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Abstract

All generators of the optimal algebra associated with a generalization
of the Endem-Fowler equation are showed; some of them allow to
give invariant solutions. Variational symmetries and the respective
conservation laws are also showed. Finally, a representation of Lie
symmetry algebra is showed by groups of matrices.
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Lie Algebra Representation, Conservation Laws and Some Invariant Solutions for a

Generalized Emden-Fowler Equation

Representacion del Aalgebra de Lie, leyes de
conservacion y algunas soluciones invariantes para
una ecuacion de Emden-Fowler generalizada

Resumen

Se muestran todos los generadores del algebra o6ptima asociados con
una generalizaciéon de la ecuacién de Endem-Fowler; algunos de ellos
permiten dar soluciones invariantes. También se muestran las simetrias
variacionales y las respectivas leyes de conservacién. Finalmente, se
muestra una representacion del algebra de simetria de Lie mediante
grupos de matrices.

Palabras clave: Soluciones invariantes; grupo de simetrias de Lie;

sistema 6ptimo; clasificacion de algebras de Lie; simetrias variacionales;
Leyes de conservacion.

1 Introduction

It is known that the class of Emden-Fowler equations y,, = Az™y™, such

that A, m,n are real constants, have applications in physics, astronomy and
chemistry [1],[2],[3],[4]. In [5] Polyanin and Zaitsev present a generalized
Emden-Fowler equation y,, = Az"y™(y.)! with A,m,n,l real constants.
They proposed for this equation a big amount of solutions for multiple
combinations of the parameters A, n,m,[. In the particular case in which
A=-2,n=1m=—2and [ = 3, that is,

Yz = —2363/211_27 (1)
in 5], it is proposed an implicit parameterized solution for 7, as follows:
=71 (17" +cor7"), withy= %, v =23, (2)

where c1, co are arbitrary constants. The Lie symmetry group associated
to this equation is presented by Arrigo in [0], however, the computations
used to obtain this result are not given in detail (such Lie symmetry group
is an 8-dimensional Lie group). In [6] also it was reduce (1)) by means of the
canonical variable transformation method with three of these symmetries,
which are specifically:

20 x0 0 0 0

==+ —-—%, =2+ +2y—, lg=y-.
? Y20 YOy ’ O yay ’ yay
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These symmetries allow us to obtain the corresponding transformations

of :
2

1. rs"(r)+25(r) =0 with = = (3;(7«))1/3 and y = (3rs(r ))%

2. r2"(r) +r3(s'(r))? =2 =0 with 2 =€ and y =r,
3. 8"(r) +2r(s'(r)® + (s'(r))? =0 with z =7 and y = €.

Since the symmetry group of is an 8-dimensional group and following
the ideas of citas [7],[8],[9], we search for its algebraic characteristics and
some invariant solutions of (IJ). In fact, the goal of this work is: i) to
calculate the 8-dimensional Lie symmetry group in all detail, i7) to present
the optimal algebra (optimal system) for (1)), i) to use some elements of
the optimal algebra to propose invariant solutions for , iv) to construct
the Lagrangian with which we could determine the variational symmetries
and thus to present conservation laws associated, and finally iv) to classify
the Lie algebra associated to by groups of matrices.

2 Continuous group of Lie symmetries

The Lie symmetry group associated to is an 8-dimensional Lie group
presented by Arrigo in [6], however, the computations used to obtain this
result are not given in detail. In this section we present the computational
details of that result.

Proposition 2.1. The Lie symmetry group for the equation (/1))
generated by the following vector fields:

0 0 z% 0 r 0 0 0
z 0 190 0 o b
II - - s = 10— + 99— e = 42
1= PBor Poy ST Vo Ty TV gy
10 )
H7 = 5%, and Hg == y87y (3)
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Proof. The general form of a one-parameter Lie group which can be defined
for (1), is given by z — z 4+ eX(z,y) + ... and y — y + ¥ (z,y) + ...,

where € is the parameter of the group. The vector field associated to such
group of transformations can be written as I' = X(:U,y)a% + Y(:E,y)ag.

Applying the second prolongation I'® = T + Y[x]aiz + Y[m}ﬁ to ,
we can find the infinitesimal generators X (z,y),Y (z,y) that satisfy the
symmetry condition

y2Yv[:z::1:} + 2yyz Y + 23/::2X + nygyv[a:} =0, (4)
where Y[, Y|;,] are the coefficients in '@ given by:

Vi = DolY]— (D2 X)ye = Yo + (V) — Xo)ye — Xyy2,
Yiea) = Dal[Yig)] = (D2l X])yae (5)
= Yoo + (2Yay — Xua)ye + Yoy — 2Xuy)ys — Xyy¥s
+  (Yy — 2X0)Yso — 3XyYaYaa,

being D, the total derivative operator: D, = 0y + Y20y + YzaOy, + -+ - .
After substituting into we get:

Y Yau + (2Yay — Xax)yz + (Yyy — 2Xzy)yg - nyyg]
+ yQ[(Yy - 2Xx)y:mc - 3ny:vyx:p] + 2YYzaY + 2y2X
+ 6$?J§ Yo+ (Yy — Xo)ys — nyi] =0.

After substituting y,, = —2rySy 2 into the preceding expression and
analysing the coefficients associated to y,, we get the following determinant
equations:
y? Yy =0, (6a)
20°Yey — y* Xz =0, (6b)
Y2Yy, — 2y* Xy + 62V =0, (6¢)
2uX — y* Xy, — 20y X, + 4ryY, — 4y =0. (6d)
Solving we have:
Y =ca(y)r+cay), (7)
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where ¢1(y),c2(y) are arbitrary functions. From (7)), we get Y, =
i (y), then writing this expression on we obtain that X,, = 2¢](y),
therefore, integrating we have X, = 2¢|(y)x + ¢3(y), which implies X =
¢ (y)x? + c3(y)x +ca(y), with c3(y), ca(y) arbitrary functions. Substituting
the previous expression and into , we obtain that z(—3y2%c](y) +
6¢c1(y)) +y2[ch(y)] —2y2[c5(y)] = 0, then, taking the derivative with respect
to z, we have —3yc] (y) + 6¢1(y) = 0, and solving this ODE for ¢ (y) we
get ¢1(y) = k1y? + %2, with k1, ko arbitrary constants. Therefore,

k k
Y = {klyQ + ;] x+co(y) and X = [ley — y;] 22 + c3(y)z + ca(y).

Substituting the previous equation into we get 2yca(y) — y3ci(y) +
z (—y*ci(y) + 4ych(y) — 4ea(y)) = 0. Analyzing the coefficients with

respect to x we have that —y3cj(y) + 4ych(y) — 4ca(y) = 0, which in turn

implies
Acy(y)  4dea(y)

Cg(y) = 32/2 - y3 ’ (8)
and, consequently, 2ycy(y) — y3cj(y) = 0. Thus, c4(y) = key? + %, with
ke, k7 arbitrary constants. This allow us to conclude that X and Y are
given by

k k k
Y= [klyQ + ﬂ ztely), X= [ka - y;] 2 + e3(y)z + key® + 57
(9)

When we substitute the previous equations into we get:

251}7@ _ 8$k2 + 6$k2 7

2xk1y? — 8y*wky + 6xk1y® + y + 5 (y)y* — 2y (y) = 0,

which is equivalent to ¢j(y) — 2¢5(y) = 0. Then, integrating with respect
to y we obtain

0,2 (y) — ko 0/2”(3/) "

hy) = 2e3(y) = ke = esly) = =5 = 5 =)

When substituting the last equation into (§)), we get —1> (@) +4ydh(y)—
4ea(y) = 0 and solving for ca(y), it is obtained co(y) = ksy* + ’;—3 + ksy,

ing.cienc., vol. 17, no. 34, pp. ﬁ , julio-diciembre. 2021. 101|



Lie Algebra Representation, Conservation Laws and Some Invariant Solutions for a

Generalized Emden-Fowler Equation

with ks, k4, ks arbitrary constants. Now, we know that c3(y) = w,

then c3(y) = 2k3y> — ’;—% + %8 — %9 and, thus, X and Y from @, have the
following form:

k k k k k
X = 2k1y+% 2?4 (2kgy® — 2 4 8 ) ke L
Yy v o2 2 y
k k
Y = <k1y2 - 2) x + ksy* + ksy + —3.
Yy Yy
Now, taking k5 = %8 - %9 and K4y = —k4 we get that the infinitesimal
generators are:
k K k
X = (%y + 3) z? + <2k3y3 + =+ k5> z + key® + L,
k K
Y = <k1y2 - ;) T+ k3y4 + (2ks + ko)y — ?24, (10)

with ki,- - -Ky,-, ks arbitrary constants; this implies that the symmetry
group is generated by the operators described in the statement of the
proposition. L]

3 Optimal algebra

Taking into account [10} 1T} 12} [I3], we present in this section the optimal
algebra associated to the symmetry group of , that shows a systematic
way to classify the invariant solutions.

To obtain the optimal algebra, we should first calculate the
corresponding commutator table, which can be obtained from the operator

n
i i 9
[, I1g] = T, 115 — Hpll, = Z (Ma(&h) — Ta(£L)) L (11)
i=1
where ¢ = 1,2, with o, =1,2,3,...,7,9 and 52{,% are the corresponding
coefficients of the infinitesimal operators Il,,I1Ig. After applying the

operator to the symmetry group of , we obtain the operators that
are shown in the following table
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Table 1: Commutators table associated to the symmetry group of .

I T, [ 1Ty [ Mg [ Ty [ T ] g [ I, [ T
m 0 0 0 3, | 30 I, olly — BIl; | —1I
I, 0 0 300, 0 31, | 9l — 4115 T, o1,
T, 0 30, 0 30, | —6ll; 0 3T, 311,
T, 31T, 0 31T, 0 611, 3T, 0 3T,
T 3T, 311, 6I1; | —o6lls 0 3T, 311, 0
T, o, —(9Tl, — 4115) 0 30, | —30, 0 0 aTl,
T, || —(9Tls — 51I5) 0, 3T, 0 311, 0 0 T,
T, 0 311, 3T, | —314 0 2T, —T1; 0

Now, the next thing is to calculate the adjoint action representation of
the symmetries of and to do that, we use Table [1| and the operator

Ad(exp(\ID)H =)

n=0

)\TL
n!

(ad(I1))"G for the symmetries IT and G.

Making use of this operator, we can construct the Table 2] which shows
the adjoint representation for each II;.

The following result shows what is the optimal algebra associated to the
equation . The whole procedure will not be presented in this document
due to its length.

Proposition 3.1. The optimal algebra associated to the equation is
given by the vector fields shown in the Table [3]

Table 2: Adjoint representation of the symmetry group of .

adj]

1,

1y

1y

10

11,

1l

1T

1y

117 — 9ALLy 4 5AII5 + 3A°1;

1L 11 11 13 114 + 3AIL, 115 + 3AI1, 1l + Ally 1y + AII,
11, 11, I, I3 + 3L, 10 3AITy | Tl — 9AIDg + 4AIT5 + 3A°TI, TI; + Ay Iy — 2ATIy
113 11y 11y — 3AI0; 113 11 — A5 — 9N*1Iy 1l 117 + 3Allg 1y + 3AIT3
T, 10, — 3\, 10, TT; + BT, — OVTI, T, Tl + 3MIT; 1T Tly — 3L,
0 PRATH P, 0N, BT PR g Thy
T, T, — AT, TT; + 9Ty — 4MIT; + 307105 N T, — 317 T, 1T Tl + 2\15
T, || 11 + 9AITy — 5AIT; + 3A2T; 0, — M, TT; — 3T, N Ty T, Ty — NI
1Iy e My eI e My ey e Mg ez 1y
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Lie Algebra Representation, Conservation Laws and Some Invariant Solutions for a

Generalized Emden-Fowler Equation

Table 3: Optimal algebra generators for ([1f).

Number of Vector Fields Number of Vector Fields
elements elements
1 11y 1Ty + Ilx + 115 + II7 + IIg
I + 115 Iy — 2Iy + 115 + IIg + IT7
-I1; + 113 I + I3 + II4 + 115 + IIg
2 II5 4 17 II; + Iz + II5 + Il + 117
11 + I3 5 II; + Iz + 113 — II5 + IIg
Ty + 114 Iy 4+ 11y + Iy + II5 4 Ilg
1‘[1+1‘[2+%1‘I5 Il + 11y — IIe + II7 + IIg
4 + e 4 g My + Ty + 15 + Ig — S1I7
Iy + I3 + g My + g + Tl + s — 3109
Iy + Ilg + 17 Iy + Ty + Ig + 117 + IIg
Iy + Iy + 7 TIy — 3[4 + IIg + 3117 + IIg
Ty + Iy + 7 Tl3 — L15 + I + 17 + Mg
me et 7 Iy — $12 + T03 + 15 + Tl
5 + Ilg + 17 o N I I 3
3 11 + Iy 4 I3 1+ 3+15+ 6 — 5o
I, + 5 + O II; + 13 — 5115 + IIg + Mg

Iy + 11y + 115 + I1g + 117
Iy + 2114 + II5 + Ig + I7
I + Iz + Il + II7 + IIg
1Ty + I + I3 + Iy + IIg
Iy + Mo + 114 + IT5 — 2119
T — gl + 113 + Iy + 3115
Iy + I3 + Ty + 17 + Ilg
Iy + Iy + 17 + g T, — 210 + 114 + 117 + 109
Iy + Iy + II7 + Ig
Iy + T2 + Iy + Ig
Iy + T + 113 — 5

My + Tz Tl — 311 Ty + TIp + TIg + Iy + 5 — 31T
T + 2 4 I3 + Tl M +TIp 4 T + Iy + 5 — 31T
I3 + I + 15Tz + 5T My + Mg + 89105 + IMg + IT7 — 510
Mo 4 s 4 T 4 3T I + I + I3 + Iy + Iy + I
qirpr s e I + Iy + Iy + 15 + Iy — 210
141+ T + T My — 2T + Mg + Ty + M5 + Mg

4 3II; — 3IIg + II3 + I3 6

117 + I3 + 115 + IIg

s — 2105 + Ig + Tl Iy + Iy + I3 — 5 + 17 4 g
o + Ble + I 30T Mo + I3 — 5 + Il + II7 + Ig
ot s s 3 I + Ty + 3 + 14 + M5 + T
st Ty +Tly + Tl + g — £117 — 210

IIo + I3 + Iy + 117
Iy 1 Ty + o 4 T Iy + M3 + T4 + 15 + 3T0g + 3117

Iy + Mg + IIy + 117
II; + Iz + II3 + IIg
I + g + g + 117
Ty + Ty + IIg + II7
117 + 1o + I3 + 114 + II5 + IIg + IIg
My + T2 + I3 + II5 + Ig + II7 + g
H1+H2+n3+§n4+n5+n7—§ng
Iy — M3 + 14 + I5 + IIg + 317 — 310y
I, + Iy + Iy + 8IT5 — g + II7 — 15119
M, + Iy 4+ 4 — 55 — 111g + 7 — 9T,
Iy + I3 + Iy + 5 + 36 + 5117 — 3o
My + My + M3 + Iy + 5 + 317 — 310

Iy + o + II3 + 114 + Ilg + 117
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4 Invariant solutions by some generators of the optimal
algebra

In this section, we obtain invariant solutions taking into account some
operators that generate the optimal algebra presented in Proposition (3.1
For this purpose, we use the method of invariant curve condition [IT]
(presented in section 4.3), which is given by the following equation

Q(x,y,yz) =Y —y X = 0. (12)

Using the element II; from Proposition under the condition , we
obtain that @ = Y] —y, X1 = 0, which implies (zy?) — v, (2yz?) = 0. After
isolating y, we get 3, = 3%, then solving this ODE we have |y(z)| = e/ |zl
where ¢ is an arbitrary constant, which is an invariant solution for (|1)),
using an analogous procedure with some of the elements of the optimal
algebra (Table |3), we obtain both implicit and explicit invariant solutions
that are shown in the Table [4] with ¢ being an arbitrary constant.

Remark 4.1. The invariant solution of the numeral 4 from Table d is the
same solution as the one presented by Arrigo in [6] (using the symmetry
—IIy,) if we use the method of invariant curve given in this document,
nevertheless, the invariant solutions of numeral 1 and 2 shown in Table
[, are a new invariant solutions. The implicit solutions of the numerals
5,6,7,8,9 and 10 from Table [ are implicit solutions which are different
from the implicit solutions (2]) presented in [5].
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5 Variational symmetries and conserved quantities

In this section, we present the variational symmetries of and we are
going to use them to define conservation laws via Noether’s theorem [14].
First of all, we are going to determine the Lagrangian using the Jacobi Last
Multiplier method, presented by Nucci in [I5], and for this reason, we are
urged to calculate the inverse of the determinant A,

x Yz Yz T Yzr Yzxzx
1
A=|s, Ty I =z 2w,
Mo, Mo, T [0 ¥ W

where Il5 ;,II5,,1lg ;, and Ilg, are the components of the symmetries
IIg, IIg shown in the Proposition |3[ and Hél),ﬂgl) as its first prolongations.
Then we get A = % which implies that M = % = 2myy§. Now, from
[15], we know that M can also be written as M = L, , which means

that Ly, ,, = ﬁ, then integrating twice with respect to y, we obtain the

Lagrangian
Y
4ryq,

where f1, fo are arbitrary functions. From the preceding expression we can
consider f; = fo = 0. It is possible to find more Lagrangians for by
considering other vector fields given in the Proposition[3| We then calculate

L($7yayac> = +f1(x7y)yx+f2(xay)7 (13>

X(I, y)Lx + Xx(xa y)L + Y($7 y)Ly + va (:C, y)Lyz = Dx[f($’ y)L

using and . Thus we get

y y 1 2
X[ - X Y Y, Y, — X - X
< 4$2yaz> e <4xya:> * <4xym> " ( s Y o)ye yyx)

<_4:L'yy%> — fe— yxfy = 0.

From the preceding expression, rearranging and associating terms with
respect to 1,4, y2 and 32, we obtain the following determinant equations

Y, = f, =0, (14a)
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yX, — 4z f, =0, (14b)
—yX 4+ 2zxyX, + Y — xyY, =0. (14c)

Solving the preceding system for X,Y and f we obtain the infinitesimal
generators of Noether’s symmetries

Y =a1y, X =4asln(y)+ asr?, and f(z) = agln(z) + aq. (15)

with a1, as,a3 and a4 arbitrary constants. Then, the Noether symmetry
group or variational symmetries are

0 10 0
Vi=ug Vo=aio-  and  Vi=In(y)g . (16)

According to [16], in order to obtain the conserved quantities or
conservation laws, we should solve

I'=(Xy, =Y)Ly, - XL+ f,

using , and . Therefore, the conserved quantities are given by

2

n=-" 5 + azIn(z) + as, L=— ta In(z) + aa, (17)
dzyg 2x2y,
—yln
I3 = —yn(y) + a3z In(z) + as.
22y,

6 Classification of Lie algebra

The generating operators of the Lie symmetry group of are presented in
. The above indicates that the vector space generated by the operators
described forms a 8-dimensional Lie algebra. In the next proposition we
assume some particular criterion of semisimplicity given by Cartan, and its
proof can be found in [17]

Proposition 6.1. (Cartan’s theorem) A Lie algebra is semisimple if and
only if its Killing form is nondegenerate.

| 108 Ingenieria y Ciencia
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Cartan’s theorem is useful to classify the Lie algebras obtained in the
symmetry analysis of differential equations, more specifically, for deciding
whether these algebras are semisimple or not.

Proposition 6.2. The Lie algebra associated to is a semisimple Lie
algebra.

Proof. Let g be the Lie algebra associated to . We use the Cartan
criterion of semisimple Lie algebra. First we calculate the matrix
corresponding to the Cartan-Killing form. The matrix of the Cartan-Killing
form is given by

0 0 0 0 0 0 —18 07

O 0 0 0 0 —18 0 0

0O 0 05 0 0 0 0

M| 0 0 30 0 0 0 0
0O 0 0 0 108 0 0 54

0 —-18 0 0 0 0O 0 0

18 0 0 0 0 0 0 0

0 0 0 0 5 0 0 28

A straightforward computation shows that det (M) # 0 so, by the Cartan
criterion, g is a semisimple Lie algebra, where g is the Lie algebra generated
by the vector field of the symmetry group that is obtained from . After
this we compute the signature and we get that it is given by (5, 3). O

One way to completely determine a Lie algebra is given by by its
roots system, since it is known that a semisimple Lie algebra is uniquely
determined by such system. In the next proposition we find a Lie
subalgebra isomorphic to sl(2,R).

Definition 6.1. Let g be a finite-dimensional Lie algebra over an arbitrary
field k. Choose a basis e¢;, 1 < i < n, in g where n = dim g and set
lei, e;] = Cz-kjek. Then the coefficients ij are called structure constants.

They form a structure tensor, which is an element of the space g*®g*®g.

Proposition 6.3. Let g; and g2 be two Lie algebras of dimension n.
Suppose each has a basis with respect to which the structure constant
are the same. Then g; and gy are isomorphic.
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Proposition 6.4. Let g3 be the Lie subalgebra that has a basis given by
the vector field II3, Iy, IT5. Then g3 is isomorphic to sl(2,R).

1 1 1
Proof. Let’s define H, X,Y by H = §H57 X = §H3, Y = §H4, then
[H,X] =2X, [H,Y] =-2Y, [X,Y] = H. Considering a change of basis
suggested by the preceding expressions, we obtain constant structure that
coincide with those of s[(2,R) and consequently, by Proposition the
statement is proved. O

Theorem 6.1. Let g be a semisimple Lie algebra. Then there exist ideals
01, , g of g which are simple (as Lie algebras), such that g = g, @ - - Dg,.
Every simple ideal of g coincide with one of g;. Moreover, the Killing form
of g; is the restriction of k to g; x gi.

Proposition 6.5. Let g be the Lie algebra associated to (1). Then g is
isomorphic to the special linear Lie algebra of order 3, that is, s[(3,R).

Proof. This proof is based on the Theorem Due to that theorem the
Lie algebra g is semisimple by the Cartan criterion, the Proposition [6.2
and the classification of simple Lie algebras. In fact, if we begin with the
first term of the decomposition of the semisimple Lie Algebra g, namely
g1, we get a simple Lie subalgebra and therefore the dimension of g must
be greater than 2, so we have two cases: s[(2) or s0(3), in that order. For
instance, if g1 = s[(2), which has dimension three, we need to consider other
algebras to attain the dimension 8, but it is not possible precisely because
of the dimension (since there are no 5 dimensional simple Lie algebras).
Continuing with this argument, if we add another s(2), then it only remains
to add a 2-dimensional simple Lie algebra, so all dimensions can sum up
to 8, but such algebra two dimensional does not exist. Therefore, in this
case, the Lie algebra is indecomposable and the only option is that the Lie
algebra is s(3). In the other hand, If we start with the the first term of
the decomposition as s0(3), we can consider a similar argument and get to
the same conclusions.

Another important fact to be considered is that there are no 8 dimensional
Lie algebra in the class of so(n). Consequently, the Lie algebra g is
isomorphic to sl(3), and the statement is proved.
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Remark 6.1. To be more clear, we start with the decomposition g =
g, @ g, @ g3, for instance, and then we choose the first g, to be a simple
algebra of the least possible dimension. Then, we know that there are two
3-dimensional Lie algebras, which are: sl(3) and so(3). To complete the
dimension of g, we consider other simple Lie algebras among the previously
stated, and fill in the decomposition of g, looking always at the dimension
that remains to be filled in. We continue adding algebras until we reach
the dimension of g. This procedure forces g to be equal to g, = sl(3).

O]

7 Conclusion

Using the Lie symmetry group of , we calculated the optimal algebra,
as it was presented in Proposition [3.I] Making use of some elements of
the optimal algebra, it was possible to obtain some invariant solutions as it
was shown in Table[d Both the invariant solutions of numeral 1,2 and the
family of implicit invariant solutions corresponding to the numerals 5 — 10
from Table [l do not appear in the literature known until today.

It has been shown the variational symmetries for in with its
corresponding conservation laws (17). The Lie algebra associated to the
equation is a semisimple algebra as it is proved in Proposition and
the signature of the Cartan-Killing form is (5,3). The Proposition
showed that the Lie algebra associated to the equation has, at least,
one Lie subalgebra isomorphic to sl(2,R). Lastly, Proposition showed
that the Lie algebra associated to the equation is isomorphic to sl((3)
and therefore, the goal initially proposed was achieved.

For future works, numerical methods could be used to solve the implicit
equations shown in numerals 5— 10 from the Table[d An alternative line of
work would be to use the Lie symmetry group to calculate the A-symmetries
of , and, thus, explore more conservation laws for ((1)). Equivalence
group theory could be also considered to obtain preliminary classifications
associated to a complete classification of .
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