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Abstract: Phase space is an approach for analysis of nonlinear differential equations. The graphical 
solutions that are obtained are convenient for qualitative assessment of the behavior of systems and 
processes. A comparative analysis of the pharmacokinetics of the antibiotic enrofloxacin administered 
intravenously in dogs and cats has been performed in the present study. The mathematical models 
that represent the change in blood plasma concentration of the two groups of animals are described 
by second-order differential equations. For the graphical representation of phase trajectories using the 
fluoroquinolone, the Mathcad program tools are used. The properties of the peculiar points are 
determined based on the received images. 
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1. INTRODUCTION 
 

The phase space is an approach for the analysis of linear and nonlinear differential 
equations. The graphoanalytical solutions offered by the method are convenient for 
qualitative assessment of the behavior of systems and processes. 
Any system, regardless of the order of the differential equation describing it, can be 
expressed in a multidimensional space, its state being given by the position of its depicting 
point. It serves as a qualitative characteristic of the transients in the systems. 
Although the geometric interpretation of the state space method extends to systems of any 
order, its important advantage - visibility - is most pronounced in the case of second-order 
systems when the states of the system are represented by points in the phase plane. It 
should be added that nonlinear second-order models allow many basic characteristics of the 
behavior of dynamic systems to be revealed; this determines the methodological, theoretical 
and practical significance of the phase plane method. 
The purpose of this study is to perform a comparative analysis of the pharmacokinetics of the 
enrofloxacin preparation in blood plasma in cats and dogs using the phase-plane method.  
 

2. MATERIAL AND METHODS 
 

The experimental design and data acquisition methodology are presented in [1]. Identification 
used their mean and standard deviation.  

 

2.1. Software used 
 

Data processing and analysis are carried out using the specialized software from the 
KORELIA family. The user-oriented interface and the process recognition module [5] 
facilitate data entry and support the selection of a mathematical model. The identified 
equations [8] can be analyzed and compared over a number of parameters [4] and thus 
found to be the most appropriate for the particular set [7]. 
Phase-plane analysis was performed with Mathcad. The vector function Rkadapt was solve 
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ordinary differential equations using the fourth order Runge - Kutta method with adaptive 
step. The eigenvals function was used to calculate the eigenvalues of the state matrix. 

 

2.2. Second-order mathematical model 
 

The mathematical models of the process for the animals studied are presented in [2, 3]. A 
second-order differential equation is selected for process identification: 
   

 

 𝑑2𝑦(𝑡)

𝑑𝑡2
+ 2. 𝜁. 𝜔.

𝑑𝑦(𝑡)

𝑑𝑡
+ 𝜔2𝑦 =  𝐾. 𝜔2. 𝑈(𝑡)          

         
 

 
 y(0) = C0   
                            initial conditions 

 
𝑑𝑦(0)

𝑑𝑡
= 0 

(1) 

   

where: 
 

U(t) - a dose of enrofloxacin. 
Identification parameters are: 

 
𝜁 – damping ratio; 

𝜔 – natural frequency; 
K – coefficient of sensitivity. 

 

3. RESULTS 
 

The calculation of the identification parameters for the two species was performed with the 
KORELIA-Ident program and the values obtained are presented in Table 1. 
 

Table 1. Parameters of the model for the two species 

parameter animals 

in the equation Mathcad dogs cats 

ζ z 6.00 6.83 

ω w 3.40 6.86 

К K -0.09 -0.12 
 

Figure 1 presents a second-order differential model of the process. 

 
 

Figure 1. Change in enrofloxacin concentration in dogs and cats 
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The parameters presented in Table 1 were used to compare the processes of change in the 
concentration of enrofloxacin in blood plasma in dogs and cats after a single intravenous 
injection of the substance, using an algorithm for phase-plane analysis [6]. 
 
3.1.  Model in the Mathcad environment 

 
With the following application: 

𝑦1 = 𝑦(𝑡) 
 

𝑦2 =  
𝑑𝑦1(𝑡)

𝑑𝑡
 

 

(2) 

Equation (1) is reduced to a system of two first-order differential equations: 

‖

𝑑𝑦1

𝑑𝑡
𝑑𝑦2

𝑑𝑡

‖ =  ‖
0 1

−𝜔2 −2ζ. 𝜔
‖ . ‖

𝑦1

𝑦2
‖ (3) 

 

The initial conditions are specified in a matrix: 
 

For cats →  𝑌0 = (
1.53

0
) 

For dogs →  𝑌0 = (
1.63

0
) 

 

Other initial values required for modelling are: 
 

t0=0                        // starting point 

t1=24                     // the final moment 

N1=2000              // number of points in the interval 

 
The vector function required for the ordinary differential equation program is:  
 

𝐷(𝑡, 𝑌) = (
𝑌1

−𝑤2. 𝑌0 − 2. 𝑧. 𝑤. 𝑌1
) (4) 

 
The numerical solution is with the operator: 
 

S:=Rkadapt(Y0, t0, t1, N1, D) 
 
3.2. Phase plane 
 
The space state variables y1 and y2 determine the phase plane. In this plane the abscissa is 
y1 and the ordinate is y2 (Figure 2). 
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Figure 2. Phase trajectories 
 
3.3. Nullclines of the process 
 
The nullclines of the process are constructed in the coordinate system y1Oy2. From the 
system 
 

‖
0 1

−𝜔2 −2ζ. 𝜔
‖ . ‖

𝑦1

𝑦2
‖ = 0 (5) 

 

M ∶=  A ∗ Y +  B  ‖
𝑦2

−𝜔2 − 2ζ. 𝜔
‖ = 0    (6) 

 
two solutions are obtained with respect to y2: 
 

𝑀0𝑠𝑜𝑙𝑣𝑒, 𝑦2 0 

𝑀1𝑠𝑜𝑙𝑣𝑒, 𝑦2 −
𝑤

2. 𝑧
. 𝑦1 

 

The first solution determines the nuclline coinciding with the abscissa. The second solution 
specifies a nuclline that represents a line passing through the origin of the coordinate system 
and crossing a nucleon at the singular point. 
The last dependence gives the coordinate y1 for the different species of animals: 
 

−
𝑤

2. 𝑧
. 𝑦1𝑠𝑜𝑙𝑣𝑒, 𝑦1 0 

 
Slope is a measure of the steepness of a straight line. The larger (in absolute value) the 
steeper the slope. In the model under consideration, its value is calculated by the formula: 
 

𝑎 = −
𝑤

2𝑧
 (7) 
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Figure 3. Nullclines of the process 
 

There is one special point. It is obtained as the intersection of the two nullclines and for the 
studied process in both animal species it is the same and has coordinates (0, 0). 
 
3.4. Eigenvalues of the state matrix 
 
In this case, the eigenvalues of the status matrix for dogs and cats are different. These are 
derived from the eigenvals function and are generally as follows: 
 

𝑒𝑣(𝑤, 𝑧) ≔ 𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑠(𝐴(𝑤, 𝑧)) [
−𝑤. 𝑧 − 𝑤. √𝑧2 − 1

−𝑤. 𝑧 + 𝑤. √𝑧2 − 1
] (8) 

 

In the model considered, for both animals the real parts are negative and z>1, which means 
that the singular points are of the type of stable node - in this case the point with coordinates 
(0,0). This is evidence of a sustainable process for dogs and cats. 
 
4. DISCUSSION 

 
The values of the identification parameters presented in Table 1 reflect the differences in the 
process of the two species. 
In dogs, the inhibition coefficient is smaller, which means a faster decrease in concentration. 
In cats, the intrinsic frequency is higher, which necessitates the administration of the drug at 
shorter intervals. 
The process in cats is characterized by a lower sensitivity coefficient, which means less 
sensitivity to the preparation and therefore higher doses are recommended. 
The inhibition coefficient in both species of animals is greater than one and therefore no 
oscillatory process is possible, therefore their organisms are not likely to react with a cyclic 
change in reaction. 
In cats the process is characterized by an angular coefficient of -0.50, and in dogs of -0.28. 
In absolute terms, the higher the ratio in cats. On the graph, the rights that define it are 
steeper, which is a sign of a higher speed of process in this species of animal. This means 
that the drug is retained in their body for a shorter time and therefore should be taken at 
smaller intervals. 
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A higher suppression coefficient is compensated by a higher natural frequency and is 
reflected in a higher rate of change of concentration (Figure 3). 

 
5. CONCLUSION 

 
1. Comparative analysis of the pharmacokinetics of enrofloxacin in blood plasma in cats and 
dogs was performed after a single intravenous injection by the phase-plane method, the 
change in concentration being described in the space of states. Phase trajectories are 
constructed. Nullclines of the process were obtained analytically and graphically. The 
singular points are also determined from the eigenvalues of the state matrix of their type - 
stable node. 
2. The enrofloxacin degrades more rapidly in the body of cats, which necessitates the 
administration of the drug at smaller intervals. Due to the lower sensitivity, higher doses are 
recommended. 
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