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Abstract. A couple (o, 7) of lower and upper slopes for the resonant second order bound-
ary value problem

1
o f(t,m,m/), z(0) =0, x/(l) :/0 x/(s) dg(s),

with ¢ increasing on [0, 1] such that fol dg = 1, is a couple of functions o, 7 € C*([0,1]) such
that o(t) < 7(t) for all ¢ € [0, 1],

1

a’(t) > f(t,z,0(t), o(1) g/o o(s)dg(s),
1

P(0) < flta, (), T(1) > /0 7(s) dg(s),

in the stripe fot o(s)ds < z < fot 7(s)ds and t € [0,1]. It is proved that the existence of
such a couple (o,7) implies the existence and localization of a solution to the boundary
value problem. Multiplicity results are also obtained.
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1. INTRODUCTION

Let f: [0,1] x Rx R — R be continuous and g: [0,1] — R increasing. We consider
the second order boundary value problem with nonlocal boundary conditions

(L1) = f(taa'), 2(0)=0, 2(1)= / 2/(s) dg(s).

It is easy to check that the corresponding linear homogeneous problem

1
=0, z(0)=0, 2'(1)= /0 2'(s) dg(s)

has a nontrivial solution if and only if

(1.2) / do=1.

If condition (1.2) holds, the problem (1.1) is called resonant, and non-resonant if
fol dg # 1.

Such problems have been considered in the non-resonant case by Gupta-Ntouyas-
Tsamatos [9], Gupta-Trofimchuk [10], in the case of multipoint boundary conditions.
When the problem is resonant, one can cite the contributions of Gupta [8] for mul-
tipoint boundary conditions, and of Karakostas-Tsamatos [11], [12], Xiaojie Lin [14]
and the second author [19] for integral boundary conditions. They all deal with sit-
uations, where f grows at most linearly in its arguments. The paper [14] considers
the slightly more general class of boundary conditions

1
2(0) = az(b), x'(1)=/0 2/(s) dg(s).

In this paper, we assume that g satisfies the resonance condition (1.2). Notice
that, in this case, the second boundary condition in (1.1) means that 2'(1) is equal
to the weighted average of 2/(¢) on [0, 1] for the measure dg.

In the case of two-point boundary conditions, there is a vast literature associated
to the obtention of existence and multiplicity results for the solutions in terms of
the concept of lower and upper solutions. We refer to the monographs [6] and [18]
for detailed descriptions of the results, history and bibliography. The approach
has been extended to some integral boundary conditions by Benchohra-Ouahab [4],
Benchohra-Hamani-Nieto [3], and Pang-Lu-Cai [15].
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In Section 3 of this paper, we introduce the concept of couple (o,7) of lower and
upper slopes for the problem (1.2), which are functions o,7 € C*([0, 1], R) such that
o(t) < 7(t) for all ¢ € [0, 1], and

ﬂﬂkm%dm,dw<éo@®@7
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for all (¢,z) in the stripe f(f o(s)ds <z < fot 7(s)ds and t € [0,1]. The concept is
compared with the classical ones of lower and upper solutions for the problem (1.2),
and of lower and upper solutions for the associated family of first order differential
equations.

In Section 4, we prove that the existence of a couple of lower and upper slopes for
the problem (1.2) implies the existence of a solution to this problem, as well as some
information on its localization and the one of its first derivative (Theorem 4.1). Some
examples and special cases are given. Taking the differential inequalities strict for
a couple of strictly ordered functions in the definition of couple of lower and upper
slopes leads in Section 5 to the concept of couple of strict lower and upper slopes.
It is shown there that the existence of such a couple leads to a localization of the
solution and its derivative with strict inequalities (Corollary 5.1).

Like in the case of lower and upper solutions, the application of Theorem 4.1 and
Corollary 5.1 relies upon the construction of a couple of lower and upper slopes.
Some results in this direction are given in Section 6, as well as related examples.
Lemmas 6.3 and 6.4 are inspired by Propositions 3.1 and 3.2 of [5] for lower and
upper solutions. Theorem 6.1 is motivated by Theorem 1.1 of [7] for lower and
upper solutions with periodic boundary conditions.

Finally, a three solutions result in terms of couple of lower and upper slopes, in
the spirit of Amann’s pioneering result for abstract equations in ordered spaces [1],
and Dirichlet boundary problems for elliptic equations [2], and of Rachunkova for
periodic solutions of ordinary differential equations [17], [16], is stated and proved in
Section 7 (Theorem 7.1). See also [13].

The proof of Theorem 4.1 relies upon some elementary results on linear problems
stated and proved in Section 2 for the reader’s convenience.
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2. A LINEAR PROBLEM

The proof of the existence theorem based upon the existence of a couple of
lower and upper slopes requires the following elementary results on the linear non-
homogeneous problem

(2.1) 2 =2+ h(t), 2(0) =0, x'(1)=/0 2/(s) dg(s),

where h € C([0,1]) and g: [0,1] — R is increasing and satisfies (1.2). If we write
x(t) = fg y(s) ds, the problem (2.1) is reduced to

1
v =y b, )= [yl
0
Its unique solution is easily computed and is given by

22 yl)=— fle(;_ll e [/Ol/oseSTh(T) dr dg(s) — /01 '~ h(s) ds}
0

—|—/ e'~*h(s)ds.
0

Notice that formula (2.2) makes sense, because the increasing character of g and
condition (1.2) imply, as e~ ! < 1 for s € [0,1), that

/0 "ol ag(s) < / Cdg(s) =1

Formula (2.2) easily implies the existence of a linear operator S: C([0,1]) — C*([0,1])
such that the unique solution z of (2.1) can be written as = Sh, and the existence
of M > 0 such that

(2.3) [2lloo < Ml[Alloo, |2 lloo < Mlhllocs  [l2"]loc < M]Alloc,

which implies that S: C([0,1]) — C([0,1]) is compact.
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3. COUPLES OF LOWER AND UPPER SLOPES

Our existence result is based upon the new concept of couple of lower and upper
slopes for the problem (1.1), which plays for this problem the role of the lower and
upper solutions for more classical two-point boundary value problems.

Definition 3.1. We say that (o, 7) is a couple of lower and upper slopes to the
problem (1.1) if 0,7 € C*(]0, 1], R) are such that for all ¢ € [0, 1],

and
(3.1 70> f(taol). o)< [ oo,
(3.2) () < f(t,z,7(t)), 7(1) 2/0 7(s)dg(s)

for all (t,x) € Sy 7, where

(3.3) (1) ;:/0 o(s)ds, T(t) ;:/O m(s)ds, Vtel0,1]
and
(3.4) Ser={(t,z) €[0,1] x R: ©(t) <z < T(t)}
= U <=0, 70).
te[0,1]

In the case of a couple of constant lower and upper slopes (o, 7), the boundary
conditions are automatically satisfied because of (1.2), and the conditions of Defini-
tion 3.1 reduce to

o<7, f(tz0) <0< f(tz7), V(t,z)€(0,1]x][o7].

In the special case where f does not depend upon z, in which case the problem (1.1)
reduces to the first order nonlocal problem for y = x’

(3.5) y = fty), y(1) = / y(s) dg(s),
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the definition of lower and upper slopes reduces to the classical definition of ordered
lower and upper solutions for the first order boundary value problem (3.5), i.e. of
functions o and 7 in C*([0, 1]) such that for all ¢ € [0,1],

(1) > f(tot), o(l) < / o(s) dg(s),
7)< f(t7(t), (1) > / 7(s) dg(s).

If (o, 7) is a couple of lower and upper slopes to the problem (1.1), and if ¥ and T
are defined by (3.3), then the conditions in Definition 3.1 expressed in terms of ¥
and T are

) LT'®), X0 = fta,X@), T'(t) < f(tz,T(t), Vtelo,1],

1 1
5(0) =0="T(0), (1)< / S(s)dg(s), T'(1) > / T'(s) dg(s).

The classical lower and upper solutions «, 3 € C?([0,1]) to the problem (1.1) are
defined by the conditions

alt) <AL, o"(t) > f(ta(t),a'(), B"(1) < f(tBW).B (L), Vie[0.1]
5(0), a'(1></0 o (s) dg(s) /6 ) dg(s

2
2
N
o
N

Because conditions ¥'(¢) < T7(t) and 3(0) = 0 = T(0) imply that X(¢t) < T'(¢) for
all t € [0, 1], one sees immediately that if (o, 7) is a couple of lower and upper slopes
to the problem (1.1), then (2,7 is an ordered couple of lower and upper solutions
to the problem (1.1). In this sense, Theorem 4.1 below can be seen as a necessary
and sufficient condition for the existence of a solution to the problem (1.1).

On the other hand, we will see in Theorem 4.1 that the existence of a couple
of lower and upper slopes to (1.1) implies the existence of a solution to (1.1) with
its derivative located between them. On the other hand, without a supplementary
condition of Nagumo type upon f with respect to its last variable, the existence
of an ordered couple of lower and upper solutions to (1.1) does not guarantee the
existence of a solution located between them.

Finally, one should notice that a solution u to the problem (1.1) corresponds to
a couple (u’,u’) of (equal) lower and upper slopes to the problem (1.1).
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4. EXISTENCE RESULT

We now prove that the existence of a couple (o, 7) of lower and upper slopes for
the problem (1.1) implies the existence and localization of a solution.

Theorem 4.1. Let f: [0,1] Xx R x R — R be continuous, and let g: [0,1] — R
be increasing and satisfy condition (1.2). If the problem (1.1) has a couple (o,7) of
lower and upper slopes, then it has a solution = such that o(t) < '(t) < 7(¢) and
() <az(t) <T(t) for all t € [0,1].

Proof. Define continuous functions v: [0,1] x R — R and 6: [0,1] x R — R by
o(t) ify<o(t),
Wy =gy ifolt) Sy <),
7(t) ify>7(t),
() ifz < X(t),
o(t,x) =} x it B(t) <x < T(t),
T(t) ifz>T(t).

Let us consider the auxiliary boundary value problem
(4.1) " =2 — (") + ft,6(tx), (")),
z(0)=0, 2'(1)= /01 z'(s) dg(s).
We first prove by contradiction that if x(¢) is a solution of (4.1), then
(4.2) o(t) <a'(t) < 7(t), Yte]lo,1].

If there is ¢g € [0, 1] such that 2’(¢9) < o(to), then ' — o reaches a negative minimum

on [0,1] at some t; € [0, 1], namely
(4.3) 2/ (t1) —o(t1) <O.

If t, € (0,1), then 2”(t1) = ¢'(t1) and hence, using (4.3) and the definition of ~, and
the definition of a lower slope,

O'/(tl) = J)//(tl) = J)/(tl) — O'(tl) + f(tl,é(tl,m(tl)),a(tl)) < O'/(f,l),

a contradiction. If ¢t = 0, then 2" (¢1) — ¢’(t1) > 0, and we obtain, in a similar way,

the contradiction
o' (t1) < 2"(t1) < o' (t1).
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If t; = 1, because of the previous cases, we can assume without loss of generality
that 2/ — o does not attain its minimum on [0, 1), i.e. that

2’(1) —o(l) < 2'(s) —o(s), Vse|0,1).

Integrating this inequality over [0, 1] with respect to the measure dg and using the
increasing character of g and (1.2), we obtain

#(1) —o(l) < / 2/ (s) dg(s) — / o(s) dg(s),

which gives
1
| o)ags) < ot0)
0

a contradiction with the definition of lower slope. A completely similar reasoning
shows that x(t) < 7(t) for all ¢ € [0,1]. Thus (4.2) is proved. It follows from (4.2)
and the first boundary condition that every solution x of (4.1) satisfies the inequality

() < x(t) < T(t), Vtelo1],

so that, by the definition of 7 and §, x is a solution of (1.1).
Now, if we define

X = {a: e C'([0,1]): x(0) =0, 2/(1) = /01 a'(s) dg(s)},

with the norm ||z| = ||#'||, and the operators L: D(L) ¢ X — C([0,1]), F':
X — C([0,1]) by
D(L) = X NC*([0,1]), Lx=aza"—2,

and
Fao=—y(,a'() + f(,0(,2()),7( (),

then it is easy to verify that F' is continuous, that there exists K > 0 such that
|Fz||co < K for all z € X, and that the problem (4.1) is equivalent to the equa-
tion Lz = F(x) in X. Consequently, as L~! = S with S defined in Section 2, the
problem (4.1) is equivalent to the fixed point problem @ = SFz, with SF' a compact
mapping on X sending X to a closed ball of center 0 and radius M K in X with M
given in (2.3). Schauder’s fixed point theorem implies that SF has a fixed point
in X, i.e. that the problem (4.1) has a solution, which is also a solution of (1.1). O

The special case, where o and 7 are constant provides the following existence
condition.
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Corollary 4.1. Let f: [0,1] x R x R — R be continuous, and let g: [0,1] — R
be increasing and satisfy condition (1.2). If there exist real numbers o < T such that

ft,2,0) <O ft,2,7), V(tz)€[0,1] xo,7],

then the problem (1.1) has at least one solution x such that ¢ < z'(t) < 7 and
ot < x(t) < 7t for all t € [0,1].

Example 4.1. Let us consider the problem

ad o —alta)d —beo), a0 =0, 20)= [ )dg0s),

where g: [0,1] — R is increasing and satisfies (1.2), a,b: [0,1] x R — R are contin-
uous and such that

a(t,x) =2 b(t,x) >0 for (t,x) € [0,1] x [0,1].
Set 0 =0, 7 =1 for ¢ € [0, 1] and observe that
f(t,z,0) = =b(t,z) <0

and
ft,z,1) = a(t,x) — b(t,x) =0,

for every (t,z) € [0,1] x [0, 1]. Corollary 4.1 implies that there is a solution z to the
problem (4.4) such that 0 < 2/(¢t) <1 and 0 < x(¢) < ¢ for all ¢ € [0, 1].

The special case where f does not depend upon x immediately leads to the fol-
lowing result for the first order equation.

Corollary 4.2. Let f: [0,1] x R — R be continuous and g: [0,1] — R an in-
creasing function such that condition (1.2) holds. If there exist o € C([0,1]),
7 € C1([0,1]) such that o(t) < 7(t) for all t € [0,1], and

(1) > f(to(t), o)< / o(s) dg(s),
7)< f(tr(t), (1) > / 7(s) dg(s)

for all t € [0,1], then the problem (3.5) has at least one solution y such that
o(t) <y(t) < 7(¢t) for all t € [0, 1].
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5. COUPLES OF STRICT LOWER AND UPPER SLOPES

We now introduce and study the stronger concept of a couple of strict lower and
upper slopes.

Definition 5.1. We say that (o,7) is a couple of strict lower and upper slopes
to (1.1) if o,7 € C1([0, 1], R) are such that o(t) < 7(¢) for all t € [0,1], and the first
inequalities in (3.1) and (3.2) are strict.

The following result will imply that, in case of a couple of strict lower and upper
slopes, the localization of the solution x in Theorem 4.1 will be given by strict
inequalities. We assume throughout that f: [0,1] x R x R — R is continuous and
g: [0,1] — R is increasing and verifies (1.2).

Lemma 5.1. Let (o, 7) be a couple of strict lower and upper slopes for (1.1) and
let © be a solution of (1.1) such that o(t) < z'(t) < 7(t) for all t € [0,1]. Then
o(t) < 2'(t) < 7(t) and E(t) < z(t) < T(t) for all t € (0, 1].

Proof. By assumptions, X(¢) < z(t) < T(¢) for all t € [0,1]. Let us consider
the function ¢ — 2’ and let o(¢t) < 2/(¢) for all ¢ € [0,1]. We shall show that
o(t) —2'(t) < 0 for all t € [0,1]. Suppose on the contrary that for some ¢, € [0,1]
we have o(tg) — 2’ (tg) = 0. If to € [0,1), we obtain

0> o'(to) — 2" (to) = o' (to) — f(to, x(to), 2’ (to))
= O'/(to) — f(to,x(to), U(to)) > 0,

a contradiction. If o = 1, we can assume, by what precedes, that o(1) — 2'(1) = 0;
then, for all t € [0,1), we get

o(t)—2'(t) <o(l)—2'(1)=0, Vtelo1).

Consequently, integrating the above inequality with respect to dg, we reach a con-
tradiction with Definition 5.1, namely

0(1)>/0 o(s)dg(s).

In the same way one can prove that 2/(t) < 7(¢), ¢t € [0,1]. The strict inequalities
for z(t) follow immediately. O

From Theorem 4.1 and Lemma 5.1 we get the following result.
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Corollary 5.1. If the problem (1.1) has a couple (o, T) of strict lower and upper
slopes, then it has a solution x such that o(t) < 2/(t) < 7(t) and X(t) < z(t) < T'(t)
for all t € [0,1].

6. HOW TO FIND A COUPLE OF LOWER AND UPPER SLOPES

We assume throughout that f: [0,1] x R x R — R is continuous and g: [0,1] — R
is increasing and verifies condition (1.2), and start with a necessary condition for the
existence of a couple of lower and upper slopes.

Lemma 6.1. If the function f has a constant sign on [0,1] x R x R, then there is
no couple of lower and upper slopes to the problem (1.1).

Proof. Let the problem (1.1) have a couple (o,7) of lower and upper slopes.
Assume that f(t,z,y) > 0 for (¢,z,y) € [0,1] x R x R. Then, by the definition of
the lower slope (3.1),

a'(t) >0, Vte[0,1].

It means that o is increasing and we have o(t) < o(1) for ¢ € [0,1). Consequently,

o(1) > / o(s) dg(s),

a contradiction with the definition of the lower slope. If f is negative, then using (3.2)
we similarly reach a contradiction. ([

The argument of the proof of Lemma 6.1 shows infact that the following result
holds.

Lemma 6.2. Let 0,7 € C1([0,1]) be such that o(t) < 7(t) for all t € [0,1]. If
o(t) <oy =0(1) or 7(t) > 7y, = 7(1) for t € [0,1), then (o, 7) cannot be a couple
of lower and upper slopes to the problem (1.1).

The following two results are standard and elementary. We give proofs for com-
pleteness.

Lemma 6.3. Let 0,7 € C*([0,1]) and L > 0 be such that
(6.1) o' (t)—7'(t) > Llo(t) — ()], Vtel0,1], and o(1) < 7(1).
Then o(t) < 7(t) for every t € [0,1]. If inequality in (6.1) is replaced by
(6.2) o' (t) — 7' (t) > Llo(t) — 7(t)], Vte[0,1], and o(1) < (1),
then o(t) < 7(t) for every t € [0, 1].
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Proof. Letting v(t) = o(t) — 7(¢) (t € [0,1]), we see, by multiplying both
members by e~* that inequalities (6.1) and (6.2) are, respectively, equivalent to

(e y(t) >0, vtelo,1], ~(1) <0,
(e y(t) >0, Vvtel0,1], ~(1)<0

and the results follow. O

Lemma 6.4. Let h;: [0,1] x R = R (j = 1,2) be continuous and such that there
exists L > 0 for which

(63) hj (ta y) - hj (ta Z) = L(y - Z)

forallt € [0,1],y,z € Rand j = 1,2. Let o, 7 be solutions to the first order problems

(6.4) Y = ha(ty), (1) = / y(s) dg(s)
(6.5) Y = haty), y(1) = / y(s) dg(s)

such that o(1) < 7(1). Then o(t) < 7(¢) for all t € [0, 1].

Proof. Let 0,7 be, respectively, solutions to problems (6.4) and (6.5). Then

we have
o'(t) = 7'(t) = ha(t,o(t)) — ha(t,7(t)) = Llo(t) = 7(t)], (¢t € [0,1]).

The result follows from Lemma 6.3. O

The special case where the h;(¢,y) are affine functions of y reads as follows.
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Corollary 6.1. Let L > 0, r1,r2 € C([0,1]) satisfy ri(t) > ro(t), t € [0,1], and
let o, T be solutions to the first order problems

(6.6) Y = Ly=r(t), ()= / y(5) dg(s)
and
(6.7) y — Ly=r(t), y(1)= / y(s) dg(s)

such that o(1) < 7(1). Then o(t) < 7(t) for all t € [0,1].

Proof. Letting h;(t,y) := Ly +r;(t), (j = 1,2), we have
ha(t,y) — ha(t, 2) = L(y — z) + r1(t) — r2(t) 2 L(y — 2)

and we can apply Lemma 6.4. O

Theorem 6.1. Let o, 7 be, respectively, solutions to the problems (6.4) and (6.5)
such that o(1) < 7(1), where hy, he € C([0,1] x R) verify (6.3). Moreover, assume
that the following conditions hold:

f(t,ﬂ?, U(t)) < hl(t7 U(t))a f(ta €, T(t)) = hQ(th(t))

for all (t,x) € Ss,r. Then the problem (1.1) has at least one solution x such that
o(t) < 2'(t) < 7(t) and 2(t) < z(t) < T(¢t) for all t € [0, 1].

Proof. Let 0,7 be solutions to the defined above problems. Then, by Lem-
ma 6.4, we have o(t) < 7(t), and hence X(t) < T'(t) for all ¢ € [0,1]. Moreover, we
have

flt.z,o(t) <o'(t), flta.7(t) > 7(1)

for all (¢, z) € S, 1. Hence, due to Definition 3.1, (o, 7) is a couple of lower and upper
slopes for (1.1). Consequently, according to Theorem 4.1, there exists a solution z
to the problem (1.1) such that o(t) < 2/(t) < 7(¢) and 2(t) < z(¢) < T(t) for all
te[0,1]. O
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Corollary 6.2. Let o, be, respectively, solutions to the problems (6.6) and (6.7)
such that o(1) < 7(1), where L > 0, r1, ro € C([0,1]) and r1(t) > ro(t), t € [0,1].
Moreover, assume that the following conditions hold:

Ftz,0() <)+ Lo(t),  f(to,m(t) > ra(t) + L7(t)

for all (t,x) € Ss, 7. Then the problem (1.1) has at least one solution x such that
o(t) < 2'(t) < 7(t) and 2(t) < z(t) < T(¢t) for all t € [0, 1].

Proof. Take h;(t,y) = Ly+r;(t) (j =1,2) in Theorem 6.1. O

By Lemma 6.3 and Theorem 6.1 we have

Corollary 6.3. Let hy,ho € C([0,1] x R), and o,7 € C*([0,1]) be functions
defined in Theorem 6.1. Assume that

f(tvxv J(t)) < hl(tv O'(t)), f(ta Z, T(t)) > h2(t77—(t))
for all (t,x) € Sy 7, and
ha(t,o(t)) — ha(t, 7(t)) > L(o(t) — (1))

for all t € [0,1]. Then the problem (1.1) has at least one solution x such that
o(t) <a'(t) < 7(t) for all t € [0,1] and X(t) < x(t) < T(¢) for all t € (0, 1].

Proof. We have
o'(t) = 7'(t) = ha(t,a(t)) — ha(t,7(t)) > Llo(t) — 7(1)],

so that Lemma 6.3 implies that the solution given by Theorem 6.1 satisfies the
inequalities o(t) < 2/(¢t) < 7(t) for all t € [0, 1]. O

A special case of Corollary 6.3 is

Corollary 6.4. Let r1,72 € C([0,1]) and 0,7 € C'(]0,1]) be functions defined in
Corollary 6.2. Assume that

oc(1) <7(1) and r(t) >ra(t), Vte][0,1].
Moreover, assume that

fta,0() <ri(t)+ La(t), and  f(t,z,7(t) > ra(t) + Lr(t)
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for all (t,x) € Ss, 7. Then the problem (1.1) has at least one solution x such that
o(t) <a'(t) <7(t) for all t € [0,1] and X(t) < x(t) < T(¢) for all t € (0, 1].
Example 6.1. Set r1(t) = 0 and r2(t) = —1 and consider the problem (4.4)
from Example 4.1. Then o(t) =0, 7(t) =1, t € [0,1] and o(1) < 7(1). Moreover,
we have
ft,z,0(t)) = =b(t,z) <ri(t) +o(t) =0
and
flt,z,7(t)) = am —bar > r2(t) +7(t) = 0.
Hence, from Corollary 6.4, the problem (4.4) has a solution « such that 0 < z/(t) < 1
for all ¢ € [0, 1].
Example 6.2. Let g(s) = s, so that fol x'(s)ds = (1) — z(0), and consider the
two-point boundary value problem

(6.8) 2" =a2' —ta(x), x(0)=0, 2'(1)=z(1)—z(0),
where a: R — R is continuous and positive.
Set 71(t) = e?' and ro(t) = —t. Since o and T are solutions to first order problems,
we obtain
o(t) = (l - ﬁ)et +e?, Tt)=t+1+ e—t.
2 2 ’ 2

Moreover, we have

3
2+§:T(1)>a(1):§—%+e2.

Now, since r1(t) > r2(t), Lemma 6.3 implies that o(t) < 7(t) for every t € [0, 1].
Let us notice that f satisfies the conditions of Corollary 6.2. Indeed, we have

Ft o) = (5 - ﬁ)et + e — ta(x)

2 2
1o t 2t
< (5 - E)e 262 = hy () + o(t)

and

t

Fltoa,7(t) =t + 1+ % ~ ta(z)

t
>t+1+%—taM>h7—(t)+T(t),

when 3(t) < < T(¢t) and ¢ € [0, 1], and aps < 1. Hence, from Corollary 6.2, there
exists at least one solution x to the problem (6.8) such that

2 ¢
(5 - %)et—i—e% < a'(t) <t+1+%

for all ¢ € [0, 1].
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7. A THREE SOLUTIONS THEOREM

The existence of suitable couples of strict lower and upper slopes implies the
existence of at least three solutions. For two continuous functions z; and z2 on [0, 1],
we defined the relation 1 < x2 by z1(t) < z2(t) for all t € [0,1].

Theorem 7.1. Let o; € C1([0,1]) and 7; € C*([0,1]) (i = 1,2) be such that
(71) Ul(t)éag(t)ém(t), Ul(t)ng(t)ng(t), Vte [071], g2 7<\T1,

and such that (01,71), (02,72) and (o1,72) are couples of strict lower and upper
slopes to the problem (1.1). Then the problem (1.1) has at least three solutions 1,
To and x3 such that

o1(t) <21 (1) < m(t),  o2(t) < 25(t) < mo(t), VEe(0,1],

and
zy L 11, w5 F 0o

for t € [0, 1].
Proof. Define ¥;: [0,1] = R and 7;: [0,1] = R by

t t
() = / oi(s)ds,  Ty(t) = / n(s)ds (i =1,2),
0 0
and define continuous functions v;: [0,1] xR — Rand ¢;: [0,1]xR—= R (i =1,2,3)
by
Jl(t) ify < Jl(t),

nty) =<y if o1(t) <y < 72(1),
2(t)  ify > 1a(t),

() iz < X(t),

0i(t,x) = {x if ¥1(t) <z < Ta(t),
To(t) if x > Ta(t),
oa(t) ify < oa(t),

Y2(t,y) = {y if o2(t) <y < 72(b),
2(t) iy > 1a(t),
So(t) if z < Xa(t),

do(t,x) = {x if ¥o(t) < z < Ta(t),
To(t) if x > Ta(t),
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o1(t) ify <oi(t),
Bt y) = v if o1(t) <y <),
71(t) ify>m7(t),
and
() if x < Xq(2),
O3(t,x) = = it X1(¢) <z <Ti(t),
T (t) ifx>Ti(t).

Consider three auxiliary boundary value problems

(72) a =o' — Y1 (ta (E,) + f(tv 61 (ta (E), 7 (ta (E,)),

2(0)=0, 2(1)= / 2/(s) dg(s),

(73) a =o' — Y2 (ta (E,) + f(tv d2 (ta (E), Y2 (ta (E,)),

2(0)=0, 2/(1)= / 2 (s)dg(s)

(74) i = — 73(ta J),) + f(t7 53(ta J)), 73(ta J),)),

2(0) = 0, x'(1)=/0 2/(s) dg(s).

Since (01,71) and (02, 72) are two couples of strict lower slopes and upper slopes,
following the same way as in the proof of Theorem 4.1, one can show that all possible
solutions x to the problem (7.2) are such that o1 (t) < 2/(t) < 72(t) for all ¢ € [0, 1] and
¥1(t) < z(t) < Ta(t) for all t € (0,1]. Similarly, all solutions x to the problem (7.3)
are such that o2(t) < 2'(t) < 72(¢) for all ¢ € [0,1], and Xo(t) < z(¢) < T2(t) for all
t € (0,1], and all solutions x to the problem (7.4) are such that o1 (t) < 2/(t) < 71.(t)
for all ¢ € [0,1], and 31(¢) < z(t) < Ti(¢t) for all t € (0,1]. Consequently, the
solutions to the problems (7.2), (7.3) and (7.4) are also solutions to (1.1).
On the other hand, the operators SFy, SF, and SF3, where

Fix = _71('71'/(')) + f('v61(';‘%('))771("‘%,(')))’
Fox = _72('71'/(')) + f('762('ax('))v’)@('ax,(')))

and

Fyx = —y3(-,2'(1)) + f('v 3( (), 3 (-, xl(')))’
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map compactly the space X, respectively, into the closed ball of center 0 and radii
MKy, MKy and M K3 of X, where M is given by (2.3). Set

L > max{MKi, MKy, MKs3, ||o1|], || 72|/}

and
Q={reX: ||2'||c < L}.

Then, using homotopies I — ASF;, A € [0, 1], we get
(7.5) deg(I — SF;,Q,0) =deg(,Q,0)=1 (i=1,2,3).

Let
Qp, = {x € Q: 2'(t) > 02(t), t €]0,1]}

and
Q, ={zeQ: 2'(t) <m(t), te]0,1]}.

Observe that, by the definition of Q,,, one has
deg(I — SF,Q\ Qy,,0) = 0.
Consequently,

(7.6) deg(I — SF1,9Q4,,0) = deg(I — SF3,Q4,,0)
= deg(I — SF»,Q,0) +deg(I — SF2,Q\ Q,,,0) = 1.

Similarly, by the definition of €2,,, one has
deg(I — SF3,2\ Q,,,0) = 0.
Hence, we obtain

(7.7)  deg(I — SF1,9,,,0) = deg(I — SF3,9,,,0)
= deg(I — SF3,9Q,0) + deg(I — SF5,Q\ Q,,,0) = 1.

Now, observe that the sets ,,, 2, and Q\ Q,, U, are nonempty, open and
disjoint. Moreover, since (01, 71) and (o2, 72) are couples of strict lower slopes and
upper slopes,

x ¢ (I — SF)0N%, U (I — SF)IQ, U(I — SF)I(Q\ 0y, U,).
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Hence, by the additivity property of Leray-Schauder’s degree, we obtain

deg(I — SF1,Q,0) = deg(I — SF1,Q0,,0) + deg(I — SF1,Q-,,0)
+deg(I — SF1,0Q\ Qy, UQ,,,0).

Therefore, using (7.5) with ¢ =1, (7.6) and (7.7), we obtain
deg(I — SF1,Q\ Qy, UQ,,,0) = —1.

Hence, SF} has at least three fixed points x1, x2 and x3 such that 1 € Q,, 2 € Qy,
and z3 € Q\ Q, U Q. , which completes the proof. O

Remark 7.1. In the case of classical lower and upper solutions, the fact that
(a1,81) and (aw, B2) are ordered couples of lower and upper solutions to the prob-
lem (1.1) such that «a;(t) < fa(¢) for all t € [0, 1], implies that (aq, 52) is an ordered
couple of lower and upper solutions to (1.1). On the other hand, when (o1, 71) and
(02, 72) are couples of lower and upper slopes to (1.1) such that oy (t) < 72(t) for all
t €[0,1], (01, 72) need not be a couple of lower and upper slopes to (1.1). This is why
the assumption is added in Theorem 7.1 in contrast to the similar three solutions
theorems in the frame of lower and upper solutions [6], [17], [16].

Example 7.1. Let us consider the problem (1.1) with the function f: [0,1] x
R xR — R of the form f(¢,z,y) = a(t, z)b(y), where a: [0,1]xR — Rand b: R — R
are continuous, a(t,z) > 1 for all (¢,2) € [0,1] x R and b has the following prop-
erties. There are at least three points y such that b(y) = 0 belonging, respectively,
to the intervals (—3,—2), (—=1,0) and (1,2). Other possible zeros of b belong to
(00, —4) U (3,00). Assume that in the interval [—4, 3], where b is positive, if it has
an extremum g, then b(yg) > 1. Similarly, if somewhere on [—4, 3] b is negative and
has an extremum g, then b(yo) < —1. Moreover, let

b(_4)7 b(_3)7 b(O), b(l) < _17 b(_2)7 b(_l)v b(2)a b(?)) > 1.

Set
Ul(t):—t—?), 0’2(t)=—t+1, Tl(t)zt—Z, Tg(t)zt—l-Z.

Now, one can easily check that the assumptions of Theorem 7.1 are satisfied. Con-
sequently, there are at least three solutions to the problem (1.1).
For example, the problem

2" =a(t,x) (x' + g) (x’ + %) (x' - g), z(0) =0, 2'(1)= /01 2'(s)dg(s)



with a € C([0,1] x R), a(t,z) > 1 for all (¢,z) € [0,1] X R, g: [0,1] — R increasing
and fol dg = 1 has at least three solutions.
On the other hand, if we consider the family of couples of lower and upper slopes

ok(t)=—-t—4k+1, mi{t)=t—4k+2 (k€ Z),

and define the function b: R — R as

s = -2n [y )]

we observe that f(t,z,y) = a(t,z)b(y) with a like above satisfies the above assump-
tions for each k € 7. Consequently, Theorem 7.1 implies that the problem

2" = —2a(t, r) sin [%n(m' — %)}, z(0) =0, 2'(1)= /01 2'(s) dg(s)

has infinitely many solutions.
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