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Abstract:

Cassini’s identity states that for the n'™ Fibonacci number of the
Fibonacci sequence {F,}, Fni1F,—1 — F2 = (=1)". We generalize
Fibonacci sequence in terms of the number of sequences. Fibonacci
sequence is the particular case of generating only one sequence. This
generalization is used to generalize Cassini’s identity. Moreover we
prove few more results which can be seen as generalized form of the
results which hold for Fibonacci sequence.
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1. Introduction

Fibonacci sequence (F}) is generated by the recursive formula Fy, = Fj,_1+
Fy_o for k > 3 with F; = 1, F5 = 1 [2,3]. That is, each term in the sequence
(third term onwards) is the sum of the two terms that immediately precede
it. The Fibonacci sequence is the first known recursive sequence in mathe-
matical work. First few terms of the sequence [4] are 1,1,2,3,5,8,13,21,.. ..
Many generalizations of the sequence and hence its properties are avail-
able in the literature.

In [1], we generated m number of sequences following certain recursive
rules as follows. When the number of sequence is one, i.e. m = 1, these
rules coincide with those generating Fibonacci numbers and we get the
Fibonacci Sequence.

We consider m interconnected sequences

(S1,k) > (Sok), (S3k) -y (Smk)

which can be generated according to the following rule

S11=5821=831=...=%,1=1,512=1,

Sik = Si—1,k—1 + Si—1.k> l<i<m,k>2

S1.k = Sm k-1 + Sm k-2, k>3

(k| Sie| Son| Ssk| Saw| Ssie| Sek |

1 1 1 1 1 1 1
2 1 2 3 4 5 6
3 7 8 10 13 17 22
4 28 35 43 53 66 83
5 105 133 168 211 264 330
6 413 518 651 819 1030 1294
7 1624 | 2037 | 2555 3206 | 4025 5055
8 6349 | 7973 | 10010 | 12565 | 15771 | 19796

Columns show the terms in six sequences (i.e. for m = 6).

For m = 1, we identify the only sequence (57 ) as the Fibonacci se-
quence (Fy).

Notation: S, , denotes the ¢ term of the p** sequence.
With this definition we generalized, in [1], the following results for Fi-
bonacci sequence, along with others.
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o I+ Fry1 = Fryio
Generalization: Sum of k™ terms in all the sequences and (k + 1)
term in the first sequence equals the (k 4 2)"* term in the first se-
quence.

n
. ZFk =F2—1
k=1

Generalization: Sum of first n terms of all the sequences is one less
than the (n + 2)" term of the first sequence.

n—1
o > Fopir = Foy
k=0

Generalization: Sum of all the terms in odd positions (upto (2n +
1)*" position) in all the sequences equals the (2n)" term of the last
sequence.

n
o Zsz =Fopy1—1
k=1
Generalization: Sum of all the terms in even positions (upto (2n)"
position) in all the sequences is one less than the (2n + 1) term of
the last sequence.

S.
o lim 2&A+L
k—o0 ik
1,2,...,m, which is the generalization of the fact that the golden

ratio is a zero of the polynomial 2 — z — 1.

is a zero of the polynomial ™+ — (z + 1)™ for i =

2. Recurrence relation and few generalizations

Theorem 2.1. FEach sequence can be generated independently by a recur-
rence relation given by

Sik = "CoSip—1+ "C1Sik—2+ "C2Sik—3+ ...+ "CpnSik—m—1
with initial terms being for 1 <i <m and —(m+1) <k < —1

Si7/€ _ (_1)i+k+m+1 (_k_lcm—i)

Proof. We restate the rules for generating the sequences.
We set
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Sl,l = 5271 = 53’1 =...= Sm’1 =1, 51’2 =1,
Sik = Si—1k—1+ Si—1,k; l<i<m,k>2
Stk = Smk—1 + Sm k-2, k>3

Extending the sequences backward, we can easily see that
for 1 <i<m,
Si,O = 07

and for —-(m+1) <k < -1

(2.1) Sz}k _ (_1)i+k+m+1 (—kﬂCm_i)

Clearly, S;x =0 for i —m <k < —1and Sy, 1 = 1.

We now make a claim for the recurrence relation. A term in a sequence
can be obtained using the following recurring relation involving the previ-
ously obtained (m + 1) terms of the same sequence.

(2.2) Six= "CoSip-1+ "C1Sip—2+ "C2Sip—3+ ...+ "CpnSip—m—-1

with initial terms being S;, as defined in (2.1), where 1 < ¢ < m and
—(m+1)<k< -1

Now,

Sio = MCoS;,—1+ MC1S;,—2+ "MCS; 3+ ...+ "CpSi_—m—1
=0
Thus S; = Si—1k—1 + Si—1k, for 1 <i<m, -m <k <0
and S1x = Spmk—1 + Smk—2, for —m +1< k<0

are satisfied.

These are also satisfied for k =1 as

Si1 = MCoSip+ MC1S;—1+ "C2S; 2+ ...+ "CpSi—m
=1

We now establish the recurrence relation (2.2) using induction on k.
Suppose the definition of the sequences are satisfied for £ < [. Then
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Smi—1+Smi = "MCoSmi—2+ "C1Sm -3+ "CoSm —a+
oot mCmSm,l—m—2+
mCoSmi—1+ "C1Sm -2+ MC2Sm 1—3+
oot mCmSm,l—m—l
= "Cy(Smi—2+ Smi-1)+ ™C1(Smi—3+ Smi—2)
+ MCo (Sm—a + Smi—3) + ...
+ mCm (Sm,l—m—2 + Sm,l—m—l)
= MCpS1;+ MC1S1-1+ MCS1 -2+
oot mCmSU_m
= Sii41
and for 1 <i<m
Si—1y—1+S8i—1; = "CoSi—1—2+ MC1Si—1-3+ "C28;_1 -4+
et MCRSi—1—m—2
+ "CoSi—1,-1 + MC1Si—1-2 + "C25;-1,-3+
et MCRSi—1—m—1
= S

Hence the claim. O

Theorem 2.2. For each of the m sequences, gcd of (m + 1) consecutive
terms is 1. This is generalization of the fact that pair of consecutive Fi-
bonacci numbers are relatively prime.

Proof. We first write m + 1 consecutive terms of a particular sequence
as below.

Sik = "CSik—1 + MC1Sip—2+ ...+ "CpuSik—m—1
Sik+1 = "CoSix + MC1Sik—1+ ...+ "CpSik—m

Sikr2 = "CoSik+1 + MC1Six A+ ...+ "CnSik—mt1

Sik+m—1 = "CoS;k+m—2+ "C1S; kym—3 + ...+ "CpSi k-2
Sik+m = "Co0Sik+m—-1+ "C1Sikrm—2+ ...+ "CpSir-1

Suppose g divides all the above terms. Then from the last expression, we
can write

"CmSik—1 = Sitm— "Co0Sik+m—-1— "C1Sikt+m—2—-..— "Cm-1S;i
which implies that g divides S; ;1.

Now considering the fact that g divides the m + 1 consecutive terms
Sik—1, Siks Sik+1, Sik+2s > Sik+m—1, We proceed as above to get g
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divides S; ;—2. Continuing in similar fashion, we obtain that g divides S; ;.
This implies g = 1.

|

Theorem 2.3. Generalization of Cassini’s Identity Fy1Fy_1—F2 = (—1)F

For i*" sequence,

Si k41 Si k Si k-1 Sik—(m—1)

Sik Sik—1 Sik—2 Sik—m

Sik—1 Sik—2 Si k-3 Sik—(m+1)

Sik—(m-2) Sik—(m—-1) Sik-m Si k—(2m—2)

Sik—(m-1) Sik—m Si k—(m+1) Sik—(2m—1)

(—=1)%Z when m is even,
= (—1)™G-D) (—l)mT_IWhen m is odd, and k is even,
(—1)% when both m and k are odd.
Proof. We write
Sik+m = "C0Siktm—1+ "CLS; prm—2+ ...+ "Cp_1Sik+ "CrSi k-1
Siktm-1=  1Sigtm-1+ O0Spymoaot...+ 0 S+ 0 Sip
Sik+m—2= 0Sipym-1+ 1 Sipgmo+...+ 0 Sipx+ 0 Sip
Sik = 0Siptmat O0Sipymoat...+ 1Sp+ 0S8
In matrix form,

Sikrm | [ ™Co ™C1 MOy "Cre1 "Cm | [ Siktm—1 |
S ktm—1 1 0 0 0 0 Si k+m—2
Si k+m—2 0 1 0 0 0 Sik+m—3
Siktm—3 | =1 0 0 1 0 0 Si k+m—a
Skt 0 0 0 0 0 Sk
Se | Lo o o 1 0 Skt
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We define
[ MGy, MCy ™Cy "Cm1 "Crn |
1 0 0 0 0
0 1 0 0 0
A= 0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
Then A* equals
Z "C;S1 k- Z "CiS1 k15 Z "Ci51 ket (m—1)—j
§=0 j=1 j=m—1
> mCiSik1- > mCiSik— Y S e ) me1)
j=0 j=1 j=m—1
> "CiSik-a Y "CiSip-1- Y "CiS1k-2)+m-1)-
=0 j=1 j=m—1
Y "CiS1k-mo1-5 Y "CiSik-(m-2)- Y. TSy
7=0 j=1 j=m—1
Z "CiS1 k—m—j Z "CiS1 k—(m=1)—j -~ "CiS1 k—m (m—1)—j
L j=0 j=1 j=m—1

m
(p, ¢)th entry in the above (m+1) x (m+1) matrix is Z "CS1 k- (p—

J=q-1

Sk
S1k—1

S1k—2

S k—(m—1)

Sl,k—m

q)—j*




Sl,k—(m—l)

Sl,k—(m—Q)

612

or, AF equals

m
g "Ci81 k1—j
j=1

m

> mCiSik-j

Jj=1
m

Z MCi81 k—1—j

j=1

m

(m—2) Z O3S k= (m—2)—j

=1
m

=1

so that |A*| equals

> mCiSik-1-

=1

m

Jj=1

m
S1,k7(m71) Z ijSka(mfl)*j
=1

Z ijSLk—(m—l)—j

m
> "CiS1giy
Jj=1

Z ijSLk—(m—Q)—j
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"CiS1 kg (m—1)—j
O3S, (k—1)+(m—1)—j

"CS1, (k—2)+(m—1)—j

"CjS1k—j

"Ci51 k—m+(m—1)—j

O3S et (m-1)—
"CS1, (k=1)+(m—1)—;

"C51,(k—2)+(m—1)—j

"CjS1 k-]

ijSI,kfer(mfl)fj

S1k
S1k—1

S1 k-2

S1k—(m—1)

Sl,kfm

S1k—(m—1)

Sl,k—m
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Applying column operations, we get

S1k+1 S1k—(m-1) Stk—(m-2) -+ O1k-1 Sk
Stk S1k—m S1k—(m—1) -+ S1k-2 S1k—1
S1k—1 S1k—(m+1)  SLk—m oo S1k—3 S1k—2
S1k—(m—2) Stk-(@m-2) S1k—(2m-3) --- Slk-m S1k—(m—1)
S1k—(m-1) Sik-@m-1) S1k—@m-2) - - Sik—(m+l) Slk—m

= [A]F = (—1)™*

Rearranging the columns, we obtain

S1k+1 Stk S1k-1 s SLk—(m=1)
S1,k S1k-1 S1k—2 cor Slk-m
S k-1 S1 k-2 S1,k—3 coo Sk (m41)
S1k—(m=2) Stk—(m-1) S1k-—m s SLk—(2m—2)
S1k—(m-1) Stk-m S1k—(m+1) -+ SLk—(2m-1)
B (=1)Z(=1)"%  when m is even,
1 (=1)®F (=1)™  when m is odd.
Thus,
S1,k+1 S1k S1k-1 v SLk—(m-1)
Stk S1k—1 S1 k-2 coo Slk-m
S1k—1 S1k—2 S1,k—3 coo Sk (my1)
S1k—(m-2) Sik—(m-1) S1k-m s Sik—(2m—-2)
S1k—(m-1) Stk-m S1k—(m+1) -+ SLk—(2m-1)
(-=1)Z  when m is even,

= (—1)771 when m is odd, k is even,
mtl

(=1)"2~  when m and k are odd.
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Si k1 Sik Sik—1 Sik—(m-2)  Sik—(m-1)
Sik Si k-1 Sik—2 Sik—(m-1)  Sik—m
Sik—1 Sik—2 Sik—3 Sik—m Sik—(m+1) | _ A
Sik—(m-2) Sik—(m—-1) Sik-m Sik—(2m-3) Sik—(2m-2)
Sik—(m—-1) Sik—m Si k—(m+1) Sik—(@2m-2) Sik—(2m-1)
By C; — Cj+ Cjqq,for j=1,2,...,m
Sit1kt1 Sit+1k Sit1k-1 Sit1k—(m-2)  Sik—(m-1)
Sit1k Sit1,k-1 Sit1,k—2 Sit1k—(m-1) Sik-m
Sit1,k-1 Sit1,k—2 Sit1,k-3 Sit1,k—m Sik—(m+1) | _ A
Sit1k—(m=2) Sit1k—(m—1) Sitlk—m Sit1,k—(@2m-3) Sik—(2m-2)
Sit1k—(m—1) Sit1k—m Si1k—(m+1) Sit1k—@2m-2) Sik—(2m-1)
Also
Sivik = Sit1k+m
—(1+™ Co)Sit1k+m—1
+(1 +™ Co =" C1)Si41,k+m—2
—(1 4™ Co =" C1 4+ C2)Sig1 ktm—3
+...
—i—(—l)m*l(l +MCo—"C1+mCy— ... +™ Cm—2)si+1,k+1
+(=1)"Sik
Applying column operation on the last column as per the above formula,
we get
Sit1k+1 Sit1k Sit1k-1 Sit1k—(m—2)  Sit1k—(m-1)
Sit1,k Sit1k-1 Sit1,k—2 Sit1h—(m-1) Sitlk—m
Sit1k—1 Sit1,k—2 Sit1,k—3 Sit1,k—m Sit1,k—(m+1)

Si-l—l,k—(m—l)

Sit1,k—m

— (—)mA

Sit1k—(m—2) Siflk—(m—1) Sit+lk-m

Si—l—Lk—(m—l—l)

Sit1k—(2m—3) Sitlk—(2m-2)
Sit1k—(@2m—2) Sit1k—(2m—1)




Some generalized results related to Fibonacci sequence 615

Thus we generalize Cassini’s identity as

Sik+1 Sik Sik—1 v Sik—(m=1)
Sik Sik—1 Sik—2 coo Sik—m

Si k-1 Sik—2 Si k-3 coo Sik—(m41)
Sik—(m—2) Sik—(m—1) Sik-m S k—(2m—2)
Sik—(m—1) Sik—m Sik—(mt1) -+ Sik—(2m—1)

when m is even,

(—1)"2  when m is odd,
and k is even,

(=1)"2~  when both
m and k are odd.

_ (_1)m(i—1)

For m =1, this reduces to a 2 x 2 determinant with ¢ = 1.
That is

Stk+1 S1k
Sie Stk—1

_ 1 when £k is even,
| =1 when k is odd.

which is the Cassini’s identity Fyy1Fyx_1 — F2 = (—1)* for Fibonacci num-
bers. Note that for m =1, S1; = F,. O

Theorem 2.4. Generalization of Fy,q = Fji1Fq+ FFy_q

m m
Stptq = (Z mCJSij) Stq+ (Z ijSijH) S1g-1

J=0 J=1

+{ D ™CiSip—jr2 | Sig-2
j=2
+...+ Z ijSLp_j_t,_(m—l)) S1,4-(m-1) + 51,p51,4-m

j=m—1
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Proof. APAY = APYY gives

S1ptq+1 = (Z "C;S1p— ]) (Z mC’jSqu)
j=0

m
m
"CiS1p—jr1 | | D "CiS1q-j1

Ms

j=1
+{D. "CiSipjra | | D] MCiS1gj2
=2 j=0
m m
+...+ Z "CiS1p—jt+(m-1) Z "C51,q—j—(m-1)
j=m—1 7=0
+S1p | D ™CiS1g—j-m
j=0
m
Note: SLq = Z ijSI,(q—l)—j‘
=0
Therefore
m m
Siprar1 = | D "CiS1pj | Sigr1+ | Y "CiS1p-jr1 | Sig
j=0 j=1
(Z CjS1p- ]+2) S1,4-1
> ijSLp—j+<m—1>) S1g-(m-2) T S1p51,g—(m-1)
j=m—1

Writing ¢ — 1 for g, we get

Sl,p+q = (Z ijSLp—j) SLq + (Z ijSLp—j-H) Slvq—l

j=0 J=1
m
+ Z mC’jSlapf.]‘i’z Sl,Q*2
j=2
+...4+ Z ijSij+(m1)) S]_’q—(mfl) + Sl,pSLq—m
j=m—1

d
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Conclusion

The generalization of Fibonacci sequence as discussed in this paper general-
izes Cassini’s identity in matrix form. Binet’s Formula, Catalan’s identities
etc. can be explored to be generalized accordingly.
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