(h)
(2.5) =(B(haya)m)) - Fr(Su(hy2)))
X ([5(’1(1)(1)(2)(1))SH(ﬁ(h(l)( @) Fr (B (b))
=(B(hya))) - Fr(Su(h)2))))
@) - SeBhayae
=(p° (h(1)(1)(1)(1)) (SH(h(l) 2))
) (
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The proof is completed. O

Using the above lemmas and corollaries what we have got, we can gain the main result.

Theorem 3.9. Let B x H be a Hom-biproduct, let m: B x H — H be the projection from
B x H onto H, and let Ip g be the set of pairs (L, R), where L: B — B, R: H — B €

UT((M) are maps which satisfy the conclusions of Lemma 3.8 and Lemma 3.5 for F; and
F,., respectively. Then

(1) The function ® : Fp g —Enduom-topt(B % H, ), described by (L, R) — F, where
F(bx h) = L(oz_l(b)) (h(1)) ﬁ( 9)), for allb € B and h € H, is a bijection.
Furthermore, F; = £ and F, = R.

(2) Suppose (L,R) € Fp u, then, F €Autyom-topf(B X H,m) if and only if £ is a
bijection.

Proof. In order to prove (1), we define ¥ :Enduom-topt(B X H,7) — Fp g by ¥(F) =
(ITo FoJ,IIo Foj). It is easily proved that ® and ¥ are mutually inverse.

According the definition of F', we shall check that F' € Endgom-Hopt(B % H,m). It is
easy to see that mw o F' = 7. Note that F(1p x 1) = 1p x 1 and

e(F(bx h)) = e(L(a™(b))R(h)) x Bh2)))
ep(L(a™ (0)R(hay))em (B(h2))
= ep(L(a ' (0)ep(R(h)))en(B(h)
=ep(b)en(h),

for b€ B and h € H which means eo I' = ¢.
Let b,b' € B and h,h' € H. Then,

F((bx h)(b' x h'))

= F(b(hqy-a (V) x B(hz))h')

= L(a ' 0)(B7 (b)) - a2 R(B(hzy))hiny) * B2 (h2)2)) B(R(g))
HONLB (hay) - a2 (OO)IRB(h)a))hiny) X B (hizy2))B(Big))

422 [ﬁ(a*(b»c(ﬁ—l(h(l)) o 2(v))]

[R(B (hiay 1y (1)) Blhiayny @) - RB™ ()] % B2 () (2))B(hay)

L™ B)ILB2(ha)) - o~ B)R(Bhaym ) HE (hayme) - R())
X 3 (h2)(2))B(hlz)

L™ LB (haya)) - a3 )Ry @) HBhay) - R(H))
Xﬁ(h@ ))B(hig)

D {L(a LO)[R(haya) (B~ haya) - La 2 NHB(he)) - R(b1))
x B%(h(a)a ))B ()

(21)

=" 1L O)RBMwya(Pa)e) - L@ 2®))) (e - R~ (A1)
x B2 (h(2)2))B(h{g))

= [L(a T (B)RMaIB(h)a)m) - L@ 2N (Blhe)a)y@) - RB™ (1))
x B (h(2)(2))B(h(g))

= [L(a”

(2.1)

(2:5)
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L [ B)R(a)B(hey) - (S )RB By x B2 (hiay(2))BlIl)
=F(bxh)F@{ xh').

Therefore, F' is a monoidal Hom-algebra morphism. Next, we shall check that Ao F =
(F® F) o A holds. Indeed, for all b€ B,h € H,

_l(b))ﬂz(hu)))( =11h@)1)
@))% Bhz)2))

)1 B (:R(h(l))(l)))
D@0 R(hw)@)-nh@ o)
1(5))(2)[0])93(h(1)) M) X Bh) )}
(Ll 1) @)-1 - R(B™Hhym))
L(a™' (1) 2)0)R(B1y2) 1Py )]
1(b))(2)[o})93(h(1)(2))) ) X B(h@)2)
(2

= | &
Q

2(2))] (By (3) of Lemma 3.5)
)( -] - RB™H(hayay)))
L' (0) @)=y R(hwy2) 1) he) )
Of(ﬁ(a_l(b))(Q)[o])[o]R( 1)2))[0]) Xﬁ( 2)2))]

= [L(a™'(B) ) (L™ (B)@)p—11 - RB™ (A1)

) @)1 R(A (1)) [ ) )]
@ [a((L(a™ (0) @0 R(By2)[0) * ﬁ( @ (2))]
(3.13)

)(
b)) @)0)0)R(P2)1)(2))) X ﬁ( 22)2)]
(L@ (B) @)1 - R(B2(hwy))) x (B2(L(a(B)) @yj0)=11) B(P2y1)1)))]
® [a(a(L (e (b)) @)o0) R(P@) (1)) X B(h@)2))]

(
(L(a™?(bay))R(B™ (bay-1)) (L (b)) -1 - R(B*(hy)))
)]
)

x (B*(£ (b)) o-1)8h@ 1))
@ [a(a(L (@)oo R(P@)a) @) X Bl @)
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D (e (a 2(bay))R(B™ (b)) (byol-1) - RB~(h(1))))
(B*(L (b H))]

X yo110)[=11)B(hy )
@ [a(a(L (@)oo o) R(Pe)a) @) X Bhe)2)]
(b

2)
hey
(2.7) -2 -2

=" [(L(a™ (b)) R(be2y—1)1))) (b2)=11(2) - R(B™(h(1)))
(B2(L(a (b )) )ﬂ(h(z)u)u )]

[a(a(L(a™ (b)) o) R(P@)1)@) * B(ha)@)]

o™ (b)) (R(bay—111) (B~ (be)—1@) - R(B™>(h))))
x (B*(£ (e (b)) - 1])ﬂ(h(2)(1)(1 ))]

® [e(a(L(a” 1(5(2)[0}))[01)R(h @) x B(h2)2))]
[£(a™ (b)) R(B™ (bayj—17) B~ ( 1)) % (B2(L(a (b)) =11)B(h@y1ym))]
® [e(a(L(a™ (5(2)[0))[01) (hy1)@)) x B(he)@)]

1)) % (Bbeyo=11)B8(h@)a)ya)))]

ol L(Ofl(b(z)[om)))f’z(h(z @) x B(h2)2))]

(a™(
[
24 [£ (e (b)) R(be2)—1y1)B > (ha )) x (B(bey-1)2))B(h2)1)1)]
[a(a(
(a™(
[a(a(

w
&
L
e}
sQl
=
<
S
=
=
S~—
N—
=
~—~
Q
/\
=
S
no
\;’
.:
N—
Tb
/\

L(a™ (b)) R(P@)1)@) X B(h@)2))]
L(a™! b)) R(beay—1y1)B~ (h 1)) % (B(be) )h(1)(2))}
)

(a2 (beayo)))R(B~ (A
(b)) R(bay 1y B (b

® [L(b(2)j0) R(he2y(1)) % Blh2)2

((bx h)1y) ® F((bx h)e)).

The other conditions which make F' €Endpom-mopt(B % H,7) can be checked easily.
Thus the proof of part (1) is completed.

As for (2), suppose F' € Autyom-Hopf(B x H, ). it is easily showed that F; and (F~1),
are inverses. Thus F} is bijective and (F,)~! = (F~1),.

Conversely, suppose that Fj is bijective. Set Gy = (F))~'. From Corollary 3.8, F,. has a
convolution inverse J,. G, = GjoJ, = (F;)~'o.J,. Define G(bxh) Gi(a~ (b))G (h(1y) %
B(h(2)). For allb € B and h € H, we compute

G(F(bx h)) =G(Fi(a™ (0)Fr(h)) x B(h))
(3.5) Gz(Fz(a 2O F (B~ (hay)))(Gro ) (B(hz)m)) X B2 (he) @)
F.(B~ ( ) (h2ya))) x B*(h 2)(2))
Ee(hayy)dr(hy@)) x B(hz)
b)1pen(h) ) x B(he)) (By Corollary 3.8)

F(G(b x h)) =F(Gi(a” (b)) Gr(h1y) % B(h))
(3.5) =Fy(a™ (G (0))Gr(hy) Fr (B(h2)1))) % B2 (h(2)(2))
=(a™?(b)(Fy o Gp) (B~ (ha) Fr(B(h2)1))) X B(h2)2))
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Z(Q_Z(b)Jr(ﬁ_l(hu))))Fr(ﬁ(h(z 1)) % B2 (h)2)
O (BT (h) Fr (1)) % B (hz)2)
(2.5) =a~ 1 (0)(Jr (hy1)) Fr(h1)2)) X Blh2))
=bx h. (By Corollary 3.8)

Thus we have shown that Go F =idgxyg = F o G. ]
Let J%  denote the set of (£,R) € Fp p such that £ is bijective. Then, the corre-

sponding of part induces a bijection I ;; — Autnom Hopt(B % H, ).
Let (B, «) be a monoidal Hom-algebra and (C, ) be a monoidal Hom-coalgebra over
k. Let Hom(C, B) be the set of linear maps f : C' — B satisfying o f = f o 3. Then

Hom(C, B) is an ordinary associative algebra with the unit np o e under the convolution
*. Indeed, for f, ¢, € Hom(C, B) and c € C,

((f *x 8) % p)(c) =(f(caya))Pleaye))P(c@)
=(f (B~ (c)))plc@ym)e(Ble@) @)
=a(f (ﬁ 1(0(1)))) o2 )01_1(90(5(0(2)(2)))))
( 2))

and
(f * (15 0 ec))(c) = fleqyec(c@)lp = a(f(B7H () = f(e).
Thus it follows that fx (ngoec) = f. That (np oec) * f = f can be checked similarly.
The group §(B) =AutHom-algebra(B) acts on the convolution algebra Hom(C, B) by
fw»g=fogforall fe G(B)and g cHom(C, B). This action satisfies:
fw»(noec)=noec and fw (dxp)=(f»o)x(f» ),
for all f € §(B) and ¢, €Hom(C, B). Let U(C, B) be the group of units of the algebra
Hom(C, B). Then, §(B) » U(C, B) C U(C, B); thus there is a group homomorphism,

T2 §(B) = Autcrou(U(C, B)) (3.15)
given by I'(f)(¢) = f » ¢, for all f € §(B) and ¢ €¢Hom(C, B). The resulting group
U(C, B) xr 9(B) has product given by

(@, )@ f)) = (¢x(fop), folf)

Theorem 3.10. Suppose that B x H is a Hom-biproduct. Then, there is a one-to-one
group homomorphism Authom-Hopt(B X H,m) — W(C, B)® x §(B), wich is given by
F — (F., F), for all F €Endpom-tHopt(B X H, ).

As the end of this paper, we consider an example in [13]. Let B =k < 1p,z > and the
automorphism o : B — B, 1p + 1p and z — —z. (B, «) is both a monoidal Hom-algebra
and a monoidal Hom-coalgebra with multiplication, comultiplication and counit given by

lglg =1p,lgr =zl = —z,2> =0,
AB(lB) =1p®1p, AB(w) = (—SC) ®R1Ip+1® (—1‘),
é‘B(lB) = 1, EB(w) = 0.
We define Sg : B — B, Sg(1p) = 1, Sp(x) = —z, which is the convolution inverse of
idp.

Let H =k < 1g,g > be the group Hopf algebra with g2 = 1y and Ag(g9) = g® g,
Su(g) = g = g~!. Then (H,idy) is a monoidal Hom-Hopf algebra. (B,«) is (H,idy)-
module algebra and module coalgebra with the action - : H ® B — B given by

lg-1p=1p, lg-x=—z, g-lp=1pand g-x = z.
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Also, (B, ) is a left (H,idp)-comodule algebra and comodule coalgebra with the coaction
pp: B — H ® B given by

p(l) =1g ® 1B, pp(z)=9® (-

Then (Bx H ={1p®1y, 1p®g, @1y, x®g, a®idg}) is a Radford’s Hom-biproduct
with multiplication, comultiplication, counit and antipode defined as follows:

- Multiplication
m 1BX1H 1B><g xle T Xg
1B><1H 1B><1H 1A><g —.Z‘XIH —T X g
1A><g 1B><g 1BX1H T X g :13><1H
rXxlg |—zx1g| —xXg 0 0
T Xg —xrXg | —zX1lyg 0 0
- Comultiplication
A(lelH):(lelH)®(1BX1H) A(IBXg) (1B><g)®(13><g),
A(xle):(—xle)®(IBx1H) (13><g)®( l‘XlH),
Al xg)=(—zxg)®@(pxg)+(1px1y) ® (- x g)
- Counit

e(lpxly)=1=¢e(lpxyg), e(zx1yg)=0=c¢c(x x g).

Hom-antipode

S(Ilpx1g)=1px 1y, S(Apxg)=1pxg, S(rx1g)=xxg, S(x xg)=—x x 1.
Now, we compute the morphisms £ € End(B) satisfying the conclusions of lemma 3.1.

Taking a base of End(B) £1, Lo, L3 and L4 given respectively by

Li1:1g—1p, x+— 0,

Lo:lps 0, x5 1p,

Ls:1lp—x, x+— 0,

Ly4:15—0, x+— .
Let L = t1L1 + toLo + t3L3 + t4L4. If L satisfies part (2) of, we can get t; = 1 and

to = 0. Thus L = L1 + t3L3 + t4L4. By part (4) of Lemma 3.1, it follows that t3 = 0.
So L = L1 + t4L4. So there is a bijection between the set of the morphisms £ € End(B)

satisfying the conclusions of lemma 2.1 and the set {( 0 ¢ ) It € k}.
Now, We will discuss the morphisms of Hom(H, B) which satisfy Lemma 3.3 in similar
way as above. Taking a base of Hom(H, B) Ry, Ra, R3 and Ry given respectively by
RlilHiﬁlB, g»—>0,
Ro:1g =0, gr— 15,
Ry :1lg—x, g— 0,
Ry:1p—=0, g x.
Let R = k1Ry + koRo + k3R + k4Ry. If R satisfies part (1) of Lemma 3.3, it follows that
k1 =1and k3 = 0. Thus R = Ry +kaRo+k4Ry4. By (3.13) of Lemma 3.3, we can get k4 = 0
and furthermore R = Ry + koRo. Using part (4), we can obtain ko = 1. Thus R = R; + Ra,
ie., R(1y) = 1p and R(g) = 1. Hence Fp ;y = {( [1) (t) ) |0#t ek} =k*. We can give

the concrete characterization of Autyom-Hopf(B X H, 7). Let F € Autgom-Hopt(B X H, ).

By Theorem 3.9, we have

FApx1g)=1px1ly, F(lpxg)=1Qyg,
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Flexx1ly)=te x1ly, Flrxg) =tzr®g.

where t € k*.
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