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Abstract

We prove that there is a natural plectic weight filtration on the cohomology of
Hilbert modular varieties in the spirit of Nekovar and Scholl. This is achieved with the
help of Morel’s work on weight t-structures and a detailed study of partial Frobenius.
We prove in particular that the partial Frobenius extends to toroidal and minimal

compactifications.
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Chapter 1

Introduction

Nekovar and Scholl recently proposed in [1] a program on plectic theory, which is about
some hidden symmetries of Shimura varieties. The theme of this thesis is to exploit
some of these hidden symmetries, and provide evidence for their conjectures. More
precisely, Nekovar and Scholl observed that when the group of a Shimura variety X is
of the form Resp/qG with F' totally real, the cohomology of X has extra symmetries.
This is most easily observed in the Betti cohomology of compact Shimura varieties, in

which case we have

H*(X(C),C) = eﬂgH*(g, Ky Too) ® wfc{f =0 ® H'(gp, Koow; ™) ® ch(f

T wv]oo

by the Kunneth theorem for the (g, K)-cohomology and 7o, = ® m,. As each (g, K)-

v]oo

cohomology H*(g,, K .;my) equips with a Hodge structure of type (p,,¢,), we see
that H*(X,C) is a sum of refined Hodge structures of type ® (py,q,), i.e. plectic
v]oo

Hodge structures. A remarkably similar structure appears in the etale cohomology,
at least in the case of Hilbert modular varieties, which suggests that it is motivic in
nature. This motivates the question of explaining this extra structure.

Nekovar and Scholl proposed that the Shimura variety prolongs to a variety defined
over Spec(kpiec), where Spec(kpiec) is a (product of) symmetric product of Spec(k) over
[y, the field with one element. Obviously, this does not make sense as we do not have
a good theory of ;. However, this heuristic allows us to guess what extra structures
we can expect on the cohomology, which sometimes can be established directly. In
particular, we expect that for noncompact Shimura varieties of type Resp/qG, the
Betti cohomology has a natural plectic weight filtration, which is a Z?indexed filtration

whose graded pieces have pure plectic Hodge strutures as we observed using (g, K)-
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cohomology. What we prove in this thesis is that this is true in the special case of
Hilbert modular varieties. Before explaining more about the results, we remark that
the plectic conjectures have powerful arithmetic consequences on special values of
L-functions.

Let us first recall how we detect the classical weight filtration on a smooth non-
proper complex variety X. Using Nagata embedding and resolution of singularities,
we can find an open embedding j : X < X into a proper smooth variety with X \ X
union of normal crossing divisors. Then, as observed by Deligne, the weight filtration
is detected using the filtration on Rj.C induced by the standard truncation 7<,Rj.C,
and the graded pieces of the weight filtration is detected using cohomology of strata of

X. More precisely, we have a spectral sequence induced by the filtration 7<,Rj.C,
EPT = HT(X(C), >pT<—p 1R):C) = H'(X(C),C) (1.1)

which is nothing but the (reindexed) Leray spectral sequence for j. The graded sheaves
T>_pT<_,Rj.C are supported on the strata defined by intersections of boundary divisors,
and the weight filtration is a shift of the converging filtration of the spectral sequence.

When X is a Shimura variety of type Resp/oG, we can find an explicit X using
toroidal compactifications. However, we can not use them to detect the plectic weight
filtration since toroidal compactifications are not "plectic', in particular the strata
of them possess no plectic structures on their cohomology. Our strategy is to look
at the minimal compactification X™" of X instead, and what we gain is that the
strata are now again Shimura varieties of type Resp/oG, hence "plectic'. This is a
highly singular proper variety, and 7<,R7.C is not a reasonable object to consider. The
way to approach it is to use Morel’s weight t-structures ([2]) in place of the standard
t-structures. The formalism gives us a new truncation w<,Rj.C, giving rise to a

spectral sequence of Hodge structures
P = HPH(X™(C), ws_pwe_, Rj.C) = H?(X(C),C) (1.2)

first observed by Nair in [3]. Note that Morel’s formalism only makes sense in a theory
with good notion of weights and perverse sheaves, and we have to use the derived
category of mixed Hodge modules here. It is not hard to see that w>_,w<_,Rj.C
decomposes into shifted simple Hodge modules strictly supported on (closure of)
strata of X™" and can be made explicit with the help of Burgos and Wildeshaus’
results ([4]). Moreover, these simple summands are automorphic in the sense they

are associated to algebraic representations of the groups associated to the strata they



support. Now E?'? is a sum of intersection cohomology of "plectic" Shimura varieties
with automorphic coefficients, and we see that it does detect plectic structures. Indeed,
Zucker’s conjecture (proven by now) tells us that the intersection cohomology of the
minimal compactification with automorphic coefficients is canonically identified with
the Ly-cohomology of the open stratum, which can be computed using the (g, K)-
cohomology and the same computations as in the compact cases equip us with the
plectic structures.

To proceed further, we have to know whether the spectral sequence detects the weight
filtration and how we can extract the plectic weight filtration from it. Unfortunately,
the answer to the first question is no in general, though it is true in the Hilbert
modular case. The problem is that the graded pieces of the filtration are not necessarily
pure, but direct sums of pure Hodge structures possibly of different weights. It is a
coincidence that in the Hilbert modular case, this does not happen. On the other hand,
to find the plectic weight filtration, it is not necessary to know the weight filtration a
priori, and the spectral sequence does help with our purpose.

To motivate the strategy, let us first recall that there is another way to detect
weights, namely using Frobenius weights. By spreading out the variety, we can assume
that it is defined over a finitely generated Z-algebra, and reduce it to a variety defined
over a finite field, then the Weil conjecture proved by Deligne tells us that the (-
adic cohomology has a weight filtration defined by Archemdean places of Frobenius
eigenvalues. Using comparison theorems and base change or nearby cycles, we can find
the weight filtration on Betti cohomology using finite fields. It is necessary to check
that the new weight filtration is the same as the previously defined one, and this is
proved by observing that the Frobenius acts on the spectral sequence (1.1) through
comparison isomorphism, and has the right Frobenius weight on each EP%.

In the plectic case, we expect that there are plectic Frobenius weights in some
reasonable sense, and the above classical method can be applied to find the plectic
weight filtration. Fortunately, morphisms called partial Frobenius have been defined
and studied in the literature ([5]). These are decompositions of the usual Frobenius,
and their eigenvalues are naturally expected to give plectic Frobenius weights, hence
the plectic weight filtration. To fulfill the expectation, we have to prove that the partial
Frobenius extends to the minimal compactification, and induces a morphism on the
spectral sequence (1.2). This is achieved through toroidal compactifications. Indeed,
we prove firstly the partial Frobenius extends to toroidal compactifications, using Lan’s
universal property of toroidal compactifications ([6]). To check the universal property,

we have to make full use of the degeneration data of semiabelian varieties constructed by
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Faltings-Chai and Lan. Then we prove that the extended partial Frobenius morphism
descends to the minimal compactification, which is a standard argument adapted from
Lan ([6]).

Now the partial Frobenius acts on each summand of E¥? which as we have
already seen is the intersection cohomology of (closure of) strata of the minimal
compactifications with automorphic coefficients, and have plectic Hodge structures
given by (g, K)-cohomology. A subtle point here is that we have to pass to special
fibers of integral models of Shimura varieties and use the spectral sequence (1.2) in the
[-adic setting in order to have the action of the partial Frobenius, and then compare
it with the one in the Hodge theory setting. This can be done with some technical
input from Huber and Morel’s horizontal mixed complexes in [7] (a simpler proof in
the special case of Hilbert modular varieties exists).

Now, similar to the classical case, we have to check that the eigenvalues of the
partial Frobenius on each summand are Weil numbers with absolute value compatible
with the multi-weights of the plectic Hodge structures. In the case of Hilbert modular
varieties, we have two different types of summands. The first type is when the summand
is the cohomology of cusps with automorphic coefficients, which can be checked by
direct computations.

The second is when it is the intersection cohomology of (minimal compactification
of) Hilbert modular variety with trivial coefficients. This is decomposed into Hecke
equivariant isotypic components indexed by discrete cohomological automorphic repre-
sentations. If the automorphic representation is cuspidal, we know that it corresponds
to a holomorphic Hilbert modular form f of parallel weight 2, and the plectic Hodge
type is (|X> ((1,0) & (0, 1)), which is of plectic weights (1,---,1). We have to show that

v[oo

each partial Frobenius acts with eigenvalues of absolute value p‘é. This follows from
the Eichler-Shimura relation of the partial Frobenius proved by Nekovar in [5]. Indeed,
it tells that the eigenvalues of the partial Frobenius is the same as the eigenvalues of the
Frobenius Frob, € Gal(F/F) on the Galois representation p; associated to f, where p
ranges over primes of F' above p. We know that p; is pure of weight 1 by Blasius ([8])
and Blasius-Rogawski ([9]), proving the claim. If the automorphic representation is
discrete but not cuspidal, we know that they are one dimensional, and have plectic
Hodge types (wedge products of) the sum of <‘§§> (Pvs @w), With (py, qy) = (1, 1) for one v,
and (py, ¢,) = (0,0) for the rest, which is of plectic weights (0,---,0,2,0,---,0). This
forces us to show that the partial Frobenius corresponding to v (under the embedding

Q, — C implicitly fixed in the comparison theorem) has eigenvalues with absolute value

p~!, and the rest have eigenvalues with absolute value 1. This is shown by observing



that these cohomology spaces are spanned by first Chern classes of the natural line
bundles L, whose sections are modular forms of weight (0,---,0,2,0,---,0), and the
partial Frobenius acts on them in the expected way (F;L, = L% and F,L, = L,).
Note that here we use a motivic explanation of the plectic strucutures to compare the
plectic Frobenius weights and plectic Hodge weights, and this is the main reason we
restrict to Hilbert modular varieties.

Now we have a Z?-filtration defined by eigenvalues of the partial Frobenius, and
the previous proof shows that the graded pieces have natural plectic Hodge structures
given by (g, K')-cohomology in a compatible way. This finishes the construction of the
plectic weight filtration, and gives a conceptual explanation of the ad-hoc construction
of the plectic weight filtration by Nekovar and Scholl in [10]. Moreover, the proof has
the potential to extend to more general situations where the naive construction of
Nekovar and Scholl fails. Indeed, most ingredients we use are proved for general PEL
type Shimura varieties. The only serious obstacle for the general case is the use of
motivic explanation as remarked above.

The reader is warned that the construction does not a priori give the plectic mixed
Hodge structure in the sense of Nekovai and Scholl ([10]) since we have not proved
that the plectic Hodge filtration is compatible with plectic weight filtration. This is
left to future works.

We now give a summary of each chapter. In chapter 2, we review Morel’s work
on the weight t-structures, and prove a comparison theorem between two spectral
sequences obtained using mixed Hodge modules and etale cohomology respectively. In
chapter 3, we define the PEL moduli varieties and the partial Frobenius. This chapter
is mostly to fix notations. In chapter 4, we use the results on partial Frobenius proved
in chapter 5 and the weight spectral sequences in chapter 2 to prove the existence of
plectic weight structures on cohomology of Hilbert modular varieties. In particular, we
make the weight spectral sequence in this case explicit in section 4.2, and carry out
the computations of the eigenvalues of the partial Frobenius in section 4.3. Chapter 5
is a largely independent chapter, in which we prove the partial Frobenius extends to
toroidal compactifications and minimal compactifications. Following Lan, we review
the construction of toroidal compactifications in sections 5.1 to 5.3. In particular,
we review with some details on the degeneration data, and how to construct it from
degenerating abelian varieties. This is then used to construct the formal boundary
strata of the toroidal compactifications, and provides fundamental local formal models
of the boundary strata. We use those constructions to prove the extension of partial

Frobenius to toroidal and minimal compactifications in section 5.4 and 5.5 respectively.






Chapter 2

Morel’s weight t-structure

2.1 Formalism

We review Morel’s weight t-structures in this section. Everything in this section is due
to Morel and Nair (the Hodge module case is due to Nair). The references we follow
are [3] and [2].

In this section, X denotes a separated scheme of finite type over a field k. We
assume that k is either finitely generated over its prime field, or kK = C. Let [ be
a prime number different from the characteristic of k, and D%(X,Q;) be the usual
constructible derived category. We use H* to denote the cohomology with respect to
the usual constructible t-structure and PH* for the cohomology with respect to the
perverse t-structure. For Hodge modules, ? H? will denote the usual cohomology of
complexes of Hodge modules. They correspond to perverse cohomology under rat, see
below for explanation of the terminology.

We denote both D% (X,Q;) and D°’MHM (X (C)) by D% (X), where D? (X, Q) is
the bounded derived category of horizontal mixed complexes with weight filtrations
as defined in [7] when k is finitely generated, and D*M HM (X (C)) is the bounded
derived category of Saito’s mixed Hodge modules when £ = C. Note that m here
means "mixed’. The key property of Db (X) is that they have the notion of weights
and perverse t-structures, giving rise to canonical weight filtrations on perverse sheaves
in D (X). Further, morphisms between perverse sheaves strictly preserve weight
filtrations. Under this abuse of notation, perverse sheaves refers to the usual perverse
sheaves in the [-adic case, and Hodge modules in the complex case.

When £ is a finite field, D? (X, Q) is the usual derived category of mixed sheaves
defined by Deligne, i.e. Db (X,Q;) C D%(X,Q,) is the full subcategory defined by
K € D?(X,Q) if and only if for every i € Z, H'(K) has a finite filtration W whose
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graded pieces are pure in the sense that for every closed point i, : Spec(k(z)) — X
and n € Z, i* GrYV H'(K), as a representation of Gal(k/k(x)), has algebraic Frobenius
eigenvalues whose absolute value are (#k(x))~"/2 for every Archimedean place.

We review Morel’s construction in [7] of Db (X, Q) for k finitely generated. We
can write k as a direct limit of regular finite type Z-algebras A sitting inside k and
having fraction field k. The standard spreading argument shows that for A as above
(possibly passing to a localization), there is a flat finite type A-scheme 274 such that
(Za)r = X. The {Z4}4 forms a direct system and induces natural functors between
constructible derived categories. We define the derived category D% (X, @) of horizontal
constructible sheaves on X to be the 2-limit of the category D%(24,Q;) indexed by A
as above. The perverse t-structures on D%( 24, Q) induces a t-structure on D% (X, Q;),
whose heart Pervy (X)) is called the category of horizontal perverse sheaves. The usual
t-structures also induce a t-strucutre on D?(X,Q;) whose heart are called horizontal
constructible sheaves. K € D?(X, Q) is called mixed if H*(K) has a finite filtration
whose graded pieces can be represented by a construtible sheaf Fy on 24 such that
for every closed point & € Spec(A) (necessarily of finite residue field), (Fa), is pure of
some weight as discussed in the previous paragraph. Mixed horizontal complexes define
a triangulated subcategory of D%(X,Q;), and the perverse t-structure on D% (X, Q)
induces a t-structure on it, whose heart Perv,,(X) is called the category of mixed
horizontal perverse sheaves. The problem is that an element of Perv,,(X) does not
necessarily have a weight filtration. However, the weight filtration is unique if it exists.
We can define the subcategory Perv,,f(X) of Perv,,(X) consisting of those with a
weight filtration. The uniqueness shows that morphisms in Perv,,;(X) is strict with
respect to the weight filtration. Finally, we define the derived category of mixed

horizontal perverse sheaves to be
DY (X, Q) := D*(Perv,,;(X))

Morel proves that the six functors can be defined on DP (X, Q;). Note that for k a
finite field, A = k and every mixed perverse sheaf has a weight filtration, proving that
D? (X,@Q) is identical to the category in the previous paragraph, see BBD ([11]) for
details.

Remark 2.1.1. The constructions, especially the six functors, depend fundamentally
on the finiteness results of Gabber, see [12]. If we restrict to k with transcendental
dimension smaller than 2, which is the only case we need, then the older finiteness results

of Deligne in SGA suffices. Moreover, Morel’s proof uses sophisticated homological
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algebra results, including Beilinson’s reconstruction of constructible t-structures from

perverse ones, and Ayoub’s work on crossed functors.

For mixed Hodge modules, we will not give a precise review. We only remind
the reader that a mixed Hodge module consists of a good filtered regular holonomic
D-module together with a perverse Q-sheaf which is isomorphic after tensoring with C
to the D-module under the Riemann Hilbert correspondence. The precise conditions
to put on these data is through a delicate induction process where vanishing cycles
play an important role. It can be proved that admissible graded polarizable variations
of Hodge structures are mixed Hodge modules, and they (their intermediate extension)
constitute the simple mixed Hodge modules in a way similar to locally systems and

perverse sheaves. Forgetting about the D-modules gives a faithful functor
rat : D"MHM (X) — D(X,Q)

where we use the classical topology on X (C) to define the right hand side. An important
property is that rat commutes with the six functors. The comparison theorem gives
an [-adic perverse sheaf for each Hodge module. We will only use C-Hodge modules,
in which case the extra choices of perverse sheaves are redundant.

We will only need the cases when k is a finite field, a number field or the complex
numbers. Indeed, we will be primarily concerned with complex numbers, and finite
fields come into play by reducing the complex situation to the finite fields cases. The
reduction step will be achieved through number fields.

We now introduce Morel’s fundamental weight t-structures.

Definition/Theorem 2.1.2. (/2] Proposition 3.1.1) With notations as above, for

a € ZU {oo} there is a t-structure
(nga tzaJrl)

on Db (X) defined by K € “D=% (resp. K € “D=*"Y) if and only if for all i € Z,
PHY(K) has weights < a (resp. > a+1). Moreover, ¥ D=® and * D=%! are traingulated
subcategories and are stable under extensions. For K € “D=% and L € *D=%"1 we

have
RHom(K,L)=0

Note that this is stronger than being given by a t-structures. We have ¥ D=%(1) = Dso~2
and ' D=%(1) = D=2 where (1) is the Tate twist.
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Remark 2.1.3. The t-structure is unusual in that it has trivial heart, and stable under
shift [1] in the triangulated category. Note that a complex K € *D=*N"D=% is not a
pure complex of weight a in the sense of Deligne, which means H'(K) has weight a + i
(or equivalently PH'(K) has weight i+a,).

Recall that (over finite fields) a pure complex is a direct sum of its shifted perverse
cohomology after base change to the algebraic closure, and the decomposition does
not hold before base change. This fact plays an important role in the proof of the
decomposition theorem. The next proposition gives a variant of this fact in complete

generality. In particular, we do not need to pass to algebraic closure.

Proposition 2.1.4. (/3] lemma 2.2.3) If K € *D=*N" D=, we have an isomorphism
K = &P H ()i

The constituents PH'(K) are pure, and they decompose by supports into intersection
complexes, i.e. intermediate extension of smooth sheaves on a smooth locally closed
subscheme.

Moreover, this isomorphism is canonical and the constituents are semisimple if we

are in the mized Hodge modules case.
Remark 2.1.5. The corresponding statement is not true in the l-adic case.

The t-structure gives us functors we<, : D8 (X) — “D= (resp. ws, : D’ (X) —
“D=2%) such that for every K € DP (X), we have a distinguished triangle

1
wSaK — K — w2a+1K +—> .

If K is written as a complex of perverse sheaves K;, which is always possible, then
W<, K is the complex represented by w<,K;, where w<,K; is the weight filtration on

K;. We have the following proposition on the behaviour of w<,.

Proposition 2.1.6. (/2] proposition 3.1.3) Let K € D% (X), we have that w<, (resp.

W, ) is exact with respect to the perverse t-structure, i.e.
wgapHi(K) = pHi(wgaK)

wso "H' (K) = "H (w>,K)

Moreover, the distinguished triangle

1
wSaK — K — w2a+1K +—> .
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induces a short exact sequence of perverse sheaves
0 — PH (wey K) — PH(K) — PH' (wsq 1 K) — 0
The four functors interacts with the weight t-structure as described in the following
proposition.

Proposition 2.1.7. (/2] proposition 3.1.3) Let f : X — Y be a morphism with

dimension of the fibers less than or equal to d, then
RA(“D=(X)) € “D=e+(y)

fr("D=(Y)) € "D=""(X)
Rf.("D=*(X)) C "D=""(Y)
F("D=(Y)) c "D=""(X)

The duality functor D := RHom(—,wx) (wx s the dualizing complezx) exchanges
YD=Y(X) and *D="%X), i.e. D(*D=%(X))="D="%X) so

Dow<y, =ws_q0D

The most important property of w<, is its relation with intermediate extension

functor.

Theorem 2.1.8. (/2] theorem 3.1.4) Let j : U — X be a nonempty open embedding,
and K € D’ (X) a pure perverse sheaf of weight a on U, then we have natural
isomorphisms

wZaj!K = jl*K = wSaRj*K

We now introduce a refined version of the weight t-structure, taking a specified

stratification into consideration. Let X = 0<LJ< S; be a stratification such that each S; is
<i<n
locally closed in X, and Sy is open in N S; for every k € [0,n]. Let a = (ag,- - ,an)
sn

with each a; € Z U {00} and iy : Sk <+ X be the inclusion.

Definition/Theorem 2.1.9. (/2] proposition 3.3.2) Let D=2 (resp. “D=%) be the
subcategory of Db (X) defined by K € “D=2 (resp. K € “D=%) if and only if i{K €
Y D=k (Sy) (resp. iy K € Y DZ%(Sy,)) for every k. Then

(UJDSQ’ tzngl)
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defines a t-structure on DP (X)), giving rise to functors
Wy : DY (X) — D=2
and
. b w >a
Ws, @ D, (X) — D=2

such that for every K € D° (X), there is a distinguished triangle
U)SQK — K —» wzg+lK +—1> .

Moreover, we have RHom(L, K) =0 for L € *D=% and K € *D=9"L,

Most of the properties of “ D=® (resp. " D=%) generalizes to D=2 (resp. ' D=%)

we summarize them as follows.

Theorem 2.1.10. (/2] proposition 3.4.1) *D>% and " D=% are triangulated subcate-
gories of Db (X) that are stable under extensions. Ifa = (a,--- ,a), then * D=% = * D=¢
and Y D¢ =" D=4,

For'Y another scheme with strata {S;]}o<i<n Satisfying the same condition as before,
and f: X =Y a morphism such that f(S) C Sy, assume the dimension of the fibers

of f is smaller than or equal to d, then we have
RA("D4(X)) € "D+ (y)

fr("D=4(Y)) C "D=#(X)
Rf.("D=%(X)) C "D="4(Y)
F("D=2(Y)) C "D=*"%(X)

Further, we have

DO’IUSQ:U)Z,QOD

The next proposition tells us how to compute w<, and ws, in terms of w<, and

W>gq-

Proposition 2.1.11. (/2] proposition 3.3.4) Let k € {0---n} and a € Z U {cc}, we
denote
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where a sits in the k-th position. We have

W = WS, O+ 0WS,
For K € D° (X), we have distinguished triangles
wh K — K — Rigawsqpif K - -
inweqigK — K — wh K 5 -
Corollary 2.1.12. We have natural isomorphisms

i, owlia = W<q 00

.1 .1
1, O U)I;a = W>q O 1y,

and
-k k _ x
tj©Wea =1
1 ko
i;ows, =1;
for g <k.

Theorem 2.1.13. (/2] proposition 3.4.2) Let U := Sy and j = ip : U — X be the
inclusion of the open stratum, then for K € Db (U) a pure perverse sheaf of weight a

we have

W>(a,a+1, ,a+1)j!K = ]'*K = W<(a,a—1,- ,afl)Rj*K

2.2 Applications to Shimura varieties

In this section, we take X to be a Shimura variety associated to a Shimura datum
(G, Z"), where G is a reductive group over Q and 2 is a conjugacy class of cocharacters
Resc/rGy, — Gr. The pair has to satisfy a list of axioms to be a Shimura datum
which we will not review. We assume that X is smooth, which can always be achieved
if we take a small enough level structure. An important property of Shimura varieties
is that they have a canonical model over a number field F, called the reflex field of
(G, Z). For simplicity, we assume that G is simple.

An algebraic rational representation of G gives naturally an admissible variation of

Hodge structure on X, whence a mixed Hodge module. The representation creates a
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smooth [-adic sheaf on X as well. However, unlike Hodge modules, the [-adic sheaf is
not known to be mixed in general, although this is expected to be the case. Fortunately,
we know that the associated [-adic sheaves are of geometric origin, hence mixed, if the
Shimura variety is of abelian type. We will only need to work with Shimura varieties
of PEL type (up to similitude) in this paper, so we make this assumption from now on.
We note that PEL type Shimura varieties have the hereditary property that strata of
the minimal compactification are also of PEL type.

Let X™® be the minimal compactification of X, it has a natural stratification
Xmin — 0<Lz'J<nSi with Sg = X and S open in k<LzJ<nSi for each k. Each S; is the union
of standard strata corresponding to parabolic subgroups of G of a fixed type. We will
not give an explicit description of S; here, see Nair for details.

Let V be a rational algebraic representation of G, and FV € DP (X) the cor-
responding sheaf. We note that FV is concentrated in degree 0 and smooth. Let
J : X = X™ be the open embedding, applying RT'(X™™" —) to the weight truncations
w<oRj(FV) of Rj.(FV) induces a spectral sequence

Ef’q _ Hp+q(XInin7wZ_pwg_pRj*(FV)) = Herq(X7 fV)

Since G is simple reductive, we can assume that V' is irreducible and pure of weight —a.
Note that the weight of V' is the weight of the representation G,,g — Resc/r G, hy
Gr — End(VR) for one (and hence any) h € 2°. Then FV is pure of weight a, and
the first nontrivial truncation of Rj.(FV)) is

WaW<a Rj(FV) = weaRju(FV) = juu(FV) (2.1)
by proposition 2.1.7 and theorem 2.1.8. It completes into a distinguished triangle
3 (FV) = Rj(FV) — wse1 Rj(FV) -5 -

which shows that ws,41Rj.(FV) has support in the complement of X as j*ji. =
J*Rj, =id. Let i: U S; < X™" be the complement of X, then

1<i<n

D2 S we 1 RIA(FV) = i ((*wse i1 Rjc (FV))

Since i, = 1, is exact with respect to the weight t-structure by proposition 2.1.7,
" Wsar1Rj(FV) € “D21. Applying i* to the distinguished triangle

W<oRj.(FV) — Rj.(FV) — wsap1 Rj.(FV) 25 -
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we have
FW<oRju(FV) —— ©*Rj(FV) —— i*wsap1 Rju(FV) — 2

We see by proposition 2.1.7 that i*w<, Rj.(FV) € ¥ D= Together with i*ws, 1 Rj.(FV) €

¥ D=aF1 that we have just observed, we obtain
P Ws a1 RI(FV) = wsq 18" Rj(FV)
Therefore
W<t 1Wsa 11 R (FV) = Weqi1t:Wsq 118" Rju(FV) = taW<q1Wsq 118" Rj(FV)

and similarly
We<atkWsatkRJu(FV) = ixW<arWsar ki Rj(FV) (2.2)

for all £ > 0 (applying w<qirWsark t0 Wsar1Rj(FV) and use that ws,irWser1 =
Watk)-

It is shown that i*Rj,(FV') is constructible with respect to the standard stratifica-
tion (and in particular for {S;}) by Burgos and Wildeshaus ([4]) in the Hodge Module
case, and Pink ([13]) in the [-adic case. Moreover, the restriction of i*Rj.(FV') to
strata have automorphic cohomology sheaves in the sense that they are associated
to algebraic representations of the group corresponding to the strata as a Shimura
variety. We claim that w<,;pwsqx8* Rj.(FV) is also constructible with respect to the
standard stratification, and even automorphic when restricted to each stratum. Indeed,

by proposition 2.1.11
W<kt Rjx(FV) = Wik arh)i Rjs(FV) = wly 0 0wk, 1 i* Rj(FV)
and there is a distinguished triangle
why i Rj(FV) — " Rju(FV) — inasappiriii R (FV) - -

Since both *Rj.(FV) and i1,wsq k41057 R (FV') are constructible and automorphic
with respect to the standard stratification (using w<,FV = F(Wsaimx—aV), see [2]
4.1.2), so is wl, i*Rj,(FV). The same argument applies to w%, , by replacing
*Rj.(FV) to wl,, ;i*Rj.(FV), and an easy induction proves that w<qri* Rj.(FV)
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is constructible and automorphic. The claim follows from the distinguished traingle

Weaph—11"Rju(FV) — Weqiri” Rju(FV) — WsaikWeasii® Rj(FV) -5 -

and what we have just proved for the first two terms. Note that ws, i wW<qir =
We<arkWsatk, see [3] 2.2.3.

Recall that proposition 2.1.4 tells us that ws,xwW<a1 18" Rj<(FV') decompose into
shifts of pure perverse sheaves, and the claim we have just proved shows that these
perverse sheaves are intermediate extensions of automorphic sheaves on the standard
strata. This is also true for wsq pw<arxRj(FV) using (2.1) and (2.2). We know
that the normalization of the closure of a strata is the minimal compactification
of the strata, and intersection cohomology is invariant under normalization, hence
HPH (X ™ ws_we_p,Rj(FV)) is a sum of intersection cohomology of the minimal
compactification of the strata with coefficients automorphic sheaves. We now summarize

what we have proved.

Theorem 2.2.1. (Nair [3]) For X a Shimura variety of PEL type with Shimura data

(G, Z), and V a representation of G, we have a spectral sequence
EP = HPY( X" ws_ywe pRj (FV)) = HT(X,FV)

where HPT(X ™" ws _,we ,Rj(FV)) is a sum of [H*(Y™" FW) := H* (Y™™ j,.FW)
with Y C X™" q standard strata, and W an algebraic representation of the group

associated to Y .

Remark 2.2.2. [t is possible to write EY'? more explicitly, using Pink ([13]) or Burgos
and Wildeshaus’ ([4]) results. We will do that with Hilbert modular varieties later.

We know that the PEL type Shimura variety X has a natural smooth integral
model X over an open subset U of SpecOp, and the automorphic sheaf FV extends
to X, which we still denote by FV. Let Spec(k) be a closed point of U, hence k is a

finite field. The above theorem gives us two spectral sequences
n Y =X (C), wa—pwe—p R (g FV)) = H* (X (C), n FV)

and
B = HP P, s pe R FV)) = HP(X V)

where g FV is the (C-) Hodge module associated to V' (it is normalized so that
rat(yFV) = FV|[0] € D’(X(C),Q), in other words, g FV € D°)MHM (X (C)) sit in
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degree dimX ) in the first spectral sequence and yE}*? is obtained from the weight
truncation in D?MHM (X (C)). Similarly, ; 7V is the mixed l-adic lisse sheaf assoicated
to V' in the second one, and the spectral sequence is obtained by looking at the weight
truncation in D? (X, @;) and then passing to the algebraic closure of k. Note that the
first spectral sequence takes values in (complex) mixed Hodge structures, while the
second takes values in Gal(k/k)-modules. The next theorem provides a comparision
between the two spectral sequences. Since it seems not to be in the literature, we give

a proof.

Theorem 2.2.3. Fiz an isomorphism 1 : C = Q;, then for all but finitely many

Spec(k) C U, there is a natural isomorphism
Z*Hn(X((C), HfV) = H”(%E, ZJT"V)

as Qq-vector spaces, and the filtrations induced by g EV'? and (EV'? are identified through

the isomorphism.

Proof. Recall that D (X/F, Q) is the derived category of horizontal mixed complexes
on X/F, which is defined by the direct limit of suitable subcategories of D%(Xy, Q;),
indexed by open subsets V C U. Since | FV extends to X, it defines an element
WFV € Db (X/F, Q). As X™1 also descends to a canonical model X™™ over U, which
is a compactification of X, we have that Rj,(;FV) € Db(X™" @) defines an element
of Db (X™in/F Q).

The weight t-structure on D? (X™®/F, Q) gives the truncations w<,Rj.(FV) €
Db (X™in/F @), which are represented by complexes on X% for some nonempty
open subset V C U by definition of the horizontal complexes. Since there are only
finitely many truncations, we can assume that ) is chosen such that all the truncations

min

are represented by complexes on X}, which we still denote by w<,Rj.((FV) €
DY, Q).

Recall that weights on D? (X™n/F Q) are defined by first reducing to finite fields
and then taking the weights there. We have basically from definition that

(W<aRJu (F V)i = wea((RjGFV))i) € Dy (2™, Q)

By the lemma below, we have (Rj.(,FV))x = Rjr((FV]x,), where jj : Xp < X" is
the base change of j to k. Thus we have

(W<aRJx (1 FV )k = Wea Rk (FVx,.) (2.3)
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We base change w<,Rj.((FV) € DY(X%™ Q) to a complex points of V), then the
comparison between etale and classical sites and that FV is of geometric origin provide

us with a natural isomorphism
(W<aRJ (G FV))c = wrat(w<o Rjc (g FV)) (2.4)

Let Vi be the etale localization of V at spec(k) and 7 the geometric generic point

of V). By properness of g : Vo

— V(x), we have
RF(%ﬁmi“, (w<aRj(1FV))5) = RU(7, (Rguw<a Rj (1 FV))5) = RT Vi), Rgsw<o Rj (1 FV))

= (Rg.w<aRj.GFV))5 = RL(X™, (w<a Rj(FV))5)

Together with eqution (2.3), we have
RT(XF™, (w<aRjs (1 FV))5) = RU(XP™, weo Rjr (1 FV |2,)) (2.5)
Choose an embedding of 77 into C, then (2.4) and (2.5) gives us
W H"(X™(C), weaRje(aFV)) = H'(XE™, (w<aRju (FV))c) (2.6)

= H"(X7", (w<aRj(FV))g) = HM (X7, weaRjis (F V [1,))

We know by definition of the spectral sequence  Ef*? that the image of 2, H" (X™"(C), w<o Rjc« (g FV)
in
1 H"(X™"(C), Rjc (g FV)) = 1. H(X(C), g FV)
is the filtration corresponding to yE7?, and similarly for H™(X¥™, w<oRji. (1 FVx,))-
The isomorphism (2.6) for a large enough defines the isomorphism in the statement of

the theorem, and it respects the filtration by what we have just observed. O

Lemma 2.2.4. Let j : X — X™" be the inclusion of a PEL Shimura variety into its
minimal compactification, defined over U C Op, and V' an algebraic representation of
the group G associated to the Shimura variety. Then for Spec(k) CU a closed point,

we have an isomorphism
(R GFV))k = Rijex 0 FV |,

induced by the base change map.
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Proof. We know that ;FV is up to a Tate twist a summand of Rf,Q;, where f : A" —
X is the structure map of the n-th fiber product of the universal abelian scheme A — X,
ie. A" = A Xy - - Xx A, for some integer n. By [14] 4.1, we have that A*™ is
Z(Xl)—isogenous to another abelian scheme Y over X such that Y extends to a proper
scheme Y over X¥* for some choice of smooth projective toroidal compactification
Xtr /i with Y \ Y union of normal corssing diviosrs over . Since Z(Xl)—isogeny does not
change Tate modules, we see that ;FV is (up to a Tate twist) a summand of Rm,Q,

where 7 : Y — X the structure map. Thus it suffices to show

Let 7 : Y — X% be the extension of 7, J : X — X% Jy : Y — Y the inclusion,

which form a catesian diagram

Let ¢ : X" — X™" be the natural proper projection map. We denote by 7 for the
base change of 7 to k, and similarly for the other maps. We know that j = ¢ o J, so

= Ry (RT RIy. Q) = Ry RT 1o (RIy Q)
by proper base change. Moreover,

by 5.1.3 in 7.5 of SGA 4.5 ([15]), where we use that Y\ Y are union of normal crossing

divisors over Y. This gives
(RjRm. Qi) = Ropu RT3 Ry 1x Qi = Rpu R R Qi = R (R Qi)

by proper base change again, proving the claim. O]

Lastly, we record the functoriality of the spectral sequence ET".

Proposition 2.2.5. Let X and Y be varieties defined over a field k which is either

finitely generated over its prime field or the complex number, as in the previous section.
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Let X C X andY CY be nonempty open subvarieties, f : X — Y a finite morphism

which restricts to a morphism f: X — 'Y making the following diagram cartesian

X X, X
lf |7
y <.y

Let F € DP,(X) and G € D%,(Y) together with a morphism h : G — Rf.F, then h
induces a morphism
yE{)’q — XEf’q

between the weight spectral sequences
XEf’q = Herq(Y, ’UJZ,pU)S,pRjX*.F> = Hp+q<X, f)

y BV = HT(Y, wspwep Rjy.G) = H(Y, G)

In particular the morphism RPTIT(Y, —)(h) : HPTU(Y,G) — HPTY(X, F) respects filtra-

tions induced by the spectral sequences.

Proof. Observe that h induces a morphism

Rjv.G " Rjy.Rf.F = Rf Rjx.F (2.7)

and applying RI'(Y, —) to it recovers the usual morphism induced by h
RI(Y,—)(h) : RT'(Y,G) — RI'(X,F)
which is the sought-after morphism on E,,. Applying the functor w<, to (2.7) gives us
weaRjyG — weoRf,Rjx.F = Rf w<,Rjx.F (2.8)

where in the last equality we use that f is finite, hence f, = f, preserves both ¥ D=¢ and
¥ D=% by proposition 2.1.7 (d = 0 as f is finite). Now (2.8) shows that the morphism
(2.7) preserves the filtration induced by the weight truncation w<,, hence defining a

morphism between spectral sequences as desired. O



Chapter 3

PEL moduli problems

3.1 Kottwitz’s PEL moduli problems

We begin by recalling the definition of PEL moduli problems given by Kottwitz in [16].
We follow the notation of Lan ([6]).

Let B be a finite dimensional simple algebra over Q with a positive involution
%, and O a Z-order in B that is invariant under * and maximal at p, where p is a
rational prime that is unramified in B, i.e. By, = M, (K) for some finite unramified
extension K of Q,. Let L be an O-lattice in a finite dimensional B-module V', and
(-,-) : L x L = Z(1) an alternating nondegenerate bilinear form on L which satisfies
(az,y) = (z,a*y) for a € O and z,y € L. We also assume that when localized at p, L
is self-dual with respect to (-,-). Here we denote Z(1) := Ker(exp : C — C*). A choice
of v/—1 gives an identification of it with Z, but we do not fix such an identification.

We assume that there is an R-algebra homormorphism h : C — Ende, (Lg) such
that (h(z)x,y)r = (z, h(Z)y)r and (-, h(v/—1)-)r is symmetric and positive definite, if
we fix an identification Z(1) = Z so that (-, -)r takes values in R. Let

G*(R) :=={(9,7) € GLo,(Lr) X G(R) : (g7, gy) = r{(z,y),Vr,y € Lr}

for an Z-algebra R, this defines an algebraic group G* over Z. We assume that the
derived group has type A or C in the classification.

The morphism & defines a decomposition L ® C =V, @ V{{, where h(z) acts as 1 ® z
on Vp and 1 ® z on Vf. We know that 1} is an O ® C-module since h(z) commutes
with Ogr by definition. The reflex field Fj is defined to be the field of definition of V4
as an O ® C-module, see [6] 1.2.5.4 for more details.
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Definition 3.1.1. Let H be an open compact subgroup of G*(AP>®), Mi* is defined
to be the category fibered in groupoids over the category of locally Noetherian schemes

defined over Op, ® Zy,), whose fiber over S consists of tuples

(A, A, [A])
where A is an abelian scheme over S,

A A— AY
is a prime-to-p quasi-polarization of A, and

i:0® Ly — Ends(A) ® Zgy
is a ring homomorphism such that
i(b)Y o A= Ao i(b)

for every b € O ® Zy,), and Lieass satisfies the determinant condition specified by h,
see [6] 1.3.4.1 for a precise formulation. Moreover, if we choose a geometric point s in
each connected component of S, [&]y is an assignment to each s a (S, s)-invariant

H-orbit of O @ AP>®-equivariant isomorphisms
a: L@ AP S VPA;
together with an isomorphism

v(@) : AP®(1) 5 VP(G,5)

)

such that

A

(a(x), a(y))r = v(a) o (z,y)

where x,y € L ® AP> (-, -}y is the Weil pairing associated to the polarization X\, and
VP is the prime to p rational Tate module of either A or G,,.

The isomorphisms in the groupoid are defined to be (A, N, i, [&]y) ~ (A", N, @, [&]x)
if and only if there is a prime to p quasi-isogeny f : A — A’ such that over each

connected component of S,

A=rf'oXNof
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for somer € Zp, o, foi(b) =i'(b)of forallb € ORZ,). Moreover, we require that for
each geometric point s of S, o oVP(floa € H, and v(&')tov(a) € v(H)r C AP
for the r specified by A\=1rf" o XN o f at 5.

Remark 3.1.2. Note that the moduli problem depends only on the B-module V,
different choices of L will only affect the choices of mazximal compact subgroup of
G*(AP>). This will be helpful when we consider moduli problems defined by isomorphism
classes where the choice of L is important. We can compare different moduli problems
defined by different choices of L by identifying the moduli problems with the above one

using isogeny classes.

Remark 3.1.3. We work with locally Noetherian test schemes rather than arbitrary
schemes because etale fundamental groups do not behave well for general schemes.
General (affine) schemes can be written as inverse limits of locally Noetherian schemes,

and we can extend the moduli functor to the general case by taking limits.

Remark 3.1.4. v(&) is a rigidification of Kottwitz’s definition of PEL moduli problems,
where he allows the ambiguity that the Weil pairing is equal to the fixed pairing (,-)
up to a similitude factor. If L # 0, v(&) is uniquely determined by &, hence the two
definitions are equivalent. If L = 0, v(&) s the only non-trivial data. We include
L = 0 case because it will appear in the boundary of the minimal compactification of

PEL Shimura varieties.

It is not hard to see that the moduli space is represented by an algebraic stack that
is smooth of finite type over Op, ® Z(,, and it is even represented by a finite type
smooth scheme over Op, ® Z, if H is small enough. We will use the same symbol
M to denote the stack or scheme it represents.

The above definition uses isogeny classes of abelian varieties, we will next define
another moduli problem using isomorphism classes. This is necessary for the toroidal
compactifications because semiabelian varieties do not behave well under isogeny.

We will only define moduli problems for principal level structures, the general level
structures can be defined by taking orbits of the principal ones, but we choose to ignore

them for reasons to be explained later.

Definition 3.1.5. Let n be a natural number prime to p, and define M, to be the
category fibered in groupoids over the category of schemes over Op, @ Zy,), whose fiber

over S s the groupoids with objects tuples

(AN 4, (e, )
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where A is an abelian scheme over S,
A A— AY

is a prime-to-p polarization,

i: O — Endg(A)

a ring homomorphism such that i(b)Y o A = X 0 i(b*) for every b € O. We require that
Lieass satisfies the determinant condition given by h. The principal level-n structure

is an O-equivariant isomorphism
a, : (L/nL)s = Aln]
together with an isomorphism
Un : (Z/nZ(1))s = pins

of group schemes over S such that {a,(x),an(y))x = vy o (x,y) for z,y € (L/nL)s.
The (aun,vy) has to satisfy a sympletic-liftablity condition which roughly says that it
can be lifted to a level-m structure for arbitary m that is prime to p and divisible by n,
see [6] 1.3.6.2 for precise definitions.

The isomorphisms in the groupoid are defined to be

(A, N, 0, (i, vp)) ~ (AN (el 1))

nr n

if and only if there is an isomorphism [ : A — A’ such that
A=fVoNof,

foi(b)=4d'(b)o f forallbe O, and o), = f oy, v, =1),.

Let
U(n) = Ker(G*(ZF) — G*(Z/nZ))

then we can show that M, = sza(tn), the map being the obvious one sending PEL
abelian varieties to their isogeny classes. The inverse map is to choose an abelian variety
in each isogeny class, determined by the choice of the O-lattice L inside B-module V/,
see [6] 1.4.3 for a careful proof of the isomorphism. One subtle point is that M,, and
Mi,a(tn) are defined over different category of test schemes. We can show that M, is

determined by its value on locally Noetherian schemes, by writing any (affine) scheme
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as an inverse limit of locally Noetherian ones, and note that the moduli functor M,,,

being fintely presented, commutes with inverse limits. See also remark 3.1.3.

3.2 Similitude PEL moduli problems

Let F° be the center of B, which is a number field by simplicity of B. Let F := F¢*=1,
and we assume that Op C O. We define a group scheme H over O by

H(R) :={(9,7) € GLogo,r(L®0, R) X Gyn(R) : (g2, 9y) = r(z,y),Vz,y € LRo, R}

for an Op-algebra R. Let
G = Resp,;zH

and we have the similitude map v : G — Reso,./zG,, then
G*=v " Gnz) CG

Note that h : C — Endp,(Lr) defines a Deligne cocharacter Resc/rG,, — G*, hence
also Resc/rGy, — G. The conjugacy classes of them define Shimura varieties associated
to G and G*, which we will denote by Shi (G, h) and Shy(G*, h) for compact open
subgroups K C G(Z?) and H C G*(Z?). This is abbreviated notions for Shkaz,) (G, h)
and Shyc+z,)(G*, h), which might be more standard.

We have made the assumption that our PEL datum has type A or C, then M
is an integral model of the Shimura variety Shy(G*, h) in case (A,even) or C. In
the case (A, odd), M is a disjoint union of integral models of the Shimura variety
Shy(G*, h), due to the failure of Hasse principle.

We will be working with the Shimura variety associated to GG instead of G*, and
one advantage of GG is that it always satisfies the Hasse principle. For our purpose,
the more important reason are that Shimura varieties associated to G is plectic,
while Shimura varieties of G* are only plectic in positive dimension. More precisely,
the difference between the two Shimura varieties is that they have different sets of
connected components, and we have 7y(Shg (G, h)) is plectic while mo(Shy(G*, h))
is not, i.e. my(Shk(G,h)) is the zero dimensional Shimura variety associated to
Resp/oGy, (plectic), while mo(Shy(G*, h)) has group G, (not plectic). The plectic
nature of Shy (G, h) will give rise to the so called partial Frobenius, which will play an

important role in our study.
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On the other hand, the price to pay when changing to GG is that we do not have a
good fine moduli problem represented by Shg (G, h). Instead, Shi (G, h) will only be
a coarse moduli space. We now give the moduli problem of Shy (G, h). We will follow

Nekovai’s approach as in [5].

Definition 3.2.1. Fiz o € (F ® AP>®)* and K C G(Z”) open compact subgroup, let
us define My k to be the category fibered in groupoids over the category of locally

Noetherian schemes over Op, @ Z,, whose objects over S are quadruples

(A, A1, (n,u))
where A is an abelian scheme over S,
A A— AY
is a prime-to-p quasi-polarization of A, and
i: O — Endg(A)

is a ring homomorphism such that i(b)" o X = X 0 i(b*) for every b € O, and Liess
satisfies the determinant condition specified by h, see [6] 1.3.4.1 for a precise formulation.
Moreover, if we choose a geometric point s in each connected component of S, the level

structure (n,u) is an assignment to each s a 7 (S, §)-invariant K-orbit of O @ AP>-

equivariant isomorphisms
n:L®AP® S VPA;

together with an Op ® Zp-equivam'ant isomorphism
w: gt @ZP(1) 3 TP (05! @z Gos)

such that
(@), n))r = Trop/z(uo (a{z,y)r))

where z,y € L ® AP®, 0. is the inverse different of F, and u extends naturally
from 05" ® AP®(1) to the rational Tate module. Here 05" ®7 G5 is defined in the
category of fppf sheaf of abelian groups, which can be easily seen to be representable.
The Op-action on the first factor equips ;' ®z G, s with an action of Op, hence
defines a O ® ZP-module structure on the Tate module (0 @y Gn;s). TheTro, z
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D}l ®z Gms — L Rz Gy 5 is the Trace map on the first factor. Moreover,
(,Vp:LxL—0p®Z(1)
is the unique Op-linear pairing such that
Trogzo (- )r = ()

The action of K on (n,u) is given by (n,u)g = (no g,uowv(qg)) for g € K, where
v(g) € (Op @ ZP)* acts on 05" ® ZP(1) in the obvious way.

The isomorphisms in the groupoid are defined to be
<A7 >\7 7;7 (/’77 u)) ~ (A/7 )\/7 Z"? (/’7/7 u/))

if and only if there is a prime-to-p quasi-isogeny f : A — A’ such that over each

connected component of S,
A=fYoXof,

foi(b)=14(b)o f forallbe O®Zyy, and (n/,u') = (f on,u).

Remark 3.2.2. The above moduli problem is in some sense in between the isogeny
classes and the isomorphism classes moduli problems, in that it uses isogeny as mor-
phisms in the groupoid and rational Tate modules for level structures, while also
encoding integral structures in endomorphism structures and w. This has the effect
that the morphism f in the groupoid is required to strictly preserve the polarization,
A= fYoXNof, without the factor r in definition 3.1.1.

It is not hard to see that .#,  is representable by a smooth quasi-projective scheme
M, i over O, ® Lp)-
There is an action of totally positive prime to p units (Op); on ., i given by the

formula

€ (A’ At (777 u)) = (A7 i(E)/\, 8 (na eu))

which factors through the finite quotient group A := (Op)% /Nmpe/p((Ope)*NK). The
quotient M, x /A always exists. Let Q = {a} C (F®AP>®))* be a set of representatives
of the double cosets

(F @ A7) = [] (Or ® Zy); (O ® 27"

ae
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then we have

Shi(G,h) = HM%K/A = Mg/A (3.1)
ae)
where Mg = [I M, k. It means that Mg/A has the same complex points as

acQ
Shk (G, h), hence defining an integral model of Shy (G, h). This is a consequence of

the fact that G satisfies Hasse principle, see [17] 7.1.5.

Remark 3.2.3. We can show that My /A is the coarse moduli space of the functor
sending S to quadruples

(A, A4, (n, )

where A is an abelian scheme over S,
A A— AY
is a prime to p quasi-polarization of A, and
i:0® Ly — Endg(A) @ Ly

is a ring homomorphism such that i(b)Y o A = Ao i(b*) for every b € O ® Z,), and
Lieass satisfies the determinant condition specified by h, see [6] 1.8.4.1 for a precise

formulation. Moreover, if we choose a geometric point 5 in each connected component

of S, the level structure (n,u) is an assignment to each s a (S, §)-invariant K-orbit

of O ® AP>®-equivariant isomorphisms
n: L& AP® =5 VP A
together with an F' @ AP*®-equivariant isomorphism
w: F@AP(1) 3 VPR @z Gs)

such that
(n(@),ny)r =Tropz(uo (x,y)r)
where x,y € L @ AP>.

The isomorphisms in the groupoid are defined to be

(A, A4, (n,u) ~ (AN (')
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if and only if there is a prime to p quasi-isogeny f : A — A’ such that over each
connected component of S,
Aoifa)=fYoNof

for some a € (Op @ Zy))s, foi(b) =74(b)o f forallb e O® Ly, and (f,uw') =
(fon,uoca).

Note that this functor kills all the integral structures in definition 3, see remark 4.
Moreover, it enlarges the domain of ambiguity factor r in definition 1 from (Zgy)y to
(Or ® Z(p))i‘

See [17] 7.1.3 for more details on this moduli problem.

We will work with integral toroidal and minimal compactifications of Shg (G, h).
However, this has only been constructed by Lan for the PEL moduli problems in
definition 3.1.1 and 3.1.5. Fortunately, Shx (G, h) is not very different from Shy (G*, h).
The precise relation is that for each H C G*(Zp ), there exists an open compact subgroup
K C G(ZP) containing H such that the natural map Shy(G*, h) — Shg (G, k) induced
by G* C G is an open immersion containing the identity component of Shy (G, h), and
the Hecke translates of Shy(G*, h) cover Shi(G,h), see for example [18] 1.15. We
need a more explicit description of Shi (G, h) in terms of Shy (G*, h), so we focus on
principal level structures from now on.

Suppose that n is prime to p, let
K(n) := Ker(G(ZP) — G(Z/nZ))
observe that
v(K(n)) = Ker((Op @z Gu)(ZP) = (Op ®7 Gn)(Z/nZ)). (3.2)

Recall that
U(n) = Ker(G*(ZF) — G*(Z/nZ))

and
v(U(n)) = Ker(Gn(ZP) — G (Z/nZ)) (3.3)

Choose a set A of representatives of the double quotient

(Or @ 27)" = [1(Or)20(v(K (n))2) (3.4)

N
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then together with the representatives €2,

(F @ AP = T[(OF ® Z))la(OF @ ZP)* (3.5)

a€e

we have the decomposition

(F @ AP = T[(OF ® Z)) X ad(v(K (n))ZP>) (3.6)

a€ef)
dEA

Let us change the notation M, in definition 3.1.5 into M, (L, (-,-)) to emphaisze
the dependence of M,, on L and (-,-). Then there is a natural embedding

My (L, Trog z 0 (ad(:,-)r)) = Ma xm)/A

sending (A, \, i, ((n, vn)) to (A, N, 7, (n,u)), where i : L ® AP® = VP Ay is defined by a
lifting of v, to
a:Le7P 5 TPA;

whose existence is a condition on the level structure in definition 3.1.5, then inverting
all prime to p integers. u : 05" ® ZP(1) S TP(05! @y Gy s) is defined by

(), n(y))r = Tropa(u o (ad(z,y)r))

for z,y € L ® AP>*. Here we abuse notation by denoting both v and u ® idg,,, by u.
The K(n)-class of (n,u) does not depend on the choice of the lifting &.

Warning 3.2.4. Tro, /7 0 (ad(-,-)r)) is not defined on L, but rather on L ® 7P since
ad € Op Q1P if we choose a € Op ® 7P, which we assume form now on. This does
not affect the moduli problem since the moduli problem in definition 3.1.5 only depends
on L®ZP, LR and the corresponding pairing on them.

The appropriate notation for M, (L,Tro, /z 0 (ad(-,-)r)) would be M,(L,-,-)1) for
some pairing (-,-)1 on L that is isomorphic to Tro, /z o (ad(-,-)r) on L & 7P | perfect
on L ®Z,, and compatible with h on L ®R. Such a pairing exists if the moduli problem
is nonempty. See [6] 1.4.8.14 for more explainations.

We use the wrong notation M, (L,Tro, /z o (ad(-,-)r)) for simplicity.

By definition of the moduli problem, the decomposition (3.4) gives

Mo,k A = [T Ma(L, Trop/z © (ad(:, ) F))-

d0eA
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Then it follows from (3.6) and the definition of My ,)/A that

MK(n)/A = H Mn(L, TTOF/Z o} (aé(-, >F)) (37)

This will help us constructing toroidal and minimal compactifications of Mg ,)/A from

those constructed by Lan. We briefly recall Lan’s results on minimal compactifications.

Theorem 3.2.5. (Lan [6]) There exists a compactification M, (L, {-,-))™" of M, (L, (-,-))

together with a stratification by locally closed subschemes

My (L, o)™ = [T Ma(L7, ()%

[(ZTL7¢7L767L)}
where
(1) Z,, is a O-invariant filtration on L/nL,
0C Zy—92CZp-1C Zno=L/nL
which can be lifted to a O-invariant filtration Z on L ® 7P

0CZoCZ1Cly=LQ7F

such that Z is the restriction of a split O-invariant filtration Zy» on L ® AP satisfying
Zlip’d = Zpyv—1 and GriZye = L; ® AP for some O-lattice L;. Let L% == L_{ and
(-, )2 a pairing on L¥ which induces (-,-) on Gr_Zs». There exists an h%" : C —
Endo, (LZ") that makes (L%, (-,-Y%" h%") a PEL data defining the moduli problem
M, (L% (-, V%), See [6] 5.2.7.5 for details.

(2) @, is a tuple (X, Y, ¢, 02, Pon), where X, Y are O-lattices that are isomorphic
as B-modules after tensoring with Q, ¢ :' Y — X is an O-invariant embedding.

O _on: Griy S Hom(X/nX, (Z/nZ)(1))

and
on: Grim = Y/nY

are isomorphisms that are reduction modulo n of O-equivariant isomorphisms p_o :
GrZ, 5 Homy, (X @ 27, 727(1)) and @y : Gri =Y @ ZP such that

©_2(2)(9(wo(y))) = (x,¥)
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forz € Gr?, and y € Grf.

(3) on : GlaGriZ" = L/nL is a splitting that is reduction modulo n of a splitting
oGr? S Lo 7.
Z The tuple (Z,, ®,,d,) is called a cusp label at principal level n, and [(Z,, @, 0,)]
is the equivalence classes of the cusp label, see [6] 5.4.1.9 for the precise definition of
equivalences.

There is a precise description of closure relations of strata in terms of the cusp

labels parametrizing them, see [6] 5.4.1.14 for details.

Remark 3.2.6. There are also toroidal compactifications of M, together with universal
semi-abelian varieties over them, which parametrize how abelian varieties degenerate
into semi-abelian varieties. The toric part of the universal semi-abelian variety is
parametrized by the cusp labels, which is discrete in nature. The minimal compactifica-
tion is roughly obtained by contracting the isomorphic toric part, so it keeps track of
only information on the abelian part, which is where the strata in thoerem 3.2.5 come
from.

In other words, the toric part of toroidal compactifications degenerates into discrete
indexing sets of the strata, and the abelian part is remembered in the strata themselves.
What is lost by passing to minimal compactifications is the extension between torus and

abelian varieties.

Corollary 3.2.7. Mg, /A has a compactification (Mym)/A)™™ together with a

stratification by locally closed subschemes

(Mpc(ny/A)™" = [ M.(L, Tro, 2 o (ad(-, Np))men
aEefl
dEAN

= H H ]\4TZ(LZMW7 <.7 .>Zaa,n)

aGQ ZOL n7¢(¥ ”L76DL n
éeA[( 5, s,n:0a8,n)]

where (Zasn, Pasn, Oasn) are cusp labels of M, (L, Tro, z0(ad(:,-)r)), and M, (L%asn (. Y Zasn)

are as in the theorem. See warning 3.2.4 for clarifications.

3.3 The partial Frobenius

From now on, we assume that p satisfies the following condition,

p splits completely in the center F° of B.
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This implies that O ® Z,, = [ M,,,(Z,), G and G* splits over Q, and G(Q,) = [1H(Q,),
where p; are prime ideals of F' = F**=! such that p = [Ip:- "

In this section, all moduli problems are defined ovezr Op, @z Fp, i.e. M, or Mg )
in this section denotes M,, X o ¢z, (O, @ F,) or Mg X O, &7, (Op, ® F,) using
notations in previous sections. We follow Nekovai’s approach as in [5].

Definition 3.3.1. We fix a § € F satisfying vy, (§) = 1 and v,,(c) = 0 for i' # i.
The partial Frobenius Fy, : M) /A — Mgmy/A is defined by disoint union of maps

A4o¢,K(n)/A — ]\40/,1((11)/A

sending (A, \,1, (n,u)) in definition 3.2.1 to (A", N,4', (1, u')) ', where
A= A)(Ker(F)[pi)

with F the usual Frobenius and Ker(F)[p;] :== {x € Ker(F)lax = 0,Va € p;}, ' is
induced by the quotient map m,, : A — A’, X is a prime to p quasi-isogeny characterized

by EX=m) o Nom,, nf =m, on, and & is defined by
fa = ea'\

where o € Q, € € (Op @ Zy)): and X € (Op ® ZP)* as in decomposition (3.5). Lastly,

u' is the comoposition of Op ® Vi -equivariant isomorphisms
u R @ ZP(1) 5 05! @ ZP(1) 5 TP(05! @z Gos)-

Remark 3.3.2. It is easy to see that F, is independent of the choice of . Moreover,
the same definition works for p not necessarily split in F°. We make the assumption

because that is the only case we will use.

We observe that

Fply; = Iy Iy,

and
HFpi =F

i

where F is the usual Frobenius, explaining the name partial Frobenius.

LA’ satisfies the determinant condition because Liey = Liegrpp) = ®Liearp,) = .gLieA[pj] D
J J#i

F*Liep, as O ® Fp-modules, showing that Liess has the same O ® F, structure as Lies, which
satisfies the determinant condition by our choice.
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It is helpful to write the partial Frobenius in terms of the decomposition (3.7).
We will use the description to prove that the partial Frobenius extends to minimal
compactifications and toroidal compactifications.

The equation

fa = e\

with o/ € Q, € € (Op ® Zy))¥ and A € (Op @ ZP)* plays an important role in
the definition of the partial Frobenius. In particular, it determines how the partial
Frobenius permutes components parametrized by o € Q as in (3.1). We refine the
description by using the finer decomposition (3.7) parametrized by «d.

With notations as in the previous paragraph, let
A0 = €gd’y

where 6,6" € A, g € Op, and v € (V(K (n))ZP>), as in the decomposition (3.4). From
equations (3.2) and (3.3), we observe that

v(K(n) 2" = [[v(K (n))x

where « ranges over a complete set of representatives of Z»* /v(U(n)) = (Z/nZ)* in
7P Let

el
with § € v(K(n)) and x as above be the decomposition of 7.

The partial Frobenius F},, induces a map
Mn(La TTOF/Z 0 (a5<'7 >F)) — MH(L’ TT@F/Z © (O/é,('v >F))

sending (A, A, i, (ay, v,)) in definition 3.1.5 to (A, X',/ (o), v),)), where A" := A/(Ker(F)[p]),
i’ is induced by the quotient map m,, : A — A’, X’ is characterized by (A = 7rpvi o N o,
which defines a quasi-isogeny X', o/, = 7, 0 a,, and v}, = v, o k. In the last equation,

we view £ as an element of (Z/nZ)* which acts on Z/nZ(1), and v/, is defined to be
v, (Z/nZ(1)s —= (Z/nZ(1))s == fin,s-

A subtle point in the above description is that in definition 3.1.5, A" should not
only be a prime to p quasi-isogeny, but an actual isogeny. The characterization

EN= 7T;’i o\ om,, defines a quasi-isogeny \’, but does not give an isogeny \" a priori. We
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have to check that X' is indeed a prime to p isogeny to make the above a well-defined
map.

Before giving the proof, let us introduce some more suggestive notations. Let
A®) = A/(Ker(F)[p]), and F®) := 7, : A — A®). Then we observe that there is a

natural map V%) : A®) — A @4, p; ! such that the composition

V(i)

m A(Pz’) K A®(’)F pz—l

A
is the map idy ®o, (O = p; '), which has kernel A[p;]. Here p;* is the inverse of p; as
fractional ideals and A ®¢,. p; ' is defined in the category of fppf sheaf of Or-modules,
which can be easily seen to be represented by an abelian scheme isogenious to A. Here
FPi and V¥ should be viewed as partial Frobenius and Verschiebung, whose products
over all 7 will be the usual ones.

We have a commutative diagram

A0 Ak VP Ay, pit

which induces the dashed arrows. For example, the left dashed arrow is induced by

AV[p;] € AY[¢], and similarly for the other two. We define X’ to be composition of the

Vv

middle vertical maps, which is an actual isogeny and satisfies {A = 7,

o X o, as the
diagram shows.

The only non-trivial arrow in the above diagram is the isomorphism
(A(m))v o (AV)(m) R0, Pi
We give a proof here.

Lemma 3.3.3. With notations as above, for any abelian scheme A/S over a charac-

teristic p scheme S, together with a ring homomorphism O — Endg(A), we have a
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canonical isomorphism

(AP = (A)F) ©, ;.
Proof. Applying Hom,,r(—, G,) to the short exact sequence

0 — Api]/Ker(F)lp,] — A® ™™ A g, pt =0

and using that Ext}y, (A, G,) = AY, we have
0 = Homyp(Alpi]/Ker(F)[pi], Gin) = A @0, pi = (AP)Y =0

We know that Hom g, (Alp;|/Ker(F)[pi], G,,) is the Cartiar dual (Afp;]/Ker(F)[p;])"
of Alp;]/Ker(F)[p;], so the dual of the short exact sequence

0— Ker(V) — Ker(V) ®o, pi_l — Alp;]/Ker(F)[p;] — 0
gives

(Alpi]/Ker(F)[p])" = Ker(Ker(V)" ®o, pi — Ker(V)")

= Ker(Ker(Fav) ®o, pi — Ker(Fav))
= Ker(Fav)[pil ®o, pi
which is the kernel of
AY @0, p; TS (A @0, p,

proving (A®))V 22 (AV)P) @4 p;. A

We now state the main technical result of the thesis, which claims that the partial

Frobenius extends to the minimal compactification in Corallary 3.2.7.

Theorem 3.3.4. F,, extends to a morphism
sz‘ : (MK(H)/A)mm — (MK(n)/A)mm

sending the strata M, (L% (- -YZasn) gssociated to o € 2,5 € A and the cusp label
[(Z s, Pasins Oasn )] to the strata M, (L%'s'n (-, .V%a's'.n) associated to o/ € Q,0" € A as
in the above description of the partial Frobenius, and the cusp label [(Zu/s 1y Porst ims O 1))
defined as follows,

Za’é’,n = Zadn-
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]f q)aé,n - (X, }/7 ¢7 P—2.n, 300771)7 then

q)a’é’,n = (X ®(’)F pi, Y, ¢/7 90,—2,11’ Qoé),n)

where
Plan Gl T = GrZ5n P28 Hom(X/nX, (Z/nZ)(1))
— Hom(X @ pi/n(X ®p;), (Z/nZ)(1))
and

Z 1t Z, ®o,
Oon: Grg™ " = Gry®" =3 Y/nY.

Lastly, ¢' is defined by the following diagram similar to the above diagram defining N,

X id@(OFp;) X Qo i ‘\

4 ¢>®z‘dT \\\
Y -1 Y Y T
Bor Pi id®(p; '+OF) ~ 1d®(OF+p;) /

i 0 /
I i /
E®id | ! /

Y -1 Y -
Bor Pi e o)

Moreover, on each strata, F,, induces the morphism
Mn(LZatS,n7 <,7 ,>Za6,n) — Mn(LZO‘/‘S/’”, <.’ .>Zo/6’,n)

sending (A, N, i, (an, 1)) to (A, N7 (o, V) as in the description before the theorem.
For completeness, we summarize the description as follows. Using the above notations,
A= A/(Ker(F)[ps]), i is induced by the quotient map m,, : A — A’, X' is characterized
by §A = 7 o N om,, which defines a prime to p isogeny N', a;, = my, 0, and v,, = v, OK.
In other words, restriction of the partial Frobenius to (suitable union of) strata recovers

the partial Frobenius on them.

Remark 3.3.5. The diagram defining ¢’ is similar to the diagram defining X', and there
is a reason for that. We will see in the proof that the diagram defining X' also defines a
polarization for the universal semi-abelian variety over toroidal compactfications, and
the diagram for ¢' is the one induced on the (character group of) toric part.
Moreover, the theorem is proved by first extending F,, to toroidal compactifications,
then contracting to a morphism on the minimal compactification. The description of
the morphism on strata is obtained by looking at how F,, operates on semi-abelian

varieties. In particular, the morphism on indexing sets are obtained by looking at the
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toric part, and the morphism on strata are determined by the abelian part. See also
remark 3.2.6.

Remark 3.3.6. The description of strata in the minimal compactification shows that
minimal compactifications is "plectic”, which is the underlying reason that partial
Frobenius extends to the minimal compactification. This can be made precise if we take
care of the subtlety in dimension zero, which means that taking appropriate unions of
the strata to define Shimura varieties of similitude PEL type as in definition 3.2.1 (the
strata we use are of Kottwitz’s type as in definition 3.1.5).

Another way to see the phenomenon is through Pink’s mized Shimura varieties,
where he uses mized Shimura varieties associated to parabolic subgroups (more precisely,
the Levi group) to define strata of the minimal boundary, called rational boundary
components in his terminology. In our case, the Shimura variety is associated to
G = Resp/goH, and the parabloics are also of the form RespoP. However, the strata
are assocaited to a subgroup Pp, in Pink’s notation, of the parabolic, which is the
Hermitian part in classical language, and this is not necessarily "plectic’, i.e. not of the
form Respio(—). The reason is that in [19] 4.7, Pink defines Py as the group satisfying
certain minimality property, see [19] 12.21 for an example how this kills "plecticity".
The failure is similar to the difference between G and G*, and the remedy is the same.
We can replace Py by another group in the parabolic, which is different only up to a
similitude. Pink’s theory still works in this slightly different setting, as already observed
by him in remark (ii) of [19] 4.11.

The proof of the theorem is rather technical, and we defer to the last section for
details. We first give an application of it on the construction of plectic weight filtration

of cohomology of Hilbert modular varieties in the next section.
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Hilbert modular varieties

4.1 Basics

We now specialize discussions in the previous section to the Hilbert modular varieties.
The notations in this section will be the same as in the previous one, we simply restrict
everything to a special case as follows.

We take O = Op, with F a totally real field of degree [F' : Q] = d and * = id,
which coincides with notations in the previous section in that B = F' and F' = F° is the

«-invariant part of the center of B. Moreover, L = Or ® Op, (-, ) is the standard Op-

0 -1
bilinear alternating pairing defined by the matrix (1 0 and (-, ) = Tro.z((-, ) r).

The morphism h : C — Endo, (Lg) is defined by h(z +iy) = I T 7Y These
T:F—=R \Y i

data defines a type C PEL datum. It is easy to see that the reflex field F is Q. The

relevant groups are

G = Resp,.;zG Loy

and
G" = det‘l(Gm) Cc G

where det : G — Reso,./zGy, is the similitude map.

We give a brief account of the moduli problem it defines, which is a special case of
definition 3.2.1. Let a € Q be as in decomposition (3.5), then M, k() is the moduli
space representing the functor associating a locally Noetherian Z,-scheme S to the
isomorphism classes of tuples (A, A, 7, (n,u)). Here A is an abelian scheme over S,
A: A — AYis a prime to p polarization, and i : O — Endgs(A) a ring isomorphism

inducing the trivial involution on Op through A and a rank 1 Op-module structure
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on Lie(A). Note that the last condition is Kottwitz’s determinant condition in this
special case. Moreover, the level structure (n,u) is an (.S, 5)-invariant K (n)-orbit of

OF ® AP>*-equivariant isomorphism
n:L® AP = (0 @ AP*)P2 5 VP A,
together with an Op ® Z”—equivariant isomorphism
w: gl @ZP(1) 3 TP (05 @z Gons)
such that
(@), n(y))x = Tropjz(uo (alz,y)r))
where z,y € L ® AP>®. Since we work only with principal level n structures, the level
structure can also be seen as isomorphisms
(Or/nOF)** = Aln]
and
05 /nvE Z R @ pin.
Remark 4.1.1. In the literature, it is common to use a variant of the above moduli
problem. More precisely, the polarization is defined as an Op-equivariant isomorphism

(c,c1) = (Homg" (A, AY), Homg!" (A, AY).)

where ¢ is a fived prime-to-p fractional ideal representing [o] € Cl (F) = (Op®@Zy)): \
(F @ AP>))*/(Op @ ZP)*, ¢y is the totally positive part (the elements that are positive
for all embeddings of F into R), Hom%ﬂm(A, AY) is the symmetric Op-equivariant
homomorphisms and Hom%;m(A, AY), is the set of polarizations. The level structure
is defined as an Op-equivariant isomorphism (Op/nOp)®% = Aln] together with an
isomorphism Op/nOp = u, @ ¢*, see [20] for details. For the equivalence to our

definition, see [17] 4.1.1 for some discussion.

Similar to the previous section, we have

Shiw)(G,h) = [T Makm)/A = Mimy/A

aef
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where MK(n) = H Ma,K(n)a and

a€ef)

My /A = [ Mu(L, Tropz 0 (ad (-, -)r))
aed
SEA

We now describe the minimal compactification in more explicit terms. Recall from
theorem 3.2.7 that cusp labels are equivalence classes of tuples [(Z,, ®,, d,)], where Z,

is an Op-invariant filtration
0C Zy_—2CZy_1CZyo=L/nL

on L/nL satisfying Zi_Q = Z, -1 and some liftablitiy condition, ®, is a tuple
(X,Y, 6,0 9m,00n), and 6, : ®Gr?" = L/nL is a splitting with a liftability con-
dition. In the definition of ®,, X,Y are O-lattices that are isomorphic as B-modules

after tensoring with Q, ¢ : Y — X is an O-invariant embedding.
©_on: Griy S Hom(X/nX, (Z/nZ)(1))

and
on: Grim =>Y/nY

are isomorphisms that are reduction modulo n of O-equivariant isomorphisms p_ :
GrZ, 5 Homy,(X @ 27,77(1)) and @, : Gr§ =Y @ ZP such that

p—2(z)(¢(0(y))) = (z,y)

for x € GrZ, and y € Gr{.

In our case, L = O%? and there are essentially two different filtrations on L/nL,
either Z,, o = 0 and Z, 1 = L/nL, or Z,,_9 = Z, 1 is a Op-submodule of L/nL
being reduction of a rank 1 O ® AP-submodule of L ® AP. The first case is trivial,
the corresponding strata is the open strata in the minimal compactification. We focus
on the second case from now on.

The isomorphisms ¢y, and ¢_s, force X and Y to be rank 1 Op-modules, which
are isomorphic to fractional ideals of F' and classified by CI(F). We observe that
Gr?i =0, implying that L% = 0. Thus the strata associated to [(Z,, ®,, d,)] must be
Isom(Z/nZ(1), i), i.e.

My (L7, (-, ) ™) = Tsom(Z/nZ(1), i)
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see remark 3.1.4 for explanations. In other words, the boundary components all have

dimension zero, and they are generally referred to as cusps.

4.2 The weight spectral sequence

We now make the spectral sequence in theorem 2.2.1 more explicit in our special case.
With notations as in section 2.2, we take V' = Q(0) to be the trivial representation
of G, then FV = Q(0) is the constant sheaf in D (Shg (G, h)), ie. Q(0) is
either the constant Hodge module Q7 (0) or the constant mixed /-adic sheaf @;(0).
Let j : Shrm)(G,h) < Shgum (G, h)™ be the open embedding, then the spectral

sequence is

EPY = HP(Shi ) (G, )™ ws—pw<—p Rj(Q(0))) = H"(Shi () (G, h), Q(0))
(4.1)
Since Q(0) is pure of weight 0, proposition 2.1.7 and theorem 2.1.8 tells us that the

first nontrivial piece is

w>ow<ol:(Q(0)) = w<o Rj.(Q(0)) = 7. (Q(0))
as we see in the discussion prior to theorem 2.2.1, so
BT = THY(Shi(my (G, h)™",Q(0))

Similarly, the discussion before theorem 2.2.1 gives information on the rest of the rest

of the pieces. In particular, equation (2.2) tells that for k > 0

w<pw> ). (Q(0)) = dvw<pw>pi" Rj. (Q(0)) (4.2)

where

1 ShK(n)(G, h)mm \ ShK(n)(G, h) = H H [som(Z/nZ(l), un)

aeﬂ[(zaé,n’q)a&,n:&aé,n)]
oA Zaé,n,—27éo

s Shic(n) (G, h)™" (4.3)
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is the inclusion of the complement of Shi(n)(G, h), i.e. the inclusion of finitely many
cusps. Now Pink ([13]) or Burgos and Wildeshaus’ ([4]) formula tells us that

BRYLQ0) = © F(H(Ho, H(LieWy,Q(0)))) (4.4)
where 0 := [(Zasns Pasns dasn)] and iy is the inclusion of the cusp corresponding to 0.

Moreover, W is the unipotent of the Borel subgroup corresponding to the cusp 90, and
H¢ is an arithmetic subgroup of the linear part of the Levi group determined by the
level K (n). By proof of theorem 3.5 in [21], we have that

n d—1
R
A (QO)*)(=d) d<n<2d-1
Note that the author only works with the Hodge module case in [21], but the proof works
equally well for the [-adic case. Indeed, if we view Q(0) as the trivial representation
of G,,, which is the group corresponding to the zero dimensional Shimura variety
Isom(Z/nZ(1), j1,,) indexed by 0, and (—d) twisting by d-th power of the dual of the

standard representation, then the proof in [21] shows that

- _JFAMQ(0)) 0<n<d-1,
WEEAON T Fpen@opy ) d<n<oa—1

We will use a different parametrization of the cusps than (4.3). Recall that A in
(3.4) is chosen such that

Isomo, (05" /ndp! (1), 05" @z ) = [[Lsom(Z/nZ(1), )
seA

We use it to rewrite (4.3) as

i+ Shicny(G,R)™"\ Shimy(G,h) = [[[[Lsomo, (05" /nop (1), 05" @z pn)  (4.6)
ae) 0

with a new parametrization set of cusps, which we still denote by 0. For a precise

description of 0, see [22]. For such a parametrization, the boundary is a union of

zero-dimensional Shimura varieties associated to Resp/qGyy,, and a minor modification
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of the proof in [21] shows that

iy R"5.(Q(0)) = {ﬂ/\:d((?wl))d i D
FNTTMQO))(=d) d<n<2d-1.

where 0 denotes the cusps in (4.6), and (—d) is twisting by the one dimensional
representation N m;}(@ : RespoGy — Gy, of RespgGy,. Note that the corresponding
sheaf is the (—d)-th power of the Tate twisting sheaf, explaining the notation. Further,
this is the only new observation one needs in the proof of the above.

Then together with equation (4.2) we have that for k& > 0,

oo R0 — {i*(/\Ml"(Q(O)dl)(d)) d<nsa-1k=2

0 otherwise

Thus the spectral sequence (4.1) becomes
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& A (Q(0)*)(—d) 0 0 0 -l
0 3d
0 3d—1
0 2d +1
TH2(M*,Q(0)) 2d
0 0 0 TH™ (M*,Q(0)) d+1
0 0 oy 0 THO(M*,Q(0)) 0
—2d —2d + 1 —1 0

where M* := Shy(n) (G, h)™", M := Shk (G, h) and
& NQO') () = S(A@OF ()™
= H* 170 (M\ M, i* Rj*(Q(0)))

for 0 <7 < d—1. Note that in either case (Hodge modules or l-adic), the cohomol-
ogy is taken after passing to the algebraic closure of the base field, so M*\ M =
[11som(Z/nZ(1), u,,) becomes [[[I{+*}, explaining the second equality of the above.

0 on
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Now we can read off from the above computation that

0

0 — BT — @ (AQ(O) ) (=)™ — TH(M",Q(0) — EL — 0

0 — TH?*1(M*,Q(0)) — H*71(M,Q(0)) — E 241 0

where E%%? = H24(M,Q(0)) = 0 as M is non-proper of dimension d. Moreover, we
observe easily that
H'(M,Q(0)) = TH'(M*,Q(0))

for 0 <i<d-1, and

2d—1—1

0 — [H'(M",Q(0)) — H'(M.Q(0) — &( A (QO)* (=)™ — 0

for d < i < 2d — 2. In the last exact sequence, we use that

2d—1—1

B2 o\ (Q(O)" ) (—)"

for d < i < 2d — 2, which follows because the domain and codomain of the differentials
in the picture have different weights in this range.

We observe from the above computation that the spectral sequence (4.1) gives
us the weight filtration on H*(M,Q(0)), which provides a new computation of the
weight filtration of the cohomology of Hilbert modular varieties without using the
Borel-Serre compactifications as done, for example, in the last chapter of [10]. This
is a philosophically better computation as it is performed in the algebraic category,
whereas the older computation uses the non-algebraic Borel-Serre compactifications
and proceeds in a more indirect way when establishing the mixed Hodge structures.
See [23] for a modern treatment of the motivic meaning of the reductive Borel-Serre

compactifications.

4.3 The plectic weight filtration

Now we make use of the spectral sequence (4.1) to construct the plectic weight filtration.
Note that the filtration induced by (4.1) is a Z-filtration, but the plectic weight filtration
we are looking for is a Z?filtration. We will use the partial Frobenius to cut out the
Z-filtration into a Zd-filtration, and show that this is the sought-after plectic weight
filtration.
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Firstly, we compute the eigenvalues of the partial Frobenius on the boundary
cohomology H*(M*\ M,7*Rj.(Q(0))). We denote the canonical PEL (up to similitude)
smooth integral model My ,y/A of M by .#, which is defined over an open dense
subset of Spec(Z). Similarly, .#* is the integral model of the minimal compactification.
Now choose a prime p in the open subset such that it is split in F', and lies in the
applicable range of theorem 2.2.3. Then as we have already seen, the Frobenius F'rob,
on ./ decomposes into Frob, = [[F;, where F; is the partial Frobenius corresponding
to the prime p; in the prime deCOI’IZIpOSitiOIl p=IIpiof pin F.

Let us recall the construction of the [-adic shezaf on a Shimura variety coming from
an algebraic representation, following Pink ([13]). Let G be a reductive group giving
rise to a Shimura datum, with associated Shimura variety Shg, for compact open

K C G(Ay). For K’ C K normal, there is a natural Galois etale covering
TK! ShK/ — Sh[(

with Galois group K/K’. We choose a system of K’ such that K’ differs from K only
in l-adic part K|, i.e. K/K' = K;/K], and their l-adic parts K| form a basis of G(Q).
Let V be an algebraic representation of G, then it gives rise to a continuous l-adic
representation of G(Q;), which contains a lattice A stable by all K], and for K] C K;,
there exists a number n such that the natural action of K] and K; on A induces a

representation of K;/K| on A/I"A, then we have an etale sheaf
VK/ = (WK/*(Z/ZRZ) ®Z/l"Z A/ZHA)KZ/KZI

where the action of K;/K] on the first factor is induced by the Galois covering 7k,
and the second factor is induced by the representation we have just constructed. These

Vi form an inverse system, and we define the associated [-adic sheaf by
FV = (lmVg) @z,
K/

This is independent of the choices we have made. Similar to Hecke operators, the
partial Frobenius induces natural maps between FV, i.e. FV — F,,FV. The key to

it is that the partial Frobenius is compatible with the projections 7g, i.e.

ShK/ L ShK/

JWK, JWK,

Shx —2 s Shy
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is commutative and equivariant for the Galois group. It is a general heuristic that the
partial Frobenius are amplified Hecke operators in characteristic p.

Moreover, the isomorphism (4.4) is compatible with the partial Frobenius. As in
theorem 3.3.4 (for PEL Shimura varities), the partial Frobenius F; extends to the
minimal compactification and preserves both the open Sh <48 h7" and the boundary
Shim\ Shy SN R therefore inducing the map

#RiQ ) R FLQ = i FLRLQL XS FLitRjLQ,

which under the natural isomorphism (4.4), corresponding to the natural map FV —
F,.FV for V specified in (4.4).

Remark 4.3.1. The above naturality can be proved with the same proof as in 4.8 of
[13], where it is proved for the Hecke operators. The key property underlying the proof
is the compatibility of Hecke operators with the toroidal compactifications. The same

compatibility result holds for the partial Frobenius as we will see in the next chapter.

Now we go back to the special case of Hilbert modular varieties. Applying the
above functoriality to the isomorphism (4.5), we can reduce the computation of
i*Rj,Q; — F.i*Rj.Q; to the computation of FV — F,FV for V as in (4.5).

We make use of the parametrization (4.6). For an arbitrary integer k, let
T - Isomo, (05" /nl* 0 (1), 05! @z pr) — Isome, (05" /nopt (1), 05! @z y)

be the natural map, corresponding to the covering map mx as above. Let 0 €
Isome, (03" /n0'(1),05" ®z p,), and we suppose that 6 lies in the position (a, d, 0)

of the decomposition

My \ My, = ] [1somo, (05" /noz! (1), 05" @z )

ae) 0

Recall that F; maps («,d,0) to (a1, d1,01), where oy is defined by
SO{ = ElOél)\l

with £ € OF such that v, (§) =1 and v,,(§) = 0 for j # i, a1 € Q, 61 € (O @ Zyy))
and \; € (Op ® ZP)* as in decomposition (3.5). Moreover, d; is defined as in theorem

3.3.4 (being a union of ¢’ in theorem 3.3.4) , and F; maps 6 to A0 as in definition
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3.3.1. The vague description of 0; here suffices for our purpose. In summary,
F;
0l(a.0) — (M10)](a1,01)

with obvious notations.

We can repeat the above procedure and obtain
o = €200

(4.9)
gam = Em—i—lOfm—‘,—l/\m—i-l
where o; € Q,¢; € (Op ® Zp)) 3y and \; € (Op ® ZP)* as in decomposition (3.5). Then

Fm
00,00 == (A1 AmB)|(am,0m)

As F; permutes the cusps, we know that there is a minimal integer N such that
FN(6) = 0.

Note that this means that A;--- Ay =0, any = a and dy = 0.
We denote by M the Hilbert modular variety of principal level nl*, then we have a

natural commutative diagram map

I -

* F; *
’%]Fp \ %]Fp —_— %]Fp \ %]Fp
Together with the decomposition

ME N\ My, = [T [1Isomo, (05" /nlFo5! (1), 05" @z por)
aEQ 5
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we are reduced to the situation

_ _ _ F _ _ _
Isomo, (?JFl/nlkbpl(l),DF1 7, [Lnlk)l(abv) —— Isomo, (DFl/nlkDFl(l),DFl Q7 ,Unlk)|(a1751)

- -

_ _ _ Fi _ N _
Isomo, (05" /ndz" (1), 05" @ fin)|(0) ——— Isomo, (05" /ndz' (1), 05" @z tin)|(ar,01)

The same description of F; applies to ///ZF; . In summary,

- F, ~
9|(a,5) - ()\19) | (a1,01)

One subtlety here is that there are more than one d lying over 0. However, the cusps
they parametrize are canonically isomorphic, and we can choose one d for each 0.
For simplicity, we assume that [ is prime to n, then the Galois group for the
covering 7, is (Op/I*Op)*. If we denote by V the one dimensional representation
N m;}(@ : Resp/oGy, — Gy, then its [-adic points induces the reduced representation
Nmygo : (Op/lFOp)* — (Z/I*Z)*, which we denote by Vi We fix a non-zero
element v, € Vy, for each k, and we assume that they are compatible when k varies.

From the description we have just reviewed, we have
FV = (I’&H(ﬂ'k*(Z/lkZ) Qz/1kz Vk)(OF/lkOF)X) Qz, Q
k

For a fixed k, if we choose a

0 € Isomo, (05 /nl*0p! (1), 05 @2 fior)

such that 7 (0) = 0, then

The(Z/ VL) @702 V) ©r 0|y = (Z /) - Y (99) © (Nmgo(g)ve)
g€(OF /IFOR)*

i.e. the choice of vy, and 6 gives a basis > (g§)®(Nm;}Q(g)vk) of Ty (Z/1°Z) Q7,107
9e(OF /IFOF)>
Vi) ©rtor ],

Now using this explicit description, we can compute the natural morphism FV —
E FV (over My \ My,) as follows. Tt is (Q; ® (—)) the direct limit of the morphism

Y (99) ® (Nmgo(g)vr) — > (gMb) e (Nmzo(9)vr)
9e(OF [IFOF)* (,d) 9€(OF /IFOF)* (a1,01)
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For a fixed # and the corresponding minimal N as above, we can iterate the process
and obtain a basis for the stalk of the sheaf at F;"(0|(q,5) for m < N. Note that
by the choice of N, F/"(0](a,9)) are all different for m < N. When m = N, we have
F¥ (0l (.0)) = Ol(a.9), and

~ -~ EN ~ -
Z (99) ® (NmF}@(g)Uk) — Z (gA1---An0) ® (NmF}Q<g)Uk)
g€(Op /IFOR)> g€(Op /IFOR)>

= Nmpg(A1---An) > (90) ® (NmE}Q(g)Uk)
gE(OF/lkOF)X

This tells us that with the basis we have chosen, F; has a block of the form

NmF/Q<)\1 R >\N)

This is a matrix expression of a morphism between free Z/I*Z-modules, taking the
inverse limit over k and tensor with Q;, we have the same matrix (partial expression)
for the desired morphism FV — F,,FV. Now from the equation (4.9) and ay = «a,
we have

Na = (e en)a(A - Ay)
with (e1 - ex) € (O ® Zgy)X and Ay -+~ Ay € (O @ Z7)%. Hence

>\1~-'>\N=§N(61-"6N)_1

and

Nmpg(Ai -+ Av) = Nmpjg(cV) = pV

It is easy to compute that the characteristic polynomial of the matrix

pN
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N — pN hence the eigenvalues are of the form pCi; with (y a primitive N-th root

is x
of unity. Therefore, they are Weil numbers with absolute value p. Since every block is
of the above form, we see that the eigenvalues are all of absolute value p. If we base
change everything to IF,, then the above computation computes the eigenvalues of the
partial Frobenius F; on H* (///%p \ M5, , FV'), which we see are all of absolute value p.
Then from (l-adic realization of) equation (4.8), we have that ws,w<,R"j.Q; is a sum

of i, FV if k > 0, hence the partial Frobenius acts on
H* (M5 wspw<p R5. Q)

with eigenvalues of absolute value p, if k& > 0.

To summarize, we have proven the following proposition.

Proposition 4.3.2. The partial Frobenius F; acts on the spectral sequence (4.1) by
proposition 2.2.5. More precisely, by proposition 2.2.5, F; acts on the special fiber

variant of (I-adic realization of) the spectral sequence (4.1)
P = HP( A ws ey R T0) = HPV9 (il Q)

which is (at least up to convergence) isomorphic to the Hodge module realization of
(4.1) by theorem 2.2.3 and choice of p. If p <0, F; acts on EV'? with eigenvalues of
absolute value p, hence of partial Frobenius weights (2,--- ,2).
On the other hand, the Hodge module realization of (4.1) have  E** = HPY(.#*(C), ws_,w<_,Rj,C)
which is a sum of HPT1(.#*(C)\ .4 (C),FV) if p < 0, hence of plectic Hodge type
(1,-+- , 151, ;1) (sum of C(=1)%¢, the (—d)-th power of Tate structure). These are
of plectic weight (2,--- ,2), and the above computation shows that under the comparison,

the partial Frobenius weights is the same as the plectic Hodge weights.

Remark 4.3.3. It is possible to avoid the comparison theorem 2.2.3 in the special case
of Hilbert modular varieties. We have observed that the spectral sequence (4.1) induces
(shifts of) the weight filtration on the open cohomology. Therefore the comparison
automatically holds. To spell this out, we note that the identification with the weight
filtration gives a motivic meaning of the filtration induced by (4.1), namely, we can find
a smooth projective compactification with smooth normal crossing boundary divisors,
and the filtration can be expressed in terms of the cohomology of the natural strata. Then
the comparison is reduced to the standard comparison between different cohomology

theories.
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Note that in general the filtration induced by the spectral sequence in theoerem 2.2.1
is not the weight filtration. However, in some sense, it detects the non-trivial extensions
of the weight filtration.

We have computed the partial Frobenius on EV? for p < 0, and checked the partial
Frobenius weights is the same as the plectic Hodge weights. It remains to do the same
for the remaining E"? = IHq(%gp,@).

We note that the Hecke algebra decomposes the cohomology into

IH” (%ﬁj‘; ) @) =IH" (%]f:pv @)cusp ®IH" (ﬂ]}:pv @)res‘c

where I H *(%ﬁ,v @1)cusp is the subspace on which the Hecke algebra acts with the same
type as some cuspidal automorphic representations. Similarly, I H* (‘//]F*p’ Q))rest is the
subspace on which the Hecke algebra acts as a discrete but non-cuspidal automorphic
representation.

Note that the corresponding representation is cohomological and we can clas-
sify them. The cuspidal part corresponds to holomorphic Hilbert modualr forms of
weight (2,---,2), and the discrete non-cuspidal part corresponds to one-dimensional
representations.

We first compute the cuspidal part. We have
IH” (%f;p ) @)cusp = ?[H*('///f;p ) @)f

where f ranges over holomorphic Hilbert modualr forms of weight (2, -+ ,2), see [24]
chapter 3 for example. It is well-known from the (g, K)-cohomology computations that
IH *(///fp,@) f is concentrated in degree d, and (its complex variant) has plectic Hodge
type ((1,0) @ (0, 1))®¢, hence of plectic weight (1,---,1). We want to check that the
partial Frobenius weights are again of the same weight, namely, the eigenvalues of the
partial Frobenius F; on I H* (///I—;p,@) 7 have absolute value 3.

Recall that Nekovar have proved in [5] that the partial Frobenius satisfies an

Eichler-Shimura relation. In the Hilbert modular case, it is
F? —(T;/Si)Fi +p/Si =0

where T;, S; are standard Hecke operators of the Hecke algebra of Resp/qG Ly at Q,,

ie.

T,,S: € H(ResrqGLa(Qy)// ReswiqGLa(2,), ) = ®:H(CLo(Q,)/ /CLa(Z,), 2)
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indexed by {p;}, see [5] A6. The upshot is that this shows that the eigenvalues of the
partial Frobenius F; on I H *(///I—;p,@) 7 is the same as the eigenvalues of the (geometric)
Frobenius Frob,, on the representation p¥(—1), where p; : Gal(Q/F) — GLy(Q,) is
the Galois representation associated to the Hilbert modular form f. We know from [§]
that the Galois representation p; is pure of weight 1, so is pf(—1), proving that the
eigenvalues of the partial Frobenius F; on IH *(///]F*p,@) # have absolute value p%.
Finally, we deal with I H* (///f;,n Q))rest- It is known that it is concentrated in even

degrees, and
k

IHQk (%f;pa @)rest = /\([HO (%ﬁrpa @)rest @ [Hz(%]ﬁ‘kp ) @)rest)

The same holds for the complex variant ([24] chapter 3), thus it is enough to concentrate

on IH 2(%§p,@)rest. If we look at a connected component '///ﬁj , of '///1’;;7’ we have
[H2(%§p’07@)rest = EB@ : CI(LZ)(_l)

where L; is a line bundle on .# , to be defined below, and the equality is inter-
preted as ¢i(L;)(—1) € H*(AM5,,, Qi) lying in the image of the natural embedding
IH2(///§p7O,@)rest — HQ(//FWO,@). Let p : A — ., , be the universal abelian
scheme over .y, ,, then Lie} s, 1S A coherent sheaf of projective Op ®z F,-module

with rank 1. By the choice of p, we have O ®zF, = [[F, parametrized by {p;}, hence
Lie:/“ﬂ%[[?p,o = G?LZ
where L; := eiLz’eZl St and e; is the idempotent of [[IF, corresponding to the ¢-th
My o ;
factor. Another way to characterize L; is to note that
-V _ -V _ -V
Lie s . = Vi€l t,. = OLiC Ay a0

and
Li = Liev\a[m}///fmp,o

Now by definition of the partial Frobenius F;, we have a Cartesian diagram

AP . —— A/(Ker(F)[p;]) —— A

| i

F
M0 —— My,
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with a possibly different connected component .45, . By abuse of the notation, we
use the same A to denote the universal abelian scheme on .4, », and similarly for L.

The diagram tells us that

Fi(Li) = ejLicsooa,, = Lieavoy,) .,
If j # 4, then clearly A®)[p;] = A[p,], hence

Fi(Lj) = Liea,)).m,., = L;

)

If j =4, then A®)[p,] = AP[p,], where A®) := A/Ker(F) as usual, hence

7

Fr(L;) = LieA@)[pi]///,Fp’o = eiLz'eA(m///,Fw = eiFrob*LieA////pro
= e;Frob*(8L;) = e;(®Frob*L;) = e;(®LS") = L?
J J J

where F'rob : My, , — My, is the absolute Frobenius, and we use that Frob*L = Ler
for any line bundle L (by looking at the transition function of L).

Now we have proved that

CI(LJ) j #27

Fi(ei(Ly)) = el(F7 Ly) = .
pei(Li) j=1

)

Taking into the subtlety of the connected components, we see that
IH2 (%§p7 @)rest = ?VVZ

where W; is the subspace generated by ¢1(L;)(—1) on each connected component. Then
with the modification introduced by base changing to algebraic closure and the Tate
twist, F; acts on W, with blocks of the form
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hence have eigenvalues p( for ¢ some roots of unity. If j # ¢, F; acts on W; with blocks

of the form
1

1

which have eigenvalues roots of unity. This proves that W, have partial Frobenius
weights (0,---,0,2,0,---0) with 2 at the i-th position.

On the other hand, the same process gives line bundles L; on .#¢, where we use
that Lie) R sheaf of projective O ®z C = [[C-modules, which are indexed
by archimedean places of F. The L; can be furthe; characterized by its transition
functions, i.e. its sections corresponds to holomorphic Hilbert modular forms of
weight (0,---,0,2,0,---0) with 2 at the i-th position. In the comparison between
Betti cohomology and [-adic cohomology of the special fiber at p, we implicitly fix an
isomorphism Q, = C, which induces an identification between archimedean places and
p-adic places of F'. Thus we can compare the L; in two different cases, the corresponding
W; C TH?*(.#*(C),C) generated by c;(L;) is easily seen to be of plectic Hodge type

(()7 7()7170’...();07... 7()7170’...()>

with both 1s in the i-th position (c;(L;) is represented by dz; A dz; with (), € HY).
Thus W; have plectic weight (0,---,0,2,0,---0) with 2 at the i-th position, which is
compatible with the partial Frobenius weights.

To summarize, we have proved the following theorem.

Theorem 4.3.4. The partial Frobenius F; acts on the special fiber variant of (I-adic

realization of) the spectral sequence (4.1)
E?q = Hp-&-q(%gp’ wz—pwg—pRj*@) = Hp+q(%ﬁp>@)

by proposition 2.2.5, which is (at least up to convergence) isomorphic to the Hodge
module realization of (4.1) by theorem 2.2.3 and choice of p. The Hodge module spectral
sequence exhibits plectic Hodge structures on the graded pieces of the filtration induecd
by (4.1) through (g, K)-cohomology, and the partial Frobenius weights are compatible
with the exhibited plectic Hodge weights on each graded pieces.
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Corollary 4.3.5. (Plectic weight filtration) There is a natural increasing Z.°-filtration
W, (defined over C) on H*(.#(C),C) with a = (a1, ,aq) € Z%, defined by

Wo= D Visis0
ki
|Bil=p2
ki<a;

where Vig, ... g,) is the generalized eigenspace of F; with eigenvalue 3; for alli. The action
of F; on H*(.# (C), C) is through the natural comparison isomorphism H*(.# (C),C) =
wH* (M5, Qi) for some fized isomorphism 1 : Q = C.

The filtration is plectic in the sense that there is a natural plectic Hodge structure

on Grg/ with plectic weight a.

Remark 4.3.6. We have seen that the graded pieces of the constructed plectic weight
filtration are motivic, so are independent of the choice of p. However, the filtration
might still depend on p a priori. We leave the proof of independence of p to future
work.






Chapter 5

Toroidal compactifications and the

partial Frobenius

5.1 Polarized degeneration data

We begin by recalling the degeneration data of abelian schemes introduced by Faltings-
Chai and refined by Kaiwen Lan. It is (almost) a collection of linear algebra objects
that characterizes the degeneration of abelian varieties into semi-abelian varieties. It is
relatively straightforward to find the parametrization space of the degeneration data,
which constitutes the base of a universal degenerating abelian scheme. These are used
to glue with the PEL Shimura varieties to form toroidal compactifications. We follow
the notations of [6] closely, see also [25] for a minimal summary of definitions.

Let R be a Noetherian normal domain complete with respect to an ideal I, with
VI =1. Let S :=Spec(R), K := Frac(R), n := Spec(K) and S, := Spf(R, I).

5.1.1 Definitions and the theorem

Definition 5.1.1. The category DEG,,(R,I) has objects (G, \,), where
(1) G is an semi-abelian scheme over S, i.e. a commutative group scheme over S
with geometric fibers extensions of abelian varieties by torus, such that the generic fiber

Gy, is an abelian variety, and such that Gy := G xg Sy is globally an extension
0—T1y—Gy— Ay —0

where Ty is an isotrivial torus over Sy, i.e. Ty becomes split over a finite étale cover of

So, and Ag is an abelian scheme over Sy.
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(2) Ay : Gy — G is a polarization of G,.

The morphisms in the category are isomorphisms of group schemes over S which

respect the polarizations on the generic fibers.

Elements of DEG(R, I) are called degenerating abelian schemes. We will see that
they are equivalent to certain datum that is more linear algebraic in nature, called

degeneration data, to be defined as follows.

Definition 5.1.2. The category of degeneration data DD,y(R, 1) has objects
<A7 AA? X? X? ¢7 C’ Cv? T)

where

(1) A is an abelian scheme over S, and s : A — AV is a polarization.

(2) X and Y are étale sheaves of free commutative groups of the same rank,
which can be viewed as étale group schemes over S, and ¢ : Y — X is an injective
homomorphism with finite cokernel.

(8) ¢ and c¢¥ are homomorphisms
c: X — AY

/Y — A
such that

Aoc/ =cog

(4) T is a trivialization
T Iyxoxy — (¢ % C)*’Pfi;l

of the biextension (c¥ x c)*P§," over the étale group scheme (Y xg X), such that
(Idy x ¢)*1 is symmetric, where Py is the Poincare line bundle on A xg AY, and
1y« x s the structure sheaf of Y xg X. See [6] 3.2.1.1 for the precise definition of
biextension, T being a trivialization of biextensions essentially means that T is bilinear

in a (the only) reasonable sense, and symmetric means the bilinear form is symmetric.

Moreover, T is required to satisfy a positivity condition as follows. Taking a finite

étale base change of S if necessary, we assume that X and Y are constant with values
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X and Y. For each y € Y, the isomorphism

(Y, 6(y)) : Os,y = (¢ (y) x co d(y)) P,

over the generic fiber extends to a section

T(y,¢(y)) : Os — (' (y) x coP(y)) PY™

over S, which we still denote by T(y,¢(y)). Moreover, for each y # 0, the induced
morphism

(c’(y) x cod(y))Pa — Os

factors through I, where I is the subsheaf of Og corresponding to the ideal I C R.
The morphims in the category are defined to be isomorphisms (of A, X and Y)

over S respecting all the structures.
Now we can state the first key result.

Theorem 5.1.3. (Fualtings-Chai) There is a functor

Foo(R,I) : DEGpo(R, 1) — DDyy(R, 1)

which induces an equivalence of categories.

Remark 5.1.4. The inverse functor DDpo (R, I) — DEG,u(R, I) is called the Mum-

ford quotient construction. We will not describe that in detail.

Remark 5.1.5. There are a few variants of the categories DEG,o(R, I) and DD,y (R, I).
For example, we can forget about the polarization \,, or we can rigidify the situation
by replacing the polarization by an ample line bundle. The equivalence of categories as
in the theorem extends to these variants. This explains why we include the lower index

pol in the notations.

5.1.2 Motivations

Now we explain the construction of .. Essentially, it is to associate linear algebra
data to degenerating abelian varieties that also characterizes it, and a basic model for
this kind of construction is to write a complex abelian variety as C"/I". However, this
is a highly transcendental construction, and it is not obvious how to proceed in our

algebraic setting.
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The basic idea is to use the Fourier coefficients of theta functions to detect the
periods of abelian varieties. More precisely, recall that an abelian variety A over C has
the universal covering C", and it can be written as A = C"/T" for some period lattice
' € C". A choice of an ample line bundle L on A gives a positive definite Hermitian
form on C" whose imaginary part F takes integer values on I'; and a map a: I' — C*
such that a(z + y) = a(x)a(y) exp (miE(x,y)) . Then the theta functions are sections
of L, and an element s € I'(A, L) is equivalent to a holomorphic function f : C* — C
such that

Flz+7) = f()al) exp (GrH(1,7) + TH(,2)) (5.)

for ze C", yeTl.
Now we can find a rank n sub-lattice U C I isotropic with respect to E, such that

f(z) =exp(i(z) + B(z,2)) >, cyexp(2mix(z))

x€Hom(U,Z)

for some linear form [ : C* — C, and complex bilinear form B : C* x C* — C which
depends only on L, and is independent of the section s, see the first chapter of [26]
for details. Hence f is essentially a function on C"*/U '~ %7, Note that H om(U,Z)
can be identified with the character group X := X (C*") of the algebraic torus C*",
and if we write ¢ := exp (2miz) € C™*, then exp (2mix(z)) = x(¢) under the above

identification. Now the essential part of f has a Fourier expansion

> ex(q)

XEX

for ¢ € C*™. This expression has a potential to be algebraic. The universal cover C"
of A is very transcendental, but it seems that the intermediate quotient C"/U = C*"
subsumes all the transcendental part through the exponential map, and the factorization
C*"™ — A is "algebraic" in nature. Moreover, since the theta functions define a
projective embedding of A (assume that L is very ample), they determine A completely,
and in particular the multiplicative periods Y := I'/U C C*". Further, the theta
functions are determined by the Fourier coefficients c,, hence in principle we can read
off the multiplicative periods from c,.

We can make more explicit the procedure to detect the multiplicative periods from

¢,. Note that the functional equation (5.1) gives the relation (for v € I')

oy = () - exp (—1(7)) - exp (—2mix(7)) - Cxro(v)
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where ¢ : Y — X is the homomorphism determined by the polarization E, namely for
y € 'and x € U, E(y,x) = ¢(y)(x) under the identification X = Hom(U,Z) (U is
isotropic with respect to E, so it descends to a map on Y = I'/U). Rewriting it in our

new multiplicative notation, we have

Cx+oé(v) = X(Z(’Y))a(f}/)cx

where 2 : Y < C™* is the inclusion of the multiplicative periods, and a : Y — C* is a
function depending on the line bundle L. The desired multiplicative periods are then
manifested through the ratio between ¢, and ¢, y4(y).

Further, we note that we can give a more direct characterization of the multiplicative
periods Y, which is useful when we algebraize the above procedure. Recall that
Hom(Y,Z) is canonically the multiplicative periods of the dual abelian variety A,
so Y is naturally the character group of the multiplicative periods of AV, which is

identified with the character group of the associated algebraic torus of AV.

To summarize, for y € X, the linear maps
¢y :I'(A, L) = C

defined by the Fourier coefficients detect the multiplicative periods Y C C*" of A,
where Y can be naturally identified with the character group of the algebraic torus

associated to the dual abelian variety AY. More explicitly, the relations

Cyta(y) = 0(7, X)a(y)cy

characterize a bilinear pairing
b(,1): Y x X —»C*

such that b(-,¢(+)) is symmetric, and the multiplicative periods 2 : Y — C™* is
determined by the pairing through b(x,~) = x(2(7)). This is the principle that we aim

to algebraize and considerably generalize.

5.1.3 Equivalent formulation of polarized degeneration data

Before giving the detailed construction of F,o (R, I), we first explain the meaning of

the tuple in the degeneration data.
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First, the étale sheaf X and Y can be viewed as the character groups of torus T’

and TV over S, and the homomorphisms ¢ and ¢" are equivalent to extensions
0—T—G"—A—0

0—T" — G — A —0

of commutative group schemes over S. Passing to a finite étale cover of S' if necessary,
we can assume that 7" is split, hence X is constant with value X. We view G* as a

T-torsor over A, then as G is relative affine over A, we have

G =~ SpecﬁA(ﬁGn) = Spec,, (@ O,) (5.2)

Oa (xeX

where 0, := ¢(x) € Pic®(A/S) is the eigensheaf of O with weight y under the action
of T. Equivalently, &, is the G,,-torsor (viewed as a line bundle) G* xTX G,,,, i.e. the
pushout of 0 = T'— G* - A — 0 along x : T — G,,. This explains the identification
of ¢ with the first extension, and similar for ¢".

Note that ¢ being a group homomorphism equips @& €, with an 04-algebra
xE€X

structure. Further, the T-torsor G* being a group scheme is equivalent to ¢ taking values
in Pic°(A), which is a consequence of the characterizing property m*.% = pri £ @pr;.%
of £ € Pic®(A/S).

Next, the homomorphisms ¢ and A4 such that

Aoc/ =co¢
are equivalent to a homomorphism
A Gf— GV

of group schemes over S that induces a polarization Ay on A. Note that a homomor-
phism A induces a homomorphism of the extensions

0 T G" A 0

b b

0 v G»Y AY 0
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since there is no non-trivial homomorphism from a torus to an abelian variety. Then A4
is the induced map on A, and ¢ is the map on characters induced by Ar. The relation
AaocY =co¢is forced by (and equivalent to) the above commutative diagram.

Lastly and most importantly, the trivialization
T: lyxgxom - (CV X c)*Pf’gl
of the biextension (¢" x c)*Pﬁ;l is equivalent to a group homomorphism
1Y, — GE]
that lifts ¢V over the generic fiber, i.e. ¢, factorizes as
oY, = G — A,

Again, we can assume that both X and Y are constant with values X and Y, and the
general case is by étale descent. Then 7 is a collection of sections {7(y, x) }yev.yex of
the line bundles P4(c”(y), c(x))s~" on the generic fiber of S for each y € Y, x € X,

satisfying bimultiplicative conditions from the biextension structures. Now

Palc’(y), c(00))5 " = (' ()" o (ida x c(x)) P ™)y = (' (y)"O27),

by the definition of &, hence 7(y, x) is a morphism

(Y, x) : O\’ (y))y — Osy.
Together with (5.2), we have

> om(yx)
(Y) Ogey =" (W) (& O)) "— Osy
XEX
which is a morphism of Og,-algebras by the bimultiplicativity of 7 (more precisely,
being an algebra morphism is equivalent to the multiplicativity of the second variable

of 7). Since G* = Spec ﬁA(ﬁGh) is relative affine over A, the algebra morphism is the
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same as a morphism of «(y) : n — GE7 of schemes over A, i.e.

Taking all y € Y together, we obtain the desired morphism
1Y, — GE7

of schemes over A,. It can be shown that ¢ being a group scheme homomorphism is
equivalent to the multiplicativity of the first variable of 7.

In summary, the degeneration data is essentially a commutative group scheme
G" being an extension of an abelian scheme by a torus over S, a period morphism
1Y, — G% over the generic fiber, and some data specifying the polarization. We view
G* as a "universal cover', and ¢ as the period lattice, parallel to the classical complex
case Y C C*™. Recall that in the definition of degeneration data, 7 has to satisfy the
symmetry and positivity condition, which after translated to the setting ¢ : Y,, — GE],
is the analogue of the positivity and anti-symmetry of the polarization form E in the

classical setting.

Remark 5.1.6. In the classical complex setting, the existence of E controls the position
of the period lattice, and the positivity is the key (equivalent) to finding enough theta
functions with respect to the period lattice to embed the quotient complex torus into
a projective space. A similar role is played by the conditions on 7. Indeed, given
1Y, — GE7 together with polarization data, to construct the quotient ”Gh/Y,, "is a
highly non-trivial procedure called Mumford construction as mentioned in remark 5.1.4.
The positivity condition of T is a key ingredient in the construction, the underlying
reason seems still to be that the positivity ensures enough theta functions to define a

projective embedding.

5.1.4 The construction of Fjq

Now we can explain the construction of Fj, in the theorem. The first step is to
functorially associate a “universal cover" of G over S, and this will be called the

Raynaud extension.
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We take the formal completion Gy, of G along the ideal I, which is a formal scheme
over Sg, := Spf(R,I). Since the special fiber Gy := G x5 Sy is an extension of an
abelian scheme by a torus and torus can be uniquely lifted infinitesimally, we see that
Gy IS an extension

0 = Tior = Gor = Agor = 0

where T}, is a formal torus and Ay, is a formal abelian variety. There is an ample
cubical (see [6] 3.2.2.7 for definition) invertible sheaf on G' whose formal completion
descends to an ample sheaf on Ay, then Grothendieck existence theorem implies that
Agr is algebrizable, i.e. Ag, is the formal completion of an abelian scheme A over
S. Note that the existence of an ample invertible sheaf on G is a difficult theorem
of Grothendieck, where the key ingredient is that the base S is normal. Now we
know that T}, is also algebrizable, whose algebrization we denote by T'. Then the
morphism X (T%,) — Ay, corresponding to the extension Gy, also algebraizes to a
unique morphism X (7) — AY because the formal completion of proper schemes is a

fully faithful functor. The morphism corresponds to the Raynaud extension
0T -G = A—=0

over §S.

Now we look at the dual semi-abelian schemes. Since the generic fiber G, is an
abelian variety, the dual abelian variety Gq\; is well-defined, and the problem is whether
we can extend it naturally to a semi-abelian scheme over S. The hard fact is that
the closure in G of the finite group scheme Ker(),) C G, is a quasi-finite flat group
scheme Ker(),) over S, and the quotient G/Ker(),) is the desired extension of Gy,
which we denote by GV. The semi-abelian extension to S is unique, so GV is uniquely

defined. Moreover, the polarization A, : G, — G,\; extends to a homomorphism
/\S G — GY

over S.

We can apply the previous argument to GV and obtain the Raynaud extension

0—=TV =G =AY =0
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It can be shown that the abelian part of GV is naturally identified with the dual

abelian variety of A, explaining the notation. The morphism Ag induces the morphisms

0 T G" A 0
be b
0 T GHY AY 0

where we can show that A4 is a polarization. By what we have observed, these objects
are equivalent to
(A7 AAJ X? K? ¢7 C7 CV)

in the degeneration data. Hence we have constructed the first seven objects in
Fpol((G7 )‘77))-

It remains to construct 7 out of (G, A,). We have seen that 7 essentially corresponds
to the periods 2 : Y, — GE] in the "universal cover" G%, and 'G = G*/Y," as in the
classical case. In particular, as the intuition suggests, 7 is determined by G and is
independent of the polarization or ample invertible sheaves used in the construction.
Our strategy is to use theta functions to extract the periods, as explained in the
motivation part. Indeed, 7 is essentially the analog of the bilinear form b(-,-) that
appears in the functional equations of Fourier coefficients of theta functions in the
complex case.

Now we begin to construct 7, following the strategy described in the classical case.
Without loss of generality, we assume that X and Y are constant with values X and Y.
We choose a cubical ample invertible sheaf £ on G, then we can show that its formal
completion extends to a cubical ample line bundle £ on G%. We introduce notations

for the maps in the extension by the diagram
0=-T5G 5 A0

then we can choose a cubical trivialization i*£f & @, which forces £? to descend to an
ample invertible sheaf M on A, i.e. 7*M = L. Further, we assume that L,, induces
the polarization A, on G,. We can achieve this by possibly replacing A, with A, , the
construction of 7 will not depend on the choice of A, or L.

We know that G% = Spec,, (X?X@‘) as in (5.2), which implies that

LY @ M,

x€X
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where M,, := M ®4, O,. Then by the relative affineness of G%,

(G* LY =T(A,mL) = @ T(A,M,)

xEX

this is also true if we base change to S; := Spec(R/I"), which forms a compatible

system, hence
for» ~for

] by~ A
['(Gy,,, £ )—XEBXP(A,MX)

where the completion is with respect to the I-adic topology. Now by the definition
of the Raynaud extension, we have that G’ and G* have the same formal completion

along I, i.e. GEM = Gor- The canonical pullback map I'(G, L) — I'(Gfor, Ltor) becomes

[(G. £) = D(Gror, Lrox) = D(Ghs £3,) = & T(A, M)

for
X€

and projecting to the y-th component we obtain
I'(G, L) — I'(A, M,).
Tensoring both sides with K := Frac(R), we obtain
oy (G, L) — T'(A,, My,)

by flat base change, which are the Fourier coefficients of theta functions with respect
to L.

Now as in the classical case, we aim to find the functional equation of o, and
read off the sought-after 7 from it. Let y € Y, and Tov(,) : A — A the translation
by the point ¢"(y), then the equation A4 o ¢V = co ¢ applied to y translates into an
isomorphism

T3y My = Myygi) ©r My (¢ (y))

(using rigidified line bundles to represent elements of A, and elements of AY are

characterized by the identity 7'L = L). This provides us with the natural map
T:V(y) oy D(Gy, £y) = T(Ay, Tc*v(y)Mxvn) = F(AU7MX+¢(ZJ)J7) O Mx(cv(?/))n'
On the other hand, we have the map

Ox+o(y) - Gy, L) — T(Ay, Mx+¢(y)m)'
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The functional equation we are searching for is

Oxroty) = V(Y)T(Y, X)Tc*\/(y) 00y (5.3)

where

Y(y) : M(c'(y))y = Os,,

is a trivialization of the fiber of M at ¢¥(y), and

(Y, X) : ﬁx(cv(y))n — Osy

is a section of &, (c(y))&~" for each y € Y and x € X, so that ¥(y)7(y, x) is a section
of My(c"(y))g~" (recall My = M ® 0,).
It is a hard fact that
oy # 0

for all x € X, hence 7 (and %) is uniquely characterized by the functional equation
(5.3). The positivity, bilinearity and symmetry of 7 all follow relatively formally from
(5.3) and o, # 0. Further, 7 is independent of the choice of £ (¢ depends on £ but is
independent of the choice of M).

Equation (5.3) follows formally if we know that o, ¢, is proportional to T}, (1) © Ox>
and this is proved using representations of theta groups. Indeed, we can prove that o,
factors through an equivariant homomorphism between two irreducible representations
with respect to a subgroup of the theta group of £ (isomorphic to the theta group
of M, which acts naturally on I'(4,, M, ,)), and similarly for T, o o,. The non-
vanishing of o, forces that both factorizations are non-zero, so Schur’s lemma gives

the proportionality.

5.2 PEL degeneration data

We want to generalize the polarized degeneration data to include endormorphisms and
level structures, so that they characterize degenerations of PEL abelian schemes. It
turns out that level structures create substantial technical difficulties, which is one
of the main technical contributions of Kaiwen Lan. Following Lan’s presentation,
we separate the data with and without level structures. We use notations from the

previous section, and the notations for PEL datum are as in section 3.1.
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5.2.1 Data without level structures

We begin by defining the degenerating PE abelian varieties.

Definition 5.2.1. The category DEGpgo(R, 1) has objects (G, A, i) where (G, \) €
DEGy,(R,I), and

is a ring homomorphism such that
in(b)" 0 Xy = Xy 00y (b7)

for every b € O, where i,(b)" : G — G is the dual of i,(b). The morphisms are

isomorphisms respecting all structures.

Remark 5.2.2. We know that the restriction to the generic fiber is a fully faithful
functor from the category of degenerating abelian varieties to that of abelian varieties,
which implies that \,, : G,, — GX extends uniquely to a morphism A : G — GV, thus it is
unambiguous to write (G, \) € DEG,o(R, I). Similarly, we have Ends(G) = End,(G,),
so the extra data are determined by their restriction to the generic fiber, and the generic
fiber is a PE abelian variety by O.

Definition 5.2.3. The category DDpgo(R,I) has objects
(A, Mg,ia, X, Y, 0,c,¢,7)
such that (A, 4, X, Y, ¢,c,c’,7) € DDpo(R, I) and
ia: O — Ends(A)

is a ring homomorphism such that i4(b)" o Ay = Aa 0i4(b*) for every b € O. The data
are required to the additional O-structures in the sense that

(1) X and Y are étale locally constant sheaf of projective O-modules with structure
morphisms ix : O — Endg(X) and iy : O — Ends(Y). X and Y are required to
be rationally equivalent as sheaves of O Xz Q-modules. Moreover, ¢ : Y — X is
O-equivariant.

(2)c: X — AY and ¢V : Y — A are O-equivariant.

3) The trivialization 7 : 1yy.x., — (¢¥ x ¢)*PS-Y satisfies
Y XsA,n AJI

(iy(b) x Idx)*T = (Idy x ix(b"))"T
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forallbe O, ie. 1(by,x) =71(y,b*x) fory €Y and x € X if X and Y are constant.

The morphisms are isomorphisms respecting all structures.
The following theorem follows directly from the functoriality of Fyo(R, ).

Theorem 5.2.4. There is an equivalence of categories

FPE,(’)<R7 [) : DEGPE(Q(R, I) — DDPE(Q(R,I)

We can strengthen the theorem by adding the Lie algebra condition on both sides.

It is the determinant condition in the definition of PEL moduli problems.

Definition 5.2.5. The category DEGpg,,. (Loyr, (.50 (R, ) has objects
(G, \, i) € DEGpro(R, 1)

such that (G, Ay, i) satisfies the determinant condition specified by (L@zR, (-, -), h), see

[6] 1.5.4.1 for definitions. The morphisms are isomorphisms respecting all structures.
Definition 5.2.6. The category DDpg,,. (Lo,r, .y (R, 1) has objects
(A, Xa,14, X, Y, ¢,¢,¢’,7) € DDpro(R, )
such that there exists a totally isotropic embedding
Homgp(X @ R,R(1)) - L®R

of O ® R-modules with image denoted by Z_sr, where X is the underlying O-module
of X, and such that (A,, Ay, ia,) satisfies the determinant condition determined by
(ZfQ’R/Z_z,R, (,+), h_1) induced by the embedding. The morphisms are isomorphisms

respecting all the structures.

Theorem 5.2.7. (Lan) There is an equivalence of categories

Fpp,,. (Lagr, ) n) (R T) :

DEGPELZG L®ZR h)('R ]> —> DDPEL’LE (L®ZR (R ‘[)
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5.2.2 Data with level structures

We will only work with principal level structures in this thesis. The general level
structures can be taken as orbits of principal level structures, and the modification with
degeneration data is to take the quotient of the data with principal level structures by
certain groups.

We fix an integer n in this section. We assume that the the generic point n =
Spec(K) is defined over Spec(Op, ), where Fy is the reflex field and O is the set of
all primes not dividing nly,qDisco/z[L* : L], see [6] 1.4.1.1 for definitions of these bad
primes. In particular, Spec(Op,, o)) is the maximal base over which the PEL moduli
variety is smooth. Moreover, we make the technical assumption that the O-action on
L extends to a maximal order in B.

All the morphisms in the category to be defined will be the obvious isomorphisms

preserving all the structures, and we omit the description.

Definition 5.2.8. The category DEGpgr i, (R, I) has objects
<G7 A? Z’? (an7 Vn))

where

(G7 A, Z) S DEGPELiev(L®ZR7<'7')7h)(R7 I)
Moreover, o, : L/nL = G(nl, and v, : Z/nZ(1) = pn,, are isomorphisms such that
they define a level-n structure for Gy, in the sense that

(Gm >‘T]7 inv (Odn, Vn)) € Mn(ﬁ)

as in definition 3.1.5.

Definition 5.2.9. The category DDpgp, i, (R, I) has objects
(A7 )\Aa Z.Aa Ka Ka ¢7 c, CV7 T, [Oéi])

where
(A7 )\Au iAu X? X? ¢7 & CV? T) € DDPELiea(L®ZR7<'u'>’h)(R7 [)

and

0557, = (Zn> 90727717 (Sofl,na I/fl,n)7 900,77,7 577,5 Cn7 07\7/,7 Tn)

is the level structure data with objects to be defined as follows:
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(1) Z, is a filtration
0C Zy—2CZp_1CZyog=L/nL

on L/nL, which can be written as the reduction modulo n of a filtration (of O &y 7°-
modules)
0CZ4CZ \CZy=L®y7Z"

on L®z7° such that Z extends to a filtration Z,o on L&z A" which has the property that
it is split (as O ®z A”-modules), GriZAD is integral for every i, i.e. GriZAD = M; @z A"
Jor some torsion-free finitely generated O-module M;, and Zyn o is the annihilator of
Zyo_y under the natural pairing (-,-),0 on L @z A"

(2) 10 : GrPn 5 Alnl, and v_y,, : Z/nZ(1) =5 p,.,, are isomorphisms such that

(A'r]) /\A,m Z'14,777 (90—1,77,7 V—l,n)) S Mn(n)

with respect to the PEL datum determined by GT%’LW which exists because Z,, satisfying
the conditions in (1).
(3)
P2t Grly = Hom, ((X/nX),, (Z/nZ)(1))

and
Yon : Grg™ = (Y /nY),

are isomorphisms which are liftable to some isomorphisms @_y : GrZ, = Hom(X ®z
78, ZD(l)) and pg : Grf SY @z 79 over 1. Moreover, they are required to satisfy the
equation

<9072,n(')7 (b % 900,n<'>>can = <'7 '>20,n

where (-, -)can : Hom, ((X/nX),, (Z/nZ)(1)) x (X/nX), — (Z/nZ)(1) is the canonical
evaluation pairing, and (-, Yoo, : GrZy x Gri» — (Z/nZ)(1) is the pairing induced by
(-,-) on L (using that Z, 5 is the annihilator of Z, _1).
(4)
Oy : @Griz" = L/nL
is a splitting of the filtration Z,, which can be lifted to a splitting 0 : GPGTZZ & L@y 75,
(5)

1
Cp - 5% — A,
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and .
VA
C, - 5&77 — A7\7/

are homomorphisms that lifts ¢ and c¥ overn, i.e. ¢, = cpo (¥, — %Xn) and similarly

for ¢Y. They are required to be compatible with the splitting 0, in the sense that

<Q0—1,n(')7 ()\A o C»,\i —Cp O gb) o 900,71('»14 =V_1n0 <'7 '>10,n
where (-,-)a : A[n]z x AY[n]z — png is the Weil pairing of Az, and
(-, Vo : Gron x Gri» — (Z/nZ)(1)

is the pairing induced by 6,, and the natural pairing (-,-) on L/nL, i.e. (-,-)10n =
(60(+), 60(+)) with domain Gr?y x Gré~. Moreover, they need to satisfy a level-lifting
condition compatible with all the previous lifting, see [6] 5.2.7.8 for the precise descrip-
tion.

(6)

. ~ \Y *HR—1
To I%Xm&m — (¢, X ¢p) Pin

is a lifting of T in the obvious sense. Similar to (5), it is required to be compatible with

0, in the sense that

doo,n(®0n(+); Pon(+)) = V-1 0 (-, )oon
where dyo,, : %Y/Y X %Y/Y — fn; 1S defined by

1 1 1 1
dOO,n(ﬁya ﬁy/) = Tn(ﬁyv ¢(y,))’rn(ﬁy/> ¢(y))_1

for %y, %y’ € %Y, and (-, )oon : GTOZ" x Grg™ — (Z/nZ)(1) is defined by (-, )oon =
(0n(+),0n(+)). They again have to satisfy a level-lifting condition, see [6] 5.2.7.8 for
details. Note that we have tacitly used the canonical identification %Y/Y =2Y/nY.

The bracket [a2] means the equivalence class of o, see [6] 5.2.7.11 for the definition.
Essentially, taking the equivalence class is to eliminate the choice of the splitting. The
subtlety to define the equivalence is that the complicated relations among the data
are described using splittings, and changing splittings will introduce modifications
into various data. We only remark that the data (Zn,p—2mn, (9—1n,V-1n); Pon) 1S

independent of the equivalence class, so the equivalence has effect only on (8, Cny )y Th).
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Remark 5.2.10. There is redundancy in the above definition, namely, ¢ and ¢" are

V
n’

determined by c, and c’, and the same is true for T.

Theorem 5.2.11. There is an equivalence of categories

FPEL,Mn(Ra ]) : DEGPEL,Mn<R7 ]) — DDPEL,Mn(R7 I)

5.2.3 The construction of Fpgr

We now explain the meaning of the above complicated data and the construction of
Fpprum, (R, I).

Without loss of generality, we assume that X and Y are constant with values X
and Y from now on. we have already seen how to associate data that characterize the
degenerating abelian scheme G, together with its PE structures, we now focus on the
level structures. The key point is that Mumford construction tells us that G[n], is

naturally an extension
! 1
0 — G*n],, = G[n|, — —nY/Y —0

which further justifies the heuristic "G' = G%/Y"". Moreover, G% being a global extension

of an abelian variety by an algebraic torus implies that G®[n], is also an extension
0 — T[n], — G*n], — Aln], — 0

It is clear by naturality that these extensions can be upgraded to extensions in terms

of the Tate modules, i.e. T7G,, := Jim G[m], for example.
(m,0)=1
Now if we are given a level-n structure on the generic fiber, we have an isomorphism

an : L/nL = G|n], together with an isomorphism v, : Z/nZ(1) = i, which is
compatible with the Weil pairing and liftable to the Tate module. The above two

extensions endows a filtration Z,, on L/nL through «,, i.e.
0C Zy—2CZp—1CZno=L/nL,

such that o, identifies Gr?3, Gr”; and Gr{™ with T'[n],, A[n], and 2Y/Y respectively.
Note that T'[n], = Hom(X/nX, u,) = Hom(X/nX,Z/nZ(1)), and we denote the

corresponding isomorphisms by

©_on: Griy S Hom(X/nX, (Z/nZ)(1)),
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O_1n: Gr%’l‘ = Aln],

and
on: Grgm = (Y/nY),.

This explains where (Z,, p_2n, ¥—1n, Pon) come from. The respective liftability
conditions in (1), (2) and (3) of definition 5.2.9 corresponds to the liftability of the
level structure «,, and the above extensions. That they satisfy the conditions on Weil
pairings in (1), (2) and (3) are general theorems of Grothendieck in SGA 7, where
the above two extensions are interpreted as monodromy filtration. The v_; ,, in the
degeneration data is defined to be v, which is forced by the Weil pairing condition in
(2) of definition 5.2.9.

We have produced the data (Z,, ¢—2.n, (¢—1n,V-11), Pon), Which characterizes o,
up to graded pieces. Now we aim to find more data from which we can recover the
complete a,,. The idea is to introduce auxiliary data that corresponds to splittings of
the above two extensions, and then take equivalence relations by identifying different
splittings.

First, a splitting of the extension
0 — T[n], — G*n], — A[n], — 0

is the same as a section of G*[n], — A[n],, which is equivalent to a subgroup scheme
H of G®[n],, that is isomorphic to A[n], through the projection. Let GE; := G%/H, then

the quotient map induces

0 T, G A, 0
0 T, G A, 0

which can be completed into

0 T, G* A, 0
0 T, GE7’> A, 0
0 T, G* A, 0
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We see that the extension GE{ together with the isogeny

0 T, G A, 0
0 T, G A, 0

determines the splitting, hence a splitting of 0 — T'[n], — G%n], — A[n], — 0 is
equivalent to a diagram as above, which is the same as a lifting ¢, : %X — A;Y/ of
¢: X — AY over the generic fiber.

Next, we look at the splitting of

1
0 — G*n),, — G[n], — ﬁY/Y -0

From the Mumford quotient "G = GE7 /YY", it is reasonable to expect that a splitting
1Y/Y — Gln], is equivalent to a lifting

1
zn:—Y—>GE7
n

of the period homomorphism 2 : Y — GEW and this can be proved rigorously. The

composition of 1,, with projection to A, produces
\ 1 in ] ™
Cp gY — G, — A,

which lifts C,V] because 1,, lifts 2 and cTV] = mo1. As we have seen before, such a period

homomorphism 2, is equivalent to a trivialization of biextensions
. ~ % *PDR®—1
Tn i liyeoxy — (cn X cn)" P,

that lifts 7.
We have seen that a splitting of the monodromy filtration on G|n|, is equivalent to

the data

(s s Tn)

that lifts (c,, ¢y, 7). From the isomorphism o, : L/nL = G[n],, the splitting on G[n],
induces a splitting ¢, of the filtration Z, on L/nL, and this finishes the construction
of the remaining

(6717 Cn, C)—ia Tn)-



5.2 PEL degeneration data 79

Note that the liftability condition is clearly satisfied.

To summarize, the data (c,, ¢, 7,) determines a splitting of the monodromy filtra-
tion W, on G[n],, i.e. an isomorphism ¢, : ®Gr}"™ = G[n],, and the level structure
o, can be recovered as '

—1 @@i,n
a, : L/nL % OGrén — OGri" C—N"> G[n], (5.4)

which is liftable by the liftability condition on all the intermediate isomorphisms.

The last ingredient is to find characterizing conditions for «,, to be compatible with
the Weil pairing. The key is to use the degeneration data to describe the pairing on
@GT’ZW " induced by the Weil pairing on G[n}, and the isomorphism (,. This is the most
difficult part of the construction, as well as one of the main technical contributions of
Lan.

We know that the two pairings on Gr''y x Gri'™ and Gr' x Gr'; are independent
of the splitting since W,, _5 is the annihilator of W, _;, and has been determined by
Grothendieck as we have already remarked. Since the Weil pairing is alternating, the
remaining cases to be determined are Gr''? x Gri™ and Gry™ x Gry’™. The result is

as follows, the pairing on Gr''r x Gri'™ is given by
WTL n 1
Griy x Gry'™ = Aln], x EY/Y — gy

that sends (a, 2y) to
(a,(Aam oy — cnod)(=y))am)

1
n
where (-, ) ap) @ Aln], x AY[n], = pny is the canonical Weil pairing. On the other
hand, the pairing
Gry’m x Gry™ = TllY/Y X TllY/Y —
is given by
1) — Tl o, B2 10, 6(01) ™
n’’'n n n
We now transform the pairing from EBG'/’ZW " to L/nL using §,, and ¢, ,, then the
compatibility of a,, with the Weil pairing is rephrased in the language of degeneration
data, which is exactly the various pairing conditions in definition 5.2.9.
Lastly, the equivalence is defined by identifying different splittings (,, and §,, which
induce the same «,, through (5.4). This is easily translated into a statement involving

only degeneration data, see [6] 5.2.7.11 for details. Since (, is equivalent to (c,, ¢, T,),
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clearly the equivalence only changes (9, ¢,, ¢, 7,). This concludes the construction of
Fperm, (R, T).

5.3 Toroidal compactifications

We now review the construction of toroidal compactifications of PEL Shimura varieties.
This is in some sense the universal base of a degenerating PEL abelian scheme. We have
already seen that degenerating abelian varieties over a Noetherian normal complete
affine base is equivalent to a set of degeneration data. The basic idea of the construction
of toroidal compactifications is to find the moduli space of the degenerating data, and
glue them to the Shimura variety.

More precisely, since the degeneration data characterizes the degenerating abelian
varieties only over a complete base, the moduli space of degeneration data is the
completion of the toroidal compactification along the boundary. To obtain the whole
compactification, it is necessary to algebraize the complete situation, which is a subtle
procedure that we will not review.

Let us start with the construction of moduli space of degeneration data. We first
construct the moduli space of data without the equivalence relation, i.e. we want to
parametrize the tuple

(A, Xa,ia, X, Y, 6,¢,¢",7,a%)

without bracket on o, where
OZEL = (Zna P—2.n, (90—1,na V—l,n)7 ©P0,n5 671’ Cn, c’r\i7 Tn)'

The moduli space of the degeneration data will be the quotient of this parametrizion
space by a group action identifying equivalent data. Without loss of generality, we
assume that X and Y are constant with values X and Y as before.

Since (¢, ¢Y, T) is determined by (c,, ¢, 7,), the data we aim to parametrize is

(Zna (X7 Y7 Qb, P—2.n, SOO,TL)a (Av AA? iA? (QO_Ln, V—l,n))7 5717 (Cn7 CX7 Tn))

where
CI)TL = (X7 Ya ¢a P—2.n5 900,")

describes the torus part of the degeneration and

<A7 )\Au iAu (Sofl,nu V*l,ﬂ))
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characterizes the abelian part, both with level structure specified by Z,. Moreover,

(¢n, ., Tn) contains the information on the extension between abelian and torus part,

the periods, and a splitting of the monodromy filtration, which, together with 9,

determine the level structure on the generic fiber of the degenerating abelian variety.
The data

(Zna (X7 Y> ¢a 90—2,717 @O,n)a 671)

is discrete in nature, and the equivalence class of the tuple is called the cusp label.
Indeed, two tuples (Z,,(X,Y,®, ¢_2n, Yon) 0n) and (Z,, (XY, ¢, 0" 5, ¢0.,): 0r,)
are defined to be equivalent if Z,, = Z/, and there exists O-equivariant isomorphisms
vx + X' 5 X and v, : Y 5 Y’ such that ¢ = yx¢'yy, ¢y, = Yx@-2n and
©on = VrPon- Note that the equivalence classes is independent of the splitting d,,. The
cusp labels are essentially equivalence classes of PEL torus. Following Lan’s notation,
we sometimes abbreviate the notation (Z,, ®,,9,) to (®,,d,) for simplicity. This is
mostly used in the indexing of various objects.
The abelian part
(A, A4, 04, (P-1n,V-1n))

is precisely a point of the moduli space of PEL abelian varieties M,, with PEL data
determined by Gr?;, which we denote by M?%». By abuse of notation, we use A to
denote the universal PEL abelian variety over MZ.

Next, the homomorphisms ¢, and ¢/ are parametrized by the group schemes
Homp(+X, AY) and Homp(+Y, A) over M. Recall that ¢, and ¢, lifts ¢ and ¢¥, and
the latter satisfies the relation A4 o ¢¥ = co ¢, which is equivalent to (c,, ¢,/) lies in the
group scheme

1 1

Co, = Homp(—X, AY) X Homp (=Y, A)
n Home(Y.AY) n

where the first projection map is ¢, = ¢, 0o (Y — %Y), and the second one is
¢y = Aaocyo(Y < 1Y)

Further, (c,,c,) are required to satisfy the relation

(e-1n(); (Aao ey = cnod) o @on(-))a=rvo1no( )10m (5.5)

and we want to find the subspace of the parametrization space cut out by this relation.

Note that the equation

<()071,n(')7 bq)ﬂ,&n o ()00,71(')>A =V_1n© <'7 '>10,n
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defines a liftable homomorphism
1 \%
bo, s, : =YY — AV[n]
n
and the relation (5.5) is rewritten as
bo, 5, = Aa 0 C, — ¢y 0 P

Thus the parametrization space we are searching for is the fiber at bg, 5, of the
homomorphism

0, Ca, — Homo(~¥/Y, A'[n)

that sends (¢, c,)) to Aaoc¢,) — ¢, o ¢. We denote it by
Copn = 0y (b2,5,)-

It can be shown that Cﬂpmbn is a trivial torsor with respect to a commutative proper
group scheme over M?»  but it is not necessarily geometrically connected. However,
the liftability condition on (¢, ¢Y) singles out a connected component Cg, 4, of Cp, 5, ,

which is an abelian scheme. Thus we see that the tuple

(Zn7 (Xa va ¢7 P—_2.n, @0,71)7 (A; )\Ay Z.Ay ((:0—1,717 V—l,n))u 57’” (Cna C'r\i))

is parametrized by

I Co.b.

(Zn,Pn,6n)

where Cg, 5, is an abelian scheme over M7,

The next step is to include 7, into the parametrization space. By construction, we

Y

v) over Cg, p,. There is a map

have two universal homomorphisms (¢, ¢
1 .
-Y x X — Pic(Cs, ,)
n

defined by (Ly,x) = (c¢/(£y), ca(x))*Pa. The linearity and O-equivariance of (¢, /)

n

implies that it descends to a morphism

1
U2 So, = Y @2 X/ {, Ly i b yyer = PiclCo,n)
beO
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and such that
S (0
ZG-S-.;),”

is an O¢, , -algebra, hence we have

Ea, b, (= Spec,, (@ v,())

“@nbn ZGHSq>
n

which is a Eg, := Hom(Ss,, Gp,)-torsor. By construction, there is a universal trivial-
ization

Ty I%YXX - (C;L/ X c)*Pffl

over é‘i’n,bn'
Note that Eq:.n is not necessarily a torus since Sﬂpn can have torsion elements.
However, as explained in [6] 6.2.3.17, the liftability of 7,, together with the pairing

condition in (6) of definition 5.2.9 cut out a subspace Zg, 5, of é%,bna which is a

Eg, := Hom(Ss,, G,)

n

-torsor over Cs, 5, where Sg, := S, frec i the free part of Se,,.

Remark 5.3.1. We have seen that the liftability condition restores connectivity in both
Cs, b, and =g, 5,. This is a subtlety caused by the non-trivial endomorphism structure
O. In particular, it does not appear in the Siegel case treated in Faltings-Chai, where
level-n structure is liftable.

Thus we have seen that the tuple

(Zn7 (X7 Y7 ¢7 P—2.n, SDO,n)a (A7 )\A7 iA? (9071,7% V*l,n))a (5n7 (Cna 07\{)7 Tn)

is parametrized by

II Es.s.

(Zn,Pn,0n)

where

( © W,(1))

Eo,.5, = Spec
o ﬁc‘bnybn l€S<I>n

is a Fg,-torsor over the abelian scheme Cg, ;, defined over MZ». This is almost the
parametrization space we are searching for, except that we have not dealt with the

positivity condition on 7 (or 7). Indeed, Z¢, s, is the moduli space of "degeneration
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data over the the generic fiber", it remains to construct the boundary on which the
data extends and the positivity condition holds universally.

Recall the positivity condition for 7 is that the morphism

7(y,0(y)) : (¢"(y) X co () Pay — Osy

extends to S for all y € Y and that for y # 0, it factors through the ideal of definition
of S. We have constructed a universal 7, over Zg, 5, by making (¢ (2y), ¢, (x))*Pa =
U(Ly ® x) part of the structure sheaf of the relatively affine scheme Zg, 5, over Cg, p, -
There is a natural way to compactify the Eg -torsor =g, s,, namely the toroidal
compactification, which produces directions where 7 can extend. However, this is
non-canonical and depends on an auxiliary choice of cone decomposition, since there
are infinitely many potential directions and it is necessary to make a choice.

More precisely, the cocharacters of Eg, is Sg = Hom(Ss,,Z), and the correspond-
ing real vector space (S, )i can be naturally identified with the space of Hermitian
pairings (|-,-]) 1 Y @z RxY ®z R — O ®z R. Let Py, C (53, )x be the subset of
positive semidefinite Hermitian pairings with admissible radical, i.e. its radical is the
R-span of some direct summand O-submodule of Y. Let ¥4, = {0;} be a rational
and let 0¥ := {v € Sg,|f(v) > 0,Vf € o}, then

we have the natural toroidal compactification

polyhedral cone decomposition of Pg

n?

‘_‘q’naé’mE@n

of E¢,s,, obtained by gluing together the relatively affine toroidal varieties

(& W,(l)).

=%, (Uj) = Specﬁap bn lECY
n.vn J

Alternatively, we can define Zg, 5, 5, s 2,5, X7 Eg, 5, , where Eg, 5, s the

classical toric variety associated to the cone Xg, (viewed as schemes over Cs, 4, ).
Note that the toroidal compactification Zg,, 5, has the universal property as

follows. If S is a Noetherian scheme over Cg,, 5, with S C S a dense open subscheme,

and S — Zg, 5, is @ morphism defined over Cg,, 5, , then it extends to a morphism

S ‘:‘q:'n76n 7E<I>n
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over Cg, 3, if and only if for each geometric point x of S, every dominant morphism

Spec(V) — S centered at z, with V' a discrete valuation ring, the associated character
Sq;n — 7

lies in the closure @ for some o € ¥g, (0 depends only on z). The naturally associated
character is defined as follows. Let p: S — Cg, 4, be the structure morphism, then we

have the commutative diagram

n := Spec(Frac(V)) S o, .6,
Spec(V) ! S —" Co,p,

The generic fiber (f*p*W, (1)), of the line bundle f*p*¥, () is equipped with a natural
trivialization since it factorizes thorough =g, 5, as the top row of the diagram shows,
while the line bundles ¥, (1) on Zg, 5, has a canonical trivialization by construction.
Now under this trivialization, f*p*W, ({) is identified with a V-submodule [; of Frac(V'),
we define the desired character Sg, — Z by sending [ to the lower bound of the
valuation of elements of I; C Frac(K). In other words, [, = Va™ C Frac(V) with
m € V the uniformizer and m; € Z, then [ is sent to m;.

The universal property follows simply by unravelling the definition of toroidal
embedding. This is important because it is the ultimate origin of the universal
property of toroidal compactifications of Shimura varieties to be discussed below. The
formulation is useful because in the situation we will consider, I; can be directly read
off from the degeneration data of a degenerating abelian variety over V.

We have now constructed the "moduli space" of the tuple

(Zn7 (X7 Yv ¢7 P—2n, (100,71)7 (Av )‘Aa Z.A? ((pfl,na l/fl,n))a 5n7 (Cna 07\1/7 Tn))

with a specified direction of degeneration, namely

H ‘:q)n76n72<1>n )
(Zn®n,0n)

over which there is a universal degeneration data, and we would like to find the
associated degenerating abelian variety. However, the equivalence between degenerating
abelian varieties and degeneration data holds only over a complete base, so the correct

object to consider is the completion of =g 5, = s, along the boundary, which we denote
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by Xs, 5,5, and there is a universal degenerating abelian variety over Xs, 5,5, -
More precisely, the equivalence between degeneration data and degenerating abelian

varieties are only proved over complete affine base, and Zg, 5 is not affine in

Ny 5dy,
general. However, the global degeneration data defines degenerating abelian varieties
Zariski locally, and it is not hard to use the functoriality of Mumford’s construction to
glue them together to obtain a global one.

The next step is to quotient out the equivalence relation to find the moduli space
of degeneration data. Recall that the equivalence classes [(Z,,, ®,,d,)] are called cusp
labels, which subsumes the ambiguity caused by equivalence classes of af. Further, we
need to take care of the isomorphism classes in the category of degeneration data, and
this is described by the action of the automorphism group. We choose a representative

(Zy, P, 0,,) for each cusp label, then the automorphism group of the chosen label is

Ls, == {(7x,7v) € GLo(X) X GLo(Y)|¢—2n = YXP-21: Pon = Vv Pon: @ = Yx PV }

which acts on =g, 5, and Pg,. We choose the cone decomposition Xy, to be I'g, -
admissible, i.e. yo € ¥4, for all vy € 'y, and o € ¥, and the action of I'g, on Xg,
has finitely many orbits. Under this condition on X, , the action of I'y, extends to

Z3,.6,.5s, Dence also on Xg, 5, v, , and the moduli space of degeneration data is

I *e.6.5,/Te,
[(Zn,®Pn,0n)]

where we choose a representative (Z,, ®,, d,) for each cusp label, and X4, 5, v, /Ts, is
constructed with respect to this choice. The degenerating abelian variety on X, s, 5,
descends to Xs, s, x,, /I's, if a technical condition on ¥4, is satisfied, see [6] 6.2.5.25,
which we assume from now on.

Now the degenerating PEL abelian variety over Xs, 5, 54, /T's, is a PEL abelian vari-
ety over the generic fiber, hence defining a map from the generic fiber of Xg, 5, 5, /I's,
to the moduli space M,. An appropriate algebraization of these attaching maps will
provide gluing maps along neighbourhoods of the boundary of the toroidal compactifi-
cation of M,,. Hence we can glue them together to obtain the toroidal compactification.
In order for the gluing process to work well, it is necessary to choose the cones ¥g  to
be compatible for different ®,,, see [6] 6.3.3.4 for details.

We remark that the algebraization process is very delicate and not canonical. As
a consequence, it is difficult to describe the Zariski neighborhood of the boundary.

On the other hand, since the boundary is glued by the algebraization of a formal
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scheme which we constructed rather explicitly, we have a nice description of the formal
neighborhood of the boundary, which is nothing but X4, 5,5, /I's,. This also tells us
what the boundary looks like, which is simply the support of Xg, 5,5, /T's,. Moreover,
the universal property that we described for Zg, 5, 5 s, survives all those completion,
algebraization and gluing procedure, and is transformed to a universal property for the
toroidal compactification of M,,.

To summarize, we have the following theorem.

Theorem 5.3.2. (Lan [6] 6.4.1.1)) To each compatible choice ¥ = {Xs, }@,.5,) of
admissible smooth rational polyhedral cone decomposition as in [6] 6.53.3.4, there is an
associated algebraic stack M5, (which is a scheme when n > 3) proper and smooth over
Spec(Or, ), containing M, as an open dense subspace whose complement consists

of normal crossing divisors, together with a degenerating abelian variety
(G, A i, (i, vn))

over M]ff’g as in definition 5.2.8, such that we have the following:

(1) The restriction of (G, A\, i, (an, V) to M, is the universal PEL abelian variety
over M,.

(2)M)%; has a stratification by locally closed subschemes

Mftl?g = H Z[(q’n"snaff)]
[(®n,6n,0)]

where o € Xg, and [(Py,0n,0)] are the equivalence classes of the tuples (P, 0p,0),
which are the obvious refinement of the equivalences used to define cusp labels, namely
by requiring the isomorphisms to preserve o, see [6] 6.2.6.1 for details. Note that we
suppress Z, in the notation, following Lan.

The formal completion (th") Ly .00] of M°s along Zjs, s,y % canonically
isomorphic to X, 5, 0/le,.0

(MtOT ) XQ),“(S,“O-/F(I)”,O-

(én dn,0)]

where Xg, 5. 5 1S the formal completion of

7L767L7

Es, 5, (0) = Spec,, (® v,(0))

Cop b lESY
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along the boundary Spec,, (@ U,(0)), with ot = {x € Sy, |(x,y) = 0,Vy € o}.

Dy ,bn ol
The scheme =g, 5, (0) is a relativfaﬁ?ne toroidal variety over a Eg, -torsor over Co,, p,,
which is an abelian scheme over the PEL moduli space MZ» with PEL data specified
by Gr%ﬁ. Then the strata Zj(e, s,.0) 5 isomorphic to the support of X, 6,0/ 0,0 If
n > 3, then the action of U's, , is trivial, and Xe, 5, 0/Te, s = Xo, 5,.0-
(3) If S is an drreducible Noetherian normal scheme over Spec(Op, o)) over which
we have a degenerating PEL abelian variety (GT, AT, iT, (af v1)) as in definition 5.2.8

n n

(with the same PEL data as that of M, ), then there exists a morphism
S — M,%

over Spec(Op, @)) such that (G, X141, (af, v})) is the pull back of (G, A, i, (cn,vy)) if

n''n

and only if the following condition is satisfied:

For each geometric point s of S, and any dominant morphism Spec(V) — S
centered at 5 with V a complete discrete valuation ring, let (GF, A\t (b, v})) be the
pullback of (GT, X1, it (af vl)) along Spec(V) — S, then the theorem on degeneration

n' n

data provides us with the degeneration data

(AR N XEYE 6 cb (V) [(af))

n

over V.. Note that X and Y are automatically constant (hence the notation) since V is
a complete discrete valuation ring. Moreover, (Z%, ®}) is determined by [(af)*]. Let

n = Spec(K) be the generic fiber of Spec(V'), the isomorphism
Ti . ((Cv>i X Ci)*PAi’n L) 1Y¢><X1,17

(X)) Pas
Ci(X»*PAi

defines a trivialization of the generic fiber of the invertible sheaf ((c¥)*(y)
on Spec(V) for eachy € Y*, x € X*, with which we can identify ((c¥)*(y)

with an invertible V -submodule I, of K. This defines a morphism

X
X

Yix Xt = Inu(V)

(ya X) — Iy,x

with Inv(V') the group of invertible V-modules (submodules of K ). We can show that it
extends to .

Yt x Xt — Inu(V),

n
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which descends to a homomorphism
B Sy, — Inv(V)

composed with the natural identification Inv(V') = Z defined by 7™V <— m with © the

uniformizer, we obtain a homomorphism
vo Bt : Se, — 7L

which is an element of Sy . The upshot is that we associate an element vo Bt € Sy
for each dominant morphism Spec(V') — S centered at § with V' a complete discrete
valuation ring.

Then the condition is that for some choice of 6% making (Z}, ®  6%) a representative
of a cusp label, there is a cone ot € gt depending only on 5 such that v o B* € Gt for
all those vo B coming from a dominant Spec(V) — S centered at 5 with V' a complete

discrete valuation ring, where @+ is the closure of o¥.

5.4 Partial Frobenius extends to toroidal compact-

ifications

Now we can prove the main technical results on the extension of partial Frobenius to
toroidal compactifications. We follow the notations of section 3.3. In particular, we
assume that

p splits completely in the center F° of B,

and the moduli problems

MK(”)/A = H Mn(LvTrOF/Z o (Oz(S(-, >F>)
a€l)
dEA

are defined over Op, ®z F),, where Q2 and A are fixed sets of representatives of the

double quotients

(F @ A7) = [] (Or ® Zy);o(Or ® 27)"

a€el)

(©r @ 27)* = [0 oK m)2)
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Let p = ][p; be the decomposition of p in F', and we will focus on a single p; from

now on. We fix a { € F satisfying v,,(§) = 1 and v, , () = 0 for ¢ # i. Recall that
the partial Frobenius
Fy t M(y/A — Mg@n)/A

is defined by union of the maps
Ma(L, Troy/z 0 (@80, )p)) = Ma(L, Trogsz o (a/8'(--)r))
with o/ € Q, 0’ € A characterized by
a=ea'\ (5.6)

A0 = €90’y (5.7)
where € € (Op ® Zy))5, A € (O @ ZP)%, € € O, and v € (v(K(n))ZP*) as in the
above two double quotients of (F @ A®*)* and (O ® Z?)*. The map is defined by

(AN 0, (ap, 1)) — (AN (o), V),

n' n

where

A" = A/ (Ker(F)[pi]),

i’ is induced by the quotient map m,, : A — A’, X" is characterized by {A =, 0 N o,
which defines a quasi-isogeny X', a;, = m,, o0 a,, and v, = v, 0 k.
In the last equality, we fix a set of representatives of Z?* /u(U(n)) = (Z/nZ)*,
which defines
v(K(n)2P* = [[v(K(n))x

where k € 7P ranges over the chosen representatives. Then the x in the equality
vl = v, o Kk is defined by

v =Pk
where 5 € v(K(n)) and + is obtained from the equation A\d = ¢’y as above.

Remark 5.4.1. The above procedure can be performed to any PEL abelian variety
(A, N\, 4, (ay, vy)) defined over a base scheme S over Op, ®zF,, and obtains a new PEL
abelian variety (A', X', 7', (o, v),)) over S, which is nothing but the map F,, on S-points.

n' n

Now let ¥ = {Eas}acasen, Where 3,5 is a compatible choice of admissible smooth

rational polyhedral cone decomposition with respect to the PEL moduli variety
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My (L, Tro,z 0 (d(-,-)r)). Hence each X, determines a toroidal compactification
My (L, Tro, z 0 (ad(-,-)r))$", and the union of which defines the toroidal compactifi-

action

(Micn)/ D) = [ Mn(L, Tro, 2 0 (a0, ) p))S,

a€el)

dEA
Moreover, the union of the strata
Mn(L’ TTOF/Z © (OZ5<.7 >F))1§):6 = H Z[(q)océ,nvé‘aé,nvo'aé)}
[(q)aé,naéaé,nvo'aé)]
defines
(MK n)/A)tOT = H H Z[(<Da5n a(S n70a5)] (58)

aeQ (bﬂ n75a nao—a
Q€D (P s 0]

We now state the main result of this chapter.

Theorem 5.4.2. The partial Frobenius Iy, : Mgy /A — Mgm)/A extends to a map
By + (M) /D) — (M) D)5

where 3 = {3 s}acasen is characterized as follows:

First, for each [(Zasn, Pasn, dasn)] we associate another [(Zlys s Phsi s Oorsr ) @S
follows: o € Q, &' € A are determined by o and ¢ as in (5.6) and (5.7), then

Z&’élm = Zocé,’m
and Zf Cbaé,n = (Xa Y, ¢7 ¥Y—2,n, QOO,n); we deﬁne

s = (X @0, 06, Y, 0,000, 00.0)

where
oo Gl = GrZ5 P28 Hom(X/nX, (Z/nZ)(1))
— Hom(X @ p;/n(X @ p;), (Z/nZ)(1))
and

Zo/é/,

906,71 :Gry® " = Gry Zasin PO = Y/nY.
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Further, ¢' is defined by the diagram

— ¢
1dR(Opp;) X®OF Pi ™

4 ¢®i4
B -
Y @op bi id®(P;1<—’OF)}”: id@(Op=p;) Y /

—1 s
Y ®or b eron T

Now for every o € Yg we associate o’ € X by (®R of) the pullback map

ad,n’ als’,
ooy > Sa_,, (recall that Sg_ is the set of bilinear pairings Y x X — Z which are
O-compatible and becomes symmetric Hermitian once we pullback to'Y XY along ¢)

induced by the natural map
Y x(X®p;) —Y xX

More precisely, the pullback map induces an isomorphism (Ss,, )5 — (Se,,, g preserv-
ing positive semi-definite pairings, hence defining an identification Xg ; , A ot
and we define ¥.,5 = {E&);W n}[(q;.

;/ym)é;/y’n)} :

Moreover, with the association as described above, the map Fy, sends Z(a,; . 6u5.n.005)]

to Z[(Q;/y7n76;/5/’n7‘7/&/5/)} :
Proof. 1t is enough to prove that F,, extends to the toroidal compactification on each

component, i.e.
M, (L, Tro,z 0 (ad(-,-)r)) = Mu(L, Tro,/z 0 (a'0'(-,-)F))
extends to a morphism

Mn(L7 TTOF/Z © (Oz(5<~, '>F))t2025 — Mn<L> TTOF/Z © (0/6/<'7 '>F))t20’:,6,

and maps strata to the expected ones. This reduces the question to toroidal compacti-
fications of Kottwitz’s PEL moduli varieties, and we can apply the general machinery
of Lan, and in particular the universal property in theorem 5.3.2.

The idea is very simple. Let G be the universal semi-abelian variety (with extra
structures on the open part) over M, (L, Tro,z o (ad(-,-)p))$" . Since the partial
Frobenius sends A to A/(Ker(F)[p;]), it is natural to extend the map on semi-abelian
varieties by the same formula G — G/(Ker(F)[p;]) (and take care of the extra
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structures), and this simple idea does indeed work. More precisely, we can define a

new semi-abelian scheme

G/(Ker(F)[pi)

(with extra structures on the part by definition of partial Frobenius) over M, (L, Tro, /70
(d(-,-)r))s" ., and we would like it to be the pullback of the universal semi-abelian

tor

variety over M,(L,Tro, z o (¢/d'(-,-)r))ss  through a morphism
als’
My (L, Trogz 0 (@d(, ) )5y = Ma(L, Trogjz o (a/6'( ) p))5 -

tor

The universal property of M, (L,Tro, /z 0 (o/d'(:, -)F))ZZMI tells us exactly when this
happens, and all we need to do is to verify the semi-abelian variety G/(Ker(F)[p;])
satisfies the condition of the universal property. This amounts to finding the period of
the degenerating abelian variety, or more precisely the bilinear pairing vo B € S Va,y in
the notation of theorem 5.3.2, which is defined through the assoicated degeneration data.
Hence we need to find the degeneration data of G/(Ker(F)[p;]). More precisely, given
the degeneration data of G, we aim to write the degeneration data of G/(Ker(F)[p;])
in terms of that of G, i.e. to translate the map G — G/(Ker(F)[p;]) to the language
of degeneration data (in a suitable formal setting).

First, note that the restriction of G/(Ker(F')[p;]) to the open stratum is simply
the old A’, and the definition of partial Frobenius already tells us that it comes with
the PEL structure, i.e. we have a degenerating PEL family

(G/’ /\/7 i/’ (O/m V;L))
over My, (L, Tro, z o (ad(-,-)r))5,, as all the extra data are defined on the generic
open part (although A and i’ extends to the whole base by formal argument).

Let us specialize the setting of the universal property in theorem 5.3.2 to our case.
Let us fix a geometric point 5 of M, (L, Tro,/z 0 (ad(-,-)r))¥",, and we assume that it

lies in the strata Zjq . Let V' be a complete discrete valuation ring, and we

aé,nvéaé,naaats)}
are given a dominant morphism Spec(V) = My (L, Tro,/z 0 (ad(:,-)r))s, centered at
s, and

(@ XL, (o 1)

n n

the pullback of (G', N',i', (o, 1)) to Spec(V).
It is an easy observation that GT = Gypec(v)/(Ker(F)[p;]), i.e. we can first pullback
the universal semi-abelian GG, and then apply the partial Frobenius operation, and

similarly for the extra structures.
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Let
(A7 AA? iAv X7 Y7 ¢7 C, c\/7 T, [aEz])

be the degeneration data associated to (G, A, i, (0, Vn))spec(v)- Since V' is centered at 5

which lies in Zj(g , we see that the torus part of the degeneration data is the

a5,n76a5,n70a5)}

same as D, and similarly for 6,6, (if we choose a representative (Zasn, Lasns dasn)

of the cusp label [(Zasn, Pasn, dasn)]). Moreover, .5 determines the range of 7, in af,.
We want to write the degeneration data

(ATv )‘TAT77:1L4T7XT7 YT? ¢T7 CT7 (Cv)Tv TT? [(ai)T])

of (G, A4, (o, 1})) in terms of that of (G, A, i, (o, Vn))spec(v). More precisely, our

n» n

aim is to describe v o B in terms of v o B, and it is enough to describe certain part of
the degeneration data for our purpose, as in the next proposition.

Recall that B is a homomorphism Sg, — Inv(V') induced by

1Y x X — Inv(V)

n

which is
(Y, x) — Ly = (cv(y) x ¢(x))"Pa C K := Frac(V)

when restricted to Y x X, and similarly for Bf. By the proposition below, we have
that

= Tlytxxt

under the natural inclusion

Yix XT =Y x (X ®0,p;) =Y xX
and identification

()T x Y Par =2 ((¢” x ¢)*Pa)ytxxt.

Therefore, by abuse of notation (viewing B as bilinear forms on %Y x X, and similarly
for BY)

BT|YT><XT = B|YT><XT

where the second restriction is induced by

Yix XT =Y x (X ®0, p;) =Y x X.
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We now have obtained

v o BT|YT><X1‘ = v 0 Blytyxt

which means that
n(vo BY) = n(vo Blyrxr).

By construction we have (for all dominant morphism Spec(V) — M, (L,Tro,z o
(ad(-,-)r))5S, centered at 3)

vo B € gy,

and by the definition of ¢/, as in the statement of the theorem, we have
n(vo BY) =n(vo Blyiyxt) € 0lys,

which implies that (for all dominant morphism Spec(V) = M, (L, Tro,jzo(ad(-,-)r))e"
centered at $)
(NS BT S O-(,;v’d’

since o/, is a cone. This finishes the verification of the universal property and also
the proof. O

Proposition 5.4.3. Let V' be a complete discrete valuation ring that is defined over

Or, ®z F, with generic fiber n, and
(G, A i, (i, vn))

is a PEL degenerating abelian variety over Spec(V'), i.e. (G, \, i, (o, vn)) € DEGpgL ., (V)
as in definition 5.2.8. Let

(G,, )\,, i,, (o/ v )) € DEGPEL,M,L(V)

n n

be the degenerating abelian variety defined by
G = G/(Ker(F)[pi])

and the rest of structures obtained by applying the partial Frobenius to the generic fiber
(G, N, i, (an, Vn))y which is a PEL abelian variety, as in remark 5.4.1.
Let
(A, Xa,i0, XY, 0,¢,¢, 7, [0])
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be the degeneration data of (G, \, i, (an,vy)), and
(A Ny iy, XY 0, Y7 [l )
be the degeneration data of (G', N, (cl,,v))). Then
(A" Nar, @y, (SO/—Lm Vl—l,n))

is obtained by applying the partial Frobenius to (A, Aa,ia, (0—1n,V-1n)) over V,

Z:%:Zn,
X'=X ®o, i,
Y =,

O on: Gron = GrZy =28 Hom(X/nX, (Z/nZ)(1))
— Hom(X @ pi/n(X @ p;), (Z/nZ)(1)),
©$o,n

gpgm : GTOZ;l = Gri~ =3 Y/nY,

and ¢' is defined by the diagram

Y @op bi id®(P;1<—’OF)Y”\: (Or by) I

~1 //

Moreover, we have
¢ X' =X Qop pi 28 A @0, pi 8 AV @0, pi = AV
NV =Y S AT A

where m : A — A’ = A/(Ker(F)[p;]) is the projection map and the isomorphism
AV @0, pi =AY s as in lemma 3.3.3.
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Lastly and most importantly, there is a canonical isomorphism
(¥ x )Py = ((c” x )" Pa)yrxxr
where the pullback to Y' x X' is through the natural injection
Vx X' =Y X (X ®p, pi) > Y xX
induced by X Qo p; = X ®o0, Op = X. Now 7' is identified as
7 Iyrexi e (" x o) PE yixs = (¥ x &) Py

Proof. We first fix the notation as follows. For any commutative group scheme H over

V with an action of O, we denote
H®) .= H/(Ker(F)[pi])

where I is the relative Frobenius.
We begin by showing that taking the partial Frobenius quotient commutes with
the Raynaud extension, i.e. we have
Lemma 5.4.4.
GPiE o (i)

Proof of the Lemma. Recall that G? is characterized as the unique global extension of
an abelian variety by a torus whose formal completion along the maximal ideal of V is

the same as that of G, i.e. G sits in an extension
0T =G - A—=0

with 7" a torus and A an abelian scheme over V', which satisfies Gfbr 2 Gior. We have

a commutative diagram for the relative Frobenius F

0 T G" A 0
I
0 T G" A 0

We observe that the relative Frobenius is a faithfully flat morphism on smooth schemes,

which in particular shows that Fr is surjective as a morphism in the category of fppf
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sheaves of abelian groups. Then the associated long exact sequence of the diagram

tells us that we have a short exact sequence
0 — Ker(Fr) — Ker(F) — Ker(F4) — 0

of finite flat group schemes over V. Since the diagram is O-equivariant, so is the short
exact sequence of Ker(F'). From the observation that Ker(F) is killed by p (and so
are the other two groups), we see that Ker(F) = [[Ker(F)[p;] (and similarly for the

1
other two), and the above short exact sequence decomposes into a product of short

exact sequences
0 — Ker(Fr)[p;] — Ker(F)[p;]| — Ker(Fa)[p;] = 0
Now the commutative diagram

0 —— Ker(Fr)[p;] —— Ker(F)[p;] —— Ker(Fa)[p;] —— 0

J i J

0 T G" A 0

gives us a short exact sequence
0 — TW) _y g5k _y AG) 5

Let m be the maximal ideal of V', k € Z, G,E/, = G

Spec(V/mk) and similarly for other

groups defined over V. Then the naturality of Ker(F)[p;] (it commutes with base

change) provides isomorphisms
(G50, = G/ (Ker(F)[pi)) = Gr/(Ker(F)[pi]) = G,
which are compatible when £ varies. This implies that

G?(v)(rpi) o G(Pi)

for

hence we have a canonical isomorphism

by the characterization of the Raynaud extension.
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Now by definition of X’ and A’ in the degeneration data, together with the fact
G(pi)vh >~ Gha(Pz) and

that we have just proved, we have
A = AP
X' = Hom(T%),G,,) 2 X ®0, p;
where the last isomorphism follows since on a torus we have F' = p, so
Ker(F)p:) = Tlp,) = Ker(T =T @0, Or "3 T ®0, p;1)

which implies that
T0) =T @p, p;! (5.9)

whence the isomorphism on the characters. Note that everything has an O-action, and
the isomorphisms are O-equivariant, and in particular the O-structure /4, on A’ is
induced from A by the projection A — A®) which is consistent with partial Frobenius
operation on A.

On the other hand, we have a canonical isomorphism
as proved in lemma 3.3.3, which extends to
G(pi)vv >~ va(pl) ®0F pl

by formal nonsense (the restriction to the generic fiber is a fully faithful functor from
the category of degenerating abelian varieties to that of abelian varieties). We can now

take the Raynaud extension of both sides, and obtain
G(pi)avvh >~ va(pi)vh ®OF pz ~ vahv(pi) ®OF pl

where the first isomorphism follows from the functoriality of Raynaud extensions

(which implies that (—) ®,. p; commutes with the Raynaud extension), and the second
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isomorphism is the claim we have just proved. From the extension
0—=T" =G =AY =0
and the above isomorphism, we see that
0 — TV () R0, Pi — GRIVE _y AVi(pi) R0, Pi — 0

We have already observed that from (5.9) and lemma 3.3.3 there are natural isomor-
phisms 7V:®) = TV @4 p; !t and APV = AV:() @4, p;. which simplifies the extension
to

0— TV — GPIVE 5 ABDY

This tells us that the torus part of the dual Raynaud extension of G’ is the same as
that of GG, hence
Y=Y

as we expected.

Now we look at the polarization A and the associated part of the degeneration
data. Recall that A} : G} — G is characterized by the formula

_ 2V /
Ay =m0\, oM,

with 7, : G, — G the projection, which extends uniquely to a morphism \" : G' — G"
by formal properties of the degenerating abelian varieties. This extension also satisfies
the characterizing relation

Ex=n"oNor

with 7 : G — G’ the projection (note that 7" here has to be interpreted as the unique
extension of the 7T7\7/ being the dual morphism on the dual abelian varieties). The
functoriality of Raynaud extensions provides us with the morphism \% : G* — GV,

which fits in a commutative diagram (with change of notation)

0 T (pi) elihr: Apa) 0

l)éfi) lwi),u l)&'i)

0 —— Tw)YV vy AG)Y
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The characterizing relation £\ = 7 o A#) o 7 extends to
é’Ah — vah o )\(Pz)uﬂ o) ﬂ-ﬂ

on the Raynaud extension by functoriality, which implies the two relations

Exa = myF o AP o 7

Exr =m0 AR o 7,

on the abelian and torus part respectively. Note that the relation on the abelian part
is exactly the characterizing relation of the partial Frobenius operation on (A, A4).
Alternatively, we can write down directly the diagram defining A\’ on the generic

fiber, which extends formally to the whole base as follows

Frs) ) v (pi) 1
G Gr) VL G ®e, p;
JA wi)l Y JA@id
Fpa) R V(pvi)

p; !

The functoriality of Raynaud extension allows us to draw the same diagram with
Raynaud extensions, and so does the abelian and torus part, with which we obtain a
rather explicit description of )\Effi) and )\9«”). This tells us that Affi) is obtained as in
the partial Frobenius operation, and the morphism ¢’ on characters induced by )\gl”) is

as in the description of the proposition.

The next step is to look at the level structures. Recall that the level structure
ol L/nL = G'[n] on G’ is defined by the composition

o L/nL < G[n] = G'n]

where 7w : G — G’ is the projection, which induces an isomorphism on n-torsion points

since n is prime to p. Since 7 preserves the monodromy filtration on G[n] and G’'[n],
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we have
Z =27,

n

be definition. More explicitly, 7 induces isomorphisms of the extensions

0 —— T[n] —— G¥n] —— A[n] —— 0

WT\LZ ﬂ-blz mlz

0 —— Gn] — Gn] —— Y)Y —— 0

ﬂ'hJ/Z TI'J/Z H
0 —— GP)An] —— GP[n] — 1Y)y —— 0

where we use Y’ =Y in the last isomorphism. We have seen that mp : T — T®) is the

natural morphism 7' =T ®p, OF ) ®o, p; ' =2 T®) and the corresponding map
on characters is X ®p,. p; e x ®o, Op = X, which clearly implies that the degree

-2 part of the level-n structure is
0o Grly = Gr%y 72 Hom(X/nX, (Z/nZ)(1))

— Hom(X ® p;/n(X @ p;), (Z/nZ)(1)).
Similarly, we have
Oom - GTOZ;I = Gri" £on Y/nY,

and
TA

O 1 GT?{ = GrZn T Aln) = API[n].

Moreover, we have

—_— /_
—l,n_Vn_VnOH

where the first equality is tautological and the second is part of the definition of the
partial Frobenius.

To summarize, we have proved that

(Ala ,A’v ilA’a (Sal—l,m V,—l,n))
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is exactly the partial Frobenius operation applied to (A, A4, 4, (¢—1.n,V-1x)), and have

identified the torus argument

(le Y,v le, 90,—2,n7 Sﬁﬁ,n)
together with the filtration Z/. The remaining part to be identified is (¢, ¢V, 7’).

First, we note that for any degenerating abelian variety H, the canonical morphism
H = H ®p, Of dee g ®o, p; ' factors through H — H®) — H ®q, p;', and

tensoring the factoring morphism with p; we obtain
V(Pi) . H(Pz’) ®OF p; — H

which is characterized by the commutative diagram

TH ®ldpl

H ®p, p; H (i) Rop Pi

JV(PH
1dp®(p;—OF)

H

~Y

We observe that when H is an abelian scheme, under the identification H®:):V =
HY'®) @4 p; the morphism H®) @4, p; — H is the dual of the projection 7y : H —

H®) je. we have a commutative diagram

H(pi):v L} Hvr(pz) ®OF pl
(mm)Y lv(p")

H

Dually, we have that V®)V is 74v under canonical isomorphism, i.e.

HY M (H(Pi) ®OF pl)\/

\Hv)f

HV: i)

is commutative.
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Lemma 5.4.5.
d:X'=X®o,p; e AY Qop Pi e AV Rop pi =AY
Proof of the Lemma. We have seen that there is a natural morphism
Vi) . (i) R0, Pi — GF

which induces the morphism between extensions

0 T G (pi) Rop Pi — A Rop pi — 0
e |
0 T Gh A 0

where we use the canonical isomorphism 7% @, p; = T. We note that the extension

in the first row is determined by the morphism
C/®idp'_1
X 2= (X ®op pi) Qop b;t — AP @g, pit 2 AVED
and the extension in the second row is determined by

c: X — AY

For x € X, we write 0 := c(x) € Pic’(A) and L, := ¢ ®id,1(x) € Pic(AP) @4 p;).
By abuse of notation, we will write &), and L, for both the line bundle and the G,,-
torsor.

Recall that &), is defined as the pushout of G* along y, i.e. we have a pushout

diagram
0 T - G* A 0
ool
0 G, o, A 0
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and similarly for L,. We can complete this into the previous diagram and obtain

0 T G()®0sz—>A Ko pi — 0
R

0 T — G* A 0
[ | H

0 —— G, Oy A 0

Similarly, L, is defined by the pushout of G*®) ®, p; along y, and the universal
property of pushout implies that the diagram factorizes through L., i.e. we have a

commutative diagram

0 T —— G*" o, p —— AP @0, pi —— 0
| J |

00— G,, L, Ai) ®oppi — 0
H | [

0 —— G, O, A 0

which tells us that
Vo, =L,

In other words, we have a commutative diagram
X
Jc
AY

Now with the help of the commutative diagram

d®id _1
i),V -1
— APV ®4 b

|

(A(P ®OF pl)v

AV VB (A @6 py)Y

Nf

Avv(pi)
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we see that
C/®idp.,1
X — 4y AWV R0y p;l

I b

AV L) Avv(pz)

i.e. under the identification AV'®:) =2 APV @, pt
C/®idp‘—1 =Ty vOC

and tensoring with p; we obtain

¢ = (mavoc)@idy, = (X S AV ™A AV @ id,,

which is what we want to prove.

Dually, we have

Lemma 5.4.6.
NV =y AT A

Proof of the Lemma. For y € Y, we write Lv(y) = ¢”(y) € Pic®(AY) and Lov(,) =
V(y) € Pic®(AP)V). We have seen that G®)VE = (GVH)P) @, p;, which equips

with a natural morphism

Recall that G®):V:f is an extension

0 — TV N G(pi)vvah — A(pz)v\/ N 0

and we observe that the morphism G-V 22 (GV#)P) @y p; — GVF gives rise to a

morphism of the extension

G(pi)vv7h —_ A(pi)vv _ 0

v
| | [
v

GV* AV 0
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Now, similar as before, L.v ) is the pushout of GV along y, and we have a commutative

diagram
0 TV GOVl o AV
| | [
0 T GV* AY 0
r
Jy I H
0 —— Gm E— LC\/(y) Av 0
By the universal property of pushout, we have the factorization
0 TV GOVl o AV

Lo |

0 —— G —— Lovy) —— AV 5

T e

0 —— Gm E— Lc\/(y) Av 0

which implies that
(WA)V*LCV(y) = LCN(y).

In other words, we have

() = ((ma)") 0 c’(y) = maoc’(y)
under the canonical identification (A®)-V)Y = A®) which means that

VY S AT AR,

Lastly, we determine 7" from 7.

Let us write 0, := ¢(x) € Pic°(A) for x € X, and similarly 0, := /(x') € Pic°(A’)
for x" € X'. By abuse of notation, we will write &), for both the line bundle and the
G,,,-torsor.

We first make an observation on the relation between &), and 0., which can be

used to write the canonical morphism G% — G®)# in a more explicit way.
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Recall that &), is defined as the pushout of G* along y, i.e. we have a pushout

diagram
0 T - G A 0
ool
0 G, Oy A 0

Let
p:X’:X®oFPi—>X

be the map induced by 77 (being the obvious map induced by p; < Op), then 0,
is the pushout along 71 o X/, and the universal property of the pushout provides us

with a factorization of the short exact sequence

0 T G* A 0
r

[0 | |
0 —— Gm E— ﬁP(X') A 0

| .
0 —— G,, Oy AP 5 0

This shows
WZﬁxl = ﬁp(X') (510)

which implies that under the identifications G* = Spec ﬁA( ® 0,) and GPIE =
xEX

( @& O, ) the morphism

Spec
=0 ) X'

0
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is induced from the map

T B Op)= @ m0v = @ Oy — & Oy (5.11)

X' ex’ X' ex’ X' ex’ xeX

on relatively affine algebras over A.

Let us recall how we associate 7 to the degenerating abelian variety G. We start
by choosing an ample invertible cubical sheaf £ on G (whose existence is guaranteed
by the normality of the base Spev(V')), then we can show that its formal completion
extends canonically to a cubical ample line bundle £f on G*, which descends to an
ample invertible sheaf M on A, i.e. if we denote by p : G* — A the projection map,
then p*M = L% Replacing A, by Az, if necessary (so A is the unique extension of Az,
to G), we assume that A\, = Az, . The construction of 7 is independent of the choice of
Aor L.

The canonical isomorphism G* = Spec ;. (© 0)) tells us that
A xeX

pLYE @ M,

xeX

with M, := M ®4, O,, from which we obtain
T(G% LY = & I(A,M,)
x€X

and
D(GE, Liy) = & T(AM,)
x€X

where ~ denotes the completion with respect to the maximal ideal of V. Now we have

the canonical map

[(G. L) = T(Gror, Laor) = T(Gir, L) = D T(A M) = T(A, M)

for
X€E

where the first map is the restriction and the last is the projection on y-th component.
Tensoring both sides with Frac(V'), we obtain

oy D(Gy, L) — T(Ay, My )
Let y € Y and Tiv(y,) : A — A the translation by c¢(y), then

Moc/ =cog
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tells us that we have a canonical isomorphism of rigidified line bundles
My = Miio) @r My(c” ()

and this is the place where we use the assumption A, = A, on L. Now we have the

map

T*V(y) @) CTX . F(GW7£7I) — F(AU’T:v(y)MXW) = F(AW7MX+¢(ZU)77]) ®K MX(Cv(y>)n.

C

The desired 7 is obtained by comparing 7% () © Ox with the map
Oxrot)  L(Gry Ln) — T(Ag, Myioi)),

and the result is

Ox+é(y) = V()7 (Y, X)T:\/(y) © 0y

where

U(y) : M(c’(y))y = Osy

is a trivialization of the fiber of M at ¢¥(y), and

(Y, X) : ﬁx(cv(y))n — Osy

is a section of &, (c(y))&~" for each y € Y and x € X, so that ¥(y)7(y, x) is a section
of My(c"(y))g~" (recall M, = M ® O, ). This uniquely characterizes 7 since o, # 0
for every y € X.

Lemma 5.4.7. There is a canonical isomorphism
(¥ x )"Pa = ((¢” x ¢)"Pa)yrxx:
where the pullback to Y' x X' is through the natural injection
Vx X' =Y X (X ®op pi) =Y xX
induced by X o, pi = X Qo Or = X. Now 7’ is identified as

7'/ : 1Y’><X'J] T|Y/—X§(/ ((Cv X C)*’Pigl)ylxxl = (C/v X C/)*Pj?;?l.
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Remark 5.4.8. As in section 5.1.3, the lemma is equivalent to the statement that the
period of G%) is given by
Y, — GEY N G%pi)m

where 1 is the period of G, and GEY — Gg”)’“ is the natural projection map.

Proof of the Lemma. We have the same description as above for 7/, and we want to
compare it with 7. Let us first compare o,/ and o,.

We choose an ample cubical invertible sheaf £#) on G®9) whose associated line
bundle £F)f on GP)E descends to an ample invertible sheaf M®) on A®). Let £
(resp. M) be the pullback of L®) (resp. M®)) along the natural map G — G®)
(resp. A — A®)). Note that both £ and M are ample since they are pullback of
ample line bundles along finite maps G — G®) and A — A®9) respectively.

We assume that Cff") induces the polarization A, on G%‘”), so we have
* (i) ~ 4 4 (i) (ps) ( 1V
Tc’v(y)MX/ = MX’+¢/(11) ®R MX/ (C/ (y)) (512)

Let 7 : G — G®) be the projection map, then £ := 7*£#) and the associated

polarization

A, = A

n T ﬁg,pl

which has the effect that

I .V / o
)—7Tno)\L;pi)om,—ﬂno)\nown—f)\n

DMy = Mo @r My(c' (y)) (5.13)

as we have to replace the relation Ay oc¢¥ =co ¢ by EXyoc’ = co&o.
Let
p: X' =X ®o, pi > X
be the map induced by p; < Op as before, then for Y’ € X', the natural map G — G®)

induces a commutative diagram

T(G, L) —— U(Gror, Ltor) = T(Gh,, L5 —— T(A, M)

for» ~for

T T T T

F(G(Pi)7£(Pi)) y F(G(pi) E(pi)) ~ F(G(Pi),h7£(Pi),h) F(A(pi)JMgi))

for » ~for for for

where the last two horizontal maps are projections

for» ~for

[(G., L0 ) = @XF(AaMx) — I'(A, M)
XE€
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and

for

F(Gg;”,ﬁ("”’”) o @XF(A(W)’M;P/@')) N I‘(A(Pi)’M;P/i))
xX'€
respectively, and the last vertical map is induced from

WAM(p'Z) = WA(M(PJ ®0 400 Oy) = M@g, m0y = M®g, Opy = Mppp)

X
i.e. it is taking the global section of the map /\/l;p/i) — WA*WZMS,") = T 4xM p(yry With
the last isomorphism being 74, of the isomorphism (5.10). The commutativity of
the first two squares is tautological, and that of the last square follows from (5.11).

Tensoring with Frac(V') of the above diagram, we obtain a commutative diagram

F<Gm£n) &’ P(AmMp(x’)m)

T T

D(GY), L) X, F(A%pi),M;,i%)

for every y' € X'.

For y € Y, we can complete the diagram into

T*
Ip(x") cV(y) %
F(Gn7£n) ’ F(AWMP(X'),U) ’ F(Ana (ch(y)) Mp(x’)m) E—

T T T

*

T
. . I/ . i C/V( ) . * i
PGP, 27) 0 TP M) % T () M) —— -

19 p

(AmMp(x )+Eb(y )®M x)( (y))
T (5.14)
D(AF), ME) oy @ ME (e (y),

U] X'+ (y),n

(5.12)

where the last vertical arrow is the tensor product of the morphism

(A(Pz M (pz

X'+ (y ) - F(AH’M )+E€d(y).m )

induced by WAMX fow = Moo ) = Moo esw) (po@d = &b by the diagram
defining ¢’), with the isomorphism

Mo (€ () = TME (€ () = ME (w4 0 V() = ME (V' (),
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where we use ¥ = w4 o ¢” in the last equality. The middle square commutes since we

have a commutative diagram

which follows from ¢V = m4 o ¢" and 74 being a group homomorphism. The commuta-

tivity of the last square follows from the commutativity of the square

(Tev () Moty —— Mpxy+eown @ Mpen (€' (y))y

| J
T (L)) MED s i (ME) @ ME (Y (y)),)

(pi)
x'n X'+ (y),m

and we can prove its commutativity as follows. Recall that the first horizontal map is
(using A\p(z2) =T;L® L' ® L)

(ch(y))*MP(x’)m = (Amo Cv(y))n Q@ Myixyn @ Mp(x’)(cv(y))n

A =EN
=== (co f¢(y))n ® Mp(x’)m ® MP(X')(C\/(y))n
ﬁ&b(y)m ® Mp(x’)m ® Mp(x’)(cv<y>)n

== M) +e(y)m @ My ( (3/))77

and similarly the second horizontal map is 7% of

(Tov) ME) = Ny 0 ¢ )y © ME) © ME(V (),

X' X
= (¢ 0 /() © MYy @ ME (' (),
= ﬁqﬁ’(y) n & M(/i) ® M(p/i)(c/v(y))n

X +¢>’(y M ( ( ))77

We want to prove that 7% of the second isomorphism is the first isomorphism under

— M

canonical identifications, and the only non-trivial part is to observe that

’ myoNpomaoc(y)=EX a0 (y).

cV=m0c

ANy oV (y)) =myoNyocd¥(y)
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We now want to compare the diagram (5.14) with

Tp(x")+€6(y)
F(Gn7£n) e F(AmMp(x’)er(y)m)

T T (5.15)

; O OX e () i (i)
D(GPD, L)) 2= (AP, MEL )

Recall that we have

*

Toi)+eoty) = VW)T(W PN T () © Tpi) (5.16)

where

Y(y) : M(c(y))y = Os,,

is a trivialization of the fiber of M at ¢¥(y), and

(Y, X) : ﬁx(cv(y))n — Osy

is a section of &, (c(y))&~" for each y € Y and x € X, so that ¥(y)7(y, x) is a section
of My (c"(y))g~". Note that here we have tacitly changed the polarization of G' from
A to £A, which has the effect of replacing ¢ by £¢. This does not affect 7, but may
affect 1, which we use the same notation as before for simplicity.

Similarly, 7/ is characterized by the equation

Oyigr(y) = V()T (Y X )Ty © 0y (5.17)

with isomorphism
U (y) s MP(Y (), 5 O,
and
Ty, X) : O (Y (y)y = Osy
so that ¢'(y)7'(y, x") defines a section of Mgi)(c’v(y))ff_l.
Now (5.14), (5.15), (5.16) and (5.17) together implies that we have a commutative
diagram

T(y,p(X' )P ()
F(Am Mp(x’)+£¢(y)n7) ® Mp(x’) (Cv(y)>n B F<An» Mp(x’)+€¢(y),n)

T T

p(A(m-)’M(m) )®M§<p/i)(clv<y>>n ™ (y:x")Y' (y) I‘(A(‘”),M(Pi) )

n X'+ (y),n ] X'+ (y).n
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where we use that o, # 0 and o,/ # 0 for every y € X and x’ € X'. Observe that the

vertical arrows are non-zero, and we obtain

(y,X") = 7(y, p(x'))

under the canonical identification @, (c"(y)), = 150 (c¥(y))y = Oy (Taoc’(y))y =
O\ (" (y)), which completes the proof if we take the equivalent formulation of 7 in
5.1.3. O

O

5.5 Partial Frobenius extends to minimal compact-

ifications

In this final section, we deduce our main theorem 3.3.4 from the theorem proved in
the last section. We retain the setting of the last section, so in particular every scheme
is defined over Op, ®z F,.

We begin by recalling the construction of the minimal compactifications. In the
analytic setting, the minimal compactifications can be constructed directly using
rational boundary components. However, in the algebraic settings, the only known
method to proceed is to first construct the toroidal compactifications and then contract
the boundary to obtain the minimal compactifications.

More precisely, let w* := A"P Lie or, Mo where G is the universal semi-abelian
scheme over the toroidal compactification M;%. Then w'" is an invertible sheaf

generated by its global sections, and we define
M = Proj( @ T(Mi%, (™))
Alternatively, M™" is the Stein factorization of the map
My — PT(M, %, w™))
defined by global sections of w'™", i.e. it factors through

. tor min
7{ L M, M
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n

with M — P(I'(M;%, w*")) finite, and

ﬁMmin :> \% ﬁMtor .
n * n,n

It can be shown that M™" is independent of the choice of the toroidal compactification.

Moreover, by construction we have a canonical ample invertible sheaf w™™ := (1) on

M™" guch that
%* wmin ~ wtor

We can show that M™™" has a stratification

M;Lnin _ H Z((Z®n60)]
[(Zn,®n,6n)]

where Zj(z, o,.6,] = M7 as defined in section 5.3, and the index ranges through all

cusp labels. Moreover the map § preserves the stratification, and sends Z, s,,5) to

Z|(Zn®r 8]
Similar to the toroidal compactifications, the minimal compactification of Mg ,)/A

is defined to be the union of minimal compactifications of M, (L, Tre, z o (ad(-,-)r)).

Theorem 5.5.1. F,, extends to a morphism

sending the strata M, (L% (- -YZasn) associated to o € 2,5 € A and the cusp label
[(Zasms Pasins Oasn)] to the strata M, (LZ%'s'n (-, -)%'s'n) associated to o/ € 2,8 € A
with the usual notations as before, and the cusp label [(Zy s ny Porst ms Oarsr n)] defined as

follows:

Za’é’,n = Zadn-

[f q)oain = (Xa va ¢7 ©—2n, (700,71)} then

(I)a’5’,n = (X Qo i, Ya ¢/a 90,—2,717 Spg,n)

where
Pan Griym = Gr¥s L2 Hom(X /nX, (Z/nZ)(1))
— Hom(X @ pi/n(X @ p;), (Z/nZ)(1))
and

Z 15t Z ®o,
Qo s Grg™" " = Gry™™" =3 Y/nY.
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Lastly, ¢' is defined by the following diagram similar to the diagram defining N,

1d®(OF+p;) X Qo pi ‘\
|

\

3 \
<b®zd1\ \:
I

I

-1 ) /|
Y @or i id®(p;1<—>OF)Y,‘\ Wd®(Op<p;) Y ®oppi ¢ /

—1 .
Y ®or b roon

Moreover, on each strata, Fp’?m induces the morphism
MH(LZQ(;’”, <,7 _>Zo¢6,n> — Mn<LZa/5/,n7 <.’ .>Za/5/,n)

sending (A, N, i, (qn, 1)) to (A, N7 (o, V) as in the description before the theorem.
For completeness, we summarize the description as follows. Using the above notations,
A= A/(Ker(F)[p:]), i is induced by the quotient map m,, : A — A’, X' is characterized
by EA = 7} o N om,, which defines a prime to p isogeny N, a;, = my, 0, and v;, = v, OK.
In other words, restriction of the partial Frobenius to (suitable union of) strata recovers
the partial Frobenius on them.

Proof. 1t is enough to prove that F,, extends to the minimal compactification of each
component, i.e.

My (L, Trogpz 0 (ad(:,-)r)) = Mu(L, Trogz o (/8- -)r))
extends to a morphism
M, (L, Tro,z 0 (ad (-, )p))™™ = My (L, Trom/z 0 (/8 (-, -)p))™™
and maps strata to the expected ones. We are thus reduced to the situation that we

are familiar with.

We have morphisms

Mo(L, Tro, /20 (ad(, )p)8l, —— Ma(L,Tro, /20 ('8, ) p))&F
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where the horizontal arrow is the extension of the partial Frobenius to toroidal com-
pactifications as we have proved in the previous section, and the dashed arrow is the
morphism we are searching for that makes the diagram commute. Once the existence of
the dashed arrow is established, the description of Fp‘?i“ follows from the commutativity

of the diagram and the description of the first horizontal arrow as stated in the last

section.
Let Gy, , (resp. Gy ,5,) be the universal semi-abelian scheme over M\% = :=
M (L, Trogz © (a6(,)r))sh, (resp. My, = Mu(L, Troguz © (@6, )p))5r, ).

ol 8! ol 8

Recall that F;°" is characterized by

Fiv Gy = G = G, ) (Ker(F)[pi])

s’

hence

Ff*Lie), to >~ Lie"
bi SGw M TSGR e
alé

Since the action of O on @éz /M (resp. @sz Mtor ) factors through
@ Ny 208 n,Z/

ol 8!
Or/p = [10r/pi, we have

als’!

Llev or - @6 Llev or
Gzaé /M'rtz,Ea(; i v Gzaé /M:L,Ea(;
(resp. Lie/ oM, = @GZLIGG ;e ) with e; the idempotent of Op/p corre-
ol s’ ol 5! alsl T st

sponds to the factor O /p;. Since everything is O-equivaraint, we obtain

. \/ . .
e;Lie tor jF#i
. J=22Gy /MY )
Fo* (e;Lie), o) = e;Lie = sl Bas (5.19)
pi J GE’ , ,/Mn,E’ J G Pi :Lo% F* L V .
als als! ad ald (61 ler 5/M:lo% 5) j =1
where the last equality follows from
.V . .
L L LleGE [pj]/Mto s J # 1,
e:Lie” ie” =
J G(pl) /Mtor G(Pz [P }/Mtor . .
n,3 4§ J n,3 .5 * . —
F (LleGEa(; [p }/M:LOE 5) J 1
in which we use
Lie" = Lie" @Lle
B A LA S e L T VAT
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and similarly for @ézaa ey, together with

GEaé[pj] j 7é i,

GE ;] =
' G® Ip] =i

where G(Epi , = (Gx,;/Ker(F)) is the usual base change by the absolute Frobenius F

tor
on M;%, ..

Let w; := A\"P¢;Lie, Jater (resp. w! = AP e;Lie/, Jater ), then we have
Zas 208 Z;/y n,xn’

als’!

w = Quw;
1
and
W' = Qu;
T
i . Atop T,V I . AtopPT .V
with w = A @GZ&S/M;‘EM and W' = A @Gz;/y/M;f’;, . as before.
(5.19) tells us that

th)r*w{ —
e Fro,=wl j=i
hence
Fo*w = (@w;) @ Wl
ol = (@)
If we can show that each w; descends to a line bundle on
Wt MH(L7 TTOF/Z o (a6<'7 '>F))mm

n,ad "

through ¢, i.e. there exists a line bundle w™™ on M™% such that

[ Ke'

then Fio*w' = (®w;) ® wf tells us that we can find a line bundle L™ :=
JFi

(WP guch that

7

*
min __ tor* ./
[

Moreover,

Q W) @
(#z‘ i)

and the universal property of Proj construction tells us that there exists Fpl:‘in which

makes the diagram (5.18) commutative.
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Indeed, recall that the universal property of the Proj construction is as follows. Let
A= @ A; be a graded R-algebra finitely generated by degree 1 elements, and T" be a
k>0

scheme defined over R with structure map f: T — Spec(R). Suppose we are given a
line bundle £ on 7', and a morphism of graded R-algebras

VA= fo( @ L) = @ I(T, L%F)
E>0 E>0

whose adjoint morphism at degree 1 f*A; — L is surjective (viewing A; as a quasi-
coherent module on Spec(R)), then there exists a unique morphism

g: T — Projz(A)
of R-schemes together with an isomorphism

0:9g701)=L
such that v factorizes as

¥ A= @ T(Proju(A), O(1)%%) &

0
I(T,¢*0(1)®™") = @ (T, L%™).
ON(T,g o)) & o r(T, L)
In our setting, §" oFy" is induced by

Ftor*

W) S @ DM

F Mtor
kEZBO ( n,%

* k
k>0 n,Yq6" (Fptior w’)® ) (5'20)
with £ = Fj*w’. Assume that we know the existence of w™", then we have L™" such

that §* Lmin = Fptfr*w/ . Since ﬁM:ffifg =4 ﬁMZ?rzm;’ we have by projection formula
%% Lmin — Lmin ® % ﬁMtog — Lmin ® ﬁMminé — Lmin
* % n,3,§ n,a

(Note that since L™ is locally free, the derived tensor prodoct and left derived pullback

is just the usual one), which implies that

N -
DM, Lm0 2 DM, L") 2 DM, Fred)
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and similar for (L™™)®* Thus (5.20) gives us a morphism

D F(Mtogl o w/®k) ) F( min (Lmin)®k)

k>0 n,ad?

which by the universal property of Proj construction induces a morphism

n,ad n,o’
El El bl 04/5/

Fme: min s M = Proj(k@OF(Mffg , W)
which makes the diagram (5.18) commutative.

Thus we are reduced to show the existence of w™™ such that §*w™" = w,;. Let
Mﬁ,aa C M™% be the union of the open stratum and all the codimension 1 strata, then

it follows from [6] 7.2.3.13 that

-1
f : }{ (Mi,oﬁ) = M’i,ad

so we can view M! - as an open subscheme of ML as well. Let
n,od n,3as

W = (M oy = M), (wilags )

min ~v

we will show that w™™ is a line bundle and §* w™™ = w;. This is a direct adaption of

the proof of [6] 7.2.4.1 in our case.
First observe that w™™ is a coherent sheaf since M
of M, ,s has codimension at least 2 ([27] VIII Prop. 3.2). Then to show that it is a

line bundle, it is enough to show that its stalk at every point is free of rank 1. By fpqc

is normal and the complement

descent, it is enough to show this for the completions of the strict localizations of gj;%,

i.e. it is enough to prove that for every geometric point z of g}gg, the pullback of

mi

Wit fo (M™A " the completions of the strict localization of M?!

no =
n,a6)z 1 5 at z, is free of rank

,Q
min ~v

=, holds naturally over (MZ‘EM)Q for

1. Similarly, it is enough to prove that ¢§* w

every geometric point y of M%; .

Suppose that 7 lies in the stratum Zjz, s, s,), and we choose a stratum Zj,, s, o))

lying above Zj(z, ®,.5,)- Then from (2) of theorem 5.3.2 we have a natural identification

tor A ~
(M350) o n.on = XOuino

where we do not have the quotient by I's, , since we assume that n > 3. We have a
min )/\
TL,CMS Z[(Zn,q’naan)]

canonical map Xo, 5, o — ( induced by ¢, and by abuse of notation
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we let

(X 50,0)s = Xy 00 X(amin s (M2

08 8((Zp @, 5n)
then by definition we have a morphism

(f(bny&n,g)%\ - (Mmln)é\

n,ad /)T

The key point is that we have a morphism

(M)E — (M)

n,ad /)T

such that the composition

(Xe,6.0)5 = (Myas)s — (M")5

n,ad

is induced by the structural morphism p : X4, 5,0 — an" (recall that Xg, 5, , is the
formal completion along the boundary of an affine toroidal compactification of a torus
torsor over an abelian scheme over M), see [6] 7.2.3.16 for details.

We observe that the pull back of the line bundle w; over Xg, 5, , is canonically
identified with (A7” e;X) ®z p* (AP e;Lie, uzn ) where A is the universal abelian
variety over MZ». This is a trivial variant of [6] 7.1.2.1, and we briefly recall the
proof. By étale descent, we can assume that the base is S = Spf(R, I), with R normal
noetherian and [-adically complete so that we are in the setting of section 5.2.2. We
have

LleG s = L1e /s

for

hence
top top top top

/\€leer s = /\&Llegu 8= /\e X) ®z /\e,LleAf /S

where the last equality follows from the short exact sequence

0 — e;Lier g — e;Liegs g — e;Liey g — 0
induced by the global semi-abelian structure
0T =G = A—=0

of GY.
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From what we have seen, the restriction of w; to (Xs,s,)s is the pullback of

(AP e X) @z (AP e;Lie’) y nZn) along the composition

(Xa,6.0)5 = (Mylag)s — (M)%

n,9n;, n,oz5

which in particular shows that it is the pullbcak of some line bundle L on (M5%)2, i.e.

by abuse of notation

()L s (521)

T

This implies that both (w™)2 and L are extensions of (the completion of the strict
localization at Z of) wi|M71w6, which by Stacks Project 30.12.12 is equivalent ((w™™)2 is
reflexive since it is the pushforward of an open embedding and L is reflexive since it is
a line bundle on a normal scheme).

min)A

2 is free of rank 1 and for every geometric point y of

This proves that (w
Z(®,,50,0)] With T = §(y), then we have a natural map h : (Mt?§a6)$ — (Xs,.6,0)2 and

n

(F @ = e (f s = (w0l = (@)

proving what we want.

To be more precise, there are canonical morphisms

Wi J*J*wl
Fromin b g g e e § T Ty

where j and J are open embeddings defined by the diagram

1 . J tor
Mn,a5 Mn,Eaé

.

min
n,ad

and the two arrows are the adjunction morphism. We showed that " w™® and w;
are naturally identified over (M;%; )} for every geometric point i of M}%; , and the

naturality tells us that after localization and completion, the images of w; and §* w™®
in J,J*w; are identified. Now we can apply the fpqc descent to those two image sheaves
and conclude that ¢ w™® = o).

]
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