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Misner formalism. The obtention of autonomous Hamiltonians is achieved by
the transition to Routhians. Order reduction of higher derivative Hamiltonians
results in standard Hamiltonians. Tetrad representation of general relativity
is introduced for the tackling of compact binaries with spinning components.
Configurations are treated where the absolute values of the spin vectors can
be considered constant. Compact objects are modeled by use of Dirac delta
functions and their derivatives. Consistency is achieved through transition to d-
dimensional space and application of dimensional regularization. At the fourth
post-Newtonian level, tail contributions to the binding energy show up. The
conservative spin-dependent dynamics finds explicit presentation in Hamil-
tonian form through next-to-next-to-leading-order spin-orbit and spinl-spin2
couplings and to leading-order in the cubic and quartic in spin interactions.
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historical issues get pointed out.
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1 Introduction

Before entering the very subject of the article, namely the Hamiltonian treat-
ment of the dynamics of compact binary systems within general relativity
(GR) theory, some historical insight will be supplied. The reader may find
additional history, e.g., in [Damout (Il_%?gﬂ, LlM), IFutamase and Itoll (lZDD_Z‘),

Blanchet (2014), Portd (2016).
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1.1 Early history (1916-1960)

The problem of motion of many-body systems is an important issue in GR (see,
e.g., 'Damour [1983a, |J_9&H) Earliest computations were performed by Droste,
de Sitter, and Lorentz in the years 19161917, at the first post-Netwonian
(IPN) order of approximation of the Einstein field equations, i.e., at the order
n = 1, where (1/¢?)" corresponds to the nth post-Newtonian (PN) order with
n = 0 being the Newtonian level. Already in the very first paper, where Droste
calculated the 1PN gravitational field for a many-body system (Im m),
there occurred a flaw in the definition of the rest mass m of a self-gravitating
body of volume V (we follow the Dutch version; the English version contains
an additional misprint), reading, in the rest frame of the body, indicated in

the following by =,
roste . SU
D t:1916/ d%g :/ d3xg* (1 — —2) , (1.1)
1% 1% ¢

where the “Newtonian” mass density g. = v/—gou’/c [g = det(g,.), u’ is the
time component of the four-velocity field u#, utu, = —c?] fulfills the metric-
free continuity equation

0o« + div(p.v) =0, (1.2)

where v = (v?) is the Newtonian velocity field (with v* = cu/u°). The New-
tonian potential U is defined by

AU = —4n Gy, (1.3)

with the usual boundary condition for U at infinity: lim|y| o U(r,t) = 0. Let
us stress again that the definition (IT)) is not correct. The correct expression
for the rest mass contrarily reads, at the 1PN level,

mi/vdsxg* (HC%(H_%))’ (1.4)

with specific internal energy I1. For pressureless (dust-like) matter, the correct
1PN expression is given by

m:/ d3z o, i/ dgscy/det(gij)g:/ dVo, (1.5)
1% 1% 1%

where dV = y/det(g;;) d®z.

The error in question slept into second of two sequential papers bym
(@Jﬂ, @) when calculating the 1PN equations of motion for a many-body
system. Luckily, that error had no influence on the de Sitter precession of the
Moon orbit around the Earth in the gravitational field of the Sun. The error
became identified (at least for dusty matter) by [Eddington and Clark (1938).
On the other side, [Levi-Civita (1937H) used the correct rest mass formula
for dusty bodies. Einstein criticized the calculations by Levi-Civita because
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he was missing pressure for stabilizing the bodies. Hereupon, Levi-Civita ar-
gued with the “effacing principle”, inaugurated by Brillouin, that the internal
structure should have no influence on the external motion. The 1PN grav-
itational field was obtained correctly by Levi-Civita but errors occurred in
the equations of motion including self-acceleration and wrong periastron ad-

vance (Levi-Civita [1937a, [Damour and Schiifer [1988). Full clarification was
achieved by [Eddington and Clark @938), letting aside the unstable interior

of their dusty balls. Interestingly, in a 1917 paper by Lorentz and Droste (in
Dutch), the correct 1PN Lagrangian of a self-gravitating many-body system of
fluid balls was obtained but never properly recognized. Only in 1937, for the
edition of the collected works by Lorentz, it became translated into English
dLanLz_and_Dmsjéll%_ﬂ A full-fledged calculatlon made by Einstein, Infeld,
and Hoffmann (@ —posed in the spirit of Hermann Weyl by making use
of surface integrals around field singularities—convincingly achieved the 1PN
equations of motion, nowadays called Einstein—Infeld-Hoffmann (EIH) equa-
tions of motion. Some further refining work by Einstein and Infeld appeared in
the 1940s. [Fichtenhol (LL%ﬂ) computed the Lagrangian and Hamiltonian out
of the EIH equations. A consistent fluid ball derivation of the EIH equations

has been achieved by [Fock (1939), M@ﬁ%ﬂ) (delayed by World-War-II),
and [Papapetrod (19514) (see also [Fock ).

In the 1950s, Infeld and Plebanski rederived the EIH equations of motion
with the aid of Dirac §-functions as field sources by postulating the properties
of Infeld’s “good” d-function (Infeld 1954, 1957, Infeld and Plebariski/1960; see
Sect. 2 of our review for more details). Also in the 1950s, the Dirac J-function
became applied to the post-Newtonian problem of motion of spinning bodies
by [Tulczyjew (1959), based on the seminal work by Mathisson (1937, 2010),
with the formulation of a general relativistic gravitational skeleton structure of
extended bodies. Equations of motion for spinning test particles had been ob-
tained before by [Papapetrou (19514) and |(Corinaldesi and Papapetrou (1951).
Further in the 1950s, another approach to the equations-of-motion problem,
called fast-motion or post-Minkowskian (PM) approximation, which is particu-
larly useful for the treatment of high-speed scatterm%aproblems was developed

and elaborated by&r_tmﬂ (I_L%_d and Ker1 (L'LMJE at the 1PM level. First
results at the 2PM level were obtained by [Bertotti and Plebanski (1960).

1.2 History on Hamiltonian results

Hamiltonian frameworks are powerful tools in theoretical physics because of
their capacity of full-fledged structural exploration and efficient application
of mathematical theories (see, e.g., Holm [1&&51, |Alexandel M, [Vinti LL%H)
Most importantly, Hamiltonians generate the time evolution of all quantities
in a physical theory. For closed systems, the total Hamiltonian is conserved
in time. Together with the other conserved quantities, total linear momentum
and total angular momentum, which are given by very simple universal expres-
sions, and the boost vector, which is connected with the Hamiltonian density
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and the total linear momentum, the total Hamiltonian is one of the generators
of the globally operating Poincaré or inhomogeneous Lorentz group. A natu-
ral ingredient of a Hamiltonian formalism is the (3+1)-splitting of spacetime
in space and time. Consequently Hamiltonian formalisms allow transparent
treatments of both initial value problems and Newtonian limits. Finally, for
solving equations of motion, particularly in approximation schemes, Hamilto-
nian frameworks naturally fit into the powerful Lie-transform technique based
on action-angle variables ([HQL“;L%H, IKsz_hu;_a”lm, [}hnﬂll&%ﬂ,
2013).

Additionally we refer to an important offspring of the Hamiltonian frame-

work, the effective-one-body (EOB) approach, which will find its presentation
in an upcoming Living Reviews article by Thibault Damour. References in

the present article referring to EOB are particularly Buonanno and Damou
(1999, 2000), IDamour _et_al (20004), Damowd (2001), [Damour et _al (2008H),
Damour et al (2015), Damow! (2016).

The focus of the present article is on the Hamiltonian formalism of GR
as developed by Arnowitt, Deser, and Misner (ADM) (Arnowitt et al 1959,
IH), with its Routhian modification ([lammzskmmdjgh_a&ﬂ[]ﬂﬂﬁ |2_O_O_O_d)
(where the matter is treated in Hamiltonian form and the field in the La-
rangian [%iﬁ and classical-spin generalization (Steinhoff and Schifer 20094,
m and with application to the problem of motion of binary sys-
tems with compact components including proper rotation (spin) and rotational
deformation (quadratic in the spin variables); for other approaches to the prob-
lem of motion in GR, see the reviews by [Futamase and Itoh (2007), Blanchet
(2014),Portd (2016). The review article by |Arnowitt, Deser, and Misnel (1962)
gives a thorough account of the ADM formalism (see also Regge and Teitel-
boim 1974 for the discussion about asymptotics). In this formalism, the final
Hamiltonian, nowadays called ADM Hamiltonian, is given in form of a vol-
ume integral of the divergence of a vector over three-dimensional spacelike
hypersurface, which can also naturally be represented as surface integral at
flat spatial infinity °.

It is also interesting to give insight into other Hamiltonian formulations
of GR, because those are closely related to the ADM approach but differ-
ently posed. Slightly ahead of ADM, [Dirad ([1_958, [1959) had developed a
Hamiltonian formalism for GR, and slightly afterwards, |Schwingerl (I_l_%ﬁ_djﬂ)
Schwinger’s approach starts from tetrad representation of GR and ends up with
a different set of canonical variables and, related herewith, different coordinate
conditions. Dirac has developed his approach with some loose ends toward the
final Hamiltonian (see Sect. 2.1 below and also, e.g., mm), but the coor-
dinate conditions introduced by him—mnowadays called Dirac gauge—are often
used, mainly in numerical relativity. A subtle problem in all Hamiltonian for-
mulations of GR is the correct treatment of surface terms at spacelike infinity

which appear in the asymptotically flat spacetimes. In 1967, this problem has
been clearly addressed bywml)) and later, in 1974, full clarification

has been achieved ble@ggf_&nd_Tﬂmllmrﬂ ( IQZA For a short comparison of
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the three canonical formalisms in question, the Dirac, ADM, and Schwinger
ones, see [Schiifel (@)

The first authors who had given the Hamiltonian as two-dimensional sur-
face integral at i® on three-dimensional spacelike hypersurfaces were ADM. Of
course, the representation of the total energy as surface integral was known
before, particularly through the Landau-Lifshitz gravitational stress-energy-
pseudotensor approach. Schwinger followed the spirit of ADM. He was fully
aware of the correctness of his specific calculations modulo surface terms
only which finally became fixed by asymptotic Lorentz invariance consider-
ations. He presented the Hamiltonian (as well as the other generators of the
Lorentz group) as two-dimensional surface integrals. Only one application of
the Schwinger approach by somebody else than Schwinger himself is known
to the authors (apart from [Faddeey who presented Einstein’s theory of
gravitation in the Schwinger canonical variables). It is the paper by Kibble
in 1963 in which the Dirac spin-1/2 field found a canonical treatment within
GR (Im M) This paper played a crucial role in the implementation of
classical spin into the ADM framework by |Steinhoff and Schéfer (20094) and
Steinhoff m) (details can be found in Sect. [l of the present article).

The ADM formalism is the most often used Hamiltonian framework in the
analytical treatment of the problem of motion of gravitating compact objects.
The main reason for this is surely the very well adapted coordinate conditions
for explicit calculations introduced by [Arnowitt, Deser, and Misnerl (I_L9_6Dd)
(generalized isotropic coordinates; nowadays, for short, often called ADMTT
coordinates, albeit the other coordinates introduced by |Arnowitt. et al[1962, are
ADMTT too), though also in Schwinger’s approach similar efficient coordinate
conditions could have been introduced M) Already Kimura M)
started application of the ADM formalism to gravitating point masses at the
1PN level. In 1974, that research activity culminated in a 2PN Hamiltonian
for binary point masses obtained by [Hiida _and Okamura (IlQ_’Zﬂ), Ohta. et al
(MJE) However, one coefficient of their Hamiltonian was not correctly
calculated and the Hamiltonian as such was not clearly identified, i.e., it was
not clear to which coordinate system it referred to. In 1985, full clarification
has been achieved in a paper by [Damour and Schifer (IJ_M) relying on the
observation by Schiiferl (@) that the perturbative use of the equations of
motion on the action level implies that coordinate transformations have been
applied; also see Barker and O’Connell (1984.11986). In addition, Damour and
Schiifer (1985) showed how to correctly compute the delicate integral (UTT)
which had been incorrectly evaluated by Hiida and Okamurd (1972). Ohta
et al (IJ_9_’L4_a|JH), and made contact with the first fully correct calculation of the
2PN dynamics of binary systems (in harmonic coordinates) by Damour and
Deruelle (1981)), Damout (1982) in 1981-1982.

In [Schiifer (IM), the leading-order 2.5PN radiation reaction force for
n-body systems was derived by using the ADM formalism. The same force
expression had already been obtained earlier by [Schiiferl (@) within coor-
dinate conditions closely related to the ADM ones—actually identical with
the ADM conditions through 1PN and at 2.5PN order—and then again by
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Schifel (19834), as quoted in [Poisson and Will (2014), based on a different
approach but in coordinates identical to the ADM ones at 2.5PN order. The
2PN Hamiltonian shown by [Schifel (@) and taken from Qhta et al (1974H),
apart from the erroneous coefficient mentioned above, is the ADM one as dis-
cussed above (the factor 7 in the static part therein has to be replaced by
5), and in the definition of the reaction force in the centre-of-mass system, a
misprinted factor 2 is missing, i.e. 2F = F; — F5. The detailed calculations
were presented in (@), and in [Schifel M), a further ADM-based
derivation by use of a PM approximation scheme has been performed. At 2PN
level, the genuine 3-body potential was derived by Schiifed M) However, in
the reduction of a 4-body potential derived by [Qhta. et al ([]_9_11, U_Qﬂallﬂ) to
three bodies made by @éﬁ ) some combinatorical shortcomings slept
in, which were identified and corrected by [Lousto and Nakand ([21)1)8), and later

by IQalamz_and_Bmgmanﬂ ([21)_1_1| in different form. The n-body 3.5PN non-

autonomous radiation reaction Hamiltonian] was obtained by the authors in
Jaranowski and Schifer (1997). confirming energy balance results in Blanchet
and Schéfer ),dzzzfofid the equations of motion out of it were derived by
Komiesdortt i ).

Additionally within the ADM formalism, for the first time in 2001, the
conservative 3PN dynamics for compact binaries has been fully obtained by
Damour and the authors, by also for the first time making extensive use of the
dimensional regularization technique ([Dammuﬁ_;ﬂ IZDD_JJ) (for an earlier men-
tioning of application of dimensional regularization to classical point particles,
see [Damour 1980, 119834 and for an earlier n-body static result, i.e. a result
valid for vanishing particle momenta and vanishing reduced canonical variables
of the gravitational field, not based on dimensional regularization, see Kimura
and Toiya llﬂﬂ) Only by performing all calculations in a d-dimensional space
the regularization has worked out fully consistently in the limit d — 3 (later
on, a d-dimensional Riesz kernel calculation has been performed too, Damour
et al |2_O_O_&a|) In purely 3-dimensional space computations two coefficients, de-
noted by wkinetic and wstatic, could not be determined by analytical three-
dimensional regularization. The coefficient wyipetic was shown to be fixable by
insisting on global Lorentz invariance and became thus calculable with the
aid of the Poincaré algebra (with value 41/24) (Damour et al [2000dd) A The
first evaluation of the value of wgiatic (namely Wstatic = 0) was obtained by

i i ,12000B) by assuming a matching with the Brill-
Lindquist initial-value configuration of two black holes. The correctness of

I In such a particle Hamiltonian, the field degrees of freedom are treated as independent
from the particle variables, rendering the particle Hamiltonian an explicit function of time.

2 L. Blanchet (private communication) and P. Bizoi and A. Staruszkiewicz (private
communication) suggested to the authors of[Damour et al (2000d) that the coefficient wiinetic
should be fixable by insisting on global Lorentz invariance. It found explicit verification by
[Jaranowski and Schéfed (2000H). L. Blanchet had obtained the analytical value of wWyinetic
and communicated the three-digit approximate value 1.71 of wyipetic before completion of
[Damour et al (2000d). Derivation of wyipetic in harmonic coordinates by
(Im, M) crucially relies on the extended Hadamard regularization method, see Sect.
(4 below.
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this value (and thereby the usefulness of considering that the Brill-Lindquist
initial-value data represent a relevant configuration of two black holes) was
later confirmed by dimensional regularization (Damour et al [2001)). Explicit
analytical solutions for the motion of compact binaries through 2PN order

were derived by [Damour and Schiifer (1988) and [Schifer and Wex (19931)d),
and through 3PN order by Memmesheimer et._al (12_0_03), extending the sem-
Damour and Deruelld

&PN post-Keplerian parametrization proposed by
).

Quite recently, the 4PN binary dynamics has been successfully derived,
using dimensional regularization and sophisticated far-zone matching (Jara-
nowski and Schifer 2012, 2013, [Damour et _al 2014, lJaranowski and Schiifer

). Let us remark in this respect that the linear in G (Newtonian gravita-
tional constant) part can be deduced to all PN orders from the 1PM Hamil-
tonian derived by Ledvinka et al (IZDDS) For the first time, the contrlbutlons
to 4PN Hamiltonian were obtained by the authors in
(IE) through G? order, including additionally all log-terms at 4PN going up
to the order G°. Also the related energy along circular orbits was obtained as
function of orbital frequency. The application of the Poincaré algebra by Jara-
nowski and Schéfer (IZQH) clearly needed the noncentre-of-mass Hamiltonian,

though only the centre-of-mass one was published. By Llamlmskmld_&hafgﬂ
(Iﬁ), all terms became calculated with the exception of terms in the reduced
Hamiltonian linear in the symmetric mass ratio v = myms/(m; +msz)? (where
my and mz denote the masses of binary system components) and of the orders
G2, G*, and G°. Those terms are just adding up to the log-terms mentioned
above. However, taking a numerical self-force solution for circular orbits in the
Schwarzschild metric into account, already the innermost (or last) stable cir-
cular orbit could be determined numerically through 4PN order by Jaranowski

and Schifer (2013).
The computations by [Jaranowski and Schiifer (2012, 2013, 2015) are all

based on a straightforward use of the PN expansion, and are thereby a priori
only valid in the near zone. The formal extension of the 4PN-level near-zone
computation to the full space implies the appearance of infrared (IR) diver-
gences (linked to the formal limit » — oo). The regularization of these IR
divergences is unambiguous, except for a single 4PN-level ambiguity coeffi-
cient, denoted by C' in [Damour et. al ([21)_1_4), linked to the arbitrariness in the
IR regulator scale s entering within a logarithm (see Eq. (3.7) in

M) The value of C' (C'= —1681/1536) was, however, uniquely determined
in [Damour et al (2014) by combining several other previous results: 1) the
understanding that the IR effect responsible for this logarithmic ambiguity
was in precise agreement with a nonlocal 4PN tail effect discovered long ago
(1988)—and recovered within the ADM formalism by
Damour_et._al ([2Q1_d), 2) the “first law of binary black-hole mechanics” by
Le Tiec et al ([2Qlj) allowing one to link the energy-angular-momentum func-
tion E(j,v) to the redshift along circular orbits; and, most importantly from
the conceptual point of view, 3) a computation, at first order in the symmetric

mass ratio v, of the redshift by Bini and Damout (2013), obtained by using an
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analytical representation of the (linear in v) metric perturbation in terms of
series of hypergeometric functions M) The crucial point is that

the latter analytical representation incorporated a precise matching between
the near-zone metric and the far-zone one, thereby providing the “beyond-
PN” information needed for the analytical determination of the value of C.

Previous results obtained by [Le Tiec et al (2012) and [Barausse et. al (2012a),
based on numerical self-force computations (lBlathfjﬁ_a] IZMDH), had given

an approximate numerical knowledge of a PN expansion coefficient equivalent
to the knowledge of C. Applications of 4PN Hamiltonian dynamics for bound

z(al%?nbound orbits were performed by [Damour et al (12_015]), Bini and Damou
).

For spinning bodies, counting spin as 0.5PN effect, the 1.5PN spin-orbit
and 2PN spin-spin Hamiltonians were derived by [Barker and O’Connell ([]_9_15],
@), where the given quadrupole-moment-dependent part can be regarded
as representing spin-squared terms for extended bodies (notice the presence
of the tensor product of two unit vectors pointing each to the spin direction
in the quadrupole-moment-dependent Hamiltonians). For an observatlonally
important application of the spin-orbit dynamics, see
(@) In 2008, the 2.5PN spin-orbit Hamiltonian was successfully calculated
by Damour_et. al (I2_O_O_&J), and the 3PN spinl-spin2 and spinl-spinl binary
black-hole Hamiltonians by [Steinhoff et_al (IZDDﬁa”alE) The 3PN spinl-spinl
Hamiltonian for binary neutron stars was obtained bylﬂﬁzgr,ﬂ_a] ([2Ql_d) The
3.5PN spin-orbit and 4PN spinl-spin2 Hamiltonians were obtained by Hartung
and Steinhoff (I2_Olla|lﬂ (also see [Hartung et al 12013 and [Levi and Steinhoff
2014). The 4PN spinl- spml Hamiltonian was presented in [Levi and Steinhoff
m) Based on the Dirac approach, the Hamiltonian of a spinning test-
particle in the Kerr metric has been obtained by [Barausse et al (2009, 20121).
The canonical Hamiltonian for an extended test body in curved spacetime,
to quadratic order in spin, was derived by [Vines et _al (I2_Oj_d) Finally, the
radiation-reaction Hamiltonians from the leading-order spin-orbit and spinl-
spin2 couplings have been derived by [Steinhoff and Wang (2010) and Wang

et al (2011).

1.3 More recent history on non-Hamiltonian results

At the 2PN level of the equations of motion, the Polish school founded by In-
feld succeeded in getting many expressions whereby the most advanced result
was obtained bym (@] ) in her MSc thesis from 1961 using as model for
the source of the gravitational field Infeld’s “good J-function”. Using the same
source model as applied by Fock and Petrova. Kopeikinl (1985) and Grishchuk
and Kopeikin (1986) derived the 2PN and 2.5PN equations of motion for com-
pact binaries. However, already in 1982, Damour and Deruelle had obtained
the 2PN and 2.5PN equations of motion for compact binaries, using analytic
regularization techniques (Damou 1982, 1983H ) (for another such deriva-
tion see Blanchet et al [1998, who additionally got the metric coefficients at
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the 2.5PN accuracy). AlsolOhta and Kimural ([L‘L&ﬂ) should be mentioned for a

Fokker action derivation of the 2PN dynamics. Regarding the coordinate con-
ditions used in the papers quoted in the present subsection, treating spinless
particles, all are based on the harmonic gauge with the exceptions of the ones
with a Hamiltonian background and those by Ryten or Ohta and Kimura.
The two-point-mass equations of motion at 3PN order in harmonic coor-
dinates were obtained complete with the exception of one parameter called
A (equivalent to wstatic, see below) by Blanchet_and Faye <[2_O_O_Qa|lﬂ) (see also

2001 and Blanchet _and Iye[2003). The derivation used the

modified version of the Hadamard regularization called the extended Hadamard
regularization (lBlanghm;_and_Ea‘ﬁ [21)1)_13”3, see Sect. [44] our review for more
details). This regularization was not able to resolve the problem of the am-
biguity parameter A, but gives a final result physically equivalent to that of
dimensional regularization, except for the unknown value of this parameter.
Using the technique of Einstein. Infeld, and Hoffmann (EIH). Itoh and Fu-
tamase ([21)1)_3) and Ttol ([21)1)_4]) succeeded in deriving the 3PN equations of
motion for compact binaries, and [Blanchet et al ([2_(10_4]) derived the same 3PN
equations of motion based on dimensional regularization.

The 3.5PN equations of motion were derived within several independent
approaches: by [Pati_and Will ([21)112) using the method of direct integration
of the relaxed Einstein equations (DIRE) developed by [Pati and Will (2000),
by [Nissanke and Blanched ([21)1)3 ) applying Hadamard self-field regularization,
by Itoh (lm ) using the EIH technique, and by |Galley and Leibovich (2012)
within the effective field theory (EFT) approach. Radiation recoil effects, start-
ing at 3.5PN order, have been discussed by Bekenstein (1973), Fitchett (I.l.9§d),
Junker and Schifer (1992), [Kidderl (1995), Blanchet et al (2003).

Bernard et al (2016) calculated the 4PN Fokker action for binary point-
mass systems and found a nonlocal-in-time Lagrangian inequivalent to the
Hamiltonian obtained by [Damour et al ([21)_1_4]) On the one hand, the local
part of the result of Bernard et al (2016) differed from the local part of the
Hamiltonian of [Damour et al (2014) only in a few terms. On the other hand,
though the nonlocal-in-time part of the action in Bernard et al (2016) was the
same as the one in Damour et al (2014, 2015), Bernard et al (2016) advocated
to treat it (notably for deriving the conserved energy, and deriving its link
with the orbital frequency) in a way which was inequivalent to the one in
Damour et al (2014, 2015). It was then shown by Damour et al (2016) that:
(i) the treatment of the nonlocal-in-time part in [Bernard et al (2016) was not
correct, and that (ii) the difference in local-in-time terms was composed of
a combination of gauge terms and of a new ambiguity structure which could
be fixed either by matching to Damour_et_al ([21)_1_4], [2_(115) or by using the
results of self-force calculations in the Schwarzschild metric. In their recent
articles ([Bﬂ:n_ami:,_a] IZMZHB) Blanchet and collaborators have recognized
that the criticisms of Damour et al (2016) were founded, and, after correcting
their previous claims and using results on periastron precession first derived
by [Damour et al ([21)_15 [2_Qlﬂ) have obtained full equivalence with the earlier

derived ADM results. Let us emphasis that [Marchand et_al ([2_(118 (also see
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Bernard et al2017a) have presented the first self-contained calculation of the
full 4PN dynamics (not making any use of self-force results), which confirms
again the correctness of the 4PN dynamics first obtained by

(lgﬂ_TA]) That calculation is based on asymptotic expansion of the radiative
gravitational field in d dimensions with matching equations to be regularized
first analytically and then dimensionally. An application of the 4PN dynamics

for bound orbits was performed by Bernard et al (20171).

The application of EFT approach to PN calculations, devised by Gold-

berger and Rothsteln (lZDDﬁ_dlE has also resulted in PN equatlons of motion

2011). At the 4PN level,
(M) calculated a quadratlc in G higher-order Lagrangian, the pubhshed
version of which was found in agreement with |Jaranowski and Schiferl (2012).
The quintic in G part of the 4PN Lagrangian was derived within the EFT ap-
proach by [Foffa et al (lé l(ll (with its 2016 arXiv version corrected by Damour
and Jaranowski M) Galley et _a M) got the 4PN nonlocal-in-time tail
part. Recently, [Porto_and Rothstein (lZ_(ll_Tl and [Portd (lm ) performed a

deeper analysis of TR divergences in PN expansions. Most recently, Foffa and
Sturani (2019) and [Foffa et al (2019) succeeded for the first time with a purely
d-dimensional derivation of the 4PN dynamics, without use of any additional
regularizations. This again shows the power of dimensional regularization in
PN calculations, which have been established for the first time at 3PN order

by [Damour et. al (2001).

The 1.5PN spin-orbit dynamics was derived in Lagrangian form by Tulczy-
jew 4195_9 and lDam_oJ_ul ). The 2PN spin-spin equations of motion were
derived by JE and [Thorne and Hartlé (ll&&d), respectively, for
rotating black holes The 2.5PN spin-orbit dynamics was successfully tackled
by [Tagoshi et al (2001), and by [Faye et al (2006), using harmonic coordi-
nates approach. Within the EFT approach, [Porto (l2£)_ld and IL%EUM)

)

succeeded in determining the same coupling (also see The

3PN s]rml s in2 dynamics was successfully tackled by [Porto_and Rothstein

(based on [Portd 2006, [Porto and Rothstein [2006) and by [Levi

and the 3PN spinl-spinl one, again bylﬂzrjp_and_Bp_thstelﬂ (lZDDﬁal)

but given in 2010 only in fully correct form |2_OJ_D_a|) For

the 3PN spinl-spinl dynamics, also see (M) The most advanced
results for spmmng b1nar1es can be found in [Levi (lZD_]_ﬂ) Marsat. et _al (l2£)_]jl

) dZQlﬁdJEB ), reaching

3.5PN and 4PN levels (also see m ). Finally, the radiation-reaction

dynamics of the leadlng—order spin-orbit and spinl-spin2 coupllngs have been

obtained by %and_“ﬂl ) and Bmﬁw_‘ﬂ ), based on the

DIRE method (see also Where the EFT method

became applied). For a review of spin effects in the radiation field, see

(2014).
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1.4 Notation and conventions

In this article, Latin indices from the mid alphabet are running from 1 to 3
(or d for an arbitrary number of space dimensions), Greek indices are running
from 0 to 3 (or d for arbitrary space dimensions), whereby 2° = ct. We denote
by x = (2%) (i € {1,...,d}) a point in the d-dimensional Euclidean space R?
endowed with a standard Euclidean metric defining a scalar product (denoted
by a dot). For any spatial d-dimensional vector w = (w') we define |w| =
VW w =/ jwiwd, so | - | stands here for the Euclidean length of a vector,
0ij = 5;» denotes Kronecker delta. The partial differentiation with respect to
x# is denoted by J, or by a comma, i.e., 9,¢ = ¢ ,, and the partial derivative
with respect to time coordinates ¢ is denoted by 0; or by an overdot, 0;¢ = (b
The covariant differentiation is generally denoted by V, but we may also write
Val(-) = ()|ja for spacetime or V;(-) = (-),; for space variables, respectively.
The signature of the (d + 1)-dimensional metric g,,,, is +(d — 1). The Einstein
summation convention is adopted. The speed of light is denoted by ¢ and G is
the Newtonian gravitational constant.

We use the notion of a tensor density. The components of a tensor density
of weight w, k times contravariant and ! times covariant, transform, when one
changes one coordinate system to another, by the law [see, e.g.. p. 501 in Misner
et al (1973) or. for more general case, Sects. 3.7-3.9 and 4.5 in Plebariski and
Krasinski (lZDDﬂ), where however definition of the density weight differs by sign
from the convention used by us]

’ / oxr’'\ , ,
s = (%) Ty @ g g TV (16)

where (0x'/0x) is the Jacobian of the transformation z — 2/(z). E.g., de-
terminant of the metric g = det(g,,) is a scalar density of weight +2. The
covariant derivative of the tensor density of weight w, k times contravariant
and [ times covariant, is computed according to the rule

Vo Ts s = 05 ﬂ T —wly ﬂzk
QL. P, (51
Fme ZFBj7 Br.. [5’1 (1.7)
For the often used case when 75 "% = |g|w/2T°‘1 5" (where Tg' 2" is a
tensor k times contravariant and [ tlmes covariant), Eq. (@) 1mphes that the

covariant derivative of 7}?1 ﬂa’“ can be computed by means of the rule,

U TEte = g lkv’Ylg|W/2+|g|w/2v’YT5al ok — |g[w/2y TS e, (1.8)

because
Vo lg|"? = 059"/ — wI? |g|"/* = 0. (1.9)
Letters a,b (a,b = 1,2) are particle labels, so x, = (z) € R? denotes

a
the position of the ath point mass. We also define r, = x — X,, 74 = |14,
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n, = r,/rq; and for a # b, vap = Xa — Xp, Tab = |Tab|, Nabp = Tab/Tap. The
linear momentum vector of the ath particle is denoted by p, = (pai), and my
denotes its mass parameter. We abbreviate Dirac delta distribution 6(x — x,)
by d, (both in d and in 3 dimensions); it fulfills the condition [ d%zd, = 1.

Thinking in terms of dimensions of space, d has to be an integer, but
whenever integrals within dimensional regularization get performed, we allow
d to become an arbitrary complex number [like in the analytic continuation of
factorial n! = I'(n + 1) to I'(2)].

2 Hamiltonian formalisms of GR

The presented Hamiltonian formalisms do all rely on a (3 + 1) splitting of
spacetime metric g, in the following form:

ds® = gppdatda” = —(Nedt)® + v (da’ + N'edt)(da? + Niedt),  (2.1)
where
Yij = gij. N=(=¢")72, N'=49N; with N;= go; (2.2)

here 7%/ is the inverse metric of v;; (vixy™ = 5J ), v = det(7i;); lowering and
raising of spatial indices is with ~;;. The splittlng 1), and the associated
explicit 341 decomposition of Einstein’s equations, was first introduced by

[Foures-Bruhat 1' %)Qd! The notations N and N° are due to Arnowitt, Deser,
and Misner : and their names, respectively “lapse” and “shift” func-
tions, are due to ). Let us note the useful relation between the
determinants g = det(g,,) and 7:

g=—N?. (2.3)

We restrict ourselves to consider only asymptotically flat spacetimes and
we employ quasi-Cartesian coordinate systems (t,z") which are characterized
by the following asymptotic spacelike behaviour (i.e., in the limit » — oo with

r = Va'lz?! and t = const) of the metric coefficients:
N=1+0(1/r), N'=0(Q1/r), ~j=20;+0(1/r), (2.4)
N;=0(1/r*), N5=0(1/r"), ~ijr=0(@1/r?). (2.5)

De Witt d_L%_ﬂ) and later, in a more refined way, B@ggmnd_’l’ﬂtﬁlbguﬂ

) explicitly showed that the Hamiltonian which generates all Einsteinian
field equations can be put into the form,

H['yij,wij,N,Ni;qA,wA] = /d?’x (NH —cNiHi)

+

C
16:C ]{0 dS; 0j(vij — dij k), (2.6)
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wherein N and N? operate as Lagrangian multipliers and where H and #; are
Hamiltonian and momentum densities, respectively; i° denotes spacelike flat
infinity. They depend on matter canonical variables ¢, 74 (through matter
Hamiltonian density H,, and matter momentum density H,,;) and read

ct 1 1 y 1
= _~1/2 _ - PO % B 1 )
H= e [ Y/ R+ e (%k%lﬂ' T 57 )] + Hu, (2.7)
Hi= S Var? & Hons (2.8)
i = 87TG’YU k mi .

where R is the intrinsic curvature scalar of the spacelike hypersurfaces of

constant-in-time slices t = #°/c = const; the ADM canonical field momentum

3

is given by the densit “ wh
is given by the density t—=m", where

mi; = =7 2Ky — Kvg), (2.9)
with K = 7Y K;j, where K;; = —NTI}; is the extrinsic curvature of t =

const slices, I7) denote Christoffel symbols; m = 4;;7%; V. denotes the three-
dimensional covariant derivative (with respect to 7;;). The given densities are
densities of weight one with respect to three-dimensional coordinate transfor-
mations. Let us note the useful formula for the density of the three-dimensional
scalar curvature of the surface ¢ = const:

VIR = Zﬁ((v”vlm — Yy 4 2y R — ) I i
+0: (v 205()). (2.10)

The matter densities H,, and H.,; are computed from components of the
matter energy-momentum tensor 7*” by means of formulae

Hun = VAT nyun, = /4 N*T, (2.11)
Hui = =/ TI'n, = /Y NTY, (2.12)

where n, = (=N, 0,0,0) is the timelike unit covector orthogonal to the space-
like hypersurfaces t = const. Opposite to what the right-hand sides of Egs.
EII)-@I2) seem to suggest, the matter densities must be independent on
lapse N and shift N? and expressible in terms of the dynamical matter and
field variables ¢, 74, 7;; only (7% does not show up for matter which is min-
imally coupled to the gravitational field). The variation of (2] with respect
to N and N? yields the constraint equations

H=0 and H; =0. (2.13)

The most often applied Hamiltonian formalism employs the following co-
ordinate choice made by ADM (which we call ADMTT gauge),

7Tii =0, 36]%]» — &qjj =0 or Yij = ’lﬂ(sij + h;-Ij‘-T, (2.14)
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where the T'T piece h;FjT is transverse and traceless, i.e., it satisfies 9; h;FJ»T =0
and hLT = 0. The TT piece of any field function can be computed by means

of the TT projection operator defined as follows

ij %(Blpjk + Pikle — PklPij), Pij = 5”' — &@A’l, (215)

where A~! denotes the inverse of the flat space Laplacian, which is taken

without homogeneous solutions for source terms decaying fast enough at in-

finity (in 3-dimensional or, if not, then in generalized d-dimensional space).

The nonlocality of the TT-operator 5;.1;Tkl is just the gravitational analogue of

the well-known nonlocality of the Coulomb gauge in the electrodynamics.
Taking into account its gauge condition as given in Eq. (2.I4]), the field

3

momentum 7 can be split into its longitudinal and T'T parts, respec-

7r
tively, N
=79 (2.16)
where the TT part ﬂfij fulfills the conditions angiT = 0 and 7% = 0 and
where the longitudinal part 7% can be expressed in terms of a vectorial function
Ve
. . . 2 ..
7 =0,V + 0,V — 5(wakvk. (2.17)

It is also convenient to parametrize the field function ¢ from Eq. (ZI4) in the
following way

Y= (1 + %¢>4. (2.18)

The independent field variables are ﬁfij and h;ij. Already [Kimura M)
used just this presentation for applications. The Poisson bracket for the inde-
pendent degrees of freedom reads

(P, 0y)) = 150
dF(x) T 3G (y) iG(y) T dF(x)
< f <5h;5-T<z> (™ ) - T 2) (4 kl(z)iaﬂz;g(z))) ’

(2.19)

where 0F'(x)/(df(z)) denotes the functional (or Fréchet) derivative. ADM gave
the Hamiltonian in fully reduced form, i.e., after having applied (four) con-
straint equations ([2I3]) and (four) coordinate conditions (ZI4]). It reads

ij !
Hred[h;roa”TjT;qA,WA] RETE j{o dS; 0j(vij — 6ijVkk)
C4 3
= 167TG d 1'(918] (’}/” — 5ij7kk)- (220)
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The reduced Hamiltonian generates the field equations of the two remaining
metric coefficients (eight metric coefficients are determined by the four con-
straint equations and four coordinate conditions combined with four otherwise
degenerate field equations for the lapse and shift functions). By making use of
[RI8) the reduced Hamiltonian (220 can be written as

Hyealh} s mip; g ma) = 160 /d3w AL wiriqt mal. (2:21)

2.1 Hamiltonian formalisms of Dirac and Schwinger

Dirac had chosen the following coordinate system, called “maximal slicing”
because of the field momentum condition,

T =yymd =0, 9;(v/347) =0. (2.22)

The reason for calling the condition 7 = 2K~/? = 0 “maximal slicing” is
because the congruence of the timelike unit vectors n* normal to the ¢t = const
hypersurfaces (slices)—as such irrotational—is free of expansion (notice that
Vunt = —K). Hereof it immediately follows that a finite volume in any slice
gets unchanged by a small timelike deformation of the slice which vanishes on
the boundary of the volume, i.e. an extremum principle holds (see, e.g.,
). The corresponding independent field variables are (no implementation
of the three differential conditions!)

g 1
T = (ﬂ” - 57”#)71/3, Gis =7, (2.23)

with the algebraic properties v;;77 = 0 and det(g;;) = 1. To leading order
linear in the metric functions, the Dirac gauge coincides with the ADM gauge.
The reduction of the Dirac form of dynamics to the independent tilded degrees
of freedom has been performed by i i d_l_9_7A), including
a fully satisfactory derivation of the Hamiltonian introduced by Dirac. The
Poisson bracket for the Dirac variables reads

~ oF G G oF

F = 3, 5kl —
e[ dz‘w)(agz—j(z) 7] 55 (2) W(z))

1 3 (~ij/o\~kl ~Kl (N ~ij oF oG

— — R — 2.24

3 [ @ 6 @) - @ @) s s 2
with ) )
gzl'cjl55(5555‘4-555?)—5%]@“, 315" =6, (2.25)

The Hamiltonian proposed by Dirac results from the expression

Hp = —

ct 3 N iy
(28, (i
e /d x 0i(y~ 20 (vy")) (2.26)
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through substituting in the Eq. (2I0) by also using the Eq. ([Z7) on-shell.
Notice that the resulting Hamiltonian shows first derivatives of the metric
coefficients only. The same holds with the Hamiltonian proposed by Schwinger,
see Eq. (229)) and the Eq. (Z27)) on-shell. The Hamiltonians (220)), (Z20), and
[229)) are identical as global objects because their integrands differ by total
divergences which do vanish after integration.

Schwinger proposed still another set of canonical field variables (¢, II;;),
for which the Hamiltonian and momentum densities have the form

4
— c —1/2(71 mn kla klil ) kla mn
H=1-a7 19" Oma"Ong” — S anOmq ™ Okq

- Eqklakln(qlﬂ)aﬂn(qlm) + 0;0;q7 + ¢"* ¢ IT;; 1Ty — (q”Hij)2) + Hum,

(2.27)

_c Im Im Im
Hi= o= [ T 0™+ 052 d™) — (20 Timg )] + Hons, (2.28)
where II;; = —y~(m; — 3mij), ¢9 = ¥, ¢ = +?; Schwinger’s canonical
field momentum #Hij is just 1607::6'771/2[(”' The Poisson bracket for the

Schwinger variables does have the same structure as the one for the ADM
variables. The Schwinger’s reduced Hamiltonian has the form

! ij ! 3 ij
167G Lo dSZ ajq = _167TG d x&iajq . (2.29)

If Schwinger would have chosen coordinate conditions corresponding to those
introduced above in Eqs. [ZI4) (ADM also introduced another set of coordi-
nate conditions to which Schwinger adjusted), namely

Hs = —

a similar simple technical formalism convenient for practical calculations would
have resulted with the independent field variables H};T and fp. To our
best knowledge, only the paper by [Kibbld @) delivers an application of
Schwinger’s formalism, apart from Schwinger himself, namely a Hamiltonian
formulation of the Dirac spinor field in gravity. Much later, Nelson and Teit-

elboim d_l_9_7ﬁ completed the same task within the tetrad-generalized Dirac
( )iféa ]géi)

formalism

2.2 Derivation of the ADM Hamiltonian

The ADM Hamiltonian was derived via the generator of field and spacetime-
coordinates variations. Let the generator of general field variations be defined
as (it corresponds to the generator G = p; da" of the point-particle dynamics



18 Gerhard Schifer, Piotr Jaranowski

in classical mechanics with the particle’s canonical momentum p; and position
a")
3

C ..
Gheld = e /d%w”a%j. (2.31)

Let the coefficients of three space-metric v;; be fixed by the relations (214,
then the only free variations left are

3
/ zﬂTTéhTT 16C7TG /d?’:cﬂjj&/) (2.32)

3

c
167G

Gfield =

or, modulo a total variation,

3 3
Gheld = 1GCTG/d3x7TTT5hTT 1607TG/d3x1/167rjj. (2.33)

It is consistent with the Einstein field equations in space-asymptotically flat

space-time with quasi-Cartesian coordinates to put [the mathematically pre-
cise meaning of this equation is detailed in the Appendix B ofmv_jpa

(19604)]

ct = %A*lwﬂ'j, (2.34)
which results in, dropping total space derivatives,
c? 3 TT c* 3
Gheld = e /d xﬂ'TT5h + m d>x Av 6t. (2.35)
Hereof the Hamiltonian easily follows in the form
H= -3 4G d3z Av, (2.36)

which can also be written, using the form of the three-metric from Eq. (ZI4),

= 167G /d3$ aiaj(%-j _5ij'7kk)- (237)

This expression is valid also in case of other coordinate conditions (Arnowitt
et al |J_9ﬁ2) For the derivation of the generator of space translations, the reader

is referred to [Arnowitt et al (1962) or, equivalently, to [Schwinger (1963al).

3 The ADM formalism for point-mass systems
3.1 Reduced Hamiltonian for point-mass systems

In this section we consider the ADM canonical formalism applied to a system of
self-gravitating nonrotating point masses (particles). The energy-momentum
tensor of such system reads

TP (x7) Zma /00 \/_“6(4)( — &k (74))d7a, (3.1)

g
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where my, is the mass parameter of ath point mass (a = 1,2, ... labels the point
masses), u$ = dz2/dr, (with cdr, = \/—gudahdzy) is the four-velocity
along the worldline z# = z#(7,) of the ath particle. After performing the
integration in ([BJ) one gets

T8 (x,1) Zma gty 5<3>(x Xq(t)), (3.2)

(l

where x, = (z¢) is the position three-vector of the ath particle. The linear four-
momentum of the ath particle equals p& = mqyu$, and the three-momentum
canonically conjugate to the position x, comes out to be p, = (pai), where
Pai = MaUai-

The action functional describing particles-plus-field system reads

c? 3,. ij X
S:/dt <m/d x 7w Opyij —i—za:pmwa—HO), (3.3)

where i! = da! /dt. The asymptotic value 1 of the lapse function enters as
prefactor of the surface integral in the Hamiltonian Hy, which takes the form

Hy = /dgx (NH — cN'H,;) _ dS; 05 (Vij — 0ijVkk)s (3.4)

167G

where the so-called super-Hamiltonian density A and super-momentum den-

sity H; can be computed by means of Eqs. (Z7)-(23), @II)-@2I2), and B.2).

They read [here we use the abbreviation 6, for §)(x —x,)]

5 1 J 1/2 2 2 ij 1/2
= 16nC 1/2 ”z - _7T R JFZ myc” + Y paipaj) da,

(3.5)

3
_ ¢ L _
H; = 87erJ7ri + Ea Paila, (3.6)

where 72/ = ~/1,(x,) is the finite part of the inverse metric evaluated at the
particle position, which can be perturbatively and, using dimensional regular-
ization, unambiguously defined (see Sects. 2] - below and Appendix A 4
of Llammmskl_and_sgh.aiﬂd 2015).

The evolutionary part of the field equations is obtained by varying the
action functional B3] with respect to the field variables 7;; and 7%. The
resulting equations read

—-1/2 1
’yij,O = 2N’}/ 7rij - 57’("}/1']' + VZN] + VjNZ‘, (37)

WZ{O _ 7N")’1/2 (Rl_] - §,YUR> + §N,Y—1/2,Yz] <7Tmn7_rmn . 57r2>
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1 . .
— 2N ~1/2 (ﬂ'“"ﬂj - 571'71' ) + V(7 N™) — (VN )7™

. o1 : . —1/2
- (va])TrmZ + 5 Z Na’}/;kpak’yg,lpal ('Y;nnpampan + miCQ) / 5(1-
a

(3.8)

The constraint part of the field equations results from varying the action (B.3])
with respect to IV and N°*. It has the form

H=0  H;=0. (3.9)

The variation of the action (B3] with respect to x, and p, leads to equations
of motion for the particles,

pai = 76561. BSC (NH*CNka)

a

ONJ Kl 1/2 ON,
= CpajaTg —C (mic2 + Ya pakpal) 81'5

ey Gy
- 2.2 mn 1/2 a.’L'l PakPal, (3.10)
2 (mac + rya pampan) a

; 0
= B /dgz (NH = eN"Hy)
N, ij 0 )
_ ¢YaTa Paj T3 — N (3.11)
(mZe? + vE'parpal)

Notice the involvement of lapse and shift functions in the equations of motion.
Both the lapse and shift functions, four functions in total, get determined by
the application of the four coordinate conditions ([Z.14]) to the field equations
B2 and G3).

The reduced action, which is fully sufficient for the derivation of the dy-
namics of the particles and the gravitational field, reads (only the asymptotic
value 1 of the shift function survives)

3
S = /dt 167 G/ SCWTTathT JerazSC Hieq| (312)

where both the constraint equations (3.9) and the coordinate conditions (Z.14])
are taken to hold. The reduced Hamilton functional H,.q is given by

, 04 1,
Hred [Xaa pa; h;ETa ﬂ-’I“]T] = 167TG / dg'r A¢[Xaa pa; h;ETv 7T’I]‘T] (313)
The remaining field equations read
3 0H e 0H,e
— Oy, = o ke 8thTT LTk —ed (3.14)

167G SKIT 16w G Sk
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and the equations of motion for the point masses take the form

(9 H, red .4 8H red
_ ‘ it =
ot @ OPai

pai = . (315)
Evidently, there is no involvement of lapse and shift functions in the equations
of motion and in the field equations for the independent degrees of freedom

(Arnowitt et al[1960b, Kimura [1961).

3.2 Routh functional

The Routh functional (or Routhian) of the system is defined by

3 g
R [Xaapaa hg;‘T;ath;'I;‘T} = Hred - 16C7TG /dBSC WrZIzT 8th;I;T (316)

This functional is a Hamiltonian for the point-mass degrees of freedom, and a
Lagrangian for the independent gravitational field degrees of freedom. Within
the post-Newtonian framework it was first introduced by Jaranowski and
Schéfer (LL%H, lZDDDLI) The evolution equation for the gravitational field de-
grees of freedom reads

M%M/R(t’)dt’ =0. (3.17)

The Hamilton equations of motion for the two point masses take the form
OR OR

dai = — oy T = : 3.18
P ox?, . OPai ( )

For the following treatment of the conservative part of the dynamics only,
we will make now a short model calculation revealing the structure and logic
behind the treatment. Let’s take a Routhian of the form R(q, p; &, §) Then the
action reads

Slg, p; €] = / (pd — R(q,p:&,€))dt. (3.19)

Its variation through the independent variables gives

d . OR . OR
08 = / [5(275@ + (q— a—p) dp + (—p— a—q) dq
OR dOR d (OR
- . - L. T - - . . .2
(%% as) T (ag sc) (320)
Going on-shell with the ¢-dynamics yields

d OR OR OR _\ ">
5= [ [0+ (=55 ) v (o= )] (5)_

(3.21)
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The vanishing of the last term means—thinking in terms of h?jT and h;ro’ ie.

considering the term ([ d3z ﬂfFjT (5h?jT)f§ on the solution space of the field
equations (“on-field-shell” )—that as much incoming as outgoing radiation has
to be present, or time-symmetric boundary conditions have to be applied.
Thus in the Fokker-type procedure no dissipation shows up. This, however,
does not force the use of the symmetric Green function, which would exclude
conservative tail contributions at 4PN and higher PN orders. Assuming a
leading-order-type prolongation of the form R = R(q,p, ¢, p), the autonomous

dynamics can be deduced from the variation

65 = / [%(p&q) + (q - i—j) op + (—p - %) 5q] dt, (3.22)

where the Euler-Lagrange derivative 0A/dz = 0A/0z—d(0A/0%)/dt has been
introduced.

Having explained that, the conservative part of the binary dynamics is
given by the higher-order Hamiltonian equal to the on-field-shell Routhian,

Hcon[xaapaaxaapaa .- ]

= R[Xaa Pa, h;'Ij"T(Xaapaaxaapaa N -)a hriI]"T(Xaapaaxaapaa N )}a (323)

where the field variables h};-T, h};T were “integrated out”, i.e., replaced by
their solutions as functionals of particle variables. The conservative equations
of motion defined by the higher-order Hamiltonian ([3.23)) read

pai(t> = % /Hcon(t/> dt/, :sz(t) = (Sp%(t)/Hcon(t/) dt/, (324)

where the functional derivative is given by

5 o OHen  d OHe
520 / Heon(t) At = 50y ~ 5 0200) !

with z = 2% or z = pq,. Schifel (1984) and Damour and Schifer (1991) show
that time derivatives of x, and p, in the higher-order Hamiltonian (23] can
be eliminated by the use of lower-order equations of motion, leading to an
ordinary Hamiltonian,

(3.25)

H2 %4, Pal = Heon[Xas Pas Xa(Xa, Pa)s Pa(Xa, Pa)s - - ). (3.26)

Notice the important point that the two Hamiltonians Heon, and H2™d do not

belong to the same coordinate system. Therefore, the Hamiltonians H.,, and
HZYd and their variables should have, say, primed and unprimed notations
which usually however does not happen in the literature due to a slight abuse

of notation.
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A formal PN expansion of the Routh functional in powers of 1/¢? is feasible

167G +
to all PN orders. With the aid of the definition h;ro = Z h;ro, we may write
c
00 1 R )
TT TT 2 _ TT TT
R [Xa, Pas by Oh ] =Y mac® =Y S Fin [Xa, Pas 5T, 00 T]. (3.27)
a n=0

Hereof, the field equation for h};-T results in a PN-series form,

1 . — 1 o -
(A — g@f) hgT = Z CQ_nDr(I,,:;I)‘w [X; Xaa paa hnga athrlng} N (328)
n=0

This equation must now be solved step by step using either retarded integrals
for getting the whole dynamics or time-symmetric ones for only the conser-
vative dynamics defined by Hc.on, which themselves have to be expanded in
powers of 1/c¢. In higher orders, however, non-analytic in 1/¢ log-terms do show
up (see, e.g., Damour et al 2014, 2016).

To calculate the reduced Hamiltonian of Eq. ([Z21) for a many-particle
system one has to perturbatively solve for ¢ and 7 the constraint equations
H =0 and H; = 0 with the densities H, H; defined in Eqs. (B5)-(@6). Then
the transition to the Routhian of Eq. (B16]) is straightforward using the second
equation in ([B.I4)). The expansion of the Hamiltonian constraint equation up
to ¢710 leads to the following equation [in this equation and in the next one
we use units ¢ = 1, G = 1/(167)]| 8

~26= 3 [1- 5o+ 518 - 5150+ e

512 4096
1 5 5 , 35 3\ p2
+ <2 6%+ 1287 " 1021 ) m2
1.9 45 5\ (p2)? 113 \(p2)® 5 (p2)!
+( s T 61? 512¢) mi Tl m? mé 128 md
1 9 1 p2 PaiPaj ; TT 1 T 2
ot -De hIT — — (BT o0a
+( 2+16¢+4m3> m2 i 6 )|
1 ~ij) 2 1 ~ij _ij ij 2
+ 1+§¢> ()" + 24707 7TTT+(7rTT)
1 1, 5, 315 I, B
[ R S y 222 b 5 4 oikgik | T
+{< 571 64¢>¢’J+<16 128‘]5>¢*¢JJr T
1 7 TT 2 1 1 TT ; TT
+ (Z - ﬁqﬁ) (hijw)” + (5 + 1_6¢) hijihik,;

+A [(—1 + l¢) (h;ij)Q] — quh;gTh;fij + iqﬁ,k (hZE-T)Q}

3 Equations (329) and (Z30) are taken from [Jaranowski and Schifer (1998, [2000d) and
they are enough to calculate 3PN-accurate two-point-mass Hamiltonian. In Jaranowski and
Schafer M) one can find higher-order PN expansion of constraint equations, performed
in d dimensions, necessary to compute 4PN Hamiltonian.

k
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+0(c1?). (3.29)

The expansion of the momentum constraint equation up to ¢~* reads
~ij 1 1 5 i
7= (—5 10 wQ) 2 paida t (—— + ¢) 0.7
g — TN+ 7% (GI% - IL) + 0. (330)

In the Egqs. 329) and B30) dynammal field variables hTT and 7. are
counted as being of the orders 1/¢* and 1/¢%, respectively [cf Eq. B23)].

3.3 Poincaré invariance

In asymptotically flat spacetimes the Poincaré group is a global symmetry
group. Its generators P* and J"¥ are realized as functions P*(x,,p,) and
J" (X4, Pa) On the many-body phase-space. They are conserved on shell and
fulfill the Poincaré algebra relations for the Poisson bracket product (see, e.g.,

Regge and Teitelboim [1974),

{PH, P} =0, (3.31)
{P, 007} = ="' P7 + "7 P?, (3.32)
{JH7, JP7Y = —PP BT P TV TR I — gV PR (3.33)

where the Poisson brackets are defined in an usual way,

9A 0B 0A OB
{aBr=2 <8$f1 Opai  Opa: O )

The meaning of the components of P* and J" is as follows: the time
component P° (i.e., the total energy) is realized as the Hamiltonian H = cP?,
P? = P; is linear momentum Jt = é eF Jiy [with ek = g;5, = é(l -y -
k)(k — i), Ju = J*, and Jij = swak] is angular momentum, and Lorentz
boost vector is K? = J¥ /c. The boost vector represents the constant of motion
associated to the centre-of-mass theorem and can further be decomposed as
K'=G'—tP" (with G; = G"). In terms of three-dimensional quantities the
Poincaré algebra relations read (see, e.g., Damour et_al 2000d.d)

(3.34)

{P,H}=0, {J,H}=0, (3.35)
{Ji, Pj} = €iji Pr,  {Ji, Jj} = €iji Jn, (3.36)
{Ji,G;} = €iji G, (3.37)
{Gi,H} = P, (3.38)

1
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1
{Gi, G} = ~ 2 Sk J- (3.40)

The Hamiltonian H and the centre-of-mass vector G* have the integral repre-
sentations

c* 3 A )
HﬁilGﬂG/d zAd)**lGWG 7{07’ d@2n- Vo, (3.41)
. 2 y 2 ; o
1 — i _ j i o -
G e /d R AAY:) 16rC fior d2n’ (2'0; — 6:5)9, (3.42)

where nr2df2 (n is the radial unit vector) is the two-dimensional surface-area
element at i°. The two quantities H and G* are the most involved ones of
those entering the Poincaré algebra.

The Poincaré algebra has been extensively used in the calculations of PN
Hamiltonians for spinning binaries st_r_gL_amd_S_chaﬁ_ﬂ DDD&HH) Hereby the
most useful equation was ([3.38]), which tells that the total linear momentum
has to be a total time derivative. This equation was also used by
ME) to fix the so called “kinetic ambiguity” in the 3PN ADM two-point-
mass Hamiltonian without using dimensional regularization. In harmonic co-
ordinates, the kinetic ambiguity got fixed by a Lorentzian version of the
Hadamard regularization based on the Fock—de Donder approach (Blanchet
and Faye 20011).

The explicit form of the generators PH(x,,p,) and J" (x4, pa) (i-e., P,
J, G, and H) for two-point-mass systems is given in Appendix [C] with 4PN
accuracy.

The global Lorentz invariance results in the following useful expressions

(see, e.g., Rothe and Schifer 2010, |Georg and Schiifer [2015). Let us define the

quantity M through the relation

Mc* =+ H?2-P2c2 or H=+\/M2*+ P22, (3.43)

and let us introduce the canonical centre of the system vector X (with com-
ponents X' = X;),

Gc? 1 Gc?

Then the following commutation relations are fulfiled:

{Xs, P} =65, {Xs, X;} =0, {B, P} =0, (3.45)
{M, R} = 07 {M, Xz} = 0’ (346)
(M HY =0, (P, HY=0, (X, H} =P (3.47)

The commutation relations clearly show the complete decoupling of the inter-
nal dynamics from the external one by making use of the canonical variables.
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The equations ([3.43) additionally indicate that M? is simpler (or, more prim-
itive) than M, cf. \Georg and Schiiferl (IZDjj) A centre-of-energy vector can be
defined by X% = Xp; = ¢?G'/H = ¢*G;/H. This vector, however, is not a
canonical position vector, see, e.g., |H_ansmLand_B§ggd (IJ_9_’L4I)

In view of our later treatment of particles with spin, let us decompose the
total angular momentum J*” of a single object into orbital angular momentum
L* and spin S*”, both of them are anti-symmetric tensors,

JH = LH 4 S, (3.48)
The orbital angular momentum tensor is given by
LW = ZKpY — ZV PH, (3.49)

where Z* denotes 4-dimensional position vector (with Z° = ct). The splitting
in space and time results in

J9=7'Pl —7Ipt 4 849 JO=Z'H/c— Plct + S™. (3.50)

Remarkably, relativity tells us that any object with mass M, spin length S,
and positive energy density must have extension orthogonal to its spin vector
of radius of at least S/(Mc) (see, e.g., Misner et. al [1973). Clearly then, the
position vector of such an object is not given a priori but must be defined. As
the total angular momentum should not depend on the fixation of the position
vector, the notion of spin must depend on the fixation of the position vector
and vice versa. Thus, imposing a spin supplementary condition (SSC) fixes
the position vector. We enumerate here the most often used SSCs (see, e.g.,

[Fleming 1965, Hanson and Reggd 1974, Barker and O’Connell 1979).

(i) Covariant SSC (also called Tulczyjew-Dixon SSC):

P,S" = . (3.51)

The variables corresponding to this SSC are denoted in Sect. 7 by Z* = 27,
S and P! = p.
(if) Canonical SSC (also called Newton-Wigner SSC):

(P, + Mcn,)S* =0, Mc=./—P,PH, (3.52)
where n,, = (—1,0,0,0), n,n* = —1. The variables corresponding to this

SSC are denoted in Sect. 7 by 2%, S and P
(iii) Centre-of-energy SSC (also called Corinaldesi-Papapetrou SSC):

n, 8" = 0. (3.53)

Here the boost vector takes the form of a spinless object, K* = Z'H/c* —
Pit = G' — Pit.



Title Suppressed Due to Excessive Length 27

3.4 Poynting theorem of GR

Let us start with the following local identity, having structure of a Poynting
theorem for GR in local form,

. 1 .
_ h;FjTDh;FjT — 9, (hTTh” k) + 5& [(h;fT/c + (hE k)2} : (3.54)

where [J = —0?/c? + A denotes the d’Alembertian. Integrating this equation
over whole space gives, assuming past stationarity,

) 1 .
f/v &z hETORTT = 5/V Caoy [T /0? + 05 (3.59)

where V,, is just another expression for R?. Notice that the far zone is under-
stood as area of the ¢t = const slice where gravitational waves are decoupled
from their source and do freely propagate outwards, what means that the re-

lation h};Tk = —(n*/ c)h;ij + O(r~2) is fulfilled in the far or wave zone. Using
. 1 )
- / 4z KTTORTT = jé dsi hTHTT +5 / @z, [(K5 /)2 + (055)?)
ny fz ‘/fz
(3.56)

with V4, as the volume of the space enclosed by the outer boundary of the far
(or, wave) zone (fz) and dsp = n*r2d{2 surface-area element of the two-surface
of integration with df? as the solid-angle element and r the radial coordinate,
it follows

3,.73,TT T __ T
/(V | Pohfron 7jédskh nrn
oo~ Vfz

+%/(V®Vh)d3xat (702 + (h35)%] . @357)

Dropping the left side of this equation as negligably small, assuming the source
term for (AT, which follows from the Routhian field equation @.I7), to decay

ij
at least as 1/r for r — oo (for isolated systems, all source terms for Dh;FjT

decay at least as 1/r* if not TT-projected; the TT-projection may raise the
decay to 1/r?, e.g. TT-projection of Dirac delta function), results in

3 2

C C d .
an hTT Bz (hET)? 3.58
327G %f Py = @ (VooVis) @ (hi )% (3.58)

with meaning that the energy flux through a surface in the far zone equals the
growth of gravitational energy beyond that surface.
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3.5 Near-zone energy loss and far-zone energy flux

The change in time of the matter Routhian reads, assuming R to be local in
the gravitational field,

dR OR OR OR OR .
P d3 hTT /d3 hTT /d3
ar ot / ConTT T QRIT

ij,k 17
(3.59)
where
R(Xq4, Past) = /d3$R(Xaa Pa, thIIj"T( ), hz] k( ), hET( ))- (3.60)
The equation for dR/d¢ is valid provided the equations of motion
OR - OR
i = — =y @ = 3.61
P ox?, v OPai ( )
hold. Furthermore, we have
OR OR
d*z OhiT + / d*x hET = / d®z O hTT
/ OnTT ORTT Y h?}Tk
d 3 OR .opp 3 TT 3 i TT
+ e d’z 8hTT h” /d x O h};Tk h /d T — 8hTT hi;" .
(3.62)
The canonical field momentum is given by
¢ i _grri R (3.63)

AT = Ok T
167G OhLr

Performing the Legendre transformation

3 3
_ 3 TT g 3 TT (364
H=R+ 167TG/d xﬂTThw , or R=H 167TG/d xﬂTTh” , (3.64)

the energy loss equation takes the form [using Eq. (359) together with (3.62])
and (53]

d_H — d31'8k< OR hTT> +/d3 OR hTT

dt onTT, OnTT

OR '\ ; OR

3 TT 3

_ /d x O, <8hTJTk> ALY — /d o <6h.T.T> hET. (3.65)
1, ij

Application of the field equations

OR OR d OR
() A ew

1] k 1)
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yields, assuming past stationarity [meaning that at any finite time ¢ no ra-
diation can have reached spacelike infinity, so the first (surface) term in the
right-hand side of Eq. (B:65)) vanishes],

dH
—— =0. 3.67
gr (3.67)

The Eq. (3.58) shows that the Eq. (3.64)) infers, employing the leading-order
quadratic field structure of R [R = —(1/4)(¢*/(167G))(h{;")? + - - -; see Eq.

E3)],

d OR
—|R- | &z—=hlT|=-L 3.68
dt < /sz xahET v] ’ ( )
where
PGS ]{d P I O jédrz 2(JITy2 (3.69)
T T 30xG fy, Mk T 3ong 0T W '

is the well known total energy flux (or luminosity) of gravitational waves. The
Eq. (B68)) can be put into the energy form, again employing the leading-order
quadratic field structure of R,

d c? / .
—H - —— Pz (hi1)? | = —L. 3.70

Taking into account the Eqs. (3:29) and [B41]) we find that the second term in
the parenthesis of the left side of Eq. (3.10) exactly subtracts the corresponding
terms from pure (h};Tk)Q and (my)? expressions therein. This improves, by one
order in radial distance, the large distance decay of the integrand of the integral
of the whole left side of Eq. (BZ0]), which runs over the whole hypersurface t =
const. We may now perform near- and far-zone PN expansions of the left and
right sides of the Eq. (B10), respectively. Though the both series are differently
defined—on the left side, expansion in powers of 1/¢ around fixed time ¢ of
an energy expression which is time differentiated; on the right side, expansion
in powers of 1/c around fixed retarded time ¢ — r/c—the expansions cannot
contradict each other as long as they are not related term by term. For the
latter relation we must keep in mind that PN expansions are instantaneous
expansions so that the two times, ¢ and ¢ — r/c, are not allowed to be located
too far apart from each other. This means that we have to read off the radiation
right when it enters far zone. Time-averaging of the expressions on the both
sides of Eq. (3710) over several wave periods makes the difference between
the two times negligible as it should be if one is interested in a one-to-one
correspondence between the terms on the both sides. The Newtonian and
1PN wave generation processes were explicitly shown to fit into this scheme
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3.6 Radiation field

In the far zone, the multipole expansion of the transverse-traceless (TT) part
of the gravitational field, obtained by algebraic projection with

Pana(m) = 3 (i) Pa(m) + Pa(n)Py(n) — Py(m)Pu(m),  (371)
F’ij (Il) = 5ij — ninj, (372)

where n = x/r (r = |x|) is the unit vector in the direction from the source to

the far away observer, reads (see, e.g., [Thornd 1980, Blanchet 2014)
-2
G Pijrm(n) 1\ ® 4 T
TT fz _ ijkm (1)
L { () " 1 () Mo

1=2
1 1—1 8l
3 .
()7 e () m N
(3.73)
where N;, i, = n' ...n% and where Mz(i)md 4, and Sfiw il denote the [th

time derivatives of the symmetric and tracefree (STF) radiative mass-type
and current-type multipole moments, respectively. The term with the leading
mass-quadrupole tensor takes the form (see, e.g., [Schiiferl @)

M (1= =) = N (t-=)

1] ¥

c c
B [T lo(F) o (- Z -0 vo(F). om
with
Ty =T+ 2(527”1 ( b) +0 (clg) (3.75)

showing the leading-order tail term of the quadrupole radiation (the gauge
dependent relative e constant k between direct and tail term was not
explored b m for more details see, e.g., [Blanchet and Schifer [1993
and m M) Notice the modification of the standard PN expansion
through tail terms. This expression nicely shows that also multipole expansions
in the far zone do induce PN expansions. The mass-quadrupole tensor M;; is
just the standard Newtonian one. Higher-order tail terms up to “tails-of-tails-
of-tails” can be found in[Marchand et. al ([2Q1ﬂ) Leading-order tail terms result
from the backscattering of the leading-order outgoing radiation, the “tails-of-
tails” from their second backscattering, and so on.
Through 1.5PN order, the luminosity expression (3.69]) takes the form

G 1 5 16
£0) = 5 (MM + 5 | oM + FsPsP ]} e
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On reasons of energy balance in asymptotically flat space, for any coordinates
or variables representation of the Einstein theory, the time-averaged energy
loss has to fulfill a relation of the form

B <d5 (t dtT*/C)> = (L(t)), (3.77)

where the time averaging procedure takes into account typical periods of the
system. Generalizing our considerations after Eq. (B70) we may take the ob-
servation time ¢ much larger than the time, say t¢,, the radiation enters the
far or wave zone, even larger than the damping time of the radiating system,
by just freely transporting the radiation power along the null cone with tac-
itly assuming (L£(t)) = (L(tps,)). Coming back to Eq. B10), time averaging
on the left side of Eq. (B10) eliminates total time derivatives of higher PN or-
der, so-called Schott terms, and transforms them into much higher PN orders.
The both sides of the equation [B77) are gauge (or, coordinate) invariant.
We stress that the Eq. (3177) is valid for bound systems. In case of scattering
processes, a coordinate invariant quantity is the emitted total energy.

The energy flux to nPN order in the far zone implies energy loss to (n +
5/2)PN order in the near zone. Hereof it follows that energy-loss calculations
are quite efficient via energy-flux calculations ﬁ; In general, only
after averaging over orbital periods the both expressions do coincide. In the
case of circular orbits, however, this averaging procedure is not needed.

4 Applied regularization techniques

The most efficient source model for analytical computations of many-body dy-
namics in general relativity are point masses (or particles) represented through
Dirac delta functions. If internal degrees of freedom are come into play, deriva-
tives of the delta functions must be incorporated into the source. Clearly,
point-particle sources in field theories introduce field singularities, which must
be regularized in computations. Two aspects are important: (i) the differentia-
tion of singular functions, and (ii) the integration of singular functions, either
to new (usually also singular) functions or to the final Routhian/Hamiltonian.
The item (ii) relates to the integration of the field equations and the item (i)
to the differentiation of their (approximate) solutions. On consistency reasons,
differentiation and integration must commute.

The most efficient strategy developed for computation of higher-order PN
point-particle Hamiltonians relies on performing a 3-dimensional full computa-
tion in the beginning (using Riesz-implemented Hadamard regularization de-
fined later in this section) and then correcting it by a d-dimensional one around
the singular points, as well the local ones (UV divergences) as the one at infin-
ity (IR divergences). A d-dimensional full computation is not needed. At higher
than the 2PN level 3-dimensional computations with analytical Hadamard
and Riesz regularizations show up ambiguities which require a more powerful
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treatment. The latter is dimensional regularization. The first time this strat-
egy was successfully applied was in the 3PN dynamics of binary point particles
); IR divergences did not appear therein, those enter from
the 4PN level on only, the same as the nonlocal-in-time tail terms to which
they are connected. At 4PN order, using different regularization methods for
the treatment of IR divergences Mmskmnd_&ha&_ﬂ 2015), an ambiguity
parameter was left which, however, got fixed by matching to self-force calcula-
tions in the Schwarzschild metric (Le Tiec et al ,[Bmumd_llanmﬂ [21)_13,
Damour et al 2014).
The regularization techniques needed to perform PN calculations up to
(and including) 4PN order. are described in detail in Appendix A of Jaranowski

and Schifer (2015).

4.1 Distributional differentiation of homogeneous functions

Besides appearance of UV divergences, another consequence of employing
Dirac-delta sources is necessity to differentiate homogeneous functions using
an enhanced (or distributional) derivative, which comes from standard distri-
bution theory (see, e.g., Sect. 3.3 in Chapter IIT of |Gel'fand and Shilov |19_6_4ﬂ)

Let f be a real-valued function defined in a neighbourhood of the origin
of R3. f is said to be a positively homogeneous function of degree \, if for any
number a > 0

flax) = @ f(x). (4.1)
Let k := =X\ — 2. If X is an integer and if A < —2 (i.e., k is a nonnegative
integer), then the partial derivative of f with respect to the coordinate x* has
to be calculated by means of the formula

“1E 9kRg(x , .
0;if(x) =0;f(x) + ( ]:') 8:0?1 6( (9)50” X ]{Zdoi fxNa"m e (4.2)

where 0; f on the lhs denotes the derivative of f considered as a distribution,
while 0, f on the rhs denotes the derivative of f considered as a function (which
is computed using the standard rules of differentiation), X' is any smooth close
surface surrounding the origin and do; is the surface element on X.

The distributional derivative does not obey the Leibniz rule. It can easily
be seen by considering the distributional partial derivative of the product 1/r,
and 1/r2. Let us suppose that the Leibniz rule is applicable here:

1 11 1 1 1 1
aiE=31< ) ZT—Qai—-f-—@i—Q- (4.3)

2
To T G Ta Ta Pt

The right-hand side of this equation can be computed using standard differ-
ential calculus (no terms with Dirac deltas), whereas computing the left-hand
side one obtains some term proportional to 0;6,. The distributional differen-
t1at10n is necessary when one differentiates homogeneous funct1ons under the

integral sign. For more details, see Appendix A 5 in
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4.2 Riesz-implemented Hadamard regularization

The usage of Dirac d-functions to model point-mass sources of gravitational
field leads to occurence of UV divergences, i.e., the divergences near the parti-
cle locations x4, as ry = |x — X,| — 0. To deal with them, Infeld d_l%_éﬂ, Ll_%_ﬂ),

(1960) introduced “good” &-functions, which, besides
having the properties of ordinary Dirac J-functions, also satisfy the condition

1

——(x— =0, k=1,... 4.4
|X*X0|k (X XO) ) ) » D5 ( )

for some positive integer p (in practical calculations one takes p large enough
to take all singularities appearing in the calculation into account). They also
assumed that the “tweedling of products” property is always satisfied

/ 0 £1() F2(X)5( — X0) = Fires(%0) fares (%0), (4.5)

where “reg” means regularized value of the function at its singular point (i.e.,
Xp in the equation above) evaluated by means of the rule ([@.4]).

A natural generalization of the rule ([44) is the concept of “partie finie”
value of function at its singular point, defined as

freg(Xo) = % /d.Q ao(n), (46)

with (here M is some non-negative integer)

oo

m o X — X
f(X = Xy + Gn) = Z am(n)e 5 n= m (47)
m=—NM
Defining, for a function f singular at x = xq,
/dgxf(x)é(x —X0) = freg(X0), (4.8)

the “tweedling of products” property (£3]) can be written as

(f1f2)reg(XO) = flreg(XO)f2reg(X0)- (49)

The above property is generally wrong for arbitrary singular functions f; and
f2. In the PN calculations problems with fulfilling this property begin at the
3PN order. This is one of the reasons why one should use dimensional regu-
larization.

The Riesz-implemented Hadamard (RH) regularization was developed in
the context of deriving PN equations of motion of binary systems by Jara-
nowski and Schéfer d]ﬂﬂ_ﬂ, 11998, IZDDDd) to deal with locally divergent integrals
computed in three dimensions. The method is based on the Hadamard “partie
finie” and the Riesz analytic continuation procedures.
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The RH regularization relies on multiplying the full integrand, say i(x), of
the divergent integral by a regularization factor,

i(x) — z‘(x)(r—l)el (r—Q) (4.10)

S1 52

and studying the double limit ¢; — 0, €2 — 0 within analytic continuation in
the complex €1 and eo planes (here s; and s2 are arbitrary three-dimensional
UV regularization scales). Let us thus consider such integral performed over
the whole space R3 and let us assume than it develops only local poles (so it is
convergent at spatial infinity). The value of the integral, after performing the
RH regularization in three dimensions, has the structure

I’ (3161, 6) = /}R3 i(x)(%)fl (z_z)ez a3z

:A—i—cl(i—l—lnrﬁ) —l—cQ(i—i—lnrﬁ) + O(ey, €2). (4.11)
€1 51 €2 52
Let us mention that in the PN calculations regularized integrands
1(x)(r1/81)" (r2/$2)¢* depend on x only through x — x; and x — x3, so they
are translationally invariant. This explains why the regularization result (@11
depends on x; and x5 only through x; — xs.

In the case of an integral over R? developing poles only at spatial infinity
(so it is locally integrable) it would be enough to use a regularization factor
of the form (r/rg)¢ (where ro is an IR regularization scale), but it is more

convenient to use the factor
ae be
( T—l) (T—Q) (4.12)
7o 7o

and study the limit ¢ — 0. Let us denote the integrand again by i(x). The
integral, after performing the RH regularization in three dimensions, has the
structure

. ae be 1 712
™9(3;0,b E/ (2) 7 (B) dio = A-c[ o tn 22 ) +0(0).
ab.0= [ ieo(7)" () dr = Aen (g 2 ) 000
(4.13)
Many integrals appearing in PN calculations were computed using a famous
ﬁb(@)

formula derived in in d dimensions. It reads

atd B+d a+p+d
/ddxr?rg :wd/QF(%)F(T)F(iT) atftd

[(—9)(-5)r(etz) "2

(4.14)

To compute the 4PN-accurate two-point-mass Hamiltonian one needs to em-
ploy a generalization of the three-dimensional version of this formula for inte-
grands of the form 5 (1 4r9+715)7. Such formula was derived by Jaranowski
and Schéfer d_l_9_98, lZDDDLI) and also there an efficient way of implementing both
formulae to regularize divergent integrals was proposed (it employs prolate
spheroidal coordinates in three dimensions). See Appendix A 1 of Jaranowski
and Schéfer (2013) for details and Appendix A of Hartung et al (2013) for
generalization of this procedure to d space dimensions.
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4.3 Dimensional regularization

It was first shown by [Damour et al (2001), that the unambiguous treatment of
UV divergences in the current context requires usage of dimensional regulariza-
tion (see, e.g., MM) It was used both in the Hamiltonian approach and
in the one using the Einstein field equations in harmonic coordinates (Damour
et al 2001, Blanchet. et. al 2004, Jaranowski and Schifer 2013, [Damour et. al
2014, Jaranowski and Schiifer 2015, Bernard et al 2016, Bernard et al 20174,
Marchand et al(2018, [Foffa and Sturani2019.Foffa et all2019). The dimensional
regularization preserves the law of “tweedling of products” (€3] and gives all
involved integrals, particularly the inverse Laplacians, a unique definition.

4.8.1 D-dimensional ADM formalism

Dimensional regularization (DR) needs the representation of the Einstein field
equation for arbitray space dimensions, say d for the dimension of space and
D = d + 1 for the spacetime dimension. In the following, Gp = GNﬁgfg will
denote the gravitational constant in D-dimensional spacetime and G the
standard Newtonian one, £ is the DR scale relating both constants.

The unconstraint Hamiltonian takes the form

4

167TGD

H= /ddz (NH — ecN"H;) + % A1 05 (vij — Gijvek),  (4.15)
10

where d?~15; denotes the (d — 1)-dimensional surface element. The Hamilto-

nian and the momentum constraint equations written for many-point-particle

systems are given by

1 .
VIR = 7 (%’k%‘ﬂ' Ikt — 1 ('Yijﬂ'])2)
167TGD id 1
+—3 > (m2c* + 4 paipa;)? ba, (4.16)
_Vjﬂ' 7= 3 Z’Yajpaj(sa- (417)

The gauge (or coordiante) ADMTT conditions read

d—2 \Y2 o
T <1 - m¢) bij +higt, m =0, (4.18)
where
hET =0, ;a5 =0. (4.19)

The field momentum 7% splits into its longitudinal and TT parts, respectively,

7 =79 4l (4.20)
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where the longitudinal part 7% can be expressed in terms of a vectorial function
Vi,

» , 9
7 =0V + 0,V — E(Wakvk, (4.21)
and where the TT part satisfies the conditions,

T =0, 9wl =0. (4.22)

The reduced Hamiltonian of the particles-plus-field system takes the form

C4

B 167TGD

hir ] =

Hieq [Xa; Pa; iy Tpp /ddz Agp [Xaa Pa; h;l;‘T’ 7r”i[jT} : (4'23)

The equations of motion for the particles read

_ aHred o a}Ired

— 4.24
op. P . (4.24)

Xq

and the field equations for the independent degrees of freedom are given by

0 16mGp 0Hyea 0 i 167Gp 1155 0Hred
_h’ZTT _ 51_T_Tkl © , Zgu §5TTij e , (425)
ot v c3 T omkl ot T ¢ KgplT
where the d-dimensional TT-projection operator is defined by
TTij _ 1 1
0 = 5(51'1@5]'1 + 6udjn) — m(;ij(skl
1 _
- 5(5ikajl + 01041 + 004k + 01,05) A1
+ L(a--a + 6p0i) AT + 422 A (4.26)
d_1 ij Ukl klUij d_1 ijkl . .
Finally, the Routh functional is defined as
. id CB i 3
Bl 5T W] = H el — s [ I,
(4.27)

and the fully reduced matter Hamiltonian for the conservative dynamics reads

H[Xaa pa] = R[Xaa Pa, h;'Ij"T(Xaa Pa), hril;'T(Xaa pa)} . (428)
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4.8.2 Local and asymptotic dimensional reqularization

The technique developed by [Damour et al ([ZDQLD to control local (or UV)

divergences boils down to the computation of the difference

lim H'¢(d) — HR1o¢(3), (4.29)
d—3

where HRH1°¢(3) is the “local part” of the Hamiltonian obtained by means
of the three-dimensional RH regularization [it is the sum of all integrals of
the type I™(3; €1, €2) introduced in Eq. (@LII)], H'°°(d) is its d-dimensional
counterpart.

Damour et al (2001) showed that to find the DR correction to the integral
I™(3;¢1,€2) of Eq. @II) related with the local pole at, say, x = x, it
is enough to consider only this part of the integrand i(x) which develops
logarithmic singularities in three dimensions, i.e., which locally behaves like

1/ri,

i(x)=---+é&m)r;®+---, when x — x;. (4.30)

Then the pole part of the integral (£.11]) related with the singularity at x = x3
can be recovered by RH regularization of the integral of & (n;)r;® over the
ball B(x1,¢;) of radius ¢; surrounding the particle x;. The RH regularized
value of this integral reads

RH 3/T1\! .3 & 1/T1\ €
I7 (35 €1) E/ é(ny)ry (—) d°’ry = cl/ ry (—) dry, (4.31)
B(x1,01) S1 0 51

where ¢ /(47) is the angle-averaged value of the coefficient ¢ (n;). The expan-
sion of the integral IT(3; 1) around €; = 0 equals

1 ¢
IRH(3:¢)) = ¢ (a +In i) + O(er). (4.32)

The idea of the technique developed by Damour_et. al ([ZDQLD relies on
replacing the RH-regularized value of the three-dimensional integral I741(3; ¢;)
by the value of its d-dimensional version I;(d). One thus considers the d-
dimensional counterpart of the expansion ([Z30). It reads

i(x) ="+ Elg(dfg)El(d; n)rS39 4 ... when x — x. (4.33)

Let us note that the specific exponent 6 — 3d of r; visible here follows from
the 1 — 0 behaviour of the (perturbative) solutions of the d-dimensional
constraint equations ([@I6)—(@IT). The number k in the exponent of ﬂg(dfg)
is related with the momentum-order of the considered term [e.g., at the 4PN
level the term with & is of the order of O(p'=2%), for k =1,...,5; such term

is proportional to G%)]. The integral I;(d) is defined as

I(d) = ¢80 /

£y
El (d, Ill) 7’(15_3(1 ddI‘l = (d) / T?_Qd dTl, (434)
B(Xl,ll) 0
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where ¢q (d)/(Qd_lflg(dfg)) (£24_1 stands for the area of the unit sphere in R?)
is the angle-averaged value of the coefficient ¢ (d;ny),

e1(d) = £5@) idl(o ; &1 (diny) df2g_y. (4.35)

One checks that always there is a smooth connection between ¢;(d) and its
three-dimensional counterpart ci,

ili;% Cl(d) = C1(3) =C1. (436)

The radial integral in Eq. (34]) is convergent if the real part R(d) of d fulfills
the condition R(d) < 3. Making use of the expansion ¢;(d) = ¢1(3 +¢) =
c1 + ¢4 (3)e + O(e?), where ¢ = d — 3, the expansion of the integral I1(d)
around ¢ = 0 reads

61_28
2¢e

C1

L) = -9 3o %c’l(3) belnf +06E).  (437)

2e
Let us note that the coefficient ¢} (3) usually depends on Inr;s and it has the
structure

¢ (3) = ¢4 (3) + ¢(3) In Tgﬁ + 261 Inf, (4.38)
0

where ¢}5(3) = (2 — k)cy [what can be inferred knowing the dependence of
c1(d) on ¢y given in Eq. ([@35)]. Therefore the DR correction also changes the
terms o< Inrqo.

The DR correction to the RH-regularized value of the integral I®1 (3; €1, €3)
relies on replacing this integral by

™ (3161, 60) + AL + A, (4.39)

where

Al =1,(d) — IM(3;e.), a=1,2. (4.40)

Then one computes the double limit

lim (IRH(B; e1,€) + AL + AIQ)

e1—0
eo—0
L., ’ 1., ’ 12
= A— = (1(3) + 51 (3) — 5(c12(3) + ¢22(3)) In —=
2 2 Lo
1 T12
+ (Cl + Cg) —2—5 + In E + O(E) (441)

Note that all poles o« 1/e1,1/es and all terms depending on radii 41, ¢ or
scales s1, so cancel each other. The result (@A) is as if all computations were
fully done in d dimensions.

In the DR correcting UV of divergences in the 3PN two-point-mass Hamil-
tonian performed by [Damour et. al (lZDQl]), after collecting all terms of the type
(A1) together, all poles x 1/(d — 3) cancel each other. This is not the case
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for the UV dlvergences of the 4PN two-point-mass Hamiltonian derived by

(2!! S} As explained in Sect. VIII D of Jaranowski

and Schafer M), after collecting all terms of the type ([@4Il), one has to
add to the Hamiltonian a unique total time derivative to eliminate all poles
x 1/(d — 3) (together with fy-dependent logarithms).

The above described technique of the DR correcting of UV divergences can
easily be transcribed to control IR divergences. This is done by the replacement
of the integrals

/ d?zi(x) (4.42)
B(xa,0a)

by the integral

/ dzi(x), (4.43)
RI\B(0,R)

where B(0, R) means a large ball of radius R (with the centre at the origin
0 of the coordinate system), and by studying expansion of the integrand i(x)
for r — oo. This technique was not used to regularize IR divergences in the
computation of the 4PN two-point-mass Hamiltonian by [Damour et al ([2_(11_4)
and lJaranowski and Schéfer (IZDjj) This was so because this technique applied
only to the instantaneous part of the 4PN Hamiltonian is not enough to get
rid of the IR poles in the limit d — 3. For resolving IR poles it was necessary
to observe that the IR poles have to cancel with the UV poles from the tail
part of the Hamiltonian (what can be achieved e.g. after implementing the
so-called zero-bin subtraction in the EFT framework, see

2017).

Another two different approaches were employed by [Damour et al d2£)_l_4|)
and |Jaranowski and Schéfer ([2_(115) to regularize IR divergences in the instan-
taneous part of the 4PN Hamiltonian (see Appendix A 3 in Jaranowski and
Schéfer [Z_Qlﬂ) (i) modifying the behavior of the function h(6) ij at inﬁnityﬂ
(ii) implementing a d-dimensional version of Riesz-Hadamard regularization.
Both approaches were developed in d dimensions, but the final results of using
any of them in the limit d — 3 turned out to be identical with the results of
computations performed in d = 3 dimensions. Moreover, the results of the two
approaches were different in the limit d — 3, what indicated the ambiguity of
IR regularization, discussed in detail by \Jaranowski and Schéfer ([2_(115) and
fixed by [Damour _et_al (|2_OJ__4]) This IR ambiguity can be expressed in terms
of only one unknown parameter, because the results of two regularization ap-
proaches, albeit different, have exactly the same structure with only different
numerical prefactors. This prefactor can be treated as the ambiguity param-
eter. The full 4PN Hamiltonian was thus computed up to a single ambiguity
parameter and it was used to calculate, in a gauge invariant form, the energy

4 This approach is described in Appendix A 3 a of [Jaranowski and Schéfel m where
Eqgs. (A40)—(A42) are misprinted: (r/s)BhEFP{” should be replaced by [(r/s)BhEFPf”]TT.

The Eq. (3.6) in [Damour et _al is the correct version of Eq. (A40) in Jaranowski and

Schafer M) .
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of two-body system along circular orbits as a function of frequency. The am-
biguity parameter was fixed by comparison of part of this formula [linear in
the symmetric mass ratio v, see Eq. ([G3]) below for the definition] with the
analogous 4PN-accurate formula for the particle in the Schwarzschild metric
which included self-force corrections.

Analogous ambiguity was discovered in 4PN-acccurate calculations of two-
body equations of motion done by [Bernard et. al ([2_Qlﬂ) in harmonic coor-
dinates, where also analytic regularization of the IR divergences of the in-

stantaneous part of the dynamics was performed. However, the computations
made by [Bernard et _al (2016) faced also a second ambiguity m

12016, Bernard et_al [2017H), which must come from their different (harmonic

instead of ADMTT) gauge condition and the potentiality of analytic regu-
larization not to preserve gauge (in contrast to dimensional regularization).
The first method of analytic regularization applied by Damour et _al ([2_(11_4)
and Jaranowski_and_Schéfer (|2Q13) is manifest ADMTT gauge preserving.
Finally, Marchand et _al (|2_OJ_§4 and Bernard et _al (l2£)_lleﬂ ) successfully ap-

plied in harmonic-coordinates approach d-dimensional regularization all-over.
However, it is worth to emphasize that in intermediate steps their derivation
makes crucial use of an auxiliary regulator parameter 7, entering as a fac-
tor T multiplying the formal expansions of the source. The confidence in the
procedure stems from the fact that the occurring poles in n do cancel each
other in d dimensions. On the other side, the obtained crucial rational number
in the tail action, 41/60 or 41/30 depending on representation, was already
derived within pure d-dimensional calculations by [Foffa_and Sturani (IZD_l_S_H)
and Galley et al ([2_Qlﬂ) based on the EFT formalism. Yet only quite recently,
a complete pure dimensional-regularization calculation has been achieved by
[Foffa_and Sturani (2019); [Foffa. et al (2019), where use has been made of the

zero-bin subtraction method for interrelated UV and IR poles, as discussed

in view of the 4PN approximation by [Portd (IZD_l_ﬂ and [Porto_and Rothstein
(2017).

4.8.8 Distributional differentiation in d dimensions

One can show that the formula [@2]) for distributional differentiation of ho-
mogeneous functions is also valid (without any change) in the d-dimensional
case. It leads, e.g., to equality

dn'nd — 0ij B 47d/2
rd drd/2—1)

81-83-7"2*‘1 == (d - 2) 5”5 (444)

To overcome the necessity of using distributional differentiations it is possible
to rer)lace Dirac J-function by the class of analytic functions introduced in

(1949),

_I(d=9/2)
Se(x) = p A 4 (4.45)
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resulting in the Dirac é-function in the limit
0= gg% Oc- (4.46)
On this class of functions, the inverse Laplacian operates as
A6 = —6cyo, (4.47)
and instead of (@44 one gets

(d—e)n'n? — & .

aiajrfﬁ’d = (d -2 — 6) rd—e

(4.48)

There is no need to use distributional differentiation here, so no J-functions
are involved.

Though the replacements in the stress-energy tensor density of §, through
de, (with a = 1,2) do destroy the divergence freeness of the stress-energy ten-
sor and thus the integrability conditions of the Einstein theory, the relaxed
Einstein field equations (the ones which result after imposing coordinate con-
ditions) do not force the stress-energy tensor to be divergence free and can thus
be solved without problems. The solutions one gets do not fulfill the complete
Einstein field equations but in the final limits ¢, — 0 the general coordinate
covariance of the theory is manifestly recovered. This property, however, only
holds if these limits are taken before the limit d = 3 is performed (Damour

et al 2008a).

4.4 Extended Hadamard regularization

A specific variant of 3-dimensional Hadamard regularization called the ez-
tended Hadamard regularization (EHR) was devised by Blanchet and Fayd
(20004, 2001H). Tt was used by Blanchet. and Fayd (2000H, 20014) at the 3PN-
level computations of two-point-mass equations of motion in harmonic coor-
dinates.

The basic idea of EHR is to associate to any function F' € F, where
the set F comprises functions which are smooth on R?® except for the two
points (around which they admit a power-like singular expansion), a partie-
finie pseudo-function PfF, which is a linear form acting on functions from

F:

(PfF,G) := Pfy, s, / d®r FG, for any G € F, (4.49)

where Pf,, 5, on the right-hand side means partie finie of the divergent in-
tegral [see Eq. (3.1) in Blanchet and Fayd (2000d) and the text around for
the definition]; it depends on two—one per each singularity—arbitrary regu-
larization scales s; and ss. The Dirac d-functions d, are represented by the
pseudo-functions Pfd, defined by

(Pféa, G) := Greg(x4), for any G € F, (4.50)
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where the regularized value Gyeg(%,) of function at its singular point is defined
in Egs. (@6)-#1) above. The product Fd, is represented by another pseudo-
function Pf(F¢,) such that

(Pt(Fda),G) := (FG)reg(xq), forany G € F. (4.51)
As a consequence, in general
Pf(Fd,) # Freg(x4)Pfg. (4.52)

Another ingredient of the EHR relies on the specific treatment of partial
derivatives of singular functions. To ensure the possibility of integration by
parts, one requires that (0;(PfF), G) = —(0;(PfG), F) for any functions F, G €
F. This requirement leads to the following definition of the partial derivative
of the pseudo-function:

9;(PfF) = P£(0;F) + D;[F), (4.53)

where Pf(0;F) denotes the ordinary derivative of F viewed as a pseudo-
function, and D;[F] is the purely distributional part with support concentrated
on x; or Xy [see Sects. VII-IX of Blanchet and Fayd (20004 for more details].
The derivative D;[F] is an extended distributional derivative which differs in
general from the usual Schwartz derivative introduced in Eq. [@2]) above. Let
us quote the results

1 . 1 1 15
D; {—} = 27Pf(r1ni6y), Dy [—} - ——”Pf((sw + —ﬁ?)(sl, (4.54)
r1 T 3 2
where 7 = nin] — 16¥. The Schwartz derivative @2) of 9;(1/r1) con-

tains no distributional part, whereas distributional part of 9;0;(1/r1) equals
—(47/3)5% 5.

There is no known generalization of the EHR definitions (£51)) and (£53)
to generic d-dimensional case. Moreover, these definitions disagree with the
dimensional-regularization rules.

(i) In generic d dimensions one can always use

FD(x)6@(x — x,) = F9 (x,)6@ (x — x,), (4.55)

reg

where F(@ is the d-dimensional version of F. This leads to the following

dimensional-regularization rule [see Sect. ITI A in [Blanchet. et al (2004)]:

[F(x)0®) (x — x4)] = (

reg

F9(x4))0® (x — x4). (4.56)

i

The property (£52) disagrees with this.
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(ii) The extended differentiation ([@53]), when applied to smooth functions of
compact support, coincides with Schwartz differentiation (£.2]). However,
in the 3PN-level computations performed by |Blzmghgﬂ;_aud_£aﬁ (IZDDD_H,

) it operated with other singular functions and gave the results dif-
ferent from the results obtained by applying Schwartz differentiation. The
definition ([@.2) of Schwartz differentiation is valid in d dimensions (see
Sect. above), what supports the use of this definition also in three
dimensions.

The computation using the EHR constitutes an approach very different
from dimensional regularization, following a different route which could not be
combined with the latter. This can be clearly seen in the paper by Blanchet
et al (2004) on dimensional-regularization completion of the 3PN equations
of motion in harmonic coordinates [see the paragraph containing Eq. (1.8)
and Sect. ITIT D there]. Before applying dimensional regularization the authors
of Blanchet et al (2004) had to subtract from the 3-dimensional results of
Blanchet_and Fayd (|2_O_O_O_H, |21)Q]_a|) all contributions, which were direct conse-
quences of the use of EHR. However, Blanchet and Fayd @DDD_H, IZDD_]_EJ) have

shown that at the 3PN level the difference between the final results of EHR
and dimensional regularization computations of two-point-mass equations of
motion can be described in terms of one constant ambiguity parameter (they
called \).

Yang and Estrada ([ZQH) have recently developed the theory of “thick
distributions” in higher dimensions n (where n is an integer larger than 1).
This theory is connected with the extended Hadamard regularization, but is
not equivalent to the latter.

5 Point-mass representations of spinless black holes

This section is devoted to an insight of how black holes, the most compact
objects in GR, can be represented by point masses. On the other side, the
developments in the present section show that point masses, interpreted as
fictitious point masses (analogously to image charges in the electrostatics),
allow to represent black holes. Later on, in the section on approximate Hamil-
tonians for spinning binaries, neutron stars will also be considered, taking into
account their different rotational deformation. Tidal deformation will not be
considered in this review; for information about this topic the reader is referred
to, e.g., Damour and Nagail (2010) and [Steinhoff et al (2016).

The simplest black hole is a Schwarzschildian one which is isolated and non-
rotating. Its metric is a static solution of the vacuum Einstein field equations.
In isotropic coordinates, the Schwarzschild metric reads (see, e.g., Iﬁm

[1973)

L GM 2 ,
- GM
d52 = — 725]?; C2dt2 —+ (1 —+ w) dXQ, (51)

2rc?
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where M is the gravitating mass of the black hole and (2!, 2%, 2®) are Cartesian
coordinates in R? with 72 = (21)% + (2%)? + (2®)? and dx? = (dz*)? + (dz?)? +
(dx®)2. The origin of the coordinate system r = 0 is not located where the
Schwarzschild singularity R = 0, with R the radial Schwarzschild coordinate,
is located, rather it is located on the other side of the Einstein-Rosen bridge,
at infinity, where space is flat. The point 7 = 0 does not belong to the three-
dimensional spacelike curved manifold, so we do have an open manifold at
r = 0, a so-called “puncture” manifold (see e.g. ,Bmud:_audﬁm.gmanﬂﬂ&ﬂ,
[CooK M) However, as we shall see below, the Schwarzschild metric can be
contructed with the aid of a Dirac ¢ function with support at » = 0, located in a
conformally related flat space of dimension smaller than three. Distributional
sources with support at the Schwarzschild singularity are summarized and
treated by [Pantoja and Ragd (2002), Heinzle and Steinbauer (2002).

A two black hole initial value solution of the vacuum Einstein field equa-
tions is the time-symmetric Brill-Lindquist one (IB_ull_and_hndgmsﬂ 11963,
Lindquist 1963),

G BG \
2ric2 2r9c? a1 G asG
ds? = — 1 2 2dt? 1 dx? 2
5 L+ a1G R wmG | c Ut 2r1c2 + oracz) T (52)

2rc?  2roc?

where r, = x — x, and T, = |ra| (a = 1,2), the coefficients «, and (3, can be
found in (|2_O_QZ) (notice that hj;" = 0, 7 = 0, and,
initially, Oyr, = 0). Its total energy results from the ADM surface integral [this
is the reduced ADM Hamiltonian from Eq. (Z220) written for the metric (5:2])]

4

Eapm = *QC—G dSi Y = (o1 + as)c?, (5.3)

where dS; = n‘r?d is a two-dimensional surface-area element (with unit
radial vector n' = z*/r and solid angle element df2) and
OélG CYQG

V=14+—+ ——. 5.4
+ 2r1c2 * 2r9c2 (5-4)

Introducing the inversion map x — x’ defined by BrﬂLamd_hndmusﬂ (1963)

(5.5)

where 1} = x' — x31, 7] = |x' — x1], the three-metric dl2 = w4dx? transforms
into
OélG Oé10é2G2

2rh ¢ droriet’

di? =¢"dx?, with ¥ =1+ (5.6)
where ry = rjaiG?/(4c 4 r2) + ri2 with rig = x; — x2. From the new metric
function ¥’ the proper mass of the throat 1 results in,

2 OélOéQG

C
=-——— ¢ dS/ oW = — 5.7
my 27TG i(lj (22 ai + 27,1202 ’ ( )
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where i} denotes the black hole’s 1 own spacelike infinity. Hereof the ADM
energy comes out in the form,

[65YeY]

FEapum = (m1 + m2)02 -G (58)

T12

where

Ma — My CPrap Ma + My Ma — My

2
pr— 1 _1 . .
a 2 + G \/ + Arap/G + (202rab/G) (5.9)

This construction, as performed by Brill and Lindquist (IL%j), is a purely

geometrical (or vacuum) one without touching singularities. Recall that this
energy belongs to an initial value solution of the Einstein constraint equations
with vanishing of both h;ij and particle together with field momenta. In this
initial conditions spurious gravitational waves are included.

In the following we will show how the vacuum Brill-Lindquist solution can
be obtained with Dirac d-function source terms located at 1 = 0 and o = 0 in
a conformally related three-dimensional flat space. To do this we will formulate
the problem in d space dimensions and make analytical continuation in d of
the results down to d = 3. The insertion of the stress-energy density for point
masses into the Hamiltonian constraint equation yields, for p,; = 0, h;ij =0,

and 77 =0,
167G
—vAp=—3 > Maba, (5.10)
where ¥ and ¢ parametrize the space metric,
d—2
If the lapse function N is represented by
X
== 5.12
X (5.12)

an equation for y results of the form (using the initial-data conditions p,; = 0,
h;ST =0, 7 =0),

4G d— 2
UPAYy = —— = Oa- 1
X=7 d_lxam (5.13)
With the aid of the relation
1 4 d/2
A = LIS (5.14)

rd=? o Id2-1)"

it is easy to show that for 1 < d < 2 the equations for ¥ and x do have
well-defined solutions. To obtain these solutions we employ the ansatz

b= £F(d/27 1) (;_12 n Q2 ), (5.15)

2 gd/2-1 Tg—Q




46 Gerhard Schifer, Piotr Jaranowski

where o and ay are some constants. After plugging the ansatz (B.15]) into Eq.
(EI0) we compare the coefficients of the Dirac d-functions on both sides of the
equation. For point mass 1 we get

(1 N G(d—2)I'(d/2—1) ( o s ))Ml — (5.16)

2(d —1)rd/2—1 rf_2 + Tg—Q

After taking 1 < d < 2, one can perform the limit r; — 0 for the coefficient of
01 in the left-hand-side of the above equation,

(1 G(d—2)(d)2 - 1) as

01 = m 1. 5.17
2(d —1)rd/2-1 7,5122)6“1 1 =m101 (5.17)

Going over to d = 3 by arguing that the solution is analytic in d results in the
relation

(5.18)

where b # a and a,b = 1,2. The ADM energy is again given by, in the limit
d=3,

FEapm = (041 + Oé2)02. (519)

Here we recognize the important aspect that although the metric may
describe close binary black holes with strongly deformed apparent horizons,
the both black holes can still be generated by point masses in conformally
related flat space. This is the justification for our particle model to be taken
as model for orbiting black holes. Obviously black holes generated by point
masses are orbiting black holes without spin, i.e., Schwarzschild-type black
holes. The representation of a Schwarzschild-type black hole in binary—black-
hole systems with one Dirac d-function seems not to be the only possibility.
As shown by lJaranowski and Schiifer (2000a), binary-black-hole configurations
defined through isometry-conditions at the apparent horizons m M)
need infinitely many Dirac §-functions per each one of the black holes. Whether
or not those black holes are more physical is not known. It has been found by
\Jaranowski and Schéfer (1999) that the expressions for ADM energy of the
two kinds of binary black holes do agree through 2PN order, and that at the
3PN level the energy of the Brill-Lindquist binary black holes is additively
higher by G*m3m3(m; + m2)/(8c°r],), i.e. the Misner configuration seems
stronger bound. The same paper has shown that the spatial metrics of both
binary—black-hole configurations coincide through 3PN order, and that at least
through 5PN order they can be made to coincide by shifts of black-hole position
variables.
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6 Post-Newtonian Hamilton dynamics of nonspinning compact
binaries

In this section we collect explicit results on Hamilton dynamics of binaries
made of compact and nonspinning bodies. Up to the 4PN order the Hamilto-
nian of binary point-mass systems is explicitly known and it can be written
as the sum

1 1
H[Xaa Pa; t] = Zmac2 + HN(mea) + c_2H1PN(Xa7pa) + c_4H2PN(Xa7pa)

a

1 1 1
+ c_5H2.5N(Xa; Pa; t) + c_6H3PN(Xaa pa) + gH3.5PN(Xa, Pa; t)

1
+ c_8H4PN[Xa7pa] + 0(079)- (61>

This Hamiltonian is the PN-expanded reduced ADM Hamiltonian of point-
masses plus field system; the nontrivial procedure of reduction is described in
Sects. B IlandB2]of this review. The non-autonomous dissipative Hamiltonians
Hs 5pN(Xa, Pa,t) and Hs spn(Xa, Pa, t) are written as explicitly depending on
time because they depend on the gravitational field variables (see Sect. for
more details). The dependence of the 4PN Hamiltonian Hypx on x, and p, is
both pointwise and functional (and this is why we have used square brackets
for arguments of Hypn).

We will display here the conservative Hamiltonians Hy to Hypn in the
centre-of-mass reference frame, relegating their generic, noncentre-of-mass
forms, to Appendix In the ADM formalism the centre-of-mass reference
frame is defined by the simple requirement

p1+p2=0. (6.2)

Here we should point out that at the 3.5PN order for the first time recoil arises,
hence the conservation of linear momentum is violated [see, e.g.,

(derivation based on wave solutions of linearized field equations) and Junker
and Schifer 1992 (derivation based on wave solutions of non-linear field equa-
tions)]. This however has no influence on the energy through 6.5PN order, if
P = p; + p2 = 0 holds initially, because up to 3PN order the Eq. (B43) is
valid and the change of the Hamiltonian H caused by nonconservation of P
equals dH /dt = [(¢?/H)P]zpx - (AP /dt)3 5pn = 0 through 6.5PN order.

Let us define

mimso v ﬁ
M M’
where the symmetric mass ratio 0 < v < 1/4, with v = 0 being the test-body
case and v = 1/4 for equal-mass binaries. It is convenient to introduce reduced
(or rescaled) variables r and p (together with the rescaled time variable t),

M=mi+mo, p= (6.3)

X1 — X2 r P1 P2 - t
—_ = —, =" =-=, =n-p, t=——, (64
GM " |r| P 1 I pr="n"P GM (64)

..s
If
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as well as the reduced Hamiltonian

H=—"—"—"". (6.5)

6.1 Conservative Hamiltonians through 4PN order

The conservative reduced 4PN-accurate two-point-mass Hamiltonian in the
centre-of-mass frame reads

N 1 - 1 -
Hlr,p] = Hx(r,p) + C—2H1PN(I‘7P) + C_4H2PN(I'7P)
1 i 1 i
+ = spn(r, p) + = 4PN [T, D). (6.6)

The Hamiltonians Hy through I:I3PN are local in time. They explicitly read

2
N P 1
a S .
N(rap) 9 7", (6 7)
H pn(r,p) = 1(31/7 1)104 ! [(3+1/)p2 +l/p2] 1 + 1 (6.8)
TR 8 2 ST '
2 1 24,6
Hapn(r,p) = E(l—{)y—i—fw )p
1 24, 4 2.2 2 2 a1l
+§[(5—20V—3V )p* — 2v pip® — 3v pr];
1 , L1 1 1
+§[(5+8u)p +31/pr]r—271(1+31/)ﬁ, (6.9)

. 1
Hspn(r,p) = 1—28(—5 + 350 — T00% + 350°)p®

1
+ 76 (—7+42v — 53 — 5°)p°® + (2 — 3v)v?pZp?

11
+3(1 - v)plp? — 505 =+ [E(—z'? + 1360 + 10902)p*

1 9 9 1 41
+ E(N + 30v)vpip” + 5(5 + 431/)1/pr} =

2B (L e 335 25N
s " \6a 8 g )P
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1 109 21 , 1
(== . 1
+[8+(12 3277)1/] " (6.10)

~ The total 4PN Hamiltonian Hupx [r, p] is the sum of the local-in-time piece
H9%1(r, p) and the piece HIgMo![r, p] which is nonlocal in time:

Hapx[r, p] = HigR (v, p) + HIRN[r, p]. (6.11)
The local-in-time 4PN Hamiltonian H1953 (r, p) reads

. 7 63 189 , 105 , 63
Hlocal MY ZPJ 2 3 A 10
AN (1 P) = (256 256" " 256" " 1287 T 256"

2

+

5oy 8 (42303 9
1287 7 167 P " 5P - 64pr
W13 5 2B o6 69 40 5o 3
5567 T aPrP t TogPrP — GaPP t ggghh |V

P
< 3
35 9 5 6o 35 4 1
+( To5” 2pr AT S v v o
(T

+

3
791

13
p6+

49 889 369
+ p6+ 27 9 4 4,2 909 >z/

) 16°P ~ 1928 T 1g0Pr
857 s _ 545 2 i 0475 2 1151 6) ,
—_— 14
25

+

768 P T qag?

(285 1135 oy 1609 4 10353 0 ) 1
256 F T a56 PP T e PP T g0 2
05 2749 o 58OI80Y . (63347 1059 L\ ,
2P 8192 19200 1600 1024
(3152 18491 , 1189789\
8102" 1280 16384 28800
127 4035 0 o, (51563 38655 )
— _—_ v
o™ ) Pr 1020 16384
558 4225 50 381\ o) 1
+( 128" T ea P T a8t )V (03
PRI 185761 21837 L\, (3401779 28691 L)
9 P 19200 8192 57600 24576
672811 158177 L\ , (21827 110099 5\ 51 ,| 1
19200 49152 © ) ¥ 3840 49152 © )P A
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1160199 6237 LN 1256, 7403 L\ L)1
16 2400 1024”7 )" 5 302" )Y (e

(6.12)

The time-symmetric but nonlocal-in-time Hamiltonian Hguec![r p] is re-
lated with the leading-order tail effects (Damour et al [2014). It equals

1 G2 +oo

hon dr ...
H4P(’)1\Iloca1[rap] = 5 IU( ) X Pf2r12/c/ T Iij (t + T)a (6'13)

—oo |7l

where Pfr is a Hadamard partie finie with time scale T' = 2r13/c and where
1;j denotes a third time derivative of the Newtonian quadrupole moment I;;
of the binary system,

A
I = ol 2iad — Z59%2 ). 6.14
J ;m (‘Taxa 3 Xa) ( )
The Hadamard partie finie operation is defined as dDam&mmL_a] |2Ql_4])

+° qp T Qo oo dy
v [ = [ Ll g0+ [ V). ©a9)

v T

Let us also note that in reduced variables the quadrupole moment I;; and its
third time derivative [;; read

L; = (GM)*n (rirj - %r%’j) . 1= Gy2 (4n< p;) —3(n-p)n <an>) )
(6.16)
where (- - - ) denotes a symmetric tracefree projection and where in T w the time
derivatives r, ¥, and T were eliminated by means of Newtonian equations of
motion.

From the reduced conservative Hamiltonians displayed above, where a fac-
tor of 1/v is factorized out [through the definition (6.5]) of the reduced Hamil-
tonian], the standard test-body dynamics is very easily obtained, simply by
putting v = 0. The conservative Hamiltonians I:IN through f[4pN serve as basis
of the EOB approach, where with the aid of a canonical transformation the
two-body dynamics is put into test-body form of an effective particle moving
in deformed Schwarzschild metric, with v being the deformation parameter
(Buonanno and Damour [1999, 12000, Damour et al 2000a, 2015). These Hamil-
tonians, both directly and through the EOB approach, constitute an important
element in the construction of templates needed to detect gravitational waves
emitted by coalescing compact binaries. Let us stress again that the complete
4PN Hamiltonian has been obtained only in 2014 (Damour et all2014), based
on earlier calculations (Blanchet and Damour 1988, [Bini and Damou 2013,

|Jaranowski and Schife [21113} and a work published later (Jaranowski and
Schafer m
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6.2 Nonlocal-in-time tail Hamiltonian at 4PN order

The nonlocal-in-time tail Hamiltonian at the 4PN level (derived and applied by

Damour et all2014 and [Damour et al 2014, respectively) is the most subtle part

of the 4PN Hamiltonian. It certainly deserves some discussion. Let us remark
that though the tail Hamiltonian derived in 2016 by Bernard et. al ([2Q1ﬂ) was
identical with the one given in [Damour et al (2014), the derivation there of
the equations of motion and the conserved energy was incorrectly done, as
detailed by [Damour et al (|2_Qld), which was later confirmed by m

(20171).

The 4PN-level tail-related contribution to the action reads

sigh = - [ HEk@ (6.17)
where the 4PN tail Hamiltonian equals
) G2 M oo
Hipn(t) = — o Tij(t )szmt)/c/m " |IU(t+v) (6.18)
Because formally
Tij(t+v) =exp ( §t> Ti (1), (6.19)
the tail Hamiltonian can also be written as
H0) =~ 3 T Pt [ 2+ )+ Togt — )
2G*M

> dw d) ...
= — re —= I”( )Pfgr(t)/c/o 7COSh (’UE) Iij(t)- (620)

Another writing of the tail Hamiltonian is

tail 2G°M = dv
Hipn(t) = —— 5~ Tij(t) Plap(ey e ; — cosh (vX (Ho)) I;;(t)  (6.21)

v

with
0Hy 0 0OHy 0 (p()?* GMp
X(Hpy) = — — — Hy = - .
o) ; <5Pi(f) dx'(t)  9a'(t) 32%'(15)) Cr 21 r(t)
(6.22)
This presentation shows that H3l can be constructed from positions and

momenta at time .
For circular orbits, ;;(t) is an eigenfunction of cosh (v<), reading

d
cosh< dt) Tij(t) = cos (2082(t)) Ti5(t), (6.23)
where (2 is the angular frequency along circular orbit (p, = 0),
. 0Hy (papv T) y4%) (t) pi GMp
Lt)y=p= = H =" — —. 6.24
()= p= TRt~ PRy (pn) = ooy - SR (620
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Notice that the representation of 2(t) as function of the still independent
(dynamical equation p, = —9dHy/Or has not yet been used) canonical variables
po(t) and r(t) (in [Damour et al ) , & more concise representation for
circular orbits has been applied, based on the orbital angular momentum as
only variable). The somewhat complicated structure of Eq. (6.23]) can be made

d
plausible by writing Vg =Y 2(py,7)—, see Eq. ([G24), and parametrizing

d

dep
the Eq. ([@I6]) for circular orbits (p, = 0) with orbital angle . The 4PN tail
Hamiltonian for circular orbits can thus be written as

ail circ 2G2M e dv 2 t
HEN" () = =5 (T5j(1)* Playsy e / _COS(W()“)
0

hcS v pr?(t)
2G2M ... o Apy(t
= S5 (1) {m (%) HE} , (6.25)

where yg = 0.577 ... denotes Euler’s constant. This representation has been
used by Bernard et _al (2016), see Eq. (5.32) therein, for a straightforward

comparison with the tail results presented by [Damour et al (2014).

6.3 Dynamical invariants of two-body conservative dynamics

The observables of two-body systems that can be measured from infinity by,
say, gravitational-wave observations, are describable in terms of dynamical
invariants, i.e., functions which do not depend on the choice of phase-space
coordinates. Dynamical invariants are easily obtained within a Hamiltonian
framework of integrable systems.

We start from the reduced conservative Hamiltonian H (r,p) in the centre-
of-mass frame (we are thus considering here a local-in-time Hamiltonian; for
the local reduction of a nonlocal-in-time 4PN-level Hamiltonian see Sect.
below) and we employ reduced variables (r, p). The invariance of H (r,p) under
time translations and spatial rotations leads to the conserved quantities

E = H(r,p), jEMGLM:rXp, (6.26)
where E is the total energy and J is the total orbital angular momentum of the
binary system in the centre-of-mass frame. We further restrict considerations
to the plane of the relative trajectory endowed with polar coordinates (r, ¢) and
we use Hamilton-Jacobi approach to obtain the motion. To do this we separate
the variables = ¢/(GM) and ¢ in the reduced planar action S = S/(GuM),
which takes the form

S = —Ef—i—jqﬁ—i—/\/R(r,E,j)dr. (6.27)

Here j = |j| and the effective radial potential R(r, I, j) is obtained by solving
the equation E = H(r,p) with respect to p, = n - p, after making use of the
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relation
2
J
p’ = (n- p)2 + (n x p)2 = pf + ot (6.28)

The Hamilton-Jacobi theory shows that the observables of the two-body
dynamics can be deduced from the (reduced) radial action integral

2 Tmax

ir(E,j) = Dy VR(r,E, j)dr, (6.29)

Tmin
where the integration is defined from minimal to maximal radial distance.
The dimensionless parameter k = AP/(27) (with AP = $ — 27) measuring

the fractional periastron advance per orbit and the periastron-to-periastron
period P are obtained by differentiating the radial action integral:

dir(E, j)
k 7 ; (6.30)
_ dir(E, j)
P =2mGM —2 == (6.31)

It is useful to express the Hamiltonian as a function of the Delaunay (re-
duced) action variables (see, e.g., [Goldsteinl [1981) defined by

N , J . J:

WGy T e T T uam

n=i.+j= (6.32)

The angle variables conjugate to n, j, and m are, respectively: the mean
anomaly, the argument of the periastron, and the longitude of the ascend-
ing node. In the quantum language, N'/h is the principal quantum number,
J/h the total angular-momentum quantum number, and J,/h the magnetic
quantum number. They are adiabatic invariants of the dynamics and they are,
according to the Bohr-Sommerfeld rules of the old quantum theory, (approxi-
mately) quantized in integers. Knowing the Delaunay Hamiltonian H (n,j,m)
one computes the angular frequencies of the (generic) rosette motion of the bi-
nary system by differentiating H with respect to the action variables. Namely,

21 8ﬁ(n,j,m)
Wradial = P — GM on s (633)

AD  2nk 1 OH(n,j,m)
wri'rn:_:—:—%. 6.34
periastron = " p P GM  9j (6:34)
Here, wyagia is the angular frequency of the radial motion, i.e., the angular fre-
quency of the return to the periastron, while wperiastron is the average angular
frequency with which the major axis advances in space.
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6.3.1 3PN-accurate results

The dynamical invariants of two-body dynamics were computed by Damour
and Schafer M) at the 2PN level and then generalized to the 3PN level

of accuracy by [Damour_et_al (|2_O_O_O_H) We are displaying here 3PN-accurate
formulae. The periastron advance parameter k reads

c2j 4

+i § ZJ’_ 4_1772_% V+ZV2 i
A2\ 2 T\ 6 3 T
(105 (a1, 218 45 L\ E
20 (2220 L e b
2 64" 73 6 ]2

+ 0(0_6)}. (6.35)

3 1 (5 1 1

+ —(5— bv + 4v%) E?

] =

The 3PN-accurate formula for the orbital period reads

oWmGM {1 11

P=— R
(—2E)3/ 24

(15—-v)E

1[3 (—2E)%/%2 3
— |25 ) =
ta {2(5 V) 32

L1054, 218) 45, (—2E)3/2
Bl e et B R B e A
&\ 2 64" 3 6 I
(_2E)5/2

J

(35 4 30v + 3v7) EQ}

3
- 1(5 — 5v + 41%)

+ %8(21 — 1050 + 150° + 50°) E®

+ O(Cg)}. (6.36)

These expressions have direct applications to binary pulsars (Damour and
Schéfer L‘LM) Explicit analytic orbit solutions of the conservative dynamics

through 3PN order are given by Memmesheimer et. al (1201)3) The 4PN perias-
tron advance was first derived by Damour et al (2015, |2Q]_d), with confirmation
provided in a later rederivation (Bernard et al [2017h): also see Blanchet and
Le Tiec (IZDj_ﬂ)

All conservative two-body Hamiltonians respect rotational symmetry,
therefore the Delaunay variable m does not enter these Hamiltonians. The
3PN-accurate Delaunay Hamiltonian reads (Damour et _al 20001)

-~ ) 1 1/6 1 1
H(n,j,m)= 2—712{1+ _<j_n - 1(151/)5)
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1/5 1 27 3 11 1
(27— 2w+ 2L (35— dv) e+ Z(145 — 150 + 12)
+c4(2( V)j3n+j2n2 2( V)jn3+8( V+V)n4)

L[(231 (123 , 21 ,\ 1 45 1

Rl (Y i —125) 22 72
+C6[(2 +(64 +4”)j5n 2 1= 25

303 1427 41 1 45
SRR (2L ), 02— — 22(20-3

( + 12 64" )” )j3n3 5 V) Sz

3 1 1

+ 5275 = 500 + 47 s a(6363 8050 + 900 — 51)
+ 0(0—8)}. (6.37)

Additional insight into the 3PN dynamics can be found in a paper by
Le Tied M), where the first law of mechanics for binary systems of point
masses (Le Tiec et aIHZD_lj) was generalized to generic eccentric orbits.

6.3.2 Results at 4PN order

The reduced 4PN Hamiltonian I:I4PN[r, p] can be decomposed in two parts in
a way slightly different from the splitting shown in Eq. (GI1). Namely,

ZEI4PN[I‘, p] = HZ{PN(ra p; S) + ZEIEPN[ra p; 5]7 (638)

where the first part is local in time while the second part is nonlocal in time;
$ = Sphys/(GM) is a reduced scale with dimension of 1/velocity?, where sphys
is a scale with dimension of a length. The Hamiltonian Hl,y is a function of
phase-space variables (r, p) of the form

202

= (T (639)

- . r

HiPN(rap;S) = HAIL%CN(rap) +F(I‘,p) ln;a F(I’,p)
where the Hamiltonian I—H%CN is given in Eq. ([@I2) above. The Hamiltonian
HJLy is a functional of phase-space trajectories (r(t), p(t)),

. 1G2.. oo dr ...
Hjpx[r,pis] = *gy—cgfij(t) X szsphys/c/ = Lij(t + 7). (6.40)

—o 7]

The nonlocal Hamiltonian Hﬁ,N[r, p; s] differs from what is displayed in Eq.
(613) as the nonlocal part of the 4PN Hamiltonian. There the nonlocal piece
of Hypy is defined by taking as regularization scale in the partie finie op-
eration entering Eq. (GI3) the time 2ri2/c instead of 2spnys/c appearing in
(©A0). Thus the arbitrary scale spuys enters both parts Hipy and Hiby of
ﬁ4pN, though it cancels out in the total Hamiltonian. [Damour et al 420_1_5)
has shown that modulo some nonlocal-in-time shift of the phase-space co-
ordinates, one can reduce a nonlocal dynamics defined by the Hamiltonian
Hlr,p;s] = Hx(r,p) + I:IHDN[r,p;s] to an ordinary (i.e., local in time) one.
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We will sketch here this reduction procedure, which employs the Delaunay
form of the Newtonian equations of motion.

It is enough to consider the planar case. In that case the action-angle
variables are (£, ¢; G, g), using the standard notation of
M) (with £ = n and G = j). The variable £ is conjugate to the “mean
anomaly” ¢, while G is conjugate to the argument of the periastron g = w. The
variables £ and G are related to the usual Keplerian variables a (semimajor
axis) and e (eccentricity) via

L=vVa, G=+/a(l—e2). (6.41)

By inverting ([G:4T]) one can express a and e as functions of £ and G:

2
a=L? e= 1—(%). (6.42)

We use here rescaled variables: in particular, a denotes the rescaled semimajor
axis a = apnys/(GM). We also use the rescaled time variable ¢ = tpnys/(GM)
appropriate for the rescaled Newtonian Hamiltonian

(6.43)

The explicit expressions of the Cartesian coordinates (z,y) of a Newtonian
motion in terms of action-angle variables are given by

2(£,6:G,9) = cosgwo —singyo, y(£,4;G,9) =singwo +cosgyo, (6.44)
xo = a(cosu —e), yo=a\1—e?sinu, (6.45)

where the “eccentric anomaly” wu is the function of ¢ and e defined by solving
Kepler’s equation
u—esinu = L. (6.46)

The solution of Kepler’s equation can be written in terms of Bessel functions:
- 2,

= Z = Jp(ne)sin(n £). (6.47)
n

Note also the following Bessel-Fourier expansions of cosu and sinu [which
directly enter (zg,yo) and thereby (x,y)]

i

— Jnt1(ne)]cosnl, (6.48)

wlm
3I>~

CoOsu =

Jn—1(ne) + Jpt1(ne)]sinn L. (6.49)

:I>—‘

oo
sinu g



Title Suppressed Due to Excessive Length 57

For completeness, we also recall the expressions involving the “true anomaly”
f (polar angle from the periastron) and the radius vector r:

1— 2
r=a(l —ecosu) = 1(1—(|—€7C§S)f7 (6.50)
_ 1_ e2si
0 _ g fo COSUTC W0 e VI-esinu (6.51)
r 1 —ecosu r 1 —ecosu

The above expressions allows one to evaluate the expansions of x, y, and
therefrom the components of the quadrupole tensor I;;, as power series in e
and Fourier series in £.

Let us then consider the expression

F(t,7) = 1Tij(t) Ti5(t + 1), (6.52)

which enters the nonlocal-in-time piece ([6.40) of the Hamiltonian. In order to
evaluate the order-reduced value of F(t,7) one needs to use the equations of
motion, both for computing the third time derivatives of I;;, and for expressing
the phase-space variables at time ¢ + 7 in terms of the phase-space variables
at time t. One employs the zeroth-order equations of motion following from
the Newtonian Hamiltonian (6.43]),

0 9HN 1 dg  OHx

G- oc - yT oG " (6.53)
dc OHx dg OHx

—=——— =0, —=-—==0, 6.54
di ol di dg (6.54)

where 2(£) = L£73 is the ({-time) rescaled Newtonian (anomalistic) orbital
frequency 2 = GM2,nys (it satisfies the rescaled third Kepler’s law: 2 =
a=3/?). The fact that g, £, and G are constant and that ¢ varies linearly with
time, makes it easy to compute [;;(t + 7) in terms of the values of (£, g, L, G)
at time t. It suffices to use (denoting by a prime the values at time ¢’ =t +7)

0 =0t +7) = 0(t) + 2(L)F, (6.55)

where 7 = 7/(GM), together with ¢’ = ¢, £’ = L, and ¢’ = G. The order-
reduced value of F(t,7) is given by (using d/df = 2d/d¢)

6
Q(ﬁ)) &Ly L (+ 2(0)7). (6.56)

F67) = (GM FTERARTE

Inserting the expansion of I;;(¢) in powers of e and in trigonometric functions
of ¢ and g, yields F in the form of a series of monomials of the type

F(,7) = Z c* e™ cos(ng 0 £ ng 27), (6.57)

ninansg
ni,n2,tns

where ny, na, ng are natural integers. (Because of rotational invariance, and
of the result ¢’ = g, there is no dependence of F on g.)
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All the terms in the expansion (G.57) containing a nonzero value of ng
will, after integrating over 7 with the measure d7/|7| as indicated in Eq.
([60), generate a corresponding contribution to IAJZHDN which varies with ¢ pro-
portionally to cos(ns £). One employs now the standard Delaunay technique:
any term of the type A(L)cos(nf) in a first-order perturbation eHy (L, () =
HIL\ (L, 0) of the leading-order Hamiltonian Hy(£) = Hx(L) can be elim-
inated by a canonical transformation with generating function of the type
eg(L, ) = eB(L)sin(nf). Indeed,

OHo(L) dg
“ar —n (L) B(L) cos(nf), (6.58)

6gH1 = {HO(‘C)’Q} =

so that the choice B = A/(n (2) eliminates the term Acos(nf) in Hy. This
shows that all the periodically varying terms (with ng # 0) in the expansion
65T) of F can be eliminated by a canonical transformation. Consequently
one can simplify the nonlocal part ﬁfPN of the 4PN Hamiltonian by replacing
it by its f-averaged value,

. R 1 G? teodr
Hipn(L£,G:s) = %/o Al Hjpx[r, p; s] = “E o PfQS/c/ m}—,
(6.59)

where F denotes the (-average of F(¢,7) [which is simply obtained by dropping
all the terms with ngy # 0 in the expansion (6.57)]. This procedure yields an

averaged Hamiltonian H}%Ly which depends only on £, G (and s) and which is
given as an expansion in powers of e (because of the averaging this expansion
contains only even powers of e). Damour et al (IZDjj) derived the (-averaged
Hamiltonian as a power series of the formf

2~ 4 14 = S e"®s
Hipn(L,G:s) = 5 &[0 ZPGUZ (e)]*In (QPF> ; (6.60)
p=1

where Ifj (e) are coefficients in the Bessel-Fourier expansion of the dimension-

less reduced quadrupole moment I;; = I; /[(GM)?ua?),

+oo
Iij(t,e) = Z ffj(e)eipé. (6.61)

p=—00

Equation (G.60) is the basic expression for the transition of the tail-related
part of the 4PN dynamics to the EOB approach (Damour et al 2015).

For another approach to the occurrence and treatment of the (¢,¢')-
structure in nonlocal-in-time Hamiltonians the reader is referred to Damour

et al (2016) (therein, ¢ is called \).

5 Here e = 2.718... should be distinguished from the eccentricity e.
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6.4 The innermost stable circular orbit

The innermost stable circular orbit (ISCO) of a test-body orbiting in the
Schwarzschild metric is located at R = 6 M G/c?, in Schwarzschild coordinates.
Within a Hamiltonian formalism the calculation of the ISCO for systems made
of bodies of comparable masses is rather straightforward. It is relevant to start
from discussion of dynamics of a two-body system along circular orbits.

The centre-of-mass conservative Hamiltonian H (r,p) can be reduced to
circular orbits by setting p, = n-p = 0 and p? = j2/r?, then H= f[(r,j).
Moreover, H (r, j)/0r = 0 along circular orbits, what gives the link between
r and j, r = r(j). Finally the energy E.ire along circular orbits can be ex-
pressed as a function of j only, Ecirc(j) = H(r(j),j). The link between the
(reduced) centre-of-mass energy Fleire and the (reduced) angular momentum
7 is explicitly known up to the 4PN order. It reads dBlmjmi_]lammlﬂ 2013,

~ i 1 9 1\1 81 7 1 1
ECer -, _ _ 1 _ _ _ - — 2 JE—
(Jsv) 2].2{ +(4+4y)j2+<8 8V+8V>j4

3861 (4lr® 8833\ 5, 5 o101
64 32 192 )V 327 Tea” |je

L [53708 | (G581x% 980911 G, 16V
128 512 1920 5 \7TET

384 64

<8875 417r2>y2 3 4 7

1
4 10
i + 1287 }j8 +O(y )} (6.62)

An important observational quantity is the angular frequency of circular orbits,
Weire- It can be computed as
1 dEcirc
Weirc = ~77 .
GM dj

(6.63)

It is convenient to introduce the coordinate-invariant dimensionless variable
(which can also serve as small PN expansion parameter)

M circ 23
T = <G07(;) . (6.64)

Making use of Eqs. ([G.63)) and (G.64)) it is not difficult to translate the link of
Eq. (G62]) into the dependence of the energy Fei.. on the parameter 2. The
4PN-accurate formula reads dBlmjm_Daumﬂ , )

5 x 3 v 27 19v  V?
i (. —_Zl1-(= _ _ - - 2
(z;0) 2{ (4+12>$+< g 24)””
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{ 675 (34445 2057T2> 15502 351/3} 3
+ | = v— T

64 576 96 96 5184

N 3969 90377r27123671 448
1536 5760 15

123 + —(27E+ln(16z))>y

315772 498449\ , 3014  TTA ],
- O@®)y. (665
( 576 3456 )” RSO +31104}$ +0G") (6.65)

In the test-mass limit ¥ — 0 (describing motion of a test particle on a
circular orbit in the Schwarzschild spacetime) the link E'(z;v) is exactly

known,
- 1—2x
EY(2;0) = — — 1. 6.66
(@:0) = = (6.66)
The location x1sco = 1/6 of the ISCO in the test-mass limit corresponds to
the minimum of the function E(z;0), i.e.

A< (2;0)

- =0. (6.67)

T=TISCO

Therefore the most straightforward way of locating the ISCO for v > 0 relies
on looking for the minimum of the function ECirC(x; v), i.e., for a given value
of v, the location of the ISCO is obtained by (usually numerically) solving the
equation dE9™(z;v)/(dz) = 0 (Blanchef ). Equivalently the location of
the ISCO can be defined as a solution of the set of simultaneous equations
OH(r,§)/0r = 0 and 92H (r, j)/0r? = 0. Both approaches are equivalent only
for the ezact Hamiltonian H(r,7), see however Sect. IV A 2 in Buonanno
et al 4201)3, IZDD_d) for subtleties related to equivalence of both approaches
when using post-Newtonian-accurate Hamiltonians. With the aid of the latter
method [Schéfer and Wex (19934d) computed the nPN-accurate ISCO of the
test mass in the Schwarzschild metric through 9PN order in three different
coordinate systems, obtaining three different results. Clearly, the application of
the first method only results in a nPN-accurate ISCO described by parameters
which are coordinate invariant.

Let us consider the 4PN-accurate expansion of the exact test-mass-limit

formula (G60),
x 3 27 5 675 4 3969 ,

Ere(2;0) = —Z (1 -2t g z* + O(z5)>. (6.68)

2 4 8 64 128

Let us compute the succesive PN estimations of the exact ISCO frequency
parameter zisco = 1/6 22 0.166667 in the test-mass limit, by solving the equa-
tions dECES (2;0)/(dz) = 0 for n = 1,...,4, where the function ESX (x;0)
is defined as the O(z™"!)-accurate truncation of the right-hand-side of Eq.
(6568)). They read: 0.666667 (1PN), 0.248807 (2PN), 0.195941 (3PN), 0.179467
(4PN). One sees that the 4PN prediction for the ISCO frequency parameter
is still ~8% larger than the exact result. This suggests that the straightfor-
ward Taylor approximants of the energy function E’Circ(x; v) do not converge
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fast enough to determine satisfactorily the frequency parameter of the ISCO
also in v > 0 case, at least for sufficiently small values of v. The extrapo-
lation of this statement for larger v is supported by the values of the ISCO
locations in the equal-mass case (v = 1/4), obtained by solving the equations
dESS (2;1/4)/(dz) = 0 for n = 1,...,4, where the function ESES (z;v) is
now defined as the O(xz"1)-accurate truncatmn of the right-hand-side of Eq.
[663]). For the approximations from 1PN up to 4PN the ISCO locations read

, Blanchetl 2002, |Jaranowski and Schifer 2013): 0.648649
(1IPN), 0.265832 (2PN), 0.254954 (3PN), and 0.236599 4PNE.

To overcome the problem of the slow convergence of PN expansions sev-
eral new methods of determination of the ISCO for comparable-mass binaries
were devised by [Damour et al (2000a). They use different “resummation” tech-
niques and are based on the consideration of gauge-invariant functions. One
of the methods, called the “j-method” by Damour et al (lZDDQd), employs the
invariant function linking the angular momentum and the angular frequency
along circular orbits and uses Padé approximants. The ISCO is defined in this
method as the minimum, for the fixed value of v, of the function j2(x;v),
where j is the reduced angular momentum [introduced in Eq. (626)]. The
function j2(x;v) is known in the test-mass limit,

1

73 (x;0) = 21— 32)"

(6.69)

and its minimum coincides with the exact “location” zgco = 1/6 of the
test-mass ISCO. The form of this function suggests to use Padé approximants
instead of direct Taylor expansions. It also suggests to require that all used
approximants have a pole for some zp01e, Which is related with the test-mass
“light-ring” orbit occurring for z;, = 1/3 in the sense that zpee(r) — 1/3
when v — 0. The 4PN-accurate function j2(z;v) has the symbolic structure
(1/z)1 4+ 2z + ...+ 2* + 2*Inz). In the j-method the Taylor expansion at
the 1PN level with symbolic form 1 + x is replaced by Padé approximant of
type (0,1), at the 2PN level 1 + 2 + 22 is replaced by (1,1) approximant, at
the 3PN level 1 + z + 2% + 22 is replaced by (2,1) approximant, and finally
at the 4PN level 1 + o + 22 + 2% + 2 is replaced by (3,1) Padé approximant
[the explicit form of the (0,1), (1,1), and (2,1) approximants can be found in
Eqgs. (4.16) of [Damour et _al 2000a]. At all PN levels the test-mass result is
recovered exactly and lJaranowski and Schifer (2013) showed that the ISCO
locations resulting from 3PN-accurate and 4PN-accurate calculations almost
coincide for all values of v, 0 < v < %. The ISCO locations in the equal-
mass case v = 1/4 for the approximations from 1PN up to 4PN are as follows

6 The 4PN value of the ISCO frequency parameter given here, 0.236599, is slightly different
from the value 0.236597 published in [Jaranowski and Schiifer M) The reason is that in
[Jaranowski_and_Schéfer (@) the only then known approximate value 153.8803 of the
linear-in-v coefficient in the 4PN-order term in Eq ([663) was used, whereas the numerical
exact value of this coefficient reads 153.8837968 - - -. From the same reason the 4PN ISCO
frequency parameter determined by the j- method descrlbed below in this section, is equal

0.242967, whereas the value published in [Jaranowski and Schéfe] (2013) reads 0.247515.
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(Jaranowski and Schifed [2013): 0.162162 (1PN), 0.185351 (2PN), 0.244276

(3PN), 0.242967 (4PN).

6.5 Dissipative Hamiltonians

To discuss dissipative Hamiltonians it is convenient to use the toy model from
Sect. with the Routhian R(g,p;¢,§) and its corresponding Hamiltonian
H(q,p; &, ) = 7€—R. The Hamilton equations of motion for the (g, p) variables
read

oH OR 0H OR
) = - = = — Y = = = — 6-70
b= 2 1= = (6.70)
and the Euler-Lagrange equation for the £ variable is
OR dOoR
ket (6.71)
0§ dt o¢

Alternatively, the Hamilton equations of motion for the (£, 7) variables can
be used. Solutions of the Euler-Lagrange equation are functions £ = £(q, p).
Under those solutions, the Hamilton equations of motion for the (g, p) variables

become
OR . OR

.__OR _ ok 72
P 94 =73, (6.72)

§=¢£(q,p) §=¢£(q,p)

These autonomous equations in the (g, p) variables contain the full conservative
and dissipative content of the (¢,p) dynamics. The time-symmetric part of
R yields the conservative equations of motion and the time-antisymmetric
part of the dissipative ones. The conservative equations of motion agree with
the Fokker-type ones showing the same boundary conditions for the (f,«f)
variables. When going from the (¢, «E ) variables to the field variables hTT and
szT, those time-symmetric boundary conditions mean as much incoming as
outgoing radiation.

To describe astrophysical systems one should use the physical boundary
conditions of no incoming radiation and past stationarity. Clearly, radiative
dissipation happens now and the time-symmetric part of the whole dynamics
makes the conservative part. In linear theories the conservative part just results
from the symmetric Green function Gg, whereas the dissipative one from the
antisymmetric Green function G,, which is a homogeneous solution of the
wave equation. The both together combine to the retarded Green function
Gret = Gs + G, with Gy = (1/2)(Gret + Gadv) and G, = (1/2)(Gret - Gadv)a
where G,qy denotes the advanced Green function. In non-linear theories time-
symmetric effects can also result from homogeneous solutions, e.g., the tail
contributions.

For a binary system, the leading-order direct and tail radiation reaction
enter the Routhian in the form

. 1 o p1ip1; . p2ip2;  Gmims .
R (x4, Past) = =5 hij' (1) ( T e T, ), (6.73)
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where AT (¢) decomposes into a direct radiation-reaction term and a tail

one (Damour et al2016),

. 4G 4GM [
ﬁf@:—_e@@+7To mm(

5¢d )

) 1t~ r)> . (6.74)

The last term on the right side results in a Routhian, which reproduces the

corresponding tail effects in [Blanchet (1993) and |Galley et al (2016).

The conservative (time-symmetric) part in h;FjT ™ reads

25phys

8G2 e3¢} dt/
TT rr con _ (4)
hij (t) - 5 8 Pf?Sphys/C [00 |t — t/| I’LJ (t/), (675)

and the dissipative (time-antisymmetric) one equals

~ 4G 8G*M < qy
TT rrdi _ (3 (4)
h,zj S(t) - 505 1] (t) - 508 PfQSphys/C /_oo P Izg ( ), (676)

where use has been made of the relations

Pf,, /Oo de'f(t') /Oood In (TO>[f(1)( ) —fO+7)],  (6.77)

T
T Avie) [ T\ M
me/_oo P—" 7/0 d71n<70>[f1(t )+ fDE+7)].  (6.78)

The leading-order 2.5PN dissipative binary orbital dynamics is described
by the non-autonomous Hamiltonian (Schiferl ),

2G .. PLip1; | DP2p2;  Gmaime niond
Hj 5pN(Xa, Pa,t) = 5 I”( ()) < 1+ 1 — nyoniy

mq ma 12
(6.79)
where I;; is the Newtonian mass-quadrupole tensor,
. . 1
= Z Mg (:C;’(t)xff (t) — gxf(t)éij). (6.80)

Only after the Hamilton equations of motion have been obtained the primed
position and momentum variables coming from | w are allowed to be identified
with the unprimed position and momentum variables, also see m (@)
Generally, the treatment of dissipation with Hamiltonians or Lagrangians nec-
essarily needs doubling of variables (Bateman M) In quantum mechanics,
that treatment was introduced by Schwinger (1961) and Keldysh (1965). In
the EFT approach as well a doubling of variables is needed if one wants to
treat dlss1patlve systems in a full-fledged manner on the action level (see, e.g.,

12019 and [Gal ey et al [2Q1ﬂ However, one should keep
in mind that in quantum mechanics damping can also be treated without dou-
bling of variables by making use of the fact that the Feynman Green function
G, the analogue of the retarded Green function of classical physics, decom-
poses into real and imaginary parts, Gp = Gy + (i/2)GV), where both G




64 Gerhard Schifer, Piotr Jaranowski

from above and G(!), Hadamard’s elementary function, are symmetric Green
functions, G(!) solving homogeneous wave equation as G, does. The imaginary
part in e.g. the Eq. (8.7.57) in the book by Browdl (@) yields nothing but
the dipole radiation loss formula and this without any doubling of variables
(also see Sect. 9-4 in [Feynman and Hibbd [1965).

Applications of the 2.5PN Hamiltonian can be found in, e.g., Kokkotas and
Schéfermw 99). Gopaku-
mar and Schéfer (@), where in i ) a transfor-
mation to the Burke-Thorne gauge (coordinate conditionsg is performed. More
information on the 2.5PN dissipation can be found in (@) The
3.5PN Hamiltonian for many point-mass systems is known too, it is displayed
in Appendix [E] (Jaranowski and Schéfer 1997, llﬁlmgsdmﬁﬁum_a] 2003). Re-
garding gravitational spin interaction, see the next section, also for this case
radiation reaction Hamiltonians have been derived through leading order spin-
orbit and spin-spin couplings (Steinhoff and Wang 2010, Wang_et. al 2011).
Recent _related developments within the EFT formalism are found in Maia
et al (2017a.H)

Let us mention that the already cited article [Galley et. al ([2_Qlﬂ) contains
two interesting results improving upon and correcting an earlier article by
[Foffa_and Sturani (20131): on the one hand it confirms the conservative part
of the tail action, particularly the additional rational constant 41/30 which
corresponds to the famous 5/6 in the Lamb shift (see, e.g., Brown ), and
on the other side it correctly delivers the dissipative part of the tail interaction.
It is worth noting that in the both articles the involved calculations were
performed in harmonic coordinates.

7 Generalized ADM formalism for spinning objects

In this section we review the recent generalization of ADM formalism describ-
ing dynamics of systems made of spinning point masses or, more precisely,
pole-dipole particles. We start from reviewing the generalization which is of
fully reduced form (i.e., without unresolved constraints, spin supplementary
and coordinate conditions) and which is valid to linear order in spin variables
(our presentation of linear-in-spins dynamics closely follows that of Steinhoff

and Schifer (2009a)).

7.1 Dynamics linear in spins

In this section Latin indices from the middle of the alphabet i, j, k, ... are
running through {1, 2,3}. We utilize three different reference frames here, de-
noted by different indices. Greek indices refer to the coordinate frame (") and
have the values = 0,1, 2, 3. Lower case Latin indices from the beginning of
the alphabet refer to the local Lorentz frame with its associated tetrad fields
(ef{(ac”)) (e denotes thus the u coordinate-frame component of the tetrad vec-
tor of label a), while upper case ones denote the so-called body-fized Lorentz
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frame with its associated “tetrad” (A (z")), where (z*) denotes coordinate-
frame components of the body’s position (so A is the a local-Lorentz-frame
component of the tetrad vector of label A). The values of these Lorentz in-
dices are marked by round and square brackets as a = (0), () and A = [0], [¢],
respectively, e.g., A = [0], [1], [2], [3]. The basics of the tetrad formalism in GR
can be found in, e.g., Sect. 12.5 of Weinberd (1972).

In GR, the coupling of a spinning object to a gravitational field, in terms
of a Lagrangian density, reads

dzt 1, 667
Ly = /d’r[(p# = Sapw,, > dZT + 58w sW (¥ —2Y(1)).  (7.1)

The linear momentum variable is p,, and the spin tensor is denoted by Sgp.
The object’s affine time variable is 7 and §(*)(2* — 2¥(7)) is the 4-dimensional
Dirac delta function (from now on we will abbreviate it to §(*)). The angle
variables are represented by some Lorentz matrix satisfying A4*AB%n 5 = n
or AaaAyn® = nap, where nap = diag(—1,1,1,1) = 1, which must be
respected upon infinitesimal Lorentz transformations (see

|E}j), s0 607 = A4dACY = —§6be. The Ricci rotation coefficients w#"b are

given by wuag = eaaebgwu = fF(4)M + €5, ecp, With F( )u = (gga# +
980 — Jau,B) as the 4-dimensional Chnstoffel symbols of the first kmd with
Juv = €aulorn® b the 4-dimensional metric. As in |H_ansg_u_ag)d_]3§ggd @3_’14]

the matrix A°® can be subjected to right (or left) Lorentz transformations,
which correspond to transformations of the local Lorentz reference frame (or
the body-fixed frame, respectively). In the action (TI]) only a minimal coupling
between spin variables and gravitational field is employed; for more general

(than minimal) couplings, the reader is referred to Bailey and Israel (1975).

The matter constraints are given by, also in terms of a Lagrangian density,

- A
Lo = /dT |:/\(11prab + AQ[i]A[z]apa - ?3(1)2 + m202) 5(4)a (72)

where m is the constant mass of the object, p? = p,p", and \{, Ao[i], A3 are
the Lagrange multipliers. The constraint

p’Sap =0 (7.3)

is called the spin supplementary condition (SSC), it states that in the rest
frame the spin tensor contains the 3-dimensional spin S;)(;) only (i.e., the
mass-dipole part S(g)(;) vanishes E The conjugate constraint Allop, = 0 en-
sures that A® is a pure 3- d1mens1ona1 rotation matrix in the rest frame (no

Lorentz boosts), seelﬂzmsgn_zmd_ﬁgggd ( IQZA ). Finally, the gravitational part

is given by the usual Einstein-Hilbert Lagrangian density

Lo = V—gRW, (7.4)

167TG

7 For more details about SSCs, see Sect. of our review.
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where ¢ is the determinant of the 4-dimensional metric and R is the 4-
dimensional Ricci scalar. Using a second-order form of the gravitational action,
i.e., not varying the connection independently, ensures that the torsion tensor

vamshes see, e.g., Nelson_and Teitelboim d_‘l})_?ﬁ The complete Lagrangian

density is the sum

L=Lc+ L+ Lc. (7.5)

We assume space-asymptotic flatness as a boundary condition of the space-
time. The total action is given in a second-order form, where the Ricci rotation
coefficients are not independent field degrees of freedom and where no torsion
of spacetime shows up. It reads

W [eaps 2, ppes A%, S N Aoy Aa] = / At L, (7.6)

and must be varied with respect to the tetrad field e,,, the Lagrange multipli-
ers AT, Ag[j], Az, position 2# and linear momentum p,, of the object, as well as
with respect to angle-type variables A“® and spin tensor S, associated with
the object.

Variation of the action 6/ = 0 leads to the equations of motion for the
matter variables (here d and D denote ordinary and covariant total derivatives,
respectively)

DSap DACa dzt
=0 =0 =" = A H 7.7
Dr ) Dr ; Uu dr 3P, ( )
Dpﬂ (4) ab
o = QRMM us (7.8)

as well as to the usual Einstein equations with the stress-energy tensor (cf.

(1957 and Sect. 12.5 in [Weinberd [1972)
et §(Ly + Lo)
V=g 0€qn

- [ar [Agp”p" j(_)g ( (s ) j_’g)nj , (7.9)

where Rff:)ab is the 4-dimensional Riemann tensor in mixed indices, ||, denotes
the 4-dimensional covariant derivative. Here it was already used that preser-
vation of the constraints in time requires A{ to be proportional to p* and Ay
to be zero, so that A{ and Ag[;; drop out of the matter equations of motion and
the stress-energy tensor. The Lagrange multiplier A3 = A3(7) represents the
reparametrization invariance of the action (notice A3 = v —u?/m). Further,
an antisymmetric part of the stress-energy tensor vanishes,

1 / < 5@ ) 1 / DS# 54
- dr [ S*YuP = — dr——— = 07 (710)
2 V=9, 2 b7 V=g

8 Especially Eq. (12.5.35) there.

T =
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and 7", = 0 holds by virtue of the matter equations of motion. Obviously,
the spin length s as defined by 2s? = S,;,5%° is conserved.

A fully reduced action is obtained by the elimination of all constraints and
gauge degrees of freedom. However, after that the action has still to be trans-
formed into canonical form by certain variable transformations. To perform
this reduction we employ 3+1 splitting of spacetime by spacelike hypersur-
faces t = const. The timelike unit covector orthogonal to these hypersurfaces
reads n, = (—=N,0,0,0) or n* = (1,—N%)/N. The three matter constraints
can then be solved in terms of p;, S;;, and AlF) a9

np = nt'p, = —y/m2c + yp;p;, 7.11
10 J

kig.. .

_ PEYY ji

S =nhS,,; = LKL 20 _ Gi 7.12
n n=ou np Yijn ( )
1) _ ANOPO  sp0ja _ _ P

A A ok A e (7.13)

We take L& = 0 from now on. A split of the Ricci rotation coefficients results
in

wkij = — ik + € geas, (7.14)
o N,Jk €ai ; q a 1
nfwpp = Kii — 9ii N + W(eo,k — e kN, (7.15)
woij = NKij — Nji + € geay, (7.16)
1 NJO €Cai a a 1
nfwou = K; N — N, — i —= N + W(eQO —efoN ), (7.17)

where .; denotes the 3-dimensional covariant derivative, I'j;;, the 3-dimensional
Christoffel symbols, and the extrinsic curvature K;; is given by 2NK;; =
—%ij,0 + 2N 5y, where (...y denotes symmetrization.
It is convenient to employ here the time gauge (see nghmnggﬂ 19634 an
also [Dirad (1962, [Kibbld 1963, Nelson and Teitelboim [1978),

eé‘ =nk. (7.18)

Then lapse and shift turn into Lagrange multipliers in the matter action, like
in the ADM formalism for nonspinning matter points. The condition (7))
leads to the following relations:

e =0=el), o) =N=1/cl,, (7.19)
Ni=—Nejy, e = Njey'), (7.20)

Vi = e Vewmy, VI = elpyel™d, (7.21)
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which effectively reduce the tetrad e to a triad (V7.
The matter part of the Lagrangian density, after making use of the covari-
ant SSC ([3)), turns into

Ly =Lurk + Luc + Lok + (td), (7.22)

where (td) denotes an irrelevant total divergence. After fixing the yet arbitrary
parameter 7 by choosing 7 = 2° = ct, where t is the time coordinate, the terms
attributed to the kinetic matter part are given by

] ) 1 nsS; o St
Lk = i + KijTLSJ + Akle(j)keloi) — —Sk]‘ + M ijz 210+ n pl(g
’ 2 np 2np

(@) jIF1()
nSwpg) = nSpre | Aw 4
S 0 7.23
+ [ @G) T - 50 (7.23)
where 0 = 6(2° — 2%(t)) and A¥Y is defined by
1 nS;p;
i 'Akl:—i' ZJ. 24
YikVjt 5%+ np (7.24)
The matter parts of the gravitational constraints result from
ACMC — _N/Hmatter + Ni/Hlmatter’ (7-25)

where the densities H™*" and H4*" are computed from Eqgs. (11)—(2Z12)
and (7). After employing the covariant SSC one gets (Steinhoff et all2008d)

Jmatter _ ﬁprn“n” — _np6 _ KUI%I')S’J(S _ (nské‘)’k, (726)

: 1
,Hzmatter _ *\/'_YTiunV _ (pi + KijnSJ>5 + <§7mkSik5 + 5§k’yl)mpkn—7;sl5>
(7.27)

Further, some terms attributed to the kinetic part of the gravitational field
appear as
(k). (7.28)

Lok = AYe(ryié;
Now we proceed to Newton-Wigner (NW) variables 2%, P, S’(i)(j), and

A1) | which turn the kinetic matter part Lyx into canonical form. The
variable transformations read

- gi kg,
Aoz 2 pg = PRV 05 (7.29)
me — np me
. pnS; | pmS;
Sy =Sy — L2y Pill (7.30)

mec—np  mc—np’

o )
AG) 460 <5kj N %)7 (7.31)
me(me — np)
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. N . 1 S .
Pi =P + KijTLSJ + Akle(j)kel(?i) — <§Sk] + pi(k:p ) )Fk%, (732)

where A% is given by
mepnSy)

I p(me —np)

Yiky A = (7.33)

1
2
The NW variables have the important properties S’(i)(j)g(i)(j) = 25? = const
and /iflg/i[k](j) = 05, which implies that 66()0) = /if,gd/i[k](j) is antisym-
metric. The redefinitions of position, spin tensor, and angle-type variables are
actually quite natural generalizations of their Minkowski space versions to

curved spacetime, cf. Hanson and Regge (1974) and [Fleming (1965). However,

there is no difference between linear momentum p; and canonical momentum
P; in the Minkowski case. In these NW variables, one has

Low + Lax = Lok + Lark + (td), (7.34)

with [from now on & = §(x? — 2%(t))]
o .. 14 XNy
Lk = P20 + 580500, (7.35)

EAGK = Az]e(k)leyﬁo)(s (736)

Notice that all p; terms in the action have been canceled by the redefinition of
the position and also all K;; terms were eliminated from Ly;c and Ly by the
redefinition of the linear momentum. If the terms explicitly depending on the
triad eg-l) are neglected, the known source terms of Hamilton and momentum
constraints in canonical variables are obtained [cf. Eqs. (4.23) and (4.25) in
Steinhoff et al (2008d)].

The final step goes with the ADM action functional of the gravitational
field (Arnowitt et al|1962, De Witt 1967, Regge and Teitelboiml [1974), but in
tetrad form as derived by [Deser and Ishanl (1976). The canonical momentum
conjugate to ey, is given by

~wy; _ 871G _OL
C3 8e(k)j,0

(k) G

. Avg, (7.37)

= ez(.k)ﬂij +e

where the momentum 7% is given by
w0 = (I = I K. (7.38)
Legendre transformation leads to

A

3
~ c’ .
Lok +La = %ﬂ(k”e(kmo - @5“ + Laco + (td). (7.39)

In asymptotically flat spacetimes the quantity &; is given by [cf. Eq. (2]

Ei = Yijg — V- (7.40)
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The total energy then reads

A
167G 7{ ° (7.41)
The constraint part of the gravitational Lagrangian density takes the form
EGC — 7NHﬁ61d + NiHZﬁeld, (742)

with
Hfield = _ YR+ E (7-‘77”)2 — Yyt (7.43)

16wGL\/y 2\ Y ’ '
field c? ik

Hi = %’W]‘ﬂ' ko (744)

where R is the 3-dimensional Ricci scalar. Due to the symmetry of 7%/, not
all components of 7#)7 are independent variables (i.e., the Legendre map

is not invertible), leading to the additional constraint ([...] denotes anti-
symmetrization)
. TG Ar
il — 222 Ali]
7l = 3 Al (7.45)

This constraint will be eliminated by going to the spatial symmetric gauge
(for the frame e(;;)

e@i)j = €ij = €ji, eI = ¢l = eI, (7.46)

Then the triad is fixed as the matrix square-root of the 3-dimensional metric,
€ij€jk = Yik, Or, in matrix notation,

(eij) =/ (Vig)- (7.47)

Therefore, we can define a quantity ijl as

Ck[iCjlk,u = ijl%l,u, (7.48)
or, in explicit form,
Oem Oemi
2B = eyt — ey 7.49
! Agri ! Ogni (7.49)

This expression may be evaluated perturbatively, cf. [Steinhoff et al (lZDD&J)

One also has ijlékl = 0. Furthermore,

k 1
€<k>ie§,ﬁ = Bt + 5 Yidows (7.50)

which yields

o 1.,
7® ey 50 = §7Tc]an%‘j,ov (7.51)
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with the new canonical field momentum

wiy = w4 SO A5

1 N
i—ZGB,gA[’“” d. (7.52)

The gravitational constraints arising from the variations NV and 6 N? read,
Hﬁeld + Hmatter -0 Hﬁeld + Hmatter =0 (7 53)
’ K3 2 ° :
They are eliminated by imposing the gauge conditions
3Yij.i — Yiji =0, Tean =0, (7.54)
which allow for the decompositions

Yij = W6 + hT, mld =FY Tt (7.55)

j can can can

i TT

.+ are transverse and traceless quantities, and longitudinal

where h;FjT and 7

part 7% is related to a vector potential Vi by
~ij i J 2 k
Tcan = chan,j + chan,i - g(sij‘/::an,k' (756)

Let us note that in the construction of V., - the operator A~! is employed [see

can
the text below Eq. (Z13)].
The gravitational constraints can now be solved for ¥ and 72, leaving

h;FjT and 7 TT as the final degrees of freedom of the gravitational field. Notice

that our gauge condition 7% = 0 deviates from the original ADM one 7% = 0
by spin corrections (which enter at 5PN order). The final fully reduced action

reads,

! 4 . _ijTT;TT s, Lg 563
= 167TG/d amidt hij10+/dt {Piz +55(i)(j)9<>0> —E|.  (7.57)

The dynamics is completely described by the ADM energy E, which is the
total Hamiltonian (F = H) once it is expressed in terms of the canonical
variables. This Hamiltonian can be written as the volume integral

HIE', Piy Sy hig s e | = =

4 . S ..
CG /d% AW, Py, Sy by Tén ]

17 'can o7 17 » 'can
(7.58)
The equal-time Poisson bracket relations take the standard form,
{2, Py} = by, {S(i)a g(j)} = Gijkg(k)a (7.59)
167G
(W (e, 8), T (1)} = =2 SETRG (x — ), (7.60)

C

Zero Otherwise, where g(z) = %e(i)(j)(k)g(j)(k)v €@ () (k) = Cijk = 1 — 7)) —
k)(k —1)/2, and 61T% is the TT-projection operator, see, e.g., SEEEEE&% é% al
(IQMD@) Though the commutation relations (.59)) and (.60Q) are sufficient for
the variables on which the Hamiltonian (Z58]) depends on, for completeness
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we add the non-trivial ones needed when a Hamiltonian, besides S’(i)(j), also

depends on the 3-dimensional rotation matrix /i[i] (j) (“angle” variables). They
read

{Ai) Swa} = Aiwdy = Augwr- (7.61)
The angular velocity tensor 20 the Legendre dual to S(i)(j), ie. QOG) =
20H [0S 3), is defined by Q00 = 6§00 /dt = A AMD, and the time
derivative of the spin tensor thus reads
0y ot
OAKI() AAlKIG)
The Hamiltonian H of Eq. (58] generates the time evolution in the re-
duced matter+field phase space. Generalization and application to many-body

systems is quite straightforward, see [Steinhoff et al (lZDD&J) The total linear
(P{°*) and angular (J?*) momenta take the forms (particle labels are denoted

by a),

A A KNG
Sy = 29w 20w + AN

(7.62)

3
Pt = 2 Pai - 1607TG / o man i (7.63)
3
T = S (e Pay = 24Pus + o) — g | 4P (rETTHET — wSTATT)
3 ) .
_ 1607TG /de (zzﬁféETh;ngj _ xjﬁféETh;gl"I;)’ (764)

and are obtained from the reduced action in the standard Noether manner.

7.2 Spin-squared dynamics

For the construction of the spin-squared terms we resort to the well-known
stress-energy tensor for pole-dipole particles but augmented for quadrupolar

terms. The stress-energy tensor density then reads (Steinhoff et al 2008H)

V=g TH = /d'r |:t“u5(4) + (t”ya5(4))||a + (t”ya55(4))ualg . (7.65)

The quantities t#~+ = t“#= only depend on the four-velocity u* = dz*/dr,
where z#(7) is the parametrization of the worldline in terms of its proper
time 7, and on the spin and quadrupole tensors. Notice that, in general, the
quadrupole expressions include not only the mass-quadrupole moment, but
also the current-quadrupole moment and the stress-quadrupole moment (see,
e.g., ISteinhoff and Puetzfeld [211111) For the pole-dipole particle t***# is zero.
In contrast to the stress-energy tensor of pole-dipole particles, the Riemann
tensor shows up at the quadrupolar level. However, the source terms of the
constraints,

— Hmatter

W%T””nlmu , —V%Ti”nu = H{patter, (7.66)
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at the approximation considered here, do not include the Riemann tensor.
Regarding rotating black holes, the mass-quadrupole tensor Q1 of object

[%]gwen by (lS_tmnhgﬂjx_a]lZDD&H) (also see, e.g., Thornd 1980 an
)

m1 QY = 4 * 'y S St + % 82 3 (7.67)
where Sy = (Sy(;)) is the three-dimensional Euclidean spin vector related to a
spin tensor S’Mj with the help of a dreibein €i(5) by S’Mj = ei(k)ej(l)eklmsl(m)-
The quantity S? is conserved in time,

287 = Wikﬁjlgujgw = const. (7.68)

The source terms of the constraints in the static case (independent from the
linear momenta P; of the objects, what means taking P; = 0, but p; # 0) read

g 1 .
tt 2 e l k
HGE tatic = €1 (C Q1]51) + — Y Yy ™ " 5165 S k61
i 1

ij 8m
1 N
+ P (V VW"VMmSunSuk&) y (7.69)
qmatter _ l ( mkSr, 5 + O(SB) (7 70)
i static ) v ik m . .

The ¢y is some constant that must be fixed by additional considerations, like
matching to the Kerr metric. The noncovariant terms are due to the transi-
tion from three-dimensional covariant linear momentum p; to canonical linear
momentum P; given by [cf. Eq. (4.24) in [Steinhoff et al 2008d or Eq. (Z32)

above]

= P 577 ™+ O(P?) + O(82). (7.71)
Thus the source terms are indeed covariant when the point-mass and linear-in-
spin terms depending on the (noncovariant) canonical linear momentum are
added, cf. Egs. (T.20]) and (T.27).

The simple structure of the Qij term in Eq. (C69) is just the structure of
minimal coupling of the Minkowski space mass-quadrupole term to gravity. As
shown by[S_tf;j.uhQﬂjL_a] (IZDD&H), the most general ansatz for the spin-squared
coupling including the three-dimensional Ricci tensor reduces to the shown
term. Here we may argue that the correct limit to flat space on the one side
and the occurrence of a multiplicative second delta-function through the Ricci
tensor from the spinning “point” particle on the other side makes the ansatz
unique. A deeper analysis of the structure of nonlinear-in-spin couplings can

be found in, e.g., Levi and Steinhoff (2015).
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7.3 Approximate Hamiltonians for spinning binaries

All the approximate Hamiltonians presented in this subsection have been de-
rived or rederived in recent papers by one of the authors and his collabora-
tors employing canonical formalisms presented in Sects. [7.1] and Damour
et al , JE) They are two-point-particle Hamiltonians,
which can be used to approximately model binaries made of spinning black
holes. For the rest of this section, canonical variables (which are arguments of
displayed Hamiltonians) are not hatted any further. We use a,b = 1,2 as the
bodies labels, and for a # b we define r4png, = X, — X3 With nib =1.

The Hamiltonian of leading-order (LO) spin-orbit coupling reads (let us
note that in the following p, will denote the canonical linear momenta)

3mb
SO - ZZ 02 2 S X nab) <2mapa — 2pb) s (772)

a b#a

and the one of leading-order spin(1)-spin(2) coupling is given by

5152 Z Z 202 3 : nab)(sb . nab) - (Sa : Sb)] . (773)

a b#a

The more complicated Hamiltonian is the one with spin-squared terms because
it relates to the rotational deformation of spinning black holes. To leading
order, say for spin(1), it reads

H;? = Gm23 [S(Sl . 1’112)(81 '1’112) — (Sl . Sl)] . (774)

1 2¢2mary,

The LO spin-orbit and spin(a)-spin(b) centre-of-mass vectors take the form
1
GI§8 = Z 2¢my, (Pa % Sa), G5152 0, GS2 =0. (7.75)

The LO spin Hamiltonians have been applied to studies of binary pulsar
and solar system dynamics, including satellites on orbits around the Earth
(see, e.g., Barker and O’Connell 1979 and [Schfer [2004). Another application
to the coalescence of spinnin ary black holes via the effective-one-body
approach is given in |D—a?@m %m The LO spin dynarmcs was analysed for
black holes and other extended objects in external fields by ) and
[Thorne and Hartld d;lﬂﬁd), and for binary black holes in the slow motion limit
by ID’Eath (19751). In Barausse et. al (2009, 20121) the spinning test-particle
dynamics in the Kerr metric has been explored at LO within Hamiltonian for-
malism based on Dirac brackets. In the article [Kiddex! (M) the LO spin-orbit
and spinl-spin2 dynamics for compact binaries is treated in full detail, even
including their influence on the gravitational waves and the related gravita-
tional damping, particularly the quasi-circular inspiraling and the recoil of the
linear momuntum from the LO spin coupling was obtained.
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The Hamiltonian of the next-to-leading-order (NLO) spin-orbit coupling
reads

Hé\%o _ 7G((P1 x S1) - nia) <5m2pf 3((p1 - p2) + (M2 - p1)(n12 - P2))

Jr
1,2 3 2
c*riy 8my 4mg

3(p3 — 2(n1» 'P2)2)> L olPLxS1) p2) <2(n12 ‘P2)  3(ma 'Pl))

4myms ciri, mima 4m?

G((P2 x 81) - ni3) (p1 - P2) +3(n12 - p1)(ni2 - p2)

’ ctriy mims
_ Gz((Pl X4813) ‘ni2) (11m2 n 5m§)
C T2 2 mi
2 ((P2 x S1) - n12) 15ms
FE T (It )+ (e ) (7.76)

This Hamiltonian was derived by [Damour et al (lZDD&J) The equivalent deriva-
tion of the NLO spin-orbit effects in two-body equations of motion was done

in harmonic coordinates by [Blanchet. et _al (2006, 2007, 2010a).

The NLO spin(1)-spin(2) Hamiltonian is given by

G
2 L S — S,) - S,) -
95 = Dmrmacird, ((p2 % S1) mi12)((P1 X S2) - n12)

2 (o1 %)) ni2) (2 S2) - i)

—15(S1 - m12)(S2 - n12)(mi2 - p1)(n12 - P2)

—3(81 - m12)(S2 - n12)(p1 - P2) + 3(S1 - P2)(S2 - n12) (012 - 1)
+3(S2 - p1)(S1 - ni2)(ni2 - p2) + 3(S1 - P1)(S2 - niz2)(n12 - p2)
+3(S2 - p2)(S1 - mi2)(n12 - p1) — 3(S1 - S2)(n12 - p1) (M2 - P2)

(S1-p2)(S2-p1) + %(Sl - S2)(p1 'pz)}

(81 p1)(S2 P2~

3

2m2r3, [ — ((p1 x S1) - mi12)((P1 x S2) - n12)

+ (S1 : S2)(H12 : I)1)2 - (S1 : H12)(S2 : Pl)(ﬂm : Pl)}

i 3 {_ ((p2 x S2) -n12)((p2 X S1) - ni2)

2m3r,
+ (S1 : S2)(H12 : I)2)2 - (S2 : H12)(S1 : PQ)(H12 : Pz)}

6(7’711 + mg)GQ

4.4
C'T'{o

[(S1-S2) —2(S1 - n12)(S2 - ny2)]. (7.77)
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The calculation of the LO and NLO S?-Hamiltonians needs employing the
source terms (Z69)—(ZT0). In the case of polar-dipolar-quadrupolar particles
which are to model spinning black holes, QY is the quadrupole tensor of the
black hole 1 resulting from its rotational deformation and the value of the
constant ¢ is fixed by matching to the test-body Hamiltonian in a Kerr back-
ground: ¢; = —1/2. Additionally one has to use the Poincaré algebra for unique
fixation of all coefficients in momentum-dependent part of the Hamiltonian.
The NLO S?-Hamiltonian was presented for the first time by

(Im [ 1t reads
3

G (ma1l 2 3 2 2
HNLO _ e .S hd . 82 2.2 S, .
52 A, { e {4 (p1-S1)" + 3 (p1-my2)” ST 8P1 (S1-mny2)

3
4m1m2

22 (P1-m12) (S1-m12) (P1 - Sl)] i

1 [31)3 (Sl : 1112)2

13 9
— PQSQ} e [Z (P1-P2)Si — 7 (P1-p2) (St ‘1)

- § (p1-m12) (P2 - S1) (S1-m12) + 3 (P2 - ni12) (P1-S1) (St - ny2)

2
3 15

+ 1 (p1 - ni2) (P2 - m12) ST — vy (p1-n12) (P2 -n12) (S1 - n12)2} }
G*my 14m, 6

- —2047“4112 |:9(Sl : 1112)2 - 5S? + "y (Sl . n12)2 - m—S :| (778)

The spin precession equations corresponding to the Hamiltonians Hg%cz)

and Hg, NLO have been calculated also by [Porto_and Rothsteinl (2008b) and
Iﬂ)_r_tg_and_Bp_thsLmﬂ 008!, respectively, where the first paper (Porto and
Rothstein 2008H) has benefited from | , ) ) when forgotten

terms from spin-induced velocity corrections in the LO spin-orbit coupling
could be identified (so-called subleading corrections). see Eq. (57) in Porto
and Rothstein (20081).

The NLO spin-orbit and spin(a)-spin(b) centre-of-mass vectors take the
form

NLO p;
Gso 72804:113 (Pa % Sa)

9 Slightly earlier a fully dynamical calculation of that dynamics was made by Porto and
Rothstein (2008a). This result turned out to be incomplete due to an omitted term in a
specific Feynman diagram (Porto and Rothsteid 20104).

10 The final spin precession equation of the paper (Porto and Rothstein 20084) deviates
from the corresponding one in[Steinhoff et. al (2008d). A detailed inspection has shown that
the last_term in Eq. (60) of [Porto and Rothstein (2008d) has opposite sign (Steinhoff and
Schéfer [20091; a typo according to [Porto and Rothstein M) Using the reverse sign, after
redefinition of the spin variable, agreement with the Hamiltonian of [Steinhoff et _al (2008d)
is achieved.
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Gm 59Xy + X
+ZZ ’ { PaXSa)'nab]7b—5(pa><Sa)}

o 4ctmgrap Tab
1
+ZZ A, { (Py X Sq) — 2(nab X Sa)(Py - Nap)
a b#a
Xq + X
- [(pa X Sa) : nab] b }; (779)
Tab
S,
GE}S% = 94 ZZ { “N4p)(Sp - nap) — (Sa Sb)] + (Sp - nab) } ,
T bra Tab o
(7.80)
2Gm, [ 3(S: - n12)’ 52 (81 -112)S
NLO __ 2 1112 ] 1-n12) S
G A, { 85, (x1 +x2) + 8— (3x1 — 5x2) — T .
(7.81)

We can sum up all centre-of-mass vectors displayed in this subsection in
the following equation:

G = GN+G1PN+G2PN+G3PN+G4PN+GI§8+G§80+G1§1LSO2 GNLO GNLO,
(7.82)
where Gy up to Gypn represent the pure orbital contributions, which do
not depend on spin variables (the explicit formulae for them one can find in
Jaranowski and Schiifer (IZD_lﬂ The last term in Eq. (Z.82) can be obtained
from the second last one by means of the exchange (1 <> 2) of the bodies’
labels.
The currently known conservative two-point-particle Hamiltonians, mod-
eling binaries made of spinning black holes, can be summarized as follows:

H = Hy + Hipx + Hopn + H3zpn + Hapn
+HEG + Hgs, + HEE + HE
+ HYEO 4 HYEO ¢ HNLO n HsNgLO
+ HYYLO | gNNLO Hg%NLO i HggNLo
+ lesg + Hp23§ + lesi% + szsg
+Hy 5,52 + Hy,s,52 + Hp 5,52 + Hy, 5,52
+ Hgags + Hs 5 + He,s9 + Hos + Hgy, (7.83)

where the first line comprises pure orbital, i.e., spin-independent, Hamiltoni-
ans. The Hamiltonians from the second and the third line are explicitly given
above. The NNLO spin-orbit Hé\%\mo and spinl-spin2 Hgl\ggo Hamiltonians
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were obtained by Hartung et al (12_(113), their explicit forms can be found in

Appendix [Di Dl [Levi and Steinhoff ([2_(115_5 derived, applying the EFT method to

extended bodies, the NNLO spin-squared Hamiltonians H3» -0 and H g ©;

we do not display them explicitly, as their derivation is not yet fully conﬁrmed
All the Hamiltonians with labels containing linear momenta p; or ps and those
quartic in the spins were derived by M_and_Sgha&_ﬂ (|2_O_O&a|JH) with the aid
of approximate ADMTT coordinates of the Kerr metric and application of
the Poincaré algebra. Their generalizations to general extended objects were
achieved by [Levi and Steinhoff (2015), where also for the first time the Hamil-
tonians Hgs and Hgs were obtained (correcting [Hergt. and Schiifer [2008a). All
the Hamiltonians cubic and quartic in the spins and displayed in Eq. (Z.83)
are explicitly given in Appendix Notice that not all Hamiltonians from
Eq. (T83) are necessarily given in the ADM gauge, because any use of the
equations of motion in their derivation has changed gauge. E.g., for spinless
particles the highest conservative Hamiltonian in ADM gauge is Hopn.

For completeness we also give the spin-squared Hamiltonians for neutron
stars through next-to-leading order (Porto and Rothstein 20084 [2010a. Hergt
et al [2Q1_d) They depend on the quantity Cg, which parametrizes quadrupolar
deformation effects induced by spins. The LO Hamiltonian reads (cf., e.g.,

Barker and Q’Connell [1979)

Gm1m2 (Sl . 1’112)2 S%

The NLO Hamiltonian equals
G
NLO _
Hgzing) = 3

mo (21 9 2 2, (3, _5 2
3, 3(( 3 +4OQ1)P1(51 npp)” + 50 — 3 (S1-p1)

+ <14_5 B gCQ1> (P1 - 112)(S1 - m12)(S1 - P1)

9 3 5 5
+ (‘g + QCQl) (p1-m12)°ST + (Z - ZCQl) P%S%>

1 15
+ — ( — ZCQl(pl ‘112)(P2 - n12)(S1 - Ny2)?

ml

21
+ (3 - ZC&) (P1 - P2)(S1 - n12)°

3

+ <_§ + g%) (P2 - m12)(S1 - n12)(S1 - p1)

+ <3+ 20@) (P1-112)(S1 - 112)(S1 - p2)

11 The HS;‘ and HS§ terms were incorrectly claimed to be zero by m

(20084).
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- (g - SC%) (S1-P1)(S1-p2)

3 3
+ (5 - ZC@) (P1 - 112) (P2 112)S7

3 9
+ (—5 + ZCQl) (p1 -P2)S%>

Co. /9 3
L( p3(S1 - myp)* — Zpgsf)

mimso Z 2
G?*ma 1 ma 2
24 = — (142
+ 7,4112 ( + 2CQ1 + ml( + CQI)) Sl
3
* (_3 —30% - %(1 + 60@21)) (S1- n12)21- (7.85)
1

This Hamiltonian for Cg, = 1 agrees with that given in Eq. (T.78)) describing
black-hole binaries. It has been derived fully correctly for the first time by
i (IZD;DA) using the EFT method. Shortly afterwards, an

independent calculation by [Hergt. et. al (201(), in part based on the Eqs. (Z69)
and ([Z70) including (Z.67), has confirmed the result.

The radiation-reaction (or dissipative) Hamiltonians for leading-order spin-
orbit and spinl-spin2 couplings are derived by [S_tmnhpﬁ_and_Wand d2£)_ld)
and [Wang et _al (2011)). All the known dissipative Hamiltonians can thus be

summarized as

HY = Hy spx + Ha spx + HES 9 + Héf?gfiss, (7.86)

where Hs spn and Hs spn are spin-independent (purely orbital) dissipative
Hamiltonians. The leading-order Hamiltonian Hs spy is given in Eq. (G79) for
two-point-mass and in Appendix[Elfor many-point-mass systems, and the next-
to-leading-order Hamiltonian Hj 5py is explicitly given in the Appendix[E] (also
for many-point-mass systems). The spin-dependent dissipative Hamiltonians
HEE 4 and HEO s can be read off from the Hamiltonian H;%;N given in
the Appendix [E] (we keep here the notation of the Hamiltonian used by Wang
et al 2011/, which indicates spin corrections to the spinless 3.5PN dynamics).
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A Hamiltonian dynamics of ideal fluids in Newtonian gravity

In the Newtonian theory the equations for gravitating ideal fluids are usually
given in the following form:
(i) The equation for the conservation of mass[13

Orox + div(p.v) = 0, (A1)

where o, is the mass density and v = (v%) is the velocity field of the fluid.
(ii) The equations of motion,

0+0¢V + % grad v? — p, v x curl v = —gradp + o, grad U, (A.2)

where p is the pressure in the fluid and U the gravitational potential.
(iii) The equation of state,

€ =€(0«,8) with de=hdo.+ 0.Tds, or dp=p.dh—0.Tds, (A.3)

with the temperature T, the internal energy density e and the specific
enthalpy h.
(iv) The conservation law for the specific entropy s along the flow lines,

Ors +v-grad s = 0. (A4)

(v) The Newtonian gravitational field equation,

AU = —4n Gy, (A.5)
where A is the Laplacian. The gravitational potential hereof reads
U(x, 1) G/d3 00, ) (A.6)
x—x']’

Within the Hamilton framework the equations of motion are obtained from
the relation 0;A(x,t) = {A(x,t), H}, valid for any function A(x,t) living in
phase space, i.e. built out of the fundamental variables o, m;, and s, with
the Hamiltonian given by H = H|[p., m;, s], where 7; is the linear momentum
density of the fluid (Holm [1985). The brackets {-,-} are called Lie-Poisson
brackets. They may be defined by

- OF 6F oF
{/d?’x &'y, F[Q*,s,m]} = /d?’x (5 55 —Les + 5—7Ti£57ri) ,
(A7)
where F' is a functional of g, s, and m;, L¢ denotes the Lie derivative along
the vector field &%, and §F/§(- - -) are the Fréchet derivatives of the functional
F [see, e.g., Appendix C of [Blanchet et al (1990) and references therein].
Explicitly, the equations in (i), (ii), and (iv) take the following Hamiltonian
form [the equations in (iii) and (v) remain unchanged]:

12" In a Cartesian spatial coordinate system (m') and for any vector field w and any scalar
field ¢ we define: divw = J;w*, (curlw)* = 6Z]k8jwk, (grad ¢)* = 0;¢.
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(i) The mass conservation equation

ot

oH

(Sﬂ'i
(ii) The equations of motion

o, SH SH SH SH
o =9 (575-7“) % (57rj) mi — 0 (59*) oc+ 550 (A9)

notice that v* =

(iv) The entropy conservation law

0s o0H

— = ——0;s. A.10

8t 57Ti s ( )
The following kinematical Lie-Poisson bracket relations between the funda-
mental variables are fulfiled:

(rix, 0, 0. 1)} = =0, 13(x — )], (A1)
{mi(x,t),s(x',t)} = %6(){ —x'), (A.12)

30,0, (6 1)) = 0 1) 56— %) = 5 (36, 1) — ), (A13)
and zero otherwise. More explicitly the Hamiltonian of the fluid takes the form,

H— l/dgx@ _ G/d3 d3x ’w /dgxe. (A.14)

2 0+ 2 |x — x'|

For point masses, the momentum and mass densities are given by
= me'é(x—xa), 0x = Zmaé(x—xa), (A.15)
a a

and we have also h = p = s = 0. The position and momentum variables fulfill
the standard Poisson bracket relations,

{28, paj} = 6ij, zero otherwise, (A.16)

and the Hamiltonian results in
p megmy
H = - A.17
Z i Z pa— (A17)

where the internal and self-energy terms have been dropped (after performing
a proper regularization, see Sect. in our review).
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Let us remark that for fluids a canonical formalism with standard Pois-
son brackets can be obtained with the transition to Lagrangian coordinates
b4 (2%, t), such that 9;b* + v - grad b* = 0. Then,

ox’

S (A.18)

pa =bym with by =
The variables b and pp are canonically conjugate to each other, i.e.
(v (@',0), ey’ 1)} = o3 (" — ). (A.19)
The mass density in Lagrangian coordinates, say u(b?,t), is defined by
0. d*z = 11.d3b and relates to the usual mass density as g. = p(b?, t) det(b?).
B Hamiltonian dynamics of ideal fluids in GR

The general-relativistic equations governing the dynamics of gravitating ideal

fluids are as follows (see, e.g., [Holm 1985, Blanchet. et_al [1990).

(i) The equation for the conservation of mass,

Ou(v/—gou") =0 or 0Opp. +div(p.v) =0, (B.1)

where p denotes the proper rest-mass density and u* the four-velocity field
of the fluid (g utu” = —1), o, = \/—gup is the coordinate mass density
and v the velocity field of the fluid, v* = cu’/u°.

(ii) The equations of motion,

1 v
8H (\/ —gTZ-H) — 5 vV —gT'u aig,“, = 0, (B2)
where
T = o(c* + h)u*u” + pg"” (B.3)

is the stress-energy tensor of the fluid with pressure p and specific enthalpy
h.
(iii) The equation of state, using the energy density e = o(c? + h) — p,

e=e(p,s) with de=(c*+h)do+oTds or dp= pdh—oTds. (B.4)
(iv) The conservation law for the specific entropy s along the flow lines,
uw0,s=0 or Os+v-grads=0. (B.5)

(v) The Einsteinian field equations for gravitational potential (or metric) func-
tions g,
871G

1
RM = 7 <T“” — EglwgagTaB) . (B.6)
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The variables of the canonical formalism get chosen to be

1
0- = V=gu’o, s, m=—v=gT}. (B.7)
They do fulfill the same (universal, free of spacetime metric) kinematical Lie—
Poisson bracket relations as in the Newtonian theory (see 1985 or also
Blanchet. et_al [1990),
!/ a !/ !/

{ﬂ-i(xat)ag*(x ’t)} = W[Q*(X ,t)(S(X—X)], (B'8)

/

t

{ﬂ-i(xv t),S(X/,t)} - %5(){7){/)7 (Bg)

r K3

0 0

577 §(x —x') —m;(x, t)@é(x -x'). (B.10)
Written as Hamiltonian equations of motion, i.e. 0;A(x,t) = {A(x,t), H},

the equations in (i), (ii), and (iv) take the following form [the equations in (iii)

and (v) remain unchanged]:

{mi(x,t),mj (x', )} = mi(x', 1)

(i) The mass conservation equation

do. oH
el —0; <5m g*) , (B.11)

oH

(Sﬂ'i '
(ii) The equations of motion

om; 0H 0H 0H 0H
5% = —0; <57rj m) — 0; <57Tj) T — 0y <5Q*) 0% + 55 dis.  (B.12)

(iv) The entropy conservation law

Jds oOH

Z o s, B.13

ot~ om (B.13)
where the Hamiltonian functional is given by H = H ., m;, s], see Holm

(1985).

Point-mass systems fulfill

notice v* =

h=p=s5=0, (B.14)
(just as for dust) and the momentum and mass densities read

T = Zpai(S(x — Xq), 0 = Zmaé(x —Xq), T % (B.15)

The position and momentum variables again fulfill the standard Poisson
bracket relations,

{28, paj} = 6ij, zero otherwise. (B.16)
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Hereof the standard Hamilton equations are recovered,

dpai B oOH dz? _ 0H
dt 0z’ dt  Opai

(B.17)

Remarkably, the difference to the Newtonian theory solely results from the
Hamiltonian, so the difference between GR and the Newtonian theory is es-
sentially a dynamical and not a kinematical one. This statement refers to
the matter only and not to the gravitational field. The latter is much more
complicated in GR, dynamically and kinematically as well.

C 4PN-accurate generators of Poincaré symmetry for
two-point-mass systems

Generators of Poincaré symmetry for two-point-mass systems are realized as
functions on the two-body phase-space (x1,X2,p1,P2). In the 3 + 1 splitting
the 10 generators are: Hamiltonian H, linear momentum P?, angular momen-
tum J?, and centre-of-energy vector G (related to boost vector K* through
K" = G' — tP"). They all fulfill the Poincaré algebra relations B35)—G40).
In this Appendix we show 4PN-accurate formulae for these generators derived
within the ADM formalism (see Bernard et _al 2018 for recent derivation of
corresponding and equivalent formulae for integrals of motion in harmonic
coordinates).

The gauge fixing used in the ADM formalism manifestly respects the Eu-
clidean group (which means that the Hamiltonian H is translationally and
rotationally invariant), therefore the generators P and J® are simply realized
as

Xaapa Zpaza Xaapa Z‘gikf wl; Pac- (Cl)
a

These formula are exact (1.e., valid at all PN orders).
The 4PN-accurate conservative Hamiltonian H<4py is the sum of local and
nonlocal-in-time parts,

Hepn[Xa, Pa] = HEPN (Xas Pa) + HIPN" [Xa, Pl (C.2)
where the nonlocal-in-time piece equals

1G2 oo dr

Hjgrlocal| e Tij(t) x Pl e / " |1U(t+r) (C.3)

Xay pa] -

The third time derivative of I;;, after replacing all time derivatives of x, by
using the Newtonian equations of motion, can be written as

2G'mim i i i nis - nis - i
=20 o (P () o) )

T2 mq mo mq mo

2G'mima i 3 i g
———s {4 {olh — —(n12 'V12)$§2$J1>2}, (C.4)
12 12
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where the relative velocity via = p1/m1 — pa/ma ({---) denotes a symmetric
tracefree projection). This formula is valid in an arbitrary reference frame and
it is obviously Galileo-invariant. Consequently the nonlocal-in-time Hamilto-
nian (C3)) is Galileo-invariant as well. The local part of the 4PN-accurate
Hamiltonian reads

HY58N (Xas Pa) = Mc® + Hx(Xa, Pa) + Hipn(Xa, Pa) + Hapx (Xa, Pa)
+ HBPN(Xm pa) + Hzl;%cfll(xav pa)- (05)

The Hamiltonians Hy to Hspn in generic, i.e. noncentre-of-mass, reference
frame, are equal to [the operation “4 (1 ~ 2)” used below denotes the addition
for each term, including the ones which are symmetric under the exchange of
body labels, of another term obtained by the label permutation 1 < 2]

2

P Gmims
Hy(%Xg,po) = =— — ———— 1+ 2), .
N(Xa,Pa) = 5 — 5 =+ (1422) (C.6)

CQHlPN(Xa;pa):i 3 B)

(p})?* | Grmums 6pi | 7(p1-P2)
- s i H——
8my 4rqo my mims

+(1+2), (C7)

+ (ni2 - p1)(ni2 - p2) n G?m3ms
mimsa 272,

c* Hypn(Xa, Pa) = 7] 2 2,2

2
mj 2 mims mims

(P1)° | Gmum, [ (p)* 11 pipi  (p1-p2)’
lﬁm? 8T12

+5 pi (12 - p2)? _6 (P1 - p2) (M2 - p1) (112 - P2)
m2m3 mim3
3 (o p1)2(ns p2)?) | G2 i p
_3marp) e pa)T) | Glmums (G PL g Py
2 mims 4riy my ma

- §(m1 T m2)27(p1 ' P2) + 6 (m12 - py)(m2 'P2)>

mimsa

B G3maima(m? + 5mima +m3)

57 + (14 2), (C.8)

5(p1)*  Gmum 14(p?)?
O Hapn (30, pa) = — 2P 12(_ (0?)

S 128m] | 3219 ms

14 ((pl '1)2)2 + 4P% P%)P% i GP%(HIQ 'P1)2(H12 : I)2)2
mims mims
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(p? (12 - p2)? + p3 (m12 - p1)?) P}

—10
mim3
i : ' ) 1 . . 2
+ 94 P1 (P1 P2)(n142 21)1)(1112 p2) + o P1 (P p23)(r;,12 p2)
mims3 mBmd
P1 P2 — P1 P2 nis - p1)(nis - p2
4 7p2 p2 10( )2 ( )( )
m3m3
+ (p% P% - 2(p1- P2)2)(P1 - Pp2) + 15(p1 - p2)(nio ,pl)Q(nu .p2)2
i i}
pi (12 - py) (M2 - p)° (n12 - p1)’(n12 - p2)?
- 18 3,3 +5 —
mims m3
G*mim 1 22 115 ) .
# —(my — 27Tmg) (P12 _ _mlw
L&D 16 ml 16 o
L L, 25(P1op2)® +371pTPE  17pH(nz py)? 5 (mip - py)
g2 m2m3 6 m TR

1 (15pf (ni2 - pa) + 1 (P1 - P2) (12 - P1)) (2 - 1)
gt m3ms

B §m1 (n12 - p1)® (02 - pa) n %m (P1 - P2) (m12 - p1)(n12 - P2)

2 m3ms 127 m3m3
10 (myp-p1)?(mip-p2)? 1 pi(nis - p2)?
— — —(220 193 - =
+ 3 m2 m%m% 48( my+ m2) m%m%
| GPmamy L (425 24 (473 5 2) 150 2) pi
— | - = m — =77 )mima m; | —
= 48 ! 4 2 m3
+ L 77(m3 +m3) + (143 - l7r2)m m (p1-P2)
16 1 2 4 12 mimso
1 2 3 5 (ni2 - p1)?
+ 1_6 (20 ml — (43 4+ ZW )m1m2> T%

(n12 - p1)(n12 'P2)>

mims

1 3
+ T: (21(m% +m3) + (119 + 1772)m1m2)

G* 3 (/227 21
+ % ((T — Zﬂz)ﬂh + m2> + (1 > 2). (CQ)
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The formula for the Hamiltonian HI5# is large, therefore we display it in
smaller pieces:

7P%)°  Gmim G?*mim
08 Héll%cﬁl(xaapa) = 2;2717,)219 + T112 2H48(Xaapa) + #ml H46(Xa7pa)
1 12
G3mim
+ % (m% Hy41(Xa, Pa) + mima Hyso(Xq, Pa))
12
G*mim
% (m? Hy21(Xa, Pa) + m%m2 Hyo(Xq, Pa))
12
G5m1m2
TH40(xa,pa) + (14 2), (C.10)
where
45 2\4 9 . 2 . 2(H2)2 15 . 2(H2)\3
Hus(Xa, Pa) = (p1)"  9(mz - p1)° (2 2P2) (p1) T (12 - pa) 2(P1)

128mf 64mSm? 64mSm3

_ 9(mz - p1)(mi2 - p2)(P)*(P1 - p2)  3(P)*(P1 - P2)?

16m$m3 32mSm3
15(n12 - p1)*(P)°P3  2L(p1)°p3  35(ni2-p1)°(ni2 - p2)°
64mSm? 64mSm3 256m3ms3

25(n12 - p1)®(ni2 - p2)°pi n 33(n12 - p1)(ni2 - p2)?(pi)?
128mi’m§ 256m“;’m§

_ 85(mip - p1)t(mi2 - p2)*(P1 - P2)  45(niz - p1)*(ni2 - p2)*pi(P1 - P2)
256mi’m§ 128m§’m§

~ (n12-p2)*(P?)*(P1 - P2) 4 25(n12 -p1)’(n12 - p2)(P1 - p2)?
256mi’m§ 64mi’m§

7(n12 - p1)(ni2 - p2)Pi(P1 - P2)®  3(n12 - p1)*(P1 - p2)° n 3pi(p1 - p2)’
3

+

64mims3 64mims3 64mims3
55(n12 - p1)°(ni2 - p2)P3  7(miz- p1)®(ni2 - p2)PipP3
256m3ms 128mims3
~ 25(mz - p1)(miz - p2)(PT)*P3  23(mi2 - p1)*(P1 - P2)P3
256m3ims3 256m3ms3
L Tz p)*pi(P1-P2)P3  7(PD*(PL-P2)P3  5(niz- pu)*(mio - p2)'pi
128m3ms3 256m3ms3 64mims
7(nig - p2)*(p7)®  (mi2-p1)(mi2 - p2)’pi(p1 - p2)
+ 14 - 14
64mims Amims

(ni2 - p2)*pi(P1-P2)®  5(ni2-p1)*(ni2- p2)°p3
lﬁm%mg 64mims
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+ 21(n12 - p1)*(ni2 - p2)°pPip3  3(ni2 - p2)*(P?)’P3
64mim3 32mim3

~ (mio- p1)° (012 - P2)(P1 - P2)P3 4 (n12 - p1)(n12 - P2)Pi(P1 - P2)P3
4mims 16mims

L (m2-p)*(Pr-p2)’Py  Pi(PL-P2)’P | T(niz-pu)t(p3)”
4 4

16mims 32mim3 64mims
_ 3(miz-p1)’pip3)° 7(PD)*(P3)° ©11)
32mim3 128mim3 '

_369(niz-p1)®  889(miz-p1)*pi | 49(ni2 - p1)*(p?)?

Hy6(Xa,Pa) =
16(Xa; Pa) 160mS 192mS 16m$
~ 63(p1)°  549(niz - p1)°(ni2 - p2) + 67(ny12 - p1)° (012 - p2)p7
64m$ 128m3ms 16m3ms
~ 167(n12 - p1)(niz - p2)(p7)? | 1547(ni12 - p1)* (P1 - P2)
128mims 256m3mo
~ 851(n12 - p1)°Pi(P1-P2) | 1099(p?)*(p1 - P2)
128m“;’m2 256m“;’m2

3263(n12 - p1)* (012 - p2)? n 1067(n12 - p1)*(n12 - p2)°pi

1280mim3 480mim?
_ 4567(n12 - p2)?(P1)®  3571(miz - p1)®(mia - p2)(P1 - P2)
3840mim3 320mim3

. 3073(n12 - p1)(n12 - P2)Pi(P1 - P2) | 4349(n12 - p1)*(p1 - P2)?

480m‘11m% 1280m‘11m§
_ 3461pf(p1 - p2)® | 1673(ni2-p1)*'p;  1999(ni2 - p1)°pips
3840m‘11m§ 1920m‘11m% 3840m‘11m§

2081(p7)°p3  13(ni2 - p1)®(ni2 - p2)? + 191(n12 - p1)(ni12 - p2)°pi

3840mimZ 8m3mS3 192m3mS3

~ 19(miz - p1)*(niz - p2)*(P1-P2)  5(miz - p2)’Pi(pP1 - P2)

384m3ms3 384m3ms3

+ 11(n12 - p1)(n12 - p2)(p1 - P2)? " 77(p1 - p2)?
192m3ms3 96m3ms3

233(n12 - p1)®(mi2 - p2)p3  47(niz - p1)(niz - p2)pPips
96m3ms 32mim3

(ni2-p1)*(P1-P2)P3  185pi(P1-P2)P3  7(miz-p1)*(nmia - p2)*

* 384m?m§ 384m?m§ 4m%m‘2l
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T(niz - p2)'pi  T(niz - p1)(miz - p2)®(p1 - p2)
4m?2m3 2m?m3

21(n12 - p2)%(p1 - P2)? " 7(ni2 - p1)%(ni2 - p2)’p3

2,4 2,4
16mims 6mimsy

49(n12 - p2)*pip3  133(ni2 - p1)(niz - p2)(P1 - P2)P3

48m?2ms; 24m3ms
_ T7(p1-p2)’p; | 197(mip-p1)*(p3)*  173pi(p3)° | 13(p3)°
96mIms 96m2ms 48m3ims 8m§

(C.12)

5027 . 4 22993 . 24,2 6695(p2)2
Hays1(Xa, Pa) = (12 - p1) _ (n12 - p1)°pi - (p1)

38412 960’ 1152m’
_ 3191(n12 - p1)*(ni2 - p2) | 28561(ni2 - p1)(ni2 - p2)pi
640m§’m2 1920m§’m2
8777(ni2 - p1)*(P1 - P2) | 752969pi(p1 - P2)
. 16481(1’112 . p1)2(1’112 . p2)2 94433(1’112 . p2)2p%
960m32m?3 4800m32m3
~ 103957(n12 - p1)(niz - p2)(P1 - P2) | T91(p1 - P2)’
2400m%m% 400m%m%
26627(n12 - p1)*p; _ 118261pip; | 105(p5)” (.13)
1600m$m3 4800m2m3 32m3 '

H. ayPa) = - —
142(Xa; Pa) (8192 19200 ) “m? 8192 1280 1

my my

274972 211189) (p?)2 (3757r2 23533) (n15 - p1)*

63347 10597\ (ni2 - p1)°p} N 1063172 1918349\ (p1 - p2)*
1600 1024 m? 8192 57600 m3m3
N 1372372 2492417\ pip3 1411429 105972\ (ni2 - p2)°pi
16384 57600 ) m2m2 19200 512 m3m3
4 248991 B 61537T2 (Il12 . pl)(nlg . pg)(p1 . pz)
6400 2048 m3m3
30383 3640572\ (n12 - p1)?(nis - p2)?
960 16384 m3m3
N 2369 3565572\ (ny2 - p1)®(ni2 - p2)
60 16384 m$ms
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14400 16384 3

1243717 4048372\ p3(p1 - p2)
m1m2

16384 6400 3

4310172 391711\ (n12 - p1)(ni2 - p2)p3
m1m2

5695572 1646983 (n12 - p1)*(p1 - P2) (C.14)
16384 19200 m3ma ’ '
64861p2  91(p; - 105p2
Hy21(Xq,Pa) = p21 - (D1 o) P22
4800m7 8mima 32mj
B 9841(ny2 - p1)? B 7(ni2 - p1)(ni2 - p2) (C.15)

16007’)@% 2m1m2

57600 49152 19200 8192 ) m2

2

1937033 19917772 p1 282361 2183772\ p3
H422(Xa;pa> ==

m1

24576 57600

17603372 2864917\ (p1 - p2)
mimso

N 698723 2174572\ (ny2 - p1)?
19200 T 16384 m2
L (636417 2712013 (n1z- p1)(nz - po)
24576 19200 -
3200179 2869172\ (nis - p2)?
N 1
+ < 57600 24576 ) mZ (€.16)
mt (623772 169799
Hio(Xa Pa) =~ <10242400>”ﬁm2
4482577 609427 o
_ . C.17
( 6144 7200 ) 1 (C.17)

The centre-of-energy vector G*(xX,, pa) Was constructed with 3PN—accuracy
(using the method of undetermined coefficients) by [Damour et al @Dﬂﬂd
and at the 4PN level by .Jaranowski and Schifer (2015). It can be written ad"]

G (%a:Pa) = D (Malx0,0) 7 + Nalxo o) pai)s (C18)

a

13 Let us note that the centre-of-energy vector G does not contain a nonlocal-in-time piece
which would correspond to the nonlocal-in-time tail-related part of the 4PN Hamiltonian.
The very reason for this is that the integrals contributing to GQPN are less singular than
those for Hypn, and the singular structure of terms contributing to GZLPN rather relates to
the singular structure of terms contributing to Hspn-.
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where the functions M, and N, possess the following 4PN-accurate expansions

1 1
Ma(Xa,pa) = Mg + C_Q M;PN(Xavpa) + 6_4 MgPN(mea)

1 1
+ C_ﬁ MgpN(Xaapa) + C_S M;PN(Xaapa)a

(C.19)
1 1
Na(xavpa) - 0_4 NaQPN(Xavpa) + C_ﬁ ngN(xavpa) + 8 NtilPN(xavpa)'
(C.20)
The functions M{FN to MPTN read
7 Gmim
MIPN(x,, p,) = 2L — 22 C.21
PN, p) = 2 s (©21)

~8m3

5P% P% i(Pl ) P2)
- - _ - & + - - - =7
1 4rq2

2 2
mi ma

2\2 G
M12PN(Xaapa) = (pl) e < mi1ms

2
G*mima(my +m2), (C.22)
47"%2

mimsa

+ (n12 - p1)(ny2 - P2)>

M (x, pa) = (p})* | Gmums (0 (P)? (P || PiP)
! e lﬁmi’ 16712 m‘l1 m% m%m%
5 (P1p2)? +3 P (n12 - p2)° 47 p3 (n12 - p1)?
m2m2 m2m2 m2m2
1772 1772 1772
o (PLoP2) (M2 p(mi2p2) o (12 P1)* (M2 - p2)?
mim3 mim3

G2m1m2

2

P1 |S5]

— 1 (112 4 — 1 2 -
2ar?, (( mi + E')mg)m2 + (15my + mg)m%

2

1

1 . . o,
—5(209m1+115m2)(p1 p2) n (ni2-p1)°  (m2-p2)

mims mi ma
~ (31my + 5my) iz P1(m12  P2)
mimso
G3mama(m? + 5mima + m3) o
— 57 . (C.23)
12
The function M{FN has the following structure:
5(p3)t  Gmima
M4PN a a) — — L M. a a
1 (X P ) 1287’)’1{ 1o 46(X P )
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G?mim
# (ml Mya1(Xa, Pa) + m2 Masz(Xa, p“))
12
G3mim
4 % (m? M421(Xa; pa) + mimeo M422(Xa7 pa)
12
G*mim
+m§ M423(Xa,pa)) * #M‘*O(X“’pa)’ (C.24)
12

where

Mig(xa,pa) = — 221 _ 150 p1) (s - p2)?  9L(nys - p2)?(pF)?

32m? 256m‘11m§ 256m‘11m%

45(n1z - p1)*(ni2 - p2)®pi  5(nmiz - p1)*(niz - p2)(P1 - P2)

128mim3 32mim?
25(n12 - p1)(ni2 - p2)Pi(P1 - P2) | 5(niz - p1)*(P1 - p2)?
+ — + -
32mim3 64mym;
n 7pi(P1-P2)® | 1l(niz-p1)*p3  47(miz - p1)’pip3
64mim?3 256mim3 128mim3

91(p7)?p3 . 5(miz-p1)*(mi2 - p2)®  7(n1z-p1)(n12 - p2)’pi

256mim2 32m3m3 B 32m3m3

15(n12 - p1)%(m12 - p2)?(p1 - p2) | 7(mi2 - p2)?pi(p1 - P2)
+ 3,53 + 3,43
32msms; 32myms

_ 5(niz-pi)(niz2 - p2)(p1-p2)®  1l(ni2 - p1)®(ni2 - p2)p3

3,3 3,3
16mims; 32myms

(P1-P2)° 4 702 - p1)(n1 "P2)PiP3  5(ni2-p1)*(P1 - P2)P3

16m?m§ 32m?m§ 32mi’m§
N Pi(P1 - P2)P3 | 15(n12-p1)*(ni2 - p2)!  1l(ni-p2)'pi
32m?m§ 256m%m‘21 256m%m§

n 5(niz - p1)(miz - p2)’(P1-P2)  5(n1z - p2)?(P1-p2)”

32mim3 64m3ms
_ 21(mi2-py)*(miz po)’py | (2~ P2)’PiR; | (P1-P2)°P
128m?mj 128m2mj 64m3ms

~ (mi2 - p1)(mi2 - p2)(P1 - P2)P; | 11(n12 - p1)?(p3)°

32m?2m3 256m3am3

37pi(p3)? _ (p3)? (C.25)
256m?ms  32m§’ '
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7711(n12 . p1)4 2689(1112 . p1)2p% 2683(13%)2
M ayPa) = -
141(Xa, Pa) 3840m* 3340m1 | 1920m}

_ 67(m12 - p1)’ (012 -py) | 1621(n15 - p1)(ni2 - p2)PY
30m3meo 1920m3meo

_ 411(nig - p1)*(p1-p2) | 25021pi(p1 - p2) | 289(ni2 - p1)*(nis - pa)?
1280m3mso 3840m3ma 128m2m3

~259(ni2 - p2)*pi n 689(n12 - p1)(n12 - p2)(P1 - p2) | 11(p1-p2)?
128m%m% 192m%m§ 48m%m%

_ 147(ni2 -p1)?p3 | 283pip3 | T(nmi2 - p1)(miz- p2)®

64m2m2 64m2m2 12mym3
49(n12 - p2)%(p1 - P2) _ T(miz - p1)(mi2 - P2)P3
48myms3 6mim3
7 . 2 9 2\2
_ 7(p1-pP2)P5 _ 9(PY) (C.26)

48m1m§ 32m§ ’

_45(p?)* | 7pi(p1-P2) | 7(ni2 - pi1)(niz - p2)pi
32mi 48m3meo 6mimo

Mys2(Xa, Pa) =

49(m12 - p1)?(p1-p2)  7(mi2-p1)d(miz - p2) n 7(p1 - p2)?
48m3meo 12m3mo 24m3m3

635pip3  983(mi2 - p1)*p3 | 413(niz - p1)’(nia - p2)°
192m?2m3 384m3m3 384m3m3

 331(np - p2)?p? N 437(n12 - p1)(n12 - p2)(P1 - P2)

192m%m% 64m%m§

11(n1 - p1)(mz - p2)®  1349(n1 - p2)*(P1 - P2)

15m1m§ 1280m1m§
 5221(n1 - p1)(niz - p2)P3  2579(P1 - P2)P3 | 6769(ni2 - p2)°p3
1920mym3 3840m,m3 3840m32
2563(p3)2 2037 - 4
_ (p22 ~2037(ny2 fz) ’ (C.27)
1920m3 1280m3

179843p2  10223(p; - p2)  15p3
M. asPa) — — N
421(Xa; Pa) 14400m? 1200m1me 16m3

1 . . 1 : 2
8881(m - p)(mr - po) | 177870 pu)? (o
2400myms 1600my
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82257° 12007) P <143 7r2> (P1 - P2)

Mz (%0, Pa) = = =
122(Xa: Pa) <16384 1152 ) m2 myma

16 64

655 779697# p3 69637r2740697 (ny2 - p1)?
1152 16384 16384 3840 2

mj my

@ 4 ﬁ (n12 ~p1)(n12 ~p2) 4 30377 _ 77317T2 (n12 ~p2)2

16 64 mims 3840 16384 m3 ’
(C.29)

35p?  1327(p1-p2) = 52343p3
M ayPa) = —
a23(Xas Pa) = =503+ o500+ Taag0m3

_ 2581(1112 . pl)(nlg . pg) _ 15737(1112 . p2)2 (C 30)

2400mymeo 1600m3 ’ ’

m3 337172 6701
M asPa) = —1 VYT 2
20(Xa:Pa) = T¢ + ( 6144 144o> e
20321 740372 5  m3
_— —. C.31
( 1440 6144 ) TG (C31)
The functions N2PN and N{PN equal
5
NFN(x,,pa) = . G (ni2 - p2), (C.32)
NN (%4, Pa) = ¢ (2 (p1 - P2)(ni2 - P2) — P3 (12 - p1)
’ 8m1m2

2

48T12

+3 (12 p1)(ni2 - P2)2) + (19m2 (n12 - p1)

+ (130my + 137 m2) (s - p2)). (C.33)

The more complicated function N{FN has the structure:

NN (x4, Pa) = GmaNys(Xa, Pa) + G:ZQ (m1 Nuz1(Xq, Pa)
+ ma N432(Xa7pa)) + G:%:LQ (m? Ny11(Xa; Pa)
+ mima Nat2(Xq, Pa) + M3 N413(Xa;pa)); (C.34)
where
Nis(Xa, pa) = ~5(nyz - P1)3(n122 -p2)’ n (ni12 - p1)(ni2 '2P2)2P%

64m?m2 64m§’m2
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n 5(niz - p1)*(niz - p2)(P1-P2)  (mi2-p2)Pi(P1 - P2)
32m3m3 32m3m3
T 3(n12 - p1)(p1 - p2)? ~ (mip -p1)°P3  (m12-p1)pPip3
32m3m3 64m3m? 64m3m?
+ (ni2-p1)’(miz-p2)®  7T(niz-p2)®p? | 3(miz-pi)(niz - p2)*(P1 - p2)
32m2m3 32mim3 16m2ms3
(n12 - p2)(P1-P2)®  9(ni2 - p1)*(mi2 - P2)pP3 4 S ' P2)PiP3
16m2ms3 32m2m3 32m2m3
_ 3(n12 - p1)(P1 - P2)P3 _ 11(n12 - p1)(niz - p2)* | (m2 - p2)®(p1 - p2)
16m%m§ 128m1m§ 32m1m§
n 7(n12 - p1)(ni2 - p2)*p3 . (ni2 - p2)(P1 - P2)P5  3(ni2 - p1)(P3)°
64m1m% 32m1m§ 128m1m%
(C.35)

© 387(niz - p1)* | 10429(nys - p1)p?

N a s a) —
131(Xa, Pa) 1280m3 3840m3

 751(n12-p1)*(niz - p2) | 2209(niz- p2)pf  6851(niz- p1)(P1 - P2)
480m3ms 640m3mso 1920m2mso

43(n12 - p1)(n12 - p2)? _ 125(n12 - p2)(p1 - P2) . 25(ni2 - p1)p3
192m1m§ 192m1m§ 48m1m§

7 . 3 7 . 2
(n12 g)g) (n12 P32)P2 7 (C.36)
8m2 12m2

72 - p2)pt | 7(ni2-p1)(p1-p2)  49(ny2 - p1)?(mi2 - p2)

N a a) =
432(Xa, Pa) 48m2mso 24m3meo 48m2mo

295(n12 - p1)(ni2 - p2)®  5(niz-p2)(p1-p2)  155(niz - p1)p3

384mym3 24mim3 384mym3
5999 -p2)? 11251 : 3
_ (n12 52) (n12 ?2)1)2, (C.37)
3840ms; 3840ms
37397(n12-p1)  12311(ny2 - p2)
N, ey Pa) = — - , C.38
411(X p ) 7200m1 2400m2 ( )
500572 81643\ (ni2 - Pp1)
N, ayPa) = -
112(Xa, Pa) ( 8192 11520> mi
7737T2 61177 (n12 . pz)
(2048 a 1152o> my (C.59)
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o 7073(1’112 . pg)

A
1200m. (C-40)

N413(Xa7 pa) =

D Higher-order spin-dependent conservative Hamiltonians

In this appendix we present explicit formulae for higher-order spin-dependent
conservative Hamiltonians not displayed in the main body of the review. We
start with the next-to-next-to-leading-order spin-orbit Hamiltonian, which was

calculated by [Hartung et al (2013) (see also [Hartung and Steinhoff [20114). Tt

reads
G [ (Tm2(p?)* | 9(ni2 - p1)(niz - p2)Pi
ANNLO oGy & 1 1
50" (xa:Pa:8a) = Ty | g F 16m?
3pi(niz - p2)? | 45(n12 - p1)(ni2 - p2)? n 9pi(p1 - P2)
4m3ms 16m3m3 16m7
~ 3(ni2 - p2)’(p1-p2)  3(P1)(P3)  15(ni2-p1)(niz - p2)P3
16m3m3 16m3ms 16m2m3
3(ni2 - p2)*P3  3(p1-P2)P3 3(p3)*
— — X -S
+ 4myims3 16m2m3 16myms3 (12 xp1) - S1)

- 2

4 (302 Py 'P2)Pi  15(n13 - p1)*(niz - p2)?
2m3meo 4m?2m3

3pi(niz-p2)?  pi(P1-p2) | (P1-p2)?

+
4m?2m3 2m3mo 2m2m3
3(miz-p1)°p;  (PT)(P3)  3(niz - pi1)(miz - p2)p3
+ 2,2 o 2,2 3
dmims dmims 2mimsy

(p1 - P2)P3 9(niz - p1)pi | Pi(niz-p2)
_ \P1-P2)by % .S _
2mim3 ((n1z xp2) - S1) + 16m7 m3ma

27(n12 - p1)(mi2 - p2)®  (miz-p2)(P1-P2)  5(niz-pi1)p3

16m2m3 8m?2m3 16m2m3
(n12 - p2)p3
-~z e/ 2 X .S
+ 3 ((p1 x p2) - S1)

3y sm3  2m2 2m? 16m,

G? 27m3  3m 3meo(nys - 2 177 11
+T{{< 2 2>pf 2(n12 - p1) +< +m—2)(n12.p2)2

( 11 9me 23 9my

2 + Q—m%) (n12 - p1)(n12 - p2) + (4—m1 + Qm%) (p1-P2)

159 37 4 -p1)?  13p?
_ ( + _) p§:| ((1’112 % p1) . Sl) + |: (n12 pl) + P1

16m, 8moy my 2my

5(nis - p2)?  53p3 211 22
+ (12 - p) + P2 _ + — ] (n12 - p1)(n12 - p2)
mo 8my 8m1  ma

(o2 ) o) iz xp) 0+ | = (4 5 ) ()

8m1 mo mq 1
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+ (ﬁ + ﬂ) (ny2 - P2)} ((p1 X P2) - Sl)}

4m1 2m2

) (a1 -5)

iy 16 4 8my
21m?  473mim 63m3
- ( 5 Ly 161 2 4 1 2) ((nlgxp2)~81)}+(1<—>2). (D.1)

The next-to-next-to-leading-order spinl-spin2 Hamiltonian was calculated

for the first time by [Hartung et al 2!)13). Its explicit form reads

G [((p1 x p2)-S1)((P1 X P2) - S2)
JNNLO _ G
515 (Xa:Pa> Sa) 3, 16m2m3

~9((p1 X p2) - S1)((m12 X p2) - S2)(n12 - P1)

8mim3
~ 3((m12 x p2) - S1)((P1 X P2) - S2)(n12 - p1)

2m3m3

9p?  15(njs - p2)? 3p3
.S .S _

+ ((n12 x p1) - S1)((n12 X p1) 2)<8m‘11 + dmZm2 P

3p? 3(p1 - p2)
.S s —
(2 % pa) - 81) (2 ¢ 1) - 82) gt + AP
15(n;2 - p1)(ni2 - p2)
- 4m%m§ + ((n12 X p1) - S1)((n12 X p2) - S2)
L (3Pt 3(Pi-p2)  15(nis - pi)(miz - p2)
16m?m2 lﬁmfmg 16m%m§
3(n1s - p2)? p5
.S .S _
+ (pl 1)(p1 2)( 4m%m§ 4m%m§
2
Pi (P1 - P2)
.S S —
+ (pl 1)(p2 2)( 4m?m2 + 4m%m§ )

16m?m2 B 16m%m§ B lﬁmfmg

+ (p2 - S1)(p1 - Sz)( oPi 3(p1-p2)  9(miz-p1)(nis 'P2))

9 . 2 3 . 23 . 2
+(n12-Sl)(p1-82)( (mi2-p)pi  3(Mi2-p2)pi  3(mu2 P2)P2)

8m‘1l 4m§’m2 4m1m§

- 2

3(nqo - 2 15(nis - nps - 2
+ (p1 - S1)(n12 - S2) ( X 412 3p2)p1 Lt P12)( 12 Pz)
miyms 4mims

3(n1 -p1)p% — 3(n1 -pg)p%) + (n12 - S1)(ny2 - Sg)( _ 3(p1 'P2)2

4m%m% 4m1mg 8m%m%
105(n12 - p1)*(niz - p2)®  15(ni2 - p2)®pi | 3pI(P1-P2) | 3piP3
16m%m§ 8m%m% 4m?m2 lﬁmfmg

15p?2 . . . ps)2 2.2
4 15pi(ni2 - py)(ma2 P2))+(Sl,52)((P1 p2)°  9(m2-p1)°p

2,2 4
4m§’m2 16myms 8m7
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_5(p1-p2)P! 3(nmi2-p2)®p? 15(nmip-pi)?(niz-p2)®  3pips

16m3ms  8m2m2 16m2m3 16m2m3
310%(1112 ‘p1)(ni2-p2) | 9(p1 - p2)(ni2 - p1)(ni2 - p2)
+ 3 + 32
4msme 16myms
G? 12 9mey
= .S S )
+ 7"12 {((n12 X Pl) 1)((1112 X pl) 2)<m1 + m% >
— 2L (12 x p2) - S1) (12 x p1) - o)
Ay 12 X P2 1 12 X P1 2
— 2T ((n12 % p1) - S1) (12 X p2) - So)
Ay 12 X P1 1 12 X P2 2
5 29 21
2 (p,-S .S 7 (py-S .So) — 2T (b1 -S .S
ST (P1-S1)(P2-S2) + S (P2 -S1)(p1-S2) - (P1-S1)(p1-S2)
33 9mes 14 29
+ (n12 - S1)(p1 - 82)[ (2—7711 + m—%> (ni2-p1) — (m_1 + 2—m2) (ngo 'p2)}
4 11 11
+ (p1 - S1) (12 - S2) [m_l(nu “p1) — (m_1 + m_g) (n12 'P2)}
12 10 37
+ (n12 - S1)(ny2 - So) [ - m_1(m2 p1)? — m—lp% + 4—m1(p1 - Pp2)
255 25 Im
+ 4—ml(nl2 -p1)(ni2 'DQ)} +(S1-S2) [ — (Q—ml + m—;) (12 - p1)?
Bt (2 P p2) — 5 (1 2)
3m P1 Ay 12 - P1 12 * P2 8y P1 P2
G3 63 145
+ r—%{ — (Sl : S2) <Zm§ + Tm1m2>
105 289
+ (1’112 . Sl)(l’llg . SQ) <Tm% + ?mlmg) } + (1 > 2). (D2)

Leading-order cubic in spin Hamiltonians (which are also proportional to

the linear momenta of the bodies) were derived by Hergt and Schifer (IZDD&HB

and HﬂLand_SjmnhQﬂf (2015). They are collected here into the single Hamil-
tonian H-S, G35 which equals

LO —
HpS3 (Xa,Pa,Sa) = lesg + HpQSf' + lesf + szs‘g
+ HP1S1S§ + HP2S2Sf + leszsf + Hp2sls§

= %{g [Sf (S2- (12 x p1)) + (S1-112) (S2- (S1 X p1))

+ (12 - (S1 x SQ))((Sl p1) — 5(S1 - n12)(p1 - n12))

= 5(81 ma)? (S2 (i x p1) — 51 (8F(S2 - (12 b))

#2051 m2) (52 (81 % po)) ~ 5(81 - ma)?(S2 - (maz x p))|



Title Suppressed Due to Excessive Length 99

ma

— (Sl X 1’112) . (p2 — —Pl) (S% - 5 (Sl . n12)2) } + (1 < 2)
4m1
(D.3)
Leading-order quartic in spin Hamiltonians were derived by Levi and Stein-

hoff (2015). They are collected here into the single Hamiltonian HEP, which
reads

H§P(xa,84) = Hgzgz + Hg, 53 + Hs,s3 + Hgs + Hgg

3G 1 5
= m{fﬁs% +(S1-82)° — 3 (Sf (So-myp)? + 82 (S, 'nu)Q)
7
- 10(81 . n12) (S2 . n12) ((Sl . SQ) - Z(Sl '1’112) (SQ -1’112)) }
3G
M{S2 (S1-82) = 5(S1-82)(Sy - 1112)2
2 35 3
— 557 (S1-n12) (S2 - ny2) + 3(82 112)(S1 - ny2)
3Gm2

{54(8 ) — 108? (Sl . 1’112)2 + % (Sl . n12)4 } + (1 > 2).
(D.4)

~8m3 T12

Let us note that it is possible to compute the leading-order Hamiltonians to

all orders in spin (Vines and Steinhoff 2018).

E Dissipative many-point-mass Hamiltonians

In this appendix we display all known dissipative Hamiltonians for many-body
systems (i.e. for systems comprising any number of components), made of both
spinless or spinning bodies. We start by displaying the dissipative leading-order
2.5PN and next-to-leading-order 3.5PN ADM Hamiltonians valid for spinless
bodies. The 2.5PN Hamiltonian is given in Eq. ([G.79) for two-body systems,
but in this appendix we display formula for it valid for many-body systems.
The 3.5PN Hamiltonian was computed for the first time by Jaranowski and
Schéfer (L139_ﬂ) The Hamiltonians read [in this Appendix we use units in which
c=1and G =1/(16)[4

Hj 5PN (Xas P, t) = 57 X (4)ij (t) X (4)ij (Xa Pa), (E.1)
H3.5pN (Xa; Pa, t) = 57 X (4)ij (Xa; Pa)(ﬁuj (t) + I (t) + I3 ()
+ 57 X (4)ij () (15 (Xas Pa) + 215 (Xa, 1))

— 57 X (4)i5 (1) 1345 (Xas Pa)

14 In|Jaranowski and Schéfel (@ Eq (58) for Hs3 spn contains misprints, which were
corrected in Eq. (2.8) of [Konigsd al (2003).
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+ X ()5 (1) (ng(xa, Pa;t) + Qf (Xa, t))
93

+ 9 (R (Xq,Past) + R’ (Xq,1)). (E.2)
To display the building blocks of these Hamiltonians we adopt the notation
that the explicit dependence on time t is through canonical variables with
primed indices only, e.g., X (4)i; (t) = X(4)ij(Xar (t), Par (t)). We also define sqp. =
Tab + The + Tea, Saa’t’ = Taa’ + Taty + Ta'v/, and Sqpa’ = Tab + Taa’ + Thar- The
building blocks are then defined as follows{d

8 1 1
X(4)ij (Xaapa) = 15167 (pa(sl] 3paipaj)
4 mamb
T 15 (167T )2 ;b;@ Tab 3nabnab 51]) (E.3)
4 1 p2 9
Hz ar)Pa) = 72772 — (- 51 atFaj
1J(X p) 15 167 mg( Pa J+3p pﬂ)
g( 167 )2 za: ; MaTab (=2padi; + 5paipe; + Pan abnab)
1
g )2 ZZ Tab { 19 (Pa - Pb) — 3(Mab - Pa)(Nab - Pb)} 0ij

a b#a
— 42paipy; — 3[5(Pa - Pb) + (Nab - Pa)(Mab - Pb)]nibnib
+ 6(nab ' Pb) (nfszaj + n‘gbpai)}

m mb
15 (16m) ;Za 7, o )

18
45 167r 3 ZZ Z m“mbmc{ TabTeca (835 = Bnipmsy)

a b#ac#a,b
180 1 1 o 1 . .
_ — 4+ ) + )
Sabe |:<Tab Sabc> MabTab Sabe MabThe
10 1 1 1 2 2+
N {4(_+_+_) _M} %}, (F.4)
Sabe Tab Tbe Tca TabTbcl ca

_1 2 2
I3 (Xa, Pa) = gm ; ; maTab{ (Map - Pa)” — Pa]5ij — 2PaiPaj

+ [5pi - 3(nab : pa)ﬂ n?zbnz,b - 6(nab : pa)(nfszaj =+ nszai>}

15 In [Jaranowski and Schiferl (1997), Eqs. (56) and (57) for Q”- and R, respectively,

contain misprints, which were corrected in Egs. (2.9) of
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6 1 m?2 mb
T3 6n)7° Z Z (3niyni, — 6i5)

a b#a ab
eq r 1 13 40
a c 1-= — \— - 51
167T (167)3 za:b#zac;bm e { [ Tab ( Tbc) " Tab (Tca SabC)] !
Ta r2, 5 40 (1 1 o
+ |32k b + — + Ny,
7,3 rabT3 TabTca Sabe Tab Sabc
b+ Tea 11 8871 . .
+ {2% — 16 (T + T) + 2—] ngbnga}, (E.5)
The Tab ca abe

1
VIED (Xaapa = g 2 szb{ - 5 nab Pa 61]
a b#a

+ (ngp - pa)nabnab + 7(nypaj + ”prai)}’ (E.6)

ﬁgij (Xa7 f =

m
2 Z Z ma’:aa’ { naa/ . I:)a/)2 _ pi/)é‘q/] — 2pa/ipa/j
+ (5p3/ — 3(naa/ . pu/) )nza/nia/ — 6(naa/ . pa’)(nfm’pa’j —|— n';a/pa,i)}

32 1 1 ; ;
’ ’ + Z/ ’ j/ ’
10 1677' (167)3 Z Z Z MMalltarimty {Saa’b’ (ra’b’ Saa’b’) "arb nu’ b

Cﬂl»—t

a’ b'#a’
1 ) ) . o Taa! + Tab’ 12 ; i
+ 16 ) (nfza’niz/b’ + nfza’nzz’b’) -2 3 + 2 nzla’nfzb/
’b’ Saa’t Tarby Saa’t’
Taa' [ Taa’ 5 8 1 1 . ;
= (2= +3) - + + T/ T s
Topr \Tab Ta'v'Taa’ Saa’b’ \Taa’ Saa’b’
Taa! Taa’ 17 4 8 1 4
+ |53 1-— + - - + dij ¢
Ty Tab’ Ta'b’'Taa’ Taa'Tab’ Saa’b! Taa’ Ta'b’

1 m
Q;j (Xavpavt) = - 16 167T E E m : {2pa1pa] + 12(naa’ pa) aa’pa]
alaa’

— 5panaa/naa, + 3(Ng4a’ - Pa) naa/nfm,}, (E.8)

1 32 1 1 o
1 — (2 J
Qij (Xavt) = 3_ 167T 2 Z szambmtz {Saba’ (F.b + Saba’) NapTyp

a b#a a'
Taa’ 5 T ’ 8 1 1 . :
+ [3 - + 5+ + Ty T
Tab TabTaa’ T aa Saba’ Taa’ Saba’

aa’ a’ 12 1 2 .
_Q(T ;LTb + — )naa,nba 32( 5 2—) nflbnfw,}, (E.9)

Tab Saba Tab Saba’
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R/ as Pa ’ 11 a * Pa’ 2
(%a: Part) = 15 16ﬂzzmama 5paps + 11(pa - Par)

+ 4(naa/ : pa’) pa + 4(naa’ : pa) Pa - 12(naa/ : pa/)(naa/ : pa)(pa : pa/)}

2 2 9
105 167r (167)2 ZZ Z M { (2 aa’ 2raaérab/ _5Taa, ) pg

a’ b’#a’ T a’b’ ra’b’ Ta/b/

T ’ T2 ’
+ 494 (naa’ 'pa)2 + 17 ( v ra/b/) (na’b’ 'pa)2

Ta’b Ta'b
7"3 ’
2 <6r2aa + 17Taa’) (naa’ : pa)(na’b’ : pa)}7 (ElO)
a’b’
R'(x0t) = = —— 3" 3% mamb{ <5T121a’ 4ol by _ gTaw 3a ) o2
as - 3 ’
(16m)2 T M Tab 3 ab a
T¢2za’ 2 rga’ 2
— 17 + rap (nab . pa’) —4 (naa’ . pa’)
Tab Tab
6raa
+ 2 + 17raa/ (nab . pa/)(naa/ . pa/)
Tab
aa’ 2 2
+ 310 (Tom)? 2 2 2 2 m“mbma/mb/{mer%, (rawr = 7av)
a b#a a' b #a
ba 2, ) T Ty (T T )
TapTalt! Ty TabTa'b! T Ta’b’
2
TabTaa Thb' r oo r2
_ 4%(1’1@@/ . nbb’) + 17 ( ab + a’b + aa ) (nab X na’b’)2
Tarvy Ta'b Tab TabTa’'b’
. 1 1
"aa’ 2
+ 6 5 9 (nab . Ila/b/) + 34Taa’ <T + 2—> (nab . na/b/)}- (Ell)
TabTarvr Tab Tarpy

The leading-order Hamiltonian for systems made of any number of spinning

bodies was derived by M&ngﬂj] (IZD_Lﬂ It readdHd

ngg;N(xa’ Pa; Sa;t) = 57T(X(4)ij (Xa pa)(HSpm( )+ HSpm( )+ Hspln( ))

1ij 2ij 3ij
+ X (@i () (I8 (Xa, Pas Sa) + T155" (Xa 1))
- X(4)z ( )Hgfjm(xaa Sa)) + X(4)zg( )lepm(Xa’ Pa; Saa t)
63 /spin // spin
75 (R (%ay Py Sast) + R (xa,1))
d . spin
- 5 (ks (003" (pe.S0)). (E.12)

16 We keep here the total time derivative as given in[Wang et al (m), though it could be
dropped as correspondingly done in the Eq. (E2)), because it can be removed by performing
a canonical transformation.
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where S, is the spin tensor associated with ath body, with components S, ;) (;)-
The function x 4y;; is defined in Eq. (E3) above and the functions I17};", 157"

lig » 25245 >
spin  77spin / spin /spin 1/ spin spin :
ll3ij , “2ij , Qij , R , R , and Oij are given by

Hf?}“(xaa Pa;Sa) = 5(#4#)2 Z Za {r‘%b [B(Uab - po)nl, (nibsa(i)(k)
+ 1l Sai) () = 3P0k (W Sate) (k) + i Sati)(k)) — 31y (o Satiy (i)
+ poiSa(iyk)) + 4(371211”(]11) - 5ij)nabpblsa(k)(l):| + :—Z% {pak(”zbSa(i)(k)
+ 1 Sa() k) + (4855 — 61607, )nksPat Sagi) 1) + 41l (Pag Sa(iy)

Sa(k) (1) j j
+Pai5a<j><k>)} - [( MM, = 0i3)Sbiky 1) + 31 (o Shin )

rab

+ nzbSb(])(l)) + 3(61_] — 5nzbnib)nsbngb5b(n)(l)i| }, (Elg)

spin 4 _mb _1 ¢
HQ% (Xa,Pa»Sa) = s E E 5 { — 2pak (”abSa(j)(k)
5(16m)2 4~ £ ma v

+12,Sa(i) (k) + 7 (PaiSa(i) (k) + PajSa(i(k)) + 3(Mab - Pa)nhy (N Sai) (k)

+ 02, Satiy)) + (855 + 3nlyndy, )nlyparSagm }, (E.14)
H;E;n(xaa paa a 167‘[’ 2 Z Z nabSa(z + nabS )’
(E.15)
in _ meg .
H;Z ( a,t = 167T FIZVIRY) ZZ e T {2]),1 k( aa’Sa’(j)(k) + nfw,Sa,(i)(k))

=0k (pariSar () +pa/jSa/(i)(k)) (0i5 + 30t Ik 0Dt Sar (1) 1)

— 3(Naar - Par ) (Nhar Sar () (k) + nia/Saf(i)(k))}7 (E.16)
spin Mg
Q3" (Xas Pas Sar t) = — ,{2pak( arSa) (k)

+ nia/Sa(i)(k)) - naa/(paisa(j)(k) + PajSa(i)(k))
- S(Haa’ : pa)n];a’ (nfm’ Sa(j)(k) + nia’sa(i)(k))

(61] + 3naa,naa,) ];a’pal‘s’a(k)(l)}; (El?)
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in _ Ararq i
R’ (Xaa Pa; Saa t = 167T Z Z Sa(z { (pg’na’apaj

Mg Mg,
- (na/a . pa/)pa’ipaj - 2(pa/ : pa)na/apa’j)

! Ma My i 2ra/a i J
+ 7(167‘() b/;éza/ Ma (17na/b/paj - m(l?(na/b/ 'pa)na’b’na/a

2

: 672, i i i
+ 7”Z’apaj) + Tza < (nza’b/paj +2(ngrq - pa)njz/b/nfz’a)
a’b’

8y . .
+ Tga . (Tg/anfz’apaj - Tl%/anfz’apaj)> }
/b/
oot . .
167r Z Z = Sa (1) (9) (pznjm/pa’j - 2(pa’ : pa)njm/paj
+ (naa/ -pa)pa’ipaj) 167T Z Z ma/ . a(z )(Spa/kpaisa/(k)(j)

—2(Pa’ * Pa)Sar(5)(j) — 2pa’ipaksa’(k)(j)); (E.18)

R/Ispin(xaat )= 5(167) 15(167)2 Z Z Z m?’rjn/lb Tl;a @) ( MataPa’j

a b#a a'
—2(ngp - Par)n a’antjzb (ngr - nab)nfsza/j)v (E.19)
spin 1
075" (PasSa) = Z gz Pak (PaiSa(k)() + PajSak)(@))- (E.20)

F Closed-form 1PM Hamiltonian for point-mass systems

The first post-Minkowskian (1PM) closed-form Hamiltonian for point-mass
systems has been derived by [Ledvinka et al 4201)8) The starting point is
the ADM reduced Hamiltonian describing N gravitationally interacting point
masses with positions x, and linear momenta p, (a = 1,...,N). The 1PM
Hamiltonian is, by definition, accurate through terms linear in G' and it reads
(setting ¢ = 1)

Hlmfzmaf—G > e Mally <1+_2 +_—2>

a,b#a

+ GZ = (TPa Py + (Pa M) (P * M)
ab;ﬁa

1 PaiPaj 1
_ 52?.]}]‘5’1‘()(:)(&)—{—@ d3.’L' ( hwkhl]k‘i‘ﬂ-TTﬂ-TT)

(F.1)
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1
where m, = (mg + pg) 2 and ngprap = Xq — Xp (with [ng,| = 1). The indepen-
dent degrees of freedom of the gravitational field, h;FjT and iy, are treated to
linear order in G. Denoting x — X, = ny|X — X,| and cosf, = (n, - Xq)/|Xal,

the solution for h;ij (x) was found to be

4 1
h;ET (x) = 5;DT ki rG PokDbl (F.2)
mp |x — Xp|

1 — %2 sin® 0,

An autonomous point-mass Hamiltonian needs the field part in the related
Routhian, X
Ry = 167G
to be transformed into an explicit function of particle variables. Using the
Gauss law in the first term and integrating by parts the term containing the
time derivatives one arrives at

&3z (hwkhuk BETRETY (F.3)

1 1 1
= ——— [ Pz (AR5 — 07hST) + — ¢ dSk(hf hy
By = ~Tong | Tr g’ (A0 = 00057) + G § Skl his)
1 d ;
Pz (b h5T). F.4
- 64nG dt (i his™) (-4)

The field equations imply that the first integral directly combines with the
“interaction” term containing Y M, ' pa; Paj h;F]-T (x4), so only its coefficient
gets changed. The remaining terms in Ry, the surface integral and the to-
tal time derivative, do not modify the dynamics of the system since in our
approximation of unaccelerated field-generating particles, the surface integral
vanishes at large |x|. The reduced Routhian thus takes the form, now referred
to as H because it is a Hamiltonian for the particles,

Hlin(Xc,Pc,Xc Zma — _G Z MaTmy (1 + 2 )

a,b#a
T G Z a Pb) + (Pa  Nap) (Py - Nap))
a,b#a T'ab
1 PaiPaj .
SR ). ()

Though dropping a total time derivative, which implies a canonical transfor-
mation, the new canonical coordinates keep their names. A further change of
coordinates has to take place to eliminate the velocities x, in the Hamiltonian.
This can be achieved by simply putting X, = p,/Mq (again without changing
names of the variables). Using the shortcut ypq = m; ' [m2 + (npq - pp)°]2, the
Hamiltonian comes out in the final form (ILﬂimn]@ﬁ_aj )

Hign = Zma——azm“m” (1+ 2+f§2)

a,b#a b
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+ - G Z a*P) + (Pa - Nap) (Po - Nap))
a b;éa

1 1 (mgmy) ! ) )
-=G Y — 1 2(2(pa - Mg
4G Tab (Yoa + 1)%Ya ( (Pa - Pv)”(Py * Do)

a,b#a
2 2_4 2.2 1

- 2(pa : nba)(pb : nba)(pa : pb)pb + (pa : nba) Py — (pa : pb) pb) m_
b

+2 {(Pa Po)? = P2(Po - Mpa)? + (Pa - Npa)? (Po - Npa)*

+ 2(pa : nba)(pb : nba)(pa : Pb) - (pa : nba)2pg]

+ {Pipi = 3p2(Po - Mba)® + (Pa - Mba)* (P - M4 )

+ 8(pa : nba)(pb : nba)(pa : Pb) - 3(pa : nba)2pl2;:| yba}- (FG)

This is the Hamiltonian for a many-point-mass system through 1PM approx-
imation, i.e., including all terms linear in G. It is given in closed form and
entirely in terms of the canonical variables of the particles.

The usefulness of that Hamiltonian has been proved in several applications
(see, e. gi , [Foffa 2011, Jaranowski and Schifer 2012, Foffa and
Sturani 20134, [Damouy 2016, [Feng et, al 2018). Especially in Jaranowski and
Schiifer (2012) it was checked that the terms linear in G in the 4PN-accurate
ADM Hamiltonian derived there, are, up to adding a total time derivative,
compatible with the 4PN-accurate Hamiltonian which can be obtained from
the exact 1PM Hamiltonian (). Let us also note that [Damoud (2016) has
shown that, after a suitable canonical transformation, the rather complicated
Hamiltonian (E.6) is equivalent (modulo the EOB energy map) to the much
simpler Hamiltonian of a test particle moving in a (linearized) Schwarzschild
metric. The binary centre-of-mass 2PM Hamiltonian has been derived most
recently by (M) in an EOB-type form and also the gravitational
spin-orbit coupling in binary systems has been achieved at 2PM order by Bini
and Damour ([2_(118) (for other 2PM results see, e.g., [Bel et al [1981),

[1935).

G Skeleton Hamiltonian for binary black holes

The skeleton approach to GR developed by m (IM), is a truncation
of GR such that an analytic PN expansion exists to arbitrary orders which, at
the same time, is explicitly calculable. The approach imposes the conformal
flat condition for the spatial three-metric for all times (not only initially as for
the Brill-Lindquist solution), together with a specific truncation of the field-
momentum energy density. It exactly recovers the general relativity dynamical
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equations in the limits of test-body and 1PN dynamics. The usefulness of the
skeleton approach in the construction of initial data needed for numerical
solving binary black hole dynamics was studied by [Bode et. al ([ZDQQ)

The conformally flat metric

7 = (14 50)'8, (G.1)

straightforwardly results in maximal slicing, using the ADM coordinate con-
ditions,

T = 2/ Kij = 0. (G.2)

Our coordinates fit to the both ADM and Dirac coordinate conditions. The
momentum constraint equations now become

= 87TG Zpaz a- (G'?’)

The solution of these equations is constructed under the condition that 7Tg is
purely longitudinal, i.e.,

; 2
ﬁg = 81Vj + 8JVZ — 55”811/1 (G4)
This condition is part of the definition of the skeleton model.

Furthermore, in the Hamiltonian constraint equation, which in our case
reads

)k 167G mMe0, p? 1/2
Ad = — J 22 (14 a ) , (G5
v (1+g50)7 ;(H%sb)( (1 + go)*m2c? (G2)

a truncation of the numerator of the first term is made in the following form

1
7r E—QV@ﬂ' +8(2V7r) — =2V;0;m J: GWGZpaJV(Sa, (G.6)

z
J

i.e., dropping from 7/ 7r the term 0; (2V7T ). This is the second crucial trun-
catlon condition addltlonal to the conformal flat one. Without this truncation
neither an explicit analytic solution can be constructed nor a PN expansion is

feasible. From Jaranowski and Schifer (1998, 2000d), it is known that at the

3PN level the h;FJT -field is needed to make the sum of the corresponding terms

from 7Tg W; analytic in 1/c.
With the aid of the ansatz

4G
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and by making use of dimensional regularization, the energy and momentum
constraint_equations result in an algebraic equation for a, of the form (Faye
et al2004),

1/2
2 2.2
a aiVai
o= —" 14 Po/ (M) _ _peiVeilC L (@)
s Gaoy Gaoy
T o2 1+ 1+
TabC 27 apC2 2r a2
With these inputs the skeleton Hamiltonian for binary black holes results in
Hyo— —— [ @0 26 - 2 G
k= 1o T qﬁ—;aac. (G.9)
The Hamilton equations of motion read
OHj 0Hy
Xq = =% S (G.10)

Opa Pa = %,

We will present the more explicit form of the binary skeleton Hamiltonian

in the centre-of-mass reference frame of the binary, which is defined by the
equality p1 + p2 = 0. We define

P=Pp1=-P2, I=X1—X2, 7=][rf (G.11)

It is also convenient to introduce dimensionless quantitie (here M = m +
ms and g = mymso /M)

2
P . _ P ~92 A2 2 A2 . ~ _ Pr N Je
= = — = th =— d j=
PG PT e PSR S/E with pe=onand = mnmn
(G.12)
where p, = p - r/r is the radial linear momentum and J = r x p is the

orbital angular momentum in the centre-of-mass frame. The reduced binary
skeleton Hamiltonian Hg, = Hg/(uc?) [it defines equations of motion with
respect to dimensionless time ¢ = tc3/(GM)] can be put into the following

form (Gopakumar and Schifer 2008):

Hge = 27(¢1 + 2 — 2), (G.13)

where the functions 17 and v are solutions of the following system of coupled
equations

\ a2 (p2+32/72) (392 +752/72) v?
— 14+ X1 - Q.14
E RN T srgy 0 (G
- a2 (2 +32/72) (892 +752/72) v
—1 1 _ G.15
¢2 + 47A,,¢)1 + X%r 1/1111 87:21/){ ’ ( )

17 Tet us note the they differ from the reduced variables introduced in Sect.Bin Eq. (G4).
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where x_ =1—+/1—4vand x4 =1+ V1 —4v, with v = p/M.

Beyond the properties mentioned in the beginning, the conservative skele-
ton Hamiltonian reproduces the Brill-Lindquist initial-value solution. It is re-
markable that the skeleton Hamiltonian allows a PN expansion in powers of
1/c? to arbitrary orders. The skeleton Hamiltonian thus describes the evolu-
tion of a kind of black holes under both conformally flat condition and the
condition of analyticity in 1/c¢2. Along circular orbits the two-black-hole skele-
ton solution is quasistationary and it satisfies the property of the equality of
Komar and ADM masses (Komail 1959, 1963). Of course, gravitational radi-
ation emission is not included. It can, however, be added to some reasonable
extent, see |Gopakumar and Schiferl (2008).

Restricting to circular orbits and defining * = (GMw/c3)?/3, where w is
the orbital angular frequency, the skeleton Hamiltonian reads explicitly to 3PN
order,

£~ 3 v\ o 27 29 17 5\ 4
Hae=—5+ <8 N 24>z N <16 TR T >z
675 8585 7985 , 1115
— + vV — 14
128 " 384 192 10368

2/3

1/3):1:4 + O(z°). (G.16)

In m (Imb, the coefficients of this expansion are given to the order
2! inclusively. We recall that the 3PN-accurate result of general relativity

reads [cf. Eq. ([G.65)],
- o 3 v\ 271 19 1 5\ 4
Heapn = =5+ <8 N 24>z N <16 BT T >z

675 (205 , 34445\ 155 , 35 4\ 4
20 (20 SRR, L 2992, 99 . (G
* (128 * (192” 1152 )”+ 102"+ ioses” )7 (G17)

In the Isenberg—Wilson—-Mathews approach to general relativity only the con-
formal flat condition is employed. Through 2PN order, the Isenberg—Wilson—
Mathews energy of a binary is given by

N T 3 v 27 39 17
i - _* AT P i YR 2 PSS G.18
WM 2+(8+24)x +(16 167 18" )x (G.18)

The difference between ﬁIWM and ﬁsk shows the effect of truncation in the
field-momentum part of Hg through 2PN order and the difference between
fIIWM and ﬁggpN reveals the effect of conformal flat truncation. In the test-
body limit, v = 0, the three Hamiltonians coincide.
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