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A FULLY-MIXED FORMULATION IN BANACH SPACES FOR THE COUPLING
OF THE STEADY BRINKMAN-FORCHHEIMER AND DOUBLE-DIFFUSION
EQUATIONS

SERGIO CAUCAOY®, GABRIEL N. GATICA? AND JUAN P. ORTEGA?

Abstract. We propose and analyze a new mixed finite element method for the nonlinear problem given
by the coupling of the steady Brinkman—Forchheimer and double-diffusion equations. Besides the ve-
locity, temperature, and concentration, our approach introduces the velocity gradient, the pseudostress
tensor, and a pair of vectors involving the temperature/concentration, its gradient and the velocity,
as further unknowns. As a consequence, we obtain a fully mixed variational formulation presenting a
Banach spaces framework in each set of equations. In this way, and differently from the techniques
previously developed for this and related coupled problems, no augmentation procedure needs to be
incorporated now into the formulation nor into the solvability analysis. The resulting non-augmented
scheme is then written equivalently as a fixed-point equation, so that the well-known Banach theo-
rem, combined with classical results on nonlinear monotone operators and Babuska—Brezzi’s theory
in Banach spaces, are applied to prove the unique solvability of the continuous and discrete systems.
Appropriate finite element subspaces satisfying the required discrete inf-sup conditions are specified,
and optimal a priori error estimates are derived. Several numerical examples confirm the theoretical
rates of convergence and illustrate the performance and flexibility of the method.
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1. INTRODUCTION

The phenomenon in which two scalar fields, such as heat and concentration of a solute, affect the density
distribution in a fluid-saturated porous medium, referred to as double-diffusive convection, is a challenging mul-
tiphysics problem. This model has numerous applications, among which we highlight predicting and controlling
processes arising in geophysics, oceanography, chemical engineering, and energy technology, to name a few areas
of interest. In particular, some of them include groundwater system in karst aquifers, chemical processing, sim-
ulation of bacterial bioconvection and thermohaline circulation problems, convective flow of carbon nanotubes,
and propagation of biological fluids (see, e.g. [1,6,9,22,32]). In this regard, we remark that much of the research
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in porous medium has been focused on the use of Darcy’s law. However, this constitutive equation becomes
unreliable to model the flow of fluids through highly porous media with Reynolds numbers greater than one,
as in the above applications. To overcome this limitation, a first alternative is to employ the Brinkman model
[8], which describes Stokes flows through a set of obstacles, and therefore can be applied precisely to that kind
of media. Another possible option is the Forchheimer law [23], which accounts for faster flows by including a
nonlinear inertial term. According to the above, the Brinkman—Forchheimer equation (see, e.g. [12,16]), which
combines the advantages of both models, has been used for fast flows in highly porous media. Moreover, this
fact has motivated the introduction of the corresponding coupling with the so called double-diffusion equations
(a system of advection-diffusion equations), through convective terms and the body force.

To the authors’ knowledge, one of the first works analyzing the coupling of the incompressible Brinkman—
Forchheimer and double-diffusion equations is [28], where well-posedness and regularity of solution for a velocity-
pressure-temperature-concentration variational formulation is established by combining the Galerkin method
with a smallness data assumption. Later on, the global solvability of the coupling of the unsteady double-diffusive
convection system under homogeneous Neumann boundary conditions and a linearized version of the Brinkman—
Forchheimer equations, was introduced and analyzed in [29]. In particular, it is proved in [29] that the global
solvability in L2-spaces holds true for the 3-dimensional case. More recently, in [31] a finite volume method was
adopted to solve the coupling of the time-dependent Brinkman—Forchheimer and double-diffusion equations.
The focus of this work was on the validity of the Brinkman—Forchheimer model when various combinations of
the thermal Rayleigh number, permeability ratio, inclination angle, thermal conductivity and buoyancy ratio
are considered. This study allowed the evaluation of the control parameters effect on the flow structure, and
heat and mass transfer. Meanwhile, an augmented fully-mixed formulation based on the introduction of the
fluid pseudostress tensor, and the pseudoheat and pseudodiffusive vectors (besides the velocity, temperature
and concentration fields) was analyzed in [14]. In there, the well-posedness of the problem is achieved by
combining a fixed-point strategy, the Lax—Milgram and Banach—Nec¢as—Babuska theorems, and the well-known
Schauder and Banach fixed-point theorems. The corresponding numerical scheme is based on Raviart—Thomas
spaces of order k > 0 for approximating the pseudostress tensor, as well as the pseudoheat and pseudodiffusive
vectors, whereas continuous piecewise polynomials of degree k + 1 are employed for the velocity, and piecewise
polynomials of degree k for the temperature and concentration fields. Optimal a priori error estimates were also
derived.

We point out that the augmented formulation introduced in [14], and the consequent use of classical Raviart—
Thomas spaces and continuous piecewise polynomials to define the discrete scheme, are originated by the wish
of performing the respective solvability analysis of the Brinkman—Forchheimer equations within a Hilbertian
framework. However, it is well known that the introduction of additional terms into the formulation, while
having some advantages, also leads to much more expensive schemes in terms of complexity and computational
implementation. In order to overcome this, in recent years there has arisen an increasing development on Banach
spaces-based mixed finite element methods to solve a wide family of single and coupled nonlinear problems in
continuum mechanics (see, e.g. [4,5,10-12,15,18,19]). This kind of procedures shows two advantages at least:
no augmentation is required, and the spaces to which the unknowns belong are the natural ones arising from
the application of the Cauchy—Schwarz and Hoélder inequalities to the terms resulting from the testing and
integration by parts of the equations of the model. As a consequence, simpler and closer to the original physical
model formulations are obtained.

According to the above bibliographic discussion, the goal of the present paper is to continue extending the
applicability of the aforementioned Banach spaces framework by proposing now a new fully-mixed formulation,
without any augmentation procedure, for the coupled problem studied in [14,28]. To this end, we proceed as
in [18] and introduce the velocity gradient and pseudostress tensors as auxiliary unknowns, and subsequently
eliminate the pressure unknown using the incompressibility condition. In turn, we follow [18,19] and adopt a dual-
mixed formulation for the double-difussion equations making use of the temperature/concentration gradients
and Bernoulli-type vectors as further unknowns. Then, similarly to [17,18], we combine a fixed-point argument,
classical results on nonlinear monotone operators, Babuska—Brezzi’s theory in Banach spaces, sufficiently small
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data assumptions, and the well known Banach fixed-point theorem, to establish existence and uniqueness of
solution of both the continuous and discrete formulations. In this regard, and since the formulation for the
double-diffusion equations is similar to the ones employed in [18,19], our present analysis certainly makes use of
the corresponding results available there. In addition, applying an ad-hoc Strang-type lemma in Banach spaces,
we are able to derive the corresponding a priori error estimates. Next, employing Raviart—Thomas spaces of
order k£ > 0 for approximating the pseudostress tensor and Bernoulli vectors, and discontinuous piecewise
polynomials of degree k for the velocity, temperature, concentration and its corresponding gradients fields, we
prove that the method is convergent with optimal rate.

This work is organized as follows. The remainder of this section describes standard notation and functional
spaces to be employed throughout the paper. In Section 2, we introduce the model problem and derive the
fully-mixed variational formulation in Banach spaces. Next, in Section 3 we establish the well-posedness of this
continuous scheme by means of a fixed-point strategy and Banach’s fixed-point theorem. The corresponding
Galerkin system is introduced and analyzed in Section 4, where the discrete analogue of the theory used in the
continuous case is employed to prove existence and uniqueness of solution. In Section 5, an ad-hoc Strang-type
lemma in Banach spaces is utilized to derive the corresponding a priori error estimate and the consequent
rates of convergence. Finally, the performance of the method is illustrated in Section 6 with several numerical
examples in 2D and 3D, which confirm the aforementioned rates.

Preliminary notations

Let Q C R™,n € {2,3}, be a bounded domain with polyhedral boundary T', and let n be the outward unit
normal vector on I'. Standard notation will be adopted for Lebesgue spaces LP(€2) and Sobolev spaces W#P(2),
with s € R and p > 1, whose corresponding norms, either for the scalar, vectorial, or tensorial case, are denoted
by || - llop:0 and || - ||s,p:2, respectively. In particular, given a non-negative integer m, W™?2((2) is also denoted
by H™(€2), and the notations of its norm and seminorm are simplified to || - |0 and | - | o, respectively. By
M and M we will denote the corresponding vectorial and tensorial counterparts of the generic scalar functional
space M, and || -||, with no subscripts, will stand for the natural norm of either an element or an operator in any
product functional space. In turn, for any vector field v = (v;);=1,,, we let Vv and div(v) be its gradient and
divergence, respectively. Furthermore, for any tensor fields 7 = (7;;); j=1,n and ¢ = ({ij)i,j=1,n, We let div(T)
be the divergence operator div acting along the rows of 7, and define the transpose, the trace, the tensor inner
product, and the deviatoric tensor, respectively, as

ol (), N e N~ a_,_ 1
T = (Tji)ig=1m, (7)== ;Tm T:(:= ”22:1 Tij Gij, and TO:=T - tr(7) 1,
where I is the identity matrix in R := R™*". In what follows, when no confusion arises, | - | will denote the
Euclidean norm in R := R or R. Additionally, we recall that
H(div; Q) := {7 € L*() : div(r) € L*(Q)},
equipped with the usual norm ||7(|%;,.q = |75 o + [Idiv(7)[[§ o, is a standard Hilbert space in the realm of

mixed problems. In addition, H'/?(T) is the space of traces of functions of H'() and H='/2(T") denotes its dual.
Also, by (-,-);. we will denote the corresponding product of duality between H~!/2(I") and H'/?(T") (and also
between H~/2(T") and HY/?(T")).

2. THE CONTINUOUS FORMULATION

In this section we introduce the model problem and derive the corresponding weak formulation.
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2.1. The model problem

In what follows we consider the model introduced in [28] (see also [14], Sect. 2), which is given by a steady
double-diffusive convection system in a fluid saturated porous medium. More precisely, we focus on solving the
coupling of the incompressible Brinkman—Forchheimer and double-diffusion equations, which reduces to finding
a velocity field u, a pressure field p, a temperature field ¢; and a concentration field ¢, the latter two defining
a vector ¢ := (1, ¢2), such that

—vAu+K 'u+Flufu+ Vp=Ff(¢) inQ,

div(u) =0 in €,

—div(Q, Vér) +Riu-Vé, =0  inQ,
—div(Qy V) +Rou- Ve =0 in Q, (2.1)

with parameters v := D, i/ and F := 9D, Ry, where D, stands for the Darcy number, i the viscosity, p the
effective viscosity, Ry the thermal Rayleigh number, Ry the solute Rayleigh number, and 9 is a real number that
can be calculated experimentally. In addition, the external force f is defined by

£() = — (61 — drs) g + % (62 — dos) & (2.2)

with g representing the potential type gravitational acceleration, ¢; , the reference temperature, ¢, the ref-
erence concentration of a solute, and p is another parameter experimentally valued that can be assumed to
be > 1 (see [28], Sect. 2 for details). The spaces to which ¢1, and ¢o, belong will be specified later on. In
turn, the permeability, and the thermal diffusion and concentration diffusion tensors, are denoted by K, Q; and
Q2, respectively, all them belonging to L>°(€2). Moreover, the inverse of K and tensors Q1, Q2, are uniformly
positive definite tensors, which means that there exist positive constants Ck, Cq,, and Cq,, such that

v - K '(x)v > Ck |v|2 and v-Q;(x)v > Cq; |V|2 VveR" VxeQ, je{l,2}. (2.3)

Equations (2.1) are complemented with Dirichlet boundary conditions for the velocity, the temperature, and
the concentration fields, that is

u=up, ¢1=¢1p, and ¢2=¢p on T, (2.4)

with given data up € H/2(T), ¢1 p € HY/2(T") and ¢2p € HY/2(I"). Owing to the incompressibility of the fluid
and the Dirichlet boundary condition for u, the datum up must satisfy the compatibility condition

/FUD -n=0. (2.5)

In addition, due to the first equation of (2.1), and in order to guarantee uniqueness of the pressure, this unknown

will be sought in the space
L2(Q) = {q cL?(Q): / q= O}.
Q

Next, in order to derive a new fully-mixed formulation for (2.1)—(2.5), and unlike [14], we do not employ
any augmentation procedure and simply proceed as in [18] (see also [19]). More precisely, we now introduce as
further unknowns the velocity gradient t, the pseudostress tensor o, the temperature/concentration gradient
Ej7 and suitable auxiliary variables p; depending on Ej7 u, and ¢;, all of which are defined, respectively, by

~ ~ 1
t:=Vu, o:=vt—pl, t;:=V¢; p;:= thjfiRjgbju, Vjie{l,2}, in Q. (2.6)



BRINKMAN-FORCHHEIMER AND DOUBLE-DIFFUSION EQUATIONS 2729

In this way, applying the matrix trace to the tensors t and o, and utilizing the incompressibility condition
div(u) =0 in Q, one arrives at tr(t) = 0 in © and

p=-c tr(or) in Q. (2.7)

Hence, replacing back (2.7) in the second equation of (2.6), we find that the model problem (2.1)-(2.4) can be
rewritten, equivalently, as follows: Find (u,t,o) and (¢;,t;, pj), j € {1,2}, in suitable spaces to be indicated
below, such that

Vu=t in Q,
vt =od in Q,
K 'u+F|ulu—div(e) =f(¢) inQ,

[ @) =0,

Vo; =t in Q,
~ 1 .
thj—iRjgbju:pj IHQ,
1 ~
§lel'tj —le(pJ) =0 in Q,
u=up and ¢=¢p on I (2.8)

where the Dirichlet datum for ¢ is certainly given by ¢p := (é1,p,¢2,p). At this point we stress that, as
suggested by (2.7), p is eliminated from the present formulation and computed afterwards in terms of o by
using that identity. This fact justifies the fourth equation in (2.8), which aims to ensure that the resulting p
does belong to L3(9).

2.2. The fully-mixed variational formulation

In this section we follow [18,19] to derive a fully-mixed formulation in a Banach spaces framework for the
coupled system given by (2.8). To this end, we first multiply the third equation of (2.8) by a test function v
associated with the unknown u, which formally yields

/QKflu'VwLF/Q|u|u-vf/Qv~div(0'):/Qf(qb)~v. (2.9)

Then, applying the Holder and Cauchy—Schwarz inequalities, we find that the Forchheimer term, given by the
second expression in (2.9), can be bounded as

’/ [uju-v
Q

where £, j € (1,400) are conjugate to each other, that is % + % = 1. In this way, while we could continue our

< lullo,2e:0 lullo.2e:0 [[vlo,5:0

analysis with arbitrary values of £ and j, and hence with u and v belonging to the Lebesgue spaces L?¢(2) and
L7 (), respectively, we prefer for simplicity to make the latter to coincide, that is such that 2¢ = j, which gives
{= % and j = 3, so that both u and v belong to L3(Q). Consequently, the fact that L3() is certainly contained
in L(Q) and the uniform boundedness of K guarantee that the first term in (2.9) is bounded as well, whereas
for the third and fourth ones to be well-defined we need to impose that div(e) and f(¢) lie in L3/2(Q).

Now, given t € (1,400), we introduce the Banach space

H(divy; Q) := {7 € L*(Q) : div(r) € L'(Q)}, (2.10)
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which is endowed with the natural norm
[Tllaiv.;0 = [ITllo.0 +[div(T)[lose V7 € H(dive; Q).

Then, proceeding as in equation (1.43), Section 1.3.4 of [24] (see also [10], Sect. 4.1, [18], Sect. 3.1), one can
prove that for each ¢t > % there holds

(tn,v)r = | {T7:Vv+v. div(r)} Y (7,v) € H(divy; Q) x HY(Q), (2.11)
Q

which says, in particular, that 7n € H~Y/2(T") for all 7 € H(div;; Q). In turn, we stress that the fact that
L%(Q) is continuously embedded into L!(2) for each ¢t € (1,2) implies that for this range of ¢ there holds
H(div; ) C H(divy; Q).

Next, if we look originally for t in L?(Q), then from the first equation of (2.8) we would have that u € H*(),
which is embedded in L3(Q2), so that applying (2.11) to T € H(divs/o; ) and u, and employing the Dirichlet
boundary condition on u, we obtain from that equation that

AT:t+/§2u-div(T):<7n,uD>F. (2.12)

Actually, because of the incompressibility condition satisfied by u (¢f. second equation of (2.1)), which is
reconfirmed by the second equation of (2.8), t must be sought in L2 (Q2), where

L7(Q) :={rel?(Q) :tr(r) =0 in Q}.

Moreover, testing the aforementioned last identity against r € L2 (Q2), which requires o € L2(Q2), thus yielding
o € H(divs/2; Q) as well (recall that div(e) must lie in L3/2(12)), we arrive at

y/t:r—/ad:r:O. (2.13)
Q Q

According to the previous analysis, the weak formulation of the Brinkman—Forchheimer part of the coupled
problem (2.8) reduces at first instance to: Find (u,t,0) € L*(Q) x L, (Q) x H(divs,2; ) such that (2.9), (2.12),
and (2.13) hold for all (v,r,7) € L*(Q) x L.(Q) x H(divs,2; Q).

However, similarly as in [18] (see also [10,19]), we consider the decomposition

H(divs,o; ) = Ho(divs/o; Q) © R,

where

Ho(divs/e; Q) := {T € H(divs/9; Q) : /Qtr(T) = 0}

and RI is a topological supplement for Ho(divs/s;€2).

Then, it is clear from the fourth equation of (2.8) that actually o € Hy(divs/o;€2). In addition, it is readily
seen, using the compatibility condition (2.5), that both sides of (2.12) explicitly vanish when 7 € RI, and hence
testing against 7 € H(divs,s;(2) is equivalent to doing it against 7 € Ho(divs/s;§2). Therefore, denoting from
now on

i:= (u,t), w:=(w,s), v:=(v,r) € L}(Q) x LZ(Q),

and suitably grouping the equations (2.9), (2.12), and (2.13), the aforementioned weak formulation reads: Find
(d,0) € (L3(9) x LE(Q)) x Ho(divs/o; ) such that

[a (@), V] + [b(¥), ] = [F, V] vV e L3(Q) x L(9),
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[b(d), 7] = [Gp, 7] V1 € Hy(divss; ), (2.14)

where the nonlinear operator a : (L3(Q) x LE(©)) — (L3(Q) x Lfr(ﬂ))/, the linear and bounded operator
b: (LS(Q) X LEY(Q)) — H (div3/2; Q)/7 and the functional Gp € Hy (diV3/2; Q)/, are defined, respectively, as

[a(w), V] ::/QK_lw-v-i-F/Q|w|w~v+1//Qs:r, (2.15)
b(¥), 7] = —/Qv-div(r)—/QT:r, (2.16)

and
[GDvT] = _<Tna uD>1"7 (217)

for all w, v € L3(Q) x LZ.(Q), and for all 7 € Hy(divs,s; Q). In turn, given ¢ := (¢1,¢2) in the spaces to be
indicated below, the functional Fi, is given by

[Fp, V] = /Qf(cp) v VYV eL}(Q) x LA(Q). (2.18)

In all the terms above, [-,-] denotes the duality pairing induced by the corresponding operators.

On the other hand, for the double-diffusion equations in (2.8) we proceed analogously as for the derivation
of (2.9), (2.12), and (2.13). In fact, multiplying the sixth equation of (2.8) by a test function r; associated with
the unknown fj, we formally obtain

~ 1 ~ ~
/thfrjfiRj/gZ)jumjf/pj«rj:O. (219)
Q Q Q

Then, employing again the Cauchy—Schwarz and Hélder inequalities, we find that the convective term from the
foregoing equation can be bounded as

fon

where r and s are conjugate to each other. But, knowing already that u is sought in L3(Q2), we are forced
to choose s = 3/2, which yields » = 3, and hence we look for ¢; in L°(Q), whereas T; lies in L?(Q2). As a
consequence of the latter and the fact that Q; € L>°(Q), j € {1, 2}, we notice that the first and third terms of
(2.19) are bounded if we look for both t; and p; in L?(2). Now, we introduce the vector version of (2.10), that
is for each t € (1, +00) we set

< [l¢jllo,2r:0 [[ullo.2s:0 [IT5 0.0,

H(divy; Q) := {n € L*(Q) : div(n) € L'(Q)}.
Then, noting from the fifth equation of (2.8) that ¢; € H'(£2), which is embedded in L5(£2), and then applying

the vector-scalar version of (2.11) to n; € H(divg/s5;(2) and ¢;, and using the Dirichlet boundary condition on
¢;, it follows from that equation that

/ij n;+ /Q ¢;div(n;) = (n; -1, ¢;p) - (2.20)

Finally, testing the seventh equation of (2.8) against ¢; € L%(€2), which requires div(p;) € L%/5(1), thus yielding
p; € H(dive/s5; Q) as well, we get

1 -
3 R; /Q Yju-t; — /QT/’j div(p;) = 0. (2.21)
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Similarly as before for H(divy; ), we notice here that 1 -n € H™1/2(T) for all n € H(div;Q), t € (1, +00). In
addition, for each ¢ € (1,2) there holds H(div; Q) C H(divy; Q).
Hence, setting from now on

6 = (05,6), B = (¢5,8)), ¥ = (;,;) € LO(Q) x L*(Q),
and conveniently grouping (2.19)7(2.21), the weak formulation of the double-diffusion equations in (2.8) reads:
Find (¢;, p;) € (L(Q) x L*(Q)) x H(divg/s; ), j € {1,2}, such that
[@;(85), 3] + e ()(), 5] + [b(;), p;] = 0 Vi € L8(Q) x L*(Q),
(&), m;] = [G;m;] v, € H(dives; ), (2.22)
where the linear and bounded operators @j,c;(w) : (L6(Q) x L2(Q)) — (L8(Q) x L2(Q)) (for a given w €

L3(Q)), and b: (L5(€2) x L2()) — H(divg/s; Q),, and the bounded linear functional éj € H(divgs; Q)/, are
defined, respectively, as

[@;(F;) 1/7 / Q,s; -1, (2.23)
@)= grd [ w5 - [ower (2:24)
B(;).m,) = — / ; div(n;) - / n; . (2.25)
and _
[Gj’nj] = 7<Irlj -1, ¢j,D>F’ (226)

for all 3, ¥; € LS(Q) x L?(Q), and for all n; € H(dive/s; Q).

Summarizing, the fully-mixed formulation for the coupled problem (2.8) reduces to (2.14) and (2.22), that is:
Find (i, 0) € (L3(2) x L(Q)) x Ho(divs/s; Q) and (gj,pj) € (L) x L2(Q)) x H(divg/5;Q), j € {1,2},
such that

[a(d), V] + [b(V), o] = [Fg, V] Vv e L3(Q) x L{.(Q),
[b(d), 7] = [Gp, 7] VT e H (div3/2; 9)7
[@;(65), 03] + [e; (W)(;), ¥5] + [b(35;), p;] = 0 Vi € L(Q) x L*(Q),
b(¢;),m,] = [Gj.n)] v, € H(dive/s: Q). (2.27)

3. ANALYSIS OF THE COUPLED PROBLEM

In this section we combine classical results on nonlinear monotone operators and the Babuska—Brezzi theory
in Banach spaces, with the Banach fixed-point theorem, to prove the well-posedness of (2.27) under suitable
smallness assumptions on the data. To that end we first collect some previous results and notations that will
serve for the forthcoming analysis.

3.1. Preliminaries
We begin by establishing the following abstract result.

Theorem 3.1. Let X1, X5 andY be separable and reflexive Banach spaces, being X1 and X uniformly conver,
and set X := X7 X X5. Let A: X — X' be a nonlinear operator, B € L(X,Y"), and let V be the kernel of B,
that is,

V= {0 = (v1,v2) € X : B(¥) = 0}.



BRINKMAN-FORCHHEIMER AND DOUBLE-DIFFUSION EQUATIONS 2733

Assume that

(i) there exist constants L > 0 and p1,pa > 2, such that

2
5 —2
@) — A@)lx < L Z{nuj = vjllx, + (sl + lesllxg) ™~ ey = vslx, }

for all @ = (uy,us2),7 = (v1,v2) € X,
(ii) the family of operators {A(-+ 2):V — V' : 2 € X} is uniformly strongly monotone, that is there exists
a > 0 such that
[A(@ + 2) = AT + 2),@ — 7] > o||i — 7],

forall 7 € X, and for all W,7 € V, and
(iii) there exists > 0 such that

B(i
sup [ (_,) 7l >Brlly VYrevy.
sex  [IVllx
T#£0

Then, for each (F,G) € X' x Y’ there exists a unique (@,0) € X XY such that

[A(), 9] + [B(0), o] = [F, 7] Vi e X,
[B(4), 7] =[G, 7] VreY. (3.1)

Moreover, there exist positive constants Cy and Cs, depending only on L, «, and 3, such that

il x < C1 M(F,G) (3.2)
and
2
lolly < Ca{ M(F,G)+ Y M(F.GP 5, (3.3)
j=1
where
M(F,G) = |Fllx + 1G]y + Z IG5 + LA©) | x-- (3.4)
Jj=1

Proof. We begin by noting that the unique solvability of problem (3.1) follows from hypotheses (i)—(iii) and a
direct application of a slight modification of Theorem 3.1 in [13]. In fact, it suffices to observe that this latter
result remains valid if the continuity and strict monotonicity hypotheses given by (ii) and (iii) of [13] are assumed
to hold with different pairs (p1,p2). Now, in order to obtain (3.2) and (3.3), and similarly to Theorem 3.1 of
[13], we first note that @ can be decomposed as

U= Uy + G (3'5)

with @y € V and ug € X satisfying
R . 1
Blig)=¢ and |ldgllx < 7 |Gl (3.6)

We notice that (3.6) is consequence of hypothesis (iii) and the open mapping theorem (cf. [21],
Lems. A.36 and A.42). In turn, taking ¥ = @y € V in the first equation of (3.1), we have

[A(G@y + i@g) — A0 +dg), @v] = [F, @] — [Aldg), @v]-
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Then, combining hypothesis (i), (ii) and (3.6), we deduce that

2
~ _ ~ i—1 S
alliv|k < {IFlx + IIMdg)llx Hiavlix < e 3 IFx + 1G]y + D IGIF " + A0 x ¢ lldviix,

j=1

with ¢; > 0 depending only on 8 and L, which yields

2
~ C1 i—1
lavllx < — 1F N+ 1G 1y + Y IS + [AO)[|x - (3.7)

j=1

In this way, employing (3.6) and (3.7) in (3.5), we deduce (3.2). On the other hand, from the first equation of
(3.1), and combining hypotheses (iii) and (i), we find that

2
1 } } .
lolly < 5 {Flxr + I A@xd < e2 § I1F 1+ 1l + > Nl + A0 x ¢, (3-8)

j=1

with ¢ > 0 depending only on § and L. Then, equations (3.2) and (3.8) implies (3.3), which ends the
proof. ([l

Next, we establish the stability properties of the operators and functionals involved in (2.27). We begin by
observing that the linear operators b, a;, and b, j € {1,2}, satisfy the boundedness estimates

), 7 < V117 diy 50 VvV €H, V7 € Ho(divs; Q), (3.9)
11@;(65)s 931l < 11Qjllo.00.0 1651 114511 V4, € H, (3.10)
[b(5)s i)l < 195l 1m0 llaive 50 Vi € H, Vn; € H(dive/5;Q), (3.11)

where

H:=L*Q) xL2(Q) and H:=L5Q) x L*().

In turn, employing the Cauchy—Schwarz and Hoélder inequalities, and recalling the definition of f (¢f. (2.2)), it
is readily seen that, given ¢ € L%((2), the functionals Gp, F,, and G; (cf. (2.17), (2.18) and (2.26)) satisfy

[Gp, 7] <Cbp ||uD||1/2,FHTHdiv3/2;Q VT e H(div3/2;Q), (3.12)
P90 < gl (Iello s + [92ls0) 191 Ve e, (3.13)
Gyl < 6D||¢j,D||1/27F 17, [ldive,s:2 Vn; € H(divg/s; Q), (3.14)

where ¢, := (¢1,¢2.) € L6(Q), and Cp and Cp are positive constants depending on [|i,]|, the norm of the
injection of HY(Q) into LP(£2), with p equal to 3 and 6, respectively (see [10], Eq. (4.4) and [11], Lem. 3.5 for
details).

We end this section by collecting the inf-sup conditions for the operators b and b (¢f. (2.16) and (2.25)), and
by stating some fundamental properties of the operator c;(w) (cf. (2.24)), whose proofs follow from a slight
adaptation of Lemmas 3.3 and 3.4 in [18], respectively, reason why details are omitted.

Lemma 3.2. There exist positive constants 3 and B, such that

up 129 7]

vern |V
V0

>p HTHdiVB/Q;Q VT e Hp (dng/Q; Q) (3.15)
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and -
w ) o .
sup 1o —)» ul > ﬂ”n”divﬁ/S;Q Vn e H(le6/5;Q). (3.16)
gerr ¢
G0

Lemma 3.3. The operator c;(w) : H — H, j € {1,2}, is bounded for each w € L3(Q) with boundedness
constant given by R;||wlo,3.0, and there hold the following additional properties

—

[ej (W) (1),
e (W)(&5) = ¢;(2) (&),

3.2. A fixed point strategy

%] = Vi, € H, (3.17)
%)l < ||w — 2l|o.3:0ll6;1[1;] Vw,z € L*(Q), V¢, ¢, € H. (3.18)

In what follows we proceed similarly to [17] (see also [14,18,19]) and utilize a fixed point strategy to prove
the well-posedness of (2.27). Let us first define the operator S : L6(Q2) — L3(f2) as

S(p) :=u V¢ cL(Q), (3.19)
where (4, 0) := ((u,t),0) € H x Ho(divs/2; Q) is the unique solution (to be confirmed below) of the problem

[a (W), V] + [b(V), o] = [Fy, V] Vv eH,
[b(d), 7] = [Gp, 7] V7 € Ho(divs2; Q). (3.20)

In turn, for each j € {1,2} we let S; : L3(Q) — L(2) be the operator given by
S;(w):=¢;, YweL3Q), (3.21)

where (({5}, p;) = ((p,t5), p;) € H x H(divg,5; Q) is the unique solution (to be confirmed below) of the problem

— — —

[@5(65), &3] + ey (w)(85), 03] + B3y, ] = V4 € H,
%

), = [G],nj] Vn; € H(divg/s; Q). (3.22)

Then, we can introduce S(w) := (gl(w), S, (W)) € L5(Q) for all w € L3(Q). Consequently, we set the operator
T:L3(Q) — L3(Q) as
T(w) := s(é(w)) Vw e L3(Q), (3.23)

and realize that solving (2.27) is equivalent to finding u € L3(£) such that
T(u) =u. (3.24)

3.3. Well-definedness of the fixed point operator

In this section we show that the uncoupled problems (3.20) and (3.22) are well-posed, which means, equiva-
lently, that S and S (¢f. (3.19) and (3.21)) are indeed well-defined. We begin with the operator S. To this end,
we first observe that, given ¢ € L5(f2), the problem (3.20) has the same structure as the one in Theorem 3.1.
Therefore, in order to apply this abstract result, we notice that, thanks to the uniform convexity and separability
of LP() for p € (1,+00), all the spaces involved in (3.20), that is, L*(2), LZ.(€2) and Hy(divs2; ©2), share the
same properties.

We continue our analysis by proving that the nonlinear operator a (cf. (2.15)) satisfies hypothesis (i) of
Theorem 3.1 with p; = 3 and py = 2.
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Lemma 3.4. Let us define Lgp := max{m\l/g HK*IHO o b 1/}. Then, there holds

o) — el < Loe {[u =Vl g+ It = Tllo o + (Iullogia + Vllogia) 12 = Vlig s} (3.25)
for alld = (u,t),v = (v,r) € H.

Proof. Tt follows straightforwardly from the definition of a (¢f. (2.15)), along with the triangle, Cauchy—Schwarz,
and Holder’s inequalities. Further details are omitted. (I

Now, let us look at the kernel of the operator b (¢f. (2.16)), that is
V= {V:(v,r)eH: [b(V), 7] =0 VTEHO(diV3/2;Q)},
which, proceeding similarly to equation (3.34) of [18], reduces to
Vi={¢=(v,;r)eH:Vv=r and veH)Q)}. (3.26)
The following lemma establishes hypothesis (ii) of Theorem 3.1 for a.

Lemma 3.5. The family of operators {a(-+Z):V — V' :Z € H} is uniformly strongly monotone, that is,
there exists agr > 0, such that

[a(d +2Z) — a(V + Z), 14 — V] > agr [T — V|, (3.27)
for all Z = (z,s) € H, and for all i = (u,t),v = (v,r) € V.
Proof. Let Z = (z,s) € H and d = (u,t),V = (v,r) € V. Bearing in mind the definition of a (¢f. (2.15)), and
using (2.3), we obtain
[a(i +2) - a(¥ +2), 4~ ¥] = Cx|lu = V|5 o +F /Q(Iu +zl(utz) — |[v+zl(v+z) (u-v)+rt-rl,.

(3.28)
Hence, thanks to Lemma 2.1, equation (2.1b) of [3] with p = 3, there exists ¢1(€2) > 0, depending only on |Q|,
such that

3
/Q(lu +zl(utz) = |v+z{(v+2) (a-v)>a(Q)lu- vl
which, together with (3.28), yields
la(ti+7) — a(V +7),id— V] > Ci [[u = v|[§ o + () F [u—v[[§ 5.0 + ¥ [t — x5 - (3.29)

Next, bounding below the second term on the right hand side of (3.29) by 0, employing the fact that t — r =
V(u—v)in Qand u—v € H}(Q) (¢f. (3.26)), and using the continuous injection iz of H'(£2) into L3(£2) (see,
e.g. [30], Thm. 1.3.4), we deduce that

a(i+2Z) —a(V+2Z),d—V]> min{CK, g} {Hu - v||?Q + |t — ngQ}
> min{ Crc, & } { sl *llu = VI3 50 + 6~ xl5 0}
which yields (3.27) with agr := min{Ck, % } min{1, [|is]|~2}. O
As a corollary of Lemma 3.5, taking in particular 4 — v, 0 € V and Z = vV € H in (3.27), we arrive at
[a() — a(¥), 1 — ] > age |[d — V", (3.30)

for all 4, v € H such that 4 — v € V.
We now establish the unique solvability of the nonlinear problem (3.20).
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Lemma 3.6. For each ¢ € L5(Q), the problem (3.20) has a unique solution (d,0) = ((u,t),0) € H x
Ho(divs/e; Q). Moreover, there exists a positive constant Cs, independent of ¢, such that

2
IS(e)] osa) + Iunllyor +lun o} 331)
Proof. Given ¢ € L%(Q), we first recall from (3.9), (3.12) and (3.13) that b,Gp and F, are all linear and
bounded. Thus, bearing in mind Lemmas 3.4 and 3.5, and the inf-sup condition of b given by (3.15) (cf.
Lem. 3.2), a straightforward application of Theorem 3.1, with p; = 3 and ps = 2, to problem (3.20) completes
the proof. In particular, noting from (2.15) that a(0) is the null functional, we get from (3.4) that

030 < 11 < Cs {lglly.0 (el gc + 16

M(Fp,Gp) = ||Fy|| +2|Gp| + |G|,

and hence the a priori estimate (3.2) yields
- 2
I8 < & {lIE| + Gl + 1Gol1*}.

with a positive constant C7 depending only on Lgr, agr, and 3. The foregoing inequality together with the
bounds of |Gp|| and ||Fy|| (¢f (3.12) and (3.13)) imply (3.31) with Cs depending only on ||iz||, Lgr, csr, and S,
thus completing the proof. (I

For later use in the paper we note here that, applying (3.3), and using again the bounds (3.12) and (3.13)
for ||Gpl| and || Fy||, respectively, the a priori estimate for the second component of the solution to the problem
defining S (cf. (3.20)) reduces to

2 .
2 J
o lasvs 0 < Co Z{ (Il e (Iello g + I los) + Ianlh o+ lup ]} 2. } (3.32)
j=1

with Cy depending only on ||is|, LgF, agr, and S.

Next, we aim to proving the well-posedness of problem (3.22), or, equivalently, the well-definedness of the
operator S (¢f. (3.21)), for which, following Lemma 3.6 of [18], we first establish the corresponding hypotheses
required by the Babuska—Brezzi theory in Banach spaces. In this way, and similarly to (3.26) and equation (3.35)
of [18], we first let V be the kernel of the operator b (cf. (2.25)), that is

V= {J:(¢,F)eﬁ:V¢:F and ¢eH5(Q)}. (3.33)

Then the V-ellipticity of the operator a; is stated as follows.

Lemma 3.7. There exists a positive constant &; such that

2

—

¥j V= (1,T5) € V. (3.34)

[ (5).6] 2

Proof. We proceed as in Lemma 3.2 of [18]. In fact, given Jj = (¢;,T;) € V, we know from (3.33) that Vi; =T,
and 1; € H(£2). Hence, using the fact that Q; is a uniformly positive definite tensor (cf. (2.3)), and resorting
to the Poincaré inequality with positive constant cp, and to the continuous injection ig of H*(2) into L6(Q)
(see, e.g. [30], Thm. 1.3.4), we obtain

SN - Cq. Cq,;
~ ~ 12 Q ~ 12 2 Q; ~ 12 1. -2 2
(@ (43), ] = Ca, IFillg 0 = S5 {IEi 50 + IV9s 150 } = =52 {IFil5 0 + 5 il sl 60}

Ca,
which gives (3.34) with &; := ;Q’ min{l,c?IIiallfz}' -
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We are now in position to provide the announced result. More precisely, denoting

1Qllo,ccs00 = Q1,000 + 1Q2llg, ;0 and [Pl jo.r := 010l jo r + €201l 2 rs

we have the following lemma.

Lemma 3.8. For each w € L3(2), and j € {1,2}, problem (3.22) has a unique solution ($j7pj)
((gbj,fj),pj) € H x H(dive,5; ). Moreover, there exists a positive constant Cg, independent of w, such that

2
IS llosie < - 11651 < Cg(1+ 1Rl o + IWlo gi0) 161112, (3.35)

Jj=1

Proof. We proceed as in Lemma 3.5 of [18]. In fact, given w € L3(Q2) and j € {1,2}, we introduce the operator
A;(w) : H— H' defined by
LA (W)(), 5] i= [@5(6) 5] + e (W)(),455] V.45 € H, (3.36)

where a; and c;(w) are the operators defined in (2.23) and (2.24), respectively. Then, the problem (3.22) can
be reformulated as: Find (q_ﬁ'j, pj> € H x H(div6/5; Q) such that

[A; (W)(6), 0] + [b(;), p,] = 0 Vi, € H,

),m;) = [G.m;] Vn; € H(dives;€2). (3.37)

=
—~
<

Next, we observe from (3.10) and Lemma 3.3 that A;(w) is bounded, that is there holds

[A;(wW)(85), 9511 < (1Qjlo,00s2 + Ry lIWllosse) 1651l 1051l V.4 € HL (3.38)

In addition, it is clear from (3.34) and (3.17) that A;(w) is elliptic on V (cf. (3.33)) with the same constant
&; from (3.34). In turn, recalling that the bounded linear operator b satisfies the inf-sup condition (3.16) (cf.
Lem. 3.2) and that éj is a bounded linear functional (¢f. (3.14)), a direct application of the Babuska—Brezzi
theory in Banach spaces guarantees that (3.37) is well-posed. Moreover, the corresponding a priori estimate
provided by that theory (cf. [21], Eq. (2.30), Thm. 2.34), and the continuity bounds of éj and A;(w) (cf. (3.14),
(3.38)), imply

e éD ||Q] ||O,oo;ﬂ + R’j HW| 0,3;Q
65l < = (1 + = 1650l /2,05 (3.39)
J
which yields (3.35) with Cg := maX{Cgl,Cfst} and Cg = ~;1B_15D max{1,&;,R;}. O

Similarly as for the derivation of (3.32), we notice that, applying the second a priori estimate from equation
(2.30), Theorem 2.34 of [21], and employing (3.14) and (3.38) to bound HéjH and || A;(w)||, respectively, the

second component of the solution to the problem defining gj (¢f. (3.22)) can be bounded as
o

|div6/5;Q < BQ (HQJ

1Qjllo,00:0 + R [1Wllo 30

@

Hpj 0,00:0 T Rj ||W||0,3;Q) (1 + ) ||¢j,D||1/2,F' (3.40)
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3.4. Solvability analysis of the fixed-point equation

Having proved the well-posedness of the uncoupled problems (3.20) and (3.22), which ensures that the oper-
ators S, S and T are well defined, we now aim to establish the existence of a unique fixed-point of the operator
T. For this purpose, in what follows we will verify the hypothesis of the Banach fixed-point theorem. We begin
by providing suitable conditions under which T maps a ball into itself.

Lemma 3.9. Givenr > 0, let W be the closed ball in L3(Q) with center at the origin and radius r, and assume
that the data satisfy

2 T
||g||0,s2<(1 + ||Q||0,oo;ﬂ) ||¢D||1/2,I‘ + ||¢r||0,6;§2> + HuD||1/2,F + ||U-D||1/2,F < mv (3.41)

where C(r) = Cs max{l,C’g } (1+7), and Cs and Cg are the constants specified in Lemmas 3.6 and 3.8,
respectively. Then, there holds T(W) C W.

Proof. Given w € L3(Q), from the definition of T (cf. (3.23)) and the a priori estimate for S (c¢f. (3.31)), we
first obtain

IT(w)lly 50 = 1S (S(w))

1 2
030 < Cs {lgloq (ISW)llo.ce + I9:llo,60) + 100l /2.0 + Il o -

Then, using (3.35) to bound Hg(w)‘ .

some minor algebraic manipulations, we arrive at

2
IT)llg s < ) {lgllo.c ((1+1Qlo i) 191120 + I @llogia) + Dl o+ nlEor o (342)

which, thanks to the assumption (3.41), yields || T(w)|[; 5. < 7 and ends the proof. O

in the foregoing inequality, noting that ||w||, 5., < 7, and performing

We now aim to prove that the operator T is Lipschitz continuous, for which, according to its definition (cf.
(3.23)), it suffices to show that both S and S satisfy this property. We begin with the corresponding result for S.

Lemma 3.10. Let agr be given by (3.27). Then, there holds

1
15() = S(#)llg,5,0 < . lglloollé —%loen Y, ¥ € LOQ). (3.43)

Proof. Given ¢, 9 € L%(Q), we let (4, 0) := ((u,t),0) and (o, 09) := ((ug, to), o0) € H x Hy(divs/2; Q) be
the corresponding solutions of (3.20), so that u := S(¢) and ug := S(¢). Then, subtracting the corresponding
problems from (3.20), we obtain

[a(@) — a(fo), 7] + [b(¥), o — o0] = [Fyp — Fyp, 7] V¥ e H,

We note from the second equation of (3.44) that G —ty € V (¢f. (3.26)). Hence, taking v := i — Uy in the first
equation of (3.44), and applying (3.30) with 4, Gy € H, we obtain

age || — To|* < [a(@) — a(dy), d — to] = [Fyp — Fyy, @ — Tig). (3.45)

In turn, recalling the definitions of Fy (cf. (2.18)) and f (cf. (2.2)), employing Holder’s inequality, and using
that ¢ > 1, we find that

[Fo — Fy, i —to] = /Q{Wl —¢1) — %(% - ¢2)}g- (u—up) < ||g||o79 o — ’l/’”o,a;g |4 — do, (3.46)

which, replaced back into (3.45), yields (3.43) and completes the proof. O
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We now establish the Lipschitz-continuity of S.

Lemma 3.11. There exists a positive constant Lg, depending on R;,a;, and E, j €{1,2}, such that

IS(w) — S(2)|

for all w, z € L3(9Q).

060 < Lg (1 +11Qllp, 0000 + ”W”O,S;Q) @l /o W =2l 5.0, (3.47)

Proof. We proceed similarly to Lemma 3.8 of [18]. In fact, given w,z € L3(Q), for each j € {1,2} we let
(¢5,p;) = ((¢j,fj),pj), (B5,&;) = ((vj,85),&;) € H x H(divgs;€2) be the respective solutions of (3.22), so
that (¢1,62) = (S1(w),S2(w)) = S(w) and (¢1,¢2) = (S1(2), S2(2)) = S(z). It follows from the corresponding

second equations of (3.22) that @ — @; € V (cf. (3.33)), and then the V-ellipticity of a; (cf. (3.34)) and the
first equations of (3.22) applied to both S;(w) and S;(z), yield

— —

&5 ll6; — G117 < [@;(65) — @;(B), 85 — B3] = —lc;(W)(8)) — ¢;(2)(3;), & — 5.

In turn, adding and subtracting {cj(z) (d?j),ggj — @'j], and using the properties (3.17) and (3.18) satisfied by
¢;, we deduce from the foregoing inequality that

— —

a,l16; — @il1? < —lej(w —2)()), ¢ — F5] — lei(2)(d; — F)), b5 — ]
< R; ||l 1w — zllo30 |6 — Bl

which, together with the a priori estimate (3.35), implies (3.47) with Lg := Cg max{a; 'Ri,d@, 'R2} and
concludes the proof. |

As a consequence of Lemmas 3.10 and 3.11, we provide next the Lipschitz continuity of T.

Lemma 3.12. Let us define L = ag Lg, with ags and Lg satisfying (3.27) and (3.47), respectively. Then,
there holds

IT(w) = T@)llo 5.0 < L1 (1 + Qg0 + W

0,3;9) ”gno,g ||¢DH1/2,F w2z |0,3;Q» (3.48)

for all w, z € L3(Q).

Proof. Let w, z € L3(Q). Then, from the definition of T (cf. (3.23)), and Lemma 3.10 (cf. (3.43)), we deduce
that

IT(w) ~ @) o 50 = [$(3w) ~5(3@)| < lgllyq [Sw) 50

HO,B;Q ~ QpF 076;9.

Hence, using the Lipschitz-continuity of the operator S (cf. (3.47)), we find that

L=
IT(w) = T@) o0 < 12 (1+ 1Rl + 1Wlo.50) I8l0.0 I8l — 2l 50

which yields (3.48) and ends the proof. O
We are now in position to establish the main result concerning the solvability of (2.27).

Theorem 3.13. Given r > 0, let W be the closed ball in L3(Q)) with center at the origin and radius v, and
assume that the data satisfy (3.41) and

Lt (14 1Qg e +7) lglloo 6l o0 < 1. (3.49)
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Then the operator T has a unique fixed point u € W. Equivalently, the coupled problem (2.27) has a unique
solution (U,0) € HxHy (div3/2; Q) and ((gj,pj> € Hx H(div6/5; Q), Jj €{1,2}, withu € W. Moreover, there

exist positive constants C;, i € {1,2,3,4}, depending on r,|Q|, Lgr, azr, B, ||Q; Rj,a;, and E, such that

the following a priori estimates hold

HO,OO;Q’

BN 2
@l < & {liglog(I¢nl or + I@closa) + Ipllyor + un )} 2} (3.50)
2 j

2
10llatvy 0 < C2 323 (Ilog(I6nl/or + I6closa) + Iunllyor +lunlior) ¢ @351)

/ / /

j=1

|65 < caliosmlly o ama (3.52)
||pj||div6/5;§2 < Cy ||¢j’D||1/2,F' (3.53)

Proof. We begin by recalling from Lemma 3.9 that, under the assumption (3.41), T maps the ball W into itself,
and hence, for each w € W we have that both ||w||o 3.0 and || T(w)||o,3;0 are bounded by r. In turn, it is clear
from Lemma 3.12 and Hypotheses (3.49) that T is a contraction. Therefore, the Banach fixed-point theorem
provides the existence of a unique fixed point u € W of T, equivalently, the existence of a unique solution

(d,0) € H x Ho(divs/o; Q) and (gj,pj) € H x H(dive,5;€?), j € {1,2}, of the coupled problem (2.27), with
u € W. In addition, it is clear that the estimates (3.52) and (3.53) follow straightforwardly from (3.39) and

(3.40), respectively, whereas proceeding as in (3.42), that is, combining (3.31) (respectively (3.32)) with (3.35),
we obtain (3.50) (respectively (3.51)), which finishes the proof. O

4. THE GALERKIN SCHEME

In this section we introduce and analyze the corresponding Galerkin scheme for the fully-mixed formulation
(2.27). The solvability of this scheme is addressed following basically the same techniques employed throughout
Section 3.

4.1. Preliminaries

We first let {73}, be a regular family of triangulations of Q by triangles K (respectively tetrahedra K in
R3), and set h := max{hg : K € 7,}. In turn, given an integer [ > 0 and a subset S of R™, we denote by P;(S)
the space of polynomials of total degree at most | defined on S. Hence, for each integer £k > 0 and for each
K € Ty, we define the local Raviart—Thomas space of order k as

RT(K) := Pi(K) & Pp(K)x

where x := (21,...,2,)*% is a generic vector of R™, lgk(K ) is the space of polynomials of total degree equal
to k defined on K, and, according to the convention in Section 1, we set Pp(K) := [Py (K)]"™ and Py (K) :=
[Pr(K)]™*™. In this way, introducing the finite element subspaces:

H} = {v, € L3(Q) : vi|x € Pp(K) VK €T},
Hj, = {rn € L3,(Q) : th|x € Pu(K) VK € Tp},
HY := {7, € Ho(divss; Q) : c*1h|x € RT(K) VceR", VK eT,},
H) = {y € L) : nl € Ph(K) VK €T},
HE = 7, € L2(Q) : Falx € Pu(K) VK €T},

(€
Hf = {n;, € H(dive5; Q) : m|x € RTL(K) VK € T}, (4.1)
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and denoting from now on ¢, := (é1.h, P2.1), @p = (¥1,h, P2,n) € Hf = H¢ X Hf, and
Uy = (. ty), V= (vh,rh), topn = (o, tos) € Hy :=HJ x Hf,
Gjh = (¢j,h,¥j,h)a Gjn = (Y, Tjn) € Hy o= H) x Hf,

the Galerkin scheme for (2.27) reads: Find (uj, o) € Hy x HY and (qﬁj hs P, h) € H), x H?, j € {1,2}, such
that

[a(Up), V] + [b(Vh), on] = [Fy,, Vi) Vv, € Hy,
[ (dn), Tn] = [Gp, Th] V1, € HY,
(@5 (G5.) Gjn) + [e;(wn)(B5n), Vj.n) + [B(Ds0), pj 1] = O Vi € Hy,
[ (¢J h)y n;, nl = [ g Mj. nl anﬁh € HZ- (4.2)

We now develop the dlscrete analogue of the fixed-point approach utilized in Section 3.2. To this end, we first
consider the operator Sy, : H — HJ! defined by

Su(en) ==wn Ve, € Hy, (4.3)

where (Up, o) := ((up,tp),on) € Hy x HY is the unique solution (to be confirmed below) of the first two
equations of (4.2) with the given ¢;, € Hi in place of ¢, that is:

[a(tin), V4] + [b(Vh), 4] = [Fp,, V] V), € Hy,
[b(dr), Tn] = [Gp, Th] VT, € HY. (4.4)
In turn, for each j € {1,2} we let gj,h ‘H} — Hf be the operator given by
Sin(wn) :=¢jn  Yw, € HJ, (4.5)
where (d_;j,h, pj’h) = ((@,h@,h),pj,h) € ﬁh x HYf is the unique solution (to be confirmed below) of the last

two equations of (4.2) with the given w;, € H}! in place of uy, that is:

(@5 (65.1): Ujn) + [ (Wn) (@5), Djn] + [B(W.0), 0] = 0 V5 € Hy,
b(6;,

Pj
[b( 'h)anj,h} = [éj,nj,h] V"?j,h € H’;i- (4.6)

Then, we set §h(wh) = (AS’Lh(wh),ASig,h(WhD € Hf for all w;, € H}. Hence, introducing the operator T}, :
H} — Hj} as

S

Th(wp) := Sy (gh(wh)) Vwy, € Hy, (4.7
we realize that solving (4.2) is equivalent to seeking a fixed point of T}, that is: Find uy, € H}! such that
Tr(un) = up. (4.8)
4.2. Solvability analysis

We begin by proving that (4.4) is well posed, or equivalently that S;, (¢f. (4.3)) is well defined. Indeed, we
remark in advance that the respective proof, being the discrete analogue of the one of Lemma 3.6, makes use
again of the abstract result given by Theorem 3.1. Hence, we first set the discrete kernel of b, which is given by

Vi, = {\_/"h(Vh,I‘h)EHh:/ThZI‘h+/Vh'diV(Th)O VT}LEHZ-}. (49)
Q Q

Then, following the approach from Section 5 of [18], we now prove the discrete inf-sup condition for b and an
intermediate result that will be used to show later on the strong monotonicity of a on Vy,.
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Lemma 4.1. There exist positive constants Bq and Cy such that

b(vp), T -
sup ). 7al BallTnlldivs 0 V7 € HY, (4.10)
veH, [V

and

lIrnllo.e > Callvillosie YVh = (Vh,rh) € Vi, (4.11)

Proof. We proceed as in Lemma 4.2 of [5]. In fact, we begin by introducing the discrete space Z j, defined by

Zop = {Th € Hy : [b(vp,0), 4] = / v -div(Ty) =0 Vv, € H‘ﬁ},

Q

which, using from (4.1) that div(H7) C H}}, becomes
Zop ={Tn € Hy : div(r,) =0 in Q}.

Next, by using the abstract equivalence result provided by Lemma 5.1 of [18] with the setting X = H},
Y=Y, =H, Y, ={0}, V=V, Z=HY, and Zy = Zyp, where X,Y,Y1,Y>,V,Z, and Z correspond to the
notations employed there, we deduce that (4.10) and (4.11) are jointly equivalent to the existence of positive
constants (3; and s, independent of h, such that there hold

vy, - div(Ty)
b(vn,0), T /
M = sup L — >4 1vallo,se Vv, € Hy (4.12)
ThEH] ||7'h||div3/2;Q T €HY ||7-h||div3/2;Q
Th#0 Th#0
and
ry i Th
b(0 rn),Th /
sup M = sup e > B2 ||7'h||diV3/2§Q VTh € Zo (4.13)
ment  |Trllo.0 ety [*nllog
r 70 270

Then, we observe that (4.12) follows from a slight adaptation of equation (5.45) from [18]. Furthermore, recalling
from Lemma 2.3 of [24] that there exists a constant ¢; > 0, depending only on 2, such that

e[ 7)5 0 < Il

b tlldiv(n)5e V7 e H(div; ),

and using the fact that 7% € Ht, we easily get (4.13) with 8, = 01/2. |
We now establish the discrete strong monotonicity and continuity properties of a (cf. (2.15)).

Lemma 4.2. The family of operators {a(- +Zp) : Vi, — V}, 1 Z), € Hp} is uniformly strongly monotone, that
is, there exists agrq > 0, such that

[a(dp, + Zy) — a(Vy, + Zp), Uy, — V] > oapra |[Un — \'I'hHQ, (4.14)

for all Z, = (zp,sn) € Hy, and for all U, = (up,ty), vy, = (vi,rh) € Vy, (¢f. (4.9)). In addition, the operator
a:Hy, — H’h is continuous in the sense of (3.25), with the same constant Lgg.

Proof. We follow an analogous reasoning to the proof of Lemma 3.5. In fact, let Z), = (zp,s,) € Hj, and
up, = (up,tp), Vi, = (vp,ry) € Vi, Then, according to the definition of a (cf. (2.15)), and using (2.3) and
Lemma 2.1, equation (2.1b) of [3] with p = 3, we obtain, similarly to (3.29)

[a(@h + Z1) — a(Vh + Zn), U — Va] > Ckllun — Vil + a1 (Q) Fllup — vallg 5.0 + v [[6n —Talld o (4.15)
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Next, bounding below the first and second terms on the right hand side of (4.15) by 0, and employing the fact
that t, — Vp, := (up — vp,tp — ) € Vp, in combination with the estimate (4.11), we get

— — — = — — v .
la(p + Zn) — a(Vy + Zp), Gp — Vi| > B min{1, C3 }{|lun — v I3 5.0 + It — Tll3.0}

which gives (4.14) with agrq = gmin{l,Cg}. Furthermore, we now observe that for dy = (up,t), vj, =

(Vp,rp) € Hy there certainly holds
la(tn) — a(¥a)llm;, < lla(tn) —a(Vh)la,
whence the required continuity property of a : H;, — Hj, follows directly from (3.25). O
We are now in position of establishing the discrete analogue of Lemma 3.6.

Lemma 4.3. For each p;, € Hi, the problem (4.4) has a unique solution (Up, o) = ((up, tr),on) € Hy x HY.
Moreover, there exists a positive constant Cs 4, depending only on Lgg, ogra, and B4, and hence independent of
@y, such that

03:0 < [t < Csa {||g|

Sk () O,Q(H4Ph||0,6:,fz + ||¢r||0,6;ﬂ) + [lupfl1/2,r + ||11DH%/2,F}~ (4.16)
Proof. According to Lemma 4.2 and the discrete inf-sup condition for b provided by (4.10) (¢f. Lem. 4.1), the
proof follows from a direct application of Theorem 3.1, with p; = 3 and ps = 2, to the discrete setting represented
by (4.4). In particular, the a priori bound (4.16) is consequence of the abstract estimate (3.2) applied to (4.4),
which makes use of the bounds for Gp and F,, given by (3.12) and (3.13).

|
We remark here that, proceeding similarly to the derivation of (3.32), we obtain
2 j
||0'thiV3/2;Sz <Coa Z{ (||8H0.,52(H90h||0,6;sz + H¢r||0,6;ﬂ) + [[up|l1/2,r + ||uD||%/2,F> }, (4.17)
j=1

with Cs 4 depending only on Lgr, ogr g, and Sa.
Next, we aim to show that the discrete operator Sy is well defined. To this end, we now let V, be the discrete
kernel of b, that is

\th = {’t/_;h = (’(/Jh,Fh) S ﬁh : ‘/Q’I’]h -Fh +/Q¢h diV(’I’]h) =0 V’I’]h S HZ}

Thus, we can establish a preliminary lemma, whose proof follows almost verbatim the one of Lemma 4.1 (see
also [5], Lem. 4.2).

Lemma 4.4. There exist positive constants Bd and CN'd such that

[E(Jj,h)v nj,h]

_sup. = > Baln; plldives:0 Vn;, € HY, (4.18)
¥j,n€Hp ”djjﬁ l
P;,n#0
and N N
ITnlloq = Callvinlloen  Y¥in = (¥jn,Tjn) € Vi (4.19)

The discrete analogue of Lemma 3.8 is established next.
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Lemma 4.5. For each wy, € H}, and j € {1,2}, problem (4.6) has a unique solution (d_;j,h,pj,h)

((¢j7h,fj7h),pj7h) € ﬁh x HY. Moreover, there exists a positive constant C’gy independent of wp,, such that

d’

2

ISh(wi)lose <D 650l < Cg.(1+ Q]

j=1

0,002 + [[Whllo3:2) [@pll1/2,r- (4.20)

Proof. We proceed as in Lemma 3.8. In fact, given wyj, € H}!, we first recall from (3.36) and (3.38) that A;(wp,)
is bounded. Then, given ﬁj,h = (Y1, Tjn) € Vi, we easily deduce from (2.3), (4.19), and simple algebraic
manipulations, that

—

o~ ind ~ ~ ~ Ing . ~ C j . =~
[@;(¥5,1), ¥j,n] = / Q,Tjn Tjn = jalltynll®, with ajq:= ;Q' mm{LCf}’ (4.21)
Q

which, together with the fact that [cj (wp) (Jj’h) , ijh] =0 (cf. (3.17)), yields the \th—ellipticity of both a; and

A;(wy) with constant ¢ 4 (cf. (4.21)). In addition, the operator b satisfies the discrete inf-sup condition (4.18)
(¢f. Lem. 4.4). Thus, we conclude by a direct application of the Babuska—Brezzi theory in Banach spaces that
(4.6) is well-posed for each j € {1,2}. In addition, the a priori estimate (4.20) follows similarly to (3.35) with
C§7d depending only on Rj, &; 4, and Bd. O

On the other hand, we notice that, following the same arguments yielding (3.40), we are able to show that

Cp
|div6/5;Q < E (”QJ|

1Qjllo,00:0 +Ri 1Wnllo 5.0

Qj,d

Hpj,h 0,00;Q +R; ||WhHo,3;Q) (1 + ) H¢j,DH1/27F' (4'22)

In what follows we analyze the fixed-point equation (4.8). We begin with the discrete version of Lemma 3.9,
whose proof, being a simple translation of the arguments proving that lemma, is omitted.

Lemma 4.6. Given r > 0, let Wy, be the closed ball in H}} with center at the origin and radius v, and assume
that the data satisfy

2 T
o0 1902+ 19 lo0) + lup . + un o < s (4:23)

Igllo.o((1+ Q)

where Cy(r) :== Cs 4 max{l, Cs d} (1+7). Then Tp(Wp) C Wy,
Next, we address the discrete counterparts of Lemmas 3.10 and 3.11, whose proofs, being almost verbatim of
the continuous ones, are omitted. We just remark that Lemma 4.7 below is derived using the strong monotonicity

of a.on 'V, (¢f. (4.14)), whereas the V,-ellipticity of a; (cf. (4.21)) and properties (3.17) and (3.18) are employed
to obtain Lemma 4.8. Thus, we simply state the corresponding results as follows.

Lemma 4.7. Let agrq be given by (4.14). Then, there holds
1
I81(60) = Suab) oo < —— gloa 9~ Yalloss ¥ @by € HE.
Lemma 4.8. There erists a positive constant Lg ,, depending only on R;,a;q, and Bd, Jj € {1,2}, such that

[Sh(Wr) = Sn(zn)llosio < Lg 4 (1 +1Qllo,00:0 + ||Wh||o,3;g) @l /2,0 [Wh = 2znllo 5.0, (4.24)

for all wy, z, € H}.
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As a straightforward consequence of Lemmas 4.7 and 4.8, we now state the Lipschitz-continuity of the operator
T}, (cf Lem. 3.12).

Lemma 4.9. Let us define Lt 4 := o@,l,dL
Then, there holds

with agrq and Lg , satisfying (4.14) and (4.24), respectively.

S’ S.d

1T (wn) = Tzl 3 < Lra (14 1@l i + 1Wllo 50 ) &l I6plly o 190 = Zallg s (4:25)

for all wy,, z;, € H}.
We are now in position of establishing the well-posedness of (4.2).

Theorem 4.10. Given r > 0, let Wy, be the closed ball in H} with center at the origin and radius v, and
assume that the data satisfy (4.23) and

Lra (1 +[1Qllo.cci +7) lIgllog I@plhjor < 1. (4.26)
Then the operator T}, has a unique fized point u, € Wy,. Equivalently, the coupled problem (4.2) has a unique
solution (U, o) € Hy, x HY and ($j7h,pj7h> € ﬁh x HY, j € {1,2}, with u, € Wy,. Moreover, there exist

positive constants C; 4, © € {1,2,3,4}, depending on r,|Q|, Lgr, asr q, Ba, ||Qjll0,00:0,Rj, &j.a, and Bd, such that
the following a priori estimates hold

1 2
lanl < Cra{ligllo.o (16l 2.0 + Il gia) + Il o0 + Il o0} (4.27)
2 J
2
78 e e < Caa S (Kl (100l jar + 192lo0) + uoluyor + Hunllar) J (429
j=1
)@th < Csall¢jplly o, and (4.29)

||pj,h||div6/5;g < Cuqa |¢j,DH1/2,F' (4.30)

Proof. Tt follows similarly to the proof of Theorem 3.13. Indeed, we first notice from Lemma 4.6 that Tj maps
the ball W}, into itself. Next, it is easy to see from (4.25) (¢f. Lem. 4.9) and (4.26) that T} is a contrac-
tion, and hence the existence and uniqueness results follow from the Banach fixed-point theorem. In addition,
it is clear that the estimates (4.29) and (4.30) follow straightforwardly from (4.20) and (4.22), respectively,
whereas combining (4.16) (respectively (4.17)) with (4.20) we obtain (4.27) (respectively (4.28)), which ends the
proof. O

5. A PRIORI ERROR ANALYSIS

In this section we derive the Céa estimate for the Galerkin scheme (4.2) with the finite element subspaces given
by (4.1) (cf. Sect. 4.1), and then use the approximation properties of the latter to establish the corresponding

rates of convergence. In fact, let (4,0) = ((u,t),0) € H x Ho(divs/»; Q) and ($j,pj> = (((bj,fj),pj) €
H x H(divﬁ/s;Q), j € {1,2}, with u € W, be the unique solution of the coupled problem (2.27), and let
(Up,on) = ((up,tn),on) € Hy x HY and (q;j,mpj,h) = ((¢j,ha¥j,h>7pj7h) € Hy, x Hp, j € {1,2}, with

u;, € Wy, be the unique solution of the discrete coupled problem (4.2). Then, we are interested in obtaining an
a priori estimate for the global error

(G o) = (G, )| + iﬂ(@,pj) — (T
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For this purpose, we establish next an ad-hoc Strang-type estimate. Hereafter, given a subspace X}, of a generic
Banach space (X, || - ||x), we set as usual

dist (z, Xp) := inf ||z — 2|/ x forallz € X.
zp€X}

Lemma 5.1. Let X1, X5 and Y be separable and reflexive Banach spaces, being X1 and Xo uniformly conver,
and set X := X1 x Xo. Let A: X — X' be a nonlinear operator and B € L(X,Y"), such that A and B satisfy
the hypotheses of Theorem 3.1 with respective constants L, o, 3, and exponents p1,ps > 2. Furthermore, let
{X1n >0, {Xon} >0 and {Ys}n>0 be sequences of finite dimensional subspaces of X1, X, and Y, respectively,
set Xy, := X1, X Xop, and for each h > 0 consider a nonlinear operator A, : X — X', such that Ap|x, : Xpn —
X; and Blx, : Xn — Y] satisfy the hypotheses of Theorem 3.1 as well, with constants Lq, g, and Ba, all of
them independent of h. In turn, given F € X', G € Y', and a sequence of functionals {Fp}n>0, with Fp, € X},
for each h > 0, we let (4@,0) = ((u1,uz2),0) € X XY and (dp,0n) = (u1,n,u2,n),0n) € Xp X Yy, be the unique
solutions, respectively, to the problems

[A(@), 0] + [B(V), 0] = [F, ] Voe X,
[B(d)’T] = [Q,T] VT ey, (5~1)
and
[An(tr), U] + [B(Th), on] = [F, Un] Y, € Xp,
[B(tn), n] = G, 1] V7h € Y. (5.2)

Then, there exists a positive constant Cst, depending only on p1, pe, La, aa, Ba, and ||B||, such that

2
i — tin | x + llo = onlly < Csr Cy(d, i) { Co(i) dist (i, Xp) + Y _ dist (i, X,)" "

Jj=1

+ dist (0, Ya) + [|IF — Fullx; + [ A(@) — An (@) x; s

where

2 2
— = j — ]‘72
Cu(@ i) =1+ (Ilugllx, + lugnllx,)” ™" and  Co(d) == 14 Y [luy[% " (5.3)
i=1 i=1

Proof. Tt is basically a suitable modification of the proof of Lemma 6.1 from [18] (see also [25], Thm. B.2), which
in turn, is a modification of Theorem 2.6 from [24]. We omit further details and just stress that the continuity
bound and inf-sup condition of the respective linear operator A, from Lemma 6.1 of [18] are now replaced by
the corresponding continuity bound and strong monotonicity property of the present nonlinear operator Ay, (cf.
hypotheses (i) and (ii) of Thm. 3.1), respectively. O

In order to apply Lemma 5.1, we now observe that the problems (2.27) and (4.2) can be rewritten as two
pairs of corresponding continuous and discrete formulations of the type defined by (5.1) and (5.2), namely

[a(d), V] + [b(V), 0] = [Fg, V] Vv e H,
b(d), 7] = [Gp, 7] V7 € Hy(divss; ),
[a(Up), V] + [b(Vh), o) = [Fo,, V] V¥, € Hy,
[b(dp), Tr] = [GD, TH] V1, € HY, (5.4)
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and
[A; (0)(67), 93] + [b(4), p,] = 0 v, € H,
b(¢;),m,] = [G;.n)] Vn; € H(divg/s; ),
[A; () (j,0), Djn] + [b(j.0), ps0] = 0 Vi, € Hy,
b(5n)sm50] = [Gjomj ] Vn,, € HY, (5.5)

where the operators A;(u) and A;(uy,) are defined as in (3.36).
The following lemma provides a preliminary estimate for the error ||(d, o) — (Gp, op)]|-

Lemma 5.2. There exists a positive constant aST(r), independent of h, such that

(4, o) — (dp, op)| < aST(r) {dist (d,Hy,) + dist (4, Hh)2 + dist (o, Hy )

saf  (56)

Proof. We begin by observing that the continuous and discrete systems of (5.4) satisfy the hypotheses of
Theorem 3.1, with p; = 3 and py = 2, and constants [|b|| < 1, Lgr, agr, 3, agra, and G4 (¢f. (3.9), proofs of
Lems. 3.2, 3.4, 3.5, and Lems. 4.1 and 4.2). Therefore, applying Lemma 5.1 to the context given by (5.4), we
deduce the existence of a constant C'st > 0, depending only on Lgr, ogrq, and g, such that

I(5,0) = (G, )| < Cor C1 (8, ) { o) dlist (8, Hy,) + dist (8, Hp)? + dist (o, HE) + || F — Fo, [, |-

In turn, proceeding as in (3.46), we get

1Fp — Fo, I, < llgllocll® — @nlloen- (5.8)

Finally, replacing (5.8) back into (5.7), and using the fact that u € W and u;, € W, we readily obtain (5.6)
with Cgr(r) := Cst (1 +27)(1 + r), which ends the proof. O

Next, we have the following result concerning ||($J, p;) — (d_;j,m Pjn)ll-

Lemma 5.3. There exists a positive constant 5ST(7“), independent of h, such that

2 2
>G5 25) = (Grns )l < Con(r) S (dlist (5, Hy ) + dist (p,, HY))
j=1 Jj=1
+ (141Qllg i +7) 160 j2r 10 = Wallg g0 p- (5.9)

Proof. Tt proceeds similarly to the proof of equation (6.18) from [18]. Indeed, we first observe that, with u € W
and u, € Wy, given, the continuous and discrete systems of (5. 5) satlsfy the hypotheses of Theorem 3.1, with
p1 = p2 = 2 and constants |[b| < 1,L = Ly = 1Q;, &, 4, and Ba (cf. (3.11), (3.38), (3.34),
(3.16), (4.21), and (4.18)). Hence, applymg Lemma 5. 1 to the Context given by (5.5), we deduce the existence
of a constant C’éT(r) > 0, depending only on r, HQjHO,DO;Q, Rj,&;q, and 5(1, such that

1(65:p5) = (G p3)I| < Clr(r) {dist (650 +dist (o, 1) + 45 () (85) = AsCan) (), } (5.10)
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In turn, in order to bound the last term on the right-hand side of (5.10), we notice that the definition of A;(w)
(¢f. (3.36)) and the estimate (3.18) (cf. Lem. 3.3) give

114 (0)(7) — A;j (0n) (), ¥yl | = lle; (W)(65) — ¢ (wn)(85), nll < By 1651 [lu — wnllo,s: 197,

which, together with (5.10), the bound of H(EJH (¢f. (3.39)), and the fact that u € W, yields

E

1(350,) = (B0 23)
< Cy(r) {dtist (8, Fn ) + dist (p;, HE) + C5 Ry (14 Qs lo.oeser + 7)195.01l, o.p 10 = wnlo g0 }-

The foregoing inequality leads to (5.9) with Csr(r) := max{C&(r), C2.(r)}, where
Clr(r) i= Chp(mmax{1,C5 R} vj e {1,2},

thus concluding the proof. (Il

0,6;Q in (56) by

The required Céa estimate will now follow from (5.6) and (5.9). In fact, bounding ||¢ — ¢},
the right hand side of (5.9), we find that

|(d, o) — (dn,oh)| < GST(T){dist (d,Hy,) + dist (4, Hh)2 + dist (O',HZ-)}

2
+ Csr(7) |I1gllo.0 Z (dist ((;_S)j, ﬁh) + dist (pj, HZ))

=1

+ Csr(r) (14 1Qllg 00+ 7) g

0.2 l1@plliyar v —unlosa, (5.11)

where Cgr(r) := Csr(r) Csr(r). In turn, imposing the constant multiplying [u — upllos0 in (5.11) to be
sufficiently small, say < 1/2, we derive the a priori error estimate for ||(d, o) — (U, or)||. Hence, employing
this latter estimate to bound the last term on the right-hand side of (5.9), we deduce the corresponding upper
bound for Z?:l I(#5, ;) — (#5.n, P 1) |l. More precisely, we have proved the following result.

Theorem 5.4. Given r > 0, assume that the datum ¢p satisfy

%- (5.12)

Cst(r) (1 +[|Qllo,00:2 +7) lIgllo.2ll@pll1/2r <
Then, there exists a positive constant C, independent of h, but depending on v, Lgr, osra, Ba, Rj, @ja, 5(1,

1Qjll0,00:2: lIgllo,2, 7 € {1,2}, and the datum ¢, such that

2
(6, &) = (dn, o) + D (@5 25) = (@1.0s p10) |

j=1
2 - ~
< C{ dist (@, Hy,) + dist (i, Hy)? + dist (o7, HT) + Z(dist <¢j7 Hh) + dist (p;, Hﬁ))
j=1

At this point we remark that (3.49), (4.26), and (5.12) share a similar structure holding for a given r > 0
and sufficiently small datum ¢p. However, these assumptions are not fully comparable since Lt, Lt 4, and
Csr(r), being defined in terms of the unknown constants |ig||, |[is|, Cp, Ca, B4, and fa, are not explicitly
computable. As a consequence, we are not able to check in practice whether the examples to be considered



2750 S. CAUCAO ET AL.

below in Section 6 satisfy those hypotheses. Nevertheless, the numerical results reported there confirm the good
performance of the method as well as the predicted rates of convergence, which suggests that the aforementioned
constraints on the data are more technical issues of the analysis rather than limitations of the applicability of
the numerical scheme. In addition, we stress that they do not necessarily have a physical meaning, but only
constitute sufficient conditions guaranteeing that problems (2.27) and (4.2) are well-posed, and that the a priori
error estimate derived in Theorem 5.4 holds, respectively. In turn, it is important to highlight that (3.49), (4.26),
and (5.12) are less restrictive than their counterparts for the augmented fully-mixed formulation proposed in
[14], since they only require assumptions on ¢, instead of on up, ¢p, and ¢,, as in equations (3.46), (4.22),
and Theorem 5.4 of [14].

In order to establish the rate of convergence of the Galerkin scheme (4.2), we recall next the approximation
properties of the finite element subspaces H}!, HE HY ,Hi,HZ, and HY (¢f. (4.1)), whose derivations can be
found in [7,21,24,26], and Section 3.1 of [10] (see also [18], Sect. 5).

(AP);: there exists positive constants Cy, Co, C3, and C4, independent of h, such that for each I € [0,k + 1],
and for each v € WH3(Q), r € H/(Q) NL2(Q), v € WH6(Q), and T € H!(Q2), there hold

dist (v, H}') == inf [|v —villg5.0 < C1 A |[V]30,
v, €} 3
dist (r, H},) := inf [r —rrllpq < Co R rlr.q,
TGy
dist (9,17 ) == inf 16— ¥l g0 < Ca A [l
Y €HP

and

dist (?, Hfh) = inf_[[F—Fallgg < Cah'[[F],q-
r,eHY

(AP)2: there exists positive constants Cs and Cg, independent of h, such that for each I € (0, k+1], and for each
T € H(Q) N Ho(divy)o; Q) with div(r) € WH/2(Q), and n € HY(Q) N H(divg/s; Q) with div(n) € WH6/5(Q),
there hold

dist (7, HY ) := 732%H||T - Th||diV3/2;Q < Csh! {HTHlQ + ||diV(7')||z,3/2;Q},
 EH,

and
dist (1, H9) == inf 0~ Myl e < Co ' (Il g+ Iiv(m)l /5.0 )
h

Mh

Now we are in a position to provide the theoretical rate of convergence of the Galerkin scheme (4.2).

Theorem 5.5. In addition to the hypotheses of Theorems 3.13, 4.10, and 5.4, assume that there exists | €
(0,k +1] such that u € W3(Q), t € H(Q) NL4(Q), o € H/(Q) NHo(divy/2; Q), div(o) € WH3/2(Q), and for
each j € {1,2}, ¢; € WH8(Q), t; € HY(Q), p; € HY(Q) N H(dive/5; Q), and div(p;) € WH/5(Q). Then, there
ezists a positive constant C, independent of h, such that

2
_ — ng ng 2 2
(@ o) = o)l + || (5:0,) = (Gim oy ) | £ OB Nl + Ml + [l g + 1617
j=1

+ ol o+ l[div(e)

2
13/2:0 1 Z(||¢j||z,6;9 + Hthz o + Hijz,Q + Hdiv(pj) Hz,6/5;9>
i=1 ’

Proof. The result follows from a direct application of Theorem 5.4 and the approximation properties provided
by (AP); and (AP),. Further details are omitted. O
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6. NUMERICAL RESULTS

In this section we present three examples illustrating the performance of the fully-mixed finite element
method (4.2) on a set of quasi-uniform triangulations of the respective domains, and considering the finite
element subspaces defined by (4.1) (c¢f. Sect. 4.1). In what follows, we refer to the corresponding sets of finite
element subspaces generated by k = 0 and k£ = 1, as simply Py —Py —RTy—Py—Py—RT(y and P, —P; —RT; —
P; — P; — RTY, respectively. Our implementation is based on a FreeFem + + code [27], in conjunction with
the direct linear solver UMFPACK [20]. A Newton—-Raphson algorithm with a fixed tolerance tol = 1E — 6 is used
for the resolution of the nonlinear problem (4.2). As usual, the iterative method is finished when the relative
error between two consecutive iterations of the complete coefficient vector, namely coeff™ ™ and coeff™, is
sufficiently small, that is,

|coeff ! — coeff™ || < tol
coeff™ | -

where || -|| stands for the usual Euclidean norm in R**" with DOF denoting the total number of degrees of freedom
defining the finite element subspaces H}}, Ht H, Hf:, H!, and HY (cf. (4.1)).
We now introduce some additional notation. The individual errors are denoted by:
e(u) = [lu—upllgzq, et):=t—tullgq, el@):=lo—0anlay, 0 @) :=Ip—=pruloq

e(9;) = 165 = dinllogar  e(ty) = llt; —tjn dive € 1L2E

o, e(p;) =P = p; 1l
where pj, stands for the post-processed pressure suggested by the identity (2.7), that is
1
pn=— tr(op). (6.1)

It follows that

1
lp = prlloe = —lltr(o —on)llo.o < N o — onllaivs,;0

which shows that the rate of convergence for p is at least the one for o, which is indeed confirmed below by the
numerical results reported. Next, as usual, for each x € {mt,a,p, ¢j,Ej7pj} we let r(*x) be the experimental

rate of convergence given by
_ log (e(x)/e(x))
log(h/h)

where h and h denote two consecutive meshsizes with errors e and €, respectively.

The examples to be considered in this section are described next. Similarly to Section 6 of [14], in all them
we take for sake of simplicity v =1, o=1,R; =1,Ra =1 and ¢, = (0,0). In turn, in the first two examples
the tensors K, Q1, and Qs are taken as the identity matrix I, which satisfy (2.3). In addition, the mean value of
tr(ep,) over Q is fixed via a Lagrange multiplier strategy (adding one row and one column to the matrix system
that solves (4.4) for up, ty, and o).

r(x)

Example 1: 2D domain with different values of the parameter F

In this example we replicate the one from Section 6, Example 1 of [14]. More precisely, we corroborate the
rates of convergence in a two-dimensional domain and also study the performance of the numerical method with
respect to the number of Newton iterations required to achieve certain tolerance when different values of the
parameter F are given. The domain is the square Q = (—1,1)2. We consider the potential type gravitational
acceleration g = (0, —1)*, and choose the data f (cf. (2.2)) such that the exact solution is given by
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TABLE 1. Example 1: Number of degrees of freedom, meshsizes, Newton iteration count, errors,
and rates of convergence for the fully-mixed Py — Py — RTy — Py — Py — RT approximation
for the coupling of the Brinkman—Forchheimer and double-diffusion equations with F = 10.

DOF h iter e(u) r(u)  e(t) r(t) e(o) r(e)  e(p) r(p)
644 0.7454 5 0.6265 — 3.5704 — 20.4886 - 1.7848 -
2818 0.3667 5 0.2928 1.072 1.7526 1.003 9.1580 1.135 0.6221 1.486
10464 0.1971 5 0.1527 1.049 0.9061 1.063 4.7110 1.071 0.3118 1.113
41124 0.1036 5 0.0760 1.085 0.4593 1.057 2.3581 1.077 0.1521 1.117
164698 0.0554 5 0.0384 1.087 0.2288 1.111 1.1832 1.100  0.0758 1.109
665758 0.0284 5 0.0191 1.049 0.1130 1.059 0.5862 1.053 0.0367 1.088

e(¢1)  r(g1) e(t))  r(t) e(p)  r(py) e(d2)  r(¢2) e(t2)  r(t2) e(py)  r(py)

0.0450 0.1839 - 0.5943 0.0759 - 0.2101 - 0.4794 -~

0.0227 0.962 0.1236 0.560 0.2962 0.982 0.0387 0.952 0.1023 1.014 0.2247 1.068
0.0129 0.907 0.0712 0.890 0.1585 1.007 0.0214 0.950 0.0541 1.026 0.1148 1.082
0.0069 0.977 0.0360 1.061 0.0796 1.071 0.0114 0.978 0.0278 1.040 0.0588 1.040
0.0036 1.051 0.0183 1.080 0.0402 1.090 0.0062 0.987 0.0140 1.094 0.0294 1.105
0.0018 1.018 0.0091 1.053 0.0199 1.055 0.0030 1.055 0.0069 1.066 0.0144 1.068

u(zy, ) = ( sin(m, ) cos(maa)

— cos(mxy) Sin(mc2)>v p(z1,2) = cos(mzy) exp(a2),

o1(x1,22) = 0.5+ 0.5cos(x122), and ¢o(x1,22) = 0.1+ 0.3exp(z122).

The model problem is then complemented with the appropriate Dirichlet boundary conditions. Tables 1 and 2
show the convergence history for a sequence of quasi-uniform mesh refinements, including the number of Newton
iterations when F = 10. Notice that we are able not only to approximate the original unknowns but also the
pressure field through the formula (6.1). The results confirm that the optimal rates of convergence O(h**1)
predicted by Theorem 5.5 are attained for £ = 0,1. The Newton method exhibits a behavior independent of
the meshsize, converging in five iterations in all cases. In Figure 1 we display the solution obtained with the
fully-mixed P; — P; — RT; — P; — P; — RT; approximation with meshsize h = 0.0284 and 39102 triangle
elements (actually representing 2074454 DOF). On the other hand, in Table 3 we show the behaviour of the
iterative method as a function of the parameter F € {10°,10!,102,10%,10%,10°}, considering polynomial degree
k = 0, different meshsizes h, and a tolerance tol = 1E — 06. In this way, here we illustrate that the inertial
term F |uju is well handled by the mixed finite element method (4.2), and that the latter evidences a robust
behavior with respect to the parameter F. In fact, only 9 Newton iterations are required to converge in the most
challenging case, namely F = 10°.

Example 2: Convergence against smooth exact solutions in a 3D domain

We now replicate ([14], Sect. 6, Example 2). More precisely, we consider the cube domain = (0,1) and
the exact solution:

sin(may) cos(mas) cos(mxs)
u(zy, e, x3) = | —2cos(mzy) sin(mzs) cos(mxs) |, p(x1,z2,x3) = cos(rz1) exp(za + x3),
cos(mxy) cos(may) sin(mas)

o1(x1, 22, 23) = 0.5+ 0.5cos(z12023), and ¢a(w1,z2,23) = 0.1 + 0.3 exp(z12273).

Similarly to the first example, we consider F = 10 and g = (0,0, —1)*, whereas the data f is computed from (2.2)
using the above solution. The numerical solutions are shown in Figure 2, which were built using the fully-mixed
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TABLE 2. Example 1: Number of degrees of freedom, meshsizes, Newton iteration count, errors,
and rates of convergence for the fully-mixed P; — Py — RT; — P; — P; — RT; approximation
for the coupling of the Brinkman—Forchheimer and double-diffusion equations with F = 10.

DOF h iter e(u) r(u)  e(t) r(t) e(o) r(e)  e(p) r(p)
1972 0.7454 5 0.1929 - 0.9854 — 5.3894 - 0.3053 -
8714 0.3667 5 0.0378 2.299 0.2021 2.234 1.1352 2.196 0.0608 2.274
32480 0.1971 5 0.0100 2.140 0.0544 2.114 0.3022 2.132 0.0159 2.166
127924 0.1036 5 0.0025 2.153 0.0135 2.172 0.0766 2.135 0.0039 2.188
512898 0.0554 5 0.0006 2.217 0.0034 2.173 0.0191 2.214 0.0009 2.165
2074454 0.0284 5 0.0001  2.122 0.0008 2.105 0.0047 2.116 0.0002 2.101

e(¢1)  r(g1) e(t))  r(t) e(p)  r(py) e(d2)  r(¢2) e(t2)  r(t2) e(py)  r(py)

0.0057 - 0.0692 - 0.1702 - 0.0086 — 0.0313 - 0.0956 -

0.0014 1.967 0.0169 1.990 0.0361 2.185 0.0022 1.927 0.0077 1.980 0.0209 2.143
0.0004 1.926 0.0046 2.087 0.0097 2.125 0.0006 2.030 0.0022 1.991 0.0057 2.092
0.0001 1.846 0.0011 2.139 0.0024 2.148 0.0001 1.888 0.0006 2.126 0.0015 2.090
3E-05 2228 0.0002 2.227 0.0006 2214 5E-05 2.051 0.0001 2.134 0.0004 2.182
8E-06 2113 7E-05 2.101 0.0001 2.108 1E-05 2.071 4E-05 2.127 9E-05 2.132

Py — Py — RTy — Py — Py — RT approximation with meshsize h = 0.0643 and 63 888 tetrahedral elements
(actually representing 1867 272 DOF). The convergence history for a set of quasi-uniform mesh refinements using
k = 0 is shown in Table 4. Again, the mixed finite element method converges optimally with order O(h), as it
was proved by Theorem 5.5.

Example 3: Flow through porous media with channel network

This last example is inspired by Section 5.2.4 of [2], which, similarly to Section 6, Example 3 of [14], focuses
on flow through porous media with channel network. To this end, we consider the square domain 2 = (—1,1)?
with an internal channel network denoted as ). (see the first plot of Fig. 3 below), and boundary T', whose left,
right, upper and lower parts are given by T'egy = {—1} X (—1,1),Iyigns = {1} x (—1,1),T'op = (—1,1) x {1},
and Tpottom = (—1,1) x {—1}, respectively. We consider the coupling of the Brinkman—Forchheimer and double-
diffusion equations (2.8) in the whole domain  with Q; = 0.51 and Q2 = 0.1251, but with different values of
the parameters F and K = «I for the interior and the exterior of the channel, that is,

10  in Q. 1 in Q¢
F = _ and « = _ .
1 in Q\ Q¢ 0.001 in 2\,

The parameter choice corresponds to increased inertial effect (F = 10) in the channel and a high permeability
(o = 1), compared to reduced inertial effect (F = 1) in the porous medium and low permeability (o = 0.001).
In addition, the boundaries conditions are

un=02 u-t=0 on T, on=0 on T\,
$1 =03 on I'vottom, ¢1 =0 on 1_\topy pp n=0 on I U rright,
$2=0.2 on I'vottom, ¢2=0 on Ft0p7 pon=0 on DU 1_‘right-

In particular, the first row of boundary equations corresponds to inflow on the left boundary and zero stress
outflow on the rest of the boundary. We point out that, differently from Section 6, Example 3 of [14], Dirichlet
boundary conditions for temperature and concentration are assumed on the top and bottom of the domain
instead of on the left and right sides of Q as in [14]. We also note that, using similar arguments to those
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Ficure 1. Example 1: Computed magnitude of the velocity, velocity gradient component,
pseudostress tensor component, and pressure field (top plots); temperature field, magnitude
of the temperature gradient, concentration field, and magnitude of the concentration gradient
(bottom plots).

TABLE 3. Example 1: Performance of the iterative method (number of iterations) upon varia-
tions of the parameter F with polynomial degree k = 0.

h
F 0.7454 0.3667 0.1971 0.1036 0.0554 0.0284
100 4 4 4 4 4 4
10t 5 5 5 5 5 5
102 7 7 7 7 7 7
102 8 8 8 8 8 8
10 9 9 9 8 8 8
10° 8 9 9 9 9 8

employed in [15], we are able to extended our analysis to the present case of mixed boundary conditions
for the double-diffusion equations. In Figure 3, we display the computed magnitude of the velocity, velocity
gradient, pseudostress tensor, and gradients of the temperature and concentration, and the temperature and
concentration fields, which were built using the fully-mixed Pg — Py — RTy — Pg — Py — RT( approximation on
a mesh with 27287 triangle elements (actually representing 475313 DOF). Similarly to [14], faster flow through
the channel network, with a significant velocity gradient across the interface between the porous medium and
the channel, are observed here. In addition, the magnitude of the pseudostress tensor is more diffused, since it
includes the pressure field. In turn, the temperature and concentration are zero on the top of the domain and
go increasing towards the bottom of it, which is consistent with the behavior observed in the magnitude of the
temperature and concentration gradients. According to the above, we stress that the fully-mixed approach that
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(bottom plots).

TABLE 4. Example 2: Number of degrees of freedom, meshsizes, Newton iteration count, errors,
and rates of convergence for the fully-mixed Py — Py — RTy — Py — Py — RT approximation
for the coupling of the Brinkman—Forchheimer and double-diffusion equations with F = 10.

DOF h iter e(u) r(u)  e(t) r(t) e(o) r(o)  e(p) r(p)
1512 0.7071 5 0.5090 - 2.6224 — 15.6024 — 1.2501 -
11616 0.3536 5 0.2705 0.912 1.4314 0.874 8.2301 0.923 0.6804 0.877
91008 0.1768 5 0.1382  0.969 0.7391 0.954 4.1324 0.994 0.3106 1.131
483 336 0.1010 5 0.0793  0.993 0.4267 0.982 2.3465 1.011  0.1568 1.222
1867272 0.0643 5 0.0505 0.998 0.2726 0.992 1.4870 1.009 0.0920 1.179
e(¢r)  r(¢y) e(tr) r(t) e(p)  r(py) e(d2)  r(¢2) e(ta) r(t2) e(py)  r(py)
0.0379 - 0.0919 - 0.3105 - 0.0784 - 0.1062 - 0.2233 -
0.0231 0.714 0.0793 0.213 0.1835 0.759 0.0444 0.820 0.0613 0.792 0.1229 0.862
0.0121 0.937 0.0472 0.745 0.0972 0.917 0.0230 0.951 0.0330 0.896 0.0636 0.951
0.0069 0.986 0.0283 0.913 0.0564 0.971 0.0132 0.986 0.0192 0.959 0.0367 0.983
0.0044 0.995 0.0183 0.964 0.0361 0.988 0.0084 0.995 0.0124 0.982 0.0234 0.993
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FIGURE 3. Example 3: Domain configuration, prescribed mesh, and computed magnitude of
the velocity (top plots); computed magnitude of the velocity gradient and pseudostress tensor,
and temperature field (middle plots); magnitude of the temperature gradient, concentration
field, and magnitude of the concentration gradient (bottom plots).
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we have proposed for the coupling of the Brinkman—Forchheimer and double-diffusion equations has the ability
to handle heterogeneous media using spatially varying parameters. Moreover, while this example is certainly
the most challenging one, due to the strong jump discontinuity of the parameters across the two regions, we
highlight that the numerical method (4.2) was able to handle it very efficiently. We notice that the mesh used in
this example was built by considering an appropriate refinement around the interface that couples the porous
medium with the channel network. Nevertheless, this refinement can be automatized by employing a suitable a
posteriori error indicator that captures the aforementioned discontinuity of the parameters. The corresponding
a posteriori error analysis and numerical implementation will be addressed in a future work.

We end this paper with a comparison between the present approach and the one from [14] in terms of the
corresponding DOF involved and the number of unknowns that they approximate. Indeed, while at first glance
the fully-mixed method (4.2) seems more expensive than its augmented mixed counterpart from [14], we stress
that the increase observed in the number of unknowns of the Galerkin scheme (4.2) with respect to that from [14]
for the same mesh, is due to the fact that, differently from the latter, the former provides direct approximations
to three additional variables of physical interest as well, namely the velocity gradient tensor t, the temperature
gradient vector E, and the concentration gradient vector fg, in addition to yielding the possibility of employing
a post-processing formula to recover the pressure (6.1). Moreover, these four further approximations hold with
the same rate of convergence of the remaining variables. However, if one wanted to use the method from [14]
to approximate the aforementioned extra unknowns, then one would need to employ numerical differentiation,
which, as we know, leads to loss of accuracy of the respective computations.
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