arXiv:1904.03757v1 [math.DS] 7 Apr 2019

CONLEY INDEX APPROACH TO SAMPLED DYNAMICS

BOGDAN BATKO, KONSTANTIN MISCHAIKOW, MARIAN MROZEK,
AND MATEUSZ PRZYBYLSKI

ABSTRACT. The topological method for the reconstruction of dynamics
from time series [23] is reshaped to improve its range of applicability,
particularly in the presence of sparse data and strong expansion. The
improvement is based on a multivalued map representation of the data.
However, unlike the previous approach, it is not required that the rep-
resentation has a continuous selector. Instead of a selector, a recently
developed new version of Conley index theory for multivalued maps |2} [I]
is used in computations. The existence of a continuous, single-valued
generator of the relevant dynamics is guaranteed in the vicinity of the
graph of the multivalued map constructed from data. Some numerical
examples based on time series derived from the iteration of Hénon type
maps are presented.

1. INTRODUCTION

Conceptual models for most physical systems are based on a continuum;
values of the states of a system are assumed to be real numbers. At the
same time science is increasingly becoming data driven and thus based on
finite information. This suggests the need for tools that seamlessly and
systematically provide information about continuous structures from finite
data and accounts for the rapid rise in use of methods from topological data
analysis (TDA). However, not surprisingly, there are significant challenges
associated with the sampling or generation of data versus the necessary
coverage from which draw the appropriate conclusions. In this paper we
focus on this challenge in the context of nonlinear dynamics.

The fundamental work of Niyogi, Smale, and Weinberger [28] provides
probabilistic guarantees that the correct homology groups have been com-
puted, but is based on uniform sampling of the manifold. For a nonlinear
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dynamical system one expects that the sampling is influenced by an under-
lying invariant measure that is rarely uniform with respect to the volume of
the underlying phase space. Furthermore, in practice one seldom knows the
underlying subset of phase space on which the dynamics of interest occurs,
e.g. the invariant set. As a consequence one must expect that in applications
we will need to collect considerably more data than a theoretical minimum
would necessitate.

The predominant tool used by the TDA community to overcome the prob-
lem of lack of knowledge of the topological space of interest is persistent
homology that provides homological information at all scales. There are
two challenges associated with this approach. The first is that persistent
homology computations on large data sets can be prohibitively expensive
(there is extensive work being done to address this problem [9, 29| [17]), and
second that the development of a persistence theory of maps is in its early
stages [10, 11, [4]. An alternative technique is to bin the data. This is the
approach we adopt in this paper. In particular, we assume that the data
points are measured via coordinates and thus the binning in phase space
naturally takes the form of cubical sets. The advantage is that we can a pri-
ori choose the bins so that the homological computations are feasible given
time and memory constraints, and almost tautologically the binning process
is a data reduction technique.

Identification of the space is only part of the challenge of understanding
dynamics, we also need to capture the behavior of the nonlinear map that
generates the dynamics. Though an oversimplification, interesting dynam-
ics is often driven by nonlinearities that exhibit significant expansion. As
is made explicit in [I2] the amount of data needed to expect a correct di-
rect computation of the induced maps on homology is proportional to the
magnitude of the Lipschitz constant of the map. This will not be a sur-
prise to anyone who has attempted to construct explicit simplicial maps for
nonlinear functions. The significance of the work reported in this paper is
that we can obtain reliable information about the dynamics without directly
identifying the map.

To explain the philosophy before becoming submerged in the technical de-
tails, consider a dynamical system on the unit interval and assume that we
have collected the data { (z,y) € [0,1] x [0,1] } as indicated in Figure[T[A).
We interpret this data as providing information about the graph of a con-
tinuous map f: [0,1] — [0,1] and the question we ask is: can we extract
information about the dynamics generated by f? The answer is yes. In
fact, under minimal hypotheses we can conclude that there are attractors
that contain a fixed point within the intervals [0, 1] and [3,1], and there
exists an unstable invariant set, also containing a fixed point, in the inter-
val [%, %] These results are obtained by building an upper semi-continuous
acyclic multivalued map from the available data, applying to it a recently
developed new version of Conley index theory for multivalued maps [2, [1]
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in order to identify isolating neighborhoods and index pairs, and then com-
puting the associated Conley indices (definitions and details are provided in
the following sections). The last point requires that we be able to compute
an induced map on homology.
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FiGure 1. Construction of an upper semicontinuous acyclic
multivalued map F' covering points representing the data.

An outline for the strategy used to perform these identifications is as fol-
lows. As indicated above we bin the data. Using intervals of length 1/4
to define the bins we obtain the blue shaded regions shown in Figure B).
The blue regions are meant to provide a representation F' of the graph of the
unknown function f. Of course, as presented this is impossible; the domain
of F' is connected but the blue regions are not. One means of addressing this
issue is to expand the representation so that the graph of a continuous func-
tions can be included into the representation, i.e. the representation admits
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a continuous selector. Techniques of this type were successfully employed
in [23]. However, they may easily fail. Applying the method of [23] to the
representation in Figure [IB) leads to the representation in Figure [1[C).
Actually, this is a minimal expansion which admits a continuous selectors
satisfying f (%) = % However, the resulting approximation of the dynamics
is too crude: the combinatorial procedure for finding isolation neighbor-
hoods presented in [35] [36] fails to produce an isolating neighborhood for
the fixed point x = % On one hand, one can easily check that any other
procedure must fail in this case, because the identity map is among selectors.
On the other hand, using an even larger expansion that produces an outer
approximation [20] and using methods detailed in [7), [§] the desired isolating
neighborhood and index pair can be recovered. However, our experience
is that applying this latter approach to complex time series data even for
two-dimensional examples often results in failure.

Lest the reader think that this is a contrived example, consider the func-
tion f :[0,1] — [0,1] given by f(x) = —nx3 + (1 +n)x and observe that for
n > 1 the points in Figure [1| are consistent with data lying near the graph
of f. The dynamics generated by f consists of stable fixed points at 0 and
1, an unstable fixed point at 1/2 and connecting orbits from the unstable
fixed point to the stable fixed points. Furthermore, as n increases, the min-
imal Lipschitz constant of f given by f/(1/2) = 2 increases which results
in dynamics becoming more pronounced. However, from the perspective
of experimental or numerically derived data, we expect the data points to
cluster along the lines y = 0 and y = 1, and thus the observed discontinuity
becomes more pronounced especially if one refines the binning. We take
this to be yet another suggestion that the direct approach of constructing a
representation that admits a continuous selector is not the ideal technique.

As indicated above, we draw conclusions about the continuous dynamics
from induced maps on homology via the Conley index. This suggests that
to obtain motivation for an alternative approach we consider the example
from a purely homological perspective. Consider a function f: [0,1] — [0, 1]
and its graph Gy := {(z,y) € [0,1)? |y = f(2) }. Let m: G¢ — [0,1] and
mo: Gy — [0,1] denote the projections from the graph to the domain and
range of f, respectively. Then 7 is a homeomorphism, 71, is invertible and,
on the level of homology, fi = T, 07r1_*1. Observe that if we replace G ¢ by the
blue shaded regions shown in Figure [I[B) then . is not invertible, but we
still can deduce the correct map induced by F' on homology. This is because
the pre-image 771_*1 takes on two values, but these values are mapped to the
same value under mo,. For a more complete discussion on this perspective
see [I6]. What should be clear is that to apply this in general we require a
condition that forces o, to collapse appropriate generators in the homology
of the representation H,(F').

With this in mind consider the blue region shown in Figure D). In this
case the fiber’s of 7w are acyclic, thus 7y, is invertible, and the question of
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how 7o, acts on generators is resolved. Because we are interested in extract-
ing dynamics, rather than considering the blue region to be a fiber bundle
over the phase space, we view it as the graph of an upper semi-continuous
acyclic multivalued map F : [0,1] — [0, 1] and we use F' to extract isolating
neighborhoods, index pairs, and ultimately the Conley index.

We note that in this simple one-dimensional example, the choice of the
blue line in Figure (D) is obvious. In higher dimensions there are a variety
of means of attempting to resolve the issue of controlling how mo, acts on
generators from the pre-image of 71, and the identification of optimal meth-
ods remains an open question. In this paper we seek minimal rectangular
regions.

To be more specific we assume that our data consists of a finite set of
points A € R% and our understanding of the dynamics is to be derived from
the map ¢g: A — R%. We also assume that we have chosen a scale § > 0 for
the binning and that the bins take the form

[n16, (n1 + 1)d] X [n20, (ng + 1)d] X -+ X [ngd, (ng + 1)d]
where n; € Z. More generally, we work with d-cuboids, sets of the form
(1) [n1d, m10] X [n2d, mad] X - -+ X [ngd, mgd],

where (ny,ng,...,nq), (mi,ma,...,mg) € Z% An elementary cube is a
cuboid where m; — n; € {0,1} for i = 1,2,...d. We denote the set of

all 5-cuboids in RY by €4 and the set of all §-cubes in R? by K¢.
For a bounded subset X C R? we introduce the following notation.

Ks(X) = J{QeKf| XxnQ#0},
and
LX s ::U{Q e K¢ | conv(X)NQ #0},
where conv (X) denotes the convex hull of X.

Returning to the map g: A — R? its sunflower enclosure is the multival-
ued map F/s: K5(A) — RY defined by
ws(x) == Lg(Ks(x) N A)75 C RY.
We leave it to the reader to check that given { (z,g(z)) € [0,1] x [0,1] } as
shown in Figure (A), the graph of F, 5 is as shown in Figure (D)
Sunflower enclosures satisfy a variety of nice properties. Recall (cf. [1§])
that F: X — R% is cubical if

(a) X C R" is a cubical set, i.e. it can be written as a finite union of
elementary cubes,
(b) for any x € X the set F'(x) is cubical,
(c) for any elementary cube @ = [n10,m1d] X - - - X [ngd, mgd] in X, F|Q is
constant, where Q) := (n16,m1d) X « -+ X (ngd, mgd) and (n;d, m;d) =
{nz} if n; = ms;.
The following proposition follows from [14, Proposition 14.5].
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Proposition 1.1. A sunflower enclosure is an upper semicontinuous cubical
map.

When the values of the sunflower enclosure are contractible, then using
algorithms developed in [35] and the formula from [I, Theorem 4.4] one can
identify cubical isolating blocks, cubical weak index pairs and an index map
associated with F7 5 (see [30] for more details). In particular, a Conley index
can be computed.

From the perspective of identifying dynamics the aforementioned compu-
tation should be viewed as purely formal, e.g. in and of itself it does not
guarantee that there is a continuous map that generates dynamics that is
compatible with the associated Conley indices. The majority of this paper is
dedicated to guaranteeing that the formal computation does in fact lead to
the existence of a large, but explicit, family of nonlinearities that are capa-
ble of producing the observed dynamics. To state our goals more precisely
we introduce the following notation. Let F': X — X. For simplicity of
notation we identify F' with its graph { (z,y) € X x X |y € F(x) }. Using
the max-norm on the product space X x X, let B(F,e) C X x X denote the
open set of points within ¢ of the graph of F' (see Figure [I{E)). Following
[15] (cf. e.g. [14]) we say that a continuous single valued map f: X — X is
a continuous e-approzimation (on the graph) of F : X — X if f C B(F,¢).

We denote the set of continuous e-approximations of F' by a.(F).

Our claim is that Conley index information computed for F': X — X,
an acyclic upper semicontinous cubical maps, is valid for the dynamics gen-
erated by any continuous function f € a.(F) for all € € (0,e9) sufficiently
small. As the results described below indicate, our approach provides ex-
plicit lower bounds on &g.

We have, up to this point in the introduction, be rather circumspect
about how the Conley index provides information about nonlinear dynamics.
One of the more powerful results is that it can be used to construct semi-
conjugacies to known dynamics. To be more precise, given two continuous
maps f: X - X and o: Y — Y, f is semi-conjugate to o if there exists a
continuous surjective map p: X — Y such that

x 1o x

Y — Y

commutes. Semi-conjugacies are of interest if the dynamics of ¢ is under-
stood, as this implies that the dynamics of f must be at least as complicated,
i.e. one can deduce structure about the dynamics of f from that of o.

In the context of the Conley theory, one begins with an index pair P =
(P1, P») (see Section 2|for precise definitions). The homological Conley index
is derived from a map fp.: Hi(P1/ Py, [P2]) — H.(Py /P, [P]) that itself is
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derived from the action of f on the pointed quotient space (Pi/Pa,[Pa]).
Let N = cl(P1\ P»). The meta form of the desired theorem is that given the
homological Conley index, information about the index pair, and an explicit
dynamical system o: Y — Y, then there exists a semi-conjugacy

Inv(N, f) ., Inv(N, f)

Y ———— Y

where Inv (N, f) denotes the maximal invariant set in N under f.

The potential of the proposed theory in applications is demonstrated in
[3], in particular in examples based on the time series studied in [23]. In
this paper we will prove the following two results.

Theorem 1.2. Consider the time series & = (xi)?gq%% generated by iterating

the Hénon map
H:R?>5 (z,y) = (1 —az’®+ by, z) € R?
with the parameter values a = 1.65, b = 0.1, and initial condition (xg,yo) =
(0,0). Set
Az = { (x4, xi41) | i = 100,...,29,999 }
and let gz: Az — R? be given by 9z (Tiy xiy1) = (Tit1, Tit2).
Choose a binning of R? based on § := 0.008127 and let F := Fy o5t Ks(Az) —o
R? be the sunflower enclosure of gz, i.e.

F;b(;(x) =Lg(Ks(z)NAz) 5 C R2.

Let e =6/2.
Then, a.(F) # 0. Furthermore, there exists a compact set N C R? (see
Figure@ such that for any f € ac(F)

(i) N is an isolating neighborhood of f,
(ii) there exists a semiconjugacy 6 : Inv(N, f) — X4 onto the subshift
of finite type on sixz symbols with the transition matrix

00 0O0O01
000100
000010
A= 100 000
01 0 00O
01 1000
such that for every periodic a € Y4 there exists a periodic point of

fin 07 (a).
In particular, f has positive topological entropy on Inv(N, f).
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FIGURE 2. Domain of sunflower enclosure for gz, an isolating
neighbourhood (in dark sea green), its weak index pair (in
blue violet) and the graph of transitions between components
of an isolating neighborhood.

Theorem 1.3. Consider the time series T = (xi)?g{%% generated by iterating

the delayed Hénon map
H:R3> (z,y,2) = (1 —az® + bz, x,y) € R3

with the parameter values a = 1.65, b = 0.1, and initial point (xo,yo, 20) =
(0,0,0). Set

Ag—c = { (:L‘i, Li+1, xi+2) | 1= 100, ey 29, 998}
and let gz: Az — R be given by gz (i, Tit1, Tiv2) = (Tig1, Tit2, Tits).

Choose a binning of R® based on § := 0.035258 and let F := Fy 5 K5(Az) —o

R? be the sunflower enclosure of gz.

Let e =6/2.

Then, a.(F) # 0. Furthermore, there exists a compact set N C R3 (see
Fz'gure@ such that for any f € a-(F)

(i) N is an isolating neighborhood of f, and
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FiGURE 3. Domain of sunflower enclosure for gz, an isolat-
ing neighbourhood (in dark cyan), its weak index pair (in
orange) and the graph of transitions between components of
an isolating neighborhood.

(ii) there exists a semiconjugacy 07 : Inv(N, f) — X4 onto the subshift
of finite type on five symbols with the transition matriz

00010
00001
A=11 1 0 0 0
00100
00100

such that for every periodic a € ¥4 there exists a periodic point of
g1
fin 6, (a).
In particular, f has positive topological entropy on Inv(N, f).

A natural question arises how sensitive these results are to the choice of
0, the length of the time series, or the choice of initial condition. The funda-
mental feature of the Conley index is that it does not change under a small
perturbation of the generator of the dynamical systems. Thus, the question
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reduces to the understanding of the stability of the multivalued map repre-
sentation of the data. It is natural to expect that by increasing the length of
the time series or changing the initial condition the semiconjugacy should be
preserved as long as the same isolating neighborhood is used. Experiments
we run confirm this expectation. A more delicate is the question how the
choice of § affects the results. On one hand, if § is very small, then the
domain of the multivalued representation becomes a collection of isolated
cubes. Therefore, it cannot properly approximate the phase space which is
a continuum. On the ohter hand, if ¢ is too large, the multivalued represen-
tation gives a very coarse description of dynamics. Therefore, one cannot
expect that it will give an interesting description of dynamics. Thus, the
optimum is somewhere in the middle. Experiments we run show that small
changes to § preserve the results and moderate changes lead to a different
matrix A but still let us claim the existence of an invariant set with positive
entropy. An interesting problem is to get the understanding of changes in
the results under varying ¢ in the spirit of persistent homology. This is left
for future investigations.

We now provide an outline for the paper. Section [2| provides basic defini-
tions related to the Conley index. Section [3| presents results about isolating
neighborhoods in the context of upper semi-continuous multivalued maps.
Section [4] makes use of the results of Section 3| to provide conditions under
which continuous functions in a neighborhoods of the graph of a upper semi-
continuous mulitvalued map F' with convex compact images inherit isolating
neighborhoods and their associated Conley index from F. Results of this
form are essential. The isolating neighborhood and Conley index compu-
tations in Theorems [I.2] and are done using the sunflower enclosure F,
but the results of interest concern the dynamics generated by continuous in
a:(F).

The conclusion of Theorems [I.2] and [I.3] involve the existence of a semi-
conjugacy. As indicated above this is done via the Conley index. Because
we work with upper semi-continuous multivalued maps that need not admit
a continuous selector, we need to work with weak index pairs. The classical
result of Szymczak [34, 35] that proves the existence of a semi-conjugacy
onto symbolic dynamics is based on a stronger definition of an index pair
and therefore cannot be applied directly. Section [J] presents theorems that
are an extension of Szymczak’s results. Sections [f]- [§ provide the necessary
background to prove the results of Section [0

The fact that Theorems [I.2] and [T.3] contains explicit bounds on the class
of maps, e.g. a-(F') with ¢ = §/2 is important for the development of models.
Section [f] provides explicit information about the preservation of topological
and dynamical properties for continuous functions near F.

Finally, the proofs of Theorems [1.2] and are presented in Section
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2. PRELIMINARIES

Throughout this paper by an interval in the set of integers Z we mean the
intersection of a closed interval in R with Z. For n > 11let I, := {1,2,...,n}
and for p > 2 let Z,, := {0,1,...,p—1} denote the additive topological group
with addition modulo p and discrete topology.

Given a topological space X and a subset A C X, by intx A, clx A will
denote the interior of A in X and the closure of A in X respectively. We
omit the symbol of space if the space is clear from the context.

Let X, Y be topological spaces. By F': X — Y we denote a multivalued
map, that is a map F: X 3 z — F(x) € P(Y), where P(Y) is the power
set of Y. A multivalued map F' is upper semicontinuous if for any closed
B C Y its large counter image under F, that is the set F~Y(B) := {z €
X | F(z) N B # 0}, is closed.

Throughout the paper we identify F' with its graph, that is the set {(x,y) €
X XY |y € F(x)}. In the sequel, we are interested in multivalued self-maps,
that is multivalued maps of the form F': X —o X.

Let I be an interval in Z with 0 € I. A single valued mapping o: I — X
is a solution for F' through x € X if o(n+1) € F(o(n)) foralln,n+1€ I
and o(0) = x (cf. [19, Definition 2.3]).

Given a subset N C X, the set

Inv(N,F):={x € N | 3Jo:Z — N a solution for F' through x}

is called the invariant part of N. A compact subset N C X is an isolating
neighborhood for F if Inv(N, F') C int N. A compact subset N C X is called
an isolating block with respect to F' if

NNF(N)NF™Y(N) Cint N,

Note that any isolating block is an isolating neighborhood. A compact set
S C X is said to be invariant with respect to F' if S = Inv(S, F). It is called
an isolated invariant set if it admits an isolating neighborhood N for F' such
that S = Inv(V, F') (cf. [2, Definition 4.1, Definition 4.3]).

By F-boundary of a given set A C X we mean bdp A := cl ANcl(F(A)\A).
Let N C X be an isolating neighborhood for F.

Definition 2.1 (cf. [2, Definition 4.7]). A pair P = (Py, P2) of compact
sets P C Py C N is called a weak index pair in N if

(a) F(P,) NN C P; forie{1,2},

(b) bdg Py C Ps,

(¢) Inv(N, F) C int(Py \ Pa),

(d) A\ P, CintN.

Given a weak index pair P in an isolating neighborhood N C X for F we
set

Tn(P) = (INa(P),Tn2(P)) := (P1 U (X \int N), P, U (X \ int NV)).
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Recall (cf. e.g. [2, 24]) that Fp, the restriction of F' to the domain P,
is a multivalued map of pairs, Fp: P — Tx(P); the inclusion ip : P —
Tn(P) induces an isomorphism in the Alexander—Spanier cohomology; and
the index map I, is defined as an endomorphism of H*(P) given by

Ip, = Fpo (ip) ™.
The pair (H*(P), Ir,) is a graded module equipped with an endomorphism.
Applying the Leray functor L (cf. [25 2]) to (H*(P),IFr,) we obtain a
graded module with its endomorphism which we call the Leray reduction of
the Alexander—Spanier cohomology of a weak index pair P.

Definition 2.2 (cf. [2, Definition 6.3]). The graded module L(H*(P), Ir,),
that is the Leray reduction of the Alexander—Spanier cohomology of a weak
index pair P is called the cohomological Conley index of Inv(N, F) and
denoted by C(Inv(N, F), F).

3. DYNAMICS OF UPPER SEMICONTINUOUS MAPS

Let (X, d) be a metric space. By B,(x) we denote the open ball with the
center in z € X and radius r > 0. Closed balls will be denoted by B, (z).
For a given A C X, B,(A) will stand for an open r-hull of A, that is,

B, (A) := | J{Br(a)|a € A}.

Let F': X — X be an upper semicontinuous map. One can easily verify
that (multivalued) selections of F' share with F' its isolating neighborhood
and a weak index pair. We express this observation here for further refer-
ences.

Proposition 3.1. Assume N is an isolating neighborhood for an upper
semicontinuous F': X —o X, P is a weak index pair for F' in N and G: X —o
X is an upper semicontinuous map such that G C F. Then N is an isolating
neighborhood for G, and P is a weak index pair for G in N.

The aim of this section is to show that, to a certain extent, the reverse
implications holds true. To be precise, we have the following theorem.

Theorem 3.2. Let N be an isolating neighborhood with respect to an upper
semicontinuous map F : X — X. There exists an € > 0 such that N is
an isolating neighborhood with respect to an arbitrary upper semicontinuous
map G : X — X with G C B(F,¢).

We postpone its proof to the end of this section.

Lemma 3.3. Let A C X be a compact set and let {z,} C X be a sequence
convergent to v € X. If x, € B(A, %) forn € N then x € A.

Proof. Suppose the contrary and consider an r > 0 such that B(z,r)NA = (.
Observe that, for large enough n € N, we have d(z,,z) < 4. Moreover,
there exists a sequence {u,} C A with d(upn,z,) < 1 for n € N. However,
d(xn, Un) > d(tn, ) — d(xn, ) > r — § = §, a contradiction. O O
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Lemma 3.4. Let F': X — X be upper semicontinuous and let N C X be
compact. A solution 7 : Z — N for I through x € N exists provided for any

n € N there exists a solution o : [—n,n| — N through x.
Proof. Let o™ : [-n,n] — N be a solution with respect to F' through x.
By induction we construct a sequence of solutions 7" : [-n,n] — N for F

through z such that

(pl) there exists a strictly increasing sequence {m,} C N such that
7" (k) = limy o0 0™? (k) for any k € [—n,n],

(p2) ™t c 7 forn > 1.
Define 7° : [0] — N by putting 7°(0) := 2. Clearly (p1) and (p2) hold.
Suppose 7" has been constructed so that (pl) and (p2) hold. Denote a? :=
o™ and take into account a subsequence p such that the sequences ”(n+1)
and 7P(—n — 1) converge to v, w € N, respectively. We define 7"+ : [-n —
I,n+1] — N by

(k) k| <n
(k) = v =n+1
w =-n—1

It is straightforward to see that conditions (p1) and (p2) hold, and 7" *1(0) =
x. It remains to be verified that 77*! is a solution for F. Since &7 is a
solution for F', we have

(2) aP(k+1) € F(aP(k)) € Z.

For any k € [-n—1,n+1] the sequence 57 (k) converges to 7""1(k). Because
the graph of F' is closed (cf. [14] Proposition 14.4]), passing to the limit in
we have 7"k + 1) € F(r"1(k)). O

Proof of Theorem For contradiction suppose that for any m € N
there exists an upper semicontinuous Gy, : X — X with G,,, C B(F, %) and
such that Inv(N,G,,) N bd N # (). Let x,, € Inv(N,G,,) Nbd N. Passing
to a subsequence, if necessary, we may assume that x,, converges to an
x € bdN. Let 0, : Z — N be a solution for G,, through z,,. Fix an
integer n € N, choose a subsequence m, such that for any k € [—n,n] the
sequence o, (k) is convergent, and define 7" : [-n,n] — N by putting
7"(k) = limp 00 o, (k) for k € [—n,n]. We have (0, (k),om,(k+ 1)) €
Gm, C B(F, m%)) Using Lemma w we infer that (7"(k),7"(k + 1)) € F,

which means that 7" : [-n,n] — N is a solution for F' through x. This,
along with Lemma yields the existence of a solution 7 : Z — N for I
through z. However, x € bd N, a contradiction. O

4. e-APPROXIMATIONS

In the following we consider the Cartesian product of normed spaces as
the normed space with the max-norm.
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Following [I5] (cf. e.g. [14]) we say that a continuous single valued map
f: X — X is a continuous e-approximation (on the graph) of F': X — X
if f C B:(F). We denote the set of continuous e-approximations of F' by
as(F )

Theorem 4.1. LetY be a normed space and let X C Y be compact. Assume
that F: X — X 1is an upper semicontinuous map with convex and compact
values, and N is an isolating neighborhood with respect to F'. Then:

(i) there exists an g9 > 0 such that, for any 0 < e < &g there is
a continuous e-approzimation f : X — X of F such that N is
an isolating neighborhood with respect to f, and C(Inv(N, F), F) =
C(v(N, f), f);

(ii) of X is an ANR then there exists a § > 0 such that for any contin-
uous §-approzimation g : X — X of F we have C(Inv(N, F), F) =
C(Inv(N,g),9).

Proof. Take an €y > 0 as in Theorem [3.2]and 0 < € < ¢. By [6, Theorem 1]
there exists a continuous e-approximation f : X — X of F. We shall prove
that f satisfies the assertions (i) and (ii).

To this end, for A € [0, 1], we define F) : X — X by

Fy(z) .= Af(x)+ (1 = N)F(x) € X.

It follows from the upper semicontinuity of F' and the continuity of f that
F) is upper semicontinuous and it is straightforward to observe that I\ has
convex and compact values.

According to the construction of the e-approximation f of F' in [6], for
arbitrarily fixed z € X there exists an 2’ € B.(z) such that f(x) € B:(F(z'))
and F(z) C B:(F(2")). Therefore, for any X\ € [0,1], we have F\(z) C
B.(F(z')), as B:(F(z')) is convex. Consequently, F\ C B.(F). Theorem
shows that IV is an isolating neighborhood with respect to F) for every
A € [0,1]. Therefore, by the continuation property of the Conley index (cf.
[1, Theorem 6.1]), we have C'(Inv(N, F), F)) = C(Inv(N, f), f).

Let an € > 0 be as above. By [14, Theorem 23.9] there is a § € (0,¢]
such that for any f,g : X — X, the J-approximations of F', there exists
a homotopy h : X x [0,1] — X joining f and g, such that h(-,¢) is an
e-approximation of F, for all t € [0,1]. Fix such a § > 0 and consider
f:X — X, a d-approximation of F' defined as in [6]. Let g : X — X be an
arbitrary d-approximation of F'. Since 6 < e, by [I5, Theorem 5.13] (cf. e.g.
[14, Theorem 23.9]) and Theorem Inv(N, f) and Inv(N, g) are related
by continuation; hence C'(Inv(N, g),g) = C(Inv(N, f), f). This, along with
property (i), completes the proof. O O

5. e-APPROXIMATIONS OF CUBICAL MAPS

In this section we assume that X C R? is a closed subset and F': X — X
is a multivalued cubical map (cf. e.g. [I8]), and g stands for the max metric
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in R% For 2 € R? by o, we denote the unique elementary cube such that
x € 0. For € > 0 define maps F.,F°: X — X by

(3) Fe(z) := F(B:(z))
and
(4) Fé(z) := B-(F(x)).

We refer to maps Fr and F© as a horizontal and a vertical enclosure of F,
respectively.
We begin with some auxiliary lemmas.

Lemma 5.1. Assume Ay, Ay C X are cubical, € € (0,1) and y € B.(41) N
B:(A3). Then, there exists a y' € A1 N Ag such that o(y,y') < 2e.

Proof. For i = 1,2 let y; € A; be such that o(y;,y) < e. Then oy, Ny, # 0
and oy, C A;. Let v € oy Noy,. Then y € A1 N Ay and o(y,y) <
oy, y1) +o(y1,y') < 2e. O

Lemma 5.2. Assume P C M C R are cubical and 0 < & < % Then the
inclusion p: P UM — B:(P)U M induces isomorphism in cohomology.

Proof. Consider the multivalued map G: B.(P)U M — M given by

G(z):={y e M| o(z,y) = o(x, M)}.
This map has compact values and is upper semicontinuous (see [27, Lemma
1]). Since G(z) = {z} for x € M, we see that G o u = idpyp. We will
show that yo G is homotopic to idg_(pyp- One easily verifies that G(x) =

Bg(m,M) ()N M. Let
Q:={Qe K |QCMQNByguz) # 0}

and Q" :={QNB.(z) | Q € Q}. Then G(z) = Ugeo Q- Bach Q' € Q' is a
rectangle as an intersection of rectangles. Hence it is convex. We claim that
Ngegr @ # 0. For this end it suffices to show that Q1 N Q5 # 0 for any

1,Q4 € Q. Since Q; # 0, i € {1,2}, take z; € Q). Then z1,z2 € B:(x),
which means that g(x1, z2) < 2¢. Since € < %, this implies that Q7 NQY% # 0.
Thus, F(x) is star-shaped, hence acyclic.

For X € [0, 1] let

Gaz) ={1—=-Nz+ X y|yeGx)}
and D(z) := Uyepo,1) Ga(@). Note that if 2 € M then Gi(z) = D(z) = {}.
Also if # € B.(P) U M then D(x) C B-(P)U M. Therefore,
[0,1] x (B-(P)UM) > (\,z) — Gx(z) C Bo.(P)UM

is the requested homotopy between p10 G and idpg_( P)UM- (]
As a consequence of the previous lemma we have the following lemma.

Lemma 5.3. Assume A C R% is a cubical set and 0 < & < % Then A and
B-(A) are homotopy equivalent. O
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Now we enumerate a few properties of the enclosures.

Lemma 5.4. The map F; has the following properties:
(i) If AC X, then F-Y(A) = B-(F~1(A)).
(ii) If F is upper semicontinuous, then so is Fr.
(iii) Ife < % and F is upper semicontinuous, then for any x € X there
isy € X with F(y) = F:(z).
(iv) Ife < % and F is upper semicontinuous and convez-valued, then so
1s Fy.
(v) Ife < % and F is upper semicontinuous and has contractible values,
then so does Fr.
(vi) If e < % and F is an upper semicontinuous map with convex values
then F. admits a continuous selection.
(vil) If A € X is a cubical set and F is upper semicontinuous, then

F.(A) = F(A) whenever e < 3.

Proof. In order to prove inclusion B.(F~!(A)) C F-1(A) in (i) take ant = €
B-(F~'(A)) and an 2’ € F~1(A) such that x € B.(z'). Then F(2')NA # 0.
Take ay € F(2/)NA. Then y € F.(x) and F.(z) N A # () which proves that
r € F71(A).

In reverse direction, take an x € F.1(A), ay € F.(x) N A and an 2/ €
Be(x) such that y € F(z2'). Tt means that F(2') N A # () and 2’ € F~1(A).
Therefore x € B.(F~1(A)).

By (i), the large counterimage under F. of any closed set in its range is
closed. Hence, F; is upper semicontinuous, and we have (ii) .

In order to show (iii), fix x € X and consider the set

A(z) = {Q | Q is a cell,Q N B-(z) # @} .

Note that A(z) # (). Since € < 3, for any Q,Q € A(z) we have QN Q' # 0.
Then P := ni)e Ax) Q # 0 and P is an elementary cube. Moreover, P

is a face of every cube @) with Q € A(x). Then, for any y € P we have
F(y) = F(B-(z)) = F.(v), as F is upper semicontinuous.

Properties (iv) and (v) follow from (iii).

We shall prove (vi). To this end consider F. : X —o X given by

F.(z) := F(B.(z)) € X.

It is easy to see, by the same reasoning as for F., that F. has nonempty
convex and compact values. Moreover, the large counterimage under F.
of any single point in its range is open; hence F. is lower semicontinuous.
Consequently, by the Michael’s selection theorem (cf. e.g. [21]), there exists
a continuous map f: X — X, a selection of F.. Clearly F. C F., hence f is
a continuous selection of F;, as desired.

In order to prove (vii) take a y € F.(A). Then there exist an z € A such
that y € F.(z) and an 2’ € B(x,¢) such that y € F(2'). Then o, N oy # 0,
because o(z,2') < 2¢ < 1. It follows that we can take an z” € o, N o,.
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By the strong upper semicontinuity of F' we set F(z') C F(z”). Hence,
y € F(2") C F(o;) C F(A). The inclusion in the reverse direction is
obvious. O

Lemma 5.5. The map F*© has the following properties:

(i) If A C X, then F¢(A) = B.(F(4)).

(ii) If F is usc, then so is F©.

(iii) If F is conveaz valued, then so is F*.

(iv) Ifa <3 L and a cubical map F has contractible values, then so does

(v) IfA C X is a cubical set and F is cubical, then (F€)~1(A) = F~1(A)
forany 0 <e < 1.

Proof. To prove (i) observe that

F(A4) = UpeaFe (@) = U, o BHFe

2 (x ))
= UseaUyer@) B=(y

( =
Uyer(a) Be(y) = B(F(A)).

Properties (ii) and (iii) are obvious.

Property (iv) is a consequence of Lemma

In order to show inclusion F~1(A) C (F¥)~1(A) in (v) take z € F~1(A).
It means that F(z) N A # 0 and F*(z) N A # (. Hence = € (F¥)"1(A).

To prove the opposite inclusion take an z € (F)~1(A). Since F¢(x)NA #
0, there exist a y € F¥(x) N A and a y' € F(z) such that y € B.(y'). We
have o, N oy # 0, because o(y,y’) < ¢ < 1. Take v’ € oy No,. Then
y' € oy = cloy C F(x), because F is cubical. Notice that y € o, N A.
Thus, y” € 0, C A, because A is a cubical set. It follows that F(z) N A # ()
and x € F~!(A) which completes the proof.

Horizontal enclosures preserve isolating neighborhoods and weak index
pairs. More precisely, we have the following propositions.

Proposition 5.6. Assume F': X — X is a cubical, upper semicontinuous
multivalued map and N is a cubical isolating neighborhood for F'. Then, for
any € < 1, we have Inv(N, F.) C B:(Inv(N, F)). As a consequence, N is an
isolating neighborhood for F.

Proof. Take an arbitrary xo € Inv(N, F;) and consider z: Z — N, a solution
for F. in N through xg. Let n € Z be fixed. We have z,41 € F.(x,).
There exists an x], € N such that F.(x,) = F(z),) and o(z,,x,) < e < 1.
Therefore we can take an ), € o0y, N o, such that o(x),z,) < ¢ and
F(z}) C F(x!), as F is upper semicontinuous. We have x,1 € F(z],) and
Oepyy C F(x7,), because F is cubical. Moreover, z, , € F(z]) C F(x],)
and o(zh, xn) < o(a],x,) < e. Since n € Z was arbitrarily fixed, we have
constructed z”: Z — N, a solution for F in N, with o(z!), z,) < e. In
particular, xg € B(Inv(N, F)), showing that Inv(N, F.) C B.(Inv(N, F)).
Since Inv(N, F') C int N and € < 1, the latter inclusion yields Inv(N, F;) C
Be(Inv(N, F)) C int N. This completes the proof. O
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Proposition 5.7. Assume F': X — X is a cubical, upper semicontinuous
multivalued map, N is a cubical isolating neighborhood for F', P is a cubical
weak index pair in N, and € < % Then P is a weak index pair for F.

Proof. Properties (a) and (b) are straightforward consequences of Lemma
5.4|(vii).
-By Theorem [5.6| we have Inv(N, F.) C B.(Inv(N, F)) C int(P; \ P»), and
property (c) follows.
Property (d) is obvious. O
Note that, in general, F; is not a cubical map. However, it inherits from
F the following property.

Lemma 5.8. If F': X — X is a cubical map and & < %, then
(5) F.(y) C F.(x) whenever o, C oy.

Proof. Since € < % and o, C oy, for an arbitrary elementary cube o, con-
dition o N Be(y) # 0 implies o N B.(z) # 0. Therefore, taking into account
that F' is cubical, we have

F.(y) = F(B(y))

Il
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This completes the proof. ([

Proposition 5.9. Assume F': X — X is a cubical, upper semicontinuous
multivalued map and N is a cubical isolating neighborhood for F'. Then N
is an isolating neighborhood for (F:)¢ for any e < %

Proof. For contradiction, suppose that xo € bd N and z: Z — N is a solu-
tion for (F;)¢ in N through .

Let n € Z be fixed. We have x,41 € (F:)*(x,). There exists an x,_, €
F.(z,) with o(2),7,) < e < 5. Then og,,, N Ot F ), and we can

Z
take x,

41 € Oupyy Nogr - Since N is cubical and x,41 € N, we infer
that og,,, C N. Hence, a;,4 € 0g,,, Noy ~C N. Similarly, 27, €
Onis MOy, C Fe(an), as x, . € Fo(xy) and F.(z,) is a cubical set. By
Lemma we have F_(x,) C F.(z)). This, along with z, ; € F.(x,)
yields xy, ; € Fi(z;,). Since n € Z was arbitrarily fixed, we have defined
z” : Z — N, a solution with respect to F. in N.

Note that z{j € bd N, because zg € bd N, z{] € 0, and bd N is a cubical
set. This contradicts Proposition [5.6] and completes the proof. O

The following theorem is a counterpart of Theorem [4.1] for cubical maps.
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Theorem 5.10. Assume that F' : X — X is an upper semicontinuous cu-
bical map with contractible values and e < % Then a.(F) # 0. Moreover, if
N is a cubical isolating neighborhood with respect to F', then N is an isolat-
ing neighborhood with respect to arbitrary f € a-(F), and C(Inv(N, f), f) =
C(Inv(N, F), F).

Proof. The existence of an e-approximation f : X — X of F follows from
[15, Theorem 5.12] (cf. e.g. [14, Theorem 23.8]).

Since F has contractible values then, by Lemmal5.4|(v) and Lemmalp.5|iv),
so does (F.)¢. Moreover, by Proposition N is an isolating neighbor-
hood with respect to (F.)®. Therefore we have well defined Conley in-
dex C(Inv(N, (F:)%), (F:)?). Since, in addition F' C (F:)%, we infer that
C(Inv(N, F), F) = C(Inv(N, (F;)%), (F:)¢). Note that if f: X — X is an e-
approximation of F', then we have f C (F;)%, and the identity C'(Inv (N, f), f)
C(Inv(N, (F;)%), (F;)¢) follows. This completes the proof. O

A statement analogous to Proposition [5.7] for map F* is not true, however
an approximate version holds.

Theorem 5.11. Assume that F': X — X is an upper semicontinuous map
with cubical values satisfying (@, P is a cubical weak index pair with respect
to F in a cubical isolating neighborhood N, and ¢ < %. Then Be(P) is a
weak index pair for F* in B(N).

Proof. For the proof of property (a) fix an i € {1,2} and take an x € B.(P;)
and ay € F*(z)NB:(N). Then, there exists an 2’ € P; such that o(x,z') < e
and by Lemma [5.1] there exists a ¢’ € F(z) N N such that o(y,y’) < 2e < 1.
Then o, No, # () and we can take an z” € o, N o, such that o(z,2") < e.
By (b)) we have F(z") D F(z) and since P is cubical, we have 2" € 7 C P;.
Similarly, o(y,y’) < 2e < 1 implies that there exists a y" € o, N o, such
that o(y,y”) < e. Since F(z) and N are cubical and ¢’ € g,y N F(z) NN, we
get o,y C F(z) N N. Therefore y” € F(z) NN C F(2") N N. By property
(a) of P, we have 3" € P,. Hence, y € B.(P;).

In order to prove property (b) assume the contrary. Let 2 € bdps B-(Py)\
B:(P). Tt means that x € B.(Py), © € cl(F*(B.(Py)) \ B<(Py)) and z ¢
B:(P,). Take an 2’ € P; such that o(z,2') < e. Then 2’ ¢ Py, that is 2’ €
P1\ P,. Consider a sequence (), . such that x, € F(B.(Py)) \ B:(P)
and z, — z. It follows that for every n € N we have z,, € F**(u,,) for some
up € B:(Py). Take a u/, € P; such that o(uy,u,) < ¢ and a z, € F(uy,)
such that o(z,,2,) < €. We have 2, ¢ P;, because otherwise z,, € B.(Py).
By o(un,u;,) < €, we can take u;, € oy, N0y . Since P is cubical, we have
ull € Py. Since F is cubical, we have F(u])) D F(uy,). Hence, z, € F(P1)\P;.
Without loss of generality we may assume that z, — z € cl(F(Py) \ P1).
Since

o(z,7') < o(z,2) + o(x,2") <2 <1,
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we can find Z € o,NoNo,, with o(x, zZ) < e. We have z € cl(F(P)\P1)NP,
because 7, C cl(F(P1)\ P1) and o, C P1. By property (b) of P, z € P,. It

follows that x € B.(P,), a contradiction.
We shall prove that

(6) Inv(B:(N), F®) C B.(Inv(N, F)).

Let 2: Z — B-(N) be a solution for F* in B.(N). For each x; € B-(N),
we can choose an z; € N such that o(x;,2}) < e. Since z;4; € F(z;) =
B-(F(x;)), we can take a z;11 € F(x;) such that o(z;11,2i1+1) < . We have
02,N03, N0y # 0, because o(z;, z;) < € and p(z;,2}) < e. Since F has cubical
values we get 0., , C F'(x;). For each i € Z choose a u; € 0, N0y, Noy. By
we get w1 € 04, C F(x;) C F(u;). Since N is cubical and z; € N, we
get u; € o,y C N. Thus, u; € Inv(N, F) and since o(x;, u;) < o(z, 2) < e,
we get z; € B.(Inv(N, F)). This proves (6).

Now, since Inv(N, F') as an intersection of cubical sets is cubical and
Inv(N, F') C int P;, we have

Bg(IHV(N, F)) Cint P, C P Cint BE(Pl).

And, since Inv(N, F)NP, = () and the sets are compact, we have B, (Inv(N, F))N
B.(P,) = 0. Hence, Inv(B.(N), F®) C int(B:(Py) \ Bz(P,)), which proves
property (c).

In order to prove property (d) it suffices to show that

(7) B:(P1)\ Be(P,) C N,

because N C int B.(N). Thus, assume that @ is not true and take an
r € (B:(Py) \ B-(P2)) \ N and choose an z’ € Py such that o(x,z') < .
Then 2/ ¢ P,. Let 2 € 0, No,. Since P is cubical, we have 2’ € o,» C P.
We cannot have x” € Py, because then o(z,2”) < ¢ implies © € B.(P,).
Therefore, x” € P;\ P, C int N by property (d) applied to F' and N. We have
NN =0, because x ¢ N and N is cubical. Thus, 2’/ € NNclg, C bd N,
a contradiction. ([l

For the sake of simplicity in the next theorem for A C X we put A® :=

B.(A) and E(A) := X \ int A.

Theorem 5.12. Let F,G: X — X be acyclic upper semicontinuous multi-
valued maps such that F C G. Assume that N C X is a cubical isolating
neighborhood with respect to F', P is a cubical weak index pair in N, N¢ is
an isolating neighborhood with respect to G, and P¢ is a weak index pair for
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G in N¢. Then the diagram

H*(Pl,PQ) & H*(Pl UE(N),PQUE(N)) L—P> H*(Pl,PQ)

T

o H*(Pf U E(N), PS UE(N)) o

‘LH*
.

H*(Pf, P§) +%— H*(P{ UE(N®), P; U E(N®)) —* H*(P;, P5)
commutes and o, k*, \* are isomorphisms for 0 < e < %

Proof. Consider the following diagram

(P, P)) —E— (PLUE(N), P, U E(N)) «+—Z— (P, Py)

[

o (P: U EB(N), P U E(N)) o

%
(P, P5) —= (Pf U E(N?), P; U E(N?)) «“= (P, F5).

The above diagram commutes up to inclusion, that is Ao FF C koG o« and
Aotp = koupe oa. Inclusions tp, tpe, k induce isomorphisms in cohomology
by excision.

Let afp, and A|p, E(N) be restrictions of a, A to appropriate sets, respec-
tively. By Lemma inclusions ap,: P; = P{ and M| pugn): BUE(N) =
P U E(N) induce isomorphisms in cohomology for ¢ = 1,2. Since the fol-
lowing diagram

P2 < > P1 S (Pl,PQ)
\[a‘PQ \[Q‘Pl ja
P3 Pr < (P, FPs)

commutes, the diagram

. ——— HYPy) +—— HI(P) «—— HY(P, Py) «—— HI"Y(Py) +—— ...

(alp, )1 (alp,)? a{ (a@)ff*ﬁ

. +—— HY(P5) +—— HIYP{) «+—— HI(P{,P§) +—— HTY(P§) +— ...

also commutes. By Five Lemma, o* is an isomorphism. An analogous
argument for pairs (P U E(N), P U E(N)) and (Pf U E(N),P5 U E(N))
proves that \* is an isomorphism too. O

Theorem 5.13. Let F': X — X be cubical, upper semicontinuous multival-
ued map with contractible values. Assume that N C X is a cubical isolating
neighborhood with respect to F, P is a cubical weak index pair in N and
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0<e< % Then a-(F) # 0, and every e-approximation of F has N as an
isolating neighborhood and R := B.(P)NN as a weak index pair. Moreover,
index maps Ip, and Iy, are conjugate.

Proof. By Propositions and N is an isolating neighborhood for F,
and P is a weak index pair for F, in N. By Lemma F is upper semi-
continuous and has contractible values. Moreover, F' C F_, showing that
index maps Ir, and If,, are conjugate. By Lemma and Theorem
applied for F, we infer that B.(IV) is an isolating neighborhood for (F;)®
and B.(P) is a weak index pair for (F.)® in B.(N). Note that, by Lemma
(F:)® is upper semicontinuous and has contractible values. Therefore,
Theorem applied for maps F; and (F;)?, implies that index maps If,,,
and (), are conjugate.
€/ Be(P)

By Proposition N is an isolating neighborhood for (F;)®. Hence, by

[2, Lemma 5.1], R is a weak index pair for (F;)® in N. The diagram

Fe)® L
(Ry, Ro) L5 (Ry U E(N), Ry U E(N)) <2 (Ry, Ry)

I I I

e pey (Fe)° e e tpe e pe
(Pf, P5) —— (PfUE(N),Ps UE(N)) — (Pf, P5),

in which inclusions «, tg and tpe are excisions, commutes. This, along with
the fact that pairs (R, R) and (PfUE(N), P UE(N)) are associate, shows
that index maps [(p, o) and I(F.)-, are conjugate.

Eventually we infer that I, and I F.)e,, are conjugate.

The existence of an e-approximation f : X — X of F follows from [I5]
Theorem 5.12] (cf. e.g. [14, Theorem 23.8]). Observe that for an arbitrary
g-approximation f : X — X of F' the inclusion f C (F:)® holds. Therefore,
index maps Iy, and I(g,)e . are conjugate, and the conclusion follows. ([

6. INDEX MAP AND ITS ITERATES

Throughout this section we assume that X is a locally compact metrizable
space and f : X — X is a discrete dynamical system.

For convenience we shall use the notion of associated pairs introduced
in [32]. Namely, we say that a pair of paracompact sets P’ = (P}, P}) is
associated to a weak index pair P with respect to f, if

(al) P C P';

(a2) P\ Py = P\ Py;

(a3) f(P)c P
Note that if P’ is associated to a weak index pair P then the pair of pairs
(P, P") is a weak index quadruple in the sense of [24]. Moreover, by (a2) the
inclusion i ppr induces an isomorphism in the Alexander-Spanier cohomology,
and by (a3), we can consider the restriction fpps of f to the domain of P
as a map of pairs fppr : P — P’.
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Clearly, the pair T (P) is associated to P. Another pair associated to P
is

SN(P) = (Sn1(P), Sna(P)) i= (P U (F(P1) \ int N), Py U (£(P,) \ int ).

Observe that Sy (P) is the smallest pair associated to P, i.e. for any pair
P’ associated to P, we have Sy;(P) C P/. Indeed, for ¢ = 1 the inclusion
follows directly from (al) and (a3). Note that in order to show the inclusion
SN2(P) =P U(f(P1)\int N) C Py it suffices to verify that f(P;)\int N C
P}, as P» C Pj by (al). Suppose to the contrary that there exists a y €
(f(Py)\int N)\ Pj. Then, by (a3) and (a2), y € P{\ Py = P;\ P». However,
Py \ P, C int N; hence y € int N, a contradiction.
We have the commutative diagram

(Tna (P TNQ(P))

S

f
(PL, Py) 2220 (Sn 1 (P), Sna(P)) 22 (P, Py)

N j2%

(P1, P3)

in which ip, ippr, ips(p), j1 and j2 are inclusions. Since any of the pairs in
the diagram is associated to P, each of the inclusions induces an isomorphism
in cohomology. Hence, by the commutativity of the diagram we obtain
It, = fbpi o (i%p) L. For reference we state this observation as

Proposition 6.1. Let P be a weak index pair for f and let P’ be a pair
associated to P. Then

(i) there is a well defined map of pairs fppr : P> x +— f(x) € P,
(i) the inclusion ippr : P — P’ induces an isomorphism in cohomology,

(iii) I, = fpp o ((pp) "

Proposition 6.2. Let M be an isolating neighborhood for f. For anyn € N
there exists an open neighborhood U of Inv(M, f), with clU C M, such that
for any x € U we have

fk(:c) €int M for k € I,.

Proof. Since S is compact and f is continuous, we can find an open set
U DS, with clU C M, such that f(U)U f2(U)U---U f¥(U) cint M. O
The following proposition is straightforward.

Proposition 6.3. If N is an isolating neighborhood for f then for any k € N
we have

(8) Inv(N, f) C Inv(N, f5).
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Although the converse inclusion is not valid in general, we have the fol-
lowing proposition.

Proposition 6.4. Let S be an isolated invariant set with respect to f. For
any k € N there exists an isolating neighborhood M of S such that

(9) Inv(M, f) = S = Inv(M, f*).

Proof. Let N be an isolating neighborhood of S with respect to f. By Propo-
sitionwe can take an open neighborhood U of S such that Ule fEU) c
int N. Let M C U be an isolating neighborhood of S. We have S =
Inv(M, f) C Inv(M, f*). To see the opposite inclusion take an x € Inv(M, f¥).
Then f¥#*(z) € Inv(M, f¥) for i € Z. But Inv(M, f*) € M C U, therefore
fi(f*(x)) € int N for j € I,. Hence, z € Inv(N, f) = S. O

Proposition 6.5. Let S be an isolated invariant set for f. For anyn € N
there exist isolating neighborhoods N C M of S and weak index pairs P and
Q, respectively in N and M, such that for each k € I,,:
(i) P is a weak index pair for S and f*,
(i) @ is associated to P with respect to f*,
(iii) Tn(P) is associated to QQ with respect to f.

Proof. Fix an arbitrary n € N and consider an isolating neighborhood M
of S satisfying @ Take U C clU C M, an open neighborhood of S as in
Proposition and a compact set N C U with S C int N. Note that such
an N is an isolating neighborhood for f*, for each k € {1,2,...,n}. By [,
Theorem 4.12] we can find a weak index pair @ = (Q1,Q2) for f and S in M
such that @1 \ @2 C int N. Define the pair P := (P}, P,) as the intersection

(10) P:=QnNN.

According to [2, Lemma 5.1], P is a weak index pair for f in N. We shall
prove that the pairs P and @ satisfy assertions (i), (ii) and (iii).
First we prove that

(11) f*(P)cQ forkel,.

We argue by induction with respect to k. Since for ¢ = 1,2 we have P; C N C
U, by Proposition we get f(P;) C M. Therefore, f(P;) C f(Qi) N M C
Qi, as P; C Q; and @); is positively invariant with respect to f and M. Next,
suppose that for some k € I, 1 we have f*(P;) C Q;. By Proposition
MI(P) € M. Consequently, f¥1(Py) € F(f*(P)NM C F(Qi)NM C Q.
This completes the proof of .

We shall prove that P is a weak index pair with respect to each f*,
k € I,. To this end fix an arbitrary k € {2,...,n} (recall that for k£ =1
the assertion follows from [2, Lemma 5.1]). Since P is a weak index pair in
N C U with respect to f, we have Py \ P C int N, as well as, Inv(N, f*) =
Inv(N, f) Cint(P; \ P2). This shows that P satisfies properties (c) and (d)
of Deﬁnitionof a weak index pair for f*. Since property (a) follows easily
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from , it remains to verify property (b), that is bd s (P1) C . Suppose
to the contrary that there exists a y € bd s (P1) \ P». Theny € P\ P and
y € cl(f*(P) \ P1). Consider a sequence {y,} C f*(P)\ P; convergent to
y. Since y € P, \ P, C int N, for sufficiently large n we have y,, € int N.
Consequently, y, € f*(Py) Nint N C f*(Py) N N, which according to the
property (a) of P yields y, € P;, a contradiction.

To prove (ii) observe that properties (al) and (a2) are obvious and (a3)
follows from .

We shall show (iii). Since N C M, by it follows that @Q C Tn(P),
showing that (al) is satisfied. Condition (a2) is a direct consequence of (ii)
and the fact that T (P) is associated to P. It remains to verify property
(a3). By (10) and the inclusion N C M it follows that Th(Q) C Tn(P).
This, along W1th the obvious inclusion f(Q) C Ty (Q), implies f(Q) C
TN(P), and completes the proof. O

Proposition 6.6. Let N C M be isolating neighborhoods of S. Assume that
P is a weak index pair in N with respect to each f*, k € I, and Q) is a weak
index pair with respect to f in M. Moreover, assume that Q) is associated to
P with respect to f*, and Tn(P) is associated to Q with respect to f. Then

Proof. Fix an arbitrary k € I,,. Slnce Q is associated to P with respect to
1%, by Proposition we have
(13) Ty = (fBo)* o (ipg) ™"

Note that, for each k € I,_1, we have the commutative diagram

(Q1,Q2) <iP—Q (Py, P»)
fﬁQ}\ W) lfp
(Pr, Py) 25 (Ty 1 (P), T a(P)) <2 (P1, P)

in which 7p and ipg are inclusions. Moreover, the inclusions ip and ipg
induce isomorphisms in cohomology, as excisions. Therefore, by the com-
mutativity of the diagram and (|13]) we obtain

Tpn = (fE)7 o (ip)
(FBg) o (ipg) "o (fp)* o (ip)~!
= Ifl;g olp,.

Taking into account that the above equality is valid for an arbitrary k € I,,_1,
the assertion follows by induction. O

Proposition 6.7. Assume N is an isolating neighborhood with respect to
[ and P is a weak index pair for f in N. Moreover, assume N = J;_; N;
where N; are pairwise disjoint compact subsets of N. Then, for any I C I,
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the union J;c; N; =: Ny is an isolating neighborhood for f, and Q := PN N
is a weak index pair for f in Nj.

Proof. Clearly, Ny is compact. Since int Ny = Ny Nint N and N is an
isolating neighborhood for f, we have the inclusions Inv(Ny, f) C Inv(N, f)N
N; C int NN Ny = int Ny, showing that N7 is an isolating neighborhood for

f.

We shall verify that () is a weak index pair in N7. It is obvious that Qo C
Q1 are compact subsets of N;. For the proof of condition (a) in Definition
observe that f(Q;) "Ny C f(P;) NN C P;, hence f(Q;)NN; C P,N Ny =
Q;. Moreover, we have the inclusions Inv(Ny, f) C int Ny N Inv(N, f) C
int Ny Nint(P; \ P2) = int(Q1 \ Q2), showing that @ satisfies condition (c).
Next, observe that Q1 \ Q2 = (P1 \ P2) N Ny C int N N Ny = int N7, which
means that @) satisfies condition (d). We still need to show that @ satisfies
property (b). Suppose to the contrary that there exists a y € bd¢(Q1) \ Q2.
Then y € Q1 \ Q2 and y € cl(f(Q1) \ Q1). Thus we can take a sequence
{yn} C f(Q1) \ Q1 convergent to y. By the inclusion y € Q1 \ Q2 C int Ny,
it follows that y, € int N; for sufficiently large n. Consequently, y, €
f(@Q1) Nint Ny C f(Q1) N Ny, which according to the positive invariance of
()1 with respect to f and Ny yields vy, € @1, a contradiction. O

Proposition 6.8. Assume that N is an isolating neighborhood for f and
P is a weak index pair in N. Moreover, assume N = Ny U No where N,
Ny are compact disjoint subsets of N. Let P! := PN Ny, let v : H*(P') —
H*(PY) x H*(P?) be the inclusion, and let m : H*(P') x H*(P?) — H*(P')
be the projection. Then

14 I =mols, o
fpl fP

Proof. By Proposition N is an isolating neighborhood for f, and P! is
a weak index pair in N'. Therefore, we have well defined index maps I o1

and Iy, , associated with the weak index pairs P! and P, respectively.
Consider the commutative diagram

(P, Py) —25— (Tn1(P), Tn2(P)) 25— (P1, Py)

ﬁ Lo

f i
(Pl P}) 25 (T, 1 (PY), Ty, 2(PY)) 2 (P!, P))

in which ¢p, ip1, j and k are inclusions. Recall that ip and ip1 induce
isomorphisms in cohomology by the strong excision property. By the com-
mutativity of the diagram we obtain j* o f5 o (i%)™! = Jpio (i*Pl)_1 o j*,
showing that

(15) jrolp, = Iy, oj".
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Consider the commutative diagram

(P1, P»)

]T \
(PL,P}) —2 (Pi,P,U PY)

in which k and X\ are inclusions. Note that A induces an isomorphism in
cohomology as an excision. Moreover, by the commutativity of the diagram,
A* = j* o k*, showing that

(16) 7o (o (W)Y = idge(pr p1y -
Note that £* o (\*)~1 : H*(P') — H*(P') x H*(P?) is an inclusion. Thus,

k* o (A\)~! =, and j* = 7. Now, follows from , which completes
the proof. O

7. DETERMINING ORBITS VIA WAZEWSKI PROPERTY OF THE CONLEY
INDEX

Let X be a locally compact metrizable space, and let f : X — X be
a discrete dynamical system. Recall that for p > 2 we denote by Z, :=
{0,1,...,p — 1} the topological group with the addition modulo p and the
discrete topology. We define the space X = X x Ly, with the product
topology, and dynamical systems f, f : X — X, by

(17) f: X2 (2,0)— (f(x),i+1)eX
and
X3 (z,0) — (f(2),i) € X,

respectively. Consider the homeomorphism

1: X3 (i) — (z,i+1) € X
and observe that we have
(18) f=fol=lof.
Given A C X, by A we shall denote the set A X Z,.

Proposition 7.1. If N is an isolating neighborhood for f then N is an
isolating neighborhood for both f and f. Moreover, if P is a weak index pair

for f in N then P is a weak index pair in N for both f and e

Proof. Consider the dynamical system f. Clearly N is compact. We shall
verify that Inv(N, f) C int N. To this end consider Z = (z,4) € Inv(N, f).
Let ¢ : Z — X be a solution for f passing through Z, which is contained in
N, that is (0) = Z, 5(Z) C N and &(k + 1) = f(&(k)) for k € Z. Define

o:7Z — X by o(k) .= p(a(k)) for k € Z, where p : X 3 (z,i) —» z € X
denotes the projection. One can easily see that o is a solution for f through
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x in N. Therefore, x € int IV, as N is an isolating neighborhood for f. This
shows that Z = (z,i) € int N x Z, = int N, and completes the proof.
The verification that P is a weak index pair for f and N is straightforward.
The proof for f is similar. O

For i € Z,, define the map
(19) it X dx s (r,4) € X x {i}.
The following proposition is straightforward.

Proposition 7.2. Assume that N is an isolating neighborhood for f, and
P is a weak index pair in N. For any i € Z, the set N x {i} is an isolating
neighborhood for f, and P x {i} is a weak index pair in N x {i}. Moreover,

Tpp o = pioly

Ipx{iy’

Proposition 7.3. Assume that N is an isolating neighborhood for f, and
P is a weak index pair in N. We have

-1 % —1 —1 %
(x4—gmi)o pr = (xiZo Ipp) © (XiZg 1it1),
-1 *(V -1 *
where xE_gpr : H*(X) — XI_ ) H*(X).

)

Proof. By Proposition the pair P is a weak index pair with respect to
[+ Therefore, the restriction f P of f to the domain P is a map of pairs

iﬁ P — TN(P).
We claim that
(20) pr:ILsol .
Indeed, note that loip =ipol. Hence, I* o (i
second equality in , we get

I, = _PO(iP)il

)71 = (i%) "' ol* and, by the

= l
— 7*7 o (Z* )7
= Iy ol
For i € Z, denote by l; the restriction of [ to the domain X x {i}, and
observe that l; o u; = pi41. Hence, pf ol = u;, ; and we have
-1 % * -1 % —1 % -1/ % * —1
(21)  (x{Somus) o™ = (X{Tom;) o (X{5ol) = x{Zg (1 o 1F) = x{ g 11

Therefore, according to , in order to complete the proof it suffices to
verify that

—1 % -1 -1 %
(x7=o 1) Oljp = (X720 Lpp) o (XIZg 1)
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Since P is a union of pairwise disjoint sets P x {i}, we have the prod-
uct decomposition of H*(P) = XP;S H*(P x {i}). Similarly, H*(Ty(P)) =

(2

XI.)_OI H*(Tn(P)x{i}), as the sets Ty (P) x {i} are pairwise disjoint. Accord-

1=
ing to the definition of f and Proposition 7.2} we can consider the restriction
iPX{Z.} of f to the domain P x {i} as a map of pairs

Fpgsy P x i} = Tw(P) x {i}.

Thus, we have

Similarly,

Consequently,

Iy, = foo(ih) ™
_ (sz—oli;x{i}) ° <><§’;01 (i}‘ax{i}>_1>
= x5 (f?x{i} * (i519) _1>

— bl
=0 IiPx{i} )

Now, by Proposition [7.2] we obtain

1 —1 4 -1
(szol%> oly, = (szo/%’) © (X?ZOIiPx{i})
_1 *
= Xf:[) o OIiPX{l}>
p—1 ;

which completes the proof. O

From now on we assume that N = (J"_; N;, where N; are pairwise disjoint
compact subsets of N, is an isolating neighborhood with respect to f, and
P is a weak index pair for f in N. Denote P' := PN N;. Let p € N and let

o :=(00,...,0p-1) € IﬁZp. Consider endomorphism I, : Xf:_& H*(P%) —
XP~) H*(P?) given by

1=
(22) I, := xf:_ol (ng oly, o LUH_I) ,

where m; : H*(P) — H*(P?) are projections, and ¢; : H*(P*) — H*(P) are
inclusions.
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Consider the dynamical system f on X given by . For o € InZ P set

p—1
Ny = U(Noz x {i})
i=0
and let
(23) S, = Inv(N,, f).

Proposition 7.4. The set S, is an isolated invariant set for f, Ny is its
isolating neighborhood, and there exists a weak index pair R for f and Sy
such that

i -1 x
(24) Iyo (}Pguin ) = (X)) o I,

Moreover, IJ@R and IY are conjugate.

Proof. First note that, by Proposition 1, NV is an isolating neighborhood
for f, and P is a weak index pair in N. Clearly, N, is a compact subset of
N; hence, according to Proposition N, is an isolating neighborhood for
f,and R := PN N, is a weak 1ndeX pair in N,. Therefore, we have a well
defined index map Iy, for f, associated with the weak index pair R.

We shall prove that I, and I, satisfy . To this end consider projec-
tions g ; : H*(P x {i}) — H*(P* x {i}) and the inclusions zy; : H*(P* x
{i}) = H*(P x {i}), for k € I,, and ¢ € Z,. One can observe that, for any
i € Zy, we have

[ © Ty = T O fU;
and
i © Tgi = Lk O [l -
Using the above identities and Proposition [7.3] we obtain

o) < (o () () ()
) ( i= OIfP> © (sz_ol (L0i+1 o/ﬁ-;—l))

) () ()

m ) o (<215, ) o (<t ) o (X0bioninn

0 0

1 p—1 x _ p—1- .
07T0'1> (Xzz(]lu’z> OI P © Xi:O[‘Ui+172+1)
1

2 07ch1

—1_
o (o © M?)) © pr © (szo ”Uz‘+1,i+1>
1
)

Note that xf;& T, i the projection of H*(P) onto H*(R), and x?;& logyy itl
is the inclusion of H*(R) into H*(P). Hence, applying Proposition we

get, .
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We shall prove that
1 % -1 %

(25) 5o (Xf 0Mz+1> = (Xf:olﬂiﬂ) OIJI;R'

Note that fgrol = lo fr. Hence, (I*)™' o f5, = fr o (I*)7!. Similarly,
(") Lo (i)t = (%) Lo (I*), asigol =1o0ip. We have

(l*)_l OIfR —_ (l*)_l o fl*% o (i*R)—l

= fro(") o (ip)™!

fho(ig)to ()™

= IfR o (l*)_l.
Therefore, using and , we obtain
I5o ( - olui‘ﬂ) = II'o ( = olui“) olg,

—1 1 ) —
=I5 o ( X7 oﬂz+1) ()~ o I,
= 'l (xi:_ouf+1) olf, o (1)1

Now, by the reverse induction with respect to p, and the fact that ((l*)*l)p
is the identity, we get . This shows that I,?R and I are conjugate, and

completes the proof. O

We are ready to present main theorems of this section. They show that
from the index map for f, itself, we can extract an information which is
sufficient to justify the existence of an orbit of f, passing through the com-
ponents of N in a given order.

Theorem 7.5. Assume that N = |J;_, N;, where N; are pairwise disjoint
compact subsets of N, is an isolating neighborhood with respect to f, and P is

a weak index pair for f in N. Let p € N and let 0 := (0¢,...,0p—1) € IZ
If the endomorphism I, given by (@ s not nilpotent then there exists a
trajectory T : Z — Inv({JZ OlNgz,f) for f, such that 7(i + kp) € Ny,, for
1€ 1y, kel

Proof. By Proposition n 7.4 S, = Inv(N,, f) is an isolated invariant set for
f. Thus, we have a well-defined Conley index C(S,, f) for S, and f. Note
that, by Proposmomn7 7.4] there ex1sts a weak index pair R in X for f and S,,
such that I7, and I, satlsfy . Since I, is not nilpotent, then so is Iy, .

Consequently, C(S,, f) # 0. By the Wazewski property of the Conley index
cf. [25, Proposition 2.10]), it follows that S, # (). According to definition
(17) of f, there exists an € N, such that (z,0) € S,. Let n:Z — S,
be a trajectory for f in S, through (z,0). One easily verifies that then
T :=pomn, where p: X 3 (z,i) = o € X is the projection, is a trajectory
for f satisfying the assertion. O

For a given i € I,, define endomorphism g; : H*(P) — H*(P), by

(26) g; ‘= pr O l; OT;.
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We are going to prove the following theorem which may be viewed as a coun-
terpart of Theorem 7.5 expressed in terms of compositions of endomorphisms
Gi-

Theorem 7.6. Assume that N = |J;_,; N;, where N; are pairwise disjoint
compact subsets of N, is an isolating neighborhood with respect to f, and P
is a weak index pair for f in N. Let p € N, let 0 := (0¢,...,0p—1) € InZ”
and let endomorphisms g; be given by @) If the composition gs,0---0gs,_,

is mot nilpotent then there exists a trajectory 7 : 7 — InV(Uf:_O1 Ng,, f) for
f, such that 7(i + kp) € Ny, fori e I, k € Z.

For its proof we need an auxiliary lemma. Consider the projections

p—1 )
ri: X H*(P?) — H*(P")
i=0
and the inclusions
m; : H*(P') — X H*(P%).
i=0
Let h; : XP—) H*(P%) — X"~ H*(P?) be given by
(27) hz = IU o my; or;.

Let Perm(Z,) and Cycle(Z,) C Perm(Z,) stand for the sets of all permuta-
tions and all cyclic translations of Zj,, respectively.

Lemma 7.7. Assume I,, g; and h; are given by (@, (@ and , re-
spectively. Then:

() 18 =3, ccyaaey) ooy 0 0 oy 1)),

(11) hoyo -0 h(,—p,l =Mo, 1 ° Moy °900C " ©Y9op1 ©lop1 OTopq-
Proof. One can observe that
-1
(28) I, = Zf:o ho,;.
Since hy; 0 hy; = 0 whenever i — j # 1, i, j € Zj, by we have

Iy = EsePerm(Zp) (h%(o) 00 ho-s(pfl))

EsECycle(Z]g) (h’gs(o) 00 has(p,1)> )

which completes the proof of (i).

For the proof of (ii) first observe that, according to the definitions
and of I, and g;, respectively, we have the following representation of
endomorphisms h; given by

(29) hoipy = Mo, © g, © Joyyy O loyyy O Toyyy-
It is straightforward to see that, for each i € I,,, we have

(30) Jo; O lg; OTg; O Mg, O Ty, = (o
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Therefore, using (29)), we obtain
hoyo--0hg, | =My, ; OTg, 1 ©Gos© "G, 1 Oly, 1 OTa, ;-

This completes the proof. O

Proof of Theorem According to Theorem it suffices to show
that I% is not nilpotent. For contradiction suppose that I3 is nilpotent and
consider k € N such that I? = 0. Note that, by Lemma and the fact
that hy, o hy, =0 for i — j # 1, 4,5 € Zp, it follows that

k
k
L7 = (Ese@ycle(zp) (has(m 00 has@fl)))

k
2sECycle(Zp) (has(o) ©--0 hUs(p71)> :

Hence, according to definition of h;, for each s € Cycle(Z,) we have
(hoygy @ 0 hoy, )¥ = 0. In particular, (ho, oo hs,_,)*¥ = 0. Conse-
quently, by Lemma h(ii) and , we obtain

k _
Mg, 1 ©Top_q © (gao 0---0 gap_l) Olg, 1 OTgp_1 = 0,

which implies (gy, 0 --- 0 ggpfl)k = 0, a contradiction. This completes the
proof. .

8. DETERMINING PERIODIC ORBITS VIA LEFSCHETZ-TYPE FIXED POINT
THEOREM

We will continue to deal with determining orbits passing through the
disjoint components of an isolating neighborhood in a prescribed fashion.
Now we focus our attention on periodic orbits.

Throughout this section we use the notation introduced in the preceding
section.

Let ¢ = {p;} be an endomorphism of degree zero of a graded vector
space V' = {V;}. Recall that ¢ is called a Leray endomorphism provided the
quotient space V' := V/N(y), where N(p) := J{e "(0) | n=1,2,...}, is
of a finite type. For such a ¢ we define its trace as a trace of an induced
endomorphism ¢’ : V' — V' ie. tr(y) := tr(¢'), and the (generalized)
Lefschetz number, by

o
Alp) = (1) ().

i=0
It is worth to mention the case of endomorphisms ¢, of graded vector
spaces V and W, respectively, such that ¢ = hg and ¥ = gh for some
morphisms g : V — W and h : W — V. If one of such endomorphisms
is a Leray endomorphism then so is the other, and A(pF) = A(x)*) for all
k € N (cf. [13], [26, Proposition 2]). It applies, in particular, if ¢ and
are conjugate, that is, there exists an isomorphism g : V- — W such that
g =vg.
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The following Proposition shows that the Lefschetz number of an index
map is independent of the choice of a weak index pair.

Proposition 8.1. Let S be an isolated invariant set for f and let P and R
be arbitrary weak index pairs for f and S. Then, for every k € N, if A(I}“P)

is well defined, then so is A(I}“R) and we have
(31) A(IJ’?P) = A(IJ]?R).

Proof. By [2, Theorem 6.4] and its proof it follows that there exists a se-
quence Ip, = I, I, ..., I} = Iy, of endomorphisms, with the property that
each two consecutive endomorphisms, I; and I; 1, are linked in the sense of
[26, Proposition 2]. Hence, the assertion follows. O

Proposition 8.2. For any weak index pair Q for f? and S, given by ,
if A(Ifg) is well defined then so is A(I}) and we have

AIp) = A(IE).

Proof. By Proposition S, is an isolated invariant set with respect to
both f and fP. Moreover, according to Proposition we can take a pair
P’ which is a weak index pair for each f*, k € I, and S,, and satisfies all
the assumptions of Proposition Then Proposition implies that

(32) A(ljs,) = A(I% ).

Since Q is a weak index pair for f? and Sy, and so is P, by Proposition
we get,

(33) M) = ML),

According to Propositionwe can take a weak index pair R for f and S,,
such that I} and I J@R are conjugate; hence,

(34) A(I7 ) = A(I7).

Note that both P’ and R are weak index pairs for f and S,. Therefore,
applying Proposition 8.1 once again, we have

Py p
(35) A(pr/) = A(IfR)'
Now, the assertion follows from , , , and . O

Note that f? maps X x {i} C X into itself, for any i € I,,. Therefore, the
following proposition is straightforward.

Proposition 8.3. Assume that, for a given i € I, K x {i} € X is an
isolated invariant set for fP in its isolating neighborhood M x {i}. Then K
s an isolated invariant set for fP, isolated by M.
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Proposition 8.4. Let f : R — RY be a discrete dynamical system. Set
RY := R% x I, and consider the dynamical system f on RY given by .
Assume that K := Uf:_ol (Ko, x {i}) € R? is an isolated invariant set with
respect to fP, and M := Uf:_(} (My, x {i}) is its isolating neighborhood.

Then, there exists a weak index pair QQ for fP and K consisting of compact

ANR’s (for the definition of an ANR we refer to [5]).

Proof. Fix an arbitrary i € I,. First note that K,, x {i} = Inv(M,, x
{i}, fP), as fP maps R? x {i} into itself. As a consequence, M, x {i} is an
isolating neighborhood of K, x {i} with respect to fP. By Proposition
K, is an isolated invariant set with respect to f?, and M,, is its isolating
neighborhood. Using [34, Lemma 5.1] we can take a polyhedral index pair
Q% for fP and K,,. By [24, Theorem 4.4], Q7 is a weak index pair. Then
the pair Q7¢ x {i} consists of compact ANR’s, and constitutes a weak index
pair for f? and K,, x {i}. One can verify that the union Q := Uf;ol Q% x{i}
is a weak index pair with respect to f? and K. Moreover, Q; and Qo are
ANR’s, as pairwise disjoint unions of ANR’s. O

Theorem 8.5. Let f : R? — R? be a discrete dynamical system. Assume
that N = ;| Ni, where N; are pairwise disjoint compact subsets of N, is
an isolating neighborhood with respect to f, and P is a weak index pair for
fin N. LetpeN, let 0 := (0g,...,0p—1) € InZ”, and let endomorphism I,
of Xf;ol H*(P%) be given by . If

(36) A(I2) # 0

then there exists a p-periodic point x € Ny, for f such that fi**(z) € N,,,
for k e Z.

Proof. Consider the space R?:= RIx I,,, and the dynamical system f on @,
given by . By Proposition we infer that S, is an isolated invariant
set with respect to fP. Thus, according to Proposition we can take @,
a weak index pair for fP and S,, consisting of compact ANR’s. Then, by
Proposition |8.2 A(Ifg) is well defined and we have A(Ifg) = A(I%) which,
along with (36)), yields

A(I 7 ) # 0.

Note that any weak index pair is a proper pair in the sense of [32, Defni-
tion 4]. Therefore, by [32, Theorem 9], there exists an z € cl(Q1 \ Q2)
such that fg(:i) = Z. Without loss of generality we may assume that
z = (z,0) € Ny, x {0}. Then, x € Ny, is a p-periodic point for f. Clearly
{F5(z) |k € Z} C Sy; hence {f*(z) |k € Z} < Inv(J'Zy Na,, f). Moreover,
definition of f guaranties that the p-periodic trajectory of f through x
passes through the components of InV(Uf;O1 Ny,, f) in a proper order.  [J
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We shall express the Lefschetz number of IZ in terms of the Lefschetz
number of a composition of endomorphisms g; given by . Our goal is to
prove the following theorem.

Theorem 8.6. Let f : R? — R? be a discrete dynamical system. Assume
that N = |J;, Ni, where N; are pairwise disjoint compact subsets of N, is an
isolating neighborhood with respect to f. Letp € N, let o := (00, ...,0p-1) €

InZ”, and let P be a weak index pair for f in N. Consider endomorphisms
gi : H*(P) — H*(P) given by (26). If

(37) A(gdo 0---0 gUp—1) 7é 0

then there exists a p-periodic point x € Ny, for f such that f7+kP(z) € Ny, ,
fork e Z.

For the proof we need an auxiliary lemma.

Lemma 8.7. Assume I,, g; and h; are given by (@, (@ and , re-
spectively. Then:

(i) if A(hgo---ohy_1) is well defined then so is A(I}), and
A(IZ) = pA(hog 0 -+ 0 ho, ),

(ii) if A(ggy 00 go,_,) is well defined then so is A(IF) and we have
A(I5) = PA(goy © -+ 0 9o, 1)

Proof. Note that I} and h,_10- - -ohg are endomorphisms of graded modules,
however we consciously skip denoting the dimension in order to simplify the
notation. Observe that, by Lemma (1) and the cyclic property of the
trace, in each dimension we have the equality

(38) tr(18) = ptr(hgy 0 -0 hgy,_,).
This completes the proof of (i).
For the proof of (ii) it suffices to verify that, in each dimension, we have
tr(I2) = ptr(go, 0+ © ggp_l),

Using Lemma (ii), by the cyclic property of the trace, and , we can
write

tr(hgy 0+ 0 hUp—l) = tr(map—1 CTg,_1© (gog0---0 gap—l) Olgy,_1 © TUp—l)
tr((gg() -0 ga'pfl) o LUpfl © TUP,1 © mo’p*l © 71—0';771)
= tr(gao O”'Ogﬁp—l)'

Now, the assertion follows from (i). O

Proof of Theorem [8.6l The theorem follows from Theorem [8.5 and
Lemma R.7 ]
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9. SEMICONJUGACIES TO SHIFT DYNAMICS

Given a matrix A € {0,1}/"*/» we say that a partial map s : Z-»1I, is
A-admisssible if A(s;,si+1) =1 for any 7,7 4+ 1 € dom s.

Assume V is a finite dimensional graded vector space over the field of
rational numbers. Let V; C V for ¢ € I,, be subspaces of V such that
V =@, V; is a direct sum decomposition of V' and let

pi:Vox=(x1,29,...25) —> (0,0,...0,2;,0...,0) € V.

denote the canonical projections.

Consider a linear map L : V — V. We define the transition matriz of L
with respect to the decomposition V = @, V; as the matrix A € {0, 1}{n*In
such that A(i, j) = 1 if and only if pjoLop; # 0. We say that L is Lefschetz-
complete if

A(Lops,0oLopg,0---0Lopg)#0
for any sequence s : I}, — I,, admissible with respect to the transition matrix
of L.

Let X, := {s:Z — I, } be the space of bi-infinite sequences of elements
in I,, with product topology and for a matrix A € {0,1}/>*/» let ¥4 denote
the subspace of A-admissible sequnces. It is easy to see that the shift map
o: %, = %, defined by o(s); := s;+1 is a homeomorphism and o(X4) C X 4.
Hence, o is a generator of a dynamical system on 4.

Theorem 9.1. Assume N is an isolating neighborhood with respect to f :
R?Y — RY, and P is a weak index pair for f in N. Moreover, assume
N =J | N; where N; are pairwise disjoint compact subsets of N, and the
index map Iy, : H*(P) — H*(P) is Lefschetz-complete with respect to the
decomposition N = \J!_| N;. Then there exists a semiconjugacy p between
S :=Inv(J, Ni, f) and the shift dynamics o on ¥ 4, where A is a transition
matriz of If,. Moreover, for each periodic s € ¥4 there exists a periodic

point of f in p~i(s).

Proof. Fix an arbitrary = € S. Since the sets V; are pairwise disjoint and
S = Inv(J Ni, f), for each k € Z there exists a unique ¢ € I, with
f¥(x) € N;. By putting p(z)s := i we define a continuous map p : S — %,,.
Note that, in fact, p maps S into ¥4, as X 4 is the subspace of ¥, of all
sequences admissible with respect to the transition matrix of Iy,.

We shall prove that p is a surjection onto > 4. To this end let s € 34 be
fixed. For an arbitrary k € N let s* denote the restriction of s to the domain
{=k,—k+1,...,k—1,k}. Since Iy, is Lefschetz-complete, we have

A(pr OPs_j O Opr OPsy© - OIfP Opsk) 7é 0.
By the cyclic property of the trace we obtain
A(IfP O Psy, © IfP OPs_, ©" " oIfP OPsg© - OIfP Opsk—l) 7é O’
showing that p,, olf,0ops , # 0; hence, (s_g, s) is A-admissible. As a conse-
quence, the periodic sequence s* : Z — I,, given by s¥,,, := sl(“erk) mod (2+1)—k
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for m € Z, is A-admissible. By Theorem there exists z; € S such that
p(xy) = sk. Since k € N was arbitrarily fixed, we have constructed a pair of
sequences: {s~k} € E§ convergent to s, and {xy} € SN such that plxg) = sk
for k € N. By compactness of S, passing to a subsequence, if necessary, we
may assume that {zj} converges to x € S. Then, by the continuity of p we

have p(z) = s.
The commutativity of the diagram
s g

EA — ZA

is easily readable.

The above shows that p constitutes a semiconjugacy from f to the shift
dynamics o on Y 4.

The last statement of the theorem is a direct consequence of Theorem
8.0 O

Theorem has its counterpart in terms of endomorphisms g; given by

(26)-

Theorem 9.2. Assume N is an isolating neighborhood with respect to f :
R? — RY, and P is a weak index pair for f in N. Moreover, assume
N =J | N; where N; are pairwise disjoint compact subsets of N, and for
each sequence s : I, — I,, admissible with respect to the transition matriz A
of the index map Iy, : H*(P) — H*(P) the composition gs, o-- -0 g, is not
nilpotent. Then there exists a semiconjugacy p between S := Inv(J;—; Ni, f)
and the shift dynamics o on ¥ 4.

Proof. The proof runs along the lines of the proof of Theorem[9.1] Therefore,
the details are left to the reader. However, it is worth to mention that
now the admissibility of the periodic sequence s¥ : Z — I,, constructed
in the proof of Theorem follows from the fact that the composition

Js_, O "+ 0(gsy O 0 (s, is not nilpotent. Moreover, the existence of the
corresponding sequence {x} € SN s guaranteed by Theorem O

10. PROOF OF THE MAIN THEOREMS

10.1. Proof of Theorem Clearly, F is a cubical map. Its upper semi-
continuity follows from [I4, Proposition 14.5]. Using elementary collapses
(cf. [18]) we verify that F' has contractible values.

Using algorithms developed in [35], a formula from [I, Theorem 4.4], and
techniques as in [30], we find a cubical isolating block N for F' consisting of
five pairwise disjoint compact components Ny, ..., N5, a cubical weak index
pair P in N, and index map Ip, (cf. Figure . Direct computations show
that H'(Py, Py) = 7Z° and H9(Py, P;) = 0 for ¢ # 1. More precisely, if we
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denote the generators of the cohomology group H L(P) by £1,...,€ and put
P':= PN N;, then we have

(€2) iti=1,
(€) ifi=2,
HY(P{,Py) = (&%) ifi=3,
(€' ifi=4,
(¢hy if i =5.
Moreover, using generators &1, ...,&% as a basis, computations based on

algorithms of [22] provide the following matrix representation of the index
map

0 0 -1 0 0

-1 0 0 0 0

Ir,=| 0 -1 0 0 -1
0O 0 1 0 0

0 0 0 -1 0

Let 0 < e < % be fixed. By Theorem we infer that there exists
an e-approximation of F', and each e-approximation of F' shares with F' an
isolating neighborhood and, up to a conjugacy, an index map.

Property (ii) is a straightforward consequence of Theorem under the
assumption that Ir, is Lefschetz-complete. We verify this assumption by
algorithmic computations. Details are presented in [31].

Finally, using the transition matrix A we compute that the topological
entropy of f is greater than In 1.2599. (|

10.2. Proof of Theorem The proof of this theorem is similar to the
proof of previous theorem. We just note that the computations result in
HY(P,P;) 2 Z" and HY(P;,P;) = 0 for ¢ # 1. In particular, if £,... &7
are generators of the cohomology group H!(P), then

(€265 ifi=1,

€ ifi=2

G RE I O
() ifi=5

€ ifi=6,

where P := P N N;, the components N; are pairwise disjoint and N; C N
for each ¢ = 1,...,6. We have also following matrix representation of the
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index map
00 0 0 01 0
00 -1 0 00 0
00 0 -1 00 -1
Ip,=| 00 0 0 -10 0
00 0 0 00 -1
00 -1 0 00 0
-1 0 0 0 00 0

The topological entropy of e-approximation f is greater than In1.151. [J
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