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Abstract: This paper gives the first quantitative bounds for the inverse theorem for the
Gowers U*-norm over [, when p = 2,3. We build upon earlier work of Gowers and
Milic¢evi¢ who solved the corresponding problem for p > 5. Our proof has two main steps:
symmetrization and integration of low-characteristic trilinear forms. We are able to solve the
integration problem for all k-linear forms, but the symmetrization problem we are only able
to solve for trilinear forms. We pose several open problems about symmetrization of low-
characteristic k-linear forms whose resolution, combined with recent work of Gowers and
Miliéevié, would give quantitative bounds for the inverse theorem for the Gowers U**!-norm
over [, for all k, p.

1 Introduction

A central problem in additive combinatorics is to understand the inverse theory of the Gowers uniformity
norms. Given a 1-bounded function f: G — C with large Gowers uniformity norm where G is a finite
abelian group, the goal is to show that f must correlate with some structured object.

This inverse problem has primarily received attention in the cases that G is a cyclic group of prime
order or a vector space over a finite field. For G = Z /NZ the inverse problem was solved by Green, Tao,
and Ziegler [9, 10] and the structured objects require the theory of nilsequences to describe. For vector
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spaces over finite fields the situation is known to be somewhat simpler. For p > k, a 1-bounded function
f: Fj, — C has large U k1_norm if and only if it correlates with a (classical) polynomial phase function,
i.e., &2™PM/P for a polynomial P: I}, = I, of degree at most k, as shown by Bergelson, Tao, and Ziegler
[2, 17] (see also [3] for a discussion of the p = k case). For p < k, one needs the theory of non-classical
polynomials to describe the structured objects [18].

The original proofs of these inverse theorems give extremely bad or even ineffective quantitative
bounds. Recently Manners proved quantitative bounds for the U**!-inverse theorem over Z/NZ [14]
and Gowers and Mili¢evi¢ proved quantitative bounds for the U**!-inverse theorem over I, when p > k
[5, 6].

The goal of this paper is to build upon the work of Gowers and Mili¢evi¢ to give quantitative bounds
for the U*-inverse theorem over [, in the low-characteristic regime p = 2,3. Our proof has two main
steps: symmetrization and integration of low-characteristic trilinear forms. We are able to solve the
integration problem for all k-linear forms, but the symmetrization problem we are only able to solve for
trilinear forms.

1.1 Statement of main result

In this paper we always use V to denote a finite-dimensional [ ,-vector space and we write @ = e¥ilp,

Given a function f: V — C and a shift h € V, we write dj,f(x) = f(x+h)f(x) for the multiplicative
derivative.

Definition 1.1. Given a function f: V — C and d > 2, the Gowers uniformity norm || f||;« is defined
by

112 = By, ey (Ony - O ) ().

This definition has many useful properties, including being a well-defined norm for all d > 2. Another
useful property is the inductive formula || f ||%]d,, =Ey||onf ||gid:11 . See [18, Lemma B.1] for more properties
and references about the Gowers uniformity norms.

Consider a function f: V — G where G is an abelian group. Given a shift 4 € V, we write A, f(x) =
f(x+h) — f(x) for the additive derivative. It follows from the definition of the Gowers uniformity norm
that a 1-bounded function f: V — C satisfies || f||y« < 1 with equality if and only if f = ™" where
P:V — R/Z satisfies Ap, Ay, - - - Ay, P(x) = 0.

Definition 1.2. A non-classical polynomial of degree at most k is a map P: V — R /Z that satisfies
(Ahl "'Ahk+|P)(x) =0

for all hy,..., gt 1,x € V. We write Poly (V — R/Z) for the set of non-classical polynomials of degree
at most k.

A classical polynomial is a map P: V — [F, satisfying the same definition. Thus we use Poly; (V —
[F),) to denote the set of classical polynomials of degree at most k. In this paper we commonly abuse
notation to identify F, with {0,1/p,...,(p—1)/p} C R/Z when convenient. In this way we consider
Poly (V — F)) to be a subset of Poly ., (V — R/Z).
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Theorem 1.3. Fix a prime p and 8 > 0. There exists an € > 0 satisfying

1/€ =exp (exp <exp <0p (log(1/5)0(1))>)>

such that the following holds. Let 'V be a finite-dimensional IF ,-vector space. Given a function f: V — C
satisfying || f|l~ < 1 and || f||ys > O, there exists a non-classical cubic polynomial P € Poly 3(V — R/Z)
such that

]Exevf(x)e—ZﬂiP(x)

> €.
Furthermore, if p > 3, the polynomial can be taken to be classical.

This theorem was proved with ineffective bounds by Tao and Ziegler [18, Theorem 1.10] and with
effective bounds for p > 5 by Gowers and Miliéevi¢ [6, Theorem 7]. The bounds we prove are of the
same shape as Gowers and Milicevi¢’s result.

1.2 Proof strategy

We start by summarizing the Gowers-Mili¢evié¢ proof of the U*-inverse theorem for p > 5 and then
explain where the difficulties arise when p < 5.

We are given a function f: ), — C which is I-bounded and satisfies || ||+ > &. By expanding the
definition of the U#-norm and applying the UZ-inverse theorem, this implies

8" <|Ifllg’ = Eapll0adp 2 < Eapll0adbfI%-

By an application of Markov’s inequality, this implies that there is a fairly dense set A C V2 and a function
¢: A — V such that |ZB;,\f(¢(a,b))| is large for each (a,b) € A.

One can show that the function ¢ has some weak bilinearity properties. The main bulk of the work
done by Gowers and Miliéevi€ is to show that this local bilinearity can be upgraded to some global
structure. Namely, they prove that ¢ agrees with a biaffine map ®: V2 — V on a fairly dense set. This
immediately implies that there is a triaffine form 7: V3 — F » that satisfies

Ea,b,c,xaaabacf(x)wT(aJLC) > n. (11)

This part of the proof has no assumptions on the characteristic p.
To finish the proof, we would like to find a cubic polynomial P such that || f®” |3 is large. From this
point we would be able to conclude by a single application of the U3-inverse theorem. We expand

||fa)P||?/3 - Ea,h,c,xaaabacf(x) wAaAbACP(x)~

Thus the object A,ApA-P(x) naturally appears. We call this object the total derivative of P. The total
derivative of P clearly does not depend on x so we will just write A,ApA.P from now on. Furthermore,
Ay ApA P is symmetric and trilinear in a, b, c.

Thus our next step is to massage Eq. (1.1) to turn the triaffine form 7 into a symmetric trilinear form.
For simplicity of exposition, let us assume that 7 is a trilinear. (The parts of T that are not trilinear can
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often be removed by an appropriate application of the Cauchy-Schwarz inequality.) We will first explain
the argument in the p > 5 case.

Symmetrization: We start with an argument based on an idea of Green and Tao. By several applications
of the Cauchy-Schwarz inequality, Eq. (1.1) implies that T'(a, b, ¢) is “close” to T (b, a, c), more precisely,
we can prove that the map (a,b,c) — T(a,b,c) — T (b,a,c) has bounded rank, and similarly for all other
permutations of a,b,c.!

To conclude the symmetrization step, we define

S(a,b,c) = é (T(a,b,c)+T(a,c,b)+T(b,a,c)+T(b,c,a)+T(c,a,b)+T(c,b,a)). (1.2)

Clearly S is a symmetric trilinear form. Furthermore, by the Green-Tao argument, we know that
rank(7 —§) <y 1.

Integration: We now integrate the symmetric trilinear form $ to a cubic polynomial P. Namely, define
P(x) = —=S(x,x,x). (1.3)

One can easily check that A,ApA.P = S(a,b,c).
Starting from Eq. (1.1), with some involved but not particularly interesting additional inequalities, we
can conclude that || f&?|| s >n 1. Applying the U 3_inverse theorem lets us complete the proof.

1.3 Low characteristic

Now we explain the difficulties that appear in characteristic p < 5. Fortunately the bulk of the proof,
up to Eq. (1.1), works in arbitrary characteristic. The Green-Tao argument also goes through, showing
that 7 is close to each of its permutations. However, the remainder of the symmetrization step and the
integration step, which were essentially trivial in high characteristic, fail badly when p < 5. In particular,
Eq. (1.2) and Eq. (1.3) both involve dividing by 6.

For p > 5 we have the convenient characterization that S satisfies S(a,b,c) = A,ApA.P for some
cubic polynomial P if and only if S is a symmetric trilinear form. However, this is no longer the case in
low characteristic.

Following Tao and Ziegler, we define a classical symmetric trilinear form to be a trilinear form
S: V3~ [F, that satisfies S(a,b,c) = A,ApA. P for some classical cubic polynomial P. As part of their
proof of the inverse theorem Tao and Ziegler characterized classical symmetric k-linear forms for all
k. In the same vein, we define a non-classical symmetric trilinear form to be §: V3 — IF,, that satisfies
S(a,b,c) = A;ApA P for some non-classical cubic polynomial P. One problem we solve in this paper is
the characterization of non-classical symmetric k-linear forms for all .

As a special case, we will show that if S is a symmetric trilinear form and also has some further
symmetries which will be defined in Section 3, then we can integrate S to a non-classical cubic polynomial
P (i.e., A;JApA.P = S(a,b,c)). We are able to characterize non-classical symmetric k-linear forms for all
k, which solves the integration problem necessary for the U**!-inverse theorem for all k.

I'See Section 2 for the definition of tensor rank that we use in this paper.
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For the symmetrization problem, we have a trilinear form 7" which we know is close in rank to all
of its permutations. We wish to find, for p = 2, an non-classical symmetric trilinear form S such that
rank(7 — S) < 1 and, for p = 3, a classical symmetric trilinear S such that rank(7 — S) < 1.

Even the problem of finding a symmetric k-linear S that is close to 7" is quite hard and we do not know
how to solve it for general k. When k = 3, the hypothesis that T is close to all of its permutations implies
that there is a subspace U <V of bounded codimension so that 7|y is symmetric. This lets us easily
find a symmetric trilinear S’ such that rank(7 — S") < 1. For p = 3, turning §’ into a classical symmetric
trilinear form is easy. For p = 2, we need to turn S’ into a non-classical symmetric trilinear form which
takes some more work, but we are able to do so.

Structure of paper. We give the necessary preliminaries in Section 2. We solve the integration problem
for all k in Section 3 and the symmetrization problem for £ = 3 in Section 4. We combine these tools to
prove our main result in Section 5. In Section 6 we give some conjectures.

2 Preliminaries

We gave a local definition of non-classical polynomials in Section 1. There is an equivalent global
definition known. (Also see [18, Lemma 1.7] for some more basic facts about non-classical polynomials.)

Lemma 2.1 ([18, Lemma 1.7(ii)]). P: F, = R /Z is a non-classical polynomial of degree at most k if
and only if it can be expressed in the form

Cil,...,in,j|xl|il c [ [

P(xi,...,xp) = 00+ i

(mod 1),

0<iy,...,in<p, j=0:
0<iy+-in<k—j(p—1)
for some a € R/Z and coefficients c;, ., j € {0,...,p — 1} where | -| is the standard map F, —
{0,...,p—1}. Furthermore, this representation is unique.

For a tuple (hy,...,h) € V¥ and a subset I C [k], we use the notation 4; to denote the tuple (4;);c; € V.

Definition 2.2. Given a k-linear form T': V¥ — IF, we use two different notions for the rank of 7.
The analytic rank of 7', denoted arank(7), is defined by the equation

p k(™) = Epy . mev@”

The partition rank of 7, denote prank(T), is the length of the shortest decomposition of T as

a sum of partition rank 1 forms. We define 7: V¥ — [F, to have partition rank 1 if we can write
T(hi,....h) = R(h;)S(hyy ;) where R: VI — F, and S: VKM T, are multilinear forms and @ # I C [k].

These definitions of rank enjoy many useful properties. One which will be important to us is the
subadditivity of rank. Obviously prank(S+ 7T') < prank(S) + prank (7). For analytic rank, we also have
arank (S +7) < arank(S) + arank(7"), but the proof is more subtle [12, Theorem 1.5].

For k = 2, the partition rank and analytic rank coincide and both are equal to the usual notion of
matrix rank. For general £ we have the following bounds.
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Theorem 2.3. There are constants Cp, x and Dy such that for a k-linear form T : Vk ST » we have the
bounds
arank(T') < prank(7') < C, s arank (7)™

The lower bound is due to Lovett [12] and the upper bound was proved independently by Mili¢evié
[15] and Janzer [11]. Note that a recent result of Cohen and Moshkovitz and independently Adiprasito,
Kazhdan, and Ziegler improves the upper bound to linear when k =3 and p > 2 [4, 1].

One simple property of rank that we use multiple times through the argument is the following.

Lemma24. LetT: VF — IF, be a k-linear form and let U <V be a subspace such that T |y = 0. Then
prank(7) < k-codimU.

Proof. Write n = dimV and r = codimU. Pick linearly independent linear forms o, ...,0,: V —F,
such that 04|y =0 for 1 <i <r. (In other words ..., 0, is a dual basis for V and ¢,;1,...,0 is a
dual basis for U.) The tensor T can be expressed in these coordinates as

T(X],...,Xk) == Z T;'],A..,ikail (X])"'aik(Xk)

lgil,...,ikgn

for some coefficients T, . ; € F, satisfying T3, ;, = 0if iy,... i > r.
Now one can easily group the above express10n into the sum of kr terms, each of partition rank 1.
Explicitly,

.
T(xi,.. :ZZW ) Bje(xpgy )
j=1l=1
where
Biotxupn)) = X Throijrbiigornnin O (K1), - 0y (1) G (1) -+ 06 (). O

3 Non-classical symmetric multilinear forms

In this section we define non-classical symmetric multilinear forms (nCSM for short) and classical
symmetric multilinear forms (CSM for short) as multilinear forms with additional symmetry properties.
Then we will show that these objects are exactly the total derivatives of non-classical polynomials and
classical polynomials respectively.

Definition 3.1. A non-classical symmetric multilinear form is a map 7': V¥ — [, that is:
* (multilinear) fixing all the variables but one, the map h; — T (hy,...,hy) is a linear map;
* (symmetric) T (hy,...,h;) is invariant under permutations of the k variables &, ..., hy;

* (non-classical) T'(h1,...,hi,hy,...,hk—pi1) = T(hi,ha, ..., ho,h3, ... hi_,11) where the variable
hi appears p times in the first expression and 4, appears p times in the second expression.
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We write nCSM* (V') for the space of non-classical symmetric multilinear forms T : V¥ — F,.
A classical symmetric multilinear form additionally satisfies:

* (classical) T'(hi,...,hi,ho,... . hx—pi1) = O where the variable /; appears p times in the left-hand
side.

We write CSMk(V) for the space of classical symmetric multilinear forms 7: V¥ — K.

Note that the classical condition is stronger than the non-classical condition, so CSM¥(V) C
nCSM¥ (V). For k < p the non-classical condition is vacuous while for k < p the classical condition is
vacuous. In their proof of the inverse theorem Tao and Ziegler introduced classical symmetric multilinear
forms and (implicitly) non-classical symmetric multilinear forms [18].

Definition 3.2. For P € Poly_(V — R/Z), define the total derivative of P to be the map d*P: V¥ - F,
defined by

d*P(hy,..., ) = (Ap, - Ay, P)(0).

The right-hand side of this equation lies in {0,1/p,...,(p—1)/p} C R/Z which we identify with IF,;
furthermore d*P(hy, ..., ) = (Ap, -+ Ap P)(x) for all hy,... by, x € V.2

Tao and Ziegler prove that the total derivatives of classical polynomials are exactly CSMs.

Proposition 3.3 ([18, Lemma 4.5]). For k > 1 and a classical polynomial P € Poly (V — ), the total
derivative d*P lies in CSM* (V). Furthermore this map is surjective. In other words, we have the short
exact sequence

0 Poly,,(V —F,) = Poly_,(V — F,) L CSMK(V) — 0.
They also show that the total derivative of a non-classical polynomial is an nCSM.
Proposition 3.4 ([18, Eq. (4.1)]). For P € Poly(V — R/Z), the total derivative d*P lies in nCSM* (V).
Our integration result gives the implication in the opposite implication.

Proposition 3.5 (Integrating nCSMs). For k > 1 and T € nCSMk(V), there exists a non-classical
polynomial P € Poly . (V — R/7Z) such that d*P = T. In other words, we have the short exact sequence

k
0 — Poly;_(V = R/Z) = Poly ,(V — R/Z) L nCSM*(V) — 0.

Proof. First note that ker(d*) =Poly;,_, (V —R/Z) since Ay, - - - Ay, P is identically zero for all ...,
if and only if P is a non-classical polynomial of degree at most k — 1.

20ne way to see these facts is to notice that Ap, -+ Ay, P €Poly(V — R/Z). By Lemma 2.1 this expression is of the form
a+cilxi|/p+---+cnlxa|/p (mod 1). Applying A, , we see that Ay, --- Ay, P(x) = (hy1c1 + -+ hy yc,)/p is independent
of x and lies in the set {0,1/p,...,(p—1)/p}.
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We show that d* is surjective in an inexplicit manner. First define Poly,(V — R/Z) to be the
quotient of Poly;(V — R/Z) under the equivalence relation P ~ P+ « for o € R/Z. Note that for
k > 1, the total derivative ¥ acts on this quotient space. We will prove that

|Poly . (V — R/Z)|

L = |nCSM*(V)|. (3.1)
Poly (v > Rrz) "MW

This suffices to complete the proof.

Choose an isomorphism V = F”. By Lemma 2.1, we see that [Poly,(V — R/Z)| = pS where
C, is defined to be the number of tuples (ii,...,i,, j) where iy, ...,i, € {0,...,p—1} and j > O satisfy
0 <ij+---+i, <k— j(p—1). Then the left-hand side of Eq. (3.1) is p% C-1. Define C; = C}, — C,_,.
We can easily see that C; is the number of tuples (i1,...,i,,j) where ij,...,i, € {0,...,p— 1} and
0<j<(k—1)/(p—1)satisfy iy +---+i, =k— j(p—1).

Now we compute |[nCSM¥(V')|. Clearly any multilinear form 7': V¥ — [F,, can be expressed uniquely
as

T(x1,...,x) = Z Clryenit® g1 """ Kk

where cj, _j, € F,. For atuple j = (ji,..., i), define i(j) = (i1,...,i,) such that i, is the number of
Jis- -+, jx which are equal to £. With this notation, we can say that a multilinear form 7 is symmetric if
and only if ¢, = cj, whenever i(j;) = i(j,).

Finally define /'(j) = (i{,...,i,) where i, = 0 if iy = 0 and otherwise i, € {1,...,p — 1} satisfies
iy =iy (mod p—1). We can see that a multilinear form 7" is an nCSM if and only if ¢; = c;j, whenever
i'(j,) = i'(j,). Thus |[nCSM¥(V')| = pP* where Dy, is the number of tuples i’ € {0,..., p — 1}" such that
there exists j € [n]* such that i’ = i’(j). Clearly the only constraint on such a tuple i’ € {0,...,p—1}"is
that s = i} + -+, satisfies 0 <s <nand s =n (mod p — 1). Thus we see that C; = Dy, proving the
desired result. O

4 Symmetrization in low characteristic

For a k-linear form 7': V¥ — [F, and a permutation 7w € &y, write Ty : vk [, for

Tn(xl,. .. ,xk) = T(x,m),. . .,x,r(k)).

We have one tool that lets us show that forms are close to symmetric. The following result is based
on an idea of Green and Tao.

Lemma 4.1 (cf. [7, Lemma 2.8]). LetA: V> — IF,, be a bilinear form. Let by,by,b3: V — C be arbitrary
1-bounded functions. If

Eu,vevbl (u)bZ(V)b3 (M + V) (DA(M’V) >0,

then
pfarank(AfA(lz)) =, V(DA(u,v)fA(v,u) > 68.
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Proof. By an application of the Cauchy-Schwarz inequality and the 1-boundedness of b, we have
8% < By vev b (w)br (u)b3(u+v)bs (4 v) o).

We make the change of variables u” = u+ u’ +v. Rearranging, we obtain

8% < By by ()b (W)b3 (" — W Yoy — ) ot )

_ Eu,u’,u” (bl (u)mwA(u,u”—u)) (Wb3(l/t” . u/)wA(—u/,u"—u/)> wA(u/,u)—A(u,u/)_

Write B = A — A(15). By first averaging over «” and then choosing b},b5: V — C appropriate
1-bounded functions, the above inequality becomes

82 < |Ey b (u)by(u ) 0P| .

By two more applications of the Cauchy-Schwarz inequality, we conclude
68 S ]Eu vl Vv a)B(Mfwu’fv/) — Eu y wB(Lt,u’) _ p—arank(B) . 0

Corollary 4.2. Let T: V> — IF,, be a trilinear form and let by, ...,b7: V — C be I-bounded functions
such that

Eyyzevb1(x)b2(y)b3(2)ba(x+y)bs(x +2)bs(y +2)b7(x +y +2) (—D)TE3] > 8.

Then we have arank(T — T) < 16log,(1/8) for all w € &;.
Proof. Suppose m = (12). By the triangle inequality, we see that there exists a function §: V — [0, 1]
and 1-bounded functions by ;,b> ;,b3;: V — C such that

Ex,ybl,z(x)bZ,z(y)b3,z(x+y)wT(x7y7Z) >6(z)

for all z € V and additionally E.cy 8(z) > 6.
By Lemma 4.1 forallz € V,
Ex.wa(xvyVZ)—T(y,x,Z) > §(2)8.

Averaging over z and applying convexity,
p—arank(T—T(lz)) — Ex’wa(x,w)—T(y-,x,z) > Ez5(z)8 > 58,

so arank(7 — T (12)) < 8log,(1/8). The same holds for all transpositions. Since every permutation
in &3 can be written as the product of at most two transpositions, we conclude by the subadditivity of
analytic rank. O

Proposition 4.3. Let T: V> — ), be a trilinear form. Suppose that T is close to symmetric in the
sense that prank(T — Ty) < r for all permutations T € &3. Then there exists a subspace U <V with
codimU < 5r such that T|y: U3 — F, is a symmetric trilinear form.
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Proof. By definition, there exists a partition rank decomposition of each T — T (for & € &3\ {id}) as
the sum of at most » terms, each of which is the product of a linear form and a bilinear form. Let U be the
subspace of V where all of the linear forms involved in this decomposition vanish. Since there are at most
5r linear forms in this decomposition, we have the desired bound on the codimension of U. Furthermore,
since (T — Tx )|y is identically zero for each w € &3, we see that T |y is symmetric. O

Remark. This result immediately implies that there exists a symmetric trilinear form S: V3 — F » With
prank(7 — S) < 15r. To see this, pick an arbitrary decomposition V = U @& W. Then define S by
S(uy +wi,up +wo,uz +w3) = Ty (uy,uz,u3) for all uy,up,us € U and wy,wp, w3 € W. Since T|y is a
symmetric trilinear form it follows that S is a symmetric trilinear form. By Lemma 2.4, we have the
bound prank(7 —S) < 15r.

Proposition 4.3 easily handles the initial symmetrization step. To complete the symmetrization, we
need to find some R € nCSM? (V) such that prank(T — R) is small. For p > 5 this is trivial, since every
symmetric trilinear form is an nCSM and actually a CSM.

For p = 3 every symmetric trilinear form is also an nCSM though not necessarily a CSM. We note
however, that for p = 3 every nCSM is close to a CSM. This allows us to prove the U*-inverse theorem
over 5 with classical polynomials.

Proposition 4.4. Let T: V3 — F3 be a symmetric trilinear form. Then there exists a codimension 1
subspace U <V such that T|y € CSM>(U).

Proof. The only additional condition that 7 needs to satisfy to be a CSM is T (x,x,x) = 0. Thus if U is
any subspace of V such that 7' (x, x,x) = 0 for all x € U, we would have T|y € CSM*(U).

Consider the map x — T (x,x,x) € F3. Because T is a symmetric trilinear form, this map is linear.
Indeed, T'(x+ y,x+y,x+y) = T(x,x,x) + 3T (x,x,y) + 3T (x,y,y) + T (y,y,y) = T (x,x,x) + T (y,5,¥).
Defining U to be the codimension 1 subspace on which 7 (x,x, x) vanishes, we have the desired conclusion.

O

Applying Proposition 4.3, Proposition 4.4, and Lemma 2.4 we conclude the following.

Corollary 4.5. Fix p > 3. Let T: V3 — F), be a trilinear form that satisfies prank(T — Ty) < r for all
permutations T € &3. Then there exists S € CSM>(V') such that prank(T —S) < 157+ 3.

For p = 2 the situation is more complicated. It is known, due to examples of Green and Tao [8] and
Lovett, Meshulam, and Samorodnitsky [13] that classical polynomials are not sufficient for the U*-inverse
theorem over F,. This means that we will not be able to find a CSM that is close to 7. However the
following argument shows that 7 is close to an nCSM.

Proposition 4.6. Let T: V3 — F, be a symmetric trilinear form. Suppose there are 1-bounded functions
bi,...,b7: V. — C such that

Exyaevbi (0)b2(y)b3 (2)ba (x4 y)bs (x +2)be(y +2)br (x +y +2) (= )T 39 > 6.
Then there exists a subspace U <V satisfying codimU < 8log,(1/8) such that T |y € nCSM?(U).
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Proof. Make the change of variables z = x + w. Then the hypothesis becomes

8 < B ywevbi (x)ba(y)b3(x +w)ba(x + y)bs(w)bs (x +y -+ w)b7(y 4+ w) (—1)T x) T ww)

= ‘Ewbs (W)Exy (b1 ()53 (x +w)) (b2()b7 (4 w)) (ba (x+ )b (x +y +w)) (= 1) T #3HT 1)

By averaging (and the 1-boundedness of bs), there exists wy € V such that

0 < .

Esy (b1 (x)b3(x +w0)) (b2 (3)b7 (v +w0)) (ba (x + y)bi (x4 y -+ wg) ) (1) T 1) (o)

Consider the map A: V2 — [, defined by A(x,y) = T (x,x,y) + T (x,y,wo). We claim that A is bilinear.
Using the symmetry and trilinearity of T,

A+, y) =T (x+x x+x',y) + T (x+x,y,wo)
= T(-xa-xay) +2T(X,X/,y) + T('xluxlay) +T(x7y7 WO) + T(X/,y, WO)
=A(x,y) +AX,Y).

Similarly,

Alx,y+y) =Txx,y+Y)+T(x,y+y,wo)
T(’W@)’) + T(x,x,y’) +T(X,y, WO) + T('xay/7W0)
A(x,y) +A(x,y').

Since A is bilinear, we can apply Lemma 4.1 to conclude that
58 < Ex.y(—l)A(x’y)_A(y-rx)'
Note that

A(xvy) _A(y>x) = T(x7x7y) + T(xvya WO) - T(y,y,x) - T(y,X,W()) = T(xaxay) - T(X7Y7y)

by the symmetry of 7.

Define B: V2 — F, by B(x,y) = T(x,x,y) — T (x,y,y). Note that B is bilinear. (This can be seen
since B(x,y) = A(x,y) — A(y,x) or by direct computation.) We have shown that arank B < 8log,(1/6).
Let U be the nullspace of B.> This satisfies codimU = prank B = arank B < 8log,(1/8). Furthermore
B(x,y) = 0 for all x,y € U, which implies that 7’|y is an nCSM. O

This essentially implies the desired symmetrization result. To put the result in the form we need, we
use the following application of the Cauchy-Schwarz inequality which will also appear again later in the

paper.

3For the purpose of the following argument we could take U to either be the left or right nullspace of B, though since B is
antisymmetric its left and right nullspaces agree.
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Lemmad4.7. Let ¢: V3 — ¥, be a triaffine form. Suppose there are 1-bounded functions by, ...,b7: V —
C such that

Esyzevbi (X)b2 (v)b3(2)ba(x +y)bs (x +2)be (y + 2)b7 (x + y +2) @) | > 8.

LetT: V3 — IF, be the trilinear part of ¢. Then there exist 1-bounded functions b,...,b5: V — C such
that

E.yzev b (X)b5 (3) D (2)by (x +y)bs (x + 2)bs (v + 2)bh (x + y + 2) @ 57 | > 88,

Proof. This result follows from three applications of the Cauchy-Schwarz inequality, one in each variable.
We have

2
8% < ’Ey7zb2 (y)b3(2)be(y + 2)Exby (x)bg(x +y)bs(x +2)b7(x +y+ z)a)“’(x*y’z)

< (Buclb2)bs@bs(y+ )

: (Ex7x’7y,zb1 (X)WIM(X +y)b4 (x/ +y)b5 (x + Z)bS (x/ + Z)

br(x+y+2)b7 (¥ —|—y—i—z)w‘b(w’z)’d’(xl’y’z)) .

The 1-boundedness of by, b3, bg lets us remove the first term.
The next application of the Cauchy-Schwarz inequality gives

8 < By ba(x+3)ba (¥ +y)ba(x+y)ba(x +Y )b (x+y+2)b1(x +y+72)
b1+ Y +2)br (¥ + Y +2) @)Wy =0 (e )+ Y 7).

The third gives

8% <Eyvyy obr(x+y+2)br(xX +y+2)br(x+y +2)b7(x' +) +2)
br(x+y+2)br (X +y+ )b (x+Y + )b (¥ +Y + 7))
. wd’(xay’z)*q)(xld'vz)*(p(XJ/7Z)+¢(X'J"vz)*ﬁ’(x»y;z,)*q)(x'7Y7Z/)+¢(x7}’/>Z/)*¢(X'7Y’71,)

Since T is defined to be the trilinear part of the triaffine form ¢, the exponent in the last term is equal
to T(x—x',y—y',z—7'). Applying a change of variables and averaging, we can find x, yo,zo such that

8% < By b7(x+y+2z+x0+Y0+20)b7(y + 2+ %0 + 0 +20)b7 (x + 2+ X0 + yo +20)b7(2 + %0 + Yo + 20)
+b7(x+y + X0+ Yo +20)b7 (v + X0 + Yo + 20)b7 (x + X0 + yo + 20)b7 (X0 + yo + 20) " 7).

This expression is of the desired form, completing the proof. O

Corollary 4.8. Let T: V> — T, be a trilinear form and let by,...,b7: V — C be 1-bounded functions
such that

Eyyzcvbi(x)ba(y)b3(2)ba(x+y)bs(x+2z)bs(y+2)b7(x +y +2)(— I)T(”’Z) > 9.

Then there exists S € nCSM?> (V') such that prank(T — S) < 4321og,(1/§).
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Proof. By Corollary 4.2, we have that arank(7 — T;) < 16log,(1/9) for all # € &3. Then applying
Proposition 4.3, there exists a subspace U <V with codimU < 80log,(1/8) such that T|y: U3 — F, is
a symmetric trilinear form.

By averaging, there exist cosets xo + U, yo + U, zo + U such that

6 < Bacxruby (¥)b2.(3)b3(2)ba (x + y)bs (x+ 2)bs (v + 2)b7 (x + y +2) (= 1))
€yo+
Tex+U
E.y.zeubh (x)b5 ()05 (2)4 (x-+ y)b5 (x +2)b (v +2)b5 (x + y +2) (= 1) ot ooyt

Now by Lemma 4.7, this implies that

8% < By zeub (0)b5 (v)B3 (2)b] (x +y)b5 (x + )b (v + 2)b7 (x+ y 4 2) (= 1))

We can now apply Proposition 4.6 to find a subspace W < U such that codimy W < 1441og,(1/9)
and such that 7|y € nCSM?*(W). To conclude, all that remains is to extend 7|y to an nCSM on
all of V. To do this we first pick an arbitrary decomposition V. =W @& W’. For wi,wy,w3 € W and
wi,wh,wh € W define S(wy +w),wa +wh,w3 +w}) = T|w(wi,wa,w3). Clearly S € nCSM*(V) and
prank(7 —S) < 3codimy W < 432log,(1/8) by Lemma 2.4. O

5 Proof of main theorem

We now have the tools to prove the main theorem. We first record the result of Gowers and Milicevi¢ that
we require. This result can be found at the beginning of Section 10 of [5] and its proof takes up the bulk
of that paper.

Theorem 5.1 ([5]). Fix a prime p and & > 0. There exists

g= (exp (exp (eXP (0,, (log(l/‘s)O(l)))»)_l

such that the following holds. Let 'V be a finite-dimensional IF ,-vector space. Given a function f: V — C
satisfying || fll < 1 and ||f||y+ > 8, there exists a triaffine form ¢ : V? — F, such that

Ex7h17h27h36\/(ah1 ahzahz,f) (x)wmhl’hbhg) > E. (5.D

Proof of Theorem 1.3. Applying Theorem 5.1, we find a triaffine form ¢ : V3 — ¥, such that

Ex;h17h23h3ev(ahl 8hza/13f) (x)w¢(hl’h27h3) > E.

Let T be the trilinear part of ¢. First average over x and expand out the derivative to conclude that
there exist 1-bounded functions by,...,b7: V — C such that

Exyzevbi(x)b2(y)b3(2)ba(x+y)bs(x 4 z)bs(y +2)b7(x +y +2) @) > g,

DISCRETE ANALYSIS, 2022:14, 17pp. 13


http://dx.doi.org/10.19086/da

JONATHAN TIDOR

Then applying Lemma 4.7 and then Corollary 4.2, we see that arank(7 — T;) < 128log,,(1/¢) for all
7 € G3. By Theorem 2.3, we conclude that prank(7 — ) < Op(logp(l/e)o(l)) forall 7 € Gs.

Now for p > 3, we can apply Corollary 4.5 to find § € CSM?(V) such that prank(7 — ) <
O,(log,(1/ €)°W). Then by Proposition 3.3, there exists a classical cubic polynomial P € Poly _5(V —
FF,,) such that d*P = S. For p = 2, we apply Corollary 4.8 to find § € nCSM?(V) such that prank(T —
S) < 0p(log,(1/ €)°M). Then by Proposition 3.5, there exists a non-classical cubic polynomial P €
Poly _3(V — R/Z) such that d°P = .

In either case we define » = max{prank(7 — S),log,(1/¢€)} satisfying r < 0p(logp(l/8)0(l)). We
have a decomposition T — S = ¥'"_, ¥ where each y;: V3 — IF,, is the product of a linear form in one
of the variables with a bilinear form in the other two variables. Write I': V3 — Ff,’ for the list of 2r
linear and bilinear forms that factor the ¥;’s. For example, if 7 (x,y,z) = a(x)B(y,z), then we define

I (X,y,Z) = a(x) and FZ(x7y7Z) - ﬁ(yaz)
Define g = f@". Note that (3, I, Is) (x) = (Op, O, I f) (x) @5123)  The inequality we started
with can now be written as

By o s D (1, o, B3 @1 102130 (9, 9, 9y o) (x)| > €

where b(hy,hy,h3) is a product of linear and bilinear phase functions. We first remove the middle term.
By averaging, there exists ¢ € ]FIZ] such that

‘EXJH7h27h3b(h17h27h3)]l(r(h17h27h3) = c)(ahl allzah3g) (x)’ > 8P72r- (5.2)
Now by Fourier analysis, we can write
1(I'(hy,ha,h3) = ¢) = EgeF;rw(r(hl’hz’h3)_c)'€-

Plugging this expression into Eq. (5.2), by averaging again, there exists & € IF%,’ such that

Ex,h.,h2,113b(hl7h2)h3)w(r(h]’h27h3)7c).§0(ah1 9h23h3g)(X)‘ >ep

(T(hy,h2,h3)—c)

Since I' is a list of linear and bilinear forms, the middle term, @ % isa product of linear and

bilinear phase functions. Thus we conclude that

B iy sy B (1, 12, 13) (Opy Oy Oy 8) (%) | > €™,

where b’ is a product of linear and bilinear phase functions.
Write

b/(hl,]’lz,h3) _ (O'Bl (hz,h})-i-ﬁz(hl,h3)+ﬁ3(h],h2)+a1 (h1)+a2(h2)+a3(h3)‘
By averaging, there exist x,h; € V such that

|y s b (1,2, 13) (O, Oy Oy 8) (x)| > €™

Expanding this out, we see that this inequality is of the correct form to apply Lemma 4.1 which then
implies that arank(f1 — (B1)(12)) < 8(2r +log,(1/¢€)) < 24r. The same is true of f3,, 3.
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The next step is to find ], B5, 85 € nCSM?(V) such that prank(f; — /) < 48r. First note that for
bilinear forms we have arank(f3;) = prank(f3;). Thus there is a subspace U < V of codimension at most
24r such that f§; — (3;) (12 vanishes on U x U. This is the only condition we need to imply that B;|y is
an nCSM. Extending S|y to B/ € nCSM? (V') arbitrarily, we have prank(B; — 8/) < 48r by Lemma 2.4.
Finally, by Proposition 3.3, there exist non-classical quadratic polynomials Q; € Poly .,(V — R/Z) such
that szi = ﬁi/'

We repeat the same averaging and Fourier analysis argument from above to conclude that

Excy b (b1, ho, h3) P2t B ) +Bsn o) (g, 9, 9, o)(x)| > ep~2",

where b (hy,hy,h3) is a product just of linear phase functions, say b” (hy,ha,h3) = @™ (1) +La(h2)+Ls (hs)
Now define

gooo = for,

P
goo1 = fo' 91
gol0 = fO' T,

— £y PTOI+O+L
g0l = fo 01+0> 3,

Pt

g100 = fO' T,
P+01+05+L

= fo 01103 2

8101

— P00 +L
g0 =fo 0>+03 N

— £ P01+ 02+ 03+ +Ly+L
gl =fo O1+Q2+03+Li+La+L3

One can verify that the inequality above can be rewritten as

Ex 1y 1y.138000(X) 001 (X + A1) go10(x + ha)gor1 (x + Ay + ha)gioo(x + h3)

.8101(X+h1 +h3)g11o(x+h2+h3)g111(x+h1 +h2—|—h3) > €p7290r,

The left-hand side is in the correct form to apply the Gowers-Cauchy-Schwarz inequality [18, Lemma
B.1.(iv)], which implies that || f@”[|;s > ep™>" > pOrlleg,(1/ &)%), Finishing with a single application
of the U3-inverse theorem, we prove the desired result. O

6 Concluding remarks

The symmetrization results in this paper are very specific to trilinear forms. We pose the following
conjecture, which seems surprisingly difficult and may be of independent interest.

Conjecture 6.1. Let T: VK — F, be a k-linear form. Suppose that T is close to symmetric in the
sense that prank(T — Ty) < r for all permutations T € Sy. Then there exists a symmetric k-linear form
S:Vk— IF, such that prank(S —T') < r' where r' is a polynomial function of r.
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Note that this conjecture is only interesting if p < k, since for p > k, the symmetric form S = % YoTn
can easily be seen to satisfy prank(S —T7) < k!r.

Combined with the recent work of Gowers and Miliéevi¢ [6], Conjecture 6.1 is the missing ingredient
which would suffice to give quantitative bounds on the U”*!-inverse theorem. For the U**!-inverse
theorem with k£ > p there is additional symmetrization necessary to produce a non-classical symmetric
multilinear form from a symmetric form.

Conjecture 6.2. Let T: VF — F), be a k-linear form. Suppose that T satisfies

for some 1-bounded functions by: V — C. Then there exists S € nCSM¥(V) such that prank(S —T) < 7/
where 1 is a polynomial function of log(1/€).

Combined with the work of Gowers and Milicevi¢ and this paper’s integration result, Proposition 3.5,
this result would give quantitative bounds on the U**!-inverse theorem over [, for all &, p.

Remark. After the first version of this paper appeared on arXiv, Milifevi¢ gave a counterexample
disproving Conjecture 6.1 in the case of k =4 and p = 2 [16]. It remains an interesting question to
determine for which pairs (k, p) Conjecture 6.1 holds as well as to determine the validity of Conjecture 6.2.
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