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We introduce heterogeneous expectations in a standard housing market model linking
housing rental levels to fundamental buying prices. Using quarterly data we estimate the
model parameters for eight different countries. We find that the data support heterogene-
ity in expectations, with temporary endogenous switching between fundamental mean-
reverting and trend-following beliefs based on their relative performance. For all countries
we identify temporary, long lasting house price bubbles amplified by trend extrapolation
and crashes reinforced by mean-reverting expectations. The average market sentiment may
be used as an early warning signal of a (temporary) bubble regime. The qualitative predic-
tions of such non-linear models are very different from standard linear benchmarks with
important policy implications. The fundamental price becomes unstable when the inter-
est rate is set too low or mortgage tax deductions are too high, giving rise to multiple
non-fundamental equilibria and/or global instability.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

Do house prices exhibit expectations-driven temporary bubbles and crashes? The aim of this paper is to develop a styl-
ized behavioral model to assess the empirical relevance of bubbles and crashes in house prices across different countries.
This is important, since housing market bubbles are considered to be leading indicators of financial instability and crises
(Leamer, 2008). Financial crises and recessions are often preceded by a decline in housing investments (Reinhart and Ro-
goff, 2009). For this reason, a good understanding of house price dynamics and the booms and busts they can generate are
crucial for central banks. Unfortunately, a good understanding of the housing market and the business cycle are still lack-
ing. Even state-of-the art dynamic stochastic general equilibrium (DSGE) models with housing consumption and production

* Corresponding author.

E-mail addresses: W.Bolt@dnb.nl (W. Bolt), maria.demertzis@bruegel.org (M. Demertzis), C.G.H.Diks@uva.nl (C. Diks), C.H.Hommes@uva.nl (C. Hommes),

M.J.vanderLeij@uva.nl (M.v.d. Leij).

https://doi.org/10.1016/j.jedc.2019.04.003
0165-1889/© 2019 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.jedc.2019.04.003
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jedc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jedc.2019.04.003&domain=pdf
mailto:W.Bolt@dnb.nl
mailto:maria.demertzis@bruegel.org
mailto:C.G.H.Diks@uva.nl
mailto:C.H.Hommes@uva.nl
mailto:M.J.vanderLeij@uva.nl
https://doi.org/10.1016/j.jedc.2019.04.003

W. Bolt, M. Demertzis and C. Diks et al./Journal of Economic Dynamics & Control 103 (2019) 234-259 235

(Davis and Heathcote, 2005) are unable to match house price fluctuations and do not capture the phenomenon that house
investment leads GDP. Since the 1980s, e.g., Shiller has repeatedly warned that changes in fundamentals cannot account for
the large swings in home prices observed empirically (Case and Shiller, 2003).

Standard housing models enable one to derive fundamental relations between house prices, rents and user costs
(Himmelberg et al., 2005; Poterba and Sinai, 2008). But fundamental factors apparently are insufficient to explain the ob-
served large booms and busts in house prices. What could be a reasonable alternative model for house price dynamics?
Glaeser and Nathanson (2015) argue that many non-rational explanations for housing bubbles exist, but the most promising
theories emphasize some form of trend-chasing, which in turn reflects boundedly rational learning. In this paper we con-
struct a model in which house price fluctuations are partly driven by almost self-fulfilling expectations (animal spirits) of
boundedly rational heterogeneous agents. During a housing boom expectations regarding future house prices are typically
optimistic, while they are pessimistic during a bust. There is anecdotal as well as empirical evidence that both short run (1
year) and long run (10 years) house price expectations were unrealistically high in the US during the housing boom (Case
et al,, 2012; Cheng et al., 2014). Shiller (2007) and Piazzesi and Schneider (2009) conducted surveys among home owners
and showed that the survey data are characterized by heterogeneity and mutual feedback between house price expectations
and realized house prices. These findings are in line with laboratory experimental markets. Gjerstad and Smith (2014) em-
phasize how easily speculative bubbles form and subsequent crashes lead to collapse in real speculative asset markets for
durable goods, such as housing markets, and this pattern is consistent with empirical evidence of bubble formation in lab-
oratory experiments. Bao and Hommes (2015) design an experimental housing market and find expectations-driven bubbles
and crashes very similar to those observed in other experimental asset markets, such as Hommes et al. (2005, 2008).

The purpose of this paper is to develop a nonlinear heterogeneous agent model for the housing market with endogenous
switching between optimistic and pessimistic expectations and estimate the resulting nonlinear model using empirical house
price data from different countries. Our point of departure is the standard ‘user cost of capital (housing)' model (Himmelberg
et al., 2005; Poterba and Sinai, 2008). We extend this standard housing model by introducing heterogeneous expectations
feedback relations, as in Brock and Hommes (1998; 1997), that may drive the price-to-rent ratio temporarily away from
its long-run fundamental value, while at other times expectations may reinforce mean-reversion back to fundamentals. A
convenient feature of our general setup is that the fundamental price-to-rent ratio of the standard housing model is nested
as a special case within our nonlinear model. Our heterogeneous expectations housing market model thus provides an
empirical test whether behavioral heterogeneity and expectations-driven booms and busts deviating from fundamental value
are economically and statistically significant.

Our goal is to develop a stylized but general structural model that can be estimated using house price data from different
countries. This stylized housing model lacks country specific institutional detail but has the advantage that it can be used to
compare the occurrence of housing bubbles and crashes across different countries. Since our model is formulated in devia-
tions from a fundamental benchmark country specific details about housing markets could be added and the model could be
reestimated in deviations from more detailed country level fundamentals. Agnello et al. (2015) recently also analyzed house
price dynamics across various countries following a time series econometrics approach. Our approach is complementary to
theirs, since we estimate a structural behavioral model with boundedly rational heterogeneous agents. Another difference is
that we rely on the notion of a benchmark fundamental price based on rental price levels. Although both approaches lead to
nonlinear models for house price dynamics an advantage of estimating a structural behavioral model is that the estimated
model parameters allow for simple behavioral interpretations.

Our paper focuses on the empirical relevance of performance-based strategy switching in the housing market. We de-
velop a stylized 2-type heterogeneous expectations model with a trend-extrapolation versus a mean-reverting forecasting
rule and estimate the model for eight different countries: United States (US), Japan (JP), United Kingdom (UK), The Nether-
lands (NL), Switzerland (CH), Spain (ES), Sweden (SE) and Belgium (BE) for the period 1970-2017. We arrived at this set
of countries ex ante by starting with the US and adding countries until we had a fairly mixed list of countries that have
recently seen a housing bubble (US, CH, JP), are currently near the peak of a bubble (UK, SE and BE) or are in a price
corrective regime (NL, ES). For all countries the estimated parameters measuring the heterogeneity and switching behavior
turn out to be significant and lie in - or close to - the region where the fundamental equilibrium is unstable (and hence it
does not prevail in the long-run). For all eight countries we identify long-lasting periods of temporary housing bubbles am-
plified by an explosive market sentiment. Because of the simple generic features of our 2-type HAM our estimation results
for house prices can be compared to similar estimated 2-type HAMs for other data sets, such as stock prices, commodity
prices, exchange rates and macro data. In this way we are able to compare the duration of expectations-driven bubbles
and crashes across different markets. Housing markets exhibit the strongest and longest bubbles, often over many years
and much longer than in other markets. The longest bubble that has been detected in other asset markets using a 2-type
HAM is the dot-com bubble between approx. 1995-2000 in the stock market (e.g., Boswijk et al., 2007; Hommes and in’t
Veld, 2017). For most housing markets we find much longer booms (US, ES) or busts (JP) of 10 years or longer. This stresses
the importance of identifying bubbles in housing markets as potential early indicators of an upcoming financial-economic
crisis.

Our structural nonlinear switching model provides an early warning signal for identifying housing bubbles, when the av-
erage market sentiment, that is, agents’ average extrapolation factor, exceeds 1 indicating that house price dynamics and
deviations from fundamentals become temporarily explosive. The bubble is reinforced by trend-extrapolation and, as the
bubble bursts, a crash in house prices is reinforced by switching back to the mean-reverting fundamental forecast rule.
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However, while the model can tell us whether we are in a period of instability (bubble), it cannot necessarily predict the
timing of market switches/corrections. Nevertheless, the derived conditions for instability are linked explicitly to policy
variables, so we are able to discuss which policies — e.g., interest rate policies or reduction of mortgage tax deduction —
can stabilize booms and busts or may destabilize house prices. In this respect our model can inform policy makers about
the possibility of the economy approaching or even being at, what Blanchard described as the “dark corners” of the econ-
omy: places where variables react in very non-linear ways, such that even small, and otherwise innocuous shocks may
produce very large and unpredictable effects (Blanchard, 2014). Our nonlinear heterogeneous agents switching model thus
can provide important insights for policy makers to avoid the “dark corners” of the economy.

The paper is organized as follows. In Section 1.1 we review earlier housing market models with boundedly rational het-
erogeneous agents. Section 2 develops a standard housing model with heterogeneous expectations, derives the local stability
conditions for the fundamental house price and shows that a pitchfork bifurcation may lead to multiple non-fundamental
steady states and global instability. In Section 3 we estimate the heterogeneous expectations model using data from eight
different countries. We find evidence of temporary bubbles in all countries and discuss the average market sentiment as
an early warning signal of (temporary) housing bubbles. In Section 4 we discuss how interest rate and/or mortgage policies
may prevent instability and housing bubbles. Finally, Section 5 concludes.

1.1. Related literature

Heterogeneous agents models (HAMs) provide a new tool, which can be used to study temporary deviations from eco-
nomic fundamentals. Rather than a single, representative, fully rational agent, HAMs allow for bounded rationality and het-
erogeneity of expectations among agents. HAMs were originally introduced by Brock and Hommes (1998; 1997) to describe
financial asset price fluctuations. They showed that heterogeneous beliefs, together with switching between beliefs based
on recent past performance, can lead to situations where the fundamental price is locally unstable and asset prices show
multiple equilibria or chaotic fluctuations, with irregular bubbles and crashes, around the fundamental value; see Hommes
(2006) and more recently Dieci and He (2018) for an up to date overview. HAMs have also been applied to exchange rates
(DeGrauwe and Grimaldi, 2006; Spronk et al., 2013) and macroeconomics, particularly within the New Keynesian framework
(Branch and Evans, 2006; Branch and McGough, 2010; 2009; Cornea et al., 2019; DeGrauwe, 2011; Hommes and Lusten-
houwer, 2019; Kurz, 2011; Massaro, 2013).

HAMs with performance-based endogenous switching have been successfully estimated for different asset markets.
Boswijk et al. (2007) estimated (Brock and Hommes, 1998) HAM with fundamentalists versus chartists using annual S&P
500 stock market data from 1871 to 2003. They found evidence for the presence of heterogeneity and endogenous switch-
ing for a fundamental price based on both the price-to-earnings ratio and the price-to-dividend ratio. Their model explains
the dot-com bubble as being triggered by economic fundamentals (good news about the economy, because of a new internet
technology), strongly amplified by investors’ switching to trend-following behavior. Hommes and in’t Veld (2017) follow a
similar approach, using both the dynamic Gordon present-discounted-value and the Campbell-Cochrane consumption habit
fundamental benchmarks, for quarterly S&P500 data 1950-2016 and conclude that the financial crises has been amplified
by switching between mean-reverting and trend-following strategies. Lof (2015) estimates a HAM with different VAR-model
specifications to the S&P500 index and finds temporary switching between fundamentalists and rational and contrarian
speculators. Lux (2009) estimated the parameters of a dynamic opinion formation process with social interactions based
on survey data on business expectations (sentiment index data). Franke and Westerhoff (2011, 2012) estimate HAMs with
structural stochastic volatility using S&P 500 index data. De Jong et al. (2009) estimated a HAM for the EMS exchange rate
dynamics and for Asian stock markets during the Asian crisis (De Jong et al., 2010). Lux and Zwinkels (2018) provide an
up-to-date review of the empirical validation and estimation of HAMs.

House price fluctuations have been studied extensively in the literature and we are not the first to apply bounded ra-
tionality and heterogeneous expectations in housing market models. Glaeser and Nathanson (2017) consider an extrapola-
tive model of house price dynamics. Their model displays three features that are present in the data but usually missing
from perfectly rational models: momentum at one-year horizons, mean reversion at 5-year horizons, and excess longer-
term volatility relative to fundamentals. Adam et al. (2012) consider a housing market model with Bayesian learning of
an “internally rational” representative agent. Gelain and Lansing (2014) consider a housing model with adaptive learn-
ing. Agents’ perceived law of motion (PLM) is an AR(1) process of rent growth and agents update the parameters for the
mean, the autocorrelation and the volatility over time. Their model generates time varying risk-aversion, volatility and per-
sistence similar to what is observed in house price data, especially when agents update their beliefs using only recent
data.

Models for house price dynamics involving HAMs have been pioneered by Dieci and Westerhoff (2013, 2012). More recent
housing HAMs include Dieci and Westerhoff (2016), Ascari et al. (2018) and Schmitt and Westerhoff (2019). Another related
theoretical housing HAM is Burnside et al. (2016). Their approach differs in two important ways from ours. Firstly, their
agents disagree about the fundamental value of housing, whereas we assume that agents agree on the fundamental value
of houses but disagree on how prices return to it. Secondly, their model is epidemiological in nature, in that agents infect
each other, while in our approach strategy switching is based upon relative performance.

In related empirical work Ambrose et al. (2013) examined a long time series of house price data of Amsterdam from
1650 to 2005, and found that substantial deviations from fundamentals persisted for decades and are corrected mainly
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through price adjustments and to a lesser extent through rent adjustments. Based on the same data set, Eichholtz et al.
(2015) found that there is evidence for switching in expectation formation between fundamental and trend following beliefs.
Kouwenberg and Zwinkels (2014) estimated a HAM model specifically for the US housing market using quarterly data from
1960 until 2012. An important difference with our approach is that their model (following Dieci and Westerhoff, 2013; Dieci
and Westerhoff, 2012) uses a price adjustment rule based on excess demand, while we use a temporary equilibrium pricing
model (as well as that we estimate the model for a number of different countries).

Geanakoplos et al. (2012) develop an agent-based model to explain the housing boom and crash, 1997-2009 in
the Washington DC area. Their ABM simulations show that leverage, and not interest rates, played the dominant role
in the US. housing boom and bust from 1997-2009. Baptista et al. (2016) develop an agent-based model (ABM) of
the UK housing market to study the impact of macro-prudential policies on key housing market indicators. For ex-
ample, they study the effect of a loan-to-income portfolio limit and find that this policy attenuates the house price
cycle.

An alternative recent approach used in the literature consists of using fully-fledged DSGE models that have been adjusted
to study the macroeconomic effects of housing (lacoviello and Neri., 2010; Piazzesi et al., 2007). Typically, in those models,
households receive utility from consumption of non-durable goods and housing services and they maximize expected life-
time discounted utility subject to a budget constraint. This budget constraint may include (convex) transaction and adjust-
ment costs and/or liquidity and debt (i.e. mortgage) restrictions. The first-order Euler condition equates the marginal rate of
substitution of housing services for non-durable consumption to the ‘shadow price’ or expected user cost of owner-occupied
housing services which then comprises current transaction costs, the foregone return to housing equity and/or the cost
of mortgage payments plus future expected transaction costs, maintenance cost and property taxes minus expected capital
gains (see Diaz and Luengo-Prado, 2008). In other words, this Euler condition brings us back again to the standard ‘user cost
of capital’ housing model. However what these types of models do not have is the possibility of differentiated expectations
in ways that allow for bounded rationality, heterogeneity, herding behavior and sudden stops or indeed the existence of
more than one equilibrium. These features are in our view crucial to the housing markets, very much like in stock markets,
despite the fact that they operate at lower frequency (in line with most macro variables). Our approach adds such bounded
rationality and heterogeneity features to the standard user cost of capital housing model.

2. A housing market model with heterogeneous beliefs

In this section, we develop a standard housing pricing model based on user costs of capital (see e.g. Poterba and Sinai,
2008), which we extend by incorporating heterogeneous beliefs, following Brock and Hommes (1998, 1997). Our purpose
is to develop a stylized, general model that can be applied to different countries. Agents are boundedly rational and have
different views about the expected capital gains of housing. At the same time, agents are allowed to switch from one period
to the next between a number of available forecasting strategies, h € {1, ..., H}, based on how well they have performed in
the recent past.

2.1. Model description

The point of departure is a standard user cost of capital model where home buyers and/or investors choose between ei-
ther buying or renting a house. In equilibrium the annual cost of home ownership -in the literature known as the “imputed
rent” (e.g. Himmelberg et al., 2005)- must equal the housing rent. Agents base their decisions at time t on their expecta-
tions regarding the ex post excess return Ry, 1 on investing in housing relative to renting during the period between time t
and t + 1. Let P; denote the price of one unit of housing at time t. Let the price for renting one unit of housing in the period
between times t and t + 1 be given by Q;. Since rents are typically payed up-front (at time t), to express the rent at time t
in terms of currency at time t + 1, it should be inflated by a factor (1 + r'f), where r'f denotes the risk free mortgage rate.
Therefore, the cost of renting in the period between time t and t + 1, expressed in terms of currency at time t + 1, is given
by (1 +r®)Q; rather than Q;. The ex post excess return R;,; on investing in housing during the period between time t and
t +1 then is given by the sum of the capital gain minus mortgage/maintenance costs and the saving on rent (cf. Ambrose
et al.,, 2013; Campbell et al., 2009)

_ R -+ + A+ _ Ra+ (A +1)HQ

R
t+1 2 2

—(1+r1),

where 1 = r{f + wy, with r{f the risk-free mortgage rate and w; the maintenance costs/tax rate.

The demand, z,;, of agents of belief type h is determined by myopic mean-variance maximization, i.e. agents maximizing
one-period ahead expected excess returns adjusted for risk:
a
2

where a is a measure of risk aversion. The investors and/or home buyers agree on fundamentals, but since they can have dif-
ferent opinions on the dynamics that govern price fluctuations around the fundamental price, they may have heterogeneous

Eh.r(Rt+1Zh,t) - Varh,t(RtHZh,t), (1)
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expectations about future excess returns Eh,t((Pm +(1 +r{f)QI)/Pt - +rf)), while they are assumed to have homoge-

neous expectations regarding the conditional variance of the excess return, that is, Varhtt((PHl + (1 +rMQ) /P —(1+ r[)) =
V. Maximizing Eq. (1) leads to the demand for housing:

(Bne(Por + A +7DQ) /R = (1 +1)  Epy(Resr)

= 2
Zhet av av (2)
of agents of type h e {1,..., H}.
Upon aggregation of the demand across the H types of agents, the market clearing condition is:
H Ep (Pq + (1 +1HQ /P — (1 +71,
- ne (Per + (1 +1HQ /P — ( 1) _s, (3)

av
h=1
where S; is the stock of housing and ny, is the fraction of agents in period t that hold expectations of type h. Solving the
market clearing condition for the house price P; leads to the following price equation:

H

! Znh,tEh.t(PtJrl +(1+ rrrf)Qt), (4)
h=1

H_1+n+a
where o = aV x S; is assumed to be constant. Taking into account time variation in & would be possible, but is considered
to be beyond the scope of the present paper. Including this would require a model and data concerning the supply of new
houses! and also concerning demographic and cultural changes over time, such as the tendency for families to decrease in
size. Although this would be possible, it is important to note that changes in housing supply and cultural changes take place
on much longer time scales than the relatively fast changes in demand for housing that we are trying to capture with the
model. Our goal here is to develop a simple demand-side driven stylized heterogeneous expectations housing model so that
the same model can be estimated easily using readily available OECD housing data from different countries?. In the model,
agents require a rate of return on housing equal to r; + o = r{f—i- wt + o rather than ry = r{f + w¢. Therefore the parameter «
can be interpreted as a risk premium for investing in housing; treating « as a constant in the model allows for estimating
the average extra required rate of return.

Fundamental price

The model will be formulated in terms of deviations from a benchmark fundamental price. We will use the discounted
sum of expected future rents as the benchmark fundamental.> More precisely, we take the dynamic Gordon model, with
time varying interest rates and growth rates of rent*. Following Boswijk et al. (2007), we assume that the fundamental
process underlying the model, i.e. the rent Q;, follows a geometric Brownian motion with drift, i.e.

iid.
logQri1 = U +10gQ + vey1,  {ur) = N(O,02),

with commonly known parameters p and o2, from which one obtains
Qr1
@* =(1+8)ews,

with g = eH*t598 _ 1 and Etp1 = eU+1-39 such that E (6t41) = 1.

We define the fundamental price as the price that would prevail under homogeneous rational expectations E¢(R¢,1)
about the conditional mean of R, while taking into account the risk premium «. Incorporating the risk premium in the
fundamental price is convenient, as it will provide an equilibrium fundamental price from which the market price will
deviate by an amount which averages out to zero in long time series.

Under rational expectations we can re-write the price Eq. (4) as

A+r+a)lk = Et(Pt+1 +(1+ T{f)Qt)~

! The importance of the supply side of the housing market was forcefully stressed by Glaeser and Nathanson (2015) and discussed in recent work of
Dieci and Westerhoff (2016) and Schmitt and Westerhoff (2019).

2 Another shortcoming of our model is that we do not impose short-selling constraints, which occur in the housing market as one can only sell a house
that one owns. The (de-)stabilizing effects of short-selling constraints in an asset pricing HAM has been studied in Anufriev and Tuinstra (2013) and in't
Veld (2016), who showed that the stabilizing effects of short-selling constraints are limited. In fact, when the asset is overvalued the costs for short-selling
may increase mispricing and price volatility.

3 In our model housing rents follow an exogenous stochastic process. Dieci and Westerhoff (2016) and Schmitt and Westerhoff (2019) develop housing
market models where the rent is determined endogenously by market clearing.

4 An alternative general and easy to implement fundamental benchmark for empirical heterogeneous agents models (HAMs) may be a moving average
of past prices. See Ellen et al. (2018) for a general discussion of empirical HAMs comparing different asset classes.
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By applying the law of iterated expectations and imposing the transversality condition, we obtain the fundamental price
at time ¢, given by

P;‘:IEt< (1 +rHQ )HEt((] A+rNQ( +8e1) >

1+ +o+o +ri+o+a)(A+1 +o+a)

R (1+7r0Q (1 + g1 (1 + &42)
A+rf+o+a)A+rT +o+a)(A+1, + 0 +a)
00 j f
14 geyi (1+r)
=E 1+ : >
t Z l_[1+r{§_'+(1)+a ‘l_i_r;'f_’_a)_i'_aQt (5)

The dynamic Gordon model takes into account time variation in the variables rf and g; by using a Taylor approximation
of the interest rate and growth rate around their respective mean values r*f and g. Following this approach, which was
first proposed by Poterba and Summers (1998), we find that fundamental price is, up to first order in (rif —rf, g —g) =
(AT, Agy), given by

1+

P~ (1 + CrArtrf-i- CgAgt)m (6)
where

o Mia—g yp 1 1 )

T A teor) (M rota-9l-yp 1+m 1irtota
and

o ta-g re (8)

4T rota-—g1-y¢
with y = R+ (see Appendix A.1 for a derivation).

The static Gordon model is obtained under the absence of time variation in the interest rate and growth rate, Ar; =0
and Ag =0, leading to

rf
P static 1+71

Trrora—g ©)

which can also be derived directly (see Appendix A.1 for details).

2.1.1. Deviations from the fundamental price
Define X; = W —1 as the relative deviation of the price from the fundamental price. We specify the dynamics of X;

by separating behav1oral heterogeneity from fundamental factors. Specifically, we assume that the agents use a constant
discount factor ; +} +z (as in the static Gordon model, where r{f—rrf and g = g) when determining their demand as a
function of X;, even if they agree on a fundamental price based on the dynamic Gordon model.

Substituting P = (14 X;)P; into the price Eq. (4) with constant r; =r and g = g and subtracting that same relation for
the fundamental price, gives the dynamics of the relative deviation X; from the fundamental:

(10)

where R = }—i; and @ = 1 = Since the model is formulated in terms of deviations from the fundamental price, it can be
used with various benchmark fundamentals. Also note that in the special case where all belief types have expectations
Ep(Xt+1) =0, h=1,..., H, the house price always equals its fundamental value. Hence, the special homogeneous rational
expectations benchmark is nested as a special case. The model for the deviation from the fundamental price holds regardless
of the agent types considered and the fundamental price adopted for PF. This is a convenient setup for testing empirically
whether observed deviations from a benchmark fundamental price are significant.

By means of illustration, Figs. 1 and 2 show the fundamental house price, according to the dynamic Gordon model, to-
gether with the realized house prices and deviations from the fundamental for eight countries, as discussed in more detail
in the data Section 3. These plots show excess volatility, that is, house prices fluctuate much more than underlying funda-
mentals. The next subsection introduces a two-type heterogeneous expectations switching model with boundedly rational
agents to capture the observed excess volatility in house prices.
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Fig. 1. Real house price indices (top sub-panels, solid lines, 1970Q1=100), estimated fundamental real house prices for dynamic Gordon model (dashed
lines) and corresponding relative deviation X; from fundamental (bottom sub-panels) for US, JP, UK and NL.

2.2. Two types of agents

Following Boswijk et al. (2007), henceforth BHM, we assume that each of the two types of agents have simple linear
beliefs about X;,, but with different values of the coefficient ¢:

Ere(Xer1) = $1 X1,
Ea (Xes1) = PaXe.
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Fig. 2. Real house price indices (top sub-panels, solid lines, 1970Q1=100), estimated fundamental real house prices for dynamic Gordon model (dashed
lines) and corresponding relative deviation X; from fundamental (bottom sub-panels) for CH, ES, SE and BE.

Hence, the two types disagree about the speed of convergence to or divergence from the fundamental benchmark. In particu-
lar, ¢1 <1 corresponds to believing in mean-reversion towards the fundamental, while ¢, > 1 corresponds to trend-followers
believing that prices further divert from the fundamental.

We have assumed the presence of two belief types here, but for the sake of argument, consider homogeneous beliefs:
¢1 = ¢,. The homogeneous case ¢; = ¢, < R+ & would lead to the price converging to the fundamental price, whereas
homogeneous beliefs ¢; = ¢, > R+ & would imply an explosive bubble, where prices would deviate more and more from
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the fundamental price.” Next consider the heterogeneous case ¢1 # ¢,. If one of the belief parameters, ¢ say, is smaller
than R+« and the other, ¢, larger than R+ &, the fractions ny; and ny; =1—ny, of agents of belief types 1 and 2,
determine whether prices are temporarily converging to the fundamental price or diverging from it. Since agents are allowed
to switch between the two different types of beliefs, the fractions themselves are changing over time. This in turn implies
that the system may temporarily be in an explosive bubble regime, where prices deviate further from fundamentals, or in a
correction or mean-reversion regime with prices converging back to the fundamental.

The endogenous switching between the two types of beliefs is based on the recent past performance of the strategies
measured in terms of realized profits, 77, _;, as in Brock and Hommes (1998, 1997).5 We derive the realized profits 7 ,_;
at time t — 1 along the lines of Boswijk et al. (2007), starting from

Ep 2 (Re—1)
av ’

We can express R;_1 as (see Appendix A.2)

R1~(14+2Y X1 +@ —RX;_»),

Th—1 =Re_12Zpr—2 = Re1

where Y;_, = gfii
Note that & represents an endogenously determined risk premium for home owners. To see this, suppose X;_1 and X;_,
are zero, that is, house prices are at fundamental value. If the stock of housing S, the risk aversion parameter a and the
perceived variance V are positive, & is positive, and the excess return on housing R;_; is positive even if prices evolve
according to the fundamental price.
The performance measure is the product of the excess return R;_; and the demand z,,_,, which by (2) is proportional
to the expected excess return

Epe_2(Re1)
Zht-2 = - @y

where
Epe—2(R—1) = (1 +8)Ye_a(Epe (K1) + & — RX ).
Taking together the expectations on returns and conditional variance gives

(1+g)? . .
The-1=Zne-2Re-1 = W(XF] +a— thfz)(Eh,tfz Xe-1) + 0 — Rthz),
i.e. a constant involving the risk aversion times the realized excess return on housing at time t — 1, times the expected (at
time t — 2) one-step-ahead excess return. We define the latter product as the fitness measure at time t — 1 for type h:

Uneo1 = Xe—1 + & — RX;2) (Bne2 (X)) + @ — RXi2). (11)
The fractions are determined by a logistic switching model with a-synchronous updating:
eBULe
Nie=0n1eq+ (11— 5)m
=0nea+ (1=8)7— e—ﬁ(x[,l+&}er,z>(¢1—¢z>xr,3
Nye=1-—nq;. (12)

The term a-synchronous updating refers to the fact that only a fraction (1 — §) of agents re-evaluates and updates beliefs ac-
cording to the logit model in each given period. Parameter §, referred to as the intensity of choice, represents the sensitivity
of agents’ to small changes in past performance 7y, ,_;.”
The price equation with two types of agents is given by
_ N+ N

X=—"pr5 X R

_1+r o

_ 1T TP 13
T+g Y=11e (13)

5 A house price bubble occurs when agents have unreasonably high expectations about future capital gains, leading them to perceive their user cost to
be lower than it actually is and thus pay “too much” to purchase a house today.

6 Empirical evidence shows that switching based on past performance is relevant for real financial markets. For example, Ippolito (1989), Chevalier and
Ellison (1997), Sirri and Tufano (1998) and Karceski (2002) found that money flows out of past poor performers into good performers in mutual funds data.
Pension funds also switch away from bad performers (DelGuercio and Tkac, 2002).

7 Note that by working with BUy,_; rather than B, in Eq. (12) a factor (1 +g)/(an?) has been absorbed in the definition of . This has the advantage
that we do not need to estimate this term, but it should be kept in mind that it makes direct comparisons between S-estimates for different countries
difficult.
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Fig. 3. Pitchfork bifurcation w.r.t. the policy parameter R at Ry = & §¢2 for @ = 0. Bold curves denote stable steady states, dotted curves are unstable
steady states. Left Panel: supercritical pitchfork bifurcation with stable fundamental steady state for R > R and unstable fundamental steady state
surrounded by two stable non-fundamental steady states for R < Rg;.. Right Panel: subcritical pitchfork bifurcation with stable fundamental steady state
surrounded by a corridor of stability bounded by two unstable non-fundamental steady states for R > R;; and (globally) unstable fundamental steady state
with exploding dynamics for R < R.

2.3. Dynamics of the deterministic model

The structural model in (12) and (13) is completely deterministic. Before allowing for some forecast error or noise term
required to estimate the model it is useful to discuss the system without noise: the so-called deterministic ‘skeleton’. The
first proposition describes the existence and the local stability of the fundamental steady state:

Proposition 1. The fundamental steady state of the model is given by X* =0 and n} =n} = % The fundamental steady state is
locally stable if

b1+ 2
2(R+ &)

(A +2) (1 +¢)
Tl 20 4r+a)

< 1. (14)

Proof. see Appendix A3 O

At the fundamental steady state X = 0 the fractions of both types are equal: ny =n; = % The local stability condition in
(14) states that the fundamental steady state is locally stable when the discounted value of the average extrapolation factor
over both types is less than 1. Stated differently, the fundamental steady state is locally stable when the discounted average
expected mean reversion is less than 1.

Besides the fundamental steady state the model may have additional non-fundamental steady states created in a so-
called pitchfork bifurcation as summarized in:8
Proposition 2. For @ = 0° and %21%2) =1, or equivalently R = Rgj; = 1 erqbz, the fundamental steady state exhibits a pitchfork
bifurcation in which two additional non-fundamental steady states +X are created (or disappear). There are two cases:

(i) for R > 1 the pitchfork bifurcation is supercritical and the (stable) non-fundamental steady states occur for R < R
when the fundamental steady state is unstable (Fig. 3, left panel), and

(ii) for R. <1 the pitchfork bifurcation is subcritical and the (unstable) non-fundamental steady states occur for R >
R, when the fundamental steady state is stable (Fig. 3, right panel)'”.

Proof. see Appendix A4. O

Fig. 3 shows bifurcation diagrams of the nonlinear housing model. A bifurcation is a qualitative change of the dynamics,
such as a change in the existence or stability of steady states. The model exhibits pitchfork bifurcations, where the funda-
mental steady state becomes unstable and additional non-fundamental steady states are created or disappear. There are two

8 In the housing models of Dieci and Westerhoff (2016) and Schmitt and Westerhoff (2019) the primary bifurcation of the fundamental steady state is
a Neimark-Sacker bifurcation. This may be due to the supply side or investors’ trend-extrapolating behavior with a forecasting rule with two lags in their
model.

9 For & = 0 the model is symmetric w.r.t. X = 0 and a pitchfork bifurcation occurs. In the non-symmetric case & # 0 the non-fundamental steady states
are created in a saddle-node bifurcation; see the Proof of Proposition 2.

10 Since R= (1+71)/(1+g) we have R > 1. Nevertheless, the subcritical pitchfork bifurcation in case (ii) for R = Ry < 1 will be relevant to explain the
dynamics and some of the empirical estimations in Section 3.



244 W. Bolt, M. Demertzis and C. Diks et al./Journal of Economic Dynamics & Control 103 (2019) 234-259

different cases for the pitchfork bifurcation, a supercritical and a subcritical, and both cases are illustrated in Fig. 3.!" In both
cases, for high values R > R.;; the fundamental steads state is (locally) stable, while for low values R < R,; the fundamental
steads state is unstable. In the case of a supercritical pitchfork (left panel) when the fundamental steady state becomes un-
stable two additional non-fundamental steady states are created, one above and one below the fundamental, both of which
are stable. These non-fundamental steady states lie on a “parabola” emanating from the stable fundamental steady state to
the left.

The second case of a subcritical pitchfork bifurcation is illustrated in Fig. 3 (right panel). As before, the fundamental
steady state becomes unstable as the parameter R decreases below its critical value R.;:. In the subcritical case, however,
the two non-fundamental steady states exist for R > R, lying on a “parabola” emanating from the fundamental steady
state to the right. Both non-fundamental steady states are unstable and they form a corridor of stability around the stable
fundamental steady state. Initial states between the two non-fundamental steady states converge to the fundamental steady
state; initial states outside this corridor of stability diverge (possibly to infinity, depending on higher order nonlinearities).

It should be stressed that our simple nonlinear housing model and the pitchfork bifurcation are by no means artificial or
exceptional. On the contrary, the pitchfork bifurcation, supercritical as well as subcritical, is a generic phenomenon that can
arise in many (higher dimensional) nonlinear systems for example in a more detailed model of the housing market.'?

2.4. The stochastic model

Since we are interested in empirical estimates of our nonlinear housing model we now discuss the model with stochastic
error terms. We will estimate the stochastic model in two steps. First we estimate the fundamental parameters and the
corresponding relative deviations, X;, of the realized prices from their fundamental value, using house price and rent indices.
Second we use the deviations X; to estimate the behavioral parameters of the agent-based model. The price Eq. (13) is
interpreted as providing a conditional forecast of the price deviation X; given the available information up to and including
t — 1. This allows for forecast errors u; in the model, leading to the price equation with error

x - Mib1 + M S _ 14T

=—"— = "X 1+ U, R+a = .
t Ria t—1 t 1+g

Assuming that the errors u; in the price equation consist of white noise this corresponds to a nonlinear time-varying AR(1)
model, the parameters of which can be estimated using nonlinear least squares (NLS) (n;; and n,, depend non-linearly
on the model parameters). The term u; represents random exogenous shocks not taken into account by the model plus
any systematic model error that happens to be present. A priori, therefore, there is no guarantee that u; is white noise
or homoskedastic. To acknowledge this, in the empirical section we perform diagnostic model checks by investigating the
properties of the residuals. We will refer to the time varying AR(1) coefficient

nych1 + Ny P
R+«

as the (time-varying) market sentiment, representing the average mean-reverting or mean-diverting beliefs in the housing
market. When the market sentiment exceeds 1 the market is explosive and we will say that the market is in a (temporary)
bubble regime. When the market sentiment exceeds 1 and the house price is above (below) fundamental we will say that
the market exhibits a positive (negative) bubble. The market sentiment (15) may thus be interpreted as an early warning
signal of a temporary bubble when it exceeds 1.

: (15)

3. Data and empirical results

We use an OECD housing data set similar to that described in Rousova and Van den Noord (2011), but extended to
include more recent observations. This data set contains quarterly data for nominal and real house prices for 20 countries,
starting from 1970Q1 for most countries (see Rousova and Van den Noord, 2011, Appendix 1-2, for the list of countries and
corresponding data sources). We use data downloaded in November 2017, with data until 2017Q2, with the exception of
Japan, for which 2017Q2 was not yet available (see Table 1 for the exact start and end quarters of our sample per country).
The real house price is indexed using 2010 as base year. The price-to-rent ratio is defined as the nominal house price index
divided by the rent component of the consumer price index (CPI), made available by the OECD. Short term interest rates
are also retrieved from the OECD Economic Outlook 89 database. Country-specific quarter-to-quarter CPI series were used
to convert all rates to real rates.

11 The first order condition for a pitchfork bifurcation is that the linearized system has an eigenvalue +1. Whether the pitchfork is super- or subcritical
depends on higher order derivatives of the system at bifurcation. See Kuznetsov (1995) for a detailed mathematical treatment of bifurcation theory. See
also the proof of Proposition 2 in A.4.

12 To be mathematically precise, one should say that pitchfork bifurcations are generic in systems that are symmetric w.r.t. to a coordinate axis. When
symmetry breaks down, the pitchfork bifurcation “breaks up” into the generic non-symmetric case with two curves, an equilibrium curve and a saddle-
node bifurcation curve, with very similar dynamics as for the pitchfork. We refer once more to Kuznetsov (1995) for a detailed mathematical treatment of
bifurcation theory and its importance in applications.
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Table 1

Start and end of sample period for each country, as well as the rental
yield (rent-to-price ratio’s) used to calibrate the price-to-rent ratio
time series, and the corresponding reference quarter.

Country  Start End Rent/price  Reference quarter
us 1970Q1 2017Q2 0.0429 2013Q1
P 1970Q1 2017Q1 0.0553 2013Q1
UK 1970Q1 2017Q2 0.0209 2013Q1
NL 1970Q1  2017Q2  0.0568 2013Q2
CH 1970Q1 2017Q2 0.0294 2013Q2
ES 1971Q1 2017Q2 0.0392 2013Q2
SE 1980Q1  2017Q2  0.0700 2005Q3
BE 1976Q2 2017Q2 0.0436 2013Q2

Note that since we are using price and rent indices rather than prices and rents, we are only able to calculate the ratio
Q¢/P; from the data up to an unknown factor from the indices of Q; and P;. To overcome this, we calibrated the series
Q;/P: by using observed rent-to-price ratios at particular, country-specific, reference dates for each of the countries [source:
GlobalPropertyGuide.com]. The rent-to-price ratios used for calibration are given in Table 1.

In what follows we estimate the fundamental price and the two-type heterogeneous beliefs model and present the results
for the housing markets of the US, JP, UK, NL, CH, ES, SE and BE. We arrived at this subset of countries ex ante by starting
our analysis with the US and adding countries until we had a fairly mixed list of countries that have recently seen the
collapse of a housing bubble (US, NL, ES), are currently near the peak of a bubble (UK, SE, BE), in a price corrective regime
(JP) or close to the fundamental price (CH).

3.1. Estimation of the fundamental model parameters

Before estimating the behavioral model we calibrate the fundamental model parameters, namely R(= }%; = ”{fg*“’) and

a(= ]%g). We estimate these first using the static Gordon model in Eq. (9), after which we account for time variation in the
interest rate and the rental growth rate using the dynamic Gordon model given in Eq. (6).

Static Gordon model

The fundamental relation between quarterly prices and rents in the static Gordon model Eq. (9) can be re-written as
rf
R=I+%f&~l+¢%ﬁicf&, (16)
where we used the approximation (1 + r)/(1 +g) ~ 1, which is reasonable since quarterly interest and growth rates are
small relative to 1. Note that even with this simplification the fundamental parameters R and & cannot be estimated inde-
pendently, since we have one fundamental equation and two unknown fundamental parameters.’> We address this problem
by fixing @, which is hard to obtain empirically for individual countries, at a plausible value.

Himmelberg et al. (2005) estimated the risk premium of house owning relative to renting to be about 2% per year for
the US, which would correspond to & ~ 0.005. However, they also noted that this is probably an over-estimation, since it
ignores relevant factors such as the insurance value of owning a house in hedging risk associated with future changes in
rent. Based on this, we consider O to be a lower limit and 0.005 an upper limit for @. It turns out that the exact choice of
& within this range has relatively small effects on the estimated behavioral parameters.

Based on Eq. (16), for a given value of @ we estimate R as R=1+j — &, where 7 is the mean quarterly rental yield
(average of Q:/P:) over the sample period. Since the data involved yearly rental yields, y was converted to quarterly rental
yields prior to estimating R. The estimates of y and R + & are given in Table 2. For completeness we also give the estimated
inflation rate m (mean quarter-to-quarter inflation rate) and the nominal and real growth rates g (mean growth rates in
rents) and r = (1 +g)R— 1.

Figs. 1 and 2 present the house price indices P; with the corresponding estimated fundamental values P of the dynamic
Gordon model (top panels) and the log-difference between the two, X; = logP; — logP; (bottom panels). All eight countries
exhibit long lasting periods of persistent under- or overvaluation of house prices compared to fundamentals, ranging from
over-valuations of 25% for the US, around 50% for JP, UK, NL, CH, SE and BE, to 100% for ES. House prices in US, NL and
ES have been increasing rapidly since the mid-1990s and have peaked around 2008. Since then house prices have dropped
considerably for those countries, but are again/still above the fundamental value by the end of the sample. The JP and CH
house prices peaked earlier, around 1990, and subsequently declined to levels below the fundamental values, after which
price levels started to recover towards the fundamental price. House prices in the UK and BE are still around 50% above
their fundamental values at the end of the sample, while those in SE still are around 100% above the fundamental value.

13 Recall that R and « appear independently in the fitness measure for strategy switching in Eq. (11).



246 W. Bolt, M. Demertzis and C. Diks et al./Journal of Economic Dynamics & Control 103 (2019) 234-259

Table 2

Empirically observed mean quarterly inflation rate 7z, mean quarterly rental yield
y, nominal and real growth rate g, nominal and real value of r+« and corre-
sponding values of R+ & = (1+r+«a)/(1+g). All quarterly rates are multiplied
by 100, except R + @&.

Nominal Real

Country 7w y g r+a g r+o R+a

us 0986 1.038 1270 2312 0285 1326 1.0104
Jp 0.630 1.028 0.719 1.748 0.089 1.118 1.0103
UK 1325 0676 1747 2425 0422  1.100 1.0068
NL 0794 1620 1.107 2.733 0.313 1938 1.0162
CH 0583 0.748 0.776  1.526 0.193 0.943  1.0075
ES 1.625 1.321 1.517 2.837  -0.108 1.212 1.0132
SE 1.105 1.883 1448 3337 0342 2231 1.0188
BE 0906 1.672 1.065 2740 0.160 1.835  1.0167

Table 3

Fundamental parameters (fixed during estimation of the behavioral parameters), estimated behavioral model parameters for & = 0 and corresponding im-
plied behavioral parameters. Below the estimates the corresponding standard errors are given in parentheses. The labels *’, “** and ***’ denote significance
at the 10%, 5% and 1% level of significance, respectively.

Country us JP UK NL CH ES SE BE

Fundamental parameters

o 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

R+a 1.0104 1.0103 1.0068 1.0162 1.0075 1.0132 1.0188 1.0167

Estimated behavioral parameters

b4 0.8874*** 0.9396"* 0.8660"* 0.9558"** 0.8790"* 0.9568"** 0.9823*** 0.9880"*
(0.0213) (0.0118) (0.0321) (0.0245) (0.0220) (0.0071) (0.0114) (0.0159)

Ap 0.2086™* 0.1530** 0.2652"** 0.1331* 0.2282"* 0.1134** 0.0996"* 0.0770*
(0.0305) (0.0223) (0.0661) (0.0484) (0.0366) (0.0121) (0.0156) (0.0340)

B (x10%) 25.04 3.655" 0.510 2.577 3.341 2.702° 94.9 9.173
(17.71) (1.681) (0.321) (2.699) (2.098) (1.604) (210.5) (14.93)

$ 0.5309"* 0.0124 0.0000 0.4857* 0.4821" 0.4455*** 0.3346* 0.7334**
(0.1233) (0.1826) (0.2008) (0.2073) (0.1302) (0.1252) (0.1646) (0.1496)

BIC —1120.404 —986.922 —825.315 —792.981 —925.839 —-802.779 —687.732 —825.698

Implied behavioral parameters/local stability

b2 1.0960* 1.0925** 1.1316™* 1.0889** 1.1072** 1.0702"** 1.0819"* 1.0650**
(0.0154) (0.0131) (0.0358) (0.0259) (0.0192) (0.0077) (0.0083) (0.0197)

¢ — (R+@) 0.0856"* 0.0822"** 0.1249*~ 0.0727* 0.0997* 0.0570* 0.0630"** 0.0483*
(0.0154) (0.0131) (0.0358) (0.0259) (0.0192) (0.0077) (0.0083) (0.0197)

Z"’(‘Rj‘gz) 0.9815** 1.0057*** 0.9923"* 1.0060* 0.9858"** 1.0003"* 1.0130"* 1.0096"*
(0.0106) (0.0055) (0.0079) (0.0070) (0.0094) (0.0043) (0.0061) (0.0055)

loc. stability stable unstable stable unstable stable unstable unstable unstable

Rait. 0.9917* 1.0160** 0.9990"* 1.0223*~ 0.9931* 1.0135*** 1.0321"* 1.0265**
(0.0107) (0.0056) (0.0079) (0.0071) (0.0095) (0.0043) (0.0062) (0.0056)

Dynamic Gordon model

In this paper, we assume that agents agree on the fundamental price P* as given by the dynamic Gordon model, which
is related to the static Gordon model fundamental price through (see Eqs. (6) and (9))

Py~ (14 ¢ Arf + cgAge)Prs@te. (17)

where ¢; and ¢g are constants depending on the fundamental parameters of the static Gordon model and on the first order
autocorrelations o and y of the real interest rate and the real growth rate, respectively. We estimate c, and ¢g by plugging
in the first order sample autocorrelation of these series into Eqs. (7) and (8), after which we use Eq. (17) to calculate By.
Overall, the corrections implied by the dynamic Gordon model relative to the static Gordon model were observed to be
relatively small, leading to differences between P+ and P*S?1¢ of the order of 1% up to about 3%.

3.2. Estimation of the heterogeneous agents model

The behavioral model parameters are estimated based on the time series X; = % — 1 ~ logP; — logP*, that is, the rela-
t
tive deviation of the house price from the estimated fundamental ratio according to the dynamic Gordon model. When
presenting the empirical results we focus on the case & = 0 and NLS estimation, unless stated otherwise explicitly.*
The estimated behavioral model parameters ¢1, A¢, B and é are given in Table 3. The estimated values of A¢ = ¢, —

¢ are significant for all countries confirming the presence of time-varying behavioral heterogeneity in the way agents

14 As discussed below, the results are rather robust with respect to fixing the risk premium to the estimate @ = 0.005 of Himmelberg et al. (2005) and
with respect to using weighted NLS, allowing for GARCH(1,1) structure on the innovations u;.
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Table 4

Fundamental parameters (fixed during estimation of the behavioral parameters), estimated behavioral model parameters for & = 0.005 and correspond-
ing implied behavioral parameters. Below the estimates the corresponding standard errors are given in parentheses. The labels “*’, **’' and “**' denote
significance at the 10%, 5% and 1% level of significance, respectively.

Country us P UK NL CH ES SE BE

Fundamental parameters

a 0.0050 0.0050 0.0050 0.0050 0.0050 0.0050 0.0050 0.0050

R+a 1.0104 1.0103 1.0068 1.0162 1.0075 1.0132 1.0188 1.0167

Estimated behavioral parameters

o 0.8691"* 0.9214* 0.8476™** 0.9660"* 0.8854"* 0.9397* 0.9790"* 0.9965"*
(0.0600) (0.0330) (0.0682) (0.0233) (0.0717) (0.0190) (0.0125) (0.0259)

Ap 0.1798* 0.1702** 0.2003* 0.0887* 0.1926 0.1194* 0.0955"* 0.0498
(0.0886) (0.0629) (0.1005) (0.0435) (0.1384) (0.0281) (0.0158) (0.0443)

B (x10%) 13.77 1.194 38.2 5.063 1.050 37.0 86.4 21.3
(38.09) (1.171) (537.1) (8.117) (2.223) (318.3) (181.8) (1331)

8 0.6404" 0.1027 0.6970"* 0.4914° 0.4743 0.7781"* 0.2710 0.8201*"
(0.2487) (0.2474) (0.1911) (0.2785) (0.3203) (0.0912) (0.2478) (0.2642)

BIC —896.417 —897.207 —467.244 —758.755 —-764.870 —616.748 —664.961 —709.147

Implied parameters/local stability

b2 1.0489* 1.0917*** 1.0478"* 1.0547"* 1.0780"** 1.0592* 1.0745** 1.0463*
(0.0360) (0.0314) (0.0394) (0.0227) (0.0695) (0.0128) (0.0082) (0.0209)

¢y — (R+@) 0.0385 0.0814** 0.0411 0.0385" 0.0705 0.0459"* 0.0556"* 0.0296°
(0.0360) (0.0314) (0.0394) (0.0227) (0.0695) (0.0128) (0.0082) (0.0209)

Z“z‘Rjﬂz) 0.9491* 0.9963"* 0.9413"* 0.9943"** 0.9744** 0.9864"** 1.0077** 1.0046™*
(0.0218) (0.0069) (0.0239) (0.0074) (0.0139) (0.0080) (0.0069) (0.0077)

loc. stability stable stable stable stable stable stable unstable unstable

Rait. 0.9540"* 1.0015"* 0.9427* 1.0054"* 0.9767*** 0.9945"* 1.0217*** 1.0164**
(0.0220) (0.0069) (0.0241) 0.0075 (0.0140) (0.0081) (0.0070) (0.0079)

form expectations. We also find that g is not significantly different from zero. Note, however, that we cannot put 8 =0,
firstly because f§ is restricted to be strictly larger than zero in the model since otherwise the fractions nq, and n,, will
converge to the constant 0.5. Secondly, setting 8 = 0 leads to the problem that A¢ is not identified in that case. To avoid
such identification problems and to be able to identify the significance of the differences in the forecast rules 8 should be
nonzero. From this perspective, the fact that 8 is found to be insignificant is merely an indication that the model’s forecast
accuracy is not very sensitive to the exact value of 8 and the other parameters can to a large extent compensate for changes
in B1°.

The asynchronous updating parameter § is significant for the US, NL, CH, ES, SE and BE, with roughly half of the agents
re-evaluating their strategies per period. For JP and UK no significant evidence for asynchronous updating is found.

The bottom part of Table 3 provides a number of coefficients expressed as linear functions of the estimated parameters
and hence their standard errors could be easily calculated based on the variance-covariance matrix of the estimated parame-
ters. These coefficients are important for the underlying dynamics of the nonlinear model. The first of these is ¢, = ¢1 + A¢,
which appears to be significantly larger than 1 for all countries. The second is ¢, — (R + &). If this is positive, the dynam-
ics allow for temporary explosive bubbles around the fundamental price, when a sufficiently large fraction of agents is
of type 2. We find this coefficient to be significantly larger than zero for all countries considered. The third coefficient is
(1 +¢2)/2([R+&)), which occurs in the left-hand-side of the stability condition (14). This is the implied value of the
AR-coefficient at equilibrium, determining whether the estimated model has a stable or an unstable fundamental equilib-
rium. Whether the equilibrium was found to be stable or not is indicated in the row immediately below. The implied ratios
(1 +¢2)/2(R+&)) on the left-hand-side of the stability condition (14) can be seen to be surprisingly close to 1 for all
countries, which implies that the fundamental equilibrium is very close to the border of (in)stability. This means that in all
cases the dynamics are very close to a unit root process (a random walk) around the fundamental equilibrium (i.e. for X;
small). The fourth and final implied parameter is Ry = (¢1 + ¢2)/2 — &, the critical value of R below which the fundamen-
tal equilibrium would become unstable if the behavioral model parameters were held fixed at their estimated values. Recall
from Proposition 2 that for R,y > 1 the pitchfork bifurcation is supercritical, while for R.;; <1 the pitchfork bifurcation is
subcritical. The role of R.;; will be discussed in more detail in Section 4, where we discuss multiple equilibria and policy
implications.

As a robustness check we have repeated the estimation for & = 0.005, which, as discussed above in Section 3.1, we
consider to be the upper bound of the risk premium &. The results, shown in Table 4 qualitatively similar to those obtained

for & = 0 for most countries. Although, as judged from changes in the value of ;11;?22)' JP, NL and ES move from unstable

to stable, only for ES the estimated value of ;}‘RT;Z) is significantly smaller than 1. For all countries except CH and BE, A¢
remains significantly different from zero, although the significance has become less pronounced for the US, JP, UK and NL.

15 Hommes and in’t Veld (2017) estimate a similar 2-type switching model on the relative deviations of the S&P500 stock market index from two bench-
mark fundamentals, the Gordon growth model and the Campbell-Cochrane consumption-habit model and show that the likelihood function is very flat
w.r.t. the intensity of choice parameter 8. They use quarterly data 1950-2016 and show by Monte-Carlo simulations that the test to reject the null of
a switching model with estimated parameter values has essentially zero power for small samples of 250 observations. This explains the large standard
deviations in the estimates for 8 and its non-significance.
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Table 5

Fundamental parameters (fixed during estimation of the behavioral parameters), estimated behavioral model parameters for & = 0, with GARCH(1,1) inno-
vations, and corresponding implied behavioral parameters. Below the estimates the corresponding standard errors are given in parentheses. The labels *’,
s and “**** denote significance at the 10%, 5% and 1% level of significance, respectively.

Country us JP UK NL CH ES SE BE

Fundamental parameters

a 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

R+a 1.0104 1.0103 1.0068 1.0162 1.0075 1.0132 1.0188 1.0167

Estimated behavioral parameters

b1 0.9095** 0.9468 0.9029"* 0.9508*** 0.8780"** 0.9611"* 0.9727* 0.9867"*
(0:0169) (0.0061) (0.0285) (0.0276) (0.0255) (0.0070) (0.0078) (0.0150)

A¢ 0.1904"* 0.1364* 0.1988"* 0.1439* 0.2534"* 0.1052** 0.1109"* 0.0779*
(0.0263) (0.0130) (0.0559) (0.0550) (0.0472) (0.0116) (0.0106) (0.0321)

B (x10%) 28.05° 5.802"* 0.9104 1.702 1.946° 2.472° 72.2 8.78
(15.63) (1.589) (0.5967) (1.639) (1.069) (1.402) (142.6) (13.28)

) 0.5251"* 0.3438° 0.0000 0.6680"* 0.5120"* 0.4231* 0.4465™ 0.7401**
(0.1397) (0.1495) (0.1969) (0.1197) (0.1300) (0.1549) (0.1479) (0.1449)

BIC —1197.889 —1148.065 —871.043 -918.352 —984.764 -813.779 —710.942 —837.908

Implied behavioral parameters/local stability

023 1.1000"* 1.0832** 1.1017"* 1.0947* 1.1314™* 1.0663*** 1.0836™* 1.0645"*
(0.0128) (0.0080) (0.0282) (0.0280) (0.0237) (0.0070) (0.0059) (0.0185)

¢ — (R+@) 0.0895"** 0.0729"* 0.0949"** 0.0785™ 0.1239" 0.0531"* 0.0648* 0.0478"™
(0.0128) (0.0080) (0.0282) (0.0281) (0.0237) (0.0070) (0.0059) (0.0185)

f(‘Ri‘gZ) 0.9944** 1.0047** 0.9956*** 1.0064"** 0.9972"* 1.0005"** 1.0092"** 1.0087*
(0.0072) (0.0029) (0.0045) (0.0043) (0.0070) (0.0039) (0.0044) (0.0049)

loc. stability stable unstable stable unstable stable unstable unstable unstable

Resit. 1.0047"* 1.0150"* 1.0023"* 1.0227** 1.0047* 1.0137* 1.0282** 1.0256™*
(0.0072) (0.0029) (0.0045) (0.0044) (0.0070) (0.0039) (0.0045) (0.0050)

Likewise, the estimates of ¢, — (R+ &) are still positive, but no longer significant for some countries. The asynchronous
updating parameter § is no longer significant for JP, CH and SE when we take & = 0.005 instead of 0, and less significant
for NL. The values of the Bayesian information criterion (BIC-values) indicate that the model with & = 0, presented in the
main text, is more suitable than the model with @ = 0.005.

As a second robustness check we performed a diagnostic check of the estimated baseline model (with & = 0) by investi-
gating the autocorrelation of the residuals i and of their absolute values |ii;|. For all countries we observed mild (0.2-0.4)
autocorrelation in the residuals, significant up to 5 lags for most countries, and substantial autocorrelation (0.3-0.7) in the
absolute residuals, significant up to 10 lags. The latter clearly indicates the presence of (conditional) heteroskedasticity. To
accommodate for heteroskedasticity we estimated the conditional variance in the residuals using a GARCH(1,1) model.'®
These estimated conditional variances were subsequently used to perform a second stage weighted nonlinear least squares
fit of the model. The standardized residuals of this second stage estimation step no longer had any visible heteroskedastic-
ity as judged from the autocorellogram of their absolute values. The resulting parameter estimates and standard errors are
shown in Table 5. A comparison with the unweighted NLS estimates in Table 3 shows that the estimation results are not
very sensitive to the use of heteroskedastic errors. Taking into account heteroskedasticity when present should be expected
to lead to more efficient estimation. Indeed, allowing for GARCH(1,1) heteroskedastic errors appears to lead to a small re-
duction in the standard errors of most of the estimated parameters. In particular it can be observed that the intensity of
choice parameter 8 benefits from this, becoming more significant for US, JP and CH. This is consistent with the fact that the
BIC-values reported in Table 5 are smaller than those in Table 3, suggesting that the model GARCH(1,1) errors fits the data
better.

The standardized residuals of the second stage estimation still contained some significant but mild autocorrelation up
to lag 5. Although this is not optimal from an econometric model specification perspective, we have made no attempts to
correct this for three reasons. Firstly, the data provided by the OECD are seasonally adjusted, which could account for a
substantial part of the autocorrelation present up to lag 4. Secondly, although one could econometrically easily take into
account a, say, AR(1) term in u; in the NLS fit to reduce residual autocorrelation, this would not do justice to our aim to
estimate a behavioral model rather than an econometric model; no direct behavioral interpretation would be available for
the coefficient of such an estimated AR(1) noise term. Thirdly, a behavioral modeling alternative to adding an AR(1) term
in u; would be to add another expectation rule (type) to the behavioral model. However, this would lead to an increase
of the model complexity, while the aim here is to come up with a parsimonious behavioral model that captures the most
important consequence of introducing heterogeneous agents in the model, being that this gives rise to endogenously induced
periods of dynamical instability and stability.

3.3. Temporary bubbles in house prices

Figs. 4 and 5 show for all eight countries the log-difference between house prices and fundamentals (upper panels),
the estimated proportion n; of agents forming expectations of type 1 associated with ¢; <1, in other words, those agents

16 We also tried specifying the conditional variance as being proportional to n; (1 —n;,) reflecting the binomial nature of the choice each agent makes,
but this led to a poorly specified conditional variance.
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Fig. 4. Relative price deviations X; from fundamentals (top panels), estimated fractions of agents of type 1, i.e. fundamental mean-reverting agents (middle
panels) and implied AR(1) coefficients, i.e. market sentiment (bottom panels) for the US, JP, UK and NL. Temporary bubbles arise when the market sentiment
exceeds 1.
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who expect mean-reversion towards the fundamental value (middle panels) and, finally, the estimated time-varying AR(1)
coefficients in (15) showing the time variation of the market sentiment (lower panels).

There is considerable time-variation in the distribution across agents of the fundamental mean-reverting and trend-
following rules and in the average market sentiment. An immediate observation is that in all countries temporary housing
market bubbles occur, that is, there are prolonged periods of several years during which the market sentiment is explosive
(i.e. exceeds 1). For the US, for example, four episodes where the AR(1) coefficient is explosive can be identified: in the late
1970s, early 1990s, during 2004-2007 and in the last few years of the sample. The first, third and last of these coincide
with increasing prices above the fundamental, while the second period is a ‘negative’ bubble with prices decreasing below
the fundamental. The UK, NL, SE and ES also exhibit housing bubbles with explosive market sentiment in the years 2004-
2007 or even for a longer period (BE). Exceptions are CH and JP for which positive bubbles arose much earlier, between
1970 and 1990, later followed by a negative bubble. In particular JP experienced a strong negative bubble with explosive
market sentiment during most of 2000-2010 with house prices continuously declining. Our simple stylized model thus
provides an easy to use tool for identifying housing market bubbles and the market sentiment may serve as an early warning
signal of housing bubbles signaling when the market becomes explosive and enters a (temporary) bubble regime. When a
bubble bursts after a few years a majority of agents typically switches to the type 1 fundamental forecasting rule and strong
mean-reverting market sentiment brings house prices back closer to fundamentals. In particular, after 2007 in the US and
somewhat later also in the NL and ES, the housing market was dominated by a strong mean-reverting market sentiment
bringing prices back closer to fundamentals.

Similar heterogeneous expectations models have been estimated on various data in recent years including stock market
data, exchange rates, survey data and macroeconomic data (see the references in the introduction). An interesting and char-
acteristic feature of the housing market data are the long-lasting bubbles, over many years, detected in all eight countries.
For example, ES has a long-lasting bubble characterized by temporary exploding market sentiment of about 10 years from
the late 1990s to the financial crisis, while Japan has a declining bubble over roughly the same period. For UK, SE and BE,
the three countries in the sample that have not gone through a major correction yet, the duration is arguably longer. In
other data sets such long-lasting bubbles are rare, with the only exception being the dot-com bubble in the stock market.
Using yearly data of the S&P500 (Boswijk et al., 2007) estimate the dot-com bubble to last for 6 years, 1995-2000, while
Hommes and in't Veld (2017) find the same for quarterly data. Hence, based on the estimation results of similar HAMs, we
conclude that house prices exhibit the longest temporary bubbles compared to other markets and macro data'’.

4. Policy implications

Blanchard (2014) recently stressed that “The main lesson of the crisis is that we were much closer to “dark corners” -
situations in which the economy could badly malfunction - than we thought. Now that we are more aware of nonlinearities and
the dangers they pose, we should explore them further theoretically and empirically.” Blanchard argued for the coexistence of
non-linear models along the standard, general equilibrium models: “If macroeconomic policy and financial regulation are set in
such a way as to maintain a healthy distance from dark corners, then our models that portray normal times may still be largely
appropriate. Another class of economic models, aimed at measuring systemic risk, can be used to give warning signals that we
are getting too close to dark corners, and that steps must be taken to reduce risk and increase distance. Trying to create a model
that integrates normal times and systemic risks may be beyond the profession’s conceptual and technical reach at this stage.”

What are the policy implications of our nonlinear HAM? Based on the analysis of the house price dynamics in our
stylized nonlinear heterogeneous expectations switching model for the range of empirically relevant parameter values we
can draw some general policy conclusions. In particular, the multiplicity of steady states and the global instability of the
system has implications for how policy can avoid the “dark corners” of the economy. We focus on the role of R as the policy
parameter, as this is an important parameter that can be influenced by policy makers.

Recall from Section 2.3 that the local stability condition (14) of the fundamental steady state equilibrium is

br+¢ _A+8D1+¢2)
2(R+a) 2(1+r+ o) ’
where we have dropped the absolute value, since all estimated parameters are positive. Note that the fundamental equilib-

rium is locally unstable when the average of ¢ and ¢, is larger than R + &, which means that the local stability is affected
directly by behavioral parameters as well as structural parameters. Notice also that for sufficiently large R the fundamen-

tal steady state will be locally stable. Recall that R = %, so that increasing R is equivalent to increasing the risk-free

mortgage interest rate r'f, increasing the tax rate or maintenance costs w or decreasing the growth rate g of the rent.

For all eight countries, the estimated parameter values of the model were found to be close to the border of (in)stability
of the fundamental steady state. The bifurcation diagrams in Fig. 6 show numerically the transitions that occur for each
country as R decreases, with all other parameters fixed at the country specific estimates.’® The fundamental steady state

17 See Ellen et al. (2018) for a general discussion of empirical HAMs comparing bubbles for different asset classes.
8 In a related paper (Diks and Wang, 2016) estimate a stochastic cusp catastrophe model to house prices and interest rates in different countries and
also find multiple non-fundamental steady states for several countries.
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Fig. 7. Pitchfork bifurcation w.r.t. the policy parameter R. Bold curves denote stable steady states; dotted curves are unstable steady states. Left Panel:
supercritical pitchfork bifurcation with stable fundamental steady state for R > R, and unstable fundamental steady state surrounded by two stable non-
fundamental steady states for R < R.;. Right Panel: subcritical pitchfork bifurcation with stable fundamental steady state surrounded by a corridor of
stability bounded by two unstable non-fundamental steady states for R > R and (globally) unstable fundamental steady state with exploding dynamics
for R < Rt The dots represent the estimated values R — R for the eight countries.

destabilizes when R decreases and hits the critical threshold

pr1+d2

2z *
the estimated values of which are shown in the last row of Table 3.

The bifurcation diagrams in Fig. 6 are constructed by plotting for each parameter value R (from a finite grid) 100 subse-
quent states visited by the model after a transient of 100 iterations. A small amount of dynamic noise was added, NID(0,
0%) with ¢ = 10~%, to enable the system to move away from the equilibrium once it becomes unstable.

There are two different bifurcation scenarios observed for these countries. For JP, NL, ES, SE and BE two co-existing stable
non-fundamental steady states arise, one above and one below the unstable fundamental steady state, for values of R below
the critical threshold. Hence, for these countries the nonlinear model exhibits multiple stable steady state equilibria for low
values of R. The diagram also illustrates that as R decreases further, the model becomes globally unstable with exploding
house prices. In contrast, the primary bifurcations to instability for US, UK and CH are different: the fundamental steady
state becomes globally unstable, with exploding house prices for R values immediately below the critical threshold. A careful
reader may observe that the critical thresholds R.;; for the US and, UK and CH are below 1 (see Table 3) and therefore
might think that a bifurcation towards instability is unlikely to occur in practice as R > 1. However, the fundamental steady
state is only locally stable for this nonlinear system, and only within the "corridor of stability” formed by the two unstable
non-fundamental steady states will house prices remain bounded. For values of R above but close to the critical value R
global instability may arise due to small exogenous shocks driving the state outside of the "corridor of stability” and onto
unbounded bubble solutions.

These empirical results in the housing model for the eight countries in Fig. 6 are in line with the theoretical analysis in
Section 2.3, Proposition 2, where we showed that the model exhibits a pitchfork bifurcation. There are two different cases for
the pitchfork bifurcation, a supercritical and a subcritical, and both theoretical cases, together with the empirical estimates
for the eight countries, are illustrated in Fig. 7. For JP, NL, ES, SE and BE we find a supercritical pitchfork bifurcation, while
for US, UK and CH we find a subcritical pitchfork bifurcation.

What then can a policy maker do to stabilize house price bubbles and prevent market instability? Our model is a partial
equilibrium approach that aims to classify house price changes into categories of acceptable and unacceptable (i.e. danger-
ous) movements. To fully understand the welfare implications of such instability one would need to incorporate them into
general equilibrium models.

Nevertheless, what this model can do is provide early warnings when the system may be approaching what (Blanchard,
2014) called the ‘dark corners’. The general lesson for policy makers to be drawn from our analysis of the nonlinear housing
model is that structural knowledge of the system may yield important insights in policies that can prevent local or even
global instability. In general terms, the policy maker should prevent the system from getting too close to bifurcation points
that may destabilize the system. An interesting new methodological contribution of our analysis of the stylized housing
model is that the policy maker should in particular be aware of preventing the so-called “hard bifurcations” of the system,
such as the subcritical pitchfork, which may cause a sudden critical transition of the system leading to an exploding bubble
or market collapse.

In terms of our stylized housing model and the bifurcation diagrams in Figs. 6 and 7 the policy maker should keep
the parameter R sufficiently large, so that the system stays away from the locally or even globally unstable fundamental
steady state (the dark corners). Recall that R = }%, where g is the growth rate of housing rents and r =+ @ is the
sum of the risk-free mortgage rate and the tax/maintenance cost rate. Hence, stabilizing policies include an increase of the

Rcrit =
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mortgage interest rate,’® a decrease of mortgage tax deduction rates, an increase of tax rates for home owners, and/or a
decrease of (the growth of) housing rents. Notice also an important difference in policy implications compared to the RE
fundamental benchmark model. Under RE these policies only affect the level to fundamental house prices. In our behavioral
2-type switching model these policies affect the level of the fundamental steady state as well as the market volatility, that is,
the (local) stability of the fundamental steady state and the mean-reversion towards the fundamental steady state are directly
affected by these policy parameters. For example, in an environment with higher interest rates the stable mean-reverting
rule performs relatively better than the trend-extrapolating rule and, therefore, agents will learn and adapt their behavior
after the policy change by switching to the better performing mean-reverting rule making the house price dynamics more
stable under evolutionary selection in an environment with higher interest rates. Note that, although they are stabilizing the
effectiveness of these policies may be limited however, because changes in the interest rate, the tax rate or the growth rates
of housing rents only lead to small changes in the parameter R and therefore only to small changes of the mean-reversion
of the system.2? Other policies putting restrictions on housing demand, such as loan-to-value restriction, may be a more
effective way to stabilizing housing markets (cf. Baptista et al., 2016).

5. Concluding remarks

We have developed a nonlinear empirical housing market model with heterogeneous beliefs. The standard user cost of
capital model with house price fundamentals based on imputed rents is nested as a special case within the general hetero-
geneous setup. Agents however disagree in their expectations about future house prices and switch between a fundamental
mean-reverting and a mean-diverting, trend-following forecasting rule based upon their relative performance. The hetero-
geneous beliefs housing model with endogenous switching displays nonlinear aggregate price fluctuations with booms and
busts around the fundamental price triggered by stochastic shocks and strongly amplified by self-fulfilling expectations.

Our goal was to develop a general structural model that can be estimated on house prices of different countries. Us-
ing quarterly data on rents and house prices, we estimate the model parameters for eight different countries, US, UK, NL,
JP, CH, ES, SE and BE. In all countries the data support heterogeneity in expectations, with temporary switching between
fundamental mean-reverting and trend-following beliefs. For all countries we identify long-lasting temporary house price
bubbles amplified by trend extrapolation. For three countries, US, NL, and ES we identify strong housing bubbles in the
period 2004-2007, while for JP and CH housing bubbles in the 1980-1990s are identified, in all cases strongly amplified
by trend-following behavior. When these bubbles burst, the majority of agents switches to a fundamental mean-reverting
strategy reinforcing a strong correction of house prices. Similar HAMs have been estimated on various data sets, including
stock prices, commodity prices, exchange rates and macro data. Comparing estimation results of similar 2-type HAMs we
conclude that housing markets exhibit the longest temporary bubbles with housing bubbles up to 6-10 years being the rule
rather than the exception.

These results have important policy implications. The underlying nonlinear switching model exhibits multiple steady
states and/or global instability for parameter-values close to the estimated values for all countries. We have argued that a
decrease of the (mortgage) interest rate, a decrease of the tax rate for home owners, an increase of mortgage tax deduction
rates and/or an increase of housing rents all shift the nonlinear system closer to multiple equilibria and global instability.
Policy should prevent the system getting too close to bifurcation in order to avoid critical transitions to global instability.
The market sentiment, that is the average extrapolation factor of our model, may serve as an early warning indicator for
policy intervention when the system is approaching the border of instability.

Our housing model with heterogeneous beliefs is very stylized and the results should be viewed as a ‘proof of principle’
to show that a nonlinear model with switching can lead to very different behavior than a benchmark linear model. Nonlinear
systems may easily turn unstable, but structural nonlinear modeling can also provide new insights for policy makers on
how to prevent critical transitions towards instability and collapse. Our stylized nonlinear housing market model is just
a simple but empirically relevant example illustrating potential policy tools for taming instability. Building more realistic
nonlinear economic models based upon country specific institutional details can give important new insights for policy
makers, particularly in extreme times of crises.

In order to study realistic policy scenarios in more detail future research should focus on a number of extensions. First
of all, our benchmark fundamental value (a simple dynamic Gordon model) is a very stylized and general benchmark that
applies to different countries. But our HAM is formulated in terms of relative deviations some benchmark fundamental. For
policy analysis it would be important to include country specific institutional details of the housing market, such as tax
rules and mortgage requirements, in the fundamental value. One could then easily re-estimate the model and study the

19 The stabilizing effect of the interest rate is also discussed in the recent housing market model of Martin et al. (2019), who, inspired by Taylor (2009),
Agnello et al. (2018) and particularly by Lambertini et al. (2013), consider a dynamic interest rate rule. Interestingly, Martin et al. (2019) show that the
central bank has the ability to suppress a pitchfork and a Neimark-Sacker bifurcation via the interest rate. However, we do not argue that the interest
rate should be used to stabilize financial imbalances. There are arguably other macro prudential tools to consider that might be better suited (Agur and
Demertzis, 2019). What the paper does argue is that policy intervention can stabilize bounded rational expectations of the way we described.

20 Bao and Hommes (2015) design an experimental housing market to study bubble formation. They consider three different treatments with different
discount factors 1/R and find that explosive bubbles emerge for 1/R = 0.95, boom and bust cycles emerge for 1/R = 0.85 and a globally stable fundamental
steady state emerges for 1/R = 0.71.
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amplification mechanism of endogenous belief switching around an improved and more realistic fundamental benchmark.
Second, our two forecasting rules are in fact the simplest linear examples with only one lag. It would be of interest to have
further guidance on which types of forecasting rules to use in these models, for example through laboratory experiments
on expectations with human subjects and/or using surveys of forecasts. In general, building more realistic behavioral models
for policy analysis should be high on the research agenda of academics and policy makers.
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Appendix A
Al. Fundamental price models
Static Gordon model

Assuming a constant growth rate g, interest plus maintenance rate r = rf + » and risk aversion parameter o, we can
write (imposing a transversality condition)

wstatic _ p (((A+HTDQ (1+rNQ(1+g) (1+rMQ(1 +8)>
Pt _Et<1-|-r-|-0l)+Et<(l—|—r+()t)2>+Et((1+r+Ot)3 +...
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14 Q 14t

- 1+g _ :
]+r+a1_l+r+a r+a-g

Dynamic Gordon model

In case we allow r{f and g; to be time-varying with mean rf and g, respectively, using the law of iterated expectations
and imposing a transversality condition, one obtains

1477 1+ +
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is known at time t. This expression for the fundamental price allows straightforward evaluation of the partial derivatives
required for the time-varying Gordon model, which are found to be

P > -1 1+g k
i =E Zl+r1'f+w+a(l+rff+a)+oz) %
t+j (f.g) k=j
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If we let y = Hr}%(— Rw) the first order Taylor approximation (based on the Taylor expansion of (r ,g) around (1™,

g)) of the fundamental price is given by
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Assuming AR(1) expectations on future values r'f . and 8+j» With AR(1) coefficient p and ¢, respectively, this becomes
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it is straightforward to show that, up to first order in (rtrf — ', g — g), we have
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A2. Expressing Rq_q in terms of X;_1 and X;_,

Since according to the static Gordon model
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A3. Proof of Proposition 1

The price is at its fundamental value when the deviation X = 0. Furthermore, using (12) and X;_; = X;_», = X;_3 = 0 at the
fundamental steady state, it follows immediately that the corresponding fundamental steady state fractions are n} =n} = %
For the dynamical systems (12) and (13) we observe that ny; =nq ;(X;_1,X;_2, X;_3,n1_1). Hence, the system can be
written as a 4-D dynamical system. A straightforward computation shows that at the fundamental steady state X* = 0 and

ny=nj= % the eigenvalues of the Jacobian matrix are ;}E"‘%, § and a double eigenvalue 0. Since 0 < § <1 it follows that

the fundamental steady state is locally stable if |;1RJ;%2)| <1

A4. Proof of Proposition 2

Using the dynamical system (13) steady states x must satisfy the equation
n
X — 191 + 1}24’2)"
R+«
Solutions either satisfy x = 0 (the fundamental steady state) or they must satisfy
ni¢1 + ¢y
R+«
Since n; = 1 — ny, this is equivalent to
¢—a—-R
ng=---——.
$2 —
At a steady state X, using (12) the corresponding steady state fraction n; is given by

1 1
T 14 ePUU) T 1 1 ePlalddxt R1) (g —d)R]”

=1

n

Assume now @ = 0, then the function n; = ny(x) is symmetric?! around x = 0 (i.e. ny(—x) = n;(x)) and n; (0) = %

21 In the non-symmetric case & # 0 the two non-fundamental steady states are created in a saddle-node bifurcation slightly before or after the funda-
mental steady state becomes unstable.
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First consider the case (i) R = R4 > 1. We have n;(+o00) =1 and n; has a global minimum % at x = 0. Hence, there exist

two additional non-fundamental steady states + x when ny = q;?:qi > % or, equivalently, when % > 1, i.e. for R < Ry

when the fundamental steady state is unstable. This corresponds to a supercritical pitchfork bifurcation at R = Ry = ‘1’12&
(see Fig. 3, left panel).
Second, consider the case (ii) R = Ry < 1. We have n;(£o0) = 0 and n; has a global maximum % at x = 0. Hence, there

exist two additional non-fundamental steady states + x, when 4?;2:;1 < % or equivalently when % <1, ie. for R >

Rie when the fundamental steady state is locally stable. This corresponds to a subcritical pitchfork bifurcation at R = Ry =
@ (see Fig. 3 right panel).
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