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INDUCED OPERATORS ON THE GENERALIZED SYMMETRY CLASSES OF

TENSORS

GHOLAMREZA RAFATNESHAN AND YOUSEF ZAMANI∗

Abstract. Let V be a unitary space. Suppose G is a subgroup of the symmetric group of degree m

and Λ is an irreducible unitary representation of G over a vector space U . Consider the generalized

symmetrizer on the tensor space U ⊗ V ⊗m,

SΛ(u⊗ v⊗) =
1

|G|
∑
σ∈G

Λ(σ)u⊗ vσ−1(1) ⊗ · · · ⊗ vσ−1(m)

defined by G and Λ. The image of U ⊗ V ⊗m under the map SΛ is called the generalized symmetry

class of tensors associated with G and Λ and is denoted by VΛ(G). The elements in VΛ(G) of the form

SΛ(u ⊗ v⊗) are called generalized decomposable tensors and are denoted by u ⊛ v⊛. For any linear

operator T acting on V , there is a unique induced operator KΛ(T ) acting on VΛ(G) satisfying

KΛ(T )(u⊗ v⊗) = u⊛ Tv1 ⊛ · · ·⊛ Tvm.

If dimU = 1, then KΛ(T ) reduces to Kλ(T ), induced operator on symmetry class of tensors Vλ(G).

In this paper, the basic properties of the induced operator KΛ(T ) are studied. Also some well-known

results on the classical Schur functions will be extended to the case of generalized Schur functions.

1. Introduction

Let V be a unitary space of dimension n and denote by V ⊗m, the mth tensor power of V. Let U

be a unitary space and End(U) be the set of all linear operators on U . Then U ⊗ V ⊗m is a unitary
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space with the induced inner product that satisfies

(u⊗ x⊗ , v ⊗ y⊗) = (u, v)

m∏
i=1

(xi, yi),

where u, v ∈ U and x⊗ = x1 ⊗ · · · ⊗ xm, y
⊗ = y1 ⊗ · · · ⊗ ym ∈ V ⊗m.

Let Sm be the full symmetric group of degree m and G be a subgroup of Sm. Suppose Λ is an

irreducible unitary representation of G over U . The generalized symmetrizer associated with G and

Λ is defined by

SΛ =
1

|G|
∑
σ∈G

Λ(σ)⊗ P (σ) ∈ End(U ⊗ V ⊗m),

where

P (σ)v1 ⊗ · · · ⊗ vm = vσ−1(1) ⊗ · · · ⊗ vσ−1(m)

is the permutation operator (see [2]).

It is well-known that SΛ is an orthogonal projection on U ⊗V ⊗m. The image of U ⊗V ⊗m under the

map SΛ is called the generalized symmetry class of tensors associated with G and Λ and is denoted

by VΛ(G). The elements in VΛ(G) of the form

u⊛ v⊛ = SΛ(u⊗ v⊗)

are called the generalized decomposable symmetrized tensors (for more details, see [6, 7]).

Let Γm,n be the set of all sequences α = (α(1), . . . , α(m)) with 1 ≤ α(i) ≤ n, 1 ≤ i ≤ m. The group

G acts on Γm,n by

ασ = (α(σ(1)), . . . , α(σ(m))) .

Two sequences α and β in Γm,n are said to be equivalent modulo G, denoted by α ∼ β (mod G), if

there exist σ ∈ G such that β = ασ. Let ∆ be a system of representatives for the orbits such that

each sequence in ∆ is first in its orbit relative to the lexicographic order.

Suppose F = {u1, . . . , ur} and E = {e1, . . . , en} are orthonormal bases for unitary spaces U and V ,

respectively. For each α ∈ Γm,n, the subspace

V ⊛
α = ⟨ ui ⊛ e⊛α | 1 ≤ i ≤ r ⟩ = ⟨ u1 ⊛ e⊛ασ | σ ∈ G ⟩

is called the generalized orbital subspace corresponding to α. It is well-known that

VΛ(G) =
⊕
α∈∆̄

V ⊛
α ,

where

∆̄ =
r∪

j=1

∆̄j , ∆̄j = {α ∈ ∆|uj ⊛ e⊛α ̸= 0}.

http://dx.doi.org/10.22108/ijgt.2020.122990.1622

http://dx.doi.org/10.22108/ijgt.2020.122990.1622


Int. J. Group Theory 10 no. 4 (2021) 197-211 G. Rafatneshan and Y. Zamani 199

Notice that

∆̄ = {α ∈ ∆|
∑
σ∈Gα

λ(σ) ̸= 0},

where λ is the corresponding character of Λ. For α ∈ ∆̄, choose a lexicographically ordered set

{α1 = α, α2, . . . , αsα} from {ασ|σ ∈ G} such that

{u1 ⊛ e⊛α1
, u1 ⊛ e⊛α2

, . . . , u1 ⊛ e⊛αsα
}

is a basis of V ⊛
α . The same is done for any α ∈ ∆̄. Let {α, β, γ, . . .} ordered lexicographically and

define ∆̂ as

∆̂ = {α1, . . . , αsα , β1, . . . , βsβ , . . .}

to be ordered as indicated. Then {u1 ⊛ e⊛α |α ∈ ∆̂} is a basis of VΛ(G). Obviously, ∆̄ = {α1, β1, . . .} is

lexicographically ordered, but note that ∆̂ is not lexicographically ordered; it is possible that (α2 > β1).

Such order in ∆̂ is called orbital order.

Denote by Cm×m, the set of all m × m complex matrices. The generalized Schur function DΛ :

Cm×m → End(U) is defined by

DΛ(A) =
∑
σ∈G

Λ(σ)
m∏
i=1

aiσ(i)

for A = (aij)m×m ∈ Cm×m.

In this paper, we introduce the generalized symmetric multilinear functions and prove universal

factorization property for this functions. Also, we define the induced operators on the generalized

symmetry classes of tensors and study some of basic properties of this operators. Then we deduce

some well-known results on the generalized Schur functions.

2. Generalized symmetric multilinear functions

Let W be a vector space. A multilinear function ψ : U × V ×m −→W is said to be symmetric with

respect to G and Λ if

1

|G|
∑
σ∈G

ψ(Λ(σ−1)u, vσ(1), . . . , vσ(m)) = ψ(u, v1, . . . , vm)

for all u ∈ U and v1, . . . , vm ∈ V . If dimU = 1, then ψ is symmetric with respect to G and λ, where

λ is the corresponding character Λ (see [5]).

Lemma 2.1. Let Λ be an irreducible unitary representation of the subgroup G of Sm. Suppose ϕ :

U × V ×m →W is defined as

ϕ(u, v1, . . . , vm) = u⊛ v⊛.

Then ϕ is multilinear and symmetric with respect to G and Λ.
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Proof. Obviously, ϕ is multilinear. We show that ϕ is symmetric with respect to G and Λ. We have

1

|G|
∑
σ∈G

ϕ
(
Λ(σ−1)u, vσ(1), . . . , vσ(m)

)
=

1

|G|
∑
σ∈G

Λ(σ−1)u⊛ v⊛σ

=
1

|G|
∑
σ∈G

SΛ
(
Λ(σ−1)u⊗ v⊗σ

)
=

1

|G|
∑
σ∈G

SΛ
(
Λ(σ−1)u⊗ P (σ−1)v⊗

)
= SΛ

[
1

|G|
∑
σ∈G

Λ(σ−1)⊗ P (σ−1)(u⊗ v⊗)

]
= S2

Λ(u⊗ v⊗)

= SΛ(u⊗ v⊗)

= ϕ(u, v1, . . . , vm).

□

Theorem 2.2. (Universal factorization property for the generalized symmetric multilinear functions)

Suppose V and W are vector spaces and Λ is an irreducible unitary representation of G over U . If the

multilinear function ψ : U × V ×m →W is symmetric with respect to G and Λ, then there is a unique

linear function h : VΛ(G) −→W such that h (u⊛ v⊛) = ψ(u, v1, . . . , vm).

Proof. According to the (ordinary) universal factorization property, there is a unique linear function

h : U ⊗ V ⊗m → W such that h⊗ = ψ; that is h(u ⊗ v⊗) = ψ(u, v1, . . . , vm), for all u ∈ U and

v1, . . . , vm ∈ V . Therefore

h(u⊛ v⊛) =h

[
1

|G|
∑
σ∈G

Λ(σ−1)u⊗ v⊗σ

]

=
1

|G|
∑
σ∈G

ψ
(
Λ(σ−1)u, vσ(1), . . . , vσ(m)

)
=ψ(u, v1, . . . , vm).

□

3. The basic properties of the induced operator KΛ(T )

Let T ∈ End(V ). Then the map ψ : U × V ×m → VΛ(G) defined by

ψ(u, v1, . . . , vm) = u⊛ Tv1 ⊛ · · ·⊛ Tvm
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is multilinear and symmetric respect to G and Λ, because

1

|G|
∑
σ∈G

ψ
(
Λ(σ−1)u, vσ(1), . . . , vσ(m)

)
=

1

|G|
∑
σ∈G

SΛ
[
Λ(σ−1)u⊗ Tvσ(1) ⊗ · · · ⊗ Tvσ(m)

]
= SΛ

[
1

|G|
∑
σ∈G

(
Λ(σ−1)⊗ P (σ−1)

)
u⊗ Tv1 ⊗ · · · ⊗ Tvm

]
= S2

Λ(u⊗ Tv1 ⊗ · · · ⊗ Tvm)

= SΛ(u⊗ Tv1 ⊗ · · · ⊗ Tvm)

= ψ(u, v1, . . . , vm).

Therefore according to the universal factorization property for the generalized symmetric multilinear

functions, there is a unique linear operator KΛ(T ) ∈ End(VΛ(G)), such that

KΛ(T )(u⊛ v⊛) = u⊛ Tv1 ⊛ · · ·⊛ Tvm.

Such KΛ(T ) is called the induced operator of T on VΛ(G). If dimU = 1, then KΛ(T ) coincides

on Kλ(T ), where Kλ(T ) is the induced operator of T on Vλ(G) (for more details, we refer the reader

to [1, 3, 4, 5, 9]). Recently, the induced operators over symmetry classes of polynomials have been

studied in [8, 10]. In this section, we verify some basic properties of the generalized induced operator

KΛ(T ).

Theorem 3.1. Suppose T ∈ End(V ). Then VΛ(G) is an invariant subspace of I⊗T⊗m and KΛ(T ) =

I ⊗ T⊗m |VΛ(G).

Proof. Since T⊗mP (σ) = P (σ)T⊗m, so (I ⊗ T⊗m)(Λ(σ) ⊗ P (σ)) = (Λ(σ) ⊗ P (σ))(I ⊗ T⊗m). Thus

(I ⊗ T⊗m)SΛ = SΛ(I ⊗ T⊗m), that is VΛ(G) is an invariant subspace of I ⊗ T⊗m. Also we have

(I ⊗ T⊗m)(u⊛ v⊛) =(I ⊗ T⊗m)SΛ(u⊗ v⊗)

=SΛ(I ⊗ T⊗m)(u⊗ v⊗)

=SΛ(u⊗ Tv1 ⊗ · · · ⊗ Tvm)

=KΛ(T )(u⊛ v⊛),

so the assertion holds. □

Theorem 3.2. Let S, T ∈ End(V ). Then

(i) KΛ(IV ) = IVΛ(G),

(ii) KΛ(ST ) = KΛ(S)KΛ(T ).

Proof. (i) It is clear.
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(ii) Using Theorem (3.1), we have

KΛ(ST ) =(I ⊗ (ST )⊗m) |VΛ(G)

=(I ⊗ (S⊗mT⊗m)) |VΛ(G)

=(I ⊗ S⊗m)(I ⊗ T⊗m) |VΛ(G)

=(I ⊗ S⊗m) |VΛ(G) (I ⊗ T⊗m) |VΛ(G)

=KΛ(S)KΛ(T ),

so the assertion holds.

□

Therefore T → KΛ(T ) defines a representation of the general linear group GL(V ) on VΛ(G).

Theorem 3.3. Suppose T ∈ End(V ). Then with respect to induced inner product on VΛ(G), we have

(i) KΛ(T )
∗ = KΛ(T

∗),

(ii) If T is normal, Hermitian, positive definite, positive semi-definite, unitary, so is KΛ(T ).

Proof. (i) We know that (T⊗m)∗ = (T ∗)⊗m, so (I⊗T⊗m)∗ = I⊗ (T ∗)⊗m. By restricting the both

sides to VΛ(G) we have:

(
(I ⊗ T⊗m) |VΛ(G)

)∗
= (I ⊗ T⊗m)∗ |VΛ(G)= I ⊗ (T ∗)⊗m |VΛ(G) .

Therefore KΛ(T )
∗ = KΛ(T

∗) .

(ii) Suppose T is positive semi-definite. Then there is a linear operator S on V such that T = SS∗.

So we have

KΛ(T ) = KΛ(SS
∗) = KΛ(S)KΛ(S

∗) = KΛ(S)KΛ(S)
∗

Then KΛ(T ) is positive semi-definite.

The rest of the second part of theorem is similarly proved. □

Theorem 3.4. Suppose T and S are positive semi-definite linear operators. Then

KΛ(T + S) ≥ KΛ(T ) +KΛ(S).

Proof. Notice that if T and S are positive semi-definite operators on V then

(T + S)⊗m ≥ T⊗m + S⊗m.
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So for all u ∈ U and v ∈ V , we have(
I ⊗ (T + S)⊗m u⊗ v⊗, u⊗ v⊗

)
=
(
u⊗ (T + S)⊗m v⊗, u⊗ v⊗

)
=(u, u)

(
(T + S)⊗m v⊗, v⊗

)
≥(u, u)

(
(T⊗m v⊗, v⊗) + (S⊗m v⊗, v⊗)

)
=
(
I ⊗ T⊗m u⊗ v⊗, u⊗ v⊗

)
+
(
I ⊗ S⊗m u⊗ v⊗, u⊗ v⊗

)
.

Thus

I ⊗ (T + S)⊗m ≥ I ⊗ T⊗m + I ⊗ S⊗m.

Now by restricting the both sides to VΛ(G) we deduce

KΛ(T + S) ≥ KΛ(T ) +KΛ(S).

□

Corollary 3.5. Let T and S be positive semi-definite linear operators on V . If T ≥ S, then

KΛ(T ) ≥ KΛ(S).

Proof. By assumption T − S is positive operator. Now, using theorems (3.3) and (3.4), we have

KΛ(T ) = KΛ((T − S) + S)

≥ KΛ(T − S) +KΛ(S)

≥ KΛ(S).

Therefore

KΛ(T ) ≥ KΛ(S).

□

Theorem 3.6. If T ∈ End(V ) and rank (T ) = k, then rankKΛ(T ) = |Γm,k ∩ ∆̂|.

Proof. Suppose rank(T ) = k. Then there is a basis {v1, . . . , vn} of V such that Tv1, . . . , T vk are

linearly independent and Tvk+1 = · · · = Tvn = 0. Let Tvi = ei , 1 ≤ i ≤ k, and extend them to a

basis E = {e1, . . . , ek, ek+1, . . . , en} of V . Now we consider the basis E⊛ = {u1 ⊛ e⊛α |α ∈ ∆̂} of VΛ(G)

(see [6]). If α ∈ Γm,k then

KΛ(T )(u1 ⊛ v⊛α ) = u1 ⊛ Tvα(1) ⊛ · · ·⊛ Tvα(m) = u1 ⊛ e⊛α .

So

{KΛ(T )u1 ⊛ v⊛α |α ∈ ∆̂ ∩ Γm,k}

is a subset of the basis E⊛ for VΛ(G). Thus it is a linearly independent set. When α ̸∈ ∆̂∩Γm,k there

is some i such that α(i) > k. Then Tvα(i) = 0 thus KΛ(T )u1 ⊛ v⊛α = 0. Therefore rank KΛ(T ) =

|Γm,k ∩ ∆̂|. □
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Theorem 3.7. Suppose T ∈ End (V ). If VΛ(G) ̸= 0, then T is invertible if and only if KΛ(T ) is

invertible.

Proof. If T is invertible, then

I = KΛ(I) = KΛ(TT
−1) = KΛ(T )KΛ(T

−1).

Thus KΛ(T ) is invertible and KΛ(T
−1) = KΛ(T )

−1.

Suppose T is not invertible and Te1 = 0. Then there is α ∈ ∆̄ such that 1 ∈ Im α. Since

∆̄ =
∪r

j=1 ∆̄j so there exists 1 ≤ j ≤ r such that α ∈ ∆̄j . Then uj ⊛ e⊛α ̸= 0. But

KΛ(T )(uj ⊛ e⊛α) = uj ⊛ Teα(1) ⊛ · · ·⊛ Teα(m) = 0,

this shows that KΛ(T ) is not invertible. □

Theorem 3.8. Let Λ be an irreducible unitary representation of G. Let V be a vector space of

dimension n. Suppose T ∈ End (V ) has eigenvalues λ1, . . . , λn. Then the eigenvalues of KΛ(T ) are

λα =
m∏
t=1

λα(t), α ∈ ∆̂ .

Proof. Similar to the proof of [5, Theorem 7.49]. □

Theorem 3.9. Suppose T ∈ End(V ) and KΛ(T ) is the induced operator determined by G and Λ.

Then

det (KΛ(T )) = (det (T ))
m
n
|∆̂|.

Proof. Denote the eigenvalues of T by λ1, . . . , λn (multiplicities included). Then, by Theorem (3.8),

det KΛ(T ) =
∏
ω∈∆̂

m∏
i=1

λω(i)

=
∏
ω∈∆̂

n∏
t=1

λ
mt(ω)
t

=

n∏
t=1

∏
ω∈∆̂

λ
mt(ω)
t

=

n∏
t=1

λqtt ,

where qt : =
∑

ω∈∆̂mt(ω) and mt(ω) is the multiplicity of t in ω. We first prove the amount qt is

independent of t. Since sασ = sα, mt(ασ) = mt(α) for all α ∈ Γm,n and σ ∈ G, also for every τ ∈ Sn,
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mt(τα) = mτ−1(t)(α), Gτα = Gα and sτα = sα, so we have

qt =
∑
ω∈∆̂

mt(ω)

=
∑
α∈∆̄

sαmt(α)

=
∑
α∈∆

sαmt(α)

=
1

|G|
∑
α∈∆

1

|Gα|
∑
σ∈G

|Gα|sαmt(α)

=
1

|G|
∑
α∈∆

1

|Gα|
∑
σ∈G

|Gασ|sασmt(ασ)

=
1

|G|
∑

γ∈Γm,n

|Gγ |sγmt(γ).

Then for any τ ∈ Sn,

qt =
1

|G|
∑

α∈Γm,n

|Gτα|sταmt(τα) =
1

|G|
∑

α∈Γm,n

|Gα|sαmτ−1(t)(α) = qτ−1(t).

We set qt = q, t = 1, . . . , n. Hence

nq =

n∑
t=1

qt =

n∑
t=1

∑
ω∈∆̂

mt(ω) =
∑
ω∈∆̂

n∑
t=1

mt(ω) = m|∆̂|.

Therefore

det (KΛ(T )) =
n∏

t=1

λ
m
n
|∆̂|

t =

(
n∏

t=1

λt

)m
n
|∆̂|

= (det (T ))
m
n
|∆̂| .

□

4. Some results on the generalized Schur functions

In this section we deduce some results on the generalized Schur functions (see [2]).

Theorem 4.1. Suppose λ is the corresponding character of an irreducible unitary representation Λ of

G and λ(1) = r. Then

(i) DΛ(Im) = Ir.

(ii) Tr DΛ(A) = dλG(A), where d
λ
G is the generalized matrix function.

(iii) DΛ(A
∗) = DΛ(A)

∗.

Proof. (i) DΛ(Im) =
∑

σ∈G Λ(σ)
∏m

i=1 δiσ(i) = Λ(1) = Ir.

(ii) According to the definition of the generalized Schur function we have

Tr DΛ(A) = Tr

(∑
σ∈G

Λ(σ)

m∏
i=1

aiσ(i)

)
=
∑
σ∈G

λ(σ)

m∏
i=1

aiσ(i) = dλG(A).
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(iii)

DΛ(A
∗) =

∑
σ∈G

Λ(σ)
m∏
i=1

a∗iσ(i)

=
∑
σ∈G

Λ(σ)

m∏
i=1

āσ(i)i

=
∑
σ∈G

Λ(σ−1)∗
m∏
i=1

āiσ−1(i)

= DΛ(A)
∗.

□

Theorem 4.2. If A is an upper triangular matrix, then

DΛ(A) = h(A)Ir = per(A)Ir = det(A)Ir,

where h(A) =
∏m

i=1 aii is Hadamard function.

Proof. Since A is an upper triangular matrix, so

det(A) = h(A) = per(A) =

m∏
i=1

aii.

Also

DΛ(A) =
∑
σ∈G

Λ(σ)
m∏
i=1

aiσ(i) = (
m∏
i=1

aii)Ir.

□

Theorem 4.3. [6] Suppose u, v ∈ U and x1, . . . , xm , y1, . . . , ym ∈ V are arbitrary vectors and A =

(aij) ∈ Cm×m such that aij = (xi, yj). Then

(DΛ(A)u, v) = |G|(u⊛ x⊛ , v ⊛ y⊛).

Theorem 4.4. Let E = {e1, . . . , en} be an orthonormal basis of V and T ∈ End (V ). If [T ]E = At

then for all α, β ∈ Γm,n and u, v ∈ U ,

(DΛ(A[α|β])u, v) = |G|
(
KΛ(T )u⊛ e⊛α , v ⊛ e⊛β

)
.

Proof. By Theorem (4.3), we have

(
KΛ(T )u⊛ e⊛α , v ⊛ e⊛β

)
= (u⊛ Teα(1) ⊛ · · ·⊛ Teα(m), v ⊛ eβ(1) ⊛ · · ·⊛ eβ(m))

=
1

|G|
(DΛ(B)u, v),
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where

bij = (Teα(i), eβ(j))

= (
n∑

k=1

aα(i)kek, eβ(j))

=
n∑

k=1

aα(i)kδkβ(j)

= aα(i)β(j) = (A[α|β])ij ,

so the result holds. □

Corollary 4.5. Suppose u, v ∈ U . Suppose E = {e1, . . . , em} is an orthonormal basis of a unitary

space of V and T ∈ End(V ). If [T ]E = At then

(DΛ(A)u, v) = |G|
(
KΛ(T )u⊛ e⊛, v ⊛ e⊛

)
.

Corollary 4.6. Suppose G ≤ Sm and Λ is an irreducible unitary representation of G over a unitary

space U . If A,B ∈ Cm×m are positive semi-definite matrices, then

(i) DΛ(A+B) ⩾ DΛ(A) +DΛ(B),

(ii) If A ⩾ B then DΛ(A) ⩾ DΛ(B).

Proof. (i) Let E = {e1, . . . , em} be an orthonormal basis of a unitary space V . Let S and T be

linear operators on V whose At = [T ]E and Bt = [S]E . Then by Theorem (3.4) and Corollary

(4.5), for any u ∈ U , we have

(DΛ(A+B)u, u) =|G|
(
KΛ(T + S)u⊛ e⊛, u⊛ e⊛

)
≥|G|

(
KΛ(T )u⊛ e⊛, u⊛ e⊛

)
+
(
KΛ(S)u⊛ e⊛, u⊛ e⊛

)
=(DΛ(A)u, u) + (DΛ(B)u, u),

so the assertion holds.

(ii) The result follows from corollaries (3.5) and (4.5).

□

Theorem 4.7. Let A,B ∈ Cm×m. Then for every u, v ∈ U , we have the following inequality

|(DΛ(AB
∗)u, v)|2 ≤ (DΛ(AA

∗)u, u)(DΛ(BB
∗)v, v).
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Proof. Let E = {e1, . . . , em} be an orthonormal basis of V . Let S and T be linear operators on V

whose At = [T ]E and Bt = [S]E. Then

1

|G|
(DΛ(AB)u, v) =(KΛ(ST )u⊛ e⊛, v ⊛ e⊛)

=(KΛ(S)KΛ(T )u⊛ e⊛, v ⊛ e⊛)

=(KΛ(T )u⊛ e⊛,KΛ(S
∗)v ⊛ e⊛)

Using the Cauchy-Schwarz inequality, we obtain

(
1

|G|
|(DΛ(AB)u, v)|)2 ≤ ||KΛ(T )u⊛ e⊛||2||KΛ(S

∗)v ⊛ e⊛||2

= (KΛ(T
∗T )u⊛ e⊛, u⊛ e⊛)(KΛ(SS

∗)v ⊛ e⊛, v ⊛ e⊛)

=
1

|G|
(DΛ(AA

∗)u, u)
1

|G|
(DΛ(B

∗B)v, v).

By switching B to B∗, the result holds. □

Corollary 4.8. Suppose Λ is an irreducible unitary representation of G over unitary space of U . If

A ∈ Cm×m and u, v ∈ U then

|(DΛ(A)u, v)|2 ≤ (DΛ(AA
∗)u, u)(v, v)

Proof. We only need to put B = Im in Theorem (4.7). □

The following theorem extends the Schur inequality to the generalized Schur functions.

Theorem 4.9. (The generalized Schur inequality)

If A ∈ Cm×m is positive semi-definite, then DΛ(A) ≥ (detA)Ir.

Proof. Since A is positive semi-definite, so there is an upper triangular matrix L such that A = LL∗.

Applying Corollary (4.8), we obtain

|(DΛ(L)u, u)|2 ≤ |(DΛ(LL
∗)u, u)|(u, u) = |(DΛ(A)u, u)|(u, u),

for every u ∈ U . Since L is upper triangular, so by Theorem (4.2), DΛ(L) = det (L)Ir. Hence

|det (L)|2(Iru, u) ≤ |(DΛ(A)u, u)|.

According to Corollary (4.5), DΛ(A) is positive semi-definite, so the result holds. □

The following theorem generalizes [5, Corollary 7.27].

Theorem 4.10. Let V be a unitary space of dimension m. If A ∈ Cm×m is positive semi-definite,

then there exist v1, . . . , vm in V such that aij = (vi, vj) and for each u ∈ U we have:

||u⊛ v⊛||2 = 1

|G|
(DΛ(A)u, u).
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Proof. Suppose E = {e1, . . . , em} is an orthonormal basis for V . Since A is positive semi-definite, so

there exists a matrix B such that A = BB∗. Define

vi =
m∑
j=1

bijej , 1 ≤ i ≤ m.

Then

(vi, vj) =(

m∑
k=1

bikek,

m∑
s=1

bjses)

=

m∑
k,s=1

bik b̄js(ek, es) =

m∑
k,s=1

δk,sbik b̄js

=

m∑
k=1

bikb
∗
kj = aij .

Now, the assersion follows from Theorem (4.3). □

Theorem 4.11. (The generalized Cauchy-Binet formula)

Let Λ be an irreducible unitary representation of the subgroup G of Sm over a unitary space U . If

A,B ∈ Cn×n and m ≤ n then

DΛ((AB)[α|β]) = 1

|G|
∑

γ∈Γm,n

DΛ(B[γ|β])DΛ(A[α|γ])

for all α, β ∈ Ω.

Proof. Let V be a unitary space of dimension n. Suppose E = {e1, . . . , en} and F = {u1, . . . , ur} are

orthonormal bases for V and U , respectively. Then

B = {ui ⊗ e⊗α | 1 ≤ i ≤ r, α ∈ Γm,n}
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is an orthonormal basis for U ⊗ V ⊗m. Suppose At = [T ]E and Bt = [S]E. Let u, v ∈ U . Applying

Theorem (4.4), [5, Parseval’s Identity 2.14] and S2
Λ = SΛ = S∗

Λ, we have

1

|G|
(DΛ(AB)[α|β]u, v)

= (KΛ(ST )u⊛ e⊛α , v ⊛ e⊛β )

= (KΛ(S)KΛ(T )u⊛ e⊛α , v ⊛ e⊛β )

= (KΛ(T )u⊛ e⊛α ,KΛ(S)
∗v ⊛ e⊛β )

=

r∑
j=1

∑
γ∈Γm,n

(KΛ(T )u⊛ e⊛α , uj ⊗ e⊗γ )(uj ⊗ e⊗γ ,KΛ(S)
∗v ⊛ e⊛β )

=

r∑
j=1

∑
γ∈Γm,n

(KΛ(T )u⊛ e⊛α , uj ⊛ e⊛γ )(KΛ(S)uj ⊛ e⊛γ , v ⊛ e⊛β )

=

r∑
j=1

∑
γ∈Γm,n

(KΛ(T )u⊛ e⊛α , uj ⊛ e⊛γ )(KΛ(S)uj ⊛ e⊛γ , v ⊛ e⊛β )

=
1

|G|2
∑

γ∈Γm,n

r∑
j=1

(DΛ(A[α|γ])u, uj)(DΛ(B[γ|β])uj , v)

=
1

|G|2
∑

γ∈Γm,n

r∑
j=1

(DΛ(A[α|γ])u, uj)(uj , DΛ(B[γ|β])∗v) (Theorem (4.1))

=
1

|G|2
∑

γ∈Γm,n

r∑
j=1

(DΛ(A[α|γ])u, uj)(uj , DΛ(B
∗[β|γ])v)

=
1

|G|2
∑

γ∈Γm,n

(DΛ(A[α|γ])u,DΛ(B
∗[β|γ])v)

=
1

|G|2
∑

γ∈Γm,n

(DΛ(B
∗[β|γ])∗DΛ(A[α|γ])u, v) (Theorem (4.1))

=
1

|G|2
∑

γ∈Γm,n

(DΛ(B[γ|β])DΛ(A[α|γ])u, v).

Therefore

DΛ((AB)[α|β]) = 1

|G|
∑

γ∈Γm,n

DΛ(B[γ|β])DΛ(A[α|γ]).

□
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