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A MIXED ELASTICITY FORMULATION FOR FLUID-POROELASTIC
STRUCTURE INTERACTION

TONGTONG LI AND IVAN YOTOV*

Abstract. We develop a mixed finite element method for the coupled problem arising in the interaction
between a free fluid governed by the Stokes equations and flow in deformable porous medium modeled
by the Biot system of poroelasticity. Mass conservation, balance of stress, and the Beavers—Joseph—
Saffman condition are imposed on the interface. We consider a fully mixed Biot formulation based
on a weakly symmetric stress-displacement-rotation elasticity system and Darcy velocity-pressure flow
formulation. A velocity-pressure formulation is used for the Stokes equations. The interface conditions
are incorporated through the introduction of the traces of the structure velocity and the Darcy pressure
as Lagrange multipliers. Existence and uniqueness of a solution are established for the continuous weak
formulation. Stability and error estimates are derived for the semi-discrete continuous-in-time mixed
finite element approximation. Numerical experiments are presented to verify the theoretical results and
illustrate the robustness of the method with respect to the physical parameters.
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1. INTRODUCTION

In this paper we develop a new mixed elasticity formulation for the quasi-static Stokes—Biot problem that
models the interaction between a free fluid and flow in deformable porous medium. This coupled physical
phenomenon is referred to as fluid—poroelastic structure interaction (FPSI). There has been an increased interest
in this problem in recent years, due to its wide range of applications in petroleum engineering, hydrology,
environmental sciences, and biomedical engineering, such as predicting and controlling processes arising in gas
and oil extraction from naturally or hydraulically fractured reservoirs, cleanup of groundwater flow in deformable
aquifers, designing industrial filters, and modeling blood-vessel interactions in blood flows. The free fluid is
modeled by the Stokes equations, while the flow in the deformable porous media is modeled by the Biot system
of poroelasticity [15]. The Biot system couples an elasticity equation for the deformation of the elastic porous
matrix with a Darcy flow model for the mass conservation of the fluid in the pores. The Stokes and Biot regions
are coupled wvia interface conditions enforcing continuity of normal flux, the Beavers—Joseph—Saffman (BJS)
slip with friction condition for the tangential velocity, balance of forces, and continuity of normal stress. The
FPSI system exhibits features of both coupled Stokes—Darcy flows [28, 30,33, 34,40, 44,49] and fluid-structure
interaction (FSI) [12,22,32,43], both of which have been extensively studied. In applications of the Stokes—Biot
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model to flow in fractured poroelastic media, the use of the Stokes model in the fractures provides a more
accurate alternative to the traditional Darcy model [42], which becomes inadequate for faster flow and higher
porosity.

The first mathematical analysis of the Stokes—Biot system can be found in [47], where a fully dynamic
system is considered and well-posedness is shown by rewriting it as a parabolic system. A numerical study
was presented in [11], using the Navier—Stokes equations to model the free fluid flow. The authors develop a
variational multiscale finite element method and propose both monolithic and iterative partitioned methods for
the solution of the coupled system. A non-iterative operator splitting scheme is developed in [20] for an arterial
flow model that includes a thin elastic membrane separating the two regions, using a pressure formulation for
the flow in the poroelastic region. In [18,19], a mixed Darcy model is considered in the Biot system and the
Nitsche’s interior penalty method is used to impose weakly the continuity of normal flux. A Lagrange multiplier
formulation for imposing the normal flux continuity is developed in [1,2]. A decoupling algorithm based on
solving an optimization problem is developed in [25]. A dimensionally reduced Brinkman-Biot model for flow
through fractures in poroelastic media is developed and analyzed in [21]. The well-posedness of the fully dynamic
coupled Navier—Stokes/Biot model using a pressure Darcy formulation is established in [23]. A finite element
method for this formulation is developed in [24]. A nonlinear Stokes-Biot model for non-Newtonian fluids and
its finite element approximation are considered in [3], where the first well-posedness analysis of the quasi-static
Stokes—Biot system is presented. Coupling of the Stokes—Biot system with transport is studied in [4]. A second
order in time decoupling scheme for a nonlinear Stokes—Biot model is developed in [39]. Recent works study
various discretization schemes for the Stokes—Biot system, including a coupled discontinuous Galerkin — mixed
finite element method [50], a staggered finite element method [14] and non-conforming finite element method
[51].

To the best of our knowledge, all of the previous works consider displacement-based discretizations of the
elasticity equation in the Biot system. In this paper we develop a mixed finite element discretization of the
quasi-static Stokes—Biot system using a mixed elasticity formulation with a weakly symmetric poroelastic stress.
The advantages of mixed finite element methods for elasticity include locking-free behavior, robustness with
respect to the physical parameters, local momentum conservation, and accurate stress approximations with
continuous normal components across element edges or faces. Here we consider a three-field stress—displacement—
rotation elasticity formulation. This formulation allows for mixed finite element methods with reduced number
of degrees of freedom, see e.g. [9,10]. It is also the basis for the multipoint stress mixed finite element method
[5,7], where stress and rotation can be locally eliminated, resulting in a positive definite cell-centered scheme
for the displacement. We consider a mixed velocity—pressure Darcy formulation, resulting in a five-field Biot
formulation, which was proposed in [41] and studied further in [6], where a multipoint stress-flux mixed finite
element method is developed. We note that our analysis can be easily extended to the strongly symmetric mixed
elasticity formulation, which leads to the four-field mixed Biot formulation developed in [52]. Finally, for the
Stokes equations we consider the classical velocity—pressure formulation. The weak formulation for the resulting
Stokes—Biot system has not been studied in the literature. One main difference from the previous works with
displacement-based elasticity formulations [2, 3] is that the normal component of the poroelastic stress appears
explicitly in the interface terms. Correspondingly, we introduce a Lagrange multiplier with a physical meaning
of structure velocity that is used to impose weakly the balance of force and the BJS condition. In addition, a
Darcy pressure Lagrange multiplier is used to impose weakly the continuity of normal flux.

Since the weak formulation of the Stokes—Biot system considered in this paper is new, we first show that it
has a unique solution. This is done by casting it in the form of a degenerate evolution saddle point system and
employing results from classical semigroup theory for differential equations with monotone operators [46]. We
then present a semi-discrete continuous-in-time formulation, which is based on employing stable mixed finite
element spaces for the Stokes, Darcy, and elasticity equations on grids that may be non-matching along the
interface, as well as suitable choices for the Lagrange multiplier finite element spaces. Well-posedness of the
semidiscrete formulation is established with a similar argument to the continuous case, using discrete inf-sup
conditions for the divergence and interface bilinear forms. Stability and optimal order error estimates are then



A MIXED ELASTICITY FORMULATION FOR FPSI 3

derived for all variables in their natural space-time norms. We emphasize that the estimates hold uniformly
in the limit of the storativity coefficient sy going to zero, which is a locking regime for non-mixed elasticity
discretizations for the Biot system. In addition, our results are robust with respect to amin, the lower bound for
the compliance tensor A, which relates to another locking phenomena in poroelasticity called Poisson locking
[563]. Furthermore, we do not use Gronwall’s inequality in the stability bound, thus obtaining long-time stability
for our method. We present several computational experiments for a fully discrete finite element method designed
to verify the convergence theory, illustrate the behavior of the method for a problem modeling an interaction
between surface and subsurface hydrological systems, and study the robustness of the method with respect to
the physical parameters. In particular, the numerical experiments illustrate the locking-free properties of the
mixed finite element method for the Stokes—Biot system.

The rest of the paper is organized as follows. In Section 2 we present the mathematical model. Section 3 is
devoted to the continuous weak formulation. Well-posedness of the continuous formulation is proved in Section 4,
where existence and uniqueness of solution are established. The semidiscrete continuous-in-time approximation
is introduced in Section 5. Stability and error analyses are performed in Sections 6 and 7, respectively. Numerical
experiments are presented in Section 8, followed by conclusions in Section 9.

We end this section by fixing some notation. Let M, S and N denote the sets of n xn matrices, n X n symmetric
matrices and n X n skew-symmetric matrices, respectively. For a domain O C R", we make use of the usual
notation for Lebesgue spaces LP(0O), Sobolev spaces W*?(0), and Hilbert spaces H*(0). The corresponding
norms are denoted by || - [[Lr(0), || - [wr.»(0y and || - [lur (o). For a generic scalar space Z, we denote by Z and Z
the corresponding vector and tensor counterparts, respectively. The L2(O) inner product is denoted by (-, )o
for scalar, vector and tensor valued functions. For a section of the boundary S C 00, we write (-,-)g for the
L2(S) inner product or duality pairing. We will also use the Hilbert space

H(div; 0) := {v e L*(0) : V-v € L*(0)},

endowed with the norm ||V 4iv.0) = IVIT2(0) TV V720, as well as its tensor-valued counterpart H(div; O)
consisting of matrices with rows in H(div; O). The latter is equipped with the norm HT||]12-]I(div~(’)) = ||'T||]%2(o) +
|V - TH%2(O). Given a separable Banach space V endowed with the norm || - ||y, we let L?(0,T; V) be the space
of functions f: (0,T) — V that are Bochner measurable and such that || f||1»(0,r;v) < 00, with

T
9z = [ M@t [l oy = esssup [ £y
0 te[0,T]

We employ 0 to denote the null vector or tensor, and use C' and ¢, with or without subscripts, bars, tildes or
hats, to denote generic constants independent of the discretization parameters, which may take different values
at different places.

2. STOKES—BIOT MODEL PROBLEM

Let 2 CR™, n =2 or 3, be a connected domain that consists of two non-overlapping regions, the fluid part
Q; and the poroelastic part ,. Let I'y = 0Qr N, 'y, = 00y N OKY,, and I'y, = 09, N O
The free fluid in 2y is governed by the Stokes equations

—V.o;=1f;, V-uy=¢q; in Qf)(((LT}7 (2.1a)

ur=0 on TI'yx(0,7T], (2.1b)

where T > 0 is the final time, u; is the fluid velocity, py is the fluid pressure, and oy = —psI+ 2uD(uy) is the
1

stress tensor. Here D(uy) = i(Vuf + Vu}) is the deformation rate tensor and p > 0 is the fluid viscosity. In

addition, f; is a fluid body force and ¢, is an external source or sink term.
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The poroelastic region is governed by the quasi-static Biot system [15]

9
~V-.o,=1f,, uK 'u,+Vp,=0, a(sopp +aV-n,)+V-u,=¢q in Q,x(0,7T], (2.2a)
pp=0 on I'»x(0,7T], w,-m,=0 on I} x(0,T], (2.2b)
=0 on I'Y*x(0,7T], opn,=0 on TN x(0,7] (2.2c)

Here u,, is the Darcy velocity, p, is the Darcy pressure, 7, is the displacement, and o, is the poroelastic stress
tensor, with

op =0 — appl, Ao, =D(n,), (2.3)

where o, is the elastic stress tensor and A : S — M is the compliance tensor, which is a uniformly symmetric
and positive definite operator satisfying for some constants 0 < amin < Gmax,

VTES, mnT : T<AT: T < OmaxT: T VX E Q. (2.4)
In the isotropic case, 0c = Ap (V1) 1421, D (1), where 0 < Amin < Ap(%X) < Amax and 0 < fimin < pp(X) < fmax

are the Lamé parameters. In this case,

1 A
Ar) = — (17— —22 (1), A =2 I 2.
(1) 2 (T . tr () ), (1) pp T+ Aptr (7)1, (2.5)

with amin = 1/(2fmax + 7 Amax) and @max = 1/(2min). We extend the definition of A on M such that it is a
positive constant multiple of the identity map on N as in [41]. In addition, K is the symmetric and uniformly
positive definite rock permeability tensor satisfying for some constants 0 < kmin < Kmax,

VweR", kpinw W< (KW) W <kpaxw-w Vx € Q. (2.6)

Finally, so > 0 is the storativity coefficient, 0 < o <1 is the Biot-Willis constant, f,, is a structure body force,
and g, is a source or sink term. For the boundary conditions we have I', = Fi?p Ul and Iy = TP U T

. . . . D
To avoid technical non-uniqueness issues, we assume that ’Fp”

, |F5d| > 0. Furthermore, to simplify the

characterization of the normal trace spaces on I'y,, we assume that 1"5 ? and Ffd are not adjacent to the
interface I'¢p, i.e. dist (F,?”,Ffp) > dy > 0 and dist ([P, T4p,) > dy > 0.

The Stokes and Biot equations are coupled through interface conditions on the fluid—poroelastic structure
interface I'y,, [11,47]. They are mass conservation, balance of normal components of the stresses, conservation
of momentum and the BJS condition [13,45] modeling slip with friction:

0
uy-ny + (8:&"” + u,,) 'n, =0, —(ofny) -ng=p, on Iy, x(0,T], (2.7a)
1 0
omy+opn, =0, (—osmy) ty; = pogs\/K; (up— P “ty; on Iy, x (0,77, (2.7b)

where ny and n, are the outward unit normal vectors to 92y and 052, respectively, ty;, 1 < j <n—11isan
orthonormal system of tangent vectors on I'yp,, K; = (Kty ;) -ty ;, and agys > 0 is a friction coefficient.

Finally, the above system of equations is complemented by the initial condition p,(x,0) = pp 0(x). Compatible
initial data for the rest of the variables can be constructed from p, o in a way that all equations in the system
(2.1)—(2.7), except for the unsteady conservation of mass equation in (2.2a), hold at ¢ = 0. This will be established
in Lemma 4.11 below. We will consider a weak formulation with a time-differentiated elasticity equation and
compatible initial data (07,0, pp,o)-
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3. WEAK FORMULATION
We define the fluid velocity space and fluid pressure space as the Hilbert spaces
Vy={v;eH' (Qf):v;=0 on Iy}, W = L%(Qy),

respectively, endowed with the corresponding standard norms

Ivillv, = [Ivilla o), lwgllw, = [[lwgllLz ;-
For the structure region, we introduce a new variable, the structure velocity u, := 0yn),, using the notation
0y := %. We will develop a formulation that uses u, instead of n,, which is better suitable for analysis. To

impose the symmetry condition on o, weakly, we introduce the rotation operator p, := %(Vnp — Vn;). In the
weak formulation we will use its time derivative =y, := 0;p, = %(Vus — Vu'). We introduce the Hilbert spaces

V, :={v, € H(div;Q,): v, n, =0 on Fi,v”}, W, = L2(9y),
Xp = {Tp € H(div;Q,,M) : 7n, =0 on lenvs}7
V= LQ(Qp), Q= LQ(QP,NL

endowed with the standard norms, respectively,

Vpllv, = Ivpllaaivie,):  llwpllw, = llwpllL2,),

I7ollx, = [ Tpll@ivie,),  IVsllv. = lIvsllea,), Ixplle, = lIxplliz,)-
We further introduce two Lagrange multipliers:
Ai=—(oymy) -ng=p, and O:=u; on Iy

The first one is standard in Stokes—Darcy and Stokes-Biot models with a mixed Darcy formulation and it is
used to impose weakly continuity of flux, cf. the first equation in (2.7a). The second one is needed in the mixed
elasticity formulation, since the trace of us on I'f, is not well defined for us € L?(£,,). It will be used to impose
weakly the continuity of normal stress condition oyny-ny = opn,-n, and the BJS condition, cf. (2.7b). For the
Lagrange multiplier spaces we need A, = (V,,-n,) and Ay = (X,n,)". According to the normal trace theorem,
since v, € V,, C H(div; Q,), then v, -n, € H™Y/2(99Q,). It is shown in [33] that if v,,-n, = 0 on 9Q,\I'y,, then
Vpon, € H*1/2(I‘fp). In our case, since v, -n, = 0 on I‘i)\'“ and dist (Ff’), I‘fp) > d; > 0, the argument can
be modified as follows. For any & € H/2 (T'fp), let Eq€ be a continuous extension to H'/2 (Ffp U I‘i)vv) such that
Ei&=00n0(IsU Fé\’”), then let Fy(FE1€) € HY2(99) be a continuous extension of ¢ such that Ey(E1€) = 0

on FII,D ?. We then have
(vp- np»€>rfp = (vp -y, Elf>rfpur;vv = (vp - np7E2(E1§)>an
and
(vp - npvf>rfp <|vp- np||H—1/2(an)||E2(E1£)||H1/2(anp) < CHVPHH(diV;QP)HfHHU?(Ffp)' (3.1)

Similarly, for any ¢ € HY/2(T;,),

<°'pnpa¢>rfp < CHO'pHH(diV;Qp)||¢||H1/2(rfp)~ (3.2)

Thus we can take
Ay = H1/2<Ffp)v A = Hl/Q(Ffp)
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with norms

||§||Ap = ||§HH1/2(Ff,,)a A = ||¢|\H1/2(Ffp)- (3.3)

We now proceed with the derivation of the variational formulation of (2.1)—(2.7). We test the first equation
in (2.1a) with an arbitrary vy € Vy, integrate by parts, and combine with the BJS interface condition in (2.7b).
We test the third equation in (2.2a) by w, € W,, and make use of (2.3) and the fact that

Vmp =tr(D(ny)) = tr (Aoe) = tr A(ep + app ),
as well as tr (7)w = 7 : (wl) V7 € M, w € R. In addition, equation (2.3) gives
Aoy + appl) =V, — pp
In the weak formulation we will use its time differentiated version
OpA(ay + appl) = Vu, — 7,

which is tested by 7, € X,,. Finally, we impose the remaining equations weakly, as well as the symmetry of o,
and the interface conditions (2.7), obtaining the following mixed variational formulation: Given

fr:00,7] =V, £,:00,T] =V, q:[0,T] =W}, ¢:[0,T] =W,

and (0,0, Pp,0) € X, x W), find (uy,py, 0p, Us, Yp, Up, Pp, A, 0) 1 [0,T] = VX W x X, x Vg xQp x V, x W), X
A, x A such that (o,(0),p,(0)) = (p,0,Pp,0) and, for a.e. t € (0,T) and for all vy € Vy, wy € Wy, 1, € X,
Ve € Ve, Xp €Qp, vp €V, wp € Wy, £ €Ay, and ¢ € A,

(2uD(u). D(vy))g, — (V-5 pr)g, + (vs mp Ny

fp
n—1
+> <:uaBJS\/Kj1(uf —0) tp; vy tf,j> = (5, v7)q, (3.4a)
j=1 Typ
(Veupwr)g = (g5, wp)g, (3.4D)
(01A(op + appI) TP)Q + (V-7 us)Qp + (Tpv’Yp)Qp — (Tpmy, 9>rfp =0, (3.4c)
(V- o'p,vg)Q —(f,, vg)Q , (3.4d)
(ops Xp) =0, (3.4e)
(K™ up,vp)Q (V- vp,pp)g, + (Vp -1y, )‘>Ffp =0, (3.4f)
(Soatppva)g + O‘(at (o'p + O‘ppI) w I)Qp + (V + Up, wp)gp = (Qpa w;v)ﬂpv (3-4g)
(uf -ny+60-n,+u,- n,,,f}rf (3.4h)
n—1
<¢'npa)‘>pfp - Z <,U04BJS\/KJ‘_1(uf —-0) 'tf,jad)'tf,j>F + <Upnp7¢>Ffp =0. (3.41)
j=1 p

In the above, (3.4a), (3.4b) are the Stokes equations, (3.4c)—(3.4e) are the elasticity equations, (3.4f), (3.4g) are
the Darcy equations, and (3.4h), (3.4i) enforce weakly the interface conditions.

Remark 3.1. The time differentiated equation (3.4c) allows us to eliminate the displacement variable 7, and
obtain a formulation that uses only u,. As part of the analysis we will construct suitable initial data such that,
by integrating (3.4c¢) in time, we can recover the original equation

(Alop +appl), ), + (V- Tp.p)g, + (75, Pp)q, = (Tpp, ¥)p, =0, (3.5)

where 1 := n,|r,,.



A MIXED ELASTICITY FORMULATION FOR FPSI 7

In order to obtain a structure suitable for analysis, we combine the equations for the variables with coercive
bilinear forms, u¢, u,, o,, and p,, together with 8, which is coupled with them wvia the continuity of flux and
BJS conditions. We further combine the rest of the equations. Introducing the bilinear forms

af(uf>vf) = (QUD(uf)vD(Vf»Qfa ap(upavp) = (MK_lupvvp)Qp’ a£<pp7wp> = (SOppawp)Qp7
b*(V*, w*) = _(v : V*7w*)Q*) * € {fap}» bs(‘rpavs) = (v . Tp7vS)Qp7
bﬁ Tp, ¢) = <Tpnpa¢>rfpv bsk(Tanp) = (Tp>Xp)QP7

(
ae(o';mpp? Tp, wp) = (A(Up + appD? Tp + awPI)QP7

n—1
apss(uys,0; vy, @) == Z <H06BJS\/ Kj_l(uf —0) -ty (vi— @) 'tf,j> )
j=1 Typ

br(vy vp, :8) == (v -np+¢-ny+ v, npa§>pfp7
the system (3.4) can be written as follows:
af(up,vy) + ap(ap, vp) + apss(uy, 0; vy, @) + ) (0, @) + bp(vp, pp) + bs (v, pf)
+ bs(Tp, W) + bsie (T, ¥p) + br(Vy, Vi, @5 A) + @b (O1pp, wp) + ac(0r0p, Orpp; T, W)
- bﬁ(Tpae) - bp(upa wp) = (ff?vf) + (%a wP)Qpa
—bs(uyp,wy) = bs(op, Vi) = bax(op, Xp) — br(us, up, 0;€) = (g5, wys)g, + (£, V). (3.6)
We group the spaces and test functions as:
Q:=V; x A, xV, xX, x Wy, S:=W;xV,xQ,xA,,
p = (uy,0,u,,0p,p,) € Q, r:=(pf,Us,¥Yp,A) €8,
q:= (V{5 P, Vp, T wp) € Q, s = (wy, Ve, Xp,§) €S,

where the spaces Q and S are endowed with the norms, respectively,

lallq = Ivslvy +l1@lla. +1vpllv, + 7l + l[wpllw,
Islls = llwyllw, +[lvsllv, +lIxplla, + I€lla,-
Hence, we can write (3.6) in an operator notation as a degenerate evolution problem in a mixed form:
0 & p(t) + Ap(t) + B'r(t) =F(t) in Q)
—Bp(t)=G() in S (3.7)
The operators A : Q — Q', B : Q — S’ and the functionals F(t) € Q’, G(t) € S’ are defined as follows:

/
Af+AEJS£JS (Aljac;s) 0 0 0 By 0 0 0 0
Aljacjgs Agss 0 (BR)" 0 0 0 0 By 0
A=10 0 Ay 0 Byl B=1lo 0o o Bu of @Y
0 B0 0 0 Bl By BE 0 0
0 0 ~B, 0 0
£y
; a5
fp
Ft)=| 0|, Gu) = :
0

dp
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where

(Afuf7 Vf) = CLf(Llf, Vf)a (Apupa Vp) = ap(u;m Vp)a
(Bpup?wp) = bp(upa w;v)7 (Bgo-zn ¢) = bf],("’p? ¢)7

(AngU-nyf) = GBJs(U.f,O;Vf,O), (Agisufa d)) = aBJS(ufao;O>¢)7 (AEJSG7 d)) = aBJS(070;07¢)7

(Bruyp,wy) = by(uy,wy), (Bsop,vs) = bs(op, Vs), (Bsk0p, Xp) = bsk(07p, Xs)
(Bf:uﬁf) = bF(ufvoaO;f)a (Bf‘gvg) :br(oaoyg;f)a (BIEUZHS) :br(oaupao;f)'
The operator &1 : Q — Q' is given by:
0 0 0 O 0
0 0 0 O 0
=10 0 0 O 0 ,
0 0 0 A AP
0 0 0 (A4%) Ap4Ar
where
(AZop, Tp) = ae(op, 0;7p,0), (AFop,wp) = ac(op,0;0,wy),
(APpp, wp) = ac(0,pp; 0,wy), (Agppva) = ag(pzwwp)-

4. WELL-POSEDNESS OF THE WEAK FORMULATION
4.1. Preliminaries
We start with exploring important properties of the operators introduced in the previous section.

Lemma 4.1. The linear operators A and &1 are continuous and monotone.

Proof. Continuity follows from the Cauchy—-Schwarz inequality and the trace inequalities (3.1) and (3.2). In
particular,

a'f(ufvvf) < 2:uHuf||Vf||Vf||va ap(u;lnvp) < :ukr;ilnHuP”LQ(Qp)HVPHL2(QIJ)7

aBJS(“f’ 07 Vi, ¢) < MaBJSkr:li11{2|uf - 0|aBJS|Vf - ¢|aBJS
< C(lhuslly, + 16llecr,,) ) (Ivelly, + 19lLay,) )
(7, ®) < Climgll [6lla,s 0oV wp) < [Vl (4.1)

apJs

trace inequality, for a domain @ and S C 90,

where, for vy € Vi, ¢ € Ay, [vy — P2 = Z;;f((vf — @) -ty (vi— @) 'tf,j>rfp7 and we have used the

lellm2(s) < Cllellaio) Ve € HHO). (4.2)

Thus we have

(Ap,q) = af(ufvvf) + ap(upvvp) + aBJS(ufa 0;vy, @) + bfw(apa o) — bﬁ(Tp,Q) + bp(vpapp) - bp(upa wp)
<Clpleallalae (4.3)
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and
(€1p, q) = (sopp, wp)a, + (Ao + appl), 7, + awyl)o, < Clplalldllq- (4.4)
Therefore A and &£; are continuous. The monotonicity of A follows from

2
ar(vy,vy) =20 Do),y = 20CK VI o))
2

(v v) = i [K 2, [ kb g,
P

apss(Vy, @i vy, @) > papsskoal®|vy — ol (4.5)

where we used Korn’s inequality |[D(vy)|| > Ck|[vy|la (o) in the first bound. The monotonicity of & follows

from
2

(E10,9) = sollwp o, +[|472(7 + @ w, D) (4.6)

L2(Q,)
O

Lemma 4.2. The linear operator B is continuous. Furthermore, there exist positive constants (31, B2, and (3
such that

bs(Tp; Vs) + bsk(‘rpa X;D)

Bi(lvallv. + lIxsplle,) < sup , Vv eV, xp €Q, (4.7)
TpEXy s.t.Tpn,=00nTy, ||Tp ||Xp
br(ve,we) 4 by(vp,wp) + br(ve, vy, 0;)
o (lwsllw, + gl +lelly,) < sup VR0 3 Dol ) 2 bolvy v, 03)
g (Vf,Vp)EV‘fXVp ||(Vf, vP)HVf XVP
wave,wpeWp, and{EAp, (4.8)
b2 (1,
Golgla. < sup AP Vo e A (4.9)
TpEXy 5.1.V-1,=0 HTP”XZ,

Proof. The definition (3.8) of B implies

(Ba,s) =by(vy,wy) + bs(1p, Vi) + b (1p, Xp) + b0 (v, vy, 5 €)
<[V Vf||L2(Qf)||wf||L2(Qf) +IV- ”'p||L2(Qp)HVs||L2(Qp) + HTPHLQ(QP)HXPHLQ(QP)
+ Cllvellg o€z ;) + ClvalaavioplElla 2@,y + 19l @, ) 1812 ;)
< Cllallqllslls: (4.10)

so B is continuous. Next, inf-sup condition (4.7) follows from Section 2.4.3 of [35]. We note that the restriction
Tpn, = 0 on I'yy, allows us to eliminate the term b2 (7, @) when applying this inf-sup condition, see (4.26) below.
Inf-sup condition (4.8) follows from a modification of the argument in Lemmas 3.1 and 3.2 in [30] to account
for [[)’| > 0. Finally, (4.9) can be proved using the argument in Lemma 4.2 of [35]. O

4.2. Existence and uniqueness of a solution

We will establish existence of a solution to the weak formulation (3.7) using the following key result.

Theorem 4.3 ([46], Thm. IV.6.1(b)). Let the linear, symmetric and monotone operator N be given for the real
vector space E to its algebraic dual E*, and let E} be the Hilbert space which is the dual of E with the seminorm

lz]y = Wa(z))/? x € E.
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Let M C E x Ej be a relation with domain D = {x € E : M(x) # 0}. Assume that M is monotone and
Rg(N + M) = E}. Then, for each ug € D and for each f € WH1(0,T; Ey), there is a solution u of

d
E( u(t)) + M(u(t)) > f(t) ae 0<t<T, (4.11)
with
NueWh*(0,T;E}), wu(t)€D, forae 0<t<T, and Nu(0)=N up.
We cast (3.7) in the form (4.11) by setting

E=QxS, u—(f), N—<%g>, M—(_"Z,%), f—(é). (4.12)

The seminorm induced by the operator &1 is |q|2, := sollwy|f2q,) + |AY2 (1, + aw, I)HiQ(Q > ¢f- (4.6). Since
P
so > 0, it is equivalent to ||Tp||i2(9p) + ||wp||iz(ﬂp). We denote by X, » and W), o the closures of the spaces X,

and W), respectively, with respect to the norms ||7,(|x, ., = [[TpllL2(q,) and [Jwp|lw, . = [[wpllL2(q,)- Then the
Hilbert space Ej in Theorem 4.3 in our case is

Ey:=Q50x 85, where Qy,:=0x0x0xX,,xW, o 85,:=0x0x0x0. (4.13)
We further define D := {(p,r) € Q x S: M(p,r) € E/}.

Remark 4.4. The above definition of the space Ej and the corresponding domain D implies that, in order to
apply Theorem 4.3 for our problem (3.7), we need to restrict ff = 0, ¢y = 0, and f,, = 0. To avoid this restriction
we will employ a translation argument [48] to reduce the existence for (3.7) to existence for the following
initial-value problem: Given initial data (pg,To) € D and source terms (ﬁfp,ﬁwp) 1 (0,T) — X, 5 x W), 5, find
(p;r) : [0,7] — Q x S such that (6,,(0),p,(0)) = (6,0, Pp,0) and, for a.e. t € (0,T),

% Ep() +Ap(t) +B'r(t) =F(t) in Qhy,
—Bp(t)=0 in S, (4.14)

where f‘(t) = (0,0,0,§7—,,’§wp)t-

In order to apply Theorem 4.3 for problem (4.14), we need to (1) establish the required properties of the
operators N and M, (2) prove the range condition Rg(N + M) = E;, and (3) construct compatible initial data
(Po,To) € D. We proceed with a sequence of lemmas establishing these results.

Lemma 4.5. The linear operator N defined in (4.12) is continuous, symmetric, and monotone. The linear
operator M defined in (4.12) is continuous and monotone.

Proof. The stated properties follow easily from the properties of the operators &, A, and B established in
Lemmas 4.1 and 4.2. O

Next, we establish the range condition Rg(N + M) = Ej, which is done by solving the related resolvent
system. In fact, we will show a stronger result by considering a resolvent system where all source terms may
be non-zero. This stronger result will be used in the translation argument for proving existence of the original
problem (3.7). In particular, consider the following resolvent system: Given gy, € V}, Guw; € W}, Gr, € X o,
Gv. € Vi 0x, € Q,, Gv, € V), Gu, € W5, Ge € A, and Gy € AL, find (uf,py,0p, Us,¥p, up, pp, A, 0) €
Vix Wy xX, x Vg xQp xV, x W, x Ay x A such that for all vy € Vy, wy € Wy, 7, € X, vs € Vg,
Xp € Qp, vp €V, w, € Wy, £ €Ay, and ¢ € Ay,

ar(uy,vy) +ap(uy, vp) +agss(uy, 0;vy, @) + 05 (0, @) + byp(vp, pp) + s (Vy,pr) + bs(Tp, 1)
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+ bsk(Tps ¥p) + 00 (Vs Vi, @3 A) + ab(Dp, wp) + ae(0p, pp; Tpy wyp) — U5 (75, 6) — by (1, wp)
= (/g\vavf)Qf + (§¢, ¢)Qp + (/g\vpvvp)ﬂp + (jq\‘rpv Tp)ﬂp + (/g\wpva)ﬂpa

—br(uy,wy) = bs(op, Vi) = bar(op, xp) — br(uy, vy, 6;)
(4.15)

= (gwfawf)ﬂf + (gvsvvs)ﬂp + (:(jxpa X;D)Qp + (E&E)Qf

Letting
Q2=VxA; xV, XXX Wpoa,

the resolvent system (4.15) can be written in an operator form as

(& +Ap+ B'r in Q),

=F
—Bp=G in §. (4.16)

where F € Q5 and G € S are the functionals on the right hand side of (4.15).
To prove the solvability of this resolvent system, we use a regularization technique, following the approach

in [3,48]. To that end, we introduce operators that will be used to regularize the problem. Let Ry, : V, — V,
Ry, :Xp =X, Ry, : Wy = W, L, - Wy — W;“ Ly, : Vs — Vi, and Ly, : Q, — @, be defined as follows:

(Lp;ppywr) = by, (P wp) = (Pf,wyp)g, s
(L’yp'Y;mXP) = l'yp ('7;)7 Xp) = (7pa Xp)Qp'

The following operator properties follow immediately from the above definitions.
Lemma 4.6. The operators Ry,, Ry,, Rp,, Lp,, Lu,, and L, are continuous and monotone.

For the regularization of the Lagrange multipliers, let ¢ (\) € H'(£2,,) be the weak solution of

in Qp,

~V - V(\)

0
P(A) = A on TIyp, V(M) n,=0 on T,

Elliptic regularity and the trace inequality (4.2) imply that there exist positive constants ¢ and C' such that
(4.17)

cllvM @, < IMlavze,,) < ClvN) [ @,)-

We define Ly : A, — A}, as
(LaA, &) = Ix(A, €) = (V(X), Vip(£))a, - (4.18)
Similarly, let ¢(8) € H'(£2,,) be the weak solution of
-V -Ve(@) =0 in Q,,
p(0) =06 on Iy, V@) n,=0 on I,
satisfying
clle@a e, < 10lluzr,,) < Clle@)lln @, (4.19)
Let Rg : Ay — A’ be defined as
(4.20)

(Re,¢) =10(0,8) := (Ve(0), Ve ())a, -
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Lemma 4.7. The operators Ly and Rg are continuous and coercive.
Proof. Tt follows from (4.17) and (4.19) that there exist positive constants ¢ and C' such that

(LA ) < ClMvsaqr, ) €l 2y, (AN = M e,y YAE €A,
(Ro0. $) < Cl0szr/2r,) |9l vor,,)e (Ra8.6) = cll6] e, ). V0,6 € A, (4.21)

Lemma 4.8. For every Fe Q) and Ge S’, there exists a solution of the resolvent system (4.16).

Proof. Define the operators R : Q — Q5 and £ : S — S’ such that, for any p = (us,0,u,,0,,p,), 4 =
(vf7¢7vpa7-pva) € Q and r = (pf7u877p7)‘)? 5= (wfavS7Xpa€) € Sa

(Rpa q) = (Rupupa Vp) + (Rapa'pa Tp) + (Rppppv wp) + (ROO, ¢)7
(EI', S) = (Lpfpf’wf) =+ (LusuSavS) + (L7p7P7XP) + (L>\>‘a€)'

For € > 0, consider a regularization of (4.15): Given F = (Gv;> 9 Gvpr Grps Guw,) € Qb and G= (G Gv.s Gxps Ge)
€ S, find p. = (uf,a 0., Up e, Up,eapp,e) €Qandr.= (p,f,eaus7ev7p,€7 )\e) € S such that

(R + & + A)pe + Br. =F in Q)

—Bp: +eLr. =G in 9. (4.22)

Let the operator O: Q XS — Q/2 x S’ be defined as
O( ) (6_ 1 / ) ( )
S B el S .

(o<p>, <q>) — (R + &1+ A)p,q) + (B'r,q) — (Bp,s) + ¢(Lr, ).

r S

We have

Lemmas 4.1-4.7 imply that O is continuous. Moreover, using the coercivity and monotonicity bounds (4.5),
(4.6), and (4.21), we have

(0(2)-(2)) = rrer+ taa) + (s
= €Ty, (Vpa Vp) + €rg, (Tpa Tp) + €rg (¢a ¢) +€rp, (wpa wp) + ap(vpa Vp)
+ (A(mp + awp]), 7 + awp) + (sowp, wp) +ap(Vy, vy) + apss(Vy, @5 vy, @)
el (wr,wp) + €la, (Vs, Vi) + €ly, (Xp, Xp) + €lr(£,€)

2 C'(€||V : Vp\|%2(9p) + €||Tp|‘i2(9p) +elv- TpH%ﬂ(Qp) + €||¢||%11/2(rfp) + €||wp|‘%2(9,,)

2
+ VplEeqay + 4130 + awpD) |

2 2
L2 (@,) + sollwpllf2q,) + D(VAIL2 (0,

2
1V = B+ ellws oy + ellValEaoy) + elXolPan,) + leln,, ), (423)

which implies that O is coercive. Thus, an application of the Lax—Milgram theorem establishes the existence of
a unique solution (pe,re) € Q x S of (4.22). Now, from (4.22) and (4.23) we obtain

€[V up7e||i2(np) + €|V qu,e||i2(szp) + €||96||f11/2(rfp) + €||Up,e||12LZ(Q,,) + €l|pp,e %2(9,,) + ||up7e||i2(9p)
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2
+ HAl/Q(O'p,E + app,J)H

s« T 50||pp,e||i2(gp) + ||uf7e||%11(9f) +lupe =0,
L2(22p)

+elprelizo,) +eluscliz i, + ellmeliz,) +elAelfuew,,

< C(IGv, Iz lag.ellez@,) + 119 Iz @) 10cllLz,) + [19v, L2, 1up.ellLe@,)

+ 197, lL2 @) lop.ellLz,) + [[Gw, L2, [Pp.cllz@,) + 19w, lLz@p) [1Pf.ellz ;)

+ llgv.

L2 s cll2,) + 19x, Iz @) 1 .cllez@,) + 19ellL2@,) IXellLz@,)) (4.24)

which implies that ||up75||L2(Qp),
Next, from (4.22) we have

|AY (o) + app:€I)HL2(Qp) and ||uf,€||H1(Qf) are bounded independently of e.

(A(op,e +apy ), TP)QP + €(0pes Tp)gp +e(V-ope, V- TP)QP
- bﬁ(Tp, 06) + bs(T;m us,e) + bsk(‘rpa "Yp,e) = (g‘r,,a Tp)Qp- (4'25)

Applying the inf-sup condition (4.7) results in

bs (Tp7 us,e) + bsk(Tpa ’YP,E)

Us Lz, + [[pellLe,) <C sup
s, el (Qp) | pe” (Qp) €, 5 bmpmy=0onT s, HTPHX;,
_C sup ((A(o'p,e + app.d), 7p)a, — €(ope, T)a, —€(V- 006,V -T)a,)e,
TpEXps.t.Tpn,=00nTy, HTPHX;]

bﬁ (Tpa 05) + (§Tp7 Tp)Qp >
75,

< C(”A(a']mE + Oépp,éI)H]L’Z(QP) + EHUP,GHHP(Q,J) + €|V - o'p,6| L2(Q,) T ”/g\‘rpHLQ(Qp))v (4.26)

where the term b2 (7,, 0.) vanishes due to the restriction 7,n, = 0 on I'y,. Also, applying the inf-sup condition
(4.9) and using (4.25), we obtain

bP 2]

10c [ g11/2 <C sup LA
H (Ffp)

X, st Vorp=0 ||Tpllx,

—C sup (A(o'p,e + app,eI)7 Tp)Qp + 6(0'11,6; Tp)Qp + bsk(Tpa '7p,e) - (@\Tpa Tp)Qp

TpEXp s.t. Vo1, =0 HTP”XP

< C(IA@p.c + app D) + lopeliz@,) + Mpelizio,) + [3r, iz, )- (4.27)

Bounds (4.26) and (4.27) imply that [[us ellLz(a,) [Vp.ellLz(a,), and [|0c[lg1/2(r,,) are bounded independently of
e. In addition, equation (4.22) gives

ap(Up,e, Vp) + €(V - 0p e, V- vp)a, + bp(Vp, pp.e) + (Vp - 1p, )\5>Ffp +af(uge vy)
+ a'BJS(uf,Ev 0.; Vi, 0) + bf(vfapf,e) + <Vf sy, )\5>Ffp =0, (428)

so applying the inf-sup condition (4.8), we obtain

Ips.ellzs) + IPpellLze,) + [[Aellarzr,,)
<C sup br(vipre) + bp(VpsPpe) +br (v, vp, 05A)
N (v, vp,0)EV XV, XA, ||(Vfavpa0)HVf XVpXAsg
_c sup —ap(Up,c,Vp) = €(V-1p, V- vp) —ay(use, vy) — apss(uy.c, 0c; vy, 0)
(Vi vp,0)EV XV x A, H(VfavpaO)HVf XVp XA
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< O(llup.ellLzo,) + €V - wpellize,) + urella @) + ur.e = Oclags)- (4.29)

Therefore we have that ||ps.cllz(a;), IPpellLz(e,) and [[Aellgi/2(r,,) are also bounded independently of e.
Since V - X, = V, by taking v, = V- o in (4.22), we have

IV opelltae,) < €llusellree,) + 19v. L2 @,); (4.30)

which implies that [|V-0, c[12(q,) is bounded independently of e. Since ||Al/2(o'p7e + ozpp761)||mz(Q ) IPp.cllL2(0,)

and ||V - o) |lL2(q,) are all bounded independently of e, the same holds for |, c|lm(aiv,0,). Finally, since
V-V, =W,, by taking w, = V - up in (4.22), we have

IV - upcllize,) < Clllop.eliz,) + (5o + )llpp.elliz@,) + [Guw,llL20,)) (4.31)

80 ||V -uy c[lL2(q,), and therefore |luy, [|v, is bounded independently of e. Thus we conclude that all the variables
are bounded independently of e.

Since Q and S are reflexive Banach spaces, as ¢ — 0 we can extract weakly convergent subsequences {pe,» }52;
and {r¢,}52; such that p., — p in Q, r., — r in S. Taking the limit in (4.22), we obtain that (p,r) is a
solution to (4.16). O

Lemma 4.9. For N, M and E] defined in (4.12) and (4.13), it holds that Rg(N + M) = E}, that is, given
f € Ej, there exists v € D such that (N + M)v = f.

!

Proof. Given any g, € X , and g, € W), 5,

according to Lemma 4.8, there exist (p,r) € Q x S such that

E+Ap+Br=F in Qy,
-Bp=0 in S,

where F = (0,0, 0,Gr,, Juw,)" € Qb ¢, implying the range condition. O

We are now ready to establish existence for the auxiliary initial value problem (4.14), assuming compatible
initial data.

Theorem 4.10. For each compatible initial data (po,To) € D and each (Gr,, Guw,) € Wi, T; X;LQ)XWM(O, T;

;)2), there exists a solution to (4.14) with (o,(0),pp(0)) = (6p,0,Dp,0) and (ug,pr,op, Us, Yp, Up, Pp, A, 0) €
Lo (0,T; V) xL2(0, T; W) x W (0, T3 L2(2,)) \L< (0, T; X,,) x L (0, T; V) x L0, T; @,) xL2(0, T; V)
W1Loo(0,7; W,,) x L°(0,T;A,) x L°°(0,T; Ag).

Proof. Using Lemmas 4.5 and 4.9, we apply Theorem 4.3 with E, A" and M defined in (4.12) to obtain existence
of a solution to (4.14) with o, € W1 (0, T;1L*(9,)) and p, € WH°(0,T; W,,). From the equations (4.14) and
the inf-sup conditions in Lemma 4.2 we can further deduce that uy € L>*(0,7;Vy), pf € L>(0,T;Wy),
o, € L=(0,T;X,), u, € L®(0,T;V,), v, € L¥(0,T;Q,), u, € L=(0,T;V,), A € L°(0,T;A,), and 6 €
L>°(0,T; As). O

We will employ Theorem 4.10 to obtain existence of a solution to our problem (3.6). To that end, we first
construct compatible initial data (pg,rp).

Lemma 4.11. Assume that the initial data p,o € W, NH, where

H:= {w, € H'(Q) : KVw, € H'(Q,), KVw, -n, =0 on I, w,=0 on I'Dr}. (4.32)
Then, there exist po := (Us,0,00, Up.0,0p,0,Pp0) € Q and ro := (D0, Us,0,¥p,0, o) €S such that
Apo + B'rg = f‘o in Q/27
—Bpo = G(0) in S, (4.33)

where Fy = (ff(O), 0, O,Q\Tp,ﬁwp)t € Qy, with suitable g, € X, 5 and gu,, € W}, 5.
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Proof. Our approach is to solve a sequence of well-defined subproblems, using the previously obtained solutions
as data to guarantee that we obtain a solution of the coupled problem (4.33). We proceed as follows.

(1)

Define u, o := —pu *KVp, o € H'(Q,), with p, o € W, N H, ¢f (4.32). It follows that
,qulupyo =—Vppo, V-upo= —u v (KVppo) in Qp upo-n,=0 on I‘;}VU.

Next, define Ao = ppolr;, € Ap. Testing the first two equations above with v, € V,, and w, € W,
respectively, we obtain

ap(Up.0, Vp) + by (Vp, Ppo) + (Vp - 1y, )\0>Ffp =0, Vvp € Vp,
—bp(upo,wp) = (V- (KVppyo),wp)Qp, Yw, € Wp,. (4.34)

Define (uy0,pf,0) € V5 x Wy such that
ag(uygo,vy)+bs(vy,pyo)
n—1
= =D {passs K w0 -ty Vi by, = (viomg odry, + (£(0), vp)a,,  Vvy €V,
j=1

= by(uyo,wy) = (gr(0),wy), Vws e Wy, (4.35)

This is a well-posed problem, since it corresponds to the weak solution of the Stokes system with mixed
boundary conditions on I'¢,. Note that Ao and u, o are data for this problem.
Define (07,0, Mp,0, Pp,0: P0) € Xp x Vi x Qp x A, such that

(Ao'p,Oa Tp)QP + bs(Tpa 7717,0) + bsk(Tpv pp,O) - bﬁ("l’p, ’lbo) = _(Aapp,OL Tp)ﬂpv v'Tp € va

n—1

b (o0, @) = ZWO‘BJS\/ K a0 ty5, 0 ty5)r,, — (¢ 1y do)r,,, Vo e A,
j=1
- bs(o'p,Ovvs) = (fp(o),vS)QP; Vvs € Vg,
= ba(0p,0, Xp) = 0, Yxp € Q. (4.36)

This is a well-posed problem corresponding to the weak solution of the mixed elasticity system with mixed
boundary conditions on I'y,. Note that p, o, upo and Ag are data for this problem. Here 1,0, pp0, and
1 are auxiliary variables that are not part of the constructed initial data. However, they can be used to
recover the variables n,, pp, and 1 that satisfy the non-differentiated equation (3.5).
Define 6y € A, as

0y =usg—u,o on I'yp, (4.37)

where uy and u, o are data obtained in the previous steps. Note that (4.37) implies that the BJS terms
in (4.35) and (4.36) can be rewritten with u, o - t;; replaced by (uso — ) - t,; and that (3.4h) holds for
the initial data.

Define (6.0, us,0,7p,0) € X, X V4 x Q, such that

(Aa'p,Oa Tp)Qp + bs(Tpa us,O) + bsk(Tpa '7;0,0) = bfL(TP7 eo)a VT;D € Xpa
- bs(a-p,(hvs) = 07 VVS S Vs;
- bsk(&p,m Xp) = 07 VXp S Qp. (438)

This is a well-posed problem, since it corresponds to the weak solution of the mixed elasticity system with
Dirichlet data @y on I's,. We note that & is an auxiliary variable not used in the initial data.
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Combining (4.34)—(4.38), we obtain (uy,g, 6o, Up,0,0p,0,Pp0) € Q and (pfr0,Us,0,¥p,0, Ao) € S satisfying
(4.33) with

(§Tp7Tp)Qp = *(A(ap,o)ﬂ'p)gpa (/g\wpva)gp = —by(up0, wp).

The above equations imply

H/g\TPH]IP(Qp) + H@vaLz(Qp) = C(H&P’O”U(QP) +V- up70‘|L2(Qp))7
hence (Gr,,Gw,) € X, 2 x W, 5, completing the proof. O
We are now ready to prove the main result of this section.
Theorem 4.12. For each compatible initial data (po,ro) € D constructed in Lemma 4.11 and each
fr e WHH(0,T5V)), £,e WH'(0,T3V)), q € WHH(0,T5W)), g, € WH(0,T; W),

there exists a unique solution of (3.4) (uf,pf,0p, Us,Yp, Up,Dp, A, 0) € LX(0,T;Vy) x L*(0,T;Wy) x
WLoo (0, T;1L2(€,)) NL®(0, T; X,) x L0, T; Vi) x L(0, T; Q) x L=(0,T; V,,) x Whe(0, T; W) x L= (0, T
Ap) x L*(0,T; As) with (o5(0), pp(0)) = (op,0,Pp,0)-

Proof. For each fixed time ¢ € [0,7], Lemma 4.8 implies that there exists a solution to the resolvent system
(4.16) with F = F(¢) and G = G(¢) defined in (3.7). In other words, there exist (p(t),r(t)) such that

(E+ AP +BEH) =F(1) in Q,
Bp(t)=G(t) in S. (4.39)

We look for a solution to (3.7) in the form p(t) = p(t) + p(¢t), r(t) = r(t) + r(t). Subtracting (4.39) from (3.7)
leads to the reduced evolution problem

0 Ep(t) + Ap(t) + B'T(t) = E1p(t) — 9: & p(t) in Q/270’
—Bp(t)=0 in S, (4.40)

with initial condition p(0) = pg — p(0) and T(0) = ro — ¥(0). Subtracting (4.39) at ¢ = 0 from (4.33) gives

AB(0) + B'F(0) = £5(0) + Fo —F(0)  in Qjy,
-Bp(0)=0 in S'2707

We emphasize that in the above, Fo — F(0) = (0,0,0,9r,,Juw, — 4,(0))" € Qb . Therefore, M (g(((()]))) € Ky, ie.
(p(0),7(0)) € D. Thus, the reduced evolution problem (4.40) is in the form of (4.14). According to Theorem
4.10, it has a solution, which establishes the existence of a solution to (3.4) with the stated regularity satisfying
(05(0),pp(0)) = (0,0, Pp,0)-

We next show that the solution is unique. Since the problem is linear, it is sufficient to prove that the problem
with zero data has only the zero solution. Taking F = G = 0 in (3.7) and testing it with the solution (p,r)
yields

S0 (472, + |’
2% 7T 20,

sl ) + o)+ as ) + ass(ug, B507.6) 0.

Integrating in time from 0 to ¢ € (0,7 and using that the initial data is zero, as well as the coercivity of a,
and ay and monotonicity of agss, cf. (4.5), we conclude that o, = 0, p, = 0, u, = 0, and uy = 0. Then the
inf-sup conditions (4.7)—(4.9) imply that us =0, v, =0, 8 =0, py =0, and A = 0, using arguments similar to
(4.26)—(4.29). Therefore the solution of (3.6) is unique. O
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Corollary 4.13. The solution of (3.6) satisfies us(0) = uso, pr(0) = pro, up(0) = uwp, A(0) = Ao, and
6(0) = 6,.

Proof. Since uy € L*>°(0,T;Vy), we can define us(0) := lim;_ o+ us(t). Let Uy := uy(0) — uy,o, with a similar
definition and notation for the rest of the variables. Taking ¢t — 07 in all equations without time derivatives in

(3.6) and using that the initial data (po,ro) satisfies the same equations at ¢ = 0, c¢f. (4.33), and that &, = 0
and p, = 0, we obtain

(26D(7), D(vy))g, — (V- v5.5p) g, + (Vs 0 )y,

n—1
+Z<'U’QBJS”K]'1(uf_0) 'tf,j,Vf'tf’j> :O, (441&)
j=1

Typ
(V-1 wr)g, =0, (4.41b)
(BK™0,,v,) o + (Ve mp, X) =0, (4.41c)
(W; n;+0-n,+1, n,, g)rfp =0, (4.41d)
n—1
(- nP7X>Ffp B Z <:“0‘BJS\/ K (U;—0) tr;, ¢ tﬁj>F =0. (4.41e)
j=1 fp

Taking (vy,wy, vy, &, @) = (ﬁf,ﬁf,ﬁp,x, 6) and combining the equations results in

— 2 — 2 — 712
HufHHl(Qf) + HuP”L2(Qp) + |uf - 0|

agys — )

which implies iy = 0, W, = 0 and 8-t ; = 0. Then (4.41d) implies that <§~ n,, f)rf =0forall £ € Hl/z(Ffp).
We note that n;, may be discontinuous on Iy, resulting in 0-n, c L>(T4,). However, since H/2(T'4,) is dense
in L2(T'sp), we obtain 8-n,, = 0, thus @ = 0. Using the inf-sup condition (4.8), together with (4.41a) and (4.41c),
we conclude that p, =0 and A = 0. (Il

Remark 4.14. As we noted in Remark 3.1, the time differentiated equation (3.4c¢) can be used to recover the
non-differentiated equation (3.5). In particular, recalling the initial data construction (4.36), let

t

Wewﬂ,%@=mwﬁém@®,mm:mwﬁlw@®7¢®=%+4ﬂﬂw

Then (3.5) follows from integrating (3.4c) from 0 to ¢ € (0,T] and using the first equation in (4.36).

5. SEMI-DISCRETE FORMULATION

In this section we introduce the semi-discrete continuous-in-time approximation of (3.7). We assume for
simplicity that Q¢ and €2, are polygonal domains. Let ’];lff and ’];f; be shape-regular [26] affine finite element
partitions of €2, and §2,, respectively, which may be non-matching along the interface I'y,. Here hy and h,
are the maximum element diameters in Q; and Q,, respectively. Let (Vyp, Wyp) C (Vy, W) be any stable
Stokes finite element pair, such as Taylor-Hood or the MINT elements [17], and let (Vp,, Wy,) C (V,, W) be
any stable Darcy mixed finite element pair, such as the Raviart—-Thomas (RT) or the Brezzi-Douglas—Marini
(BDM) elements [17]. Let (Xpp, Vsn, Qpr) C (X,, Vs, Q) by any stable finite element triple for mixed elasticity
with weak stress symmetry, such as the spaces developed in [9,10,16]. We note that these spaces satisfy

V. Vph = Wpfu V- Xph = Vsh- (51)
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For the Lagrange multipliers, we choose non-conforming approximations:

Aph = Vpn ny ey, Agpi=Xppny |r,,  with norms  [[€]la,, = [§llrzry,),  9lla,, = [[@llLew,,). (5:2)

The semi-discrete continuous-in-time problem is: Given fy : [0,7] — V', £, : [0,7] — Vi, ¢; : [0,T] — W',
qp - [O,T] — W;, and (Uph70,pph70) S Xph X th, find (ufh,pfh,aph,ush,’yph,uph,pph,)\h,ah) : [O,T] —
th X th X Xph X Vg, X @ph X Vph X th X Aph x Agp, such that (Uph(O),pph(O)) = (Uph70,pph70) and, for
a.e. t € (O,T) and for all Vfh € th, Wsp € th, Tph € Xph, Vsh € Vp, Xph € Qph, Vph € Vph, Wph € th,
§n € Apn, and @p, € Agp,

2uD(usn), D(Vin))g, = (V- Vinpin)g, + (Vin 05 An)p,

n—1
+y </~LCVBJS\/§(ufh = On) -t Vin 'tm'>F = (. vin)g, (5.3a)
=1 fp
(V-agn, wen)g, = (a5, win)g, (5.3b)
(O Ao, + apphI),Tph)Qp + (V- Tph, ush)Qp + (Tph,'yph)gp — (Tprnp, 6h>rfp =0, (5.3c)
(Vopn, vsn)g = —(fp, Van)g, (5.3d)
(@phs Xph) g, = 0, (5.3e)
(uKiluph,vph)Qp — (V- vph,pph)gp + (Vpn - 1y, >‘h>1‘f,, =0, (5.3f)
(500tph, wph)Qp + a(0A(opn + apprl), wphI)Qp + (V- upn, wph)ﬂp = (ap, wz)h)ﬂpv (5.3g)
(ugp -ng+ 6y -0y + Uy, -ny, §h>rfp =0, (5.3h)
n—1
{@n 1 An)p,, = z; <“O‘BJS\/E(“M —0n) tyj, dn 'tf,j>rf + (opnny, @n)p, = 0. (5.31)
j= fp

Remark 5.1. We note that, since H'/2(T'f,,) is dense in L2(I'y,), the continuous variational equations (3.4h)
and (3.4i) hold for test functions in L?(I's,), assuming that the solution is smooth enough. In particular, they
hold for &, € App and ¢y, € Agp, respectively.

The formulation (5.3) can be equivalently written as
af(Wrn, Ven) + ap(Uph, Vpn) + asss(Wpn, Ons Vien, @n) + 0 (pn, @n) + bp(Vpn, Ppn)
+br(Vinsprn) + 0s(Tpn, Wsh) + bsk(Tph, Yph) + 00 (V i, Vo, @ns An) + ab(0epph, wpn)

+ ac(0tTph; OtPph; Tophs Wpn) — Vb (Tpn, On) — bp(Wpn, wpn) = (£7, vien)a, + (@, wpn)a,
—br(upn, wen) = bs(Tpn; Visn) = bs(Oph, Xpn) — br(Wpn, Upn, On5 &) = (g5, wen)a, + (£ Van)a,-  (5.4)

We group the spaces and test functions as in the continuous case:

Qh = th X Ash X Vph X Xph X th, Sh = th X Vsh X Qph X Aph,

Pr = (Usn, On, Upn, Tphy Ppn) € Qs rh, = (D, Wshy Yphs An) € Sh,

dn := (Vfh, Pn, Vph, Tph, Wpn) € Qn, sh = (Wn, Vsh, Xph,En) € Shs
where the spaces Qj, and S;, are endowed with the norms, respectively,

lanllqn = 1Vinlv, + l@nllan + [venlv, + [17onllx, + llwpnllw,,
Isnlls, = lwsnllw, + 1Vsallv, + [Ixpnllo, + 1€nlla,.-
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Hence, we can write (5.4) in an operator notation as a degenerate evolution problem in a mixed form:

9 E1pu(t) + Apn(t) + B'rp(t) = F(t) in Qj,
—Bpn(t) = G(t) in Sj. (5.5)

Next, we state the discrete inf-sup conditions.
Lemma 5.2. There ewist positive constants B1, Bn,2, and B3 independent of hy and h, such that

bs (Tph; Vsh) + bsk(Tphv Xph)

Bra([vsnllv, + xprlle,) < sup ’
Tph €Xpn 8.1 Tprnp=0 on L'y, ”Tph”Xp
Vvsn € Vsh7 Xph € Qpha (56)
b Vih, Wik +b Vph, Wph +bFVh,V h70; h
5h’2(||wfh||wf + ”wph”Wp + Hfh”Aph) < sup f( f ! ) p( P P ) ( fh>Vp & )’
(VirsVph)EV i X Vpp ||(th,Vph)va><Vp
Vwsn € Wen, wpn € Wpn, & € Apn, 5.7
b;D Tph

Bralbnlan < sp AT g op .

Tph €EXpp 8.t. Vo1, =0 HTph HXP

Proof. Inequality (5.6) can be shown using the argument in Theorem 4.1 of [5]. Inequality (5.7) is proved in
Theorem 5.2 of [3]. Inequality (5.8) can be derived as in Lemma 5.1 of[3]. O

We next discuss the construction of compatible discrete initial data (pp,0,rn,0) based on a modification of
the step-by-step procedure for the continuous initial data.

(1) Let P}f\s : As — Agp, be the L%-projection operator, satisfying, for all ¢ € L?(T'y,),
(6= PMogn) =0  VoneAn (5.9)
fp

Define
010 = PP 6. (5.10)

(2) Define (uyrp,0,p5h,0) € Vin X Wy and (Upn 0, Pph,0s Ano) € Vpn X Wy, X Ay by solving a coupled Stokes-
Darcy problem: for all vy, € Vi, win € Win, Vpn € Vpn, Wpn € Wpp, En € App,

n—1

af(Wfn,0,Vin) +bp(Vin,prno) + Z<uam\/ K7 (Upno = Ono) by, Ven- tf,j> + (Vinong Ano)p,,
j=1 Lgp
n—1
= ag(uso,vyen) +bs(Vin,pso) + Z<uamva}1(uﬁo —60) -ty Ven 'tf7j> + (Ven oy Aoy,
j=1 Lyp

= (£7(0), vin)g,
—b(ano0,wen) = =bp(uyo,wrn) = (47(0), wrn),
ap(Wph,0, Vpnr) + bp(Vph, Ppho) + (Vpr - 1p, )‘h10>Ffp = a,(Up,0, Vpr) + bp(Vphs Pp,o) + (Vpr - 0p, )\0>Ffp =0,
= byp(Wpn,0, Wpn) = —bp(Up,0, wpn) = —p (V- (Kva,0)>wph)Qp7
— (Uppo -0y +uyppo-ng+60- np’€h>rf,, = —(upo-ny+uypg-ng+6- np,§h>rfp =0. (5.11)

This is a well-posed problem due to the inf-sup condition (5.8), using the theory of saddle point problems
[17], see [30,40].
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(3) Define (oph.0, Nph,05 Pph,0, Yh,0) € Xph X Ve x Qpp X Agp, such that, for all 7, € Xpn, Von € Vian, Xpn € Qpn,
On € Agp,
(Ao-ph,07 'Tph)Qp + bs (Tpha nph,[)) + bsk(Tpiu pph,O) - bﬁ(‘rpfu 1/Jh,0) + (Aapph,OI; Tph)Qp
= (Ao'p,Oa Tph)QP + bS(Tpha "7p,0) + bsk("'pha pp,O) - bzr)L(Tphd d’O) + (Aapp,OL Tph)QP =0,
- bs(aph,O; Vsh) = _bs(o'p,Oa Vsh) = (fp(O), Vsh)Qpa

— bsi(Tph,0, Xph) = —bsk(Tp,0, Xpn) = 0,

n—1

by (opn,0, Pn) — Z<MC¥BJS\/ K (un0 = On0) -ty dn 'tf,j> + (@ 1p, Ano)y,,
j=1 Lyp
n—1
= bfl(dp,o, ¢h) — Z<,u043551 / Kj_l(uf,() — 90) . tf,jv ¢h . tf7j> + <¢h s 1y, )\0>Ffp =0. (512)
j=1 Ttp

It can be shown that the above problem is well-posed using the finite element theory for elasticity with
weak stress symmetry [9,10] and the inf-sup condition (5.8) for the Lagrange multiplier ), ¢.
(4) Define (6ph,0, Ush,0,Yph,0) € Xph X Vg, X Qpp, such that, for all 7, € Xpn, Vs € Vn, Xph € Qph,

(Aa'ph,m Tph)Qp + b, (Tph7 ush,O) + bsk(Tph7 'th,O) = bg(Tpha oh,O)v

_bs(a'phﬁa Vsh) =0,
—bsk (T ph,0, Xpn) = 0. (5.13)

This is a well posed discrete mixed elasticity problem [9,10].

We then define ppo = (Wn,0,0n,0, Uph,0, Oph,0, Pp,o) and Ty o = (Pfh,05 Ush,0, Yph,05 ko). This construction
guarantees that the discrete initial data is compatible in the sense of Lemma 4.11:

.Aphg + B’I‘}Lo = FO n Q;l,
—Bphro = G(0) in S, (5.14)

_ t
where Fy = (ff(O),0,0,ng,gwp> € Qj, with suitable g, € X , and g,, € W}, ,. Furthermore, it provides
compatible initial data for the non-differentiated elasticity variables (1,40, Pph,0, ¥h,0) in the sense of the first
equation in (4.36).

The well-posedness of the problem (5.5) follows from similar arguments to the proof of Theorem 4.12.

Theorem 5.3. For each ff € Wl’l(O,T;V}), £, € WL1(0,T5 V), ¢ € WH(0,T; W}), and q, € WH1(0,T;
W), and initial data (Pn,o, o) satisfying (5.14), there exists a unique solution of (5.3) (Wfn,Pfn;s Oph, Ush, Yphs
up}“pp}“)\h,ah) S LOO(O,T; th) X LOO(O,T; th) X Wl’oo(O,T;L2(Qp)) M LOO(O,T; Xph) X LOO(O,T; Vsh) X
L2°(0, T3 Qpn) X L°(0,T5 Vi) x WH(0, T; W) x L(0, T Apn ) X L0, T5 Agpy) with (ugn(0),psn(0), 7 (0),
1, (0), ppr(0), An(0), 01(0)) = (Wrn,05 Prh,05 Tph,0s Uph,05 Pph,0s A0, On0)-

Proof. With the discrete inf-sup conditions (5.6)—(5.8) and the discrete initial data construction described in
(5.9)—(5.12), the proof is similar to the proofs of Theorem 4.12 and Corollary 4.13, with two differences due to
non-conforming choices of the Lagrange multiplier spaces equipped with L2-norms. The first is in the continuity

of the bilinear forms b2 (Tppn, @), cf. (4.1), and br(Vn, Vpn, @n;&r), cf. (4.10). In particular, using the discrete
trace-inverse inequality for piecewise polynomial functions, ||¢||L2(r;,) < Ch, L/i

minimum element diameter in 7,” , we have
P

||<P||L2(Qp), where hyp min is the

08 (Ton, é1) < Che, L2 1 onlliz o, | dnlleacry,)
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and
br(Vsh, Von, @13 1) < OVl p) + by i Vonllez,) + l@nllaw,, ) lénllzcr,,)-

Therefore these bilinear forms are continuous for any given mesh. Second, the operators L) and Rg from
Lemma 4.7 are now defined as Ly : Ay — A;,17 (LxAny&n) == (An,&n)r,, and R @ Agp, — A, (Re O, ) :=
(6, dn)r +»- The fact that L) and Rg are continuous and coercive follows immediately from their definitions,
since (Ly&p,&n) = ||§||%ph and (Re ¢n, ¢n) = [|onl|3., - We note that the proof of Corollary 4.13 works in the
discrete case due to the choice of the discrete initial data as the elliptic projection of the continuous initial data,
cf. (5.11) and (5.12). O

Remark 5.4. As in the continuous case, we can recover the non-differentiated elasticity variables with

t

¢ ¢
Vi€ [0,T], mpalt) = npno +/ usn(s)ds, ppa(t) = ppno +/ Yon(s)ds, Pn(t) =tno +/ On(s) ds.

0 0 0
Then (3.5) holds discretely, which follows from integrating the third equation in (5.3) from 0 to ¢ € (0,7] and
using the discrete version of the first equation in (4.36).

6. STABILITY ANALYSIS

In this section we establish a stability bound for the solution of semi-discrete continuous-in-time formulation
(5.5). We emphasize that the stability constant is independent of sy and amin, indicating robustness of the
method in the limits of small storativity and almost incompressible media, which are known to cause locking
in numerical methods for the Biot system [53]. Furthermore, since we do not utilize Gronwall’s inequality, we
obtain long-time stability for our method.

Theorem 6.1. Assuming sufficient regularity of the data, for the solution to the semi-discrete problem (5.3),
there exists a constant C independent of hy, hy, so and amin such that

lugnllLe.1:vy) + [asnllLzorv,) + [0 = Onluec 0,75ame) + [Wrn — On[L2(0,7;a85)

+lpsulle o, mw ) + IPsnllLzorw,) + HA1/2o'ph + IV - opnllLe0,1iL2(2,))

Lo (0,T5L2(82p))

+ HAl/zat(Uph + apphl)’ +IV - opnllLzo,ri20,) + WshllL2o,5v,)

L2(0,T5L2(2,))
+ [Yprlltzo,7:0,) + Ipnllieo,mL2(0,)) + Wpnllzo,mv,) + 1PpnllLee o,m5w,) + [PprllLz0,mw,)
+V50l10ppnllLz0,mw,) + [ AnllLee 0,7:8,) + IARIL20,750,0) + 108120, 75A0)

< C(||ff||H1(0,T;L2(Qf)) + ||fp||H1(O,T;L2(Qp)) + H(JfHHl(o,T;LZ(Qf)) + HqPHHl(O,T;L?(Qp))

+Ippolli @, + 1V - (KVPoo) Iz, ) (6.1)

PTOOf. By taking (th7 Wfhy Tphy Vshy Xphs Vphs Wph, Ehv ¢h) = (ufhapfha Ophs Ush, Yphs Uphs Pph, )‘hv Bh) in (53)
and adding up all the equations, we get

ar(urn,upn) + agss(Upn, On; Wpn, On) + ae(0r0pn, OePpn; O ph, Ppn) + ap(WUpn, Wpn) + ab(9epph, Pph)

= (fr,upn)a, + (a5, prn)a; + (£, Wsn)a, + (ap, Ppn)a, - (6.2)

Using the algebraic identity |, VO = %@Hv”iz( )’ and employing the coercivity properties of ay and a,, and
the semi-positive definiteness of agss, c¢f. (4.5), we obtain
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9 2

apJs

1
+ Eat"Al/Q(O'ph + OépphI)

2 —
2uCH|[usnlly, + possskmal’ [asn — On| L)
P

1

— 2 2

,Ukmgltxnuph”]_,z Q 503t||pph||w < (ff7 ufh)Q (Qfapfh)g (f;m ush)Q (vapph)ﬂ .
(©2p) 2 P f f P P

Integrating from 0 to any ¢ € (0,7 and applying the Cauchy—Schwarz and Young’s inequalities, we get

t
2 — 2 — 2
/0 <2MCI2(||uthvf + posssknal g, — O, + Hkmixﬂuph”m(szp))ds

2

2 1 2 1 2
A2+ ap DO+ 5sollpn Oy, = 550l O]y,

1 1/2
+ 542 (@ +apD)(®) o)

4
L2(Q,) 2

t
€ 2 2 2

<5 lusnllgeia,) + 1Psnlly, + Isnllnz,) + I2en iy, ) ds
2 Jo (@) f ()

1 t
+ %/0 (||ff||i2(§zf) + HQerQﬁ(Qf) + ||pr%2(9,7) + ||(Jp||12ﬁ(9,,)> ds. (6.3)
From the discrete inf-sup conditions (5.6)—(5.8) and (5.3a), (5.3¢), and (5.3f), we have
Ipenllw, + [IPpnllw, + A6l

cc sup bi(Vinsprn) + bp(Vpn, Ppn) + br(Vin, Vpn, 03 Ap)

C (VnVen)EV XV ||(th’vph)HVf XV,

_c sup —ay(ugn, vin) — agss(Uypn, On; vyn, 0) + (£r, viyn)a, — ap(apn, vpn)

(VsnVon)EV sn X Vi, Ivenllvy + [1vpnllv,
< C(llusnllv, + [apn = Onlags + Ifrll2p) + lupnllLace,)) (6.4)
bs (Tphs Wsh) + b (Tpn, Ypn)
luanlly, + lnll, < C sup o (T Usn) + Do (Tpn 7y
Tph €Xpp 8.t. Tprnp=0 on I'yy ”TI)hHXp
_c sup —(Ady(opn + apprl), Tpn) + b2 (Tpn, O1)

Tph €Xpp 8.t Tprnyp=0 on 'y ||Tph||Xp

<cC

A1/28t(0'ph + apphl)’

L2(0,)

b 7]
A S C sup n (Tphv h)
Tph €Xpp 8.t. Vo, =0 HTthXp

—-C sup (Aat (o'ph + CYpphI)7 Tph) + bsk (Tph; '7ph) + bs (Tph7 ush)
Tphexph s.t. V-Tphzo ||Tph||xp

n ||vph||@,,). (6.6)

Combining (6.3) with (6.4)—(6.6), and choosing € small enough, results in

16|

< C<HA1/2at(Uph + apphl)‘

L2(Qp)

t
2 2 2 2 2 2 2
/0 (hagnlly, + P = 02, + Ipsnl, + lusnly, + Ivonll3, + g2, + lpnl,

2
ish)ds + HA1/2(o'ph + apphl)(t)‘ L2,
P

+ [IMlI3,, + 165l
t

<o [ (| oo - onun
0

2 2
+|a et apn O, 80|pph<o>||mp)). (6.7)

+ sollppn ()|,

2
2 2 2 2
iy Iy + 107l + Wl + Nl )
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To get a bound for ||AY/28;(ops + O‘pPhI)Hi?(o 1120, We differentiate in time (5.3a), (5.3d), (5.3e), (5.3f),

and (531)a take (vfh7 Wfhy Tphy Vshy Xphs Vphs Wph, gha ¢h) = (ufhv atpfha ato'piu Ush, Yph, Uph, atppfu at)\h? eh) in
(5.3), and add all equations, to obtain

1 1 2 1
§3taf(ufh, uysp) + §3taBJs(ufh, On;ush,0,) + HAl/Qat(o'ph + apph]:)’ L2 + §3tap(uph,uph)
+ SO”atpph”\QNp = (atff7 ufh)Qf + (qfaatpfh)gf + (atfpa ush)QP + (qp»atpph)gp' (68)

We next integrate (6.8) in time from 0 to an arbitrary ¢ € (0,T] and use integration by parts in time for the
last two terms:

t

t t t
/(Qfaatpfh)ﬂf ds""/(quatpph)des:(qf7pfh)ﬂf' _/(8thapfh)Qf ds
0 0 0

0

t t
- / (8tQp7pph)Qp ds.
0 0

+ (vapph)ﬂp

Making use of the continuity of af, a, and aggs, cf. (4.1), the coercivity of ay and ay, the semi-positive definiteness
of agys, ¢f. (4.5), and the Cauchy—Schwarz and Young’s inequalities, we get

1 _ 1
HCEINapn (O, + Srassskinhl®] (g = 80) (B, + 5 ikl upn (B)]E2(c,

2
t 2
[ (7 atom + )]
0

0 2 )d
2y T o0l tpph”““’) ’

t
€
< 2(/ (”Uth%ﬂ(Qf) el + s, + pr;LH%VP) ds + [lpsn (t)[IRy, + ||pph(t)%vp>
0

1 t
+ 5 ( ] (1085 )+ 100as B + 10 R, + 100l y) 45+ s Ol + lap O,

1 12 1
+ pllusn(0) I g, + §MaBJSkmin/ [(upn — 61)(0)]7,,, + §||pfh(0)||%vf

1 1 1 1
+ 5kl (0)[E20,) + 5 1Pon (0 Ry, + 51147 (0)E2(0,) + 51(0)E2(0,)- (6.9)
We note that the first four terms on the right hand side are controlled in (6.7), while the terms |[psr(t)[lw, and

lppn (t)|lw, are controlled in the inf-sup bound (6.4). Thus, combining (6.4), (6.7) and (6.9), and taking e small
enough, we obtain

t 2
[ (sl + s = 802, + o, + |427204(an + )|

2 2
u
iy Tl + I3,

+ upnllEaa,) + 1Pen Ry, + solldeppn Ry, + A3, + ||9h|\ish> ds + [lupn (%, + |(upn = 01) (D),

ph

+lupn (OlIE2 (g, + 2en (O)[Ry, + MO,

2
+ Oy, + HAUQ(UP’"L + apphI)(t)‘ L2(9,)
P
t
< C(/ (185120 + Mol + lasliEscn,) + laplEaca,y ) ds + IOl

t
+/0 (Hatff”%ﬂ(gf) + ||5tfp||i2(szp) + ||atCIf||i2(Qf) + ||atCIpHi2(Qp)> ds + ||Qf(t)||%2(ﬂf) + ||Qp(t)H%2(Qp)
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2
g O, + lap = 0O + o) Ry, + [ 4o,
P

+ 1 (0) 1220,
+ 2 (0)[y, + llar (02, + ||qp(0)|%2(gp))- (6.10)

We remark that in the above bound we have obtained control on |[|pyn(t)||r2(n,) independent of so. To bound
the initial data terms above, we recall that (uss(0),p¢r(0), opr(0), upr(0), ppr(0), An(0),0,(0)) = (Wfn,0, Prho,
Oph,0> Uph,0; Pph,0s M0, On0) and the construction of the discrete initial data (5.11) and (5.12). Combining the
two systems and using the steady-state version of the arguments presented in (6.2)—(6.4), we obtain

lasn(llv, + (i, + 472 0) , I (0) e + [ppn(Ollw, + (75— 01)(0) s

< C(IV - (KVppo)llLz(a,) + £ (0) Lz, + llar(0) Lz, + [£(0)[lL2(q,)- (6.11)

We complete the argument by deriving bounds for ||V - wpn||r2(q,) and |V - opullL2(q,)- Due to (5.1), we can
choose wpp = V - upy, in (5.3g), obtaining

V- uth%%Qp) = —(A0i(opn + apprl), V - uph)QP — (500iPph, V - uph)Qp + (qp, V - uph)ﬂp

1/2
<aIl’laX

t t 2
LI vl as<c (HA”W%+apphI>Hm)+80|atpphizmp)+||qp|imp>)ds. (6.12)

IN

A1/23t(0'ph + ozpphI)‘

iy Sl0Bmlize,) + oo IV - walizca,

therefore

Similarly, the choice of vg, = V - gy, in (5.3d) gives
t t
IV -opnlree,) < Lz, and /0 IV - opnlliz(a,) ds < /0 151132, ) ds- (6.13)
Combining (6.10)—(6.13), we conclude (6.1), where we also use

HAl/QUPh(t)HLz(Q : < C(HAl/z(aph + OépphI)(t)‘

iy IOl )

7. ERROR ANALYSIS

In this section we derive an a priori error estimate for the semi-discrete formulation (5.3). We assume that
the finite element spaces contain polynomials of degrees sy, and s, for Vs, and Wy, sy, and s, for Vi,
and Wy, So,, Su,, and s, for Xpp, Vg, and Qpp, sg and sy for Ay, and Apn. Next, we define interpolation
operators into the finite elements spaces that will be used in the error analysis.

We recall that P}?S : Ay — Ay, is the L%-projection operator, cf. (5.9), and define P}Il\p : A, — App as the
L2-projection operator, satisfying, for any ¢ € L*(I'y,), <§ - P;L\pﬁ,fh>r =0 V&, € App. Since the discrete

fp
Lagrange multiplier spaces are chosen as Ag, = X, np\pfp and App = Vpyp, - np\pfp, respectively, we have

<¢ — PN T np>F =0, Y71 € Xpn, <g —PME vy, - np>F =0, Yvp €V (7.1

fp fp
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These operators have approximation properties [26],

S AP
< Chy? ™ @llaso+rr,,)s Hf —hTe

—

< ChA M€ lger+r(ry,)- (7.2)

L2(Ffp) L2(Ffp)

Similarly, we introduce P;Nf : Wyp — Wy, P}\LN’J : W, — Wy, P,Y“" : Vg, — Vg, and P,?)P 1 Qp — Qpp as
L2-projection operators, satisfying

Y% W
(wf—Ph fwf,wfh)gf =0, wah Eth, (’LUp—Ph pwp,wph)ﬂ =0, vah eW,,h,

P

(Vs - Pfysvsavsh)g =0, Vv € Vg, (Xp - P};@povXph)ﬂ =0, Vxpn € Qpn, (7.3)

with approximation properties [26],

W s Sppt1 W Spp+1
wa — wf‘ L2(2) S Ohp wsllgersqyy; pr — BT L2(,) < Chy™ = lwpllgens 20,
Vs u5+1 Q S~ +1
‘vs B, S O IV, pr P g, SO Bl (T)

Next, we consider a Stokes-like projection operator I,Yf : Vy — Vyy, defined by solving the problem: find

I;’fo and ﬁfh € Wy such that

v ~
af (Ih foanh) - bf(vfhapfh) = af(Vf,th% Vvin € Vin,

v
bf<Ih fo,wfh) be(Vf,’LUfh), wah Eth. (7.5)
The operator I,Yf satisfies the approximation property [31]:

Vy Sug
va_zh foHl(Qf)gc%f 1V a1, (7.6)

Let I;’” be the mixed finite element interpolant onto V,,, which satisfies for all v, € V,, N H(£2,,),

Vp
(V I, vp,wph)Q = (V- Vp,wph)ﬂp7 Y wpn € Wph,
v
<Ih PVp Dy, Vi, ¢ np>F = (Vp 1y, Vpp - nP>Ff,,7 V' vpn € Vo, (7.7)
fp
and
Vp Sup+1
’vp R L2(Q,) v HVPHHS“”H(QI»)’
p
2\ Su, +1
Hv. (v,, _y Pvp)‘ vy SO IV Vol 1 g, (7.8)

For X,5,, we consider the weakly symmetric elliptic projection introduced in [8] and extended in [38] to the case
of Neumann boundary condition: given o, € X, NH(€2,), find (Gpn, Mpn, Ppr) € Xph X Vsn X Qpp such that
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(T phs Tph) + (Mphs V - Tpn) + (Pph, Tpn) = (Op, Tph), V1on € XDy,
(v : a'ph»vsh) (v o-pavsh) vvsh S Vsh»
(&meph) (ap,Xph) vXph S Qpha

<5'phnpa7'phnp>rf =(o npanhnp>rfp7 VTpn € prfbpv (7.9)

where Xgh = {mpn € Xpp : Tprnp = 0 on Ty}, and Xg};p is the complement of Xgh in X, which spans the

degrees of freedoms on I's,,. We define Iffp o), := Opp, which satisfies

< hs"P
L2(0,)

XP
Ho'p =1, Up’

7 o1

HUPHHSC';;“(QP)a

sngrl

< Chy

‘LQ(Q’ IV - pllgeon s, - (7.10)

We now establish the main result of this section.

Theorem 7.1. Assuming sufficient reqularity of the solution to the continuous problem (3.4), for the solution
of the semi-discrete problem (5.3), there exists a constant C independent of h, sg, and amin such that
[uy — uthLoo(o,T;vf) + [Juy — uthLz(o,T;vf) +[(uy —6) — (usn — 0h)|Lw(o,T;am)

+1(up = 0) = (Wpn = On)lr2 (o, 705,s) T 1PF = Prnlliee 0w,y T 1125 = Perllizorw,)

+ HAUQ(UP a U”h)HLw(o i@, IV (o = opn)lie o w20, T 1V (@0 = Opn)lle 120,

+||41201((o + apy) = (@ + apyu D)

L2(0,T5L2(92,)) s =nllizo.rv) + 19 = orllizo,r:0,)

+ [y — uph”Loo(o,T;m(Qp)) + ([, — uph||L2(o7T;vp) +llpp — pph”Loo(o,T;wp) +lpp — pph||L2(o,T;Wp)
+ \/%”at(inp _pPh)”L2(07T;WP) + A= )‘h”Loo(o,TAph) + A= )‘hHL?(O T;Apn) +110 - 0h||L2(O,T;ASh)

Su Sp S, +1
< OVepT) (05 10l (o s )+ 077 W05l (oiraeer ) + 157 10l o mseron 2
+ hqap-‘rl Sug+1 Sypt1

||V . UP”LOO(O,T;HSUPJA( )) + h ||us||Lz(0 T: H<u5+1(Q )) + h’ ||7PHH1 (O,T;HS'YPJrl(QP))

sup+1 spp—i-l
+ hy (HUP”Hl(O,T;HS“P+1(QP)) +v- uP”L2(0,T;HS“P+1(QP))) 0 ppll (o mmeee 1 (0,))

s s Syp 11
+ hp>‘+1||)\||H1(07T;HSA+1(F“))) + hp9+1 ||0||H1(07T;H39+1(1"fp)) + hp ||pp(0)||Hs'Yp+1(Qp)) . (7.11)

Proof. We introduce the error terms as the differences of the solutions to (3.4) and (5.3) and decompose them
into approximation and discretization errors using the interpolation operators:

€y, = Uy —Uuysp = (llf — Ivfuf) + (Ivfllf — ufh) = 6 + euf,

Cpy =:Pf*pfh:(pf* h Pf) (h Pf*pfh) = ey, ey

€u, = Up — Upp = ( —Ih u, +<I up—uph) = eflp—f—eﬁp,
€pp = Pp — Pph = (pp - Pwppp + ( b Pp— pph) = eZI)p + ezp

€o, = O0p — Opp = ( Po-p) + (I o'ph) = e{,p + egp,
€u, = Ug — Uy, = ( PV ué) + ( ush) = e{ls + eﬁs,
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€vp = Tp ~ Vph = (710 - P?“ﬁ?) + (Pi(z@p7p - 'Vph> = e{yp + eilypv
0:=0-0,=(0-P0)+ (P6o—0,) =ch+ch,
ex = A=\ = (A—P,f‘u) n (P}?”)\—)\h> = el teh. (7.12)
We also define the approximation errors for non-differentiated variables:
ef,p =1p — P}Y‘*np, eép =pp— P;?“)”pp7 611!) = — P,i‘spb.

We form the error equations by subtracting the semi-discrete equations (5.3) from the continuous equations
(3.4):

ay (euf,vfh) + bf(vfh,epf) +br(vyn,0,05e5) + aBJs(euf,eg,vfh, ) =0, (7.13a)
fbf(euf,wfh) =0, (7.13b)

Qe (atec,p,@tepp;‘rph,()) + bs(Tph, €u,) + bsk (‘rph7 671)) — P (Tpn,eq) = 0, (7.13¢)
(eap,véh) =0, (7.13d)

—bbk(eap,xph) =0, (7.13e)

ap (eup,vph) +b (Vph,epp) + br‘(O Vpn, 05 ex) =0, (7.13f)

ap (8tepp,wph) + ae (8teap,8tepp, 0, wph) (eup,wph) =0, (7.13g)

—br (euf,eup,eg,ﬁh) =0, (7.13h)

) =0. i)

br (0,0, pn;en) + asss(eu,  €0; 0, ¢n) + b (o, . D1

: _ _h _ _h _ _h _ _ _h _ _h _ _h _ _h _ _h
Setting vy, = €u;  Wih = €p., Tph = €g s Vsh = eus,xph =€}, Vph = €y, Wph = epp,fh = ey, ¢, = ey, and

summing the equations, we obtain
af( €u;> uf) +af( ﬁf, ﬁf) +aBJs(eflf,e§,eﬁf,69) +aBJs<eﬁf,eg;eﬁf,eZ) +ae<8tegp,8te{,p;ezp,ezp>
+ ae ((%ea ,8,56 i €o, ZP) +ap (e{lp,eﬁp) +ap (eﬁp,eﬁp) + ap) (6te£p,egp +ab 8tezp,ezp>
S ACR I R ( hoeh, ) +br(cheh, ) +bs(eh, e ) +bac(eh, el ) +
) I G R G R G R
Due to (5.1) and the properties of the projection operators (7.1), (7.3), (7.5), (7.7) an
bﬁ(ez ,ee) =0, <eﬁp ~np,e§>Ffp =0, aP (Gtepp,ezp>ﬂp =0, b (eﬁp,eép) =0, bs (e’;p,efls) =0,
bf< uf,ezf) =0, b,,(e{lp,egp) =0, <e{1p ‘ np,e§>rfp =0,

by (e, eh ) =0, ba(eh e ) =0, br(eh .eb) =o0.

With the use of the algebraic identity [¢v v = %@Hv”ig(s), the error equation (7.14) becomes

h h, I

(

br(eﬁf7€u ,ee,e,\)
(
)

£ 7up?

—br(el el eé,e)\)—O (7.14)

2 ‘ 2

1
+a, (eﬁp,eﬁp) + 5508,5 el

1
h o h h o Lh.,h _h 1/2( b h
af(euf,euf) +aBJs(euf,eg,euf,eg) + §6tHA / (eap —|—ozpepp I)‘ L2,
p
I h I _I._h _h . h I _h
:—af(euf,euf) —aBJs(euf,eg,euf,ee) —ae(ate 8tep ; Gp,ep ) —ap<eup,eup)

b,c( €u;s £f> —bsk( Zp, .,p) —br( uf,O 60,6)\> —|—br‘< uf,O ee,ex) (7.15)
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We proceed by integrating (7.15) from 0 to ¢ € (0,T], applying the coercivity properties of ay and a,, the
semi-positive definiteness of agys (4.5), the Cauchy—Schwarz inequality, the trace inequality (4.2), and Young’s

inequality, to get

2 2 2 2 2
h h h 1/2( h h h h
e’ —e + HA (e + e I) t ’ e H t H
WillLz(o,6vy) ’ U 0200 tagse) I Pr ®) L2(Qp) UrllL2(0,4,L2(Q,)) 0 p”() W,
2 2 2
<e ‘eh el — el HA1/2<eh +ael I) HAl/th
- ( Uiz, I 0 L2<o,t;am>+ v P12 (0,4:12(92)) TrllL2(0,4:L2(2,))
h h|2 h||2 & ‘ 1| I 1‘2
+ ||€u, L2(0,45V,) + He/\Hm(o,t;APh) T |‘60HL2(07t§Ash)> + € < Cuy L2(0,tV ) Cu; 66 L2(0,t;az5s)
r? A1/29, (el I 2 r? 1)
+e + 4120 (e5, + ae, 1) e
PrilLz(0,6wy) \"o» Pr/llL2(0,6L2(0,)) 7 I12(0,4,Q,) U l12(0,t,V,)
12 I/2 1/2( h h 2 h 2
+ HeAHLZ’(O,t;APh) + ||69||L2(07t;A5h)) + HA (6% + aeppI) (0)‘ 12(9,) SoHepp(O)pr’ (7.16)

Here we also used that the extension of A from S to M can be chosen as the identity operator, therefore, cf.
[41], there exists ¢ > 0 such that
1 1 arle
bl el )= (el A€l o, = E(Al/%';p,Al/?e{,p)Qp < %HAV%QPHMQP)||e£,p||Qp. (7.17)

Gp’ Yp

On the other hand, from the discrete inf-sup condition (5.6), and using (7.13a) and (7.13f), we have

et + el + ek,
<C sup by (th,ezf) + by (Vph,eﬁp) + bF(th,Vph,O;ef;)
eV [ mevillv, ey,
=C sup Y (eﬁf’vfh) — e (eﬁf,ez; Vih, 0) a4 <eﬂfanh> — apjs ((’/ﬂf,eé; Vih 0)

(v Vpn) EV 10X Vi Venlly, + Venlly,

—ap (eﬁp,vph) — Qp (eﬂp, Vph> - bf (th, €£f> - br (th, 0, 0; eﬁ)

+
Vonlly, + Vol
<C‘eh Lt _en —1—‘@1 Llel el ‘h I
> ( uy ; uy ] anss uy v uy ] s u, L2(2,) u, L2(,)

+ HeiéfHWf + ||e§\||Ap,L)’ (7.18)

where we also used (5.1), (7.1) and (7.3). Similarly, the inf-sup condition (5.7) and (7.13c) give

b (ryn-€l,) + bac (74, )

||eﬁs V. 6,};1) <C sup
Tph €EXpp s.t. Tprnp=0 on 'y, ||Tph||xp
h h . h
—0e <8t60.p, 8tepp, Tph, 0) + bfl (Tph, 69)
=C sup

Tph€Xpp s.t. Tppnp=0 on Iy, ||'7-;Dh||Xp
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I I. p I
—a, (ate,p, 8tepp, Toh, O) — bl (Tph, e,yp>

Fronl,

< C<HA1/23t (egp + anpI)‘

+

I
e'Yp

@p>’ (7.19)

). Finally, using the inf-sup condition (5.8) and (7.13c), we obtain

1/2 I I
+aa(er, o, 1) . |

L2(Qp)
where we also used (5.1) and (7.3

bh (7o, €5)

Heg| <C sup
Asn Tph €Xph 8.t V-Tpp =0 HTthxp
C ae(ateﬁpﬁtegp;‘rph,O) +b (Tpha u ) +bsk(7—pha ,}; )
= sup
Tph €Xph 8.t V-Tpp =0 HTthXp

I I . I
Qe <8t eg'p7 ateppa Tphu O) + bsk (Tpfu e7p)

”Tph”xp

+

1/2 h h h 1/2 I I I
sc<A/@@%+M%Qme+%%%pwh/&G%+w@0mmm+W%Q

) (7.20)

where we also used (7.1).

We next derive bounds for ||V - el and HV . Due to (5.1), we can choose wyy, = V - el
PliL2(9,) L2(0,) v
in (7.13g), obtaining
2
HV~eh (soé)te Vel ) 7<A8t(eg + ael I),V~eﬁ ) f(ABt(e(I, + ael I),V~eﬁ )
L2(Q, ) r/q, P Pp v/qQ, P Pp v/,
< 50’ opel H +a111{32XHA1/28t (eﬁ + aeh I)’
Prilw, ’ e/l (o)
1/2 || g1/2 I I ok
+ a; /i | A0, ( €o, —|—0¢eppI> ‘ JL?(Q,,)) HV Cu, ||, L2’ (7.21)
Similarly, the choice of vs, =V - eﬁp in (7.13d) gives
Hv-eg (t)H =0 and Hv =0. (7.22)
P2 () PIL2(0,4L2(2p))
Combining (7.16) with (7.18)—(7.22) and choosing € small enough, results in
2 2 2 2
h h h h 1/2( h h
- AV (e, +0cp, 1))
’ Cuy L2(0,t;Vy) Cuy T 60 L.2(0,t;a855) Hepf‘ L2(0,t;W ) + H Co, T Xp, ®) L2(,)
2 2
—&-HV@Z, +HV-62 ‘ H +Hef; +‘eﬁ
?llL2(0,6L2(Q,)) P L2 (,) ?1lL2(0,4Q,) ?llL2(0,6;v,)
2 2
h
b oo, Oy, + 1A+ Heeum )
2 2
<C HA1/2 (eg + ael I)‘ + HAl/zﬁt(eZ + ael I)‘ + oHat h
v Pr/llL2(0,6L2(0,)) » Pr/llL2(0,6L2(9,)) Py L2(0,t;W,)
2 2 2
+ el —ep H ! + HA1/28t (e{, + el I)‘
L2(0,t;V ) 4 L2(0,t;as55) PrilLz(0,6W) » P/ 1lL2(0,L2(92,))
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2

I I 112 12
+ He'YP L2(0,t;Qp) YellL2(0,6v,) + He)\HLz((Lt?Aph) + H60HL2(01t§Ash)
2 2
A1/2( h h 1) 0 ‘ h (o ‘ 7.23
+ H e, +aey 1)(0) L2(@,) + s0l|ep, (0) L)) (7.23)

where we also used

HA1/2 h <C HA1/2 (eﬁ + el I)‘ Heh . (7.24)
L2(0,4:L2(€2,)) v Pe= /L2 (0,612 (92,)) PrilLz(0,6w,)
In order to bound HA1/2815< f; + ae, I) ’ and s ||0,€]! , we differentiate in time (3.4a),
Pr ) 1L2(0,612(Qp)) P llLz(0,6w,,)

(3.4d), (3.4e), (3.4f), and (3.4i) in the continuous equations and (5.3a), (5.3d), (5.3e), (5.3f), and (5.3i)
in the semi- discrete equations subtract the two systems, take (Vyn,Wen, Tph, Vsh, Xphs Vph, Wphs En, @n) =

atepf y 8156
lar to (7.15),

uf, oy Cuy 'vp 8,56 8&&,6’5), and add all the equations together to obtain, in a way simi-

2

1 1 2
iataf (eﬁf,eﬁf) + iatam (eﬁf7eg;eﬁf,eg) + HA1/2at (egp +ae§p1)‘ o) + 28tap( €u,: Cu ) + 50‘ delr HW
=—ay (3,geuf7 hf) — apjs (8te{1f,8teé;eﬁf,ez> — Qe (3tec], ,8,56117 ;ate’; ,8,563 ) - a,,(@te{lp,eﬁp)

—bf< uf,ate ) - Sk((?tea ,ef/ ) —br ( uf,O ee,ateA) +br( uWO 69,8156)\) (7.25)

Using integration by parts in time, we obtain

t ¢ t
I h I
/ sk (ateo- ) ry ) dS - bsk( 0'p7 ’Yp) 0 - / bsk (eo-p? 6156710) dS,
0 0
/t< I h I h K ' I h
€n -nf,ﬁte/\> ds = <eu 'nf,e)\> —/ <8teu -nf,e)\> ds,
0 ! Csp ! Lspl0 0 ! Csp
Y h I h ¢ ' I h
/0 (eg -y, ate)\>1“fp ds = (eg -y, 6/\>Ffp’0 — /0 (Oreg -y, e/\>Ffp ds.

We integrate (7.25) over (0,t) and apply the coercivity properties of ay and a,, the semi-positive definiteness
of agjs (4.5), the Cauchy—Schwarz inequality, the trace inequality (4.2), and Young’s inequality, to obtain

2 2 2 2
h h h 1/2 h h h h
Lol (b —eb)l + 4o (e, +ach1) <t @) Jore
‘e ;) v, (a0 ass ey, 2061200, | 1° () 12(Q, )+s° “polL200.6w,)
2 2 2
< e< eh ho —eh + HAl/Q&g (eg + aez I)‘
FllLz(o,65v ) s L2(0,t;as3s) P P L2(0,t51.2(2,))
2 2 2
1/2( h h 1/2( h h h
+ HA (e"P + aeppIﬂ L2(0,4:12(Q,)) + HA (e"P + aeppI)(t) L2(9,) ‘ Y llL2(0,4v,)

h
P |12 (0,6;W )

2
(H *Cuy L2(0tvf) 1\ T

L2(0,t;asss) ’
2
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2
O, +| (e, b))
! Vf f asjs

2 2
o, + 5, @, +llbI,- (7.26)
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2
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where we also used b (eﬁp, 8tef/p) < CHAl/QeZp

Orel HQ , ¢f (7.17), and

Ip
< C(HAW (ef;p + ae’;pl) (t)‘ . Hezp(t)Hw )

In addition, the choice of vg, = V - atef;p in the time differentiated version of (7.13) gives

]LQ(Q,,)‘

472z, 0.
L2(Qp)

= 0. (7.27)
L2(0,t;L2(22p))

|V ol (1)

=0 and HV . 5‘te’;p

L2(Qp)

Thus, combining (7.26) with (7.18), (7.23) and (7.27), and taking e small enough, we obtain

‘ eﬁf ;(0 V) eﬁf (t)Hif + eﬁf B eg ;(o,t-am) + ‘(eﬁf N eg>(t) ZBJS hf ;(o,t;wf) ezf (t>wa
2 2 2 2
+ ‘V P lIL2(0,4L2(22,)) + HV ) egp(t)‘ L2(,) HV te "P L2(0,4L2(£2,)) + HV ) 8tef;p(t) L2(£,)
+ ‘Alm (eﬁp + aeppl> (t)H]iQ(QP) + HAI/Qat (e';p + ae]’;pl)‘ i2 (0,6L2(25)) ” (0 V)
e L+ 1o Ly 1@l + i oy + IO,
o N AHLWM @, + 80 nn
<o(lw(et, +oc )| S S LA e AT
? P/ L2 (0,412 (92,)) Hlrz(0,6vy) L2 (0,6vy) vy
el i 10 =) g (e =B O] b g,
2 2 2
N L N A N KGR )| U (4
+ ‘ ateip L2(0,t;Qp) + Heip(t)H;p ‘e‘llp i?(o,t;v,,) ‘ tCu, ;(o,t;vp) ‘eﬂp(t)} V,

2 2 2 2 2

+lleallzo,in, 197 L2000, + NEAD L, + leollz 0800 T 196ollz (0 0:a,0) + le6@[a,
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1/2 h h I I I 2
+ HA 12l (0) v+ Heup(o)‘ + euf(())va n H%(O)HQP +leb 3 - (7.28)
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+ HAW (e';p + ae;pl) (0)‘

L2(2p)

We remark that in the above bound we have obtained control on

e]};p (t)HW independent of sg.

We next establish a bound on the initial data terms above. We recall that (ur(0), ps(0),
UP(O)a up(0)7 pp(o)a )‘(0)7 9(0)) = (uf,Ovpf,Oa 0p,0,Up,05 Pp,0, )‘07 OO)a Cf" Corollary 413a and
(urn(0), pra(0), 0pr(0), upn(0), Ppr(0), An(0),01(0)) = (Wfn,05Pfh,05 Oph,05 Uph,0s Pph,0s An0s On0), cf. Theo-
rem 5.3. We first note that, since 8, o = P}{‘S 0,

eh(0)=o0. (7.29)
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Next, similarly to (6.11), we obtain

2 2 2
+ |[av/2el, (o)

2
h h h
Cuy (O)H * ‘(e“f N 69)(0) ass L2(Qp) * ‘

A% f

i, (0)]

2 2
vy RO+,

< c(’ el (O)va +[eZ (0) - eb(0) 2 + He;f(())wa + Hegp(O)HXp + He{,p(())’ .
+ eﬂp(O)HvP + e;p(o)HWp + ek, + Heé(O)HAsh). (7.30)

2

Al/2 (eﬁ + aeﬁ I)‘ ,
P ?/1112(0,612(2,))
ity, and the approximation properties (7.2), (7.4), (7.6), and (7.8), we obtain (7.11). O

Combining (7.28)—(7.30), using Gronwall’s inequality for the triangle inequal-

8. NUMERICAL RESULTS

In this section we present the results from a series of numerical tests illustrating the performance of the
proposed method. We employ the backward Euler method for the time discretization. Let At = T/N be the
time step, t, = nAt,n=0,---,N. Let d; u™ := (u" — u"~1)/At, where u™ := u(t,). The fully discrete method
reads: given (p%,r%) = (pn(0),ry(0)) satisfying (5.14), find (p?,r7?) € Q x Sp, n=1,--- | N, such that for all
(an,sn) € Qn x Sy,

40 €1 (BF) () + A(BR)(an) + B (57 (@) = Fla). 1)
—B(pj,)(sn) = G(sn). '

Our implementation is on triangular grids, and it is based on the FreeFem++ finite element package [36]. We use
a monolithic scheme, in conjunction with the direct solver UMFPACK [27]. We note that iterative solvers suitable
for saddle point problems [29] could also be utilized. It is shown in [19] that block-diagonal preconditioners based
on split schemes involving individual physics solves can be very effective. Another alternative is non-overlapping
domain decomposition methods, see [37] for a recent work on a fully mixed five-field formulation of the Biot
system of poroelasticity. For spatial discretization we use the MINI elements P4 — P; for the Stokes spaces
(Vsn, Wyp,), where P? stands for the space of continuous piecewise linear polynomials enhanced elementwise by
cubic bubbles, the lowest order Raviart-Thomas elements RT, — Py for the Darcy spaces (Vpp,, W), and the
BDM; — Py — P; elements [16] for the elasticity spaces (Xpn, Vsn, Qpr). According to (5.2), for the Lagrange
multiplier spaces we choose piecewise constants for A, and discontinuous piecewise linears for A,,. We note
that the choice of the BDM; — Py — P spaces for elasticity fits in the framework of the multipoint stress mixed
finite element method [5], where the stress and rotation variables can be locally eliminated, resulting in a very
efficient positive definite cell-centered scheme for the displacement.

We present two examples. Example 1 is used to corroborate the rates of convergence. In Example 2 we present
simulations of the coupling of surface and subsurface hydrological systems, focusing on the qualitative behavior
of the solution.

8.1. Example 1: convergence test

For the convergence study we consider a test case with domain © = (0,1) x (—1,1) and a known analytical
solution. We associate the upper half with the Stokes flow, while the lower half represents the flow in the
poroelastic structure governed by the Biot system. The physical parameters are K=1, p =1, a =1, agjs = 1,
so =1, A\, =1, and p, = 1. The solution in the Stokes region is

uy = mcos(mt) (—3xy++ci)s(y)>7 ps = €' sin(rz) cos(%y> + 27 cos(7t).
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TABLE 1. Example 1, Mesh sizes, errors and rates of convergences in matching grids.

n lews llizev Rate |lep;[lizw,) Rate Healeoo(LQ(Qp)) Rate

8 7.731e-03 0.0 2.601e-03 0.0 7.454e-02 0.0

16 3.860e-03 1.0 8.319e-04 1.6 2.572e-02 1.5

32 1.929e-03 1.0 2.759e-04 1.6 8.775e-03 1.6

64 9.640e-04 1.0 9.419e-05 1.6 2.784e-03 1.7

128  4.819e-04 1.0 3.270e-05 1.5 8.224e-04 1.8

n llev.o, ||l2(L2(Qp)) Rate [leu,lli2(v,) Rate |[ley,lli2q,) Rate |leu, ||12(L2(Qp)) Rate
8 1.032e-01 0.0 7.141e-02 0.0 1.926e-01 0.0 1.046e-01 0.0
16 5.169e-02 1.0 3.550e-02 1.0 5.171e-02 1.9 5.224e-02 1.0
32 2.586e-02 1.0 1.773e-02 1.0 1.372e-02 1.9 2.612e-02 1.0
64 1.293e-02 1.0 8.862e-03 1.0 3.633e-03 1.9 1.306e-02 1.0
128  6.465e-03 1.0 4.431e-03 1.0 9.497e-04 1.9 6.532e-03 1.0
n HevAulez(LQ(Qp)) Rate |[lep, [liz(w,) Rate He,\||l2(Aph) Rate [leslli2(a,,) Rate
8 1.223e-01 0.0 1.033e-01 0.0 1.140e-01 0.0 3.232e-02 0.0
16 5.457e-02 1.2 5.172e-02 1.0 5.675e-02 1.0 6.446e-03 2.3
32 2.693e-02 1.0 2.587e-02 1.0 2.835e-02 1.0 1.238e-03 2.4
64 1.442e-02 0.9 1.294e-02 1.0 1.417e-02 1.0 2.328e-04 2.4
128  9.001e-03 0.7 6.468e-03 1.0 7.085e-03 1.0 4.442e-05 2.4

The Biot solution is chosen accordingly to satisfy the interface conditions at y = 0:

— cos(mx) COS(%)
u, =me' |

25111 mx)sin 5

The right hand side functions ff, g¢, f,, and ¢, are computed using the above solution. The model problem is
complemented with Dirichlet boundary conditions and initial data obtained from the true solution. The total
simulation time for this test case is T = 0.01 and the time step is At = 1073, The time step is sufficiently small,
so that the time discretization error does not affect the spatial convergence rates.

In Table 1, we report errors on a sequence of refined meshes, which are matching along the interface. We use
the notation || - [[;=<(yvy and || - |[;2(v) to denote the time-discrete space-time errors. For all errors we report the
| - ll:2(vy norms with the exception of the error e, for which we have a bound only in [*° in time. We observe
at least O(h) convergence for all norms, which is consistent with the theoretical results stated in Theorem 7.1.
The observed O(h?) convergence for |leg, li=w2(0,))> e, liz@,) |, and |lealli2(a.,) corresponds to the second
order of approximation in the spaces X, Qpn, and Ay, respectively, and indicates that the convergence rates
for these variables are not affected by the lower rate for the rest of the variables. Next, noting that the analysis
in Theorem 7.1 is not restricted to the case of matching grids, we provide the convergence results obtained
with non-matching grids along the interface. The results in Table 2 are obtained by setting the ratio between

E -3z + cos(y)>

. Y .
,  pp=e€'sin(rx) cos(—), np = sm(wt)( vt 1

5 5
the characteristic mesh sizes to be hgiokes = —PBiot- LThe results in Table 3 are with Aot = ghswkes. The

convergence rates in both tables agree with the statement of Theorem 7.1.

8.2. Example 2: coupling of surface and subsurface hydrological systems

In this example, we illustrate the behavior of the method for a problem motivated by the coupling of surface
and subsurface hydrological systems and test its robustness with respect to physical parameters. On the domain
Q= (0,2) x (—1,1), we associate the upper half with surface flow, such as lake or river, modeled by the Stokes
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TABLE 2. Example 1, Mesh sizes, errors and rates of convergences with non-matching grids,
using finer mesh in the Stokes region.

n lews lizev ) Rate |lep;[lizw,) Rate Hec,lem(Lz(Qp)) Rate

8 1.171e-02 0.0 8.326e-03 0.0 8.800e-02 0.0

16 5.725e-03 1.0 2.616e-03 1.7 3.220e-02 1.5

32 2.835e-03 1.0 9.239e-04 1.5 1.084e-02 1.6

64 1.411e-03 1.0 3.256e-04 1.5 3.262e-03 1.7

128  7.037e-04 1.0 1.152e-04 1.5 9.161e-04 1.8

n llev oy ||l2(L2 (2,)) Rate |[leu,[liz(v,) Rate |[ley,li2q,) Rate |leq, ||l2(L2 (2)) Rate

8 1.032e-01 0.0 7.632e-02 0.0 2.255e-01 0.0 1.049e-01 0.0

16 5.170e-02 1.0 3.810e-02 1.0 6.617e-02 1.8 5.226e-02 1.0

32 2.587e-02 1.0 1.905e-02 1.0 1.955e-02 1.8 2.613e-02 1.0

64 1.293e-02 1.0 9.524e-03 1.0 5.773e-03 1.8 1.306e-02 1.0

128  6.467e-03 1.0 4.762e-03 1.0 1.638e-03 1.8 6.532e-03 1.0

n Hev.ulez(LQ(Qp)) Rate |[lep,[liz(w,) Rate He)\||l2(Aph) Rate |[leall;2(a,,) Rate

8 1.323e-01 0.0 1.033e-01 0.0 1.141e-01 0.0 3.272e-02 0.0

16 5.742e-02 1.2 5.172e-02 1.0 5.675e-02 1.0 6.733e-03 2.3

32 2.738e-02 1.1 2.587e-02 1.0 2.835e-02 1.0 1.314e-03 2.4

64 1.448e-02 09 1294602 1.0  1.417e-02 1.0 2.502e-04 2.4

128 9.007e-03 0.7  6.468-03 1.0  7.085¢-03 1.0 4.820e-05 2.4
TABLE 3. Example 1, Mesh sizes, errors and rates of convergences with non-matching grids,
using finer mesh in the Biot region.

n Heulez(Vf) Rate ||epf||lz(wf> Rate Healeoo(LQ(Qp)) Rate

8 7.203e-03 0.0 5.066e-03 0.0 1.661e-01 0.0

16 3.561e-03 1.0 1.404e-03 1.9 6.387e-02 1.4

32 1.768e-03 1.0 4.843e-04 1.5 2.298e-02 1.5

64 8.807e-04 1.0 1.697e-04 1.5 7.441e-03 1.6

128  4.396e-04 1.0 5.977e-05 1.5 2.178e-03 1.8

n llev.o, ||z2(L2(np)) Rate |[leu,lliz(v,) Rate |[ley,lli2q,) Rate |leu, ||12(L2(Qp)) Rate

8 1.644e-01 0.0  1.230e-01 0.0  4.521e-01 0.0  1.698e-01 0.0

16 8.264e-02 1.0 6.100e-02 1.0 1.504e-01 1.6 8.374e-02 1.0

32 4.137e-02 1.0 3.048e-02 1.0 4.373e-02 1.8 4.180e-02 1.0

64 2.069e-02 1.0 1.524e-02 1.0 1.293e-02 1.8 2.090e-02 1.0

128  1.035e-02 1.0 7.619e-03 1.0 3.798e-03 1.8 1.045e-02 1.0

n HevAulez(Lg(Qp)) Rate |[lep, [liz(w,) Rate He,\||l2(Aph) Rate [leelli2(a,,) Rate

8 2.430e-01 0.0 1.649e-01 0.0 1.849e-01 0.0 9.021e-02 0.0

16 1.004e-01 1.3 8.270e-02 1.0 9.101e-02 1.0 1.977e-02 2.2

32 4.474e-02 1.2 4.138e-02 1.0 4.538e-02 1.0 3.990e-03 2.3

64 2.203e-02 1.0 2.070e-02 1.0 2.268e-02 1.0 7.683e-04 2.4

128  1.215e-02 0.9 1.035e-02 1.0 1.134e-02 1.0 1.461e-04 2.4
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TABLE 4. Set of parameters for the sensitivity analysis.

K S0 Ap Hp
Casel 1 1 1 1
Case2 1074xI 107% 10° 1
Case3 107*xI 107* 10% 10°
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FIGURe 1. Example 2, Case 1, K =1, s = 1, A\, = 1, i, = 1. Computed solution at final
time 7' = 3. Top left: velocities uy and u, + 9;ny, (arrows), uyso and u, 2 + 0np 2 (color). Top
middle and right: stresses — (0 f,12,0f.22)" and —(07p 12,0 22)" (arrows); top middle: —o 12 and
—0p12 (color); top right: —o f92 and —op 22 (color). Middle: poroelastic stress —(op, 12, 0p 22)"
(arrows); middle left: —op 12 (color); middle right: —op 22 (color). Bottom left: displacement 7,
(arrows), || (color). Bottom right: Darcy pressure py.

eta Magnitude

equations while the lower half represents subsurface flow in a poroelastic aquifer, governed by the Biot system.
In each subdomain, we construct 64 x 64 rectangular grid, which is then sub-divided into triangles, resulting in
8192 finite elements in each region. The appropriate interface conditions are enforced along the interface y = 0.
We consider three cases with different values of K, s9, A, and p,,, as described in Table 4, while we set the rest
of the physical parameters to be y =1, « = 1, and agjs = 1. In the discussion we will also refer to the Young’s
modulus F and the Poisson’s ratio v, which are related to the Lamé coefficients via

Ap (3Ap + 2:“’1’)1“’1"

V= ————,
2()‘17 + Np) Ap + Hp
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FIGURE 2. Example 2, Case 2, K = 107*xI, so = 10~%, A, = 10°, u,, = 1. Computed solution at
final time T = 3. Top left: velocities uy and u,+0¢n, (arrows), us s and uy 2+0¢n, 2 (color). Top
middle and right: stresses —(0f,12,0f,22)" and —(07p,12, 0} 22)" (arrows); top middle: —o 12 and
—0p12 (color); top right: —o f92 and —op 22 (color). Middle: poroelastic stress —(op, 12, 0p 22)"
(arrows); middle left: —orp 12 (color); middle right: —op 22 (color). Bottom left: displacement 7,
(arrows), |np| (color). Bottom right: Darcy pressure py.

[e2]
eta Magnitude

The body forces and external source are zero, as well as the initial conditions. The flow is driven by a parabolic
fluid velocity on the left boundary of fluid region. The boundary conditions are as follows:

up = (—40y(y — 1) 0)' on Tpier, uy=0 on Tyiop Ul ign,
pp=0 and opn,=0 on I}, pottom,

u, n,=0 and u,=0 on TI'pjere UL right,

The simulation is run for a total time 7' = 3 with a time step At = 0.06.

For each case, we present the plots of computed velocities, first and second columns of stresses (top plots),
first column components of poroelastic stress (middle plots), displacement and Darcy pressure (bottom plots)
at final time T = 3.

Case 1 focuses on the qualitative behavior of the solution. The computed solution at the final time 7' = 3
is shown in Figure 1. On the top left, the arrows represent the velocity vectors uy and u, + 9;1, in the two
regions, while the color shows the vertical components of these vectors. The other two plots on the top show the
computed stress. The arrows in both plots represent the second columns of the negative stresses —(o7f,12, 0 f,22)"
and —(op,12,0p,22)". The colors show —o712 and —0op 12 in the middle plot and —o 22 and —op 20 in the
right plot. Since the Stokes stress is much larger than the poroelastic stress, the arrows in the fluid region are
scaled by a factor 1/5 for visualization purpose and the color scale is more suitable for the Stokes region. The
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FIGURE 3. Example 2, Case 3, K = 1074 x I, s = 107%, A\, = 10%, p, = 10°. Computed
solution at final time T = 3. Top left: velocities uy and u,+0¢n, (arrows), uy o and u, 2401y 2
(color). Top middle and right: stresses — (o f 12,0 f.22)" and — (o) 12, 0p 22)" (arrows); top middle:
—0oy12 and —0op 12 (color); top right: —of20 and —o, 20 (color). Middle: poroelastic stress
—(op12,0p.22)" (arrows); middle left: —op 12 (color); middle right: —o, 22 (color). Bottom left:
displacement 1, (arrows), |n,| (color). Bottom right: Darcy pressure pj.

poroelastic stresses are presented separately in the middle row with their own color range. The bottom plots
show the displacement vector and its magnitude on the left and the poroelastic pressure on the right.

From the velocity plot we observe that the fluid is driven into the poroelastic medium due to zero pressure
at the bottom, which simulates gravity. The mass conservation uy - ny + (9ym, + u,) - n, = 0 on the interface
with n, = (0,1)" indicates continuity of second components of these two velocity vectors, which is observed
from the color plot of the velocity. In addition, the conservation of momentum ofny + opn, = 0 implies
that —of12 = —0p12 and —0f20 = —0p 22 on the interface. These conditions are verified from the two
stress color plots on the top row. We observe large fluid stress near the top boundary, which is due to the no slip
condition there, as well as large fluid stress along the interface, which is due to the slip with friction interface
condition. A singularity in the left lower corner appears due to the mismatch in inflow boundary conditions
between the fluid and poroelastic regions. The bottom plots show that the infiltration of fluid from the Stokes
region into the poroelastic region causes deformation of the medium and larger Darcy pressure. Furthermore,
comparing the right middle and bottom plots, we note the match along the interface between —op, 22 and py,
which is consistent with the balance of force and momentum conservation conditions —(osny) - ny = p, and
oy + opn, = 0, respectively.

In Case 2 we test the model for a problem that exhibits both locking regimes for poroelasticity: (1) small
permeability and storativity and (2) almost incompressible material [53]. In particular, we take K = 104 x I
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and sg = 10~%. Furthermore, the choice Ap = 106, fp = 1 results in Poisson’s ratio v = 0.4999995. The computed
solution does not exhibit locking or oscillations. The behavior is qualitatively similar to Case 1, with larger fluid
and poroelastic stresses and a Darcy pressure gradient, see Figure 2.

In Case 3, the Lamé coeflicient 1, is increased from 1 to 10, resulting in a much stiffer poroelastic medium,
which is typical in subsurface flow applications. The solution is again free of locking effects or oscillations, but
it differs significantly from Case 2, including three orders of magnitude larger stresses and Darcy pressure, as
well as smaller displacement and Darcy velocity, see Figure 3.

9. CONCLUSIONS

In this paper we developed and analyzed a new mixed elasticity formulation for the Stokes—Biot problem,
as well as its mixed finite element approximation. We consider a five-field Biot formulation based on a weakly
symmetric stress—displacement—rotation elasticity formulation and a mixed velocity—pressure Darcy formulation.
The classical velocity—pressure formulation is used for the Stokes system. Suitable Lagrange multipliers are
introduced to enforce weakly the balance of force, slip with friction, and continuity of normal flux on the
interface. The advantages of the resulting mixed finite element method, compared to previous works, include
local momentum conservation, accurate stress with continuous normal component, and robustness with respect
to the physical parameters. In particular, the numerical results indicate locking-free and oscillation-free behavior
in the regimes of small storativity and permeability, as well as for almost incompressible media.
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