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INDUCED OPERATORS ON THE GENERALIZED SYMMETRY CLASSES OF
TENSORS

GHOLAMREZA RAFATNESHAN AND YOUSEF ZAMANTI*

ABSTRACT. Let V be a unitary space. Suppose G is a subgroup of the symmetric group of degree m
and A is an irreducible unitary representation of G over a vector space U. Consider the generalized

symmetrizer on the tensor space U ® V®™,
Sa(u®v®) = ﬁ Z AU ®@V,-1(1) @ @ Vp—1(m)
ocea
defined by G and A. The image of U ® V®™ under the map Sa is called the generalized symmetry
class of tensors associated with G and A and is denoted by Va(G). The elements in V5 (G) of the form
Sa(u ® v®) are called generalized decomposable tensors and are denoted by u ® v®. For any linear

operator T acting on V, there is a unique induced operator K (T) acting on Vi (G) satisfying
KA(T)(U®U®) =u®Tvi® - ®Tvp,.

If dimU = 1, then K (T) reduces to Kx(T'), induced operator on symmetry class of tensors Vi(G).
In this paper, the basic properties of the induced operator K (T) are studied. Also some well-known

results on the classical Schur functions will be extended to the case of generalized Schur functions.

1. Introduction

Let V be a unitary space of dimension n and denote by V®™, the mth tensor power of V. Let U
be a unitary space and End(U) be the set of all linear operators on U. Then U ® V®™ is a unitary
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space with the induced inner product that satisfies
m
(u®z®, vey®) kuyl,
=1

where u,v €U and 29 =21 @ - @ 2y, Y€ =1 @ -+ @ Yy, € VO™,

Let S;, be the full symmetric group of degree m and G be a subgroup of S,,. Suppose A is an
irreducible unitary representation of G over U. The generalized symmetrizer associated with G and
A is defined by

Z Ao ) € End(U ® V&™),
ceG

Sh =
1G]

where
P(o)or @ -+ @ U = Vgo1(1) @+ @ Vg-1(m)
is the permutation operator (see [2]).
It is well-known that Sy is an orthogonal projection on U @ V®™. The image of U @ V®™ under the

map Sy is called the generalized symmetry class of tensors associated with G and A and is denoted
by VA(G). The elements in Vi (G) of the form

u®v® = S (u®v®)

are called the generalized decomposable symmetrized tensors (for more details, see [6, 7]).

Let Iy, » be the set of all sequences a = (a(1),...,a(m)) with 1 < «(i) <n,1 <i < m. The group
G acts on I'y, , by

ao = (a(o(1)),...,a(c(m))).

Two sequences a and 8 in I'y, ,, are said to be equivalent modulo G, denoted by a ~ § (mod G), if
there exist ¢ € G such that § = ao. Let A be a system of representatives for the orbits such that

each sequence in A is first in its orbit relative to the lexicographic order.

Suppose F = {uy,...,u,} and E = {ey,...,e,} are orthonormal bases for unitary spaces U and V,

respectively. For each a € I'y, 5, the subspace

VE=(u®el |1<i<r)={(uy®el |oceq)

(e
is called the generalized orbital subspace corresponding to «. It is well-known that

G)=EPVvy,

aeA

where

A=[]JA; Aj={ac Ay ®el #0}.
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Notice that
A={acA| ) Xo)+#0},

c€Gq
where X is the corresponding character of A. For a € A, choose a lexicographically ordered set

{a1 = ayag,...,a,,} from {ao|o € G} such that

{fur®el ,uy ®el ... ,u ®ef5a}
is a basis of V.¥. The same is done for any o € A. Let {a, 3,7,...} ordered lexicographically and
define A as

A={on,... a5, B, Boye--}

to be ordered as indicated. Then {u; ® e®|o € A} is a basis of Vi (G). Obviously, A = {ay, f1,...} is
lexicographically ordered, but note that A is not lexicographically ordered; it is possible that (ag > £1).
Such order in A is called orbital order.

Denote by C,,,xm, the set of all m x m complex matrices. The generalized Schur function Dy :
Cimxm — End(U) is defined by

Dy(A) = Z A(o) H QAo (i)

ceG i=1

for A = (aij)mxm € Crixm.-

In this paper, we introduce the generalized symmetric multilinear functions and prove universal
factorization property for this functions. Also, we define the induced operators on the generalized
symmetry classes of tensors and study some of basic properties of this operators. Then we deduce

some well-known results on the generalized Schur functions.

2. Generalized symmetric multilinear functions

Let W be a vector space. A multilinear function ¢ : U x V*™ — W is said to be symmetric with
respect to G and A if

1 Z Y(A(o™ ), Vo(1)s - -+ > Vo(m)) = V(U V1, ., Um)

for all wu € U and vy,...,vy € V. If dimU = 1, then ¢ is symmetric with respect to G and A, where

A is the corresponding character A (see [5]).

Lemma 2.1. Let A be an irreducible unitary representation of the subgroup G of S,,. Suppose ¢ :
Ux V> W is defined as

d(u,v1, .. vm) = u® 0.
Then ¢ is multilinear and symmetric with respect to G and A.

http://dx.doi.org/10.22108/ijgt .2020.122990.1622
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Proof. Obviously, ¢ is multilinear. We show that ¢ is symmetric with respect to G and A. We have

®
‘G‘ UEZG’¢ U U Ua(l)a---a (m) ‘G‘ UEZG’A u@va
-1 S (e )
ocG
ngsA (0 Hu® Plo~u®)
oe

’G|ZA o HY®Plo ™) (u®v®)

ceG
= S3(u®v®)
= Sx(u®v®)

= (U, v1,...,0m).
O

Theorem 2.2. (Universal factorization property for the generalized symmetric multilinear functions)
Suppose V and W are vector spaces and A is an irreducible unitary representation of G over U. If the
multilinear function ¢ : U x V™ — W is symmetric with respect to G and A, then there is a unique
linear function h: VA(G) — W such that h (u ® v®) = ¥ (u,v1,...,0m).

Proof. According to the (ordinary) universal factorization property, there is a unique linear function
h:U®V®" — W such that h® = ; that is h(u @ v®) = ¥(u,v1,...,v,), for all u € U and
Vly...,U;, € V. Therefore

h(u ® v®) ZA Hu @ 0?
‘G’ oelG
Z ¢ U y Uo(1)s -+ - 7vo(m))
|G|
ceG
=1(u,v1,...,0m).

3. The basic properties of the induced operator K (7))

Let T' € End(V). Then the map ¢ : U x V™ — V) (G) defined by

¢(U7U17---,Um):U®TU1®-'-®Tvm

http://dx.doi.org/10.22108/ijgt .2020.122990.1622
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is multilinear and Symmetric respect to G and A, because

il Zw (07U, V(1) -+ 5 Vo (m))
O'EG
ZSA (o~ u®T’U o(1) @ -®T’Ua(m)]
JEG’
% Z (™ NueTv & - @ Ty,
’ |06G

=Si(u@Tvy ® - ® Tvp,)
=S\ (u®Tv; @ @ Tuy)
:w(uavlw'wvm)'

Therefore according to the universal factorization property for the generalized symmetric multilinear

functions, there is a unique linear operator K (7') € End(VA(G)), such that
KA\ (u®v®) =u®Tv; ® - ® Top,.

Such KA(T) is called the induced operator of T on Vj(G). If dimU = 1, then Kx(T) coincides
on K»(T), where K(T) is the induced operator of T' on V) (G) (for more details, we refer the reader
o [1, 3,4, 5, 9]). Recently, the induced operators over symmetry classes of polynomials have been

studied in [8, 10]. In this section, we verify some basic properties of the generalized induced operator
K\(T).

Theorem 3.1. Suppose T € End(V). Then VA(G) is an invariant subspace of IQ@T®™ and Kx(T) =
I TO™ ‘VA(G)'

Proof. Since T*™P (o) = P(o)T®™, so (I @ T®*™)(A(c) ® P(0)) = (A(e) ® P(0))(I @ T®™). Thus
(I @T®™)S) = SA(I @ T®™), that is VA(G) is an invariant subspace of I @ T®™. Also we have
(I @T®)(u®v®) =(I @ T*™)Sx(u®v®)
=SA(I @ T®™)(u @ v®)
=SA\(u®@Tv; @+ @ Tup)
=KA(T)(u®v®),

so the assertion holds. O

Theorem 3.2. Let S,T € End(V). Then

(i) Ka(Iv) :IVA( Q)
(ii) KA(ST) = KA (S)KA(T).

Proof. (i) It is clear.

http://dx.doi.org/10.22108/ijgt .2020.122990.1622


http://dx.doi.org/10.22108/ijgt.2020.122990.1622

202 Int. J. Group Theory 10 no. 4 (2021) 197-211 G. Rafatneshan and Y. Zamani

(ii) Using Theorem (3.1), we have

KA(ST) =(I @ (ST)*™) lv,(c)

(I @ (S®"T™)) vy
=(I®8"™)(I&T*™) v,
=(I®S°™) lvya) L ®TE™) vy (@)
=KA(S)KA(T),

so the assertion holds.

Therefore T — Ka(T') defines a representation of the general linear group GL(V') on Vi (G).

Theorem 3.3. Suppose T € End(V'). Then with respect to induced inner product on Vo(G), we have
(i) Ka(T)" = Ka(T™),

(ii) If T is normal, Hermitian, positive definite, positive semi-definite, unitary, so is Kx(T).

Proof. (i) We know that (T%™)* = (T*)®™ so (I@T®™)* = [ @ (T*)®™. By restricting the both
sides to VA(G) we have:

(T lvy@) =TT |yyay=1 @ (T |y o) -

Therefore Kp(T)* = K\(T™) .

(ii) Suppose T is positive semi-definite. Then there is a linear operator S on V' such that T' = SS*.

So we have
KA(T) = KA(SS*) = KA(S)KA(S*) = KA(S)KA(S)*

Then K, (T) is positive semi-definite.

The rest of the second part of theorem is similarly proved. O
Theorem 3.4. Suppose T and S are positive semi-definite linear operators. Then
KA(T+ S) > Ka(T) 4+ Ka(S).
Proof. Notice that if T and S are positive semi-definite operators on V then

(T+ S)@m > T®m + S®m'

http://dx.doi.org/10.22108/ijgt .2020.122990.1622
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So for all w € U and v € V, we have
(I®(T+8)*" u®@v® u®v?)
=(u® (T +9)%"v®, u®v®)
() (T + )57 0%, %)

Z(U,u) ((T®m v®, U®) + (S®m U®, v®))

=TT u@v®u@v®)+ (IS uv?, uev?).
Thus
IQ(T+9)P">TRT®" +1® 8™,
Now by restricting the both sides to V) (G) we deduce

KT+ S5) > Ka(T) + Ka(S).

Corollary 3.5. Let T and S be positive semi-definite linear operators on V. If T > S, then
KA(T) > Ka(9).
Proof. By assumption T' — S is positive operator. Now, using theorems (3.3) and (3.4), we have
KA(T) = Kx((T - 8) + )
= Ka(T = 5) + Ka(S)
> Kx(9).
Therefore

KA(T) > KA(S).

Theorem 3.6. If T € End(V) and rank(T) = k, then rankKa(T) = |Tpi N A

Proof. Suppose rank (T') = k. Then there is a basis {vi,...,v,} of V such that Twy,...,Tv; are
linearly independent and Twg1q = -+ = Tv, = 0. Let Tv; = ¢; , 1 < ¢ < k, and extend them to a
basis E = {e1,..., ek, xt1s--.,en} of V. Now we consider the basis Es = {u1 ® e2|a € A} of VA(G)
(see [6]). If & € Iy, then

KA(T)(u1 ®vy) = u1 @ Tugy ® -+ ® Tog(m) = u1 @ ey

So
{KA(T)u1 ® vff]a S A N Fm,k}

is a subset of the basis Fg for V5 (G). Thus it is a linearly independent set. When a ¢ An Iy, 1 there
is some i such that (i) > k. Then Tv,;) = 0 thus Kx(T)u; ® v = 0. Therefore rank Kx(T) =
Dok NA]. 0

http://dx.doi.org/10.22108/ijgt .2020.122990.1622
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Theorem 3.7. Suppose T € End(V). If VA(G) # 0, then T is invertible if and only if Ka(T) is

1nvertible.
Proof. If T is invertible, then
I=Kx(I)=Kx(TT™') = Ko(T)KA(T ™).

Thus KA (T) is invertible and Kx(T~1') = Ka(T)" L.
Suppose T is not invertible and Te; = 0. Then there is a € A such that 1 € Im . Since
A= U§:1 A, so there exists 1 < j <r such that « € Aj. Then u; ® ef # 0. But

KA(T)(uj ® eq) =uj ® Teqn) ® -+ ® Teqqn) = 0,
this shows that KA (T') is not invertible. O

Theorem 3.8. Let A be an irreducible unitary representation of G. Let V be a vector space of

dimension n. Suppose T' € End (V') has eigenvalues A1, ..., ,. Then the eigenvalues of Kx(T) are

Ao = H)\a(t),a S A .
t=1

Proof. Similar to the proof of [5, Theorem 7.49]. O

Theorem 3.9. Suppose T' € End(V) and Kx(T) is the induced operator determined by G and A.
Then

det (Ko (T)) = (det (T)) %2,

Proof. Denote the eigenvalues of T' by Aq,..., A, (multiplicities included). Then, by Theorem (3.8),

det KA(T) =[] ] 0

weA =1

IR

weAt=1

~TITL

t=1,eA
n
_ qt
=1
t=1

where q; : = Y A mi(w) and my(w) is the multiplicity of t in w. We first prove the amount ¢ is

independent of ¢. Since soo = Sq, Mmi(ao) = my(a) for all a € I'y, ,, and o € G, also for every 7 € S,

http://dx.doi.org/10.22108/ijgt .2020.122990.1622
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my(Ta) = mTfl(t)(a), Gro = Go and s;o = Sq, S0 we have

qt = Z my(w)

weA

= Z Sam(a)

acA

= Z Sam(a)

ocEA

\G| 2 |G 2 Calamde)

\G| Z |G | Z |G oo |Sacmi(ao)
geG

1

YElm,n
Then for any 7 € .Sy,
1 1
gt = @ Z |G7a‘37amt(7a) = @ Z |G04|Sam'r—1(t)(a) = QT_l(t)'
aEFm,n aEFm,n

Weset g =¢q, t=1,...,n. Hence

ng= q =y > mw) = Y mw)=mlAl

=1 ,eA weA t=1

Therefore

noo\ ZIAl )
det (K (T H/\” (H /\t> = (det (T)) 41,
t=1

4. Some results on the generalized Schur functions

In this section we deduce some results on the generalized Schur functions (see [2]).

205

Theorem 4.1. Suppose A is the corresponding character of an irreducible unitary representation A of

G and A(1) =r. Then
(i) DA(Im) = L.
(ii) Tr Da(A) = dp(A), where d is the generalized matriz function.
(i) Dp(A*) = Dp(A)*.

(
Proof. (i) DA(Im) = ZaeG A(U) Hzn;l 51'0(2’) = A(l) =I,.
(ii) According to the definition of the generalized Schur function we have

Tr Dp(A (Z Ao ] aw(i)> = A ] tio) = de:(A).
i=1 =1

oceG oceG

http://dx.doi.org/10.22108/ijgt .2020.122990.1622
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(iii)

=Y 2@ Lo
ceG i=1
= Z Ao ﬁ Ao (i)
ceG i=1
=2Mf1ﬁ
oeG =
= Da(A)

Theorem 4.2. If A is an upper triangular matriz, then
Dp(A) = h(A)I, = per(A)I, = det(A)I,,
where h(A) =[], a;; is Hadamard function.

Proof. Since A is an upper triangular matrix, so

det(A) = h(A) = per(A) = ﬁ @i
=1
Also
ZA H aw ) (H aii)L«.
ceG i=1 i=1

G. Rafatneshan and Y. Zamani

O

Theorem 4.3. [6] Suppose u,v € U and x1,...,Tm ,Y1,---,Ym € V are arbitrary vectors and A =

(aij) € Cpxem such that a;j = (x4,y;). Then

(Da(A)u,v) = |Glu®2® , v®yY*).

Theorem 4.4. Let E = {e1,...,e,} be an orthonormal basis of V and T € End (V). If [T]g = A®

then for all o, 8 € I'yyy p, and u,v € U,

(DA(AlalB])u,0) = [G] (Ka(Tu @ e, v @ 5 ).

Proof. By Theorem (4.3), we have

(KA(T)uéBeg,v ® e%) = (u®Tean) ® @ Ten(m), v ® ey ® -

1

= @(DA(B)%U),

http://dx.doi.org/10.22108/ijgt .2020.122990.1622
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where
bij = (Teai), €5(5))
= (Z Ao (i)kChk> eﬂ(j))
k=1
= da@rdrs0)
k=1
= aq(i)a) = (AlalB])ij,
so the result holds. O
Corollary 4.5. Suppose u,v € U. Suppose E = {ey,...,en} is an orthonormal basis of a unitary

space of V and T € End(V). If [T)g = A then
(Da(A)u,v) = |G| (Ka(T)u® e®,v®e?) .

Corollary 4.6. Suppose G < S,, and A is an irreducible unitary representation of G over a unitary

space U. If A, B € Cp,xm are positive semi-definite matrices, then

(i) Da(A+ B) > Da(A) + Da(B),
(i) If A > B then Da(A) = Da(B).

Proof. (i) Let E = {e1,...,emn} be an orthonormal basis of a unitary space V. Let S and T be

linear operators on V whose A! = [T|g and B! = [S]g. Then by Theorem (3.4) and Corollary
(4.5), for any u € U, we have

(DA(A+ B)u,u) =|G| (KA(T + S)u ® e®, u @ e?)
>|G (KA(T)u® e®, u®e®) + (Ka(S)u® e, u® e?)
=(Da(A)u, u) + (Da(B)u, u),

so the assertion holds.

(ii) The result follows from corollaries (3.5) and (4.5).

Theorem 4.7. Let A, B € Cyyxm- Then for every u,v € U, we have the following inequality

(DA(AB*)u, v)|? < (Dp(AAYu, u)(Da(BB*)v, v).

http://dx.doi.org/10.22108/ijgt .2020.122990.1622
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Proof. Let E = {ey,...,en} be an orthonormal basis of V. Let S and T be linear operators on V'
whose A' = [T]g and B! = [S|g. Then
1
G (PalAB)u,v) =(Ka(ST)u® e, v®e”)
=(KA(S)KA(T)u® ®, v ® €)

=(KA(T)u ® e®, KA(S™)v ® e¥)

Using the Cauchy-Schwarz inequality, we obtain

]. ¥ * &3
(@ (DA(AB)u, v)|)* < [|KA(T)u® e®|P*|| Ka(S")v @ ||
= (KA(T*T)u ® e, u ® e®)(KA(SS*)v ®e®, v @ e?)
1 1
= —(DA(AA")u, u)— (DA (B*B)v,v).
G| G|
By switching B to B*, the result holds. g

Corollary 4.8. Suppose A is an irreducible unitary representation of G over unitary space of U. If

A€ Chxm and u,v € U then
|(Da(A)u,v)|* < (Da(AA™)u, u)(v,v)
Proof. We only need to put B = I,,, in Theorem (4.7). O
The following theorem extends the Schur inequality to the generalized Schur functions.

Theorem 4.9. (The generalized Schur inequality)
If A € Cpyxm is positive semi-definite, then Dy(A) > (detA)I,.

Proof. Since A is positive semi-definite, so there is an upper triangular matrix L such that A = LL*.

Applying Corollary (4.8), we obtain
(Da(L)u,u)? < [(Da(LL*)u,u)|(u, w) = [(Da(A)u, w)l(u, w),
for every u € U. Since L is upper triangular, so by Theorem (4.2), Dy(L) = det (L)I,. Hence
\det (L)|*(Iu,u) < |(Da(A)u,u)).
According to Corollary (4.5), Da(A) is positive semi-definite, so the result holds. O

The following theorem generalizes [5, Corollary 7.27].

Theorem 4.10. Let V' be a unitary space of dimension m. If A € Cpxm 1S positive semi-definite,

then there exist vy, ...,vm in V such that a;; = (vi,vj) and for each u € U we have:
s 1
llu®v®||> = @(DA(A)U,U).

http://dx.doi.org/10.22108/ijgt .2020.122990.1622
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Proof. Suppose E = {ey,...,en} is an orthonormal basis for V. Since A is positive semi-definite, so
there exists a matrix B such that A = BB*. Define

m
V; = Zbijej, 1 < 1 < m.
j=1

Then
m m
(vi,v5) = biker, > bjses)
k=1 s=1
m B m B
=Y bibjsler,e) = Y Ok sbindjs
k,s=1 k,s=1
m
= Z bzkbz] = a,,;j.
k=1
Now, the assersion follows from Theorem (4.3). O

Theorem 4.11. (The generalized Cauchy-Binet formula)
Let A be an irreducible unitary representation of the subgroup G of S,, over a unitary space U. If
A, B € Cpxpn and m < n then

1
Dx((AB)[alf]) = @l > DA(BRHIB)Da(Alaly])
Y€l m,n
for all a, B € Q.
Proof. Let V be a unitary space of dimension n. Suppose E = {ej,...,e,} and F = {uy,...,u,} are

orthonormal bases for V' and U, respectively. Then

B={u;®el|1<i<r, a€luyn}

http://dx.doi.org/10.22108/ijgt .2020.122990.1622
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is an orthonormal basis for U @ V®™. Suppose A' = [T|g and B* = [S]g. Let u,v € U. Applying
Theorem (4.4), [5, Parseval’s Identity 2.14] and S3 = Sy = S}, we have

@(DAMB)[a\mu,v)

= (KA(ST)u® e, v ® €f)
= (KA(S)Ka(T)u® ey, v ® €7)
= (KA(T)u® ey, KA(S)™v ® )

<

Z (KaA(T)u® e, uj ® eg)(uj ® ef?, KA (S) v ® e%)
’YEFm,n

<
< |l
—

(EA(T)u® ey, uj ® e )(KA(S)u; ® e, 0 ® e)

o
Il
—
2
m
.1
3

s

<

(EA(T)u® ey, uj ® e )(KA(S)u; ® e, v ® e)

J=1~v€lmn

- @vepzm,nj:(DA(A[aM)u’ ;) (Da (B8], 0)

_ |é| GFZW:(DMAW)U, ;) (ug, Da(BIAIB))"v) (Theorem (4.1))

_ |é| gngwmamu, ;) (uj, D(B*[87]))

— @ye%:n,n(DA(A[aM)% DA(B*[B[7])v)

- ,;‘Eg (DAB1BI)" (Ao ) (Theorem (4.1)

_ |G1|27 EFZMJDA(BWDDA<A[aw>u,v>.

Therefore
DA((AB)[alf]) = @% DA(Bl|8)Da(Ala).
O
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