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Abstract. In this paper, the initial-boundary value problem of Hormander is formulated in the class of
functions representable by Laurent series supported in rational cones. Using the Borel transformation
of Laurent series we establish a connection between a differential and a difference problems and prove
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1. Introduction and preliminaries

Let w = (w1, .. .,w,) denote a multi-index, ||w|| = w1+ - -Fwy, 0 = (01,...,0), where 0; are
derivatives with respect to the j-th variable and ¢, (z) are analytic functions of z = (z1,..., 2,)
in a neighborhood of zero in C™. Consider a polynomial differential operator of order d of the

form P(0,z) = > c,(2)0%.
llw||<d
In the traditional formulation of the Cauchy-Kovalevskaya theorem, it is assumed that the

equation is resolved with respect to the highest derivative, for example, 0%, where d is the
order of the differential equation. For linear differential equations with analytic coefficients this
means that c(,...0,4)(0) # 0 and the initial data are specified on the coordinate plane z, = 0.
In Hoérmander’s paper [1], a version of the Cauchy-Kovalevskaya theorem is given, where it is
assumed that it is solvable with respect to an arbitrary derivative 9™F, where ||m|| = d. However,
in this case, in addition to the constraint ¢,,(0) # 0, additional conditions must be required on
the coefficients of higher-order derivatives d, and the initial data are specified on the union of
the coordinate planes. Let us give an exact formulation of this result.

Let the condition
> lew (0)] < (2¢) 7™, (0)] (1)

llwl|=lIm|],w7#m

be satisfied for the equation
P0,z)F =G, (2)
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with analytic coefficients in the neighborhood of the point zg = 0.
Then equation (2) with initial data

HNF=9)|.;=0=0, 0<k<my, j=1,...,n, (3)

has a unique analytic solution in a neighborhood of zero for any given analytic functions ® and G.

In this paper, we formulate a generalization of the problem (2)—(3) for polynomial differential
operators of a special form, which were considered in [2] in connection with the study of the
properties of generating functions of solutions of multidimensional difference equations. The most
useful classes of generating functions in enumerative combinatorial analysis (see [3]), along with
rational and algebraic ones, are D-finite ones. A power series is called D-finite if it satisfies a linear
differential homogeneous equation of the form (2) with polynomial coefficients. In the case of
multiple power series, various approaches to the definition of D-finiteness are possible (see [4,5]),
one of which is that the power series satisfies a system of linear homogeneous differential equations
with polynomial coefficients. To generalize the notion of D-finiteness to Laurent series, in [2] the
derivations D = (Dg1,...,Dgn) (see Sec. 2. below) in the ring of Laurent series supported in
rational cones were defined and the corresponding definition of D-finiteness Laurent series was
given.

The question naturally arises of describing the space of solutions of equations of the form
(2), where the operators P(D, z) are considered in a suitable way. One of the ways of such
a description is to formulate an analogue of the initial-boundary value problem of Hormander
(2)—(3) instead of differential operators P(9,z) and study its solvability. In the first section of
the paper, the necessary notation and definitions are given, and sufficient conditions for global
solvability of a polynomial difference operator with constant coefficients P(D, z) = P(D), (i.e.,
the existence and uniqueness of the global solution) in the class of Laurent series supported in
rational cones (Theorem 1) are proven.

The main idea of the proof of Theorem 1 is to associate the differential initial-boundary
value problem of Hérmander with its difference version, and the main role in this comparison is
played by the Borel transformation of Laurent series, which is defined in the second section of
the paper. With its help a connection between the analytic properties of a function and its Borel
transformation is established (Proposition 1), which allows to prove the existence and uniqueness
of a solution to a differential initial-boundary value problem in the class of functions representable
by Laurent series with supports in the rational cones in the integer lattice (in Sec. 4.).

2. Notation, definitions and formulation of the main result

Let o/ = (a{, ...,al), 5 =1,...,n, be linearly independent vectors with integer coordinates.

1

The rational cone spanned by the vectors a,...,a™ is the set

K:{xeR”:x:Alal—i—-n—i—)\na",)\j 6]1332,]’:1,...,71}7

where R is the set of non-negative real numbers.
Let A be a matrix whose determinant is not equal to zero, and the columns consist of the
coordinates of the vectors a’

ay ay

A= .. ..
1 n

Ay, Ay,
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We consider only wunimodular cones, i.e. cones for which the determinant of the matrix
det A = 1. Any element x € K NZ" can be represented as a linear combination of basis vectors
z=MAa' + -+ X\,a", where \; € Z> is a set of non-negative integers, or in matrix form as
x = A\, where ) is a column vector.

Let us denote the rows of the inverse matrix A~! by o!,...,a” and note that they form a
L. a™ de (o' a?) = §;;, where (af,a’) =
= alal +--- 4 akal, and d;; is the Kronecker symbol. Also, for z € K, always \; = (/) > 0,

mutual basis (see, for example, [6]) for the vectors a

j=1...,n.

Between the points u,v € R™ we define the partial order relation > as follows: u>v <
K K

u—v € K, and u # v means that u — v € K.
K
The cone K* = {k € R" : (k,x) > 0,2 € K} is called dual to the cone K, and the set of its

interior points is denoted by K* and we fix the vector v € K* N Z". For all integer points of
the rational cone € K NZ"™, the weighted-homogeneous degree with weight v (v-degree) of the
monomial z* is a nonnegative integer ||z||, = (v, z), and the v-degree of the Laurent polynomial

Q(z) = Y. ¢u2" is defined by the formula deg, Q(z) = 1113Au)>(<||:10||1,7 where X C K NZ" is a finite
reX T€
set of points of an n-dimensional integer lattice.

We denote the ring of formal Laurent series of the form

Fo = Y f@) (4)

e KNZ"

by Ck]l[z]] and note that an operator mapping a ring into itself is called differentiation if it is
linear and satisfies the usual rule for the derivative of a product (see, for example, [7]). For the

Laurent series (4), taking the usual partial derivative 0; = is not necessarily a derivation in

0z;
the ring Cx[[2]], since for z € K NZ" the point x — e/, Wher(g e’ are the unit vectors, generally
speaking, may not lie in K N Z". Derivations of the ring of Laurent series Cx[[z]] were defined
in |2, 8], which made it possible to transfer the notion of D-finiteness of power series to Laurent
series. Let us give this definition.

On the monomials z*, x € K NZ™ we define the operator D,; as follows
D,z = (a:,aj>zx_“j,

where o/ are the vectors of the mutual basis, j =1,...,n.

It is directly verified that in the case of a unimodular cone the operators D,;, j = 1,...,n,
are derivations of the ring C[[z]]. For w € K NZ", w = Aja! + -+ + \,a"™ we define the D
operator as follows:

D¥ =DM ...Dyx,

where A; = (w,a?) and D¥; = D,; ... D,; . Note that for any w’, w” € KNZ", D¥' D¥" = pw'te”
—_————

k times _
is true and for w = @’ we have D% 2% = (z,0/)2*~% = Dg;2%, j=1,...,n.
Thus, the operators D* for w € K NZ" are derivations of the ring of series Cx[[2]] and their
action on the monomials 2*, x € K NZ" is conveniently given by the following formula:

0, if 2w, x#w,
K

DY 2% = | (5)
G Ly it e,
K
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where (z,a)! = (z,a')!... (z,a™)!.

We consider polynomial differential operators of the form P(D,z) = > ¢,(2)D%, where
weN
Q C KNZ"is a finite set of points of the n-dimensional integer lattice and the coefficients

cw(z) € Ckl[#]]. The characteristic polynomial of this operator is the Laurent polynomial

P(¢,2) = > cu(2)¢¥, and its support is denoted by suppP = {w € Q : ¢,(z) # 0}. The
weN
order d, of the differential operator P(D,z) is the v-degree deg, P((,z) of the characteristic

polynomial, that is d,, = mag”w“u. In what follows, the subscript v for d will be omitted, since
we

v e K*NZ" is fixed. Thus, the operator P(D, z) of order d can be written as

P(D,z)= Y cu(z)D¥. (6)

el <d

We denote by I'; the face of the cone K spanned by the vectors a’, i =1,...,j—1,j+1,...,n,
Dj={z:2z=X a4+ -+ XN_1a" "+ N\ja™ 4+ -+ X\a™, XA € Ro} and by F(2)]_.i_, the
Laurent series supported by the face I'; of the rational cone K

F@) o= Y, fl@)" (7)

zel,;NzZ"

Let the coefficients ¢, (z) of operator (6) lie in some subring L of the ring Cg[[z]]. For m
such that ||m]||, = d and ¢;,(2) # 0, we formulate the following analogue of the Hérmander
problem (2)—(3).

For any @(z), G(z) € Lk find F € Lk satisfying the differential equation

P(D,2)F =g, (8)
and the initial conditions:

DHF -4 0, 0<k<(madd), j=1,...,n (9)

zed =0 —

For constant coefficients, the case Lx = Ck|[[2]] was studied in [8], and the case K = RY was
considered in [9], and the global solvability of the Cauchy—Kovalevskaya problem was proved in
the class of entire functions of exponential type.

We define a subring of the ring Cx [[2]] of Laurent series, in which we will prove the solvability
of problem (8)—(9).

Let Exp(C™) be the space of entire functions U(£) : C¥ — C of exponential type, that is,
of entire functions satisfying the inequality |U(&)| < C’e<77|§>, where 7 = (1,...,7,), 75, C >0
are constants, [£| = (|&],...,|&n]) (see, for example, [10]). Note that the set oy = {7 € RZ :
U(€)| < Ce<T’|5‘>} has the following property: together with each point 7, all points 7 for which
T > Tp also belong to it.

RS
We denote by A a mapping from Z% to K NZ" with matrix A = (a{)nxn. This mapping in-
duces a mapping of rings A, : Cx[[z]] — C[[¢]], which associates the Laurent series Y,  f(z)z"
zeKNzn
with a power series > f(ANEY, where € = 2% and 24 = (22°,...,27").
AEZL

Since the mapping A, is invertible in the case det A = 1, we see that A, 1 (Exp(C")) = Lk is

a subring of the ring Cx/[[z]]. The functions F representable by Laurent series from the subring

L will be called exponential in the class of Laurent series (L i -exponential).

- 187 —
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Theorem 1. Let the coefficients of the polynomial differential operator (6) be constant and
m € suppP C {w : 0<w < m}, then for any Li-exponential functions G, & problem (8)—(9) has
K K

a unique L -exponential solution F.

The conditions of Theorem 1 mean, in particular, that m is the vertex of the Newton polytope
of the characteristic polynomial P(¢) and ¢,, is the only nonzero coefficient at the <«highest
derivatives. In [8], problem (8)—(9) was studied under a weaker than in Theorem 1 restriction
on the operator P(D), namely, the condition supp P C {w : Oéwim} was not required, but

solutions were sought in the class of formal Laurent series.
Let us give an example of an operator satisfying the conditions of Theorem 1. Let the cone
K be spanned by the vectors a! = (1,—1), a® = (—1,2). Let us fix v € K*NZ", for example,
v=3,2), m=(0,1), the set 2 = {w: 0<w<(0,1)} = {(0,0),(1,-1),(0,1),(—1,2)}. Consider
the operator oo
P(D) =DV 4 p=b 4 p=1.2) 14 (10)

of the Hérmander problem (8)—(9) for operator (10) with £x-exponential initial data and the
right-hand side will be a Lx-exponential function, i.e. function represented by Laurent series.

Operator D = (Dg1,...,Dgn) is related to partial derivatives 9 = (d4,...,0,) by formulas
27’ Dy = {(a?,20), j =1,...,n, where 20 = (2101, ..., 2,0,), therefore the polynomial differen-
tial operator (10) is expressed through 0 = (9y,02) as follows

7)(81, 0a, Z) = 22’%2’2—16% + 3210102 + 2’283—1-

+(222 4+ 27252 + 22125 O + (2723 + 2125+ 1)0 + 1.

Note that this operator does not satisfy condition (1), which ensures the existence of an analytic
solution, at any point z = zg.

3. The Borel transformation of Laurent series
and the connection between a differential
and difference problems

In this section, we define the Borel transformation of Laurent series and prove an analogue of
the Borel theorem on the connection between the analytic properties of a function and its Borel
transformation (Proposition 1) in the class of £x-exponential functions.

For a function f(x): K NZ" — C of a discrete argument z € K NZ" we define two types of
generating series (functions):

Fo= ¥ {ffﬂw, (1)

e KNZ"

and

Fiz)= Y fz(f). (12)

e KNZ™

Series (12) is called the Borel transformation of series (11) and in the one-dimensional case
it is the classical Borel transformation of power series (see [11]). If K = RY, then we obtain the
definition of the Borel transformation of multiple power series from [12].

- 188 —
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Functions (11) and (12) are the upper and lower functions of the Borel transformation, re-
spectively.
The definition of £x-exponentiality implies that F(z) € Lx if and only if for some o € RZ
the inequality
F(@)] < Cel7 1

holds, where C' > 0 is a constant.
Let o7 denote the set

or = {o € RL : |F(2)| < Celo 1=y

and call it the type-set of the function F.

Note that in the case A = E, where F is the identity matrix, the set 0 = oy and the related
concept of conjugate types of entire functions were used in [12-14] to study the growth of entire
functions.

The domain of convergence Dr of the Laurent series (12) is the open kernel of the set of
those points z at which this series converges absolutely. We denote the image of the convergence
domain under the projection

z2=(21,...,2n) = |2 = (21]s- - -, |20]) (13)

by |Dr|. Note that it follows from Lemma 7 in [15] that if R = (Ry,..., R,) € |Dr|, then series
(12) also converges for all points of the set T (R) = {z € C" : [2*| > RY,j = 1,...,n}. Tt
follows that after logarithmic projection

Log : 2= (21,...,2n) = (l0g(|21]),.., log(|zu])) = Loglz], (14)

the set Log|Dr|, together with each point LogR, also contains the affine cone LogR + f(*, where
K* is the cone dual to the cone K.
Let us give an analogue of Borel’s theorem for £ -exponential functions.

Proposition 1. If F(z) is a Lx-exponential function with type set cr and Dp is the domain
of convergence of its Borel transformation F(z), then ox = |Dp|.

Proof. When transform A, : Cx|[[z]] — C[[¢]] of the function F(z)

aFe =y

AGZ;

the Borel transformation is the function

AFE) =Y

rezn

f(AN)
&

It follows from Borel’s theorem for multiple power series (see [12], Theorem 3.3.3) that

oA, (F) = |Da.r)ls (15)

where 04 (r) = {7 € RZ : [A,(F)| < Ce{"IED}, and [D 4, ()| is the image of the convergence
domain under projection (13) of the function A, (F). The set |D 4, (py| possesses the property
that, together with each point r, the set {|£] : |;| > r;,7 = 1,...,n} also belongs to it. After
monomial changes 7 = 0, ¢ = 24, r = R4, from equality (15) we obtain o7 = |Dp|. O
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Let us formulate a difference version of the problem (8)—(9), which we need in the proof of
Theorem 1. On the complex-valued functions f(z) = f(x1,...,z,) of integer variables z1, ..., z,,
we define the shift operators ¢; in the variables z; :

(%f(.fc) = f(xl,...,acj_l,xj + 1,$j+1,...,3}n)

and polynomial difference operator of the form

P@)= Y cu0

el <d

where 0 = §7 ... 0% and coefficients ¢, are constant.
For m such that ||m||, = d and ¢, # 0 we formulate the following problem. For any functions
g, ¢ of integer variables x = (x1,...,x,), it is required to find a function f(z) satisfying the
difference equation
P)f(x)=g(z), x€e KNZ" (16)

and the initial-boundary conditions
6a]k[f(m) - (p(x)HﬂIGFjﬂZ" =0, 0< k< <m7aj>’ .7 =1,...,n, (17)

where I'; is face of the cone K spanned by vectors at,i=1,...,5—-1,5+1,...,n.
Various versions of the statement of the problem (16)—(17) and the study of the question of
its solvability were considered, for example, in [16-19].

4. Proof of the main result

In this section, we present some information from the theory of amoebas of algebraic surfaces,
in order to formulate the relation between the generating function of the solution of the Cauchy
problem for an inhomogeneous multidimensional difference equation and the generating function
of the initial data, and also prove the main result of the work (Theorem 1).

The Newton polytope Np of a polynomial P(z) = > ¢,2% is the convex hull in R"™ of elements
weN
of the set 2.

The amoeba Ay of an algebraic surface V.= {z € C" : P(z) = 0} is a image of the set of
zeros V of the polynomial P(z) under the mapping (14).

To prove Theorem 1, we need series expansions of the function (see [20]), where P(z)

1
P(z)
is the characteristic polynomial of the operator P(D).

Each vertex of the Newton polytope Np of the Laurent polynomial P(z) corresponds to

a non-empty connected component E,, of the complement of the amoeba R™\ Ay, and in the
1
P(z)

1 P ()
P(z) Z 2z (18)

reEmM+A,, NZ"

domain Log~!'FE,, the function expands into the Laurent series

where A,, is the cone constructed on the vectors m —w, w € Q, A, C K.
If the point m is a vertex of the polytope Np, then the coefficients P, (x) of the expansion
(18) can be obtained as follows: at the first step, we use the expansion in a series of geometric
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progression

1 1 B 1 _
P(2)  cmz™+ Y caz®  cpmzm™(1— Y Euzomm)

a#m a#Em

J *

= Ca2® ™|,

Ly (Tae)
k=0 \ a#m

and then, after standard transformations and reduction of similar ones, we obtain an expansion
P(z)  semiAn 2
The dual cone Cy, to point m of Np is defined as follows:

of the form , where the series converges in the domain Log~'E,,.

Cp={seR": max (s,x) = (s,m)}.

eENp

Note that it is asymptotic, i.e. together with each point v € FE,,, this component also belongs
to the affine cone u + Cy, C E,,. f m>w and A,,, C K, then C,, D K*; therefore, the image
K

1
of the convergence domain |Dp-1| in the projection (13) of the series ——, together with each

P(z)
point zp, also contains points z such that |2%'| > |28, 1 =1,...,n.
_ flx)z" , .
Proof of Theorem 1. Let F(z) = > ' be the required solution to the prob-
ze KNZ" <Z‘,O{>. N
lem (8)—(9) for the given initial data @(z) = > plr)z and the right-hand side

re KNZ™,x ’,)é m <‘T’ Oé>'
K

G(z) = > g(m)z' . Its solvability in the class of formal Laurent series Cg[[z]] was proved
e KNZ» <$,Oé>-
in [8] and the proof is based on the statement that F(z) is a solution to the problem (8)—(9)

if and only if f(x) is a solution to the corresponding difference problem (16)—(17), the solv-
ability of which was proved in [15]. To prove the solvability of the differential problem (8)—(9)
in the class of Lx-exponential series, we use the fact that the generating function of the so-

lution f(z) and the data ¢(z), g(z) of the difference problem (16)—(17) F(z) = >, %,
e KNZn
D(2) = > ‘pz(f ) and G(z) = 30 gz(f) are the Borel transformations of the series
zEKNZ™ @ } m rEKNZ"
K

F(z), &(2) and G(z), respectively. The formula connecting these generating functions for the
homogeneous difference problem (16)—(17) is given in [2,21], its modification for g(z) # 0 has
the following form . .

F(z) = % Cur %%(Z) + G(z)%. (19)

By the condition of the theorem, ¢(z) and G(z) are L x-exponential; therefore, Proposition 1
implies that og = |Dg| and og = |Dg|, where Dy, D¢ are domains in which the series ®(z) and
G(z) converge.

Let us prove that F(z) is an Lg-exponential function. For the Borel transformation of
the function F, formula (19) is valid, which yields that the image under the map (13) of the
convergence domain of the generating function F'(z) of the solution to problem (16)—(17) contains
an intersection of the images of the domains of convergence of the generating functions ®,,(2)
of the initial data, the generating function G(z) of the right-hand side and series 1/P(z) :
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[ Dr| D N|Ps,| N |Da| N |Dp-1]. For w € Q we have supp ®,, C supp ®, then the convergence

domain of the series ®,, can only increase: |Dg,| 2 |Dg|, therefore
[Pr| 2 [P N [Da| N [Dp-1]. (20)

Since the cone K* is asymptotic for both Log|Ds|, Log|D¢| and Log|Dp-1|, the intersection on
the right-hand side of (20) is not empty.

Appling the inverse Borel transformation to F'(z), yields the function F(z), and by Proposi-
tion 1 for its image o, we have o = |Dp|, that is o # 0 and, therefore, F is an £ -exponential
function. ]

The research is supported by grant of the Russian Science Foundation (project 20-11-20117).
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AnamTunyeckasi pa3peIrnuMoCcTh 3aJa91 XepMaH/Iepa
u npeobpa3oBaHue bopesiss KpaTHbIX psajioB Jlopana

Esrennii K. Jleiitnaprac

Tarbsana U. dkoBaeBa
Cubupckuii dheiepabHbIil YHUBEPCUTET
Kpacnosipck, Poccuiickas Peepariust

Amnnoranusi. B pabore dbopmynupyercs HadaspHO-KpaeBasl 3ajada XepMaHjepa B Kiacce (OyHKITHIH,
npencTaBUMBIX psiamu Jlopana ¢ HOcHTeIsIMU B palMOHAILHBIX KOHYycax. [IpeobpazoBanne Bopess psi-
1oB Jlopana 1o3BoJisieT yCTaHOBUTD CBsI3b JuddepeHInaIbHON 3a/1a41 C PA3HOCTHOI U I0Ka3aTh TEOPEMY
0 ee 1I00aIbHOM AHAJTUTUYIECKON PAa3PEIINMOCTH.

KuarouyeBbie ciioBa: 3ajiada Xepmanjepa, guddepeHnnalibHblii oreparop, npeobpasoBanne bopess,

Pa3HOCTHBII OLIEPATOP.
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