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Abstract 

In the present paper we aim at proving some subordinations properties for meromor‑
phic functions analytic in the punctured unit disc �∗ = {z : 0 < |z| < 1} with a simple 
pole at the origin. The functions under investigation are associated with two integral 
operators Pγ

σ  and Qγ
σ (see Lashin in  Comput Math Appl 59:524–531, 2010, https://​doi.​

org/​10.​1016/j.​camwa.​2009.​06.​015). Several other results and numerical examples are 
also obtained.
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Introduction and Preliminaries
Let � denote the class of functions of the form

which are analytic in the punctured unit disc �∗ = {z : 0 < |z| < 1} with a simple pole at 
the origin.

Definition 1  For f (z) ∈ � , given by (1) and h(z) ∈ � defined by

Hadamard product (or convolution) of f(z) and h(z) is given by

Definition 2  [2] For two functions f and g, analytic in � = {z : |z| < 1} , we say that the 
function f is subordinate to g in � , written f ≺ g , if there exists a Schwarz function ω(z) 
which is analytic in � , satisfying the following conditions:

(1)f (z) = 1/z +

∞

κ=1

cκz
κ

h(z) = 1/z +

∞
∑

κ=1

hκz
κ
,

(f ∗ h)(z) = 1/z +

∞
∑

κ=1

cκhκz
κ = (h ∗ f )(z).

*Correspondence:   
wafaa_kota@yahoo.com

1 Department of Mathematics, 
Faculty of science, Damietta 
University, New Damietta, Egypt

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1186/s42787-023-00163-4&domain=pdf
https://doi.org/10.1016/j.camwa.2009.06.015
https://doi.org/10.1016/j.camwa.2009.06.015


Page 2 of 16Kota and El‑Ashwah ﻿Journal of the Egyptian Mathematical Society            (2023) 31:5 

such that

In particular, if the function g is univalent in � , we have the following equivalence (see 
also [3, 4]):

In 2010, Lashin [1] defined the following integral operators Pγ
σ , Q

γ
σ , Jσ : � → � as 

follows:

and

where Ŵ(γ ) is the familiar Gamma function.
Using the integral representation of the Gamma functions, it can be shown that

Definition 3  Let f (z) ∈ � be given by (1), then

and

By (3) and (4), we can easily obtain that

and

ω(0) = 0 and |ω(z)| < 1; (z ∈ �),

f (z) = g(ω(z)); (z ∈ �).

f (z) ≺ g(z) (z ∈ �) ⇐⇒ f (0) = g(0) and f (�) ⊂ g(�).

Pγ
σ f (z) =

σγ

zσ+1Ŵ(γ )

∫ z

0

sσ
(

log
(z

s

))γ−1

f (s)ds (γ , σ > 0, z ∈ �∗),

Qγ
σ f (z) =

Ŵ(σ + γ )

zσ+1Ŵ(σ)Ŵ(γ )

∫ z

0

sσ
(

1−
s

z

)γ−1

f (s)ds (γ , σ > 0, z ∈ �∗),

Jσ f (z) =
σ

zσ+1

∫ z

0

sσ f (s)ds (σ > 0, z ∈ �∗),

(2)Pγ
σ f (z) =1/z +

∞
∑

κ=1

(

σ

κ + σ + 1

)γ

cκz
κ (γ , σ > 0, z ∈ �∗),

(3)Qγ
σ f (z) =1/z +

Ŵ(σ + γ )

Ŵ(σ )

∞
∑

κ=1

Ŵ(κ + σ + 1)

Ŵ(κ + σ + γ + 1)
cκz

κ (γ , σ > 0, z ∈ �∗),

(4)Jσ f (z) = 1/z +

∞
∑

κ=1

σ

κ + σ + 1
cκz

κ (σ > 0, z ∈ �∗).

(5)z(Pγ
σ f (z))

′ = σPγ−1
σ f (z)− (σ + 1)Pγ

σ f (z) (σ > 0, γ > 1)

(6)z(Qγ
σ f (z))

′ =(σ + γ − 1)Qγ−1
σ f (z)− (σ + γ )Qγ

σ f (z) (σ > 0, γ > 1).
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Remark 1

	(i)	 Putting γ = 1 in the integral operators Pγ
σ  and Qγ

σ , we obtain Q1
σ = P1

σ = Jσ;
	(ii)	 The operator Jσ was defined and studied by Kumar and Shukla [5, Theorem 4.2, 

with p = 1].

In order to prove our main results, we recall the following lemmas:

Lemma 1  [6, 7] If g(z) is a convex function in � with g(0) = 1 , 
q(z) = 1+ q1(z)+ q2(z)+ ... is analytic in � and δ ∈ C, Re(δ) > 0, then

implies

and �(z) is the best dominant.

Definition 4  Let a, b and c be complex and real numbers with c  = 0,−1,−2, ... . The 
Gaussian hypergeometric function is defined by the power series

where (a)κ = Ŵ(a+ κ)/Ŵ(a) is the Pochhammer symbol.

Lemma 2  [8, 9] For a, b, c real numbers other than 0,−1,−2, ... and c > b > 0, we have

Lemma 3  For any real number α  = 0, we have

q(z)+
zq′(z)

δ
≺ g(z)

q(z) ≺ δz−δ

∫ z

0

sδ−1g(s)ds = �(z) ≺ g(z)

2F1(a, b; c; z) = 1+
ab

c
z +

a(a+ 1)b(b+ 1)

2!c(c + 1)
z2 + ...

=

∞
∑

κ=0

(a)κ (b)κ

(c)κ (1)κ
zκ ,

(7)
∫ 1

0

sb−1(1− s)c−b−1(1− sz)−ads =
Ŵ(b)Ŵ(c − b)

Ŵ(c)
2F1(a, b; c; z)

(8)2F1(a, b; c; z) =(1− z)−a
2F1(a, c − b; c; z/(z − 1))

(9)2F1(1, 1; 2; z) =− (1/z)ln(1− z)

(10)
c(c − 1)(z − 1)2 F1(a, b; c − 1; z)

+ c[c − 1− (2c − a− b− 1)z] 2F1(a, b; c; z)

+ (c − a)(c − b)z 2F1(a, b; c + 1; z) = 0.

(11)2F1(1, 1; 2;αz/(αz + 1)) =
(1+ αz)ln(1+ αz)

αz
,
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Proof  To prove the relation (11), substituting for z = αz/(αz + 1) in (9), we obtain

Now, we prove the relation (12), by replacing a = b = 1 and c = 2 in (10), we obtain

then

By replacing z = αz/(αz + 1) in the above equation, we obtain

Similarly, we can obtain the relations (13) and (14). � �

The purpose of this paper is to prove some subordinations properties for meromor-
phic functions analytic in the punctured unit disc �∗ = {z : 0 < |z| < 1}. The functions 
under investigation are associated with two integral operators Pγ

σ  and Qγ
σ . Several other 

results and numerical examples are also obtained.

Main results
Unless otherwise mentioned, we assume throughout this paper that γ > 2, σ > 0 and 
−1 ≤ B < A ≤ 1.

(12)2F1(1, 1; 3;αz/(αz + 1)) =
2(1+ αz)

αz

[

1−
ln(1+ αz)

αz

]

,

(13)2F1(1, 1; 4;αz/(αz + 1)) =
3(1+ αz)

2(αz)3
[2ln(1+ αz)− αz(2− αz)],

(14)2F1(1, 1; 5;αz/(αz + 1)) =
2(1+ αz)

(αz)3

[

2(αz)2 − 3αz + 6

3
−

2ln(1+ αz)

αz

]

.

2F1(1, 1; 2;αz/(αz + 1)) = −

(

1+ αz

αz

)

ln

(

1−
αz

αz + 1

)

= −

(

1+ αz

αz

)

ln

(

1

αz + 1

)

=
(1+ αz)ln(1+ αz)

αz
.

2(z − 1)2F1(1, 1; 1; z)+ 2(1− z) 2F1(1, 1; 2; z)+ z 2F1(1, 1; 3, z) = 0

2F1(1, 1; 3, z) =
1

z
[−2(z − 1)2F1(1, 1; 1; z)− 2(1− z) 2F1(1, 1; 2; z)]

=
2

z

[

1+
1− z

z
ln(1− z)

]

.

2F1(1, 1; 3,αz/(αz + 1)) =
2(1+ αz)

αz

[

1+
1

αz
ln

(

1−
αz

1+ αz

)]

=
2(1+ αz)

αz

[

1−
ln(1+ αz)

αz

]

.
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Theorem 1  Let

then we have

where

and �(z) is the best dominant. Furthermore,

where

Proof  Suppose that

then q(z) = 1+ a1z + a2z
2 + ... is analytic in � with q(0) = 1 . Using the logarithmic dif-

ferentiation of the both sides of (18) with respect to z and with the aid of the identity (5), 
we get

By using (18) and (19), we obtain

Thus, by using Lemma 1, for δ = σ , we have

(15)
P

γ−1
σ f (z)

P
γ
σ f (z)

(

1+
P

γ−2
σ f (z)

P
γ−1
σ f (z)

−
P

γ−1
σ f (z)

P
γ
σ f (z)

)

≺
1+ Az

1+ Bz
(σ > 0, γ > 2)

P
γ−1
σ f (z)

P
γ
σ f (z)

≺ �(z) ≺
1+ Az

1+ Bz
(z ∈ �)

(16)

�(z) = (1+ Bz)−1

[

2F1

(

1, 1; 1+ σ ;Bz/(1+ Bz)

)

+
σAz

σ + 1
2F1

(

1, 1; 2+ σ ;Bz/(1+ Bz)

)]

Re

(

P
γ−1
σ f (z)

P
γ
σ f (z)

)

> η

(17)

η = (1− B)−1

[

2F1

(

1, 1; 1+ σ ;B/(B− 1)

)

−
σA

σ + 1
2F1

(

1, 1; 2+ σ ;B/(B− 1)

)]

.

(18)q(z) =
P

γ−1
σ f (z)

P
γ
σ f (z)

,

(19)
(

1

σ

)

zq′(z)

q(z)
=

P
γ−2
σ f (z)

P
γ−1
σ f (z)

−
P

γ−1
σ f (z)

P
γ
σ f (z)

P
γ−1
σ f (z)

P
γ
σ f (z)

(

1+
P

γ−2
σ f (z)

P
γ−1
σ f (z)

−
P

γ−1
σ f (z)

P
γ
σ f (z)

)

= q(z)+

(

1

σ

)

zq′(z).

P
γ−1
σ f (z)

P
γ
σ f (z)

≺ σ z−σ

∫ z

0

sσ−1 1+ As

1+ Bs
ds = �(z).
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Using the identities (7) and (8), we can written �(z) as following:

This completes the proof of (16) of Theorem 1. Now, to prove the assertion (17) of Theo-
rem 1, it suffices to show that

Indeed, for |z| ≤ r < 1,

Upon setting

which is a positive measure on [0, 1], we get

so that

Letting r → 1− in the above inequality, we obtain the assertion (20). The result in (17) 
is the best possible as the function �(z) is the best dominant of (16). The proof of Theo-
rem 1 is completed. � �

Letting σ = 1 in Theorem 1 and using the identities (11) and (12), we have

Corollary 1  Let

then we have

�(z) =σ

∫ 1

0

tσ−1 1+ Atz

1+ Btz
dt

=σ

[
∫ 1

0

tσ−1(1+ Btz)−1dt + Az

∫ 1

0

tσ (1+ Btz)−1dt

]

=(1+ Bz)−1

[

2F1

(

1, 1; 1+ σ ,Bz/(1+ Bz)

)

+
σAz

σ + 1
2F1

(

1, 1; 2+ σ ,Bz/(1+ Bz)

)]

.

(20)inf
|z|<1

{�(z)} = �(−1).

Re

(

1+ Az

1+ Bz

)

≥
1− Ar

1− Br
.

K (t, z) =
1+ Atz

1+ Btz
and dν(t) = σ tσ−1dt (0 ≤ t ≤ 1, z ∈ �),

�(z) =

∫ 1

0

K (t, z)dν(t),

Re(�(z)) ≥

∫ 1

0

(

1− Atr

1− Btr

)

dν(t) = �(−r) (|z| ≤ r < 1).

Pγ−1f (z)

Pγ f (z)

(

1+
Pγ−2f (z)

Pγ−1f (z)
−

Pγ−1f (z)

Pγ f (z)

)

≺
1+ Az

1+ Bz
(γ > 2)

Pγ−1f (z)

Pγ f (z)
≺ �(z) ≺

1+ Az

1+ Bz
(z ∈ �)
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where

and �(z) is the best dominant. Furthermore,

where

Letting B  = 0 in Corollary 1, we have

Corollary 2  If

then

Letting B = −1 in Corollary 2, we obtain the following special case

Example 1  If

then

Letting A = 1− 2�, (0 ≤ � < 1) and B = −1 in Corollary 1, we have

Corollary 3  If

(21)�(z) =















�

1− A
B

�

ln(1+Bz)
Bz + A

B B �= 0

1+ A
2
z B = 0,

Re

(

Pγ−1f (z)

Pγ f (z)

)

> η

(22)η =















�

A
B − 1

�

ln(1−B)
B + A

B B �= 0

1− A
2

B = 0.

Pγ−1f (z)

Pγ f (z)

(

1+
Pγ−2f (z)

Pγ−1f (z)
−

Pγ−1f (z)

Pγ f (z)

)

≺
1+

B ln(1−B)
B+ln(1−B)

z

1+ Bz
(γ > 2)

Re

(

Pγ−1f (z)

Pγ f (z)

)

> 0 (z ∈ �).

Re

(

Pγ−1f (z)

Pγ f (z)

(

1+
Pγ−2f (z)

Pγ−1f (z)
−

Pγ−1f (z)

Pγ f (z)

))

>
2 ln 2− 1

2 ln 2− 2
≈ −0.61 (γ > 2)

Re

(

Pγ−1f (z)

Pγ f (z)

)

> 0 (z ∈ �).

Re

(

Pγ−1f (z)

Pγ f (z)

(

1+
Pγ−2f (z)

Pγ−1f (z)
−

Pγ−1f (z)

Pγ f (z)

))

> � (γ > 2)
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then

Letting σ = 2 in Theorem 1 and using the identities (12) and (13), we have

Corollary 4  Let

then we have

where

and �(z) is the best dominant. Furthermore,

where

Letting B  = 0 in Corollary 4, we have

Corollary 5  If

then

Re

(

Pγ−1f (z)

Pγ f (z)

)

> (2�− 1)+ 2(1− �) ln 2.

P
γ−1

2 f (z)

P
γ

2 f (z)

(

1+
P

γ−2

2 f (z)

P
γ−1

2 f (z)
−

P
γ−1

2 f (z)

P
γ

2 f (z)

)

≺
1+ Az

1+ Bz
(γ > 2)

P
γ−1

2 f (z)

P
γ

2 f (z)
≺ �(z) ≺

1+ Az

1+ Bz
(z ∈ �)

(23)�(z) =















�

A
B − 1

��

2[ln(1+Bz)−Bz]
B2z2

�

+ A
B B �= 0

2
3
Az + 1 B = 0,

Re

(

P
γ−1

2 f (z)

P
γ

2 f (z)

)

> η

(24)η =















�

A
B − 1

�

2[ln(1−B)+B]
B2

+ A
B B �= 0

1− 2
3
A B = 0,

P
γ−1

2 f (z)

P
γ

2 f (z)

(

1+
P

γ−2

2 f (z)

P
γ−1

2 f (z)
−

P
γ−1

2 f (z)

P
γ

2 f (z)

)

≺
1+

B ln(1−B)
B+ln(1−B)

z

1+ Bz
(γ > 2)

Re

(

P
γ−1

2 f (z)

P
γ

2 f (z)

)

> 0 (z ∈ �).
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Letting B = −1 in Corollary 5, we obtain the following special case

Example 2

If

then

Letting A = 1− 2�, (0 ≤ � < 1) and B = −1 in Corollary 4, we have

Corollary 6  If

then

Letting σ = 3 in Theorem 1 and using the identities (13) and (14), we have

Corollary 7  Let

then we have

where

and �(z) is the best dominant. Furthermore,

Re

(

P
γ−1

2 f (z)

P
γ

2 f (z)

(

1+
P

γ−2

2 f (z)

P
γ−1

2 f (z)
−

P
γ−1

2 f (z)

P
γ

2 f (z)

)

)

>
4 ln 2− 3

4 ln 2− 2
≈ −0.29 (γ > 2)

Re

(

P
γ−1

2 f (z)

P
γ

2 f (z)

)

> 0 (z ∈ �).

Re

(

P
γ−1

2 f (z)

P
γ

2 f (z)

(

1+
P

γ−2

2 f (z)

P
γ−1

2 f (z)
−

P
γ−1

2 f (z)

P
γ

2 f (z)

)

)

> � (γ > 2)

Re

(

P
γ−1

2 f (z)

P
γ

2 f (z)

)

> (2�− 1)− 4(1− �)(ln 2− 1).

P
γ−1

3 f (z)

P
γ

3 f (z)

(

1+
P

γ−2

3 f (z)

P
γ−1

3 f (z)
−

P
γ−1

3 f (z)

P
γ

3 f (z)

)

≺
1+ Az

1+ Bz
(γ > 2)

P
γ−1

3 f (z)

P
γ

3 f (z)
≺ �(z) ≺

1+ Az

1+ Bz
(z ∈ �)

(25)�(z) =















�

1− A
B

�

3

B3z3

�

ln(1+ Bz)− Bz + B2z2

2

�

+ A
B B �= 0

1+ 3
4
Az B = 0,

Re

(

P
γ−1

3 f (z)

P
γ

3 f (z)

)

> η
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where

Letting B  = 0 in Corollary 7, we have

Corollary 8  If

then

Letting B = −1 in Corollary 8, we obtain the following special case

Example 3

If

then

Letting A = 1− 2�, (0 ≤ � < 1) and B = −1 in Corollary 7, we have

Corollary 9  If

then

(26)η =















�

A
B − 1

�

3

B3

�

ln(1− B)+ B+ B2

2

�

+ A
B B �= 0

1− 3
4
A B = 0.

P
γ−1

3 f (z)

P
γ

3 f (z)

(

1+
P

γ−2

3 f (z)

P
γ−1

3 f (z)
−

P
γ−1

3 f (z)

P
γ

3 f (z)

)

≺
1+

B ln(1−B)
B+ln(1−B)

z

1+ Bz
(γ > 2)

Re

(

P
γ−1

3 f (z)

P
γ

3 f (z)

)

> 0 (z ∈ �).

Re

(

P
γ−1

3 f (z)

P
γ

3 f (z)

(

1+
P

γ−2

3 f (z)

P
γ−1

3 f (z)
−

P
γ−1

3 f (z)

P
γ

3 f (z)

)

)

>
12 ln 2− 19

12 ln 2− 20
≈ 0.91 (γ > 2)

Re

(

P
γ−1

3 f (z)

P
γ

3 f (z)

)

> 0 (z ∈ �).

Re

(

P
γ−1

3 f (z)

P
γ

3 f (z)

(

1+
P

γ−2

3 f (z)

P
γ−1

3 f (z)
−

P
γ−1

3 f (z)

P
γ

3 f (z)

)

)

> � (γ > 2)

Re

(

P
γ−1

3 f (z)

P
γ

3 f (z)

)

> (2�− 1)+ 3(1− �)(2 ln 2− 3).
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Theorem 2  Let

then we have

where

and �(z) is the best dominant. Furthermore,

where

Proof  Suppose that

then q(z) = 1+ a1z + a2z
2 + ... is analytic in � with q(0) = 1 . Using the logarithmic dif-

ferentiation of the both sides of (29) with respect to z, and with the aid of the identities 
(6), we get

By using (29) and (30), we obtain

Thus, by using Lemma 1, for δ = σ + γ − 2 , the estimates (27) and (28) can be proved 
on the same lines as that of (16) and (17). This completes the proof of Theorem 2.�  �

Q
γ−1
σ f (z)

Q
γ
σ f (z)

(

Q
γ−2
σ f (z)

Q
γ−1
σ f (z)

−
σ + γ − 1

σ + γ − 2

Q
γ−1
σ f (z)

Q
γ
σ f (z)

+
σ + γ − 1

σ + γ − 2

)

≺
1+ Az

1+ Bz
(σ > 0, γ > 2)

Q
γ−1
σ f (z)

Q
γ
σ f (z)

≺ �(z) ≺
1+ Az

1+ Bz
(z ∈ �)

(27)
�(z) =(1+ Bz)−1

[

2F1

(

1, 1; σ + γ − 1;Bz/(1+ Bz)

)

+
(σ + γ − 2)Az

σ + γ − 1
2F1

(

1, 1; σ + γ ;Bz/(1+ Bz)

)]

Re

(

Q
γ−1
σ f (z)

Q
γ
σ f (z)

)

> η

(28)

η = (1− B)−1

[

2F1

(

1, 1; σ + γ − 1;B/(B− 1)

)

−
(σ + γ − 2)A

σ + γ − 1
2F1

(

1, 1; σ + γ ;B/(B− 1)

)]

.

(29)q(z) =
Q

γ−1
σ f (z)

Q
γ
σ f (z)

,

(30)
(

1

σ + γ − 2

)

zq′(z)

q(z)
=

Q
γ−2
σ f (z)

Q
γ−1
σ f (z)

−
σ + γ − 1

σ + γ − 2

Q
γ−1
σ f (z)

Q
γ
σ f (z)

+
1

σ + γ − 2

Q
γ−1
σ f (z)

Q
γ
σ f (z)

(

Q
γ−2
σ f (z)

Q
γ−1
σ f (z)

−
σ + γ − 1

σ + γ − 2

Q
γ−1
σ f (z)

Q
γ
σ f (z)

+
σ + γ − 1

σ + γ − 2

)

= q(z)+

(

1

σ + γ − 2

)

zq′(z).
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Letting γ = 3− σ in Theorem 2 and using the identities (11) and (12), we have

Corollary 10  Let

then we have

where �(z) given as (21) and �(z) is the best dominant. Furthermore,

where η given as (22).

Letting B  = 0 in Corollary 10, we have

Corollary 11  If

then

Letting B = −1 in Corollary 11, we obtain the following special case

Example 4

If

then

Letting A = 1− 2�, (0 ≤ � < 1) and B = −1 in Corollary 10, we have

Q2−σ
σ f (z)

Q3−σ
σ f (z)

(

2+
Q1−σ

σ f (z)

Q2−σ
σ f (z)

− 2
Q2−σ

σ f (z)

Q3−σ
σ f (z)

)

≺
1+ Az

1+ Bz
(0 < σ < 1)

Q2−σ
σ f (z)

Q3−σ
σ f (z)

≺ �(z) ≺
1+ Az

1+ Bz
(z ∈ �)

Re

(

Q2−σ
σ f (z)

Q3−σ
σ f (z)

)

> η

Q2−σ
σ f (z)

Q3−σ
σ f (z)

(

2+
Q1−σ

σ f (z)

Q2−σ
σ f (z)

− 2
Q2−σ

σ f (z)

Q3−σ
σ f (z)

)

≺
1+

B ln(1−B)
B+ln(1−B)

z

1+ Bz
(0 < σ < 1)

Re

(

Q2−σ
σ f (z)

Q3−σ
σ f (z)

)

> 0 (z ∈ �).

Re

(

Q2−σ
σ f (z)

Q3−σ
σ f (z)

(

2+
Q1−σ

σ f (z)

Q2−σ
σ f (z)

− 2
Q2−σ

σ f (z)

Q3−σ
σ f (z)

))

>
2 ln 2− 1

2 ln 2− 2
≈ −0.61 (0 < σ < 1)

Re

(

Q2−σ
σ f (z)

Q3−σ
σ f (z)

)

> 0 (z ∈ �).
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Corollary 12  If

then

Letting γ = 4 − σ in Theorem 2 and using the identities (12) and (13), we have

Corollary 13  Let

then we have

where �(z) given as (23) and �(z) is the best dominant. Furthermore,

where η given as (24).

Letting B  = 0 in Corollary 13, we have

Corollary 14  If

then

Letting B = −1 in Corollary 15, we obtain the following special case

Example 5

If

Re

(

Q2−σ
σ f (z)

Q3−σ
σ f (z)

(

2+
Q1−σ

σ f (z)

Q2−σ
σ f (z)

− 2
Q2−σ

σ f (z)

Q3−σ
σ f (z)

))

> � (0 < σ < 1)

Re

(

Q2−σ
σ f (z)

Q3−σ
σ f (z)

)

> (2�− 1)+ 2(1− �) ln 2.

Q3−σ
σ f (z)

Q4−σ
σ f (z)

(

3

2
+

Q2−σ
σ f (z)

Q3−σ
σ f (z)

−
3

2

Q3−σ
σ f (z)

Q4−σ
σ f (z)

)

≺
1+ Az

1+ Bz
(0 < σ < 2)

Q3−σ
σ f (z)

Q4−σ
σ f (z)

≺ �(z) ≺
1+ Az

1+ Bz
(z ∈ �)

Re

(

Q3−σ
σ f (z)

Q4−σ
σ f (z)

)

> η

Q3−σ
σ f (z)

Q4−σ
σ f (z)

(

3

2
+

Q2−σ
σ f (z)

Q3−σ
σ f (z)

−
3

2

Q3−σ
σ f (z)

Q4−σ
σ f (z)

)

≺
1+

B ln(1−B)
B+ln(1−B)

z

1+ Bz
(0 < σ < 2)

Re

(

Q3−σ
σ f (z)

Q4−σ
σ f (z)

)

> 0 (z ∈ �).

Re

(

Q3−σ
σ f (z)

Q4−σ
σ f (z)

(

3

2
+

Q2−σ
σ f (z)

Q3−σ
σ f (z)

−
3

2

Q3−σ
σ f (z)

Q4−σ
σ f (z)

))

>
4 ln 2− 3

4 ln 2− 2
≈ −0.29 (0 < σ < 2)
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then

Letting A = 1− 2�, (0 ≤ � < 1) and B = −1 in Corollary 13, we have

Corollary 15  If

then

Letting γ = 5− σ in Theorem 2 and using the identities (13) and (14), we have

Corollary 16  Let

then we have

where �(z) given as (25) and �(z) is the best dominant. Furthermore,

where given as (26).

Letting B  = 0 in Corollary 16, we have

Corollary 17  If

then

Letting B = −1 in Corollary 17, we obtain the following special case

Re

(

Q3−σ
σ f (z)

Q4−σ
σ f (z)

)

> 0 (z ∈ �).

Re

(

Q3−σ
σ f (z)

Q4−σ
σ f (z)

(

3

2
+

Q2−σ
σ f (z)

Q3−σ
σ f (z)

−
3

2

Q3−σ
σ f (z)

Q4−σ
σ f (z)

))

> � (0 < σ < 2)

Re

(

Q3−σ
σ f (z)

Q4−σ
σ f (z)

)

> (2�− 1)− 4(1− �)(ln 2− 1).

Q4−σ
σ f (z)

Q5−σ
σ f (z)

(

4

3
+

Q3−σ
σ f (z)

Q4−σ
σ f (z)

−
4

3

Q4−σ
σ f (z)

Q5−σ
σ f (z)

)

≺
1+ Az

1+ Bz
(0 < σ < 3)

Q4−σ
σ f (z)

Q5−σ
σ f (z)

≺ �(z) ≺
1+ Az

1+ Bz
(z ∈ �)

Re

(

Q4−σ
σ f (z)

Q5−σ
σ f (z)

)

> η

Q4−σ
σ f (z)

Q5−σ
σ f (z)

(

4

3
+

Q3−σ
σ f (z)

Q4−σ
σ f (z)

−
4

3

Q4−σ
σ f (z)

Q5−σ
σ f (z)

)

≺
1+

B ln(1−B)
B+ln(1−B)

z

1+ Bz
(0 < σ < 3)

Re

(

Q4−σ
σ f (z)

Q5−σ
σ f (z)

)

> 0 (z ∈ �).
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Example 6

If

then

Letting A = 1− 2�, (0 ≤ � < 1) and B = −1 in Corollary 16, we have

Corollary 18  If

then

Conclusion
The purpose of the current work is to demonstrate various subordination characteristics 
for analytical meromorphic functions in �∗ = {z : 0 < |z| < 1} . Lashin [1] defined and 
studied the integral operators Pγ

σ  and Qγ
σ on the meromorphic functions. We use these 

operators to study and demonstrate some subordination characteristics for meromor-
phic functions. In addition, we obtain some particular cases and numerical examples of 
our main results.
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Re

(

Q4−σ
σ f (z)

Q5−σ
σ f (z)

(

4

3
+

Q3−σ
σ f (z)

Q4−σ
σ f (z)

−
4

3

Q4−σ
σ f (z)

Q5−σ
σ f (z)

))

>
12 ln 2− 19

12 ln 2− 20
≈ 0.91 (0 < σ < 3)

Re

(

Q4−σ
σ f (z)

Q5−σ
σ f (z)

)

> 0 (z ∈ �).

Re

(

Q4−σ
σ f (z)

Q5−σ
σ f (z)

(

4

3
+

Q3−σ
σ f (z)

Q4−σ
σ f (z)

−
4

3

Q4−σ
σ f (z)

Q5−σ
σ f (z)

))

> � (0 < σ < 3)

Re

(

Q4−σ
σ f (z)

Q5−σ
σ f (z)

)

> (2�− 1)+ 3(1− �)(2 ln 2− 3).
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