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ABSTRACT

In this paper, Adomian Decomposition Method with Adomian polynomials are
applied to solve Allen - Cahn equation with the initial condition only, also DuFort-
Frankel method is applied with the initial and boundary conditions. The numerical
results that are obtained by the Adomian decomposition method have been compared
with the exact solution of the equation shown that it is more efficient than the DuFort-
Frankel method, that is illustrated through the tables and Figures.

Keywords: Allen — Cahn (AC) equation, Adomian decomposition method (ADM),
DuFort-Frankel method (DFM).
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1. Introduction

Allen-Cahn equation is origin in the gradient theory of phase transitions [8], this
equation is a model in which two distinct phases (represented by the values u==1) try
to coexist in a domain Q while minimizing their interaction which is proportional to the
(N-1)-dimension volume of the inter face.

Jeong- Whan Choi, et. al. in 2001, they used an unconditionally gradient table
scheme for solving the Allen-Cahn equation representing a model for anti- phase
domain coarsening in a binary mixture [19].

In 2011, Michal , et. al., introduced a numerical scheme allowing to perform
computational studies of the anisotropic nonlocal Allen-Cahn equation [22].
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The numerical solution of the generalized Allen-Cahn equation is used by Michal
et. al. in 2004,[23] that proposed an algorithm for image segmentation, this technique is
devoted to recovery of pattern boundaries from the original, possibly noisy image or
signal.

Allen-Cahn equation, is a special type of non-linear partial differential equation,
which arises as diffusion — convection equation in computational fluid dynamics or
reaction — diffusion problem in material science. These equations are originally used to
solve the phase transition problems, transformation of thermodynamic system from one
phase to another due to an abrupt change in one or more physical properties. These
equations describe the evolution of a diffuse phase boundary, concentrated in a small
origin of size €. It is also arising from phase transition in materials science [5,6].

Ali, et. al. in 2011, used some numerical methods for solving Allen-Cahn equation
by different time stepping and space discretization methods with non-periodic
boundary condition such as Chebyshov spectral method, fourth-order Runge-Kutta
method, implicit-explicit scheme and finite difference scheme [6].

In the end of the years of the last century, Adomian [2,3,4] added a new method
that solves differential equations, which is an efficient for analytic and numerical
solution.

Ismail, et. al. in 2004, [16] studied the approximate solution for the Burger's —
Huxley and Burger's — Fisher equations and in [11] studied the numerical solutions of
the Korteweg — De — Vries (KDV) and modified Korteweg — De — Vries (MKDV)
equations, applied Adomian decomposition method.

Adomian decomposition method is also used to approximate the solution for the
differential-algebraic equations (DAESs) systems [10,15].

Alabdulatifet. al. in 2007, [5] used Adomian decomposition method to find an
analytic approximate solution for non-linear reaction diffusion system of Lotk —
Volterra type.

Javidi and Golbabai [18] used Adomian decomposition method for solving the
linear and nonlinear parabolic equations is implemented with appropriate initial
conditions and they show that is an efficient method.

Bokhari, et.al.in 2009, [9] shows that the Adomian series solution gives an
excellent approximation to the exact solution for non-linear heat equation with
temperature dependent thermal properties.

Ghoreishi, et. al. in 2010,[14] used ADM to solve non-linear wave — like equations
with variable coefficients and they show that ADM is able to solve this type of
equations without any need for dissertation, perturbation, transformation and
linearization.

Abdelwahid, presented Adomian decomposition method is accuracy, applicability
and simplicity to solve non-linear integral equation [1].

Space - time fractional telegraph equation is solved by Adomian decomposition
method [13]. Cheniguel and Ayadi [12] presented the Adomian decomposition method
for solving non homogenous heat equation with an initial condition and non local
boundary conditions and they show that this technique is an efficient of the other
classical methods.

Montazeri, applied Adomian decomposition method to solve a system of partial
differential equations and show that the solutions, results are efficient [24].

Al-Khaled and Allan [7] are gave outlines a reliable strategy for solving nonlinear
Volterra — Fredholmintegro — differential equations by (ADM) and from numerical
examples they presented to illustrate — the accuracy of the method.
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Mamloukas, find an approximate solution of Burger's equation using the
decomposition method [21].

In this research, we apply Adomian decomposition method and DuFort- Frankel
method to Allen — Cahn equation [20]:

U =&, FU—U XE[=LL], it e, (1)
With initial condition

U(X,0) =0.53X +0.47SIN(—1.57X) . veriirie et 2
And boundary conditions are

UL t) ==L UL ) =L o, (3)

Then, the exact solution is
u(x,t) =0.53x +0.47sin(t —1.572x)

2.Analysis of TheAdomian Decomposition Method (ADM)

In this section, we review the main steps of Adomian decomposition method on
linear and non-linear parabolic partial differential equations with initial condition only,
consider [30]:
ou  ou
E=y+F(u)+g(x,t), D e[ab]x(0,T] .o 4)
U(X,0) = T (X)) ettt (5)

Where, F is a non-linear function of u. We find the solution satisfying egs. (4)-(5).
Adomian decomposition method assumes that the unknown function u(x,t) can be
expressed by an infinite series of the form:

BOGE) = S UL (K)o (6)

And the non-linear operator F(u) can be decomposed by an infinite series of
polynomial given by

FU) =D A Ugy UpyeeiyUp ) e @)
n=0
Where, An are the Adomian polynomials given by
1 dn o0 k
=— F() Au y =002 8
A= g P AU ®)

It is now well known in the literature, that these polynomials can be constructed
for all classes of non-linearity according to algorithm set by Adomian [3,4] and recently
developed by an alternative approach in [2,16,17,26,27,28,29] .

Appling the decomposition method [16,17,18], eq.(1) can be written as
LU =L U+ F(U) G0, e 9)
or
Lw)=RUu)+N(@u)+g

2

Where, L, :g and L, :%. Assuming L is invertible, an R is a reminder operator

and an N is a non-linear term. The inverse of operator L, exists and it can be taken as

0=t

Appling inverse operator on both sides of eq. (9) yields
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U(X,t) =u(x,0) + L (Lu) + L (FU)) + LHGOGT)) e (10)
Then, using egs.(6) and (7) it follows that
Zu (x,t)= f(x)+ L' (g(x,t) + L (Z(u )) + L5 (ZA]) .............................. (11)

Where, f(x)=u(x.0).Therefore, determmes the |terates in the following recursive way:
Up(x,1) = () + L (g (x,1)),
u.,(xt)=L"Uu,), +A) n=01.2,.

Then, when the non-linear function F(u) and by using eq.(8), Adomian
polynomials [9,30] are given by:
Ao = F(uo)’
A= ulF’(Uo),

A, =U2F'(Uo)+£U12F"(Uo)a .................................................. (13)

A, =U,F'(u,) +uu, F”(u0)+ u SF"(U,),
Then, the solutions series are:

u, = f(x)+ L g(x1),

u, = L’lR(uo) + L’l(AO),

u, = L'R(u,) + L*(A),

u, = L'R(u,) + L (A),

U= LR, ) + L7 (AL).
Using the above recursive relation, we construct the solutions as:

n-1
u(x,t) = n“_r>noo up (x,t) Where, up(x,t)= k;ouk(x,t), n>1

It is interesting to note that, we obtain the series solution by using the initial
condition only.

Then, the solution series of the equation that we get by ADM leads to the exact
solution of u(x,t) when k is an approach to infinity, i.e.

o0
) =i 1) = ,t).
U= fim Un(0= 3 U (X

3. Application of ADM to Allen-Cahn Equation

In this section, we apply ADM to the Allen-Cahn eq. (1) with an initial condition
in eq.(2).

Appling the inverse operator L" on both sides of eq.(1) and using the initial
condition, yields

2 un( =00+ (X Un)x)+ L ( T un(u)-Le (2 An)
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Identifying the zeros component u,(x,t) by f(x), the remaining components n>1

can be determined by using recurrence relation
Uo (X,t) = f(x),

Upa (%, 1) = £ L (L) + L' (U,) — L (A), n 20,
Where, A, are Adomian polynomial that represent the non-linear term (u®), then we
can obtain from eq.(8) as follows:

A =Ug,
A =3u§ul,
A, =3ulu, +3u,u’,

A, =3u’u, +6u,u,u, +u’,

Then, the solutions are obtained by using the initial condition only. Thus, we begin:
U (X, 1) = £ (X),

Ul(X,t) = th_l(Lxxuo) + Lt_l(uo) - Ll_l(AO)!

uz(X’t) = th_l(Lxxul) + Lt_l(ul) - Lt_l(Ai)!
So
Uy (X, 1) =0.53x + 0.47sin(—1.57x),

U, (x,t) = €(=1.0575z sin(-1.52x)t) + 0.53xt + 0.47sin(—1.5zx)t
—(0.53x +0.47sin(-1.52x))°t,
2
U, (x,t) = g%(2.3793557r3 sin(~1.57x) —1.05757° sin(~1.52x)
—(3(0.53x + 0.47sin(=1.57%)))* (-1.05757 sin(—1.57x))
+(6(0.53x + 0.47sin(—1.52x))(0.53— 0.7057 cos(—1.52x))?))

2
+ % ((¢(-1.0575zsin(—1.52x)) + 0.53x + 0.47sin(—1.57x)

—(0.53x +0.47sin(—1.52x))*)(1 - 3(0.53x + 0.47 sin(—1.52x))?))
4. Application of DFM to Allen-Cahn Equation

In this section, we apply DFM for Allen-Cahn eq. (1) with the initial condition in
ed.(2) and boundary conditions in eq.(3). DFM is approximated the partial derivatives
with respect to time t and space x with the second order accuracy through centered
differencing formula, then eq.(1), by this method, leads to [25]:

A+2nu/™ =@-2r)ul™ +2r@ul, +ul )+ 2kul =2k (U (14)

When, x=IAx, i=0,1,2,... , t= jAt, j=0,1,2,...
Where, Ax=h ,At=k and r:%.
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5. Numerical Results

The numerical solution of eq.(1) with eq.(2) by ADM is obtained
whenu(x,t) =u,(X,t) +u,(x,t) +u,(x,t), and the numerical solution of eq.(1) with
egs.(2) and (3) by DFM is obtained from eq.(14).

Then, the numerical results of (AC) equation by exact solution, ADM, and DFM
are shown in table (1) with absolute errors when —1<x <1, £=0.001 and t=0.1, and in
table (2) when —1<x <1, £=0.0001 and t=0.1. Also, the figures (1) and (2) shown the
surface of the numerical solution u(x,t) of (AC) equation when —1<x<1, 0<t<0.2
in (a) the exact solution, in (b) ADM and in (c) DFM, then in (d) shown the comparison
between the exact solution with ADM and DFM at &=0.001land
& =0.0001respectively.

In order to show that numerically whether the Adomian decomposition for eq.(1)
leads to a higher accuracy, we evaluate the approximate solution by using more than 3
terms approximations.

Table (1): Hlustrated the solutions of the methods Exact, ADM and DFM and absolute
errors between Exact and ADM and Exact and DFM, when t=0.1 and & =0.001.

X Exact ADM DFM | Exact-ADM | | |[Exact-DFM|
-1.0 | -0.997651958 | -0.999707443 | -1.000000000 | 0.002055485 | 0.002348042
-0.8 | -0.736839381 | -0.735012753 | -0.734568681 | 0.001826628 | 0.002270700
-0.6 | -0.218112792 | -0.190444481 | -0.190497438 | 0.027668311 | 0.027615354
-0.4 | 0.218263837 | 0.257759265 0.257281675 | 0.039495427 | 0.039017837
-0.2 | 0.299918268 | 0.300268137 0.299856922 | 0.000349870 | 0.000061346
0.0 | 0.046921706 | 0.000000000 | 0.000000000 | 0.046921706 | 0.046921706
0.2 | -0.244758495 | -0.300268137 | -0.299856922 | 0.055509643 | 0.055098428
0.4 | -0.247263046 | -0.257759265 | -0.257281675 | 0.010496218 | 0.010018628
0.6 | 0.128862404 | 0.190444481 0.190497438 | 0.061582077 | 0.061635034
0.8 | 0.660918467 | 0.735012753 0.734568681 | 0.074094287 | 0.073650215
1.0 | 0.997651958 | 0.999707443 1.000000000 | 0.002055485 | 0.002348042

Table (2): Hlustrated the solutions of the methods Exact, ADM and DFM and absolute
errors between Exact and ADM and Exact and DFM, when t=0.1 and & =0.0001.

X Exact ADM DFM | Exact-ADM| | | Exact-DFM |
-1 | -0.997651958 | -0.999970711 | -1.000000000 | 0.002318753 | 0.002348042
-1 | -0.736839381 | -0.735096901 | -0.735019582 | 0.001742480 | 0.001819799
-1 | -0.218112792 | -0.190301469 | -0.190294914 | 0.027811323 | 0.027817877
-0 | 0.218263837 | 0.258088102 | 0.258018510 | 0.039824265 | 0.039754672
-0 | 0.299918268 | 0.300549962 | 0.300478938 | 0.000631694 | 0.000560671
0 |0.046921706 | 0.000000000 | 0.000000000 | 0.046921706 | 0.046921706
0.2 | -0.244758495 | -0.300549962 | -0.300478938 | 0.055791468 | 0.055720444
0.4 | -0.247263046 | -0.258088102 | -0.258018510 | 0.010825056 | 0.010755463
0.6 | 0.128862404 | 0.190301469 | 0.190294914 | 0.061439065 | 0.061432511
0.8 | 0.660918467 | 0.735096901 | 0.735019582 | 0.074178435 | 0.074101116

1 ]0.997651958 | 0.999970711 | 1.000000000 | 0.002318753 | 0.002348042
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(a) Exact solution

—t Pl =
5 0 T s S T —— ADM
_,/'/ DF M

Figure (1)

(a)The numerical results for u(x,t) are obtained by the exact solution with & =0.001,
(b)The numerical results for u(x,t) are obtained by the ADM with &£ =0.001,
(c)The numerical results for u(x,t) are obtained by the DFM with £=0.001,

(d)The comparison of the exact solution with the ADM and DFM with t=0.1 and ¢=0.001.
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(d) Exact solution

Figure (2)
(a) The numerical results for u(x,t) are obtained by the exact solution with & =0.0001,
(b) The numerical results for u(x,t) are obtained by the ADM with & =0.0001,
(c) The numerical results for u(x,t) are obtained by the DFM with & =0.0001,
(d)The comparison of the exact solution with the ADM and DFM with t=0.1 and & = 0.0001.

6. Conclusion

We note that the Adomian decomposition method is an efficient method when
used Adomian polynomials to the treatment of the non-linear term in Allen - Cahn
equation with convergence to the exact solution and small error. We see that the ADM
has been applied directly without using bilinear forms. Also, we see that when we take
added terms from the series solution, the ADM convergence is more efficient to the
exact solution than the DFM. We used Matlab codes to obtain the solutions.
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