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"Mathematics Department, Dengue is one of the vector borne diseases that threatened human race. Itis impera-
Namibia University of Science tive to understand the transmission dynamics of dengue, so that proficient and useful
aNr;(:ﬂTiiiC:”O'ogyr Windhoek, control can be developed. In this paper, we formulated dynamic transmission of two
2 Department of Mathematics, strains super-infection dengue. We used next generation matrix to obtain the basic
Michael Okpara University reproduction numbers Ri, R,, Ri». The obtained basic reproduction numbers are
g{aﬁgfﬁg'teuﬂr:' Umudike, Abia then used to test for stabilities whenever R < 1, Ry < 1, Ri2 < 1, disease free-

' equilibrium is globally asymptotically stable or otherwise unstable. We also carried out
numerical simulation with the aid of python software. Our results reveal that decreas-
ing the value of tansmission probability «, slows down the spread of the disease.
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Introduction

Dengue is an infectious disease and caused by tiny pathogenic destructive organisms and
can be transmittable upon contact with an infected person by biting. It is commonly found
in tropical and subtropical areas around the world. The reproduction of the vectors that
carry and transmit the disease are enhanced by warm weather and rain. Mosquitoes are
multiplied and replicated on a stand still water, it is best to note that human is their source
of nutrient. In Cairo, Egypt and Batavia, Indonesia in 1779 was the first time the cases of
dengue fever were reported. 50,000 cases were reported in 1818 when dengue pandemics
occurred. Several cases were reported not until 1944 when a breakthrough in treatment
came through Dr Albert Sabin. Dengue is the fast-spreading vector-borne viral disease
that transmitted to human by the bite of an infected mosquito. The predominant vector for
dengue infection is named aedes aegypti mosquito while other species can also transmit
the dengue with different degree of capability. Dengue virus causes a severe health issues
in tropical and subtropical across the globe and Dengue viruses are major contributors to
illness and death worldwide. The rising global spread of dengue virus and the inadequacy
of an approved vaccine or anti-viral has incited rigorous research during the past few years.
Several researchers have carried out investigations on the dynamic of dengue virus using
mathematical and statistical models. Abidemi et al [1] considered two-strain compartmen-
tal dengue model with flexible humans and mosquitoes populations sizes. Their model
included two control measures to predict the transmission and effective control strategy for
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dengue in Madeira Island. They got basic reproduction ration associated with the model
and established local and global asymptotic stability associated with the model. They con-
cluded by their numerical results that a strategy which is based on Dengvaxia vaccine and
adulticide is the most effective strategy for controlling dengue disease transmission in their
considered scenarios. Ndelamo et al. [2] examined the effect of treatment of Dengue fever
disease. They suggested a nonlinear mathematical model and analysed quantitatively using
the stability theory of the differential equations. They concluded that that the disease-free
equilibrium is locally and globally asymptotically stable if the reproduction number is less
than one. They simulated the model numerically in order to look into the sensitivity of var-
ied parameter responsible for dengue fever with treatment. Hamdan and Kilicman [3] used
a deterministic mathematical model by considering the effect of temperature to examine
o the dengue dynamics. Their model shew possibility of backward bifurcation and they
observed oscillatory behaviour in their solution via numerical simulation. Manore et al. [4]
sought to understand the differences in transient and endemic behavior of chikungunya and
dengue. They adopted mathematical model for mosquito-borne disease and derives analyti-
cal threshold, dimensionless parameters for transmission and performed some analysis on
the obtained models. They concluded that chikungunya and dengue demonstrate different
vagrant dynamics and long-run endemic levels. Esteva and Vargas [5] explored mathemati-
cal model for transmission of dengue fever in a constant human population and variable
vector population. They carried out global analysis and then established the global stability
of the endemic equilibrium. Adak and Jana [6] created a mathematical model using type-2
fuzzy inference system to foretell appropriate circumstances for dengue eruption so that
control measures can be executed as soon as possible. For proper understanding of the sys-
tem, they used MATLAB software to generate various simulation works. Side and Noorani
[7] used system of differential equations to model the population dynamics of vector trans-
mission of dengue fever by looking at re-breeding value based on the number of reported
cases of dengue fever in South Sulawesi, Indonesia and Selangor, Malaysia. They were able
to establish by the models that both countries arrived at maximum levels in short period
of time. In simulation of their models, they were able to indicate that dengue fever has not
become endemic in either country. Gubler et.al [8] was first to report the case of concurrent
human infection with two dengue viruses.

The nonlinear mathematical model to describe the transmission dynamic and control
of dengue disease was discussed by [9] within the context of the interplay between human
and mosquitoS population. They obtained the dengue-free equilibrium for the model and
showed the globally asymptotically stability. Their simulations examined how Wolbachia
coverage and the fraction of symptomatic infecting persons who would develop severe
dengue affect community dengue dynamics. Their findings show that Wolbachia control
may help reduce dengue transmission in the community, as well as early hospitalization
for symptomatic infected persons with moderate clinical symptoms to speed recovery.
[10] presented a compartmental deterministic model including human prevention and
vector control interventions for the dynamics of dengue fever spread. The effective repro-
duction number was obtained and presented the local stability analysis for the models
The performed numerical simulations of different strategies of control combination and
found that dengue prevalence can be reduced in a community by implementing any con-

trol intervention which combines human prevention and vector control measures.
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Peijiang et. al [11] carried out investigation on stochastic disturbances involving both
human and mosquito populations according to the characteristics of the diseases.They
used suitable Lyapunov function, the uniqueness and existence of positive solution to
the stochastic differential equation model and also investigated exponential stability of
the problem. Asamoah et al [12] analysed an optimal control model of dengue infection
with partial immune and asymptomatic individuals. They introduced four time-depend-
ent control measures, and concluded that the equilibrium points are globally asymptoti-
cally stable using Lyapunov functions, Several other works on dengue can be found in
[13-16].

The aim of this paper is to use mathematical modeling to investigate the epidemiologi-
cal influence of super-infection on the two strains of the dengue transmission dynam-
ics in a population. A proper understanding of dengue vector-human interactions would
improve knowledge of the pathogen transmission and could expose aims for reducing
risk and cracking pathogen communication sequences. The rest of this paper is organ-
ized as follows. In section 2, we present the dynamic models for the two strains Den-
gue epidemics, in which the parameters and system of ordinary differential equations
describing the problem are defined. In section 3, the mathematical analysis for the for-
mulated problem are carried out. Section 4, the numerical simulation to the problem are
presented while section 5 give the concluding remarks.

Methods

Mathematical formulation of the model

The human population is divided into 5 classes namely, the susceptible class Hj, those
infected with strain 1 virus Hj,, those infected with strain 2 virus Hj,, those that are super-
infected with strain-1 and strain-2 viruses Hj,,, and those that have recovered from all
the dengue virus infection, Hg. Similarly, in the mosquito population, there are 4 classes,
namely, the susceptible class M;, those infected with strain 1 virus Mj,, those infected
with strain 2 virus Mj,, those that are super-infected with strain-1 and strain-2 viruses
My,,. Hence, we can write the total population, Hy, of human, and total population, My
of mosquitoes as Hy = H; + Hj, + Hy, + Hyy, + Hg and Hy = M + My, + Hy, + My,
respectively. In the human population, it is assumed that humans are recruited into the
susceptible class at the rate, ;. Humans in the susceptible class become infected with
strain-1 virus or strain-2 virus when bitten by mosquitoes in the classes, My, orMj,, respec-
tively. The biting rate of mosquitoes carrying strain-1 virus is 81, while the biting rate of
mosquitoes carrying strain-2 virus is 8. The probability of transmission of any of the den-
gue strains from infected mosquitoes to humans, and vice versa is put at . A super-infec-
tion of the two dengue virus strains in the human and mosquito populations occurs when
a mosquito in the class, My, successfully bites a human in the class, Hj,, and when a mos-
quito in the class, Mj, successfully bites a human in the class, Hy,. The biting rate in this
case is B1o. It is assumed that humans infected with strain-1 virus can recover at the rate y,
while the rate of recovery for those that are super-infected with the two srain is y,. Those
who recover from the dengue infection cannot be reinfected with the virus. In addition to
human natural mortality rate, 1o, the classes Hj, and Hj, suffers the same dengue-induced
death rate, ;11. However, the death rate, 1o, due to super-infection is higher than ;. Simi-
larly, in the mosquito population, mosquitoes are recruited into the susceptible class at the
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rate 7y, the mosquitoes become infected with strain-1 or strain-2 virus when they bite
humans in the classes, Hy, orHj,, respectively. The natural mortality rate for mosquitoes is
given at (i, From the flow diagram (Fig. 1) and the model description given above, we
arrive at the following system of non-linear ordinary differential equations which models
the super-infection of dengue virus in human and aedes aegypti populations;

Fig. 1 Schematic diagram depicting the dengue transmission dynamics

dgfs = 7w — PraHp Mg — BraH, Mg — BroocHp, M — iy, Ms,
d[;t]l = praHp M — BoaHp, My, — My,
% = BoaHp, M — BroHy My, — M,
% = PraH My, + PraH, My, + BroaHp, My — wmMp,,,
dgs =y — praMy, Hy — PoaMpHy — BroaMp, Hy — pwoHs, 1)
dgll = praMp Hs — BooaMp,Hy, — (o + p1 + v Hp,
dZIZ = PoaMp,Hs — BraMp Hy, — (o + w1 + y1)Hi,,
d](_ﬁ“ = BraMp Hy, + BraMp Hy, + BraoaMp, Hs — (o + u2 + y2)Hy,,
dHR

—— = (H;, + Hp)y1 + Hpy, 2 — noHg.
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State variables Description
Hs Humans that are susceptible to any of the strains of dengue viruses or both
H, Humans that are infected with strain-1 dengue virus only
Hi, Humans that are infected with strain-2 dengue virus only
Hyy, Humans that are co-infected with strain-1 and strain-2 dengue viruses
Hp, Humans that have recovered from strain-1 infection
Hp, Humans that have recovered from strain-1 infection
Hg Humans that have recovered from the super-infection
Ms Recruitment rate of mosquitoes into susceptible class
M, Mosquitoes that are infected with strain-1 dengue virus only
My, Mosquitoes that are infected with strain-2 dengue virus only
Mi,, Mosquitoes that are co-infected with strain-1 and strain-2 dengue viruses

Mathematical analysis
Disease-free equilibrium and basic reproduction number of the model

The system of nonlinear above equations has disease-free equilibrium

T T
8o = (—’”,o,o,o,—H,o, o,o,o),
Mm Mo

which is always practicable. This is the solution to the right-hand side of (1) when when

set to zero, in the absence of disease infections in the population.

The basic reproduction number
With Watmough and Driessche [19], we use next-generation method to determine
the basic reproduction number.

IBI(XHllMs
ﬂZaHIQMS
BraHp My, + BaaHp, My, + BraoHp, M
ﬂlaMllHS
ﬂZaMIZHS
BraMp Hy, + BaaMpHy, + BraoaMy, H;

F=

and

i BoaHp, My, + My,
ﬁlaHllMIZ + ﬂmMIZ
l"LWIMIlz

VY = | BoaMpHyp + | o + p1 + y1 ) Hy
BraMpHp, + (o + 11 + 1 | Hy,
(Mo + p2 + VZ)th
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Therefore
0 0 0 BraM; 0 0
0 0 0 0 BoaM 0
BraH;, PraHy 0 praMy, PoraMy PraaMs
F=| paH, 0 0 0 0 o |
0  poaH, 0 0 0 0

PraH;, PraHy PraHy praMy, PfraMi 0

BactH, + pim 0 0 0 BaotMy, 0
0 BraHy, + O BraMy, 0 0
0 0 . 0 0 0
V= 0 PoaHp, 0 paaMy, + (po + p1 + 1) 0 0
0 BraHy, 0 0 BraMy, + (1o + 1+ 1) 0
0 0 0 0 0 no + p2 + 2
At DFE
0 0 0 iz 0 0
0 0 0 0 paZz 0
0 0 0 0 0 Bz
F=| pai 0 0 0 0 o |,
0 P 0 0 0 0
T
0 0 PBpo o 0 0 0
Um O 0 0 0 0
0 pm O 0 0 0
0 0 0 0 0
V=] 0 0 0 wotur+n 0 0 ,
0 0 0 0 mo + (1 + y1 0
0 0 O 0 0 Mo + 12+ ¥2
L 0 o0 0 0 0 ]
m
0 ;%m 0 0 0 0
1
N U (1) 0 0 ’
0 00 O 0
0 0 0 0 Hnot+u1+y1 (1)
L 0 00 0 0 Ho+ua+ys
Biramm, 7
0 0 0 Hm(o+r1+y1) P (?n 0
2! m
0 0 0 0 Hm(po+r1+y1) 5 O?ﬂ
1 m
Fv-l = 0 0 0 0 0 Hm (Ho+p2+Y2)
bromy 0 0 0 0
HoMm
0 % 0 0 0 0
Broary
0 0 T 0 0 0 ]

. -1 afy TTH Ty afy TTH T
The eigenvalues of FV are :bﬂm \ /7Mo(uo+m+m)’ium \ /7uo(/to+u1+yl) and

i\ oG FiaTyy - Hence, the basic reproduction number of the model is given by

Ro = max(R1, Ra, R12),
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where

afi TH T m afa TTH T
Rl = » RZ = )
W\ oo + p1 + y1) Mm \ po(uo + p1 + y1)

afio THTm
Riz2 = \/

~ m V omo(o + 2 +v2)”

The major difference between the reproduction numbers R, Ry and Ri3 is the biting
rate of the mosquitoes. This shows that what determines the virus strain that dominates

in the population is the biting rate of the mosquito carrying a particular virus strain.

Local asymptotic stability of disease-free equilibrium

The local asymptotic stability of the disease-free equilibrium of the model is determined
by the eigenvalues of the Jacobian matrix of the right-hand side of (1) evaluated at the dis-
ease-free equilibrium. The disease-free equilibrium is locally asymptotically stable if the all
the eigenvalues of the Jacobian matrix are negative, otherwise, the disease-free equilibrium
is unstable. The Jacobian matrix of the right-hand side of (1) evaluated at the disease-free

equilibrium is

—Um 0 0 0 0 —praMg — poaMi — PraMi 0
0 — tm 0 0 0 oM 0 0 0
0 0 — Um 0 0 0 ﬁg(xM§ 0 0
0 0 0 — Um 0 0 0 BroaMg 0

J(Eo) = 0  —praH — praHS — BroaHg — o 0 0 0 0 (2)

0 ﬂlaH;‘ 0 0 0 — ¢ 0 0 0
0 0 BaaHE 0 0 0 — 0 0
0 0 0 BuaH: 0 0 0 — ¢ 0
0 0 0 0 0 0 Y1 V2 — K1

where ¢1 = o + 11 + y1 and ¢a = (1o + (2 + y2). By deleting the rows and columns
containing the eigenvalues (,, o and (1, we get the submatrix.

—m 0 0 BraM; 0 0
0 — m 0 0 BraM; 0
J/ (o) = 0 0 — Wm 0 0 ProaM;
BraH; 0 0 —¢1 0 0
0 PoaHE 0 0 —¢ 0
0 0 ,3120[1‘1§< 0 0 - ¢2

Observe that J'(Eg) = F — V, where F and V are matrices from the calculation of the
basic reproduction number. It has been proved in [19], that all the eigenvalues of J'(E¢)
are all negative if p(FV 1) < 1, where p(FV~!) is the basic reproduction number, R.
Therefore, Eg is locally asymptotically stable if R; < 1,R2 < land Rz < L

Existence and stability of endemic equilibrium
In the absence of strain-2 dengue virus in the population, we have that

_ TTm M — afiHy M _ Ty Hy — BraMp H _ My .
M; tm+afiHy 0 1 T potepiMy Tt T Guoti ) TR T o satis
fies the system

T — BraHpMs — Mg =0 (3)
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BroaHpMs — My =0 (4)
7wy — froMp Hs — poHs = 0 (5)
BraMp Hs — (no + a1+ y1)Hp =0 (6)

Hpyr — woHr =0
Substuting My, , Hy, and H; into (6) gives

(0 BYTtmTH — tpghto (o + p1 + v1))H,
+ @ By Tt — iiyitoei (o + 1 + y1)
— 1202 B3 (o + w1 + v1) — w2 o (o + w1 + 7/1))]1-1121
— wmo®B* (o + p1 + v1) (T + no)H;, =0,

which simplifies to

— Um0 B> (1o + w1 + y1) (T + o) Hy, + o, 100B1 (o + p1 + v1) (R} — D)HY,
(®)

— uiaB@Prmm + o) (o + w1 + YDHT + pppto(po + 1 + y1) (R — 1)Hy, =0

)

The solution Hj, = 0, corresponds to the strain-1-free equilibrium, which is locally

asymptotically stable when R; < 1. The remaining equation has a positive root if

R% > 1, and no positive root when R% < 1. Therefore, the strain-1 only model has a

unique endemic equilibrium when R% > 1. The existence of one endemic equilibrium

when R1 > 1, rules out the possibility of backward bifurcation in the strain-1 only

model. Similar argument can be used to show the existence of one endemic equilibrium
in the strain-2 only model when Ry > 1.

Local stability of endemic equilibrium for strain-1 only model
The Jacobian matrix evaluated at the endemic equilibrium of the strain-1 only model is

given by
—(tm +Ol,31H1*1) 0 0 —OlﬂlMs* 0
ap1Hj, = Wm 0 af1 My 0
Ji= 0 —apiHy — (po+apiMy) 0 0
0 afiHS afiMj], —(po+pmi+y) 0
0 0 0 "1 — Mo
(10)
The eigenvalues of /; are (o, and the roots of the characteristic equation
A+ AR+ Aph® + Ash + Ay =0, (11)

where,
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A1 =(m + aBrH}) + tim + (o + ap1M}) + (10 + 11 + 1),

Ay =(im + aBLHS) (o + (i + 2PIME,) + (120 + 11 + ¥1)) + m(po + 1 + y1) (1 — RY),

Az =apr1 M a1 H (aprHf, + afiH) + wm + afrH} ) (bm + afrMp)[im + (o + p1 + 1]
+ (o + @BLH], + 110 + aB1M},) i (o + 1 + yD[1 — RE,

Ag =i + aBLH}) (o + ePLM) (110 + p1 + yD[1 — RP)] + poe® LM H HY,

where

2 _ azﬂ%ﬂmnl‘[
1= .
12,400 (ko + 1 + ¥1) + (o + 1 + YD maprMy, + poaBiHy, + o2BEH My

Observe that R/lz < R2, hence, we have R/ = R% — Kj, for some Kj > 0. Therefore,
using Descartes’ rule of sign, we see that all the roots of (11) are negative if R — K; < 1,
or equivalently if R% < 1+ Kj. Since the endemic equilibrium does not exist for R% <1,
we conclude that the endemic equilibrium for the strain-1 only model is locally asymp-
totically stable when 1 < R? < 1 + Kj. The same procedure can be used to show that the
endemic equilibrium for the strain-2 only model is unstable when 1 < R3 < 1 + K, for
some Ky > 0.

Results and discussion
For our simulations, we use values of different parameters given in table 1.

Figures 2 and 3 show the combine effect of both populations when the dengue fever
is in epidemic state. Figure 2 represents the dynamics of the mosquitoes population
assuming that 94.5% of the population is susceptible, infected mosquitoes of type-1 and
type-2 represent each 2.2% of the population and finally infected mosquitoes of type-
12 represent 1.1% of the population. And similarly, Fig. 3 represents the dynamics of
humans population assuming that 95% of the population is susceptible, infected humans
of type-1 and type-2 represent each 4% of the population and finally infected humans

Table 1 Parameter descriptions and values with source

Parameter  Description Value Source
TH Recruitment rate of humans into susceptible class 3914 x 10~3  Varies
TTm Recruitment rate of mosquitoes into susceptible class 45 Varies

Bi Biting rate of mosquitoes with strain-1 dengue virus 04 [16]

B Biting rate of mosquitoes with strain-2 dengue virus 0.5 Assumed
B Biting rate of mosquitoes with strain-1 and strain-2 dengue viruses 0.3 Assumed
2l Recovering rate of humans with strain-1 or strain-2 dengue infection  0.16667 [1e]

2] Recovering rate of humans that are superinfected 0.125 Assumed
o Probability of transmission of dengue virus 0.75 Assumed
o Natural Mortality rate of humans 3914 x 107> [17]

" Mortality rate of humans due to strain-1 or strain-2 dengue virus 0.005 Assumed
%) Mortality rate of humans due to super-infecion 0.01 Assumed

Km Mortality rate of aedes aegypti mosquitoes 0.002 [18]




Eegunjobi et al. Journal of the Egyptian Mathematical Society (2023) 31:1

Population of Mosquitoes (x 100)

- Susceptible Mosquitoes (M)
Infected M by type-1 H

—— |nfected M by type-2 H

—— |nfected M by type-12 H

0 5 10 15 20 25 30
Time

Fig. 2 Simulation of mosquito population

Population of Humans (x100)

- Susceptible Humans (H)
Infected H by type-1 M

—— Infected H by type-2 M

- |nfected H by type-12 M
Recovered Humans

Time

Fig. 3 Simulation of human population

of type-12 represent 1% of the population. The simulations show that with a high prob-
ability of transmission (o = 75%), both populations will get almost completely infected
within the first week of the disease outbreak. It should also be noted that infected

humans recover at a low rate.

In Figs. 4 and 5, the parameters are the same as in the previous simulations, but only
the the probability of transmission is modified to o = 0.24 (which is in accordance
with literature). The populations’ dynamics are the same but we observe that is takes a
longer period for the majority of the population to get infected. So, by decreasing the
value of &, we can slow down the spread of the disease. In this manner, the results are
useful in forecasting disease trends and taking the appropriate control measures and

strategies.

Page 10 of 12
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- Susceptible Mosquitoes (M)
Infected M by type-1 H

- Infected M by type-2 H

- |nfected M by type-12 H

Population of Mosquitoes (x 100)
&

Time
Fig. 4 Simulation of mosquito population with @ = 24%

- Susceptible Humans (H)
Infected H by type-1 M
g 80 1 —— Infected H by type-2 M
o] - Infected H by type-12 M
Iy ~—— Recovered Humans
5 607
3
=]
T
S 40
[
o
=
2 201
&
0 4
0 5 10 15 20 25 30
Time

Fig. 5 Simulation of human population with & = 24%

Conclusion

In this paper, we formulated the dynamic transmission of two strains super-infection
dengue. We obtained the basic reproduction number using next-generation matrix
and carried out the stability analysis on the formulated problem. Based on qualita-
tive analysis into the model, it was determined that E¢ is locally asymptotically stable
if R1 <1,R2 <land Rz < 1. We obtained endemic equilibrium in strain-2 when
Ra > 1. Our result revealed that decrease in the probability transmission rate will slows
down the spread of the disease.
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