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A MAXIMALITY THEOREM FOR CONTINUOUS
FIRST ORDER THEORIES

A bstract. In this paper we prove a Lindstrom like theorem for the logic
consisting of arbitrary Boolean combinations of first order sentences. Specifically
we show the logic obtained by taking arbitrary, possibly infinite, Boolean com-
binations of first order sentences in countable languages is the unique maximal
abstract logic which is closed under finitary Boolean operations, has occurrence
number wi, has the downward Léwenheim-Skolem property to w and the up-
ward Lowenheim-Skolem property to uncountability, and contains all complete
first order theories in countable languages as sentences of the abstract logic.
We will also show a similar result holds in the continuous logic framework of [5],
i.e. we prove a Lindstrém like theorem for the abstract continuous logic con-
sisting of Boolean combinations of first order closed conditions. Specifically we
show the abstract continuous logic consisting of arbitrary Boolean combinations
of closed conditions is the unique maximal abstract continuous logic which is
closed under approximate isomorphisms on countable structures, is closed un-
der finitary Boolean operations, has occurrence number wq, has the downward
Lowenheim-Skolem property to w, the upward Lowenheim-Skolem property to
uncountability and contains all first order theories in countable languages as
sentences of the abstract logic.
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1. Introduction

One of the most significant advances in the study of abstract model theory is the col-
lection of characterizations of first order logic by Lindstrom. These characterizations
identify first order logic as the unique maximal logic, on classical structures, satisfying
various properties. Specifically, Lindstrom showed that first order logic is the unique max-
imal logic with countable occurrence number which has both the upward and downward
Léwenheim-Skolem property, and which is closed under finite Boolean operations along
with existential quantification (see [11, Thm. 3]).

While the theorem above characterizes first order logic among those logics closed under
existential quantification, it fails if we look at first order logic among those logics with
just the upward and downward Lowenheim-Skolem property and closed under finitary
Boolean operations. In fact, if we add to our logic, as a new sentence, any complete first
order theory in a countable language, then our logic will still have both the upward and
downward Lowenheim-Skolem properties. It is therefore natural to ask what happens if
we replace “closed under existential quantification” with “closed under arbitrary Boolean
operations ” (in a fixed language)? Let \/* Th¥ (L, ) be the logic which is the closure of
L, ., under arbitrary Boolean combinations of sentences (in a fixed countable language).
In Theorem 3.9 we show that \/* Th*(L,,,) is the unique maximal logic with countable
occurrence number which contains first order logic, has the downward Lowenheim-Skolem
property to countable structures, the upward Lowenheim-Skolem property to uncountable
structures, and which is closed under arbitrary Boolean operations in fixed countable
languages.

Since Lindstrom first provided his characterizations of first order logic several other
logics, including L., have been characterized as the unique maximal logic satisfying
certain properties. Recall that a logic is bounded if whenever < is a binary relation there
is no sentence which both always interprets < as a well-ordering and which has structures
in which < has arbitrarily large domain. As an example of such a characterization of L,
one can show L, is the unique maximal logic closed under existential quantification,
finite Boolean operations, potential isomorphisms and is bounded (see [2, Thm II1.3.1] for
more details). As \/“ Th*(L,,) sits squarely between L, and L, Theorem 3.9 gives
motivation to the idea that \/* Th¥(L,.) is a natural intermediate logic to study.

Over the last decade continuous first order logic has emerged as a powerful analog of
classical first order logic for dealing with structures built out of complete metric spaces.
In this paper, in Theorem 1.1, we review the notions of continuous first order logic as
well as introduce analogs of abstract logics in the continuous case. With these notions in

hand we then proceed to prove a continuous version of Theorem 3.9. Let \/“ Th“(zzj’w)
be the logic which is the closure of continuous first order logic under arbitrary Boolean
combinations of sentences (in a fixed countable language). In Theorem 5.4 we show

that \/* Th¥ (Ziw) is the unique maximal logic with countable occurrence number which
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contains continuous first order logic, has the downward Lowenheim-Skolem property to
structures with countable density, the upward Lowenheim-Skolem property to structures
with uncountable density, is closed under arbitrary Boolean operations in fixed countable
language and which is closed under approximate isomorphisms.

1.1. Continuous First Order Logic

We now give a brief description of the set up. For more details see [5]. By a continuous
language we mean a classical multi-sorted language where

e for each sort S there is a distinguished relation symbol dg of type S x .S,

e ecach relation symbol and each function symbol X has associated to it a modulus
of uniform continuity, my, i.e. a non-decreasing map from (0, 1] to (0, 1] whose
limit at 0 is 0.

In this paper 7,0 and their variants will always represent continuous languages. A
continuous 7-structure M consists of the following.

e For each sort S there is a complete bounded metric space, (SM, d41), such that d4
is the distance function on the space.

e If Sy, Sy are sorts and T is the product sort then (Sgt, d4!) x (SM, dgt) = (TM, dy),
i.e. the complete metric spaces associated to a product sort is the product of the
complete metric space associated to each sort.

e For each function symbol f from sort Sy to sort S; there is a function fM: SM —
M.,

e For each relation symbol R of sort S there is a function RM: SM — [0, 1].

e For each relation symbol R of type S we have (Vz,y € SM)|RM(x) — RM(y)| <
mp(d§'(z,y)).

e For each function symbol f with domain sort S and codomain T we have (Vz,y €
SM) dgt (fM (@), fM () < my(dg' (@, y).

We will treat constant symbols as functions from the unique trivial sort, which nec-
essarily is a 1-point space. We define the arity of a tuple to be the product of the sorts
to which the elements belong. We define the type of a relation as the product of sorts
assigned to it and the type of a function symbol from sort S to T as S — T

If 7o € 7y are continuous languages and M is a continuous 7y-structure we let M|, be
the continuous 7y-structure obtained by ignoring all function symbols, relation symbols
and sorts not in 7.
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The functions =: [0, 1] x [0, 1] and 3: [0, 1] — [0, 1] will be important. These functions
are defined by x -~y = max{0,r — y} and ;(z) = §. Note that the function A: [0, 1] x
[0,1] — [0, 1] given by A(x,y) = x=(z+y) is such that (Vx,y € [0, 1]) A(z,y) = min{z, y}.
Similarly the function V: [0, 1] x [0, 1] — [0, 1] given by V(z,y) = 1= (min(1 =z, 1+y)) is
such that (Vx,y € [0,1]) V (x,y) = max{x,y}. We will write A(z,y) as z Ay and V(z,y)
as r Vy.

A useful intuition is to imagine [0, 1] is the collection of truth values where 0 represents
full truth and the truth value of a statement is how far from full truth the statement is.
With this intuition a relation is a map from an (interpretation of) a sort to [0, 1]. Also,
under this interpretation, inf,¢ x is the analog of the existential quantifier from first order
logic and sup,.x is the analog of the universal quantifier from first order logic.

In continuous first order logic it is important that each relation in a language has
a uniform bound throughout all interpretations of the language. However, it is also
rarely important what that specific bound is. This sets up a choice in the presentation
of continuous structures. On the one hand we could allow relations to take arbitrary
values in [0, 00) and add to the language a bound to each relation which must hold in any
interpretation of the relation. On the other hand we could impose a uniform bound, e.g.
1, on all relations in all structures. While the first choice on its face seems slightly more
general, there is in reality very little difference between the two presentations. As such we
have chosen the latter approach and required all relations to be uniformly bounded by 1.
This loses little in terms of generality as all results in this paper go through immediately
for the other presentation of continuous structures, however it will simplify the notation
we are using.

We will let ORD represent the class of ordinals.

Definition 1.1. Suppose 7y, 71 are continuous languages. A renaming is a bijection
p: 1o — 11 which takes sorts to sorts, functions symbols to function symbols, and relation
symbols to relation symbols such that

e for any sorts Sy, ..., S, in 79, p(Sp X -+ X S,) = p(Sp) X -+ X p(Sy),
e for any sort S in 7y, d,s) = p(ds),
e if R is a relation symbol of type S then p(R) is a relation symbol of type p(S),

e if f is a function symbol of type S — T then p(S) is a function symbol of type
p(S) = p(T),

e if X is a relation symbol or function symbol in 75 with modulus of uniform continuity
mx, then the modulus of uniform continuity of p(X) is also mx, i.e. mx = m,x).

Given such a renaming and a continuous 7y-structure M we define the renamed
1-structure p(M) in the obvious way.
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We now make precise our definition of continuous first order logic. See [5] for more
details.

Definition 1.2. Suppose 7 is a continuous language we let E&O[T] be the collection
of atomic 7-formulas. We let £, ,[7] be the smallest collection such that

o ES,O[T] g ‘Cz,w{T]a
o if € L [7] of type X X Y then inf,cx v, sup,cx ¥ € L [7] and are of type Y,

o if o,..., Y1 € L ,[7] are of type X and a: [0,1]" — [0,1] is a continuous map
then a(vo, ..., ¥n_1) € L, o[7] of type X,

o if ¢ € L [7] is of type X and Y is a sort then there is a formula (7o) of type
X x Y and ¢(m) of type Y x X.

If M is a 7 structure and ¢ € L, ,[7] of type X we define M: XM — [0,1] by
induction on the complexity of the formula in the obvious way.

We call L, [7] continuous first order logic.

By a closed condition we mean an equation of the form ¢ = 0 where ¥ € L, [7] is
of type 1 (i.e. has no free variables).

Motivated by Definition 1.2 we will refer to (uniformly) continuous maps from [0, 1]"
to [0,1] as connectives. Note that the constants 0,1 and the functions = and 3 are
connectives.

Definition 1.3. By a continuous first order theory we mean a collection T of
closed conditions in a single continuous language 7 such that there is some continuous
T-structure with M | AT. We say a such a theory is maximal if there are no larger
theories in the same language.

Definition 1.4. We say a continuous 7-structure M is discrete if each relation,
including the distance relation, takes values in {0, 1}.

In particular if a continuous structure is discrete then every point is open. Note that
being discrete can be defined by a collection of closed conditions.

Definition 1.5. We say a continuous 7-structure M has density character « if
there is a dense subset of M of size x and no dense subset of size < k.

The density character of a continuous 7-structure is, in many cases, the right analog
of cardinality. To see why this is the case observe that if M is a continuous 7-structure
and X C M is a dense subset of M then M can be uniquely recovered from X (by
taking the closure). As such, if M has density character x, M can be completely char-
acterized by a set of size k, even if M itself has larger cardinality. As a consequence



66 NATHANAEL ACKERMAN AND MARY LEAH KARKER

many results of first order logic which deal with cardinality have continuous analogs with
respect to density character, even when the obvious analog in terms of cardinality might
not be true. A quintessential example of this phenomenon deals with the upwards and
downwards Lowenheim-Skolem theorem for continuous first order logic. Any countable
continuous first order theory with an infinite model must have a model of any infinite
density character. However, there are countable continuous first order theories, such as
the theory of [0, 1] as a metric space with constants for all rationals, which have infinite
models but no models of size less than the continuum.

Definition 1.6. A continuous first order formula ¢ € Lf [7] is k-restricted if it
is built from atomic formulas using only connectives in {0, 1, 3, =} (where 0,1 are the
constant functions) and it has only k-many subformulas. We say a continuous first order
formula is restricted if it is k-restricted for some k. We will denote the collection of

restricted formulas in L, [7] by S7.
The following is a standard fact about restricted formulas (see [5, Thm. 6.3, Prop. 6.6]).

Lemma 1.7. For every ¢ € L [7] and every e > 0 there is a restricted formula
¢ € LS, ,[7] such that for all continuous 7-structures M

sup |p(a) — pe(a)] <e.
acM

Given two formulas ¢, ¥1 € L, [T] we say 1) is equivalent to v, if for all continuous
T-structures M,

sup [¢o(a) — ¢ (a)] = 0.

aeM

Therefore Lemma 1.7 tells us that for any formula ¢ we can find restricted formulas which
are arbitrarily close to being equivalent to .

In particular given two maximal theories Tj and 77, if they contain the same closed
conditions of the form ¢ = 0 where ¢ is restricted then they are the same. Note, if 7 is
countable there are only countably many restricted formulas.

Definition 1.8. We define the quantifier rank of a restricted formula ¢, qr(¢) by
induction as follows.

e If v is an atomic formula, i.e. is built only using relations, functions symbols and
the constants 0, 1, then qr(¢) = 0.

e qr(¥) = qr(y).
o qr(p =) = sup{qr(e),qr(y)}.

e qr(sup, ¢) = qr(inf, ¢) = qr(yp) + 1.
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If qr(p) = 0 we say ¢ is quantifier-free.

Note the notion of quantifier rank can easily be extended to non-restricted formulas,
however we will not need it here. See [4] for more details on general quantifier rank.

In what follows it will be important to consider finite subsets of restricted formulas
which are sufficiently closed under translations. We now make this notion precise.

Definition 1.9. For ¢ > 0 we say that a finite set S of restricted formulas has
magnitude e-translations if whenever ¢ € S then there is a formula in S equivalent to
¢ = € and there is a formula in S equivalent to inf{1, ¢ + €}.

The intuition is that S has magnitude e-translations if whenever ¢ is in S then we can
translate everything in S by € (truncating outside of [0, 1] appropriately), and remain in

S.

Lemma 1.10. Suppose S is a collection of restricted formulas. For all ¢ > 0 there
1s a smallest collection S of restricted formulas which contains S, has magnitude e-
translations, and is closed under finite Boolean operations. Further, if S is finite so

18 Se.

Proof. We define a collection S™ by induction on n. First we let S° = S. Now
suppose n € w and we have defined S™. We then let S""* be the result of adding, for all
¢ € S™ the formulas among ¢ = €, inf{r, p+ €}, 1 = ¢ which are not equivalent to formulas
in S™. We then have if S, is finite then |S™™1*| < |S"|-4. Now let S™! be the result of
closing S™"* under conjunctions (only adding formulas which are not already equivalent
to ones in S"T1*). We then have |S™T! < [P(S™H1+)).

It is easy to check that at some finite stage k, which only depends on €, we have
Sk = §F+1 and this S* is the desired minimal collection S, containing S with magnitude
e-translations and closed under finite Boolean operations. U

Lemma 1.10 tells us that adding magnitude e-translations to a finite collection of
restricted formulas results in a finite collection of restricted formulas.

Definition 1.11. Suppose S is a finite collection of restricted formulas. We define
Q(5,0) = S and for n € w, Q(S,n + 1) is the smallest collection of restricted formulas
containing {p,inf, ¢,sup, p: ¢ € Q(S,n)} and closed under magnitude e-translations
and finite Boolean operations.

Note, by Lemma 1.10, for any finite collection of restricted relations S, any n, and
any € > 0, Q.(S5,n) is finite.
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1.2. Related Work

Lindstrom’s work (see [11]) gives us a sense in which first order logic is canonical, i.e. his
work shows us that there are a few basic properties of first order logic which isolate it
among all possible logics. While continuous logic in its current form arose from the work
of Ben-Yaacov, Berenstein, Henson, Usvyatsov, and others, equivalent notions have been
studied since Chang and Keisler’s book [8] in 1966. In particular, one of the first abstract
logic results about continuous first order logic was by Iovino in [10]. This result was not
done in terms of continuous first order logic but rather in terms of the positive bound
formulas and an approximate satisfaction relation logic of Henson (see [9]). Iovino showed
that there was no logic which properly extended Henson’s logic of positive bound formulas
and which satisfies compactness and has the elementary chain property. Like Lindstrom’s
theorem did for first order logic, this result gave the first concrete evidence that there was
a maximal logic for continuous structures that satisfied many of the important properties
of classical first order logic.

Lindstrom’s most well-known result characterizing classical first order logic, and what
is often known as Lindstrom’s theorem, says that if a logic is Boolean, has the downward
Lowenheim-Skolem property and satisfies compactness, then it must be first order logic.
Recently an analog of this theorem was proved for continuous first order logic by Caicedo
in [6].

Another of Lindstrom’s results characterizes classical first order logic as maximal
among Boolean logics which are closed under the existential quantifier and which have
the A-omitting types property for an uncountable regular A. In [7], Caicedo and Iovino
give an analog of this for continuous logic.

2. Abstract Continuous Logic

Over the years there have been many different types of logics which have been studied on
classical structures, e.g. first order logic, higher order logic, infinitary logic, logics with a
game quantifier, etc. Because of the breadth of different logics it is important to have the
notion of an abstract logic.

Intuitively the notion of an abstract logic has two parts. First, for every classical
language the logic must give a collection of sentences of that signature. While in most
concrete logics sentences are built up from the relation symbols, function symbols and
constant symbols by some concrete recursive procedure, in the most general case the
collection of sentences only need be a set. Second, there needs to be a satisfaction relation
which allows us to determine whether or not a structure in a given signature satisfies a
sentence in that signature. Once again in most concrete cases where sentences are built
from simpler components there is some method for determining whether or not a structure
satisfies a sentences by looking at how the structure interacts with simpler components.
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However, in the abstract case this is not necessary and we allow any notion of satisfaction
between sentences and structures which satisfies four basic properties.

The first property the satisfaction relation must have is that it is preserved under
isomorphism of structure. The second property is that it is preserved under renamings
(which can be thought of as isomorphisms of languages). The third property is that any
sentence in a smaller language is also a sentence in a larger language. And lastly, if we
have a sentence in one language and a structure in a larger language, then whether or
not the structure satisfies the sentence depends only on the reduct of the structure to the
language of the sentence.

2.1. Basic Definitions

In this section we introduce the notion of an abstract logic for continuous structures. Note
that these conditions are the analogs of the corresponding conditions in abstract model
theory for classical structures. In particular we assume the reader is familiar with [2,
Ch. 1-3]. While the main focus of this paper is on continuous logic, we will in Section 3
consider classical abstract logic. Therefore, we will always use abstract continuous logic
when referring to the abstract logic on continuous structures and abstract classical logic
when referring to abstract logic on classical structures. It will be useful to let L® denote
the class of all continuous languages.

Definition 2.1. An abstract continuous logic is a pair (£, =¢) where

e £ is a function which takes continuous languages as arguments,
L[],

o |=¢ is a relation between continuous structures and J, .

and which satisfy the following where o, 7 and 7* are arbitrary continuous languages and
M and N are arbitrary continuous 7-structures.

(i) If 7 C o then £[7] C £o].

(i) If M =g ¢ then ¢ € £[7].

(iii) (Isomorphism property) If M g ¢ and N'= M then N |=¢ ¢.
)

(iv) (Reduct Property) If ¢ € £[7*], 7 C 7 then

M ¢ ¢ if and only if M

T ):/Q 2

where M

- 1s the reduct of M to 7*.

(v) (Renaming Property) Let p: 7 — 7* be a renaming. Then for each ¢ € £[r] there
is a sentence ¢” € £[7*| such that for all 7-structures M

M ¢ ¢ if and only if p(M) =g ¢’
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It is worth observing that there is an unfortunate clash of terminology between contin-
uous first order logic and classical abstract logic with regards to the notion of a sentence.
This clash comes from the dichotomy that occurs in continuous first order logic between
the notion of internal truth values vs external truth values (a dichotomy which is shared
with model theory in a topos). In continuous first order logic the collection of possible
truth values is the set [0, 1]. One therefore has a notion of an internal formula which is a
map from some sort in a structure to the set of truth values. An internal sentence is then
simply a map from the terminal object (i.e. the one element sort) into the truth values.
However, often when studying a continuous structure one needs to know whether or not
a given formula/sentence takes a given value. This gives rise to the notion of an exter-
nal sentence, i.e. one whose truth value is in {T, L}. In continuous logic these external
sentences are called closed conditions.

When studying abstract classical logic the objects of study are classes of structures and
we are interested in whether a given structure is in the class or not, i.e. a fact with truth
value {T, L}. In abstract classical logic such classes of structures are termed abstract
sentences. Similarly in abstract continuous logic the objects of study will be classes of
models, i.e. external facts which have truth values in {T, L}. Unlike in continuous first
order logic though there need not be a notion of internal formula associated to these
external facts. As such we will choose to follow the terminology of abstract classical
logic and, for 7 a continuous language, refer to £[7] as the collection of £-sentences of
language 7.

We refer to |=¢ as the satisfaction relation of £ and will omit the subscript when it
is clear from context. We will abuse notation and use £ to refer to the pair (£, =¢) when
no confusion can arise. We will also abuse notation and say that ¢ € £if ¢ € |, . £[7].

For a sentence ¢ of £ we let [p]¢ be the (class sized) collection of continuous structures

M such that M = o.

Definition 2.2. We say an abstract continuous logic £, is stronger than an abstract
continuous logic £y, written £; > £, if for all continuous languages 7, and for all ¢, €
£o[7] there is a formula ¢y € £,[7] where for any continuous 7-structure M

M E ¢ if and only if M = ¢y

i.e. for every sentence in £y there is an equivalent sentence in £;.

2.2. Properties of Abstract Continuous Logics

Now that we have our notion of abstract continuous logic we consider some properties
which we might want an abstract continuous logic to have.

Definition 2.3. We say a logic £ has occurrence number & if x is minimal such
that for all continuous languages 7 and all ¢ € £[7] there is a subset 7y such that ¢ € £[7]
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and || < K.
We then define
gf(£) := sup{|L[7]]: |7| < Kk}

Note that if £ has occurrence number x then each £-sentence can informally be thought
of as having a general form in a language of size < k, i.e. an equivalent sentence in a
language of size < k.

Definition 2.4. We say a continuous logic £ has the downward Lowenheim-Sko-
lem property to « if for all continuous languages T and all ¢ € £[r] for which there
is a continuous 7-structure M of density character > k with M | ¢, then there is a
T-structure M* such that

e M* has density character s, and

« M" .

There is a similar notion of an upward Lowenheim-Skolem property to x, however
for our purposes we will only need something weaker. We will want to start with a
structure with countable density character satisfying a sentence and know that there
exists a structure with uncountable density character satisfying the same sentence. For
our purposes we will not care about what the uncountable density character is, and
in particular will not require that all satisfiable sentences have a model with the same
uncountable density. This motivates the next definition.

Definition 2.5. We say a continuous logic £ has the upward Lowenheim-Skolem
property to uncountability if whenever 7 is a countable continuous language, ¢ € £[7],
and M is a 7-structure satisfying ¢, then there exists a 7-structure M* such that

e M* has uncountable density character, and
o M* =
We now discuss several Boolean operations a logic can be closed under.

Definition 2.6. Suppose £ is an abstract continuous logic and 7 is a continuous
language.

o If for every ¢ € £[r| there is a formula —¢ € £[r] such that for all continuous
T-structures M

not (M = ) if and only if M | —¢

then we say £ is closed under negation at 7.
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o If for all (¢)ie;, C £[7] with v < & there is a formula \/;. ¢; € £[r] such that for
all continuous 7-structures M

M \/ ¢; if and only if (Fi € v)(M = ¢;)

1€y

then we say £ is closed under < x-disjunctions at 7. We say a logic is closed
under < k-disjunctions if it is closed under < x-disjunctions at 7 for all continuous
languages 7.

o If for all (¢)ie;, C £[7] with v < & there is a formula A, ¢; € £[7] such that for
all continuous 7-structures M

M= /\ p; if and only if (Vi € v)(M |= ¢;)

1€y

then we say £ is closed under < k-conjunctions at 7. We say a logic is closed
under < k-conjunctions if it is closed under < k-conjunctions at 7 for all contin-
uous languages 7.

We say £ is Boolean if it is closed under negation, < w-conjunctions and < w-
disjunctions. We say £ is completely Boolean if it has an occurrence number x and
for all continuous languages 7 with |7| < k we have

e £ is closed under negations at 7,
e £ is closed under < (gf(£))*-conjunctions and < (28f%))*_disjunctions at 7.

A logic is Boolean if its sentences are closed under all finitary Boolean operations. A
logic is completely Boolean if and only if every Boolean combination of sentences (in a
single language) is itself a sentence (in that language), provided that language has size at
most the occurrence number of £.

In mathematics one rarely distinguishes between isomorphic objects. As such in our
definition of an abstract continuous logic we have required the satisfaction relation to
be closed under isomorphism. However, when one lifts results from classical logic to
continuous logic one often finds that the results don’t lift precisely, but only up to arbitrary
accuracy. This idea motivates the following definition.

Definition 2.7. Suppose M and N are continuous 7-structures, ¢ > 0 and S C
L, .|7] contains all atomic formulas. By an (e, S)-approximate isomorphism from M
to N we mean a relation F, g between two sets A and B where:

e Ais dense in M and B is dense in N.
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e Whenever ¢ € S, ag,...,ar—1 € A and by,...,b,_1 € B are of the same arity, and
Ni<i Fes(ai, b;) then

[oM(ag, . .. ak_1) — N (by, ..., bp_1)| <€

e For all a € A there is a b € B such that F, s(a,b) holds.
e For all b € B there is a a € A such that F, s(a,b) holds.

We say M and N are S-approximately isomorphic if for every ¢ > 0 there is an
(e, S)-approximate isomorphism. We will omit mention of S when S is the collection of
all quantifier-free restricted formulas.

The following two lemmas are immediate.

Lemma 2.8. For 7-structures M and N the following are equivalent.
e M and N are isomorphic.

o M and N are (0, L§ ,)-approzimately isomorphic.

o M and N are (0, L, ,)-approzimately isomorphic.

Lemma 2.9. The relation of being approximately isomorphic is an equivalence rela-
tion.

Note that this definition is similar in spirit to the notion of approximate isomorphism
from [1] except we are not requiring that the e-approximate isomorphisms give rise to a
map of metric structures.

Definition 2.10. We say an abstract continuous logic £ is closed under S-approxi-
mate isomorphisms at w if whenever ¢ € £[r] and M, N are 7-structures of density
character w which are S-approximately isomorphic, then M |= ¢ if and only if N = ¢.

In classical logic the analog of Lf j-approximate isomorphisms is the notion of potential
1somorphism. In particular an important fact which is used in the proof of the classical
version of our main theorem, i.e. Lemma 3.6, is that two countable models which are
potentially isomorphic are isomorphic and hence satisfy the same sentences. For the
continuous analog though we need to explicitly assume that our logic is closed under the
analog of potential isomorphism. However, for our purposes we will only need to assume
that our logics are closed under L, -approximate isomorphisms and not necessarily under
L§ p-approximate isomorphisms.
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2.3. Examples of Abstract Continuous Logic

We now discuss several important examples of abstract continuous logics.

Definition 2.11. We let wa denote continuous first order logic treated as an
abstract continuous logic, i.e. the abstract continuous logic where the sentences are the
closed conditions of continuous first order logic.

We now define an abstract continuous logic built up from classical first order logic.

Definition 2.12. Suppose 7 is a continuous language. Let 7. be the classical language
with the following properties.

e The sorts of 7. consist of the sorts of 7 along with a new distinguished sort R.

e The set of function symbols of 7, is the union of (1) the set of function symbols of
7, (2) the set of function symbols {X.: X is a relation symbol of 7}, (3) a function
symbol A.: R — R for all moduli of uniform continuity A and (4) a function symbol
dr: R x R — R, and a function symbol +: R x R — R.

e The set of constants of 7. is the union of the set of constants in 7 along with constants
{cq}qcanpo, of sort R.

e There is a single relation symbol < of arity R x R.

e For every relation symbol X of 7 the function symbol X, has the same domain sorts
as the relation symbol of 7 and has codomain sort R.

If M is a continuous 7-structure we let M, be the corresponding 7.-structure where
(R, {cy}gen, <) is interpreted in M by ([0, 1], {g}e0np,ij, <U).

Given a continuous 7-structure M, we can think of M, as the same object, but
interpreted as a classical 7.-structure.

Definition 2.13. Let £, , be the abstract continuous logic which takes a continuous
language 7 and returns the collection of classical first order sentences in 7. and where, for
¢ € L, ,(7) and M a continuous 7-structure,

M = ¢ if and only if M. | ¢.

Note it is easy to see that L}, , has occurrence number w and is Boolean. It is worth

*
w,w?

noting that while some properties of classical first order logic generalize to L, ., in general

L, and L, , can behave very differently.
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Lemma 2.14. Suppose

e K is an infinite cardinal,

e 7 is a continuous language of size < K,

o {i}ticx is a collection of sentences in L, (T),

e M is a continuous T-structure such that for alli € k, M |= ¢;, and
e X C M.

Then there is a continuous T-structure M* such that

e X C M CM,

e foralli €k, M* = p;, and

o M* has cardinality (and hence density character) at most (| X|+ k)“.

Proof. Let (V, €) be the background model of ZFC. We now define for each i € w;+1
a subset M; C M of size < (|.X| + k)“.

Let My := X. Next, if we have defined M, for all i < w - «, then let M,,., :=
Uiew-a Ml

Finally suppose we have defined M, and for all j < ¢ we have defined a set V; of size
at most (|X|+ x)“. By the downward Lowenheim-Skolem theorem for first order logic
there is subset V; C V such that

e (V;,€) is an elementary substructure of (V, €),
o |Vi| <(|X|+ k)“, and
o U, Viu{M}PUTC(r) U{r € M;}¥ €V,

where TC(7) is the transitive closure of 7 as a set. Note that V; = (M = A, ¢i). Let
M, ={me M:m eV}

Suppose (¢;)iew i a Cauchy sequence in M, converging to c¢. Then there must be
some i < wy such that {¢; }ie,, € M;. Therefore ¢ € M, and, as the Cauchy sequence was
arbitrary, M., is Cauchy complete. But M., = A, @i and My, | < w; - (| X]+ k)Y =
(|X|+ «)“. Hence M,, is our desired M*. O

Note the above lemma shows that L7, , has the downward Lowenheim-Skolem property
to w® for theories. It is an interesting question whether or not £, , has the downward
Lowenheim-Skolem property to w.
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Lemma 2.15. L}, , does not have the upward Lowenheim-Skolem property to uncount-
ability.

Proof. Let 7y be the continuous language with a single sort S, constant symbols
{co, c1}, no function symbols, and with dg the only relation symbol. Now consider the
sentence T" which is the conjunction of the following

® ds(Co,Cl) =1

(Vz,y : S) ds(co, ) = ds(co,y) =z =y

(Ve: R) e <1 — (3x) ds(co,z) =€

(Vx: S) dg(co,z) <1

Let n<(z,y) := dg(co,x) + ds(z,y) = ds(co,y). Then n<(x,y) is a linear ordering.

It is then easily checked that any continuous model of 7" must be isomorphic to
([0,1],] - —-|) as a complete metric space. O

Note that classical first order logic does have an upward Lowenheim-Skolem theo-
rem and our result here is making fundamental use of the fact that our structures are
continuous and non-classical (and in particular that any two elements whose distance is
arbitrarily small, i.e. less than % for all n € N, must have distance 0 and hence be the
same).

Similarly to classical first order logic, the logic wa has occurrence number w, has
both the downward Lowenheim-Skolem property to w (see [5, Prop. 7.3]) and upward
Lowenheim-Skolem property to uncountability (which follows from the compactness of
L¢,, via a standard argument). However, even though Lf, , has < w-conjunctions and

< w-disjunctions it is not Boolean as it is not closed under negations.

2.4. Building Logics

When dealing with abstract logics there is often a tension between wanting the logic
to have nice properties, e.g. downward Lowenheim-Skolem property, being completely
Boolean, etc. and wanting to maximize the expressive power of the logic. In this sec-
tion we will give several ways of extending abstract continuous logics and consider the
corresponding extensions of abstract continuous first order logic.

Given an abstract continuous logic there are some obvious ways to build a (potentially)
bigger logic from it. One of the simplest is to add to the logic as sentences the collection
of the maximal theories of the logic.

Definition 2.16. We define a satisfiable theory in 7 (for £) to be a collection
T := {p;}ier C £]7] such that there is some M where (Vi € I) M = ¢;. In this case we
say M E=T.
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We say a satisfiable theory 7" is maximal if there is no strictly larger satisfiable theory
in the same continuous language containing it.

In this paper we will only consider satisfiable theories and so we will drop the adjective
“satisfiable”.

It is worth noting that it need not be the case that the union of an increasing sequence
of theories T; is itself a theory. Also worth noting is that while every maximal £[7] theory
is of the form

The(M) = {¢ € £[1]: M | ¢},

if £ is not closed under negation it is possible for there to be a 7-structure M such that
The(M) is not maximal. However, at least for first order continuous logic, this can’t
happen.

Lemma 2.17. If M is a continuous 7-structure then Thze (M) is a mazimal -
theory. 7

Proof. Suppose toward contradiction that Thzzw(/\/l) is not maximal, i.e. there is
a continuous 7-structure A and a closed condition ¢ € Ziw [7] \ Thze (M) such that
N = Thze (M) U{¢}. Let ¢* be the continuous 7-formula with no free variables such
that ¢ is @Zj’éw: 0. Now as =(M k= 1) there must be some r € (0, 1] such that M |= ¢* = r.
But then M | max{y* —r,r —¢*,0} = 0. So max{¢* —r,r —¢*,0} =0 &€ Thz (M)
and hence N' = max{y* — r,r — ¢*,0} = 0. But this contradicts our assumptigf;} that
N E ¢ =0. O

Definition 2.18. For kK € ORD U{ORD} let Th"(£) be the abstract continuous logic
where

o If |7| < k then Th®(L)[r] :={T: T is a maximal £[7]-theory}.
o If |7| > K then Th*(L)[7] := U{Th"(L)[r0]: 70 C 7, |70] < K}

It is straightforward to check for k,y € ORD U{ORD} that Th®(Th?(£)) is equivalent
to Thm@{x7}(g). The following is also immediate from the definition.

Lemma 2.19. For any abstract continuous logic £, Th"(£) has occurrence number
< kT,

Specializing to the case of ZEM we have the following result.

Lemma 2.20. Th“(Zj,vw) has the downward Loéwenheim-Skolem property to k, and
the upward Lowenheim-Skolem property to uncountability.
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Proof. The downward Lowenheim-Skolem property follows immediately from [5,
Prop. 7.3]. The upward Léwenheim-Skolem property follows from the compactness theo-
rem for continuous first order logic (see [5, Thm. 5.8]) in the standard way. O

Classically when we move from sentences of first order logic to theories of first order
logic we move from a Boolean logic to a non-Boolean logic (as theories are not in general
closed under negation). The fact that theories are not closed under negation can cause
difficulties and there are results which hold for the collection of first order sentences which
do not hold for the collection of first order theories because of it.

In continuous first order logic however the move from sentences to theories is often
not as significant, as even the first order sentences of continuous first order logic are not
closed under negation.

Definition 2.21. Let \/" £ be the smallest logic containing £ such that for any
language 7 with |7| < & and any collection (1););e; C £[7] there is a T-sentence \/, ., ¥; €
\/" £[7] such that for any continuous 7-structure M

M = \/ 4y if and only if (3i € I) M = 1);.
i€l

Note that the following two lemmas are immediate from the definitions.

Lemma 2.22. If £ has the downward Lowenheim-Skolem property to X or the upward
Lowenheim-Skolem property to uncountability then so does \/"(£).

Lemma 2.23. If £ has occurrence number k% so does \/" £.

Lemma 2.24. \/“ Th*(L,, ) is closed under L¢, ,-approximate isomorphisms.

w,w

Proof. Suppose 7 is countable and M and AN are 7-structures which are Lf, -
approximately isomorphic. It suffices to show that Thze (M) = Thze (N). But for

any formula ¢ € wa [7] with no free variables and any ¢ we must have | — V| < € as
there is an (e, LG, ,)-approximate isomorphism from M to N. But this implies ™ = oV
and so Thze (M) =Thz (N). O

Putting this together we have the following

Proposition 2.25. The logic \/* Thw(Zj,,w) has the following properties.

(a) It has occurrence number w .

(b) It has the upward Léwenheim-Skolem property to uncountability and the downward
Lowenheim-Skolem property to w.

(c) It is the minimal completely Boolean logic containing Ziw,
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(d) It is closed under L;, ,-approzimate isomorphisms.

Proof. Condition (a) follows from Lemma 2.19 and Lemma 2.23. Condition (b)
follows from Lemma 2.20 and Lemma 2.22. Condition (d) follows from Lemma 2.24.

It is immediate that \/“ Th* (ZZM) is contained in any logic that is completely Boolean
and contains ZZ),w' However, because T'hze (M) is a maximal theory for each M we know

that for any sentence ¢ € Ziw [7] we have

e = UHThe, (M)lpegey: M o).

Therefore every element of wa [7] is a disjunction of maximal theories and hence in
VY The (szw). Further, for every countable 7 we have {[n] € \/* Th* (me)[T]} forms a
complete Boolean algebra whose atoms are {[T]: T" € Th¥ (Zzw)[T]} Hence \/* Th¥ (Zi,w)
is completely Boolean and (c) holds.

O

3. The Classical Case

Before we move on to the proof of our main theorem it will be useful to first consider
the analogous result for classical structures, as the proof in the continuous case will be
essentially identical (modulo the different notion of back and forth system). For the rest
of this section (and this section only) we will assume all structures and languages are
classical (i.e. not continuous). In particular £, will denote ordinary first order logic.

The following result is due to Lindstrom (see [11, Thm. 3]) and gives a characterization
of first order logic in terms of the downward Lowenheim-Skolem property to w and the
upward Lowenheim-Skolem property to uncountability.

Theorem 3.1 (Lindstréom). Suppose £ is an abstract classical logic such that
(a) L., < L.

(b) £ has the downward Léwenheim-Skolem property to w as well as the upward Lowenheim-Skolem
property to uncountability, where these are the obvious classical analogs.

(c) £ has occurrence number w;.
(d) £ is Boolean.
(e) £ is closed under existential quantification.

Then £ = L, .
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Now notice that if T is a maximal first order theory in a countable language then
L, ., U{T} also satisfies conditions (a), (b) and (c). Further, note that both the downward
Léwenheim-Skolem property to w and the upward Lowenheim-Skolem property to un-
countability are closed under arbitrary Boolean operations on first order theories. There-
fore, if we let Ar be the smallest Boolean logic containing £, ,, U {T'} we have that Ap
satisfies (a), (b), (¢) and (d). In particular, if we remove condition (e), i.e. the requirement
that our logic be closed under existential quantification, then L, is no longer maximal.
We will show that in the situation where we have a logic which contains all maximal first
order theories in countable languages as sentences, if the logic also satisfies (a), (b), (c)
and (d) then every sentence is equivalent to a disjunction of countable complete first order
theories.

Definition 3.2. Let Th¥(L,,,) be the logic such that

o If 7 is countable then Th*(L,.)[r] = {The, ,(M): M is a T-structure} where
The, (M) is the complete theory of M.

e If 7 is uncountable then Th* (L, .)[7] = U recr Th*(Leyw)[70)-

’ |ro|<w

Definition 3.3. Let \/“ Th“(L, ) be the smallest logic such that
o \/“Th¥(L,,) contains L,

e If 7 is countable then \/* Th*(L,,)[7] contains Th*(L,,)[r] and is closed under
arbitrary disjunctions.

e If 7 is uncountable then \/* Th* (L, ,)[7] = U ncr V' Th* (L w)[T0]-

[70|<w

So V¥ Th*(L,.) is the classical analog of \/* Th* (wa). We now recall some standard
definitions which will be important that we will need for the classical analog of our main
theorem.

Definition 3.4. Suppose M, N are 7-structures. A partial isomorphism is an
isomorphism p: A — B where A is a finite substructure of M and B is a finite substructure

of NV.
By a back and forth system of length n between M and N we mean a sequence
(I;)i<n such that

e foralli<n, {0} C 1, CI,
e U<, Ii consists of partial isomorphisms from M to N, and

e fori <mn,if p € I;;; then
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— for all @ € M there is a b € N such that p U {(a,b)} € [;, and
— for all b € NV there is a a € M such that pU{(a,b)} € I,.

We say a set [ is a potential isomorphism between M and N if

e [ is non-empty and consists of partial isomorphisms from M to N,

e forallp € I and a € M there is a b € N such that pU{(a,b)} € I, and
e for all p € I and b € N there is a a € M such that pU {(a,b)} € I.

For more on the notion of back and forth systems and potential isomorphisms see [3,
Ch. VIL5-7]. Although they use the term partially isomorphic for potential isomorphism.
The following lemmas are standard.

Lemma 3.5. The following are equivalent for T-structures M and N .

o M and N satisfy the same first order theory.

e For all finite 79 C 7 and all n € w there is a back and forth system of length n
between M|, and N|,.

Lemma 3.6. If M and N are countable T-structures and there is a potential isomor-
phism from M to N then M and N are isomorphic.

We now use Lemma 3.5 and Lemma 3.6 to prove the following classical analog of
Theorem 5.1.

Theorem 3.7. Suppose £ is an abstract classical logic such that
(a) Th*(Luw) < £,

(b) £ has the downward Lowenheim-Skolem property to w as well as the upward Lowen-
heim-Skolem property to uncountability,

(c) £ has occurrence number wy, and
(d) £ is Boolean.
Then £ < \/*Th* (L)

Proof. Suppose to get a contradiction that £ £ \/* Th*(L,,). Then there must be a
sentence ¢ € £[7] which is not equivalent to any sentence in \/* Th*(L, ). Further, as £
has occurrence number w; we can assume without loss of generality that 7 is countable. Let

(Ti)icw be an increasing enumeration of the finite sublanguages of 7 such that [ J =T.

1EW i
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Claim 3.8. There are T-structures M and N such that The, (M) = The, (N),
MEp and N | —o.

Proof. Suppose not. Then for every complete 7-theory T we have either all M that
satisfy T" also satisfy ¢ or all M which satisfy 7" do not satisfy ¢. Let T}, be the collection
of theories such that all models of a theory in T, satisfy ¢. Then {M: M = ¢} =
{M: M E VT,} and so ¢ is equivalent to \/ T, € \/* Th*(L,.)[r] contradicting our
assumption on ¢. O

Let M and AV be as in Claim 3.8 with 7" = Thy, (M) = The, (N). As £ is Boolean
and T € £[r] we have T A {¢} € £[r] and T A {—-p} € £[r] and so by applying the
downward Lowenheim-Skolem property to w we can assume without loss of generality
that M and A are countable.

Now let 7* be the language which consists of the following:

(a) Two copies of 7, denoted 7,7~ (with isomorphisms of languages i, : 7 — 71 and
i_: T — 7~ witnessing they are copies of 7).

(b) A new sort N, with a relation S of arity N x N, which is intended to represent the
natural numbers with S the successor relation.

(c) For every sort X in 7* a function fx: N — X.

(d) For every finite sequence of sorts X in 7, a new relation Iy of arity X*x X~ x N x N,
which is intended to represent a collection of partial isomorphisms whose domain /
codomain have arity X.

Let K* be the 7*-structure where
A) The reduct of K* to 7% is isomorphic to iy (M).
B) The reduct of K* to 7~ is isomorphic to i_(N).

D

(A)

(B)

(C) (NV,S) in K* is isomorphic to (N, Suc).
(D) fx in K* is a surjection for every sort X.
(E)

E) Ix(a,b,m,n) holds in K* if and only if there is a back and forth system (I7");<,

)

between M|, and N|,, with (a,b) € I"".

Let T* :=Th,,  (K*).
Then by Lemma 3.5 T™* implies the following:

(1) The restriction to 7" satisfies i, (T') and the restriction to 7~ satisfies i_(T).

(2) Each fx is surjective.
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(3) S is the graph of an injective function on N such that there is a unique element
which is not in its image (which we think of as 0).

(4) If Ix(a, b, m,n) holds then

— if m is a k-fold successor and n* < n then a and b satisfy all the same quantifier-
free formulas in 7,, i.e. the map p with p(a) = b is a partial isomorphism
from the i, (7« )-structure to the i_(7,«)-structure, and

— if m is the successor of m* and Y is a sort in 7 then for all n
« (Vy™ :YT)(Fy :Y7) Ixxy(ayt, by, m* n), and
x (Vy Y ) 3y":YT) Ixey(ay™, by, m* n).

(5) (Ym,n: N)(Va: XT)(Ib: X7) Ix(a,b,m,n).
(6) (Ym,n: N)(Vb: X" )(Ja: XT) Ix(a,b,m,n).

In other words T says that for every m and n there is a back and forth system of length
m between the 7, -reduct and the 7, -reduct along with surjections from N to every sort.
Note that T* € \/* Th*(L,.,)[7*] and so, as £ is Boolean, we have T* A i, (p) Ni_(—p) €
Llr*] and K* | T* Niy(p) Ni_(—p). Note we are using the fact that M and N are
countable to get the surjection from N in K* to each sort of K*.

Now by the upward Lowenheim-Skolem property to uncountability there is a model
K** of T* which is uncountable. As K** is uncountable, in K** the sort N must be
uncountable. Therefore, there must be some a in K** of arity /N which is a k-fold successor
for every k € w, i.e. a non-standard natural number. Let 7** := 7* U {c} where ¢ is a
constant of arity N. Let T™* be the 7**-theory which contains 7™ and says c is a k-fold
successor (for every k). Note as being a k-fold successor can be represented by a single
formula of L, ,[7**], T** is a countable theory in £[7**]. Further, interpreting ¢ by a in
K** shows that T™* has a model.

But if 7** has a model it must have a countable model K° as £ has the downward
Lowenheim-Skolem property to w. Let () be the smallest subset of N in K° which contains
c and is such that whenever K° = S(z,y) then {z,y} NQ # 0 implies {z,y} C Q (i.e. Q
is the smallest (Z, Suc) copy containing c). Let

I:={p: (3¢ € Q) K° |= Ix(dom(p), range(p), q, q), where X is the arity of dom(p)}.

Note that if ¢ € Q, p € I with the arity of dom(p) equal to X, Y is any sort of 7, and
K° | Ix(dom(p),range(p), ¢, q) then by (4) we have

e K°F (Va: Y™)(3b: Y1) Ixyy(aa,bb,g—1,q—1)

e K°E= (Vb: Y™)(Ja: Y7)Ixxy(aa,bb,g—1,q—1)
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Therefore I is a potential isomorphism between M° := i;'(K°|,+) and N° := i=' (K°|,-).
But as K° is countable so are M° and N°. Therefore by Lemma 3.6 we must have M°
and N° are isomorphic, contradicting the fact that M° = ¢ and N° = —¢.

[l

The following theorem is an immediate consequence of Theorem 3.7.
Theorem 3.9. \/“ Th*(L, ) is the unique mazimal logic which
(a) is stronger than L,

(b) has the downward Léwenheim-Skolem property to w as well as the upward Léwenheim-
Skolem property to uncountability,

(¢) has occurrence number wy,

(d) is completely Boolean.

4. Metric Scott Analysis

Classically for any two 7-structures M and N satisfying the same theory, any finite 7y C 7,
and for any n € N there is a maximal back and forth system (/;);<, from M|, to N,
where (a,b) € I, if and only if a and b satisfy the same formulas of L, of quantifier
rank n. This association allows one to study in fine-grained detail the quantifier depth of
formulas on which two tuples agree. This technique surrounding back and forth systems
is often called the Scott analysis of a pair of structures, the study of Ehrenfeucht—Fraissé
games.

When we move to the continuous setting the analog of this back and forth system will
be a sequence of functions which we now describe. Note these functions are very similar
to the r’48 functions of [4], where a continuous analog of the Scott analysis is developed,
except we allow ourselves to start with an arbitrary collection of restricted quantifier-free
formulas in the definition.

Definition 4.1. Suppose S is a finite collection of restricted quantifier-free 7-formulas
and M, N are 7-structures. For n € N we define rﬁjgl/v(a, b) fora € M and b € N (of
the same arity) by induction on n as follows.

o5 (a,b) = sup |¢*(a) — V(b))
¥

where the supremum is over formulas in S with arities compatible with a and b.
We define

M,N . M7N M,N
rias@b) = s inf | s (ac bd') V1’5" (ac’, bd).
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Note as there are only finitely many formulas in S that ré\’/gN is definable by a formula

MN

in Lf, . Therefore for all n, r;"¢" is definable by a formula in £{

w,w

as well.

Lemma 4.2. Suppose S is a finite collection of restricted T-formulas.

(a) If S C S* where S* is a finite collection of restricted formulas then for all a €
M,beN andn € w,
rj:jfg’N(a, b) < rﬁ’i\[(a, b).

(b) If n < n* then for alla € M,b € N and all collections S of restricted formulas,

VN (a,b) <2 (a,b).

(¢) Suppose T* consists of two copies of T, denoted 7,7~ (with isomorphisms of lan-
guages iy: T — 77 andi_: T — 77 witnessing they are copies of 7). Then there is
a formula ), ¢ € LS, ,[T*] such that for any 7*-structure K and any a € K|+ and
b e K|,-
(rh.9)" (a,b) = 15" (a, b)

where M° = i;'(K|,+) and N° = iZ'(K|,-).

Proof. Condition (a) is immediate from the definition of rnMJr’ﬁ/S. (c) follows immedi-

ately from the fact that S is finite and so there is a formula describing ré\g’N.

We now show condition (b). First note that if a € M, ay € a, and b,d € N then
T%N(aao, bd) > ré\fg’N(a, b). Therefore, by a straightforward induction we have for all
new,

rT/:ftS’N(aao, bd) > rﬁfS’N(a, b).

Also note that if ¢y € a and by € b then T[';\le’N<a(ZQ,bb0) = r[/,\jé’N(a, b) and so, by
induction,
r,/:[élN(aao, bby) = rﬁle’N(a, b).

Putting these two equations together, and using the symmetry between M and A in the
definition of Tr/:,/téN we have whenever ag € a and by € b that

c'ej\i/lng’e,/\/’ rﬁj‘S’N(aao, bd') v rfs’N(ac’, bby) = rﬁs’N(a, b).

But this then implies

: N N N
e/iluge/\/ c’ef\l/lng’e./\/’ rf;/ls (ac,bd’) Vv 7‘2’45 (acd’,bd) > 7"7{:15 (a,b),
CcEM, )

and we are done. O
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Suppose S“ is the collection of all quantifier-free restricted 7-formulas and S’ is then
the collection of all formulas of quantifier rank at most n. We have the following lemma
which is [4, Thm. 3.5].

Lemma 4.3. Forae M andb e N andn € w,

st (ab) = sup (@) — " (b))
pESY

In particular we have the following consequence of Lemma 4.3.

Lemma 4.4. Suppose M and N are continuous T-structures which are approximately
isomorphic. Then M and N are L5, [T]-approximately isomorphic.

Proof. Supposee > 0, A, C M and B C N are dense and F, g satisfies the conditions
of Definition 2.7. We therefore have whenever F, g.(a,b) holds and ¢ is quantifier-free
that [p™(a) — ¢V (b)| < e. In particular this implies that ré\jls’wN(a, b) <e.

Now assume that n € w and for all a € A, b € B, F, s»(a,b) implies r;\fg’ﬁ/(a, b) <e.
Then, as A and B are dense in M and N we have for all a € A, b € B with F, s« (a,b),

rﬁ’ffsw = sup inf MM (ac bd) v (ad, bd)
, CEM,dENCIEM7d/eN s ),

= sup inf M N(ac,bd) Vv rN(ad, bd) <.
cAdeBCc€AdEB 5 ’ .S ’
ceA, )

Therefore, by Lemma 4.3 we have that | (a) — ¢V (b)| < ¢ for all formulas of S¥_,. So,
byLemma 1.7 and by induction (F s )eso Witnesses that M and A are L, -approximately
isomorphic. 0

The following corollary is then immediate.

Corollary 4.5. Z; 1s closed under approximate isomorphisms at w.

w

We would like an analog of Lemma 4.3 to hold where S“ is replaced by an arbitrary
finite collection of restricted formulas. Unfortunately generalizing the proof of Lemma 4.3
runs into a fundamental issue when S is not closed under all translations of formulas by a
fixed constant (i.e. when we don’t necessarily have ¢+ ¢ € S whenever ¢ € S). However,
if we are closed under sufficiently small translations we can get a bound on the difference
between rr/:le’N(a, b) and sup,,cg, [ (a) — ©N(b)|.

Proposition 4.6. Suppose S is a finite collection of restricted quantifier-free T-formulas
closed under subformulas and finite Boolean operations and which has magnitude e-translations.
Let M, N be T-structures. Then for a € M and b € N we have the following.

N
MM (ab) = sup  |pM(a) — M(b)|| <n-e
CPEQE(SW/)
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where Q.(S,n) is as in Definition 1.11.

Proof. If n = 0 this follows from the definition of ré\fg’N. Assume as the inductive
hypothesis that the lemma is true for n. Fix t € [0, 1] and assume rﬁ’ﬁfs(a, b) >t to
show SUpP,cq, (s.n) lpM(a) — N (b)| >t —(n+1)-e

By the definition of rﬁ’ﬁfs(a, b) either there is a ¢ € M such that for all d € N,
rféN(ac, bd) > t or there is a d € N such that for all ¢ € M, r,/:jglN(ac, bd) > t. We
assume the former with the case of the latter being identical.

By the inductive hypothesis for each d € N there is a p; € Q.(S,n) such that
| (ac) — ¢ (bd)| > t — n - e. But, because Q.(S,n) has magnitude e-translations, we
can choose ¢, such that p¥(ac) >t —n-e> e > (b, d) > 0.

Note that there are at most finitely many non-equivalent ¢, as each ¢4 € Q.(S,n)
and Q(5,n) is finite. Hence if we let ¢* := A, @a then ¢* € Qc(S,n). Now let
Y(x) == sup, ¢* (@, y). Therefore pM(a) >t —n-e>e> YN(b). But as ¢ € (S,n+1)
we have sup ¢ s, 11 [¢™(a) — N >t—(n+1)-e

Now assume sup,cq, (s.n11) |9 (a) — ¢V (b)| > t. Then there must be some formula
© € Qc(S,n + 1) such that | (a) — ¢V (b)| > t. If ¢ is of the form % then we replace ¢
by 1. If @ is of the form vy = 1, then |pM(a) — N (b)| > t for some i € {0,1}. We then
replace ¢ by ;. By repeatedly doing this we can find a ¢ such that either ¢ = inf, ¢ or
¢ = sup, ¢ (for some ¢ € Q.(S,n)).

We will now consider the case when ¢ = sup, v, the case when ¢ = inf, 1 being
similar. As Q.(S,n) has magnitude e-translations, by replacing ¢ with an appropriate
translation, we can assume that the following inequalities hold, p™(a) > t > ¢ > ¢ (b) >
0. So there is a ¢ € M such that ¢*(ac) > t and for alld € N, ¥V (b, d) < e. We therefore
have by the inductive hypothesis that for all d € N, rﬁle’N(ac, bd) >t —n-e—e and so
rMNs(ab) >t — (n+ 1) e

U

5. The Continuous Case

We now prove our main theorem, which is the continuous analog of Theorem 3.7.
Theorem 5.1. Suppose £ is an abstract continuous logic such that
(a) Th*(L,,,,) < £.

(b) £ has the downward Léwenheim-Skolem property to w as well as the upward Lowenheim-Skolem
property to uncountabiliy.

(¢) £ has occurrence number w;.

(d) £ is Boolean.
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(e) £ is closed under approzimate isomorphisms at w.
Then £ < \/“Th*(L,,,).

Proof. Suppose the contrary, namely that £ £ \/ Th“(ZZ’w). Then there must be a
sentence ¢ € £[7] which is not equivalent to any sentence in \/* Th¥ (wa). Further, as £
has occurrence number w; we can assume without loss of generality that 7 is countable.

Claim 5.2. There are T-structures M and N such that Thee (M) = Thee (N),
ME ¢ and N E —o.

Proof. Suppose not. Then for every complete 7-theory T" we have that either all M
which satisfy 7" also satisfy ¢ or all M which satisfy 7" do not satisfy . Let T, be the
collection of theories such that all models of a theory in T, satisfy ¢. Then {M: M [=
e} = {M: M |= \VT,} and so ¢ is equivalent to \/ T},. But \/ T, € \/* Th*(L,,,,)[7],
contradicting our assumption on . 0

Let M and N be as in Claim 5.2 with T’ = Thre (M) = Thee (N). As £ is Boolean
and T € £[r] we have T A {¢p} € £[r] and T' A {—p} € £]7], and so by applying the
downward Lowenheim-Skolem property to w we can assume without loss of generality
that M and N have countable density character.

Now let (S;)ic, be an increasing sequence of finite sets of restricted 7-formulas such
that

o All restricted 7-formulas are in | J,., S;.

1

se-translations.

e For all £ € w, Sk has magnitude
Now let 7* be the language which consists of the following.

e Two copies of 7, denoted 7,7~ (with isomorphisms of languages i, : 7 — 7 and
i_: T — 7~ witnessing they are copies of 7).

e A new sort N, with a relation S which is intended to represent the natural numbers
with S the successor relation along with a relation < of arity N x N which is intended
to represent a linear ordering.

e For every sort X in 7% a function fx: N — X.

e For every finite sequence of sorts X in 7 new relations Iy of arity X x X~ x N x N.
Let K* be the 7* structure such that

o K*|,+ =i (M) and K*|,- =i_(N),

e (N,S) = (N, Suc),
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[X (a> b? m, n) = T'm,Sn (a7 b>’

fx is any map onto a dense subset of X in K*. Note because the distances of X in
K* are bounded, any such map is uniformly continuous.

Let T™ := Thze w(K*). Note T™ satisfies all of the following.

The restriction to 71 satisfies i, (7") and the restriction to 7~ satisfies i_ (7).
(N,dy) is a discrete metric space.

For each sort X, sup,.y inf,en dx(z, fx(n)) = 0, i.e. the image of N under fy is
dense.

S is the graph of an injective function on N such that there is a unique element
which is not in its image (which we think of as 0). Note this can be expressed in
continuous logic as (N, dy) is discrete.

If n € N is an ng-fold successor and m € N is an mg-fold successor then

Ix(a,b,m,n) >r: (a,b)

m075n0

*

where ¢ (x, y) is as the formula defining r,,, s, (€,%). This follows from Lemma
4.2 (a) and (b). Note that because r; (z,y) is a formula of £, (L, ,) then this

m07S7’L0
inequality is expressible by a sentence of L'ZM.

If m € N is the successor of m* € N, n* <n € N, and Y is a sort of 7 then

-[X (a7ba m, n) Z

sup inf  Ix.y(ac,bd,m* n*)V Ixyy(ad,bd,m*,n*).
ceY+, dey— ¢€Y T deY

If I is the empty product of sorts, n is a ng-fold successor then I,(0,0,n,n) < 5&.

This follows from Proposition 4.6 and the fact that Thze (M) = Thze (N).

In other words 7™ says that for m,n € N, Ix(a, b, m,n) acts like r,, g, (a,b) (and in
particular bounds it).

Note T* € Thw(zsz)[T*] by Lemma 2.17. So, as £ is Boolean, we have T A iy (¢) A
i—(—p) € L[]

Therefore, because £ has the upward Lowenheim-Skolem property to uncountability
there must be an uncountable model K of T* A iy (p) Ai_(—p). But then in KT we
must have some sort with uncountable density and so, because the image of N under fx

is dense in each sort, we must have that N is uncountable. Hence there must be some a

in Kt of sort N which is a k-fold successor for every k € w. Let 7 := 7*U{c} where ¢ is
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a constant of sort V. Let K** be the 7**-structure whose reduct to 7* is K+ and where
& = a. Let T* be the 7**-theory of K**. Note T** says c is a k-fold successor (for

**}

every k) as being a k-fold successor can be represented by a single formula of L, |7

But as T** has a model it must have a model K° with countable density character as
T € Th* (me)[T] and Th* (me) has the downward Lowenheim-Skolem property to w.
Let M® := i7" (K°|;+) and N° := i (K°|+).

Claim 5.3. M° and N° are approzimately isomorphic.

Proof. For notational convenience, for k € w let ¢® — k denote the unique element of
arity N in K° whose k-fold successor is c.

Suppose € > 0. Let {a;};c., be a dense subset of M® and {b;};c., a dense subset of N°.
We now define two sequences (e;) e, of elements of M° and (d;);e, of elements of N'° by
induction. For notational convenience for k € w we will let e = (€;)i<r and di, = (d;)i<.-

Our inductive hypothesis will be that

Ix(en,dy, ¢ —n,c® —n) < Z 2773 < i

0<j<n

£ for all k such that ¢° is a k-successor. But

Stage 0: T** implies that Iy(0,0,c°,¢°) < 5
°,¢°) = 0 and so the inductive hypothesis holds.

as ¢® is non-standard we have Iy((, 0, c°,

Stage 2n: Let ey, be the least element of (a;);c, which does not occur in ey,. Suppose
ean is of arity Ys,. We know that

Ix(egn,day, ¢® —2n,¢° — 2n) >

sup inf [IXXY% (eane,dond,c® — (2n+1),c¢° — (2n + 1))
e€Y,h deYy, Y, deYy,

2n?

Vo Ixxy,, (€,€,dond, ¢® — (2n+1),c° — (2n + 1))}
Therefore we can find a d,,, such that
Ixxy,, (€2n€2n, Aonday, ¢ — (2n+1),¢° — (2n+1)) = Ix(eon, dan, ¢® —2n,c° —2n) < 9 2n—1l¢,
The inductive hypothesis therefore holds for this stage.

Stage 2n + 1: Let do,41 be the least element of (b;);c,, which does not occur in dg,y1.
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Suppose dg, 11 is of arity Y3,.1. We know that

Ix(ezpi1,dontr), ¢ — (2n+1),¢° = (2n+ 1)) >
sup inf [Ixxvin s (€2041€, dongrd', ¢ — (2n + 2),¢° — (2n + 2))

_ + -
eEY;r deYsy, 1y €Yy 11, d' €Y, g

n+12
V IXXY2n+1 (egn+1€,, d2n+1d, CO — (2n -+ 2), CO — (2n —+ 2))] .
Therefore we can find a eg, o such that

Ixxvoni (€2ns1€2n+1, dont1dont1, ¢ — (2n +2),¢° — (2n + 2))
= Ix(egni1,dony1, ¢ — (2n+1),¢° — (2n+ 1)) < 272" e,

The inductive hypothesis then holds for this stage as well.

Let E = {e;}icw and D := {d; };c.,- Note E is dense in M° and D is dense in N'°. Let
F(e,d) hold if and only if e = ¢; and d = d; for some i € w. Let ¢ € L, [7] and let 9" be a
restricted formula such that for all continuous 7-structures M*, sup,c - [#(a) —9*(a)| <

7- Note that such a ¢ exists by Lemma 1.7. Let £ be the smallest number such that

w* € QZ‘Z(SE7€>'
Note for any sequence £ = (zg,...,z,-1) € E and y = (yo,...,Yn—1) € D such that
Ni<p Fe(i,yi) there is some k € w such that

o k >/,

Ch<s

o {z;}icn € {€}ick, and
o {yiticn C{di}ick

In particular as Ix (e, dy,c® — k,c® — k) < { holds by the above argument, where X
is the arity of ey, we have ry g, (x,y) < rp5, (€1, di) < §.

Therefore, by Proposition 4.6 and the fact that ¥* € Qy-¢(Se,¢) C Q-+(Sk, k), the
latter of which has 2% translations, we have

* * €
M @) — vV )] < 1M @) - @) @)+ 20
€
< sup o JpM(er) =M (do)[ +2 5
PEQy—k (Sk,k)
k €
< Ths (@ di) + o +2- 5
<442l
4 4 4
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Therefore F' is an (¢, £, ,)-approximate isomorphism between M® and N°. So, because
¢ was arbitrary we have that M° and N° are L, -approximately isomorphic and hence
approximately isomorphic.

O

But by construction M° = ¢ and N° = —p and by assumption £ is closed under
approximate isomorphisms at w, getting us our contradiction.
O

In particular the following is immediate.

Theorem 5.4. \/“ Th*(L,, ) is the unique mazimal logic which

(a) is stronger than ZZW

(b) has the downward Lowenheim-Skolem property to w as well as the upward Léwenheim-Skolem
property to uncountability,

(¢) has occurrence number wy,
(d) is completely Boolean, and

(e) is closed under approxzimate isomorphisms at w.

6. Open Questions
We now list some open questions.

e Does Theorem 5.1 hold if we remove the condition that our logic is closed under
approximate isomorphisms?

e Does L}, , have the downward Lowenheim-Skolem property to w?
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