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Abstract: The present note is motivated by two papers on group divisible designs (GDDs) with the same block
size three but different number of groups: three and four where one group is of size 1 and the others
are of the same size n. Here we present some interesting constructions of GDDs with block size 4 and
three groups: one of size 1 and other two of the same size n. We also obtain necessary conditions
for the existence of such GDDs and prove that they are sufficient in several cases. For example,
we show that the necessary conditions are sufficient for the existence of a GDD(1, n,n,4; A1, A2) for
n=0,1,4,5,8,9 (mod 12) when \; > As.
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1. Introduction

Among all combinatorial designs, probably the most widely studied design is a Balanced Incomplete
Block Design (BIBD). For definitions and and background please see Lindner and Rodger [6].

Definition 1.1. A Balanced Incomplete Block Design, BIBD(v,k,\), is an arrangement of v distinct
points into b proper subsets (called blocks) of size k each, such that every point appears in exactly r blocks
and every pair of distinct points occurs together in exactly \ blocks.

The numbers v, b, r, k and A are parameters of the BIBD and satisfy the necessary conditions vr = bk
and A(v — 1) = r(k — 1) for the existence of a BIBD(v, k, \).

In 1961, Haim Hanani [4] proved that the necessary conditions are sufficient for the existence of
BIBDs with block size three as well as four. Specifically he proved:
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eorem 1.2. A BIBD(v,4,)\) exists if and only if
(mod 6) and v = 1,4 (mod 12);
(mod 6) and v =1 (mod 3);
(mod 6) and v =0,1 (mod 4);
(mod 6) and v > 4.
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Group divisible designs defined below play a role in the construction of BIBDs as well as other
designs. For example, in the construction of ¢-designs where instead of each pair occurring in A blocks
each t-tuple occurs in A blocks.

Definition 1.3. A group divisible design, GDD(ny,na, ..., N, k; A1, X2), is a triple (X, G, B), where X
is a v-set, G is a partition of X into m subsets (called groups) of size ni,na, ..., Ny respectively and B is
a collection of k-subsets of X (called blocks) such that each pair of points within the same group appear
together in A1 blocks, whereas each pair of points from different groups appear together in Ao blocks. The
points in the same group are called first associate of each other and elements not in the same group are
called second associates of each other.

Fu, Rodger and Sarvate [2, 3] obtained complete results on group divisible designs with m groups of
size n and block size 3, namely GDD(n, n, ...,n,3; A1, A2). In 1992, Colbourn, Hoffman and Rees [1]| proved
the sufficiency of the necessary conditions for the existence of a GDD(n,n,...,n,u,3;0,1). In 2011, Pab-
hapote and Punnim [8] studied all triples of positive integers (ni,n2, A) for which a GDD(nq, ng, 3; A\, 1)
exists. Later, Pabhapote 7] proved the existence of a GDD(n1,n2,3; A1, \2) for all ny # 2 and ny # 2 in
which )\1 2 )\2.

This note is specially motivated by the papers of Sakda and Ulyyasathian [9] and Lapchinda, Punnim
and Pabhapote [5]. In 2014, Lapchinda, Punnim and Pabhapote [5] gave a complete solution for the
existence of a group divisible design with block size 3 and 3 groups of sizes n, n and 1. In 2017,
Sakda and Uiyyasathian, obtained complete result on group divisible designs with block size 3 and 4
groups of sizes n, n, n and 1, namely GDD(1,n,n,n,3; A1, A2). In this note we study the existence of a
GDD(1,n,n,4; A1, A2) with three groups G1, Ga, Gs of sizes 1, n, and n respectively. In general, when
the number of groups is less than the block size the work is more involved and possibly making them
harder to construct. It is well known that GDDs are used as a building block for BIBDs, but the converse
is also true, for example, an easy observation is the following result.

Theorem 1.4. If a BIBD(ny +na + ... + np, k, A2) and a BIBD(n;, k, A1) exist fori=1,2,...m, then a
GDD(ny,na, ..., N, k; A1 + A2, A2) exists.

Corollary 1.5. If a BIBD(mn + 1,4,)3) and a BIBD(n,4,)\) exist, then a GDD(1,n,n,...,n,4; \; =
Ao + A\ Aa) exists.

The converse of the above corollary is not true, for example, we show in Section 5 that a
GDD(1,n,n,4; A2 + A, A2) exist for n = 2 or n = 3 but clearly a BIBD(2,4,A) or BIBD(3,4,A) does
not exist. One can find such examples for larger values of n by using the construction given in the next
section. For example, the construction gives a GDD(1,7,7,4;9,6) but a BIBD(7,4,3) does not exist.

Another observation gives,

Theorem 1.6. A GDD(ni,na,...,nm, k; A1,0) exists if and only if a BIBD(n;,k, A1) exist for i =
1,2,..m.

Corollary 1.7. A GDD(1,n,n,...,n,k; Ay = \,0) exists if and only if a BIBD(n, k, \) exists.
One may notice that it is much easier to construct GDDs with A; > Ag, specially when a BIBD(n, k, \)

exists. In the next section we present an important construction technique which produces GDDs where
A1 is less than As.
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2. A new construction of a GDD(1,n,n,4; )\, A\2)

A K,, on (G; means the vertices of the complete graph K, are labeled with the elements of G; for
i = 2,3. Let n be even. Then the complete graph K, on G2 (respectively on G3) has a 1-factorization,
say {E1, B, ..., En 1} (vespectively {F1, Fy, ..., Fy,—1}). Forz =1,2,...,n—1,if B, = {e1,e2,...,en } and
F, ={f1, f2, .-, fn}, then we can form blocks e; U f,, of size 4, for 1 <1,m < 3.

On the other hand when n is odd, a K, on Ga (respectively on G3) has a 2-factorization, say
{El,E27...7EnT71} (respectively {Fl,FQ,...,Fanl}). For x = 1,2,...,"7_1, if B, = {e1,ea,...,e,} and
F, ={f1, f2, .-, fn}, then we can form blocks e; U f,, of size 4, for 1 < I,m < n. Now we define

Bi={eUfn:e€cE;and f, € Fpforz=1,2,..,n—1and 1 <I,m <% }ifnis even, and

By={eiU fm:e € Ey and fo, € Fy for x =1,2,..., %5 and 1 <I,m < n } if n is odd.

Theorem 2.1. Suppose a BIBD(2n,3,\) and a BIBD(n,3, 1) exist.
(a) Suppose n is even and there are nonnegative integers i, j, u and v such that

i(2n — DA+ ju(n — 1)

5 =iA+uu(n—1)+v(n—1). (1)

. . . i2n—1)A+ju(n—1
Then there exists a GDD(1,n,n,4;i\ + ju + unp + on/2, %)

(b) Suppose n is odd and there are nonnegative integers i, j, u and v such that

i(2n — DA+ ju(n —1)
2

=it up(n—1)+2v(n —1). (2)

. . . i(2n— 1A +jp(n—1
Then there exists a GDD(1,m,n,4;i\ + ju + uny + vn, %)

Proof. Let Gi ={z}, G2 ={a1,as,....,a,} and G3 = {b1, ba, ..., b, }. Then consider the following sets:

e B = {G1 U B : B is a block of BIBD(2n,3,\) on G2 U G3};
e By = {G1 UB: Bis a block of BIBD(n,3,u) on Gy and G3};
o B3 ={{a} UB:a€ G, and B is a block of BIBD(n, 3, 1) on G; for ¢, j = 2,3 and i # j}.

w times and every pair of elements

from G2 U G3 comes A times. In Bs, every element from G5 and G3 comes with the point of Gy ”(RT_l)

times and first associate pair from G5 and G3 comes p times. In Bs, first associate pair from Gs and Gj
comes pn times and second associate pair from Gy and G comes pi(n — 1) times. In By, first and second
associate pairs from G5 and G5 occur n and 2(n — 1) times respectively if n is odd while first and second

associate pairs from G5 and G3 occur % and n — 1 times respectively if n is even.

Suppose we have i copies of By, j copies of Bs, u copies of Bs and v copies of By. Then the following
matrix displays the replication number of each pair (a1, ), (a1, az2) and (a1,b1) in By, jBa, uBBs and vBy,
where ¢, j, u and v are any nonnegative integers.

In By, every element from G5 U G5 comes with the point of G

For n even,

(a1,2)  (a1,a2)  (a1,b1)

By (A gy i
jBQ J(ngl)# j/’b 0
ulB3 0 unp  up(n —1)

vBy 0 wn/2  v(n—1)
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when

. . i(2n—1)A+ju(n—1
So we have a GDD(1,n,n,4;i\ + ju + unp + vn/2, %)

i(2n — DA+ ju(n — 1)

5 =iAt+uu(n—1)+v(n—1). (3)
For n odd,
(a1,z)  (a1,a2)  (a1,b1)
iBy (DA gy ix
B, j(n;l)u ju 0
ubBB3 0 unpy  up(n —1)
vBy 0 n 2v(n—1)

So we have a GDD(1,n,n,4;i\ + ju + unp + vn, W) when

i(2n — DA+ ju(n — 1)
2

=X +up(n—1)+2v(n —1). (4)

O

Theorem 2.2. (a) If a BIBD(2n,b,r,3,\) exists for odd n and if r — X = 2(n — 1)t, then a
GDD(1,n,n,4; A + nt,r) exists.

(b) If a BIBD(2n,b,,3,\) exists for even n and if r — X = (n—1)t, then a GDD(1,n,n,4; A+ %, r)

exists.

Proof. Let B={G1UB: B is a block of BIBD(2n,b,r,3,A)}. Then ¢ copies of B, along with B give
the required GDD. O

Example 2.3. As a BIBD(6,40,20,3,8) exists, r — X\ =12 =4 x 3. We get a GDD(1,3,3,4;8+3 x 3 =
17,20 = (8 4 3 x 4)) using 3 copies of By.

Essentially, By is a GDD on two groups of size n, where the indices depend on n odd or even.
For n even, By= GDD(n,n,4;\1 = 5, 2 = n — 1) and for n odd, By= GDD(n,n,4; A1 = n, A2 =
2(n —1)). Now the replication number r for a BIBD(2n,3,\) is @ If we wish r — A to be a

. . . . _ 2s(n—1)
multiple of (n —1) , say s(n — 1) when n is even (respectively 2s(n — 1) when n is odd), then A = =5
(respectively A = 48'2%:31) ). For s =2n—3, A = 2(n —1) for n even (respectively A = 4(n — 1) for n odd).

Example 2.4. For n = 4, we have GDD(1,4,4,4;16,21) by using blocks of a BIBD(8,b,21,3,6) and
s =15 copies of By =GDD(4,4,4;2,3).

Example 2.5. Forn =5, we have GDD(1,5,5,4;51,72) by using blocks of a BIBD(10,b,72,3,16) and
s =T copies of By =GDD(5,5,4;5,8).

In general :
Theorem 2.6. For n even, using a BIBD(2n,3,2(n — 1)) and 2n — 3 copies of a GDD(n,n,4; 5,n — 1),
a GDD(1,n,n,4; w, (n—1)(2n—1)) and for n odd, using a BIBD(2n,3,4(n—1)) and 2n— 3 copies
of a GDD(n,n,4;n,2(n — 1)), a GDD(1,n,n,4;2n% +n —4,2(n —1)(2n — 1)) emists.

In the next section, we obtain some necessary conditions for the existence of a GDD(1,n,n, 4; A1, A2).
Towards this aim, assuming a GDD(1,n,n,4; A1, A2) exists, we count the number of blocks, r;, containing
a given element = of G; for i = 1,2, 3, and the required number of blocks, say b, for the GDD.
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3. Necessary conditions

Suppose a GDD(1,n,n,4; A1, \2) exists with groups G1, G2, G of size 1, n, n respectively. Let r; be
the replication number of each element of G; for i = 1,2,3. As the size of G5 is equal to the size of G3,

ro = r3. Then by counting argument, r; = 2”3’\2 and ro = r3 = M=DHAa D) ot p be the required

3
number of blocks for a GDD(1,n,n,4; A1, A2) if it exists. Since 4 x b = r; x 1 + 79 x (n + n), we have
h— A1 (n2—n)+Aa(n%+2n)

5 .

As r1 and 75 must be integers, we have the following.

e If n =0 (mod 3), then A\; = A2 (mod 3).

e If n=1 (mod 3), then Ay =0 (mod 3).

e If n =2 (mod 3), then Ay =0 (mod 3) and Ay =0 (mod 3).
Since b must be an integer, we have the following.

o If n =0,4 (mod 6), then no restriction on A; and As.
o If n =1,3 (mod 6), then Ay =0 (mod 2).

e If n =2 (mod 6), then \; + Ao =0 (mod 3).

e If n =5 (mod 6), then 2A\; + 5 2 =0 (mod 6).

Hence some basic necessary conditions for the existence of a GDD(1,n,n,4; A1, A2) are

e If n =0 (mod 6), then A; = A2 (mod 3),

e If n=1 (mod 6), then Ay =0 (mod 6),

e If n =2 (mod 6), then Ay =0 (mod 3) and Ay =0 (mod 3),
e If n =3 (mod 6), then A\; = Ay (mod 3), A2 =0 (mod 2),

o If n =4 (mod 6), then A\ =0 (mod 3), and

e If n=5 (mod 6), then Ay =0 (mod 3) and Ay =0 (mod 6).

Above necessary conditions are summarized in Table 1, where “None” means the design does not
exist for any n. A; is given in modulo 3 and A, is given in modulo 6.

A\ 1 2 3 4 5

0 all n None None n even None None

1 n=1 (mod 3)|n =0 (mod 6)|None n =4 (mod 6){n =0 (mod 3)|None

2 n=1 (mod 3)|None n=0 (mod 3)|n =4 (mod 6)|None n=0 (mod 6)

Table 1. The necessary conditions for GDD(1,n,n,4; A1, \2)

A side application of the table is that for n = 3 (mod 6) instead of constructing three families:
GDD(1,6m + 3,6m + 3,4;3t,6s), GDD(1,6m + 3,6m + 3,4;3t + 1,6s + 4) and GDD(1,6m + 3,6m +
3,4;3t + 2,65 + 2), one needs to construct just one family GDD(1,6m + 3,6m + 3,4;3t,6s). Then the
family GDD(1,6m + 3,6m + 3,4; 3t + 2,6s + 2) can be obtained by taking the blocks of a GDD(1,6m +
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3,6m + 3,4;3t,6s) and the blocks of a BIBD(12m + 7,4, 2).
Similarly, a GDD(1,6m+3,6m+3,4;3t+1,6s+4) can be obtained by taking the blocks of a GDD(1, 6m+
3,6m +3,4;3(t — 1),6s) and the blocks of a BIBD(12m + 7,4, 4) where m is any nonnegative integer.

As a GDD(1,n,n,4; A1, \2) has 3 groups and blocks of size 4, each block contains at least one
associate pair. Then b < [(5) + (5)]A1 = n(n — 1)A;. Now substituting the value of b, we have the
following theorem:

Theorem 3.1. A necessary condition for the existence of a GDD(1,n,n,4; A1, A2) is

5(n—1)

A
2 n—+ 2

IN

A1

Corollary 3.2. For the existence of a GDD(1,n,n,4, 1, 2), A2 < 5Aq.

The blocks of a GDD(1,n,n,4; A1, \2), if exists, have (n? + 2n)\y second associate pairs. There can

be at most r; blocks of type (1,1,2) which account for 5r; second associate pairs, we have b — r; >

2
(+2mAs =511 ag gl other blocks can have at the most 4 second associate pairs. Thus, we have the

following:
Theorem 3.3. A necessary condition for the existence of a GDD(1,n,m,4; A1, A\a) is b > %.

Corollary 3.4. A necessary condition for the existence of a GDD(1,n,m,4; A1, A2) is Aa < @)\1 <
2)\1.

Proof. Substituting the values of b and r; in b > %, we have Ay < Q("Tfl)/\l < 2)1. O

As a consequence of the above corollary, we have

Corollary 3.5. For any nonnegative integer t and any positive integers © and s, where x < s following
GDDs do not exist.

1. A GDD(1,6t + 4,6t + 4,4; 3z + 1,65 + 3).

(

2. A GDD(1,3t,3t,4;3x + 1,65 + 4).

3. A GDD(1,6t,6t,4;3z + 2,65 + 5).
(

4. A GDD(1,n,n,4;3x,6s).

4. Existence of families of GDD(1,n,n,4; A1, A\2)

Unless otherwise stated in this section we are assuming Ay > Ao.

Remark 4.1. A GDD(1,n,n,4;0,\s) does not exist as the number of groups is less than the block size.

As a consequence of Theorem 1.4 we have following theorem where unless otherwise stated A, s and
t are nonnegative integers and n > 1.

Theorem 4.2. If a BIBD(2n+1,4, \2) and a BIBD(n,4, \) exist, then a GDD(1,n,n,4; A1 = A2+ A, A2)
exists. In particular, we have

1. A GDD(1,n,n,4;6t,6s) exists for all n > 4, where t > s.
2. A GDD(1,n,n,4;6s + 3t,6s) exists forn=0,1 (mod 4).
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3. A GDD(1,n,n,4;6t + 3s,3s) exists forn =0 (mod 2).
4. A GDD(1,n,n,4; 6t + 2s,2s) exists when n =0 (mod 3).
5. A GDD(1,n,n,4;3t + s, s) exists forn =0 (mod 12).
6. A GDD(1,n,n,4;3t + 2s,2s) exists for n =9 (mod 12).
7. A GDD(1,n,n,4;6t + X\, \) exists for n =0 (mod 6).
8. A GDD(1,n,n,4;3t,3s) exists for n =0 (mod 4), where t > s.
9. A GDD(1,n,n,4;2t + 6s,6s) exists forn =1 (mod 6).
10. A GDD(1,n,n,4;2t + 3s,3s) exists for n =4 (mod 6).
11. A GDD(1,n,n,4;6s + X, 6s) exists forn =1 (mod 12).
12. A GDD(1,n,n,4;3s + X, 3s) exists for n =4 (mod 12).

Case 1: A\, =0 (mod 6)

From Theorem 4.2(1) we have

Corollary 4.3. Necessary conditions are sufficient for the existence of a GDD(1, n,n,4; A1, ) for
A1 =0 (mod 6) and A2 =0 (mod 6).

From Theorem 4.2(2) we have

Corollary 4.4. Necessary conditions are sufficient for the existence of a GDD(1, n,n,4; A1, A2) forn =5
(mod 12).

In the above family A\ — Ay =3 (mod 6).

From the necessary conditions, when A; = 3 (mod 6) and A; = 0 (mod 3), n has to be even. From
Theorem 4.2 (3), a GDD(1,n,n,4;6t + 3,6s + 3) exists for any even n and any nonnegative integers s
and t, where ¢ > s. From Theorem 4.2(8), a GDD(1, n,n, 4; 6t,6s+ 3) exists when n = 0 (mod 4) for any
nonnegative integers s and ¢, where ¢t > s. Hence we have

Corollary 4.5. Necessary conditions are sufficient for the existence of a GDD(1, n,n,4; A1, A2) forn =0
(mod 4), Ay =0 (mod 3) and A2 =0 (mod 3).

When A\ =2 (mod 3) and Ay =0 (mod 6), from the necessary conditions, we have n =1 (mod 3).
For n =1 (mod 3), a BIBD(n,4,2) and a BIBD(2n + 1,4, 6) exist for n > 4. From Theorem 4.2(9) and
(10), we have

Lemma 4.6. A GDD(1,n,n,4;6t+2,6s) exists whenn =1 (mod 3) for any nonnegative integers s and
t, wheret > s.

For n = 1,4 (mod 12), a BIBD(n,4,5) and a BIBD(2n + 1,4, 6) exist. From Theorem 4.2(11) and
(12), we have

Lemma 4.7. A GDD(1,n,n,4;6t+ 5,6s) exists when n = 1,4 (mod 12) for any nonnegative integers s
and t, where t > s.

For A2 =0 (mod 6), and A\; = 1,2 (mod 3) from the necessary conditions, we have n =1 (mod 3).
From Theorem 4.2 ( 9) and (10), we have
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Lemma 4.8. A GDD(1,n,n,4;6t+4,6s) exists when n =1 (mod 3) for any nonnegative integers s and
t, wheret > s.

From Theorem 4.2 (11) and (12), we have the following:

Lemma 4.9. A GDD(1,n,n,4;6t + 1,6s) exists for n = 1,4 (mod 12), where s and t are nonnegative
integers such that t > s.

For n =9 (mod 12), a BIBD(n, 4, 3) and BIBD(2n + 1,4, 6) exist. So we have

Lemma 4.10. A GDD(1,n,n,4; A1 = 3t, Ao = 6s) exists when n = 9 (mod 12) for any nonnegative
integers s and t, where Ay > Ao.

Hence, we have :

Corollary 4.11. Necessary conditions are sufficient for the existence of a GDD(1,n,n,4;\1,\2) for
A1 > A2 forn=1,4 (mod 12), A\; =1 (mod 3) and A2 =0 (mod 6).

Case 2: \y =1 (mod 6)
In this case from the necessary conditions, we have Ay = 1 (mod 3) and n = 0 (mod 6). From
Theorem 4.2 (7):

Lemma 4.12. A GDD(1,n,n,4;6t + 1,6s + 1) exists when n =0 (mod 6) for any nonnegative integers
s and t, where t > s.

From Theorem 4.2 (5):

Lemma 4.13. A GDD(1,n,n,4;6t+4,6s+1) exists when n =0 (mod 12) for any nonnegative integers
s and t, where t > s.

Corollary 4.14. Necessary conditions are sufficient for the existence of a GDD(1,n,
n,4; A1, A2) forn =0 (mod 12), and s =1 (mod 6).

Case 3: \y =2 (mod 6)

In this case, Ay =2 (mod 3) and n =0 (mod 3). From Theorem 4.2(4) we have the following lemma.

Lemma 4.15. A GDD(1,n,n,4;6t + 2,6s + 2) exists when n =0 (mod 3) for any nonnegative integers
s and t, where t > s.

From Theorem 4.2(5) and (6), we have

Lemma 4.16. A GDD(1,n,n,4;6t+ 5,65+ 2) exists when n =0 (mod 12) for any nonnegative integer
s and t, where t > s.

Hence we have:

Corollary 4.17. Necessary conditions are sufficient for the existence of a GDD(1,n,n,4;\1,\2) for
n=0,9 (mod 12), and Ay =2 (mod 6).

Case 4: Ay =3 (mod 6)

In this case from the necessary conditions, when A\ = 1,2 (mod 3), n = 4 (mod 6). For n = 4
(mod 6), a BIBD(n, 4,2), a BIBD(n,4,4) and a BIBD(2n+ 1,4, 3) exist. From Theorem 4.2(10), we have
the following lemma:
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Lemma 4.18. When n =4 (mod 6), a GDD(1,n,n,4;6t+ 1,65+ 3) exists for any nonnegative integers
s and t, where t > s and a GDD(1,n,n,4;6t + 5,65 + 3) exists where t > s.

For n =4 (mod 12), a BIBD(n,4,1) and a BIBD(2n + 1,4, 3) exist. Hence we have a GDD(1,n,n,
4;3,3), a GDD(1,n,n,4;4,3) and a GDD(1,n,n,4;5,3). From Theorem 4.2 (12), we have
Corollary 4.19. Necessary conditions are sufficient for the existence of a GDD(1,n,n,4; A1, 6s+3) when
n =4 (mod 12) for any nonnegative integers s and A1, where Ay > 6s + 3.

When A\ =0 (mod 3), n =0 (mod 2), from Theorem 4.2 (8), we have

Corollary 4.20. Necessary conditions are sufficient for the existence of a GDD(1,n,n,4; A1,65+3) when
n =0 (mod 4) for any nonnegative integers s and X\, where Ay > 6s + 3.

Case 5: \y =4 (mod 6)

In this case from the necessary conditions, we have Ay = 1 (mod 3) and n =0 (mod 3). For n =0
(mod 12), a BIBD(2n + 1,4,1), and a BIBD(n, 4, 3) exist. Hence, a GDD(1,n,n,4;3z + 1,4) exists for
x > 1. Hence

Corollary 4.21. Necessary conditions are sufficient for the existence of a GDD(1,n,n,4; \; = 3t+1, Ay =
6s +4) forn=0 (mod 12).

Similarly from Theorem 4.2 (6), we have a GDD(1,n,n,4; \y = 3z + 4, A\ = 4) for a nonnegative
integer x, hence
Corollary 4.22. Necessary conditions are sufficient for the existence of a GDD(1,n,n,4; \; = 3t+1, Ay =
6s+4) forn =9 (mod 12) where Ay > Aq.

For n =0 (mod 3), a BIBD(2n + 1,4,2), a BIBD(2n + 1,4,4) and a BIBD(n, 4, 6) exist for n > 4.
From Theorem 4.2(4), we have

Lemma 4.23. A GDD(1,n,n,4;6t +4,6s +4) exists when n =0 (mod 3) for any nonnegative integers
s and t, where t > s.

Case 6: A\, =5 (mod 6)

Here, from the necessary conditions, we have A\; = 2 (mod 3) and n = 0 (mod 6). But for n =0
(mod 12), a BIBD(2n + 1,4,5) and a BIBD(n, 4, 3) exist. From Theorem 4.2(5) and (6), we have
Lemma 4.24. A GDD(1,n,n,4;6t+2,6s+5) exists when n =0 (mod 12) for any nonnegative integers
s and t, where t > s.

From Theorem 4.2(7), we have
Lemma 4.25. A GDD(1,n,n,4;6t 4+ 5,6s + 5) exist when n = 0 (mod 6) for any nonnegative integers
s and t, where t > s.

Hence we have
Corollary 4.26. Necessary conditions are sufficient for the existence of a GDD(1,n,n,4; \; = 3t+2, Ay =
6s+5) for n =0 (mod 12) where Ay > Aa.

We have summarized main results from this section in Table 2.

From Table 2, we have

Theorem 4.27. Necessary conditions are sufficient for the existence of a GDD(1,n,n,4; A1, \2) for
n=0,1,4,5,89 (mod 12) when A1 > As.
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The existence is not known for

=
=
o
A

12) |Corollary 4.3, Corrolary 4.5, Corol-
lary 4.14, Corollary 4.17, Corollary
4.20, Corollary 4.21, Corollary 4.26,
Lemma 4.12, Lemma 4.13, Lemma
4.15, Lemma 4.16, Lemma , Lemma
4.23, Lemma 4.24

1 (mod 12) |Corollary 4.3, Corollary 4.11,
Lemma 4.6, Lemma 4.7, Lemma
4.8, Lemma 4.9, Theorem 4.2 (11)
2 (mod 12) |Corollary 4.3 GDD(1,n,n,4;3t,6s + 3)
GDD(1,n,n,4;6t + 3,6s)

3 (mod 12) |Corollary 4.3, Lemma 4.15, Lemma|GDD(1,n,n,4;6t + 3,6s)
4.23 GDD(1,n,n,4;6t + 1,6s + 4)
GDD(1,n,n,4;6t + 5,65 + 2)

4 (mod 12) |Corollary 4.3, Corollary 4.5, Corol-
lary 4.11, Corollary 4.19, Corol-
lary 4.20, Lemma 4.6, Lemma 4.7,
Lemma 4.8, Lemma 4.9, Lemma
4.18

12) |Corollary 4.3, Corollary 4.4

12) |Corollary 4.3, Lemma 4.12, Lemma|GDD(1,n,n,4;6t +  3,6s)
4.15, Lemma 4.25 GDD(1,n,n,4;3t,6s + 3)
GDD(1,n,n,4;6t + 4,6s + 1)
GDD(1,n,n,4;6t + 5,65 + 2)
GDD(1,n,n,4;6t + 1,65 + 4)
GDD(1,n,n,4;6t + 2,65 + 5)

7 (mod 12) |Corollary 4.3, Lemma 4.6, Lemma|GDD(1,n,n,4;6t + 1,6s)
4.8 GDD(1,n,n,4;6t 4+  3,6s)
GDD(1,n,n, 4;6t + 5,6s)

o
=
5]
a

>
=
S
A

8 (mod 12) |Corollary 4.3, Corollary 4.5, Corol-
lary 4.20,

9 (mod 12) |Corollary 4.3, Corollary 4.17,
Corollary  4.22, Lemma 4.10,
Lemma 4.15, Lemma 4.23

10 (mod 12)|Corollary 4.3, Lemma 4.6, Lemma|GDD(1,n,n,4;6t + 3,6s)
4.8, Lemma 4.18 GDD(1,n,n,4;6¢ + 1,6s)
GDD(1,n,n,4;6t + 5,6s)
GDD(1,n,n,4;6t + 2,65 + 3)
11 (mod 12)|Corollary 4.3 GDD(1,n,n,4;6t + 3,6s)

Table 2. For the existence of a GDD(1,n,n,4; A1, A2), A1 > X2

5. Specific GDDs

In this section, we study the existence of GDD(1,n,n,4; A1, A2) for specific values of the parameters.

51. M =1

Theorem 5.1. Necessary conditions are sufficient for the existence of a GDD(1,n, n,4;1,As). Specif-
ically, a GDD(1,n,n,4;1,\s) exists when Ao = 1 and n = 0 (mod 6) and when Ay = 0 and n = 1,4
(mod 12).

Proof. For A\ = 1, by Corollary 3.4, Ay < 2, hence Ay can only be 0 or 1. A GDD(1,n,n,4;1,1)
exists for n = 0 (mod 6) as a BIBD(2n + 1,4,1) on G; U G2 U G5 exists. A GDD(1,n,n,4;1,0) exists
for n =1,4 (mod 12) as a BIBD(n,4,1) on G; for i = 2,3, where Gy, G2, G5 are groups of size 1, n, n
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respectively. O

5.2. )\1 - 2

Theorem 5.2. A GDD(1,n,n,4;2, \a) exists for Ay < 2, specifically when Ay = 2 and n = 0 (mod 3)
and when Ay =0 and n = 1,4 (mod 6).

Proof. For \; = 2, by Corollary 3.4, Ay < 4, hence Ay can be 0, 1, 2 and 3. A GDD(1,n,n,4;2,0)
exists for n =1 (mod 3) as a BIBD(n,4,2) on G; for i = 2,3, where Gy, G2, and G3 are groups of size
1, n, and n respectively. A GDD(1,n,n,4;2,1) does not exists for any n from the necessary conditions.
A GDD(1,n,n,4;2,2) exists for n =0 (mod 3) as a BIBD(2n + 1,4,2) on G; U G2 U G3 exists. O

As a GDD(1,n,n,4;2,3) exists for n = 4 (see Example 5.13) and for n = 10 (see Example 6.8), we
have

Theorem 5.3. Necessary conditions are sufficient for the existence of a GDD(1,n,m,4;2, \2) except
possibly for n =4 (mod 6), n # 4, 10 and A = 3.

Theorem 5.4. Necessary conditions are sufficient for the existence of a GDD(1,n, n,4;3,A\2). Specif-
ically, a« GDD(1,n,n,4;3,A2) exists when Ao = 3 and n = 0 (mod 2) and when Ao = 0 and n = 0,1
(mod 4).

Proof. For \; = 3, by Corollary 3.4, Ay < 6. Hence Ay can be 0 and 3. A GDD(1,n,n,4;3,0) exists for
n=0,1 (mod 4) as a BIBD(n, 4,3) on G; for i = 2,3 exists. But a GDD(1,n,n, 4;3,0) does not exist for
n = 2,3 (mod 4) by Corollary 1.7. A GDD(1,n,n,4; 3, 3) exists for n =0 (mod 2) as a BIBD(2n+1,4, 3)
on G UGo U G5 exists. O

5.4. n=2

When n = 2, both A; and Ay are 0 modulo 3. In a GDD(1,2,2,4; A1, A2), there are no blocks of type
(0,4) and (1, 3). Hence, a GDD(1,2,2,4; A1,0) does not exist. Let b; and by be the number of blocks of
type (1,1,2) and (2,2) for a GDD(1,2,2, 4; A1, A2) if it exists. Then by + 2bs = 21 and 5by + 4by = 8)s.
Hence

3b; = 8Xa — 4N

Asby=r1 = %)\2, we have
Lemma 5.5. A necessary condition for the existence of a GDD(1,2,2,4; A1, A2) is A1 = Aq.

As a GDD(1,n,n,k; A\, A) is a BIBD(2n + 1,k, A) and as a BIBD(5,4, 3) exists by Theorem 1.2, we
have

Theorem 5.6. Necessary conditions are sufficient for the existence of a GDD(1,2; 2,4; A1, Aa).

5.5. n=3

Let Gy = {z}, G2 = {a,b,c} and G5 = {1,2,3}. In a GDD(1,3,3,4; A\, \2), there is no block of
type (0,4). Let by, by and b3 be the number of blocks of type (1,1,2), (1,3) and (2, 2) respectively. Then
by + 3bg + 2b3 = 61 and 5by + 3boy + 4b3 = 15X5. As 61 = by + 3by + 2b3 < 5b1 + 3by + 4b3 = 152, we
have A\ < %)\2. Also, by Corollary 3.4, Ao < %)\1. Hence,
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Lemma 5.7. A necessary condition for the existence of a GDD(1,3,3,4; A1, \2) is %)\2 <A < 3.
In other words, %)\1 <A < %)\1,

Remark 5.8. A GDD(1,3,3,4; A1, 0) does not exist as there are no blocks of type (0,4).

Case 1.

A1 < Ag. For n =3, A\; = Ay (mod 3). Let Ay — \; =3s for some positive integer s. Let A\; = 3t + 4,
for i = 0,1,2. Then from Ay < 4)‘1 , Ao < 4t +1i. Therefore the difference Ao — A1 = 3s is less than or equal
to t. Using Ao = 3s+ A1 and )\2 < 4;‘1 the smallest \; will be 9s and Ay will be 12s. Hence the smallest
GDD where Ay — A\; = 3s is a GDD(1,3,3,4;9s,12s). For s = 1, we construct a GDD(1, 3,3,4;9,12) as
follows.

A relabeling construction

Let X = {0,1,2,3,4,5,6}, G1 = {0}, G2 = {1,2,3} and G5 = {4,5,6}. Then B = {{2,4,5,6}, {3, 5,
6,0},{4,6,0,1},{5,0,1,2}, {6,1,2,3},{0,2,3,4}, {1 3,4,5}} is a collection of blocks of a BIBD(?, 4,2
on GiUGUG3 =X
We relabel elements of these blocks using different permutations (say «) on X to get following six
isomorphic BIBDs.

e a(0) =0, a(l) =1, a(2) = 3, a(3) = 2, a(4) = 4, a(5) = 6 and «(6) = 5. Then, when we
relabel the points of X using «, the blocks of B become By = {{3,4,6,5},{2,6,5,0},{4,5,0,1}, {6,
07173}7{57173’ 2}7{07 37 2’ 4}’{1’ 27476}}'

e a(0) =0, a(l) =2, a(2) =1, a(3) = 3, a(4) = 6, a(5) = 5 and «(6) = 4. Then the blocks of B
become By = {{1,6,5,4},{3,5,4,0}, {6,4,0,2},{5,0,2,1},{4,2,1,3},{0,1,3,6},{2,3,6,5} }.

e a(0) =2, (1) =1, a(2) =0, a(3) =3, a(4) =4, a(5) = 5 and «(6) = 6. Then the blocks of B
become B; = {{0,4,5,6},{3,5,6,2}, {4,6,2,1},{5,2,1,0},{6,1,0,3},{2,0,3,4}, {1,3,4,5}}.

e a(0) =2, a(l) =1, a(2) =0, a(3) = 3, a(4) =4, a(5) = 5 and «a(6) = 6. Then the blocks of B
become By = {{0,4,5,6},{3,5,6,2}, {4, 6 ,1},{5,2,1,0},{6,1,0,3},{2,0,3,4},{1,3,4,5}}.

e a(0) =6, a(l) =1, a(2) =2, a(3) =3, a(4) =4, a(5) = 5 and «(6) = 0. Then the blocks of B
become B5 ={{2,4,5,0},{3,5,0,6}, {4,0,6,1},{5,6,1,2},{0,1,2,3},{6,2,3,4},{1,3,4,5}}.

e a(0) =6, a(l) =1, a(2) =2, a(3) =3, a(4) =4, a(5) = 5 and «(6) = 0. Then the blocks of B
become Bg = {{2,4,5,0},{3,5,0,6}, {4,0,6,1},{5.6,1,2},{0,1,2,3},{6,2, 3,4}, {1,3,4,5}.

So BUB; U...UBg gives a BIBD(7,4, 14) which contains 49 blocks. Removing the ten blocks containing
all three points 1,2,3 and all three points 4, 5,6, we have a GDD(1,3,3,4;14 —5=19,14 — 2 = 12).

In general, as a BIBD(7, 4, 14¢) exists for any positive integer ¢, we have the following result.

Lemma 5.9. A GDD(1,3,3,4;14t —5s,14t —2s) for s = 0,1,--- |t exists for any positive integer t where
s =0 gives a BIBD.

For example, when ¢ = 1, we have a GDD(1,3,3,4;14 — 5 = 9,14 — 2 = 12), and hence
by using BIBD(7,4,2) repeatedly, we have GDD(1,3,3,4;9 4+ 2m,12 + 2m), specifically we are in-
terested in GDD(1,3,3,4;13,16), GDD(1,3,3,4;15,18), GDD(1,3,3,4;17,20), GDD(1,3,3,4;19,22),
GDD(1,3,3,4;21,24).

Lemma 5.10. Necessary conditions are sufficient for the existence of a GDD(1,3,3,4; A1, A2) for A1 < As.
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Proof. A GDD(1,3,3,4;9,12) and a BIBD(7,4,2) exist. The smallest GDD(1,3,3,4; A1, A2) when
the difference Ay — A1 = 3s is GDD(1,3,3,4;9s,12s). s copies of GDD(1,3,3,4;9,12) and m copies of
BIBD(7,4,2) together give all required GDD(1, 3, 3,4;9s + 2m, 12s + 2m) where As — A\; = 3s. Recall
that for n = 3, Ay is always even. When \; = )y, necessary conditions are the same as the conditions for
the existence of a BIBD(7,4, A\1). O

Case 2

A1 > Ag2. Since a BIBD(6,3,2) and a BIBD(3,3,1) exist, we have the following from Theorem 2:
(Lz) (1,2) (La)

By 51 24 24

JBa2 J J 0

ulB3 0 3u 2u

vBy 0 3v 4v

So when 5i + j = 2i + 2u + 4v, then we have a
GDD(1,3,3,4;2i 4+ j + 3u + 3v,5i + j). (5)

Let Ay — Ay = 3s for some nonnegative integer s. As \; < %, 3s < 1.5\2. Hence when the dif-
ference Ay — Ay = 3s, smallest value of Ay is 2s and corresponding smallest parameter GDD will be
GDD(1,3,3,4;5s,2s). For s = 1, the required GDD is GDD(1, 3, 3, 4; 5, 2) which can be constructed from
5 by letting ¢ =0, j =2, u=1,v=0.

Lemma 5.11. Necessary conditions are sufficient for the existence of a GDD(1,3,3,4; A1, A2) for A1 > As.
Proof. A GDD(1,3,3,4;5,2) and a BIBD(7,4,2) exist. The smallest GDD(1, 3, 3,4; A1, A2) when the
difference A\; — Ay = 3s is GDD(1, 3, 3, 4; 5s, 2s). Note that s copies of GDD(1, 3,3, 4;5,2) and m copies of
BIBD(7, 4, 2) together give all required GDD(1, 3,3, 4; 55 + 2m, 2s + 2m) where the A\; — Ay = 3s. Recall
that for n = 3, A\ is always even. When A1 = A5, necessary conditions are the same as the conditions for
the existence of a BIBD(7,4, A1). O

Lemma 5.10 and Lemma 5.11 together complete the case for n = 3 and we have

Theorem 5.12. Necessary conditions are sufficient for the existence of a GDD(1,3,3,4; A1, A2).

56. n=4

Example 5.13. A GDD(1,4,4,4;2,3) with G, = {z}, Go = {a,b,c,d} and G3 ={1,2,3,4}. The blocks
are given below in columns.

N S
[N ST
w N SR
w NN o8
= o o8
N QR
w L 8
=~ o o8
N = o
N = Q0
=W o 2
=W a0
w = o 2
W = Qo
=N o
=N Q) o

For n = 4, from Theorem 3.3, Ao < %)\1. Hence, we have the following corollary:

Corollary 5.14. A necessary condition for the existence of a GDD(1,4,4,4; A1, Aa) is A\p > %)\2,

From Table 1, we need to construct two families: GDD(1, 4,4, 4; A\, 6s) and GDD(1,4,4,4; A\;,65+3)
where s and A; are nonnegative integers. For the first family, by Corollary 5.14, A\; > 4s. Using 2s copies
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of the GDD(1,4,4, 4;
2,3) and A copies of BIBD(4,4, 1), we have a GDD(1,4,4,4;4s + A, 6s), for any A.

To construct a GDD(1,4,4,4; A\,6s + 3), we observe that by Corollary 5.14, \; > 4s + 2. Hence
using 2s+ 1 copies of the GDD(1,4,4,4;2,3) and A copies of a BIBD(4, 4,1), we have GDD(1, 4,4, 4;4s+
24 X, 6s + 3), for any nonnegative integer A. Hence we have:

Theorem 5.15. Necessary conditions are sufficient for the existence of a GDD(1,4,4,4; A1, A2).

6. Difference families constructions

The aim of this section is to construct some examples of GDDs with a difference family. In the
process we make some comments to show sufficiency in certain cases.

6.1. n=5

Recall for n = 5, from the necessary conditions, Ay = 0 (mod 6). So let Ay = 6¢ where ¢ is a
nonnegative integer. Now from the necessary condition, we have A\; < Ay < 2A1. Let Ay — A\; =3s. Then
using As < 2A1, 3s < A1. If smallest possible value of A\ is 3s 4 3, then Ay = 6s + 3 not 0 mod 6. Hence
the smallest possible value of A\; has to be 3s+ 6 and Ay = 6s+ 6. For example, when s = 1 the smallest
possible GDD will be GDD(1,5,5,4;9,12).

We present a difference family construction for GDD(1,5,5,4;9,12).
Example 6.1. Let the groups be G1 = {o0}, G2 = {1,3,5,7,9} and G3 = {0,2,4, 6,8}.
5,1,2

Diﬁer@nce famdy is {{OO,O,1,3},{OO,O,1,4},{0070,3,4},{0070,3,6},{0, ’ Ly 3{03571a3}a{075117
4},{0,5,2,3},{0,5,2,4},{0,5,3,4}}.

Hence, we also have GDD(1,5,5,4;6m + 9t,6m + 12t) for nonnegative integers m and t.
Theorem 6.2. The necessary conditions for the existence of a GDD(1,5,5,4;6t,6s) are sufficient for

t > s and the necessary conditions for the existence of a GDD(1,5,5,4; 6t + 3,6s) are sufficient for
t>s—1

On the other hand, let Ay — A2 =3s, as A2 =0 (mod 6), a GDD(1, 5,5, 4; 6¢,6t) and a BIBD(5,4, 3)
exist, hence a GDD(1,5, 5, 4; 6t + 3s, 6t) exists.

Theorem 6.3. The necessary conditions for the existence of a GDD(1,5,5,4; A1, \2) are sufficient for
A1 > Ao

6.2. n=26

Let Gy = {0}, G2 ={1,3,5,7,9,11} and G35 = {0,2,4,6,8,10} be groups.

Example 6.4. The following multiset {{oc0,0,2,4},{0,1,4,5},{0,2,7,8},{0,2,4,6},{0,3,6,9}, {0,
3,6,9}} is a difference family for a GDD(1,6,6,4;6,3). Note that {0,3,6,9} is a short difference set
and gives only three blocks. These bocks cover difference 3 and 6 pairs only once. Hence, we also have a
GDD(1,6,6,4; m + 6t,m + 3t) for any nonnegative integers m and t.

Example 6.5. The following multiset {{c0,0,1,5}, {00,0,2,3},{0,0,3,4},{0,1,2,5},{0,1,4,5},
{0,1,7,10},{0,2,7,8},{0,3,5,10}, {0, 3,6,9}, {0, 3,6,9}} is a difference family for « GDD(1,6,6,4; 6,9)
Hence, we also have a GDD(1,6,6,4;m + 6t,m + 9t) for any nonnegative integers m and t.

Example 6.6. A GDD(1,6,6,4;4,1) can be constructed by difference family: {{c0,0, 4,8},{0,1,4,6},
{0,2,4,6}}.
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}a {Oa 1767 7}7

Example 6.7. The difference family for a GDD(1,6,6,4;5,2) is {{c0,0,4,8},{00,0,4,8
0,2,4,6,8,10}.

{0,2,4,5},{0,2,4,10},{0,3,6,9} where Gy ={0}, G2={1,3,5,7,9,11} and G3={0,2,4,6,

So we have a GDD(1,6,6,4;3t+ 1,3s+ 1) for t > s+ 1, GDD(1,6,6,4;3t +2,3s+ 2) for t > s + 1,
GDD(1,6,6,4;6t + 1,65+ 1), GDD(1,6,6,4;6t + 1,65 + 1) and GDD(1, 6,6, 4; 6t + 3,6s + 3) for t > s.

6.3. n=10

Example 6.8. G; = {0}, G2 ={1,3,5,...,19} and G5 = {0,2,4, ...,18}.

The difference family {{~,0,3,6},{0,1,3,7},{0,1,8,9},{0,5,7,16},{0,5,10,15}, {0,5,10,15}}
provides o GDD(1,10,10,4;2,3).

7. Summary

We used interesting construction techniques to construct specific examples for GDDs and obtained an
important general construction for GDDs with three groups of sizes 1, n, n with block size 4. We obtained
necessary conditions for the existence of these GDDs and proved that they are sufficient for specific values
of n, specific values of A; and for the existence of a GDD(1,n,n,4; A1, A2) for n =0,1,4,5,8,9 (mod 12)
when A1 > Ay. The work leads to several open problems including questions on the existence of unknown
families of GDDs.
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