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In this paper we investigate algebraic, differential and asymptotic properties of polynomials pn(x) that
are orthogonal with respect to the complex oscillatory weight w(x) = eiωx on the interval [−1,1], where
ω > 0. We also investigate related quantities such as Hankel determinants and recurrence coefficients.
We prove existence of the polynomials p2n(x) for all values of ω ∈R, as well as degeneracy of p2n+1(x)
at certain values of ω (called kissing points). We obtain detailed asymptotic information as ω→∞, using
recent theory of multivariate highly oscillatory integrals, and we complete the analysis with the study of
complex zeros of Hankel determinants, using the large ω asymptotics obtained before.
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1. The kissing polynomials

1.1 Introduction and motivation

In this paper we are concerned with orthogonal polynomials with respect to the complex weight function
w(z) = eiωz on the interval [−1,1]. Such polynomials have been recently investigated in the context of
quadrature of highly oscillatory integrals, see for instance [18, Chapter 6] and references therein, but the
relevance of this work is broader, in particular once we consider more general complex-valued weight
functions. The extension of standard theory of polynomials orthogonal with respect to real-valued Borel
measures to the complex realm is far from straightforward and many familiar features are lost. As a
rough rule of thumb, we may divide features of orthogonal polynomials into algebraic and analytic ones.
Algebraic features, e.g. the existence of a three-term recurrence relation, do not depend on the weight
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function being real, but not so analytic features. Obviously, we can no longer expect zeros to be real and
to interlace but, more worryingly, the very existence of orthogonal polynomials is an analytic feature,
being equivalent to Hankel determinants (in general, transcendental expressions) being nonzero. Thus,
orthogonal polynomials with respect to complex weight functions present a formidable challenge and
call for a new arsenal of tools and techniques. This paper represents initial inroads into this fascinating
subject.

In the context of quadrature of complex-valued highly oscillatory integrals, the problem is how to
approximate efficiently the value of integrals of the form

I[ f ] =
∫ 1

−1
f (x)eiωxdx, ω � 1, (1.1)

where for simplicity we assume that f (x) is an analytic function. The standard approach of directly
applying numerical quadrature (e.g. Gaussian) to (1.1) is known to be highly inefficient when the oscil-
latory parameter ω is large because, in order to attain good accuracy, the number of Gaussian quadrature
nodes needs to scale like O(ω).

Gaussian quadrature on the real line is a cornerstone in the numerical analysis of integrals. If we
have

I[ f ] =
∫ b

a
f (x)w(x)dx, (1.2)

where (a,b)⊆ R and the weight function w(x) is positive, a quadrature rule takes the form

Q[ f ] =
n

∑
k=1

wk f (xk), (1.3)

with quadrature nodes {xk}n
k=1 and weights {wk}n

k=1; if we use n nodes and weights, the quadrature
rule Q[ f ] is called Gaussian if it is exact for polynomials of degree up to (and including) 2n−1, which
is actually the optimal case. In this case, the quadrature rule makes use of orthogonal polynomials
(OPs) {pn(x)}n>0 with respect to w(x); namely, the quadrature nodes are chosen as the zeros of the n-th
orthogonal polynomial pn(x), and the weights can similarly be constructed in terms of the OPs, see e.g.
[25] for more details.

The family of OPs constitutes a basis of the Hilbert space L2([a,b],w(x)), with the standard inner
product given by

〈 f ,g〉=
∫ b

a
f (x)g(x)w(x)dx. (1.4)

These OPs satisfy many important properties, among which we highlight the following:

• the polynomial pn(x) is of degree exactly equal to n for all n> 0,

• the following orthogonality property is satisfied:

∫ b

a
pn(x)xkw(x)dx =

{
0, k = 0,1, . . . ,n−1,
χn > 0, k = n,

• the zeros of pn(x) are simple and they are located in the interval (a,b),



THE KISSING POLYNOMIALS AND THEIR HANKEL DETERMINANTS 3 of 61

• the OPs satisfy a three term recurrence relation of the form

xpn(x) = pn+1(x)+αn pn(x)+βn pn−1(x), (1.5)

with initial data p−1(x) = 0, p0(x) = 1 and coefficients αn and βn that can be written in terms of
the inner product (1.4):

αn =
〈xpn, pn〉
〈pn, pn〉

, n> 0, βn =
〈pn, pn〉
〈pn−1, pn−1〉

=
χn

χn−1
, n> 1. (1.6)

We refer the reader to the monographs [13, 30, 45] for these and other properties of orthogonal
polynomials.

If we apply these ideas directly to (1.1), then the resulting bilinear form is

〈 f ,g〉=
∫ 1

−1
f (x)g(x)eiωxdx, (1.7)

and the corresponding monic orthogonal polynomials (OPs) pω
n (x) are defined as

∫ 1

−1
pω

n (x)x
keiωxdx =

{
0, k = 0,1, . . . ,n−1,
χn(ω), k = n,

(1.8)

where n ∈ Z+ and ω > 0. For simplicity of notation, in the sequel we omit the parameter ω and write
pn(x) directly.

An important observation is that the bilinear form (1.7) is not an inner product, because the weight
function is no longer positive, and therefore it may happen that 〈 f , f 〉= 0 for a non-zero function f (x)
and the orthogonalisation procedure to compute the OPs can potentially break down. Nevertheless, if
such family of OPs exists, the complex Gaussian quadrature rule∫ 1

−1
f (x)eiωxdx≈

n

∑
k=1

wk f (xk), (1.9)

with complex nodes {xk}n
k=1 and weights {wk}n

k=1 inherits the optimal polynomial order of Gaussian
quadrature that we mentioned above, and the optimal polynomial order translates into optimal asymp-
totic order in terms of the oscillatory parameter ω:∫ 1

−1
f (x)eiωxdx−

n

∑
k=1

wk f (xk) = O(ω−2n−1), ω → ∞. (1.10)

This property makes this construction attractive for numerical purposes, in particular for large values of
ω , a regime where standard quadrature of the oscillatory integral is problematic using classical methods,
as observed before. We refer the reader to [16] for further details on these ideas, as well as the papers
[17], [27] and the PhD thesis of Nele Lejon [35] for other examples involving oscillatory integrals with
stationary points, as well as the general monograph [18].

Since (1.7) involves non–Hermitian orthogonality and therefore satisfies 〈x f ,g〉= 〈 f ,xg〉, the monic
OPs satisfy a three term recurrence relation analogous to (1.5): provided that pn(x) and pn±1(x) exist
for given n and ω , we have

pn+1(x) = [x−αn(ω)]pn(x)−βn(ω)pn−1(x). (1.11)
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The initial values are taken as p−1(x) = 0, p0(x) = 1 and the coefficients αn(ω) and βn(ω), which are
in general complex valued, can be written as

αn(ω) =
〈xpn, pn〉
〈pn, pn〉

, βn(ω) =
〈pn, pn〉
〈pn−1, pn−1〉

=
χn(ω)

χn−1(ω)
, (1.12)

in terms of the bilinear form (1.7).
The location of the zeros of kissing polynomials is a central topic of this paper, and it is a nontrivial

issue, even in the case when pn(x) exists, since the classical result that the zeros are contained in the in-
terval where orthogonality is defined no longer holds. In this direction, the zero distribution of complex
orthogonal polynomials, in particular in the limit n→∞, has already been investigated for a few decades,
with applications to rational approximation of functions in the complex plane and solutions of Painlevé
equations, for example. The theory was developed by Gonchar and Rakhmanov [26] for orthogonal
polynomials with varying weights on the real line, where w(x) = wn(x) = e−nVn(x), using the essential
ingredient of the equilibrium measure in the presence of an external field, given by V (x) = limn→∞ Vn(x).
This framework was later expanded for complex-valued weight functions and complex OPs in the works
of Stahl [43], Rakhmanov [42], Martı́nez–Finkelshtein and Rakhmanov [38], and Kuijlaars and Silva
[34], among others. In this scenario, an essential part of the problem is the location of the specific curve,
among all possible smooth deformations of the original contour, that attracts the zeros of the orthogonal
polynomials as the degree gets large; this leads to the crucial concept of S curve, which is distinguished
by a precise symmetry property that involves both the logarithmic potential of equilibrium measures and
the external field V (x). Recent extensions of this methodology include multiple orthogonal polynomials
as well, that are connected to Hermite–Padé approximation.

1.2 Existence and the kissing pattern

The fact that in the present situation the weight function w(x) = eiωx is not positive on the interval where
orthogonality is defined has two important consequences that we will investigate in the rest of the paper.

In the first place, there is the question of existence of the OPs, which can be analyzed recalling the
fact that pn(x) can be written in terms of the associated Hankel determinants: we construct the following
nth Hankel matrix

Hn(ω) =


µ0(ω) µ1(ω) . . . µn(ω)
µ1(ω) µ2(ω) . . . µn+1(ω)

...
...

...
µn(ω) µn+1(ω) . . . µ2n(ω)

, n> 0, (1.13)

where

µm(ω) =
∫ 1

−1
zmeiωzdz, m ∈ Z+ (1.14)

are the moments of the weight function, and we define the Hankel determinant

hn(ω) = detHn(ω). (1.15)

It is clear from the previous equations that hn(ω) is an analytic function of ω in the complex plane.
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The polynomial pn(x) can then be written as follows:

pn(x) =
1

hn−1(ω)
det


µ0(ω) µ1(ω) · · · µn(ω)
µ1(ω) µ2(ω) · · · µn+1(ω)

...
...

...
µn−1(ω) µn(ω) · · · µ2n−1(ω)

1 x · · · xn

, (1.16)

see for instance [30, Chapter 2].
It follows directly from (1.16) that if hn−1(ω) = 0, then pn(x) is not defined. For example, by direct

calculation from (1.14), we have

µ0(ω) =
2sinω

ω
= h0(ω),

and therefore if ω = kπ , with k = 1,2, . . ., then h0(ω) = 0 and therefore p1(x) is not defined. A few
more cases are worked out explicitly in [1].

Secondly, even when the existence of pn(x) is assured for some values of n and ω , its roots lie in the
complex plane. When ω = 0, pn(x) is a multiple of the classical Legendre polynomial and the roots are
real and in the interval (−1,1). For ω > 0, we plot the trajectories of the zeros of pn(x) in Figure 1 and
Figure 2; these zeros are symmetric with respect to the imaginary axis, because

pn(z) = (−1)n pn(−z), z ∈ C, (1.17)

see [1] (writing the variable as z instead of x), and the map z 7→ −z̄ represents a reflection with respect
to the imaginary axis. As we can see, the trajectories of the roots (as functions of ω) corresponding to
polynomials of consecutive even and odd degree touch at a discrete set of frequencies ω: the zeros of
the polynomials kiss and this phenomenon motivates their name.

This kissing pattern, which consists of coincidence of roots of two consecutive polynomials p2N(z)
and p2N+1(z), results from degeneracy in the degree of the polynomials at certain critical values of
ω . Bearing in mind formula (1.16), it comes as no surprise that these critical values of ω correspond
exactly to the zeros of the Hankel determinant hn−1(ω). This motivates our detailed study of these
Hankel determinants in the sequel.

Using a different normalization we can define a polynomial that always exists, regardless of the
zeros of the Hankel determinant:

p̃n(x) = det


µ0(ω) µ1(ω) · · · µn(ω)
µ1(ω) µ2(ω) · · · µn+1(ω)

...
...

...
µn−1(ω) µn(ω) · · · µ2n−1(ω)

1 x · · · xn

 .

It is clear that if hn−1(ω) 6= 0, then
p̃n(z) = hn−1(ω)pn(z). (1.18)

Observe that, unlike pn(z), this new polynomial always exists, if hn−1(ω) = 0 for some value of ω

then it has degree less than n. From the theory of quasi-orthogonal polynomials, or formal orthogonal
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FIG. 1. Trajectories of the zeros of p2(z) (dark, solid) and p3(z) (grey, dashed), at the top, and p4(z) (dark, solid) and p5(z) (grey,
dashed), at the bottom.

polynomials, it is known that the degree of p̃n(z) equals the dimension of the largest leading non-singular
principal submatrix of the Hankel matrix Hn−1 [9]. This is the same as saying that the degree of p̃n(z) is
equal to the degree of the first existing polynomial pk(z) of lower degree k 6 n. Plots indicate, and we
will prove it later, that the degree of p̃n(z) at a kissing point is actually n−1.

Consider next the situation as ω tends to a critical value ω∗ > 0 such that hn(ω
∗) = 0, for n> 1; this

can be understood by writing the three-term recurrence relation (1.11) in terms of the new polynomials,
and then using (2.1), in terms of Hankel determinants:

h2
n−1 p̃n+1(z) =

[
hnhn−1z+ i

(
ḣnhn−1− ḣn−1hn

)]
p̃n(z)−h2

n p̃n−1(z). (1.19)

For critical values of ω , where hn vanishes, this expression simplifies. Indeed, if hn(ω
∗) = 0 and

ḣn(ω
∗),hn−1(ω

∗) 6= 0, equation (1.19) becomes

p̃n+1(z) = i
ḣn

hn−1
p̃n(z), (1.20)

i.e. p̃n+1(z) is a scalar multiple of p̃n(z).
This means that at zeros of hn the polynomial p̃n+1(z) reduces to a constant multiple of pn(z) of

lower degree. Hence, their zeros coincide and the trajectories of both polynomials kiss. Also, in this
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FIG. 2. Close-ups of the kissing patterns near the right endpoint +1, for p2 (dark, solid) and p3 (grey, dashed), on the left, and for
p4 (dark, solid) and p5 (grey, dashed), on the right.

situation, the monic polynomial pn+1(z) blows up, and at least one of its zeros necessarily becomes
infinite.

As a matter of fact, under the previous conditions, at this critical value ω∗, the polynomial pn(z)
satisfies more orthogonality conditions than usual. The condition∫ 1

−1
pn(z)pn(z)eiω∗zdz =

hn(ω
∗)

hn−1(ω∗)
= 0

implies that ∫ 1

−1
pn(z)zkeiω∗zdz = 0, k = 0,1, . . . ,n.

Thus, the polynomial zpn(z) still satisfies n orthogonality conditions. In the theory of quasi-orthogonal
polynomials, it is customary to replace in this case p̃n+1(z) by zp̃n(z), in order to obtain a complete basis
for the space of polynomials.

Such completeness is not necessary for the sake of quadrature rules and we forego a more complete
description. Instead, we focus on an aspect of the kissing pattern that is unique to the polynomials at
hand: the kisses in Figure 1 and 2 seemingly occur closer and closer to the endpoints±1 as ω increases.

The paper is organised as follows: in Section 2 we present identities for the Hankel determinants,
the recurrence coefficients and the kissing polynomials that hold for finite n and ω; such results belong
to the integrable systems approach to orthogonal polynomials, which is relevant since the weight func-
tion for the kissing polynomials is an exponential deformation of the classical Legendre weight. More
precisely, we present i) a complex version of the Toda lattice equation and discrete string equations for
the recurrence coefficients: ii) a Toda equation and a differential equation in ω related to Painlevé V for
the Hankel determinants; iii) raising and lowering operators, differential equations in z and in ω for the
kissing polynomials; iv) a differential equation for the motion of their zeros in terms of ω .

In Section 3 we study properties of the Hankel determinants, recurrence coefficients and kissing
polynomials as the parameter ω → ∞. Our results follow from the method of stationary phase for mul-
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tivariate highly oscillatory integrals defined on the n-dimensional cube Vn = [−1,1]n, a methodology
which requires elaborate combinatorial arguments in order to collect the dominant contributions from
the vertices of Vn. Furthermore, our main result, Theorem 3.6, can be applied to more general cases
where the function in the integrand is a smooth symmetric function of n variables. Additionally, in
Theorem 3.8 we present an asymptotic result that relates the zeros of the kissing polynomials as ω→∞

with those of Laguerre polynomials. We observe that this asymptotic analysis is essentially different
from the case when n is large, which is more standard in the theory of orthogonal polynomials and has
been investigated in [44], in [15] and [11] (when ω is fixed and when it is allowed to grow linearly with
n) and in [2] with ω a general complex number. In these contributions, the asymptotic expansions are
deduced by applying the Deift–Zhou steepest descent method to the corresponding Riemann–Hilbert
problem, following ideas developed in [33] for Jacobi polynomials modified by an analytic factor, see
also the general monograph [20]. In this context, the Riemann–Hilbert formulation for kissing polyno-
mials also provides existence of pn(z) for large enough n, together with asymptotic behaviour for z in
different regions of the complex plane.

Section 4 is concerned with the main result of this paper for finite ω , namely the proof that even-
degree kissing polynomials always exist, for all n> 0 and real ω . While their existence for sufficiently
large ω is assured by the asymptotic analysis of Section 3, we need the material of Section 2 to leverage
these results to all ω ∈ R.

Finally, the existence of real roots of Hankel determinants is critical to the existence of kissing
polynomials. As it turns out, their complex roots describe an interesting ‘onion peel’ pattern in C, which
is described asymptotically as ω → ∞ in Section 5, using the ideas from the previous section and in
terms of the Lambert W function. The key idea in proving these results is a balance between algebraic
and exponential terms in ω in the asymptotic expansions calculated previously.

Finally, in Appendix A we prove in detail several results at the interface of kissing polynomials,
Riemann–Hilbert analysis and the theory of integrable systems, some of which are of an independent
interest, which are germane to the analysis of Section 2.
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2. Differential and Difference Equations

We have introduced the kissing polynomial pn(z) as a polynomial of degree n in the variable z with
parameter ω . In this section, we explore a number of identities that can be obtained for the Hankel
determinants hn(ω) and the orthogonal polynomials pn(z) by considering different operations: more
precisely, we can deduce differential identities with respect to z and ω , as well as difference identities
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with respect to n.
We observe that our weight function w(x) = eiωx is in fact a deformation of a classical weight func-

tion, namely the one for Legendre polynomials. Such modifications, with an exponential factor involv-
ing a parameter, have been widely studied in the literature for many families of orthogonal polynomials
and using a variety of techniques: ladder operators [30], integration by parts or Riemann–Hilbert meth-
ods. We refer the reader to [46] for more examples, including OPs on the unit circle and discrete OPs.

Time-dependent Jacobi polynomials studied in [3], which are orthogonal with respect to the weight
w(x, t) = (1− x)α(1+ x)β e−tx, with α,β > −1 and t ∈ R, are closely related to kissing polynomials,
with the difference that the parameter t = −iω is purely imaginary in our case. A general analysis for
complex parameter t has been recently described in [2].

Firstly we present some properties of recurrence coefficients, more precisely a differential equation
in ω , which is a complex version of the classical Toda lattice, and two nonlinear difference equations
in n, often known in the integrable systems community as string equations, using ideas from Magnus
[36, 37]. Next we consider the Hankel determinants themselves, and in particular the deformation with
respect to ω again, which leads to identification with solutions of the σ -Painlevé V equation. For kissing
polynomials, following the technique of [30, Chapter 22], we use the Riemann–Hilbert formulation to
obtain a differential equation in the variable z. This differential equation is crucial in the proof of
existence for the kissing polynomials of an even degree for all n> 0 and ω . Finally, by using an identity
in [1] and the complex Toda lattice equations (2.5), along with ideas from [10], we are able to study
the behaviour of the polynomials as we deform the parameter ω . All of the material in this section
highlights the various connections between orthogonal polynomials and integrable systems, which can
certainly be explored further.

2.1 Results for recurrence coefficients

The formulas (1.12) express the recurrence coefficients in terms of the bilinear form, but they are not
very convenient for calculations. From the perspective of integrable systems, it is more interesting to
write them in terms of Hankel determinants or subleading coefficients of the OPs.

PROPOSITION 2.1 The recurrence coefficients in (1.11) admit the following expressions in terms of
Hankel determinants (1.15):

αn(ω) =−i
[

ḣn(ω)

hn(ω)
− ḣn−1(ω)

hn−1(ω)

]
, βn(ω) =

hn(ω)hn−2(ω)

h2
n−1(ω)

, (2.1)

where ḣn indicates differentiation with respect to ω . Furthermore, αn(ω) can be written as follows:

αn(ω) = δn,n−1(ω)−δn+1,n(ω), (2.2)

where δn,n−1(ω) is the subleading coefficient of pn(x), that is,

pn(x) = xn +δn,n−1(ω)xn−1 + . . . , (2.3)

Proof. Equation (2.2) follows directly from expanding the recurrence relation (1.11) in powers of x and
then equating the terms multiplying xn.

The proof of the second identity in (2.1) follows the standard one given for example in [30, p.17];
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for the first one, we expand (1.16):

pn(x) =
1

hn−1
det


µ0(ω) µ1(ω) · · · µn(ω)
µ1(ω) µ2(ω) · · · µn+1(ω)

...
...

...
µn−1(ω) µn(ω) · · · µ2n−1(ω)

1 x · · · xn

= xn− h̃n−1

hn−1
xn−1 + . . . ,

where

h̃n−1 = det


µ0(ω) µ1(ω) · · · µn−2(ω) µn(ω)
µ1(ω) µ2(ω) · · · µn(ω) µn+1(ω)

...
...

...
...

µn−1(ω) µn(ω) · · · µ2n−2(ω) µ2n−1(ω)

 .
But as a consequence of the fact that µ̇m = iµm+1 for m > 0, which follows from the exponential form
of the weight function, see also (2.10) below, we have h̃n−1 = −iḣn−1, in terms of the derivative with
respect to ω . Therefore

δn,n−1(ω) = i
ḣn−1

hn−1
. (2.4)

This, together with (2.2) proves the result. �

2.1.1 Differential equation in ω . As a function of the parameter ω , the recurrence coefficients them-
selves satisfy a complex version of the classical Toda lattice equations, written in Flaschka variables;
these equations are known to govern the deformation of the recurrence coefficients whenever the mea-
sure of orthogonality is a perturbation of a classical one with an exponential factor linear in the param-
eter, which in our case is ω:

PROPOSITION 2.2 The recurrence coefficients satisfy the following differential–difference equations:

α̇n(ω) = i[βn+1(ω)−βn(ω)] (2.5)
β̇n(ω) = iβn(ω)[αn(ω)−αn−1(ω)],

where˙indicates differentiation with respect to ω .

Proof. The proof of this result mimics the one given in [30, Theorem 2.8.1]. We provide an alternative
proof based on the Riemann–Hilbert formulation in the Appendix. �

2.1.2 Difference Equation in n. It has been well documented in the literature that recurrence coeffi-
cients of orthogonal polynomials with respect to exponential weights often satisfy certain nonlinear dif-
ference equations which are discrete integrable systems and sometimes correspond to discrete Painlevé
equations (see for instance, [23, 46]). Typically these equations are derived via integration by parts,
and in many cases the computations are facilitated by the vanishing of boundary terms. However, by
(1.8), directly integrating by parts in this case results in boundary terms, as the weight function does not
vanish at x = ±1. To overcome this issue, we use ideas of Magnus [36, 37] and multiply the weight
function by 1−x2 to kill off these boundary terms. This comes at a price, however, and we will see that
the string equation for the kissing polynomials involves not only the recurrence coefficients, but also the
sub-leading coefficient of the polynomial. More precisely, we have the following result:
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PROPOSITION 2.3 Assume ω is such that χn(ω) 6= 0 and χn−1(ω) 6= 0. Then, we have the following
identities:

−2nαn +2(n+2)αn+1 + iω(βn+2−βn +α
2
n+1−α

2
n ) = 0,

−α
2
n +1− (2n+3)βn+1 +(2n−1)βn + iω[βn(αn+αn−1)−βn+1(αn+1+αn)] = 0.

(2.6)

Proof. Using the technique of Magnus, we write

0 =
∫ 1

−1

[(
1− x2) p2

n(x)e
iωx
]′

dx

=−2
∫ 1

−1
xp2

n(x)e
iωxdx+2

∫ 1

−1

(
1− x2) pn(x)p′n(x)e

iωxdx

+ iω
∫ 1

−1

(
1− x2) p2

n(x)e
iωxdx

=−2(n+1)αnχn +2δn,n−1βnχn−1 + iω
(
χn−χn+1−α

2
n χn−β

2
n χn−1

)
,

where we have used
xp′n(x) = npn(x)−δn,n−1 pn−1(x)+ . . .

As χn−1 6= 0, we may write
βn =

χn

χn−1

to simplify the previous equation and obtain

−2(n+1)αn +2δn,n−1 + iω
(
1−βn+1−βn−α

2
n
)
= 0. (2.7)

Using (2.2), we can write the previous string equation using only the recurrence coefficients, and we
obtain the first equation in (2.6). Similarly, with more elaborate calculations, we have

0 =
∫ 1

−1

[(
1− x2) pn(x)pn−1(x)eiωx

]′
dx

=−2
∫ 1

−1
xpn(x)pn−1(x)eiωxdx+

∫ 1

−1

(
1− x2) p′n(x)pn−1(x)eiωxdx

+
∫ 1

−1

(
1− x2) pn(x)p′n−1(x)e

iωxdx+ iω
∫ 1

−1

(
1− x2) pn(x)pn−1(x)eiωxdx.

If we write
pn(x) = xn +δn,n−1xn−1 +δn,n−2xn−2 + . . .

then a direct calculation gives

xp′n(x) = npn(x)−δn,n−1 pn−1(x)+(δn,n−1δn−1,n−2−2δn,n−2)pn−2(x)+ . . . ,

and from the recurrence relation we deduce the identity

δn+1,n−1 = δn,n−2−αnδn,n−1−βn, (2.8)

in addition to (2.2). Then, we have

0 =− [2n+1+ iω(αn +αn−1)]χn +(n−δ
2
n,n−1 +2δn,n−2)χn−1.
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If χn−1 6= 0, then we obtain

0 =− [2n+1+ iω(αn +αn−1)]βn +n−δ
2
n,n−1 +2δn,n−2.

If we shift this equation n 7→ n+ 1 and subtract the two, using (2.2) and (2.8), we arrive at the second
equation in (2.6). �

REMARK 2.1 Observe that if ω = 0, then the first equation in (2.6) gives

αn+1 =
n

n+2
αn,

with initial value α0 = 0, so αn = 0 for n> 0, which corresponds to the case of Legendre polynomials.
Then the second equation in (2.6) leads to

1− (2n+3)βn+1 +(2n−1)βn = 0⇒ βn+1 =
2n−1
2n+3

βn +
1

2n+3
, n> 0,

with initial value β0 = 0. It can be shown by induction that the solution to this recursion is βn =
n2

4n2−1
for n> 0, which agrees with the recurrence coefficient for monic Legendre polynomials.

Although we shall not make use of this identity in the sequel, it is worth noting it because of its
potential connections to the theory of discrete integrable systems. Similar identities can be obtained
with the same technique applied to the following integrals:

∫ 1
−1
[(

1− x2
)

pn(x)pn−k(x)eiωx
]′dx, with

k > 1. However, we note that since pn−k(x) can be written in terms of pn−k+1(x) and pn−k+2(x), using
the recurrence relation, then no essentially new identities should be expected once we have worked out
the cases k = 0 and k = 1 in Proposition 2.3.

From a numerical point of view, it is known that direct computation of the recurrence coefficients
using these nonlinear relations often suffers from stability issues (several examples can be found in
[46]), however string relations similar to Proposition 2.3 were used in [4, 5, 6] as a foundation for stable
numerical computation of recurrence coefficients, and these implications of the string relation could be
pursued further.

2.2 Results for moments and Hankel determinants

In this section we study several properties of the Hankel determinants that will be needed in the sequel.
Since these determinants are constructed using the moments of the weight function µn given in (1.14),
we first present an auxiliary result about them:

LEMMA 2.1 The moments µm(ω) satisfy the following identities:

1. the linear recursion

µm+1(ω) =
eiω +(−1)me−iω

iω
− m+1

iω
µm(ω), m> 0, (2.9)

starting with

µ0(ω) =
∫ 1

−1
eiωxdx =

eiω − e−iω

iω
=

2sinω

ω
,

2. the differential identity with respect to ω:

µ̇m =
d

dω
µm = iµm+1, m> 0, (2.10)
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3. the following representations as confluent hypergeometric functions:

µm(ω) =
M(m+1,m+2, iω)+(−1)me−iω M(1,m+2, iω)

m+1
, m> 0, (2.11)

see [39, Chapter 13].

Proof. Formula (2.9) follows using integration by parts, and (2.10) is a straightforward consequence of
the exponential form of the weight function. Formula (2.11) can be obtained from a standard integral
representation of the confluent hypergeometric function:

M(a,b,x) =
Γ (b)

Γ (a)Γ (b−a)

∫ 1

0
extta−1(1− t)b−a−1dt, Reb > Rea > 0, (2.12)

see [39, (13.4.1)], identifying a = m+1, b = m+2 and x = iω . �

LEMMA 2.2 For any ω ∈R and any n> 0, the Hankel determinant hn(ω) given by (1.15) is real valued.
Furthermore, hn(ω) is an even function of ω .

Proof. It follows directly from (1.14) that for n> 0,

µ2n(ω) = µ2n(−ω) = µ2n(ω), µ2n+1(ω) = µ2n+1(−ω) =−µ2n+1(ω), (2.13)

and therefore even moments are real and odd ones are purely imaginary. Then, extracting a factor i j

from the j-th row and a factor ik from each column of the matrix Hn(ω) given by (1.13), we obtain

Hn(ω) = in(n+1)H̃n(ω) = (−1)b
n+1

2 cH̃n(ω),

where the entries of the matrix on the right hand side are
(

H̃n(ω)
)

j,k
= i j+kµ j+k(ω), for j,k > 0.

Therefore, it follows from (2.13) that all these entries are real valued, and consequently the determinant
hn(ω) is real valued too. Finally, extracting (−1) j from each row and (−1)k from each column, we have

Hn(−ω) = (−1)n(n+1)Hn(ω) = Hn(ω),

and therefore hn(ω) = hn(−ω), so it is an even function. �

COROLLARY 2.1 As a consequence of Lemma 2.2 and definition (1.16), for ω ∈ R

p−ω
n (z) = pω

n (z),

and in particular p−ω
n (x) = pω

n (x) for x ∈ R.

Next, we present two useful auxiliary results; the first one is a complex version of the Toda evolution
equation, which is well known in the theory of integrable systems and in random matrix theory (cf. for
instance [7, Section 2], [5, Proposition 18.1] or [8, Theorem 1.4.2]) but is presented with a proof for the
sake of completeness:

LEMMA 2.3 It is true that

ḧn(ω)hn(ω)− ḣ2
n(ω) =−hn−1(ω)hn+1(ω), n> 1, (2.14)
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where dot indicates differentiation with respect to ω . Alternatively, we may write

d2

dω2 loghn−1(ω) =−βn(ω), (2.15)

in terms of the recurrence coefficient βn(ω) in (1.11).

Proof. We recall a well-known alternative formula for the Hankel determinant, see for instance [30,
page 18]. We start from

χ j(ω) =
∫ 1

−1
p2

j(z)e
iωzdz =

∫ 1

−1
z j p j(z)eiωzdz =

h j(ω)

h j−1(ω)
, j > 0,

using (1.16) and taking h−1(ω) := 1. From this formula, it follows that

hn−1(ω) =
n−1

∏
j=0

χ j(ω), n> 1. (2.16)

Note that in our context χ j(ω) may have poles, since h j−1(ω) can have zeros, which is not the case in
the standard theory. Still, by the above reasoning, the product formula for hn−1(ω) remains valid.

Next, we observe that

χ̇ j(ω) = i
∫ 1

−1
zp j(z)2eiωzdz = iα j(ω)χ j(ω), (2.17)

using the recurrence relation (1.11) and orthogonality. As a consequence,

ḣn−1(ω) =
n−1

∑
`=0

[
∏
j 6=`

χ j(ω)

]
χ̇`(ω) =

n−1

∑
`=0

[
∏
j 6=`

χ j(ω)

]
iα`(ω)χ`(ω) = ihn−1(ω)

n−1

∑
`=0

α`(ω). (2.18)

We differentiate again, bearing in mind that α̇`(ω) = i[β`+1(ω)−β`(ω)], see (2.5):

ḧn−1(ω) = iḣn−1(ω)
n−1

∑
`=0

α`(ω)−hn−1(ω)
n−1

∑
`=0

[β`+1(ω)−β`(ω)]

=
[ḣn−1(ω)]2

hn−1(ω)
−hn−1(ω)βn(ω)

=
[ḣn−1(ω)]2

hn−1(ω)
− hn(ω)hn−2(ω)

hn−1(ω)
, (2.19)

where we have used (2.1) and telescoped the second sum, taking β0 = 0. Multiplying throughout by
hn−1(ω) and shifting the index n−1 7→ n, we obtain the result.

Finally, (2.15) follows from direct differentiation and formula (2.1), connecting recurrence coeffi-
cients with Hankel determinants. �

The previous identity is simple, but has the disadvantage that it combines Hankel determinants with
different values of n. It is possible to derive a differential identity without a shift in n, at the price of a
more complicated structure:
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PROPOSITION 2.4 For n> 1, in the variable t = 2iω , the function

σn(t) = t
d
dt

loghn−1(t)−
nt
2
+n2 (2.20)

satisfies the Jimbo–Miwa–Okamoto σ -Painlevé V equation:

(tσ ′′n )
2 = [σn− tσ ′n +2(σ ′n)

2 +2nσ
′
n]

2−4(σ ′n)
2(σ ′n +n)2. (2.21)

Proof. The proof is included in the Appendix, Section A.5. �

REMARK 2.2 This result follows as well from the work of Basor, Chen and Ehrhardt in [3], who study
the time-dependent Jacobi weight

w(x; t) = (1− x)α(1+ x)β e−tx, α,β >−1, t ∈ R.

In order to arrive at (2.21), one identifies α = β = 0 and t = −iω , and translates the results in [3, §5],
in particular (5.9) and (5.10) therein, to our parameter ω .

REMARK 2.3 In the study of Painlevé equations, locating poles of the solutions, or estimating regions
in the complex plane that are free of them, is an active area of research. In this sense, Proposition 2.4
is relevant for the σ -Painlevé V equation, since the zeros of the Hankel determinant hn−1(ω), which
are a central topic of this paper, are poles of the function σn in (2.20), and therefore our results can be
translated to that area.

In Figure 3 we display log |hn(ω)| as a function of ω for different values of n, and we see a clear
difference in behaviour depending on the parity of n. Based on this figure, and similar ones that can be
obtained by direct computation in MAPLE, we formulate two results about the properties of the Hankel
determinants:

1. Two consecutive Hankel determinants hn and hn+1 cannot have any common positive real zeros
for n> 0 and ω > 0.

2. For n> 0 and ω > 0, the determinants hn and hn+2 do not have any common positive real zeros.

We first show that no two consecutive Hankel determinants can vanish simultaneously.

LEMMA 2.4 There is no n> 1 and ω∗ > 0 such that

hn−1(ω
∗) = hn(ω

∗) = 0.

Proof. Assume that hn−1(ω
∗) = hn(ω

∗) = 0 for some ω = ω∗. Then by (2.14) we have ḣn = 0 and so
hn has a root of order at least two at ω = ω∗. Since both terms on the left hand side of (2.14) have a root
of order at least two, so must the right hand side, and this implies that either hn+1 or hn−1 have a root of
order at least two.

In the latter case, two consecutive Hankel determinants have (at least) a double root. In the former
case this happens too. Indeed, in this case we have hn(ω

∗) = ḣn(ω
∗) = hn−1(ω

∗) = hn+1(ω
∗) = 0. We

can reformulate (2.14) as

ḧn+1(ω)hn+1(ω)− [ḣn+1(ω)]2 =−hn(ω)hn+2(ω), n> 0.
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FIG. 3. On the left, plot in log-scale of log |h1(ω)| (solid line), log |h3(ω)| (dotted), log |h5(ω)| (dashed) and log |h7(ω)| (dashed-
dotted). On the right, plot in log-scale of log |h2(ω)| (solid line), log |h4(ω)| (dotted), log |h6(ω)| (dashed) and log |h8(ω)|
(dashed-dotted).

It follows that ḣn+1(ω) = 0, i.e. both hn(ω) and hn+1(ω) have a double root at ω = ω∗.
It remains to rule out two consecutive double roots. Let us assume that hn and hn+1 have a common

root of order > 2 at ω = ω∗. In that case, the right hand side of (1.19) vanishes at ω = ω∗ but the left
hand side does not, since p̃n does not vanish identically, unless also hn−1 = 0. Subsequently, if we shift
the index down n 7→ n−1 in (2.14) we obtain

ḧn−1(ω)hn−1(ω)− ḣ2
n−1(ω) =−hn−2(ω)hn(ω),

and if hn(ω
∗) = hn−1(ω

∗) = 0, we deduce that ḣn−1(ω
∗) = 0 too, and therefore hn−1 has a zero of order

at least two at ω = ω∗. Continuing this reasoning leads to a chain of roots of order at last two and all
Hankel determinants vanishing down to n = 0, which is a contradiction. �

It follows immediately that one cannot have hn = ḣn = 0 either, since then by (2.14) at least one of
hn−1 or hn+1 has to vanish too. We can also exclude hn = hn+2 = 0, which is our second result:

LEMMA 2.5 There is no n> 0 and ω∗ > 0 such that

hn(ω
∗) = hn+2(ω

∗) = 0.

Proof. The result is true by direct computation for n = 0 and n = 1. Let us assume it is true up to n−1,
and assume that hn(ω

∗) = 0 for some ω∗ > 0. We intend to show that hn+2(ω
∗) 6= 0.

We know that hn−1(ω
∗) 6= 0 by Lemma 2.4 and that hn−2(ω

∗) 6= 0 by our inductive assumption.
It follows from (2.1) that αn−1 is analytic at ω∗. It also follows from (2.1) that βn(ω

∗) = 0. Since
ḣn(ω

∗) 6= 0 and hn−2(ω
∗) 6= 0, this root of βn is simple.
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We reformulate the differential-difference equations (2.5) as

βn+1 = −iα̇n +βn,

αn+1 = −i
β̇n+1

βn+1
+αn.

Plugging in a Taylor series of αn−1 and βn around ω = ω∗ and using the above recursions shows, after
straightforward computation, that αn and αn+1 have a simple pole, βn+1 has a double pole, βn+2 has a
simple root and αn+2 is analytic at ω∗. Using the expressions

αn =
〈zpn, pn〉
〈pn, pn〉

and βn =
〈pn, pn〉
〈pn−1, pn−1〉

,

this implies that 〈pn+1, pn+1〉 has a simple zero at ω = ω∗ and 〈pn+2, pn+2〉 6= 0. The latter in turn
implies that hn+2(ω

∗) 6= 0. �
We observe that this type of idea was used in a similar problem (but with a complex cubic potential

on a union of infinite contours in C) in the thesis of N. Lejon [35]; in that setting, the combination of
analogous properties for the Hankel determinants and the string (or Freud) equations lead to the proof
of existence of the orthogonal polynomials of even degree. In the present case the main issue is that the
string equations have a more complicated structure, because of the presence of boundary terms. This
issue will be addressed in Section 2.1.2.

2.3 Results for kissing polynomials

2.3.1 Differential equation in z. One standard result in the theory of classical orthogonal polyno-
mials is the existence of a linear second order differential equation; this result typically follows from
combining two ladder operators (raising and lowering), that express p′n(z) and p′n−1(z) in terms of pn(z)
and pn−1(z): [

d
dz

+Bn(z)
]

pn(z) = βnAn(z)pn−1(z),[
d
dz
−Bn(z)+ v′(z)

]
pn−1(z) =−An−1(z)pn(z),

where w(x) = e−v(x). The coefficients An(x) and Bn(x) can be expressed in terms of recurrence coef-
ficients and, if the support of the orthogonality measure is finite, of boundary values of the orthogonal
polynomials and the weight function. The proof of the ladder relations relies on integration by parts and
the Christoffel–Darboux identity, as shown by Chen and Ismail in [12], and also in [30, Section 3.2]; it
is also possible to prove them using the Riemann–Hilbert problem for orthogonal polynomials, we refer
the reader to [46, Chapter 4], and this is the methodology that we use for kissing polynomials in the
appendix, in particular equation (A.13). More precisely, we obtain

An(ω) =−2n+1+ iω(αn + z)
z2−1

, Bn(ω) =−
nz−δn,n−1 + iωβn

z2−1
.

Combination of these two ladder operators gives a second-order differential equation (depending on
n) for the orthogonal polynomials, see [12, Theorem 2.2] or [30, Theorem 3.2.3] for a general formu-
lation. This is true for the kissing polynomials too, and this identity will be a key element in showing
existence of kissing polynomials of even degree later on.
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We first present the following result, whose proof uses the Riemann–Hilbert problem for OPs and is
given in the Appendix A:

LEMMA 2.6 (Differential equation for kissing polynomials) Let ω be such that hn−1(ω) 6= 0. Then the
kissing polynomials satisfy the following second-order ODE:

p′′n(z)+
R(z;ω)

Q(z;ω)
p′n(z)+

S(z;ω)

Q(z;ω)
pn(z) = 0, (2.22)

where Q, R, S are polynomials in z. Moreover, if hn(ω) = 0, then the only singular points of the
differential equation are at z = ±1. If hn(ω) 6= 0, the differential equation also has a regular singular
point at

z∗(ω;n) =−αn−
2n+1

iω
∈ iR, (2.23)

along with z =±1.

This lemma has two immediate corollaries which will be used in the proof of existence of the even-
degree kissing polynomials.

COROLLARY 2.2 If hn(ω) = 0, then pn(z) cannot have a zero of multiplicity greater than one on the
imaginary axis.

Proof. If hn(ω) = 0, the imaginary axis consists solely of regular points of the second order differential
equation (2.22). If pn(z) has a zero of multiplicity greater than one at z∗ ∈ iR, then pn(z∗) = p′n(z

∗) = 0,
and then pn(z) is identically zero, by a standard argument about existence and uniqueness of solutions
of second order linear ODEs, see for instance [28, Chapter III]. �

COROLLARY 2.3 Assume that hn 6= 0 and hn−1 6= 0. If pn(z) has a zero at z∗(ω), then it is a double
zero.

Proof. We may write

pn(z) =
n− j

∑
k=0

ak (z− z∗)
k+ j , (2.24)

where j is yet to be determined and a0 6= 0. Using (A.18), we can expand R/Q and S/Q in a Laurent
series about z∗ as

R(z)
Q(z)

=
∞

∑
k=−1

rk(z− z∗)k,
S(z)
Q(z)

=
∞

∑
k=−1

sk(z− z∗)k. (2.25)

Above, we compute r−1 =−1, which follows from (A.17) in the appendix. Plugging (2.24) and (2.25)
into the differential equation

p′′n(z)+
R(z)
Q(z)

p′n(z)+
S(z)
Q(z)

pn(z) = 0,

and an examination of the coefficient of (z− z∗) j−1 give

a0 j ( j−2) = 0. (2.26)

As a0 6= 0, (2.26) implies that either j = 0 or j = 2, completing the proof. �
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2.3.2 Differential Equations in ω . Finally, we turn our attention to the behaviour of kissing polyno-
mials as we deform the parameter ω . The starting point of our analysis is the following relation, derived
in [1, Theorem 3.2]:

ṗn(z) =−iβn pn−1(z), (2.27)

where we recall that ṗn(z) = ∂ pn(z)/∂ω . Using similar techniques to those used to derive the differen-
tial equation in the variable z, we are able to conclude that the kissing polynomials also satisfy a second
order differential equation in the parameter ω .

LEMMA 2.7 Assume that ω̌ is such that hn−1(ω̌) 6= 0, so that pn(z) exists as a monic polynomial of
degree n in a neighborhood of ω̌ . Then, in this neighborhood, the kissing polynomials satisfy

p̈n + i(z−αn) ṗn−βn pn = 0, (2.28)

where˙indicates differentiation with respect to the parameter ω .

Proof. Using the recurrence relation (1.11), we may transform (2.27) to

ṗn−1 = ipn− i(z−αn−1) pn−1. (2.29)

We may combine the two differential-difference equations, (2.27) and (2.29), as in the proof of Lemma 2.6
to obtain

i
βn

p̈n +

[
∂

∂ω

(
i

βn

)
− z−αn−1

βn

]
ṗn− ipn = 0.

Using the Toda equations (2.5), we can simplify this to

p̈n + i(z−αn) ṗn−βn pn = 0,

completing the proof. �
Next, we study the behaviour of the zeros of pn as functions of ω , using techniques from [10] and

the differential equation (2.28).

LEMMA 2.8 Assume that ω̌ is such that hn−1(ω̌) 6= 0, so that pn(z) exists as a monic polynomial of
degree n in a neighborhood of ω̌ . Denote by {zi(ω)}n

i=1 the n zeros of the polynomial pn(z). In this
neighbourhood of ω̌ the zeros evolve according to the dynamical system

z̈i = 2żi

n

∑
j=1
j 6=i

ż j

zi− z j
− iżi (zi−αn) , i = 1,2, . . . ,n. (2.30)

Proof. As pn(z) is a monic polynomial of degree n, we write

pn(z) =
n

∏
i=1

[z− zi(ω)].

Differentiating with respect to ω yields

∂

∂ω
pn(z)

∣∣∣
z=zi(ω)

=−żi(ω)
n

∏
k=1
k 6=i

[zi(ω)− zk(ω)]
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and

∂ 2

∂ω2 pn(z)
∣∣∣
z=zi(ω)

=−z̈i(ω)
n

∏
k=1
k 6=i

[zi(ω)− zk(ω)]+2żi(ω)
n

∑
j=1
j 6=i

ż j(ω)
n

∏
k=1

k 6=i, j

[zi(ω)− zk(ω)].

Evaluating (2.28) along any zero trajectory yields the following complex n-body problem,

− z̈i(ω)
n

∏
k=1
k 6=i

[zi(ω)− zk(ω)]+2żi(ω)
n

∑
j=1
j 6=i

ż j(ω)
n

∏
k=1

k 6=i, j

[zi(ω)− zk(ω)]

− iżi(ω) [zi(ω)−αn(ω)]
n

∏
k=1
k 6=i

[zi(ω)− zk(ω)] = 0,

for i = 1,2, . . . ,n, which upon simplification, results in (2.30). �
The above proof also lends some insight into the behaviour of the zeros for ω > 0. It is clear that

the initial positions of these zeros for ω = 0 are the zeros of the underlying Legendre polynomial. Let
xi, i = 1, . . . ,n denote the ordered zeros of the Legendre polynomial Pn, thus

zi(0) = xi, i = 1, . . . ,n.

Next, we observe that

−iβn pn−1(zi(ω)) =
∂

∂ω
pn(z)

∣∣∣
z=zi(ω)

=−żi(ω)
n

∏
k=1
k 6=i

[zi(ω)− zk(ω)] . (2.31)

This equation may be compared with the more general formulas given by Ismail and Ma for the motion
of zeros of orthogonal polynomials under Toda deformation in [31], in particular equation (3.10) therein,
with l = 1 in their notation.

Evaluating equation (2.31) at ω = 0, we deduce that

żi(0) =
iβn,LP̃n−1(xi)

∏
n
k=1
k 6=i

(xi− xk)
, i = 1, . . . ,n,

where βn,L are the recurrence coefficients for the Legendre polynomials and P̃n−1(x) is the monic Leg-
endre polynomial of degree n−1. It is well known that

βn,L =
n2

(2n−1)(2n+1)
.

Therefore, we have that the zeros of the kissing polynomials move into the upper complex half-plane as
soon as ω > 0.

Another consequence of Lemma 2.8 is that the zeros are analytic functions of ω , provided they are
all simple and αn is not infinite. By (2.1), we see that αn is infinite when either hn or hn−1 vanishes
– that is, αn is infinite at kissing points. This should be read in light of the discussion in Section 1.2,
where we have shown that if hn−1 vanishes, pn(z) becomes a multiple of pn−1(z), and Fig. 1 and Fig. 2
show that at these points the zero trajectories form cusp singularities.
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3. Asymptotic analysis of multivariate oscillatory integrals

3.1 General setting

In this section we investigate the behaviour of Hankel determinants and the kissing polynomials as
ω → ∞. This analysis is carried out using results from the asymptotic theory of highly oscillatory
multidimensional integrals, actually a multivariate extension of the classical method of stationary phase.
We note that analogous extensions of Laplace’s and steepest descent methods, for integrals where the
phase function is not purely imaginary, are presented in [21].

Consider the n-fold integral

In[F ] =
1
n!

∫ 1

−1
· · ·
∫ 1

−1
F(x0, . . . ,xn−1)eiω|x|dx0 · · ·dxn−1, (3.1)

where x = (x0, . . . ,xn−1), |x| := x0 + x1 + . . .+ xn−1, and we assume that

F(x) = f (x)g(x)2, (3.2)

where the function g is the Vandermonde determinant,

g(x) = g(x0,x1, . . . ,xn−1) = ∏
06k6`6n−1

(x`− xk) = ∑
π

(−1)σ(π)
n−1

∏
k=0

xπ(k)
k , (3.3)

π ∈Πn being the set of all permutations of length n, acting for example on the n-tuple (x0, . . . ,xn−1). In
the sequel we will also assume that the smooth function f is symmetric in its arguments.

The oscillatory integral (3.1) can be expanded asymptotically in inverse powers of ω . Indeed,
the integrand has the canonical form F(x)eiωρ(x) of a non-oscillatory function F(x) multiplying an
oscillatory exponential, with the so-called oscillator ρ(x) – in this case simply the linear function
ρ(x) = |x| = x0 + x1 + . . .+ xn−1. It is well known how to derive such expansion, for example using
repeated integration by parts when F(x) is smooth (see, e.g., [47]). This is straightforward in princi-
ple, but hampered by lengthy algebraic manipulations in our high-dimensional setting, since (3.1) is an
n-fold integral. In the following, we will use the multi-index notation of [29] to control the complexity.

DEFINITION 3.1 For n > 1, we write Vn to denote the set of the 2n vertices of the n-dimensional cube
[−1,1]n. For any v ∈ Vn, the index function s(v) of v ∈ Vn is the number of −1 therein. We denote the
set of vertices in Vn with r coordinates equal to −1 as Vn,r, for r = 0,1, . . . ,n.

PROPOSITION 3.2 As ω → ∞, the integral (3.1) admits the following asymptotic expansion:∫
[−1,1]n

F(x)eiω|x|dx∼ (−1)n
∞

∑
m=0

1
(−iω)m+n ∑

|k|=m
∑

v∈Vn

(−1)s(v)eiω|v|
∂

k
x F(v). (3.4)

Here k = [k0,k1, . . . ,k`], with k j ∈N, is a multi-index, and |k|= k0+k1+ . . .+km, so ∂ k
x = ∂

k0
x0 ∂

k1
x1 · · ·∂ km

xm .

Note that each term in the expansion, corresponding to some negative power of ω , consists of sum-
ming over all partial derivatives of a certain total order m over all possible vertices of the cube [−1,1]n.
One may think of these derivatives as originating from the integration by parts technique, and they are
evaluated at the vertices because the endpoints of all univariate integrals involved are either +1 or −1
and in this case the integrand has no singularities or stationary points. Once one wants to study the
large-ω expansion of these multiple oscillatory integrals, the main task at hand is to determine which
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vertices of Vn provide the leading term in the asymptotic expansion, and to calculate their contributions.
Note that all derivatives of F(v) appear, for any multi-index k, in (3.4). In the main examples of interest
in this paper, because of the particular structure of F(v) in (3.2), many of these multi-indices feature
together with a zero derivative and can be discarded, so determining precisely the order of the leading
term, as will transpire in the sequel, is a delicate combinatorial task.

We note that the quantities of interest in this paper (Hankel determinants and kissing polynomials)
can be written, using classical Heine’s formula, as multiple integrals of the form (3.1). This is the
starting point for their large-ω asymptotic analysis in this section.

3.2 Asymptotic analysis of Hankel determinants

The first step, which is a well-known identity in the theory of orthogonal polynomials and random
matrices, is Heine’s formula, see [30], [45], that expresses the Hankel determinant as a multiple integral.
While the proof of this result is well known, it is useful to provide it since it illuminates much of the
work of this chapter.

LEMMA 3.1 For every n ∈ Z+ it is true that

hn−1(ω) =
1
n!

∫ 1

−1

∫ 1

−1
· · ·
∫ 1

−1
∏

06k<`6n−1
(x`− xk)

2eiω|x|dxn−1 · · ·dx1dx0. (3.5)

Proof. We write the determinant in the following form:

hn−1(ω) = det
(∫ 1

−1
x j+k

k eiωxk dxk

)n−1

j,k=0

=
∫ 1

−1

∫ 1

−1
· · ·
∫ 1

−1
det
(

x j+k
k

)n−1

j,k=0
eiω|x|dxn−1 · · ·dx1dx0

=
∫ 1

−1

∫ 1

−1
· · ·
∫ 1

−1

n−1

∏
k=0

xk
kdet

(
x j

k

)n−1

j,k=0
eiω|x|dxn−1 · · ·dx1dx0

=
∫ 1

−1

∫ 1

−1
· · ·
∫ 1

−1

n−1

∏
k=0

xk
k ∏

06k<`6n−1
(x`− xk)eiω|x|dxn−1 · · ·dx1dx0,

using the well known formula for the determinant of a Vandermonde matrix, and the notation |x| =
x0 + x1 + . . .+ xn−1 for the linear phase function. Let π be a permutation of (0,1, . . . ,n− 1). Then,
changing the order of integration,

hn−1(ω) = (−1)σ(π)
∫ 1

−1
· · ·
∫ 1

−1

n−1

∏
k=0

xk
π(k) ∏

06k<`6n−1
(x`− xk)eiω|x|dxn−1 · · ·dx1dx0,

where σ(π) is the sign of the permutation. Averaging over all n! permutations,

hn−1(ω) =
1
n!

∫ 1

−1
· · ·
∫ 1

−1
g(x0, . . . ,xn−1) ∏

06k<`6n−1
(x`− xk)eiω|x|dxn−1 · · ·dx1dx0,

where

g(x0, . . . ,xn−1) = ∑
π∈Πn

(−1)σ(π)
n−1

∏
k=0

xk
π(k)
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and Πn is the set of all the permutations of (0,1, . . . ,n−1). We observe that g is itself the determinant
of an n×n Vandermonde matrix. Therefore

g(x0, . . . ,xn−1) = ∏
06k<`6n−1

(x`− xk) (3.6)

and the proof of (3.5) is complete. �
It is clear from this result that the Hankel determinant hn−1(ω) corresponds to the choice f ≡ 1 in

(3.2). Using (3.6), we note that the non-oscillatory function

F(x) =
1
n!

g(x)2 =
1
n! ∏

06k<`6n−1
(x`− xk)

2, n ∈ Z+. (3.7)

is a polynomial of total degree (n−1)n. This implies that if f ≡ 1 then expansion (3.4) terminates, as
all derivatives vanish once m > (n− 1)n+ 1. Since the expansion of hn−1 starts with ω−n, because of
Proposition 3.2, we expect it to have the form

hn−1(ω) =
n2

∑
`=n

hn−1,`

ω`
. (3.8)

The reason for the upper bound is that for the last significant value of `= (n−1)n, we have `+n = n2.
By direct calculation we find the first few expansions

h0(ω) =
2sinω

ω
,

h1(ω) =
4

ω2 +
2(cos2ω−1)

ω4 ,

h2(ω) = −32sinω

ω5 − 64cosω

ω6 +
96sinω

ω7 − 32sin3
ω

ω9 ,

h3(ω) =
256
ω8 +

512(cos2ω−4)
ω10 − 3072sin2ω

ω11 − 768(11cos2ω−2)
ω12 +

9216sin2ω

ω13

+
6912(cos2ω−1)

ω14 +
576(cos2ω−1)2

ω16 .

REMARK 3.1 It might be deduced from (3.8) that hn−1(ω) has a high-order pole at ω = 0, but the
singularity is in fact removable, since from (3.5) it follows that hn−1(ω) is an analytic function of ω;
the case ω = 0 recovers the Legendre weight function, and the corresponding Hankel determinants are
all positive. Actually, as ω → 0+, we have

h0(ω) = 2− 1
3

ω
2 +

1
60

ω
4 +O(ω6),

h1(ω) =
4
3
− 8

45
ω

2 +
4

315
ω

4 +O(ω6),

h2(ω) =
32
135
− 16

525
ω

2 +
4

2025
ω

4 +O(ω6),

h3(ω) =
256

23625
− 2048

1488375
ω

2 +
1024

11694375
ω

4 +O(ω6).
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The upper bound in (3.8) is sharp. However, the leading powers in these expressions are substantially
higher than predicted by (3.8) and the discrepancy becomes more pronounced as n increases. Instead of
(3.8) we have

hn−1(ω) =
n2

∑
`=εn

hn−1,`

ω`
, (3.9)

where the leading powers are

ε1 = 1, ε2 = 2, ε3 = 5, ε4 = 8, ε5 = 13, ε6 = 18, ε7 = 25, . . . .

Note that for even n the values hn−1,εn in the examples above are positive constants: this indicates the
existence of even-degree polynomials for sufficiently large ω . The factor sinω , however, appearing for
odd n, indicates asymptotic non-existence of odd-degree polynomials, approximately at integer multi-
ples of π as ω → ∞.

The quest for the leading-order term in expansion (3.9) revolves around the study of the derivatives
of the integrand at the vertices of the hypercube [−1,1]n. In particular, it is clear from the explicit
expression (3.7) that the integrand vanishes to some order whenever two coordinates x` and xk coincide.
This is the case at the vertices and, loosely speaking, the order is determined mostly by the difference
between the number of +1s and −1s at a vertex.

Because of symmetry, without loss of generality it is sufficient to consider the case of a vertex that
contains r components equal to −1, i.e. s(v) = r, whereby we have

v = (

r times︷ ︸︸ ︷
−1, . . . ,−1,

n−r times︷ ︸︸ ︷
+1, . . . ,+1). (3.10)

DEFINITION 3.3 We consider the following factorization:

F(x) = f (x)α2
r (x0, . . . ,xr−1)α

2
n−r(xr, . . . ,xn−1)β

2
n,r(x0, . . . ,xn−1), (3.11)

where

αr(x) = ∏
06k<l6r−1

(xl− xk), and βn,r(x) =
r−1

∏
k=0

n−1

∏
l=r

(xl− xk). (3.12)

Next, we need to consider derivatives of the function F(x), evaluated at the set of vertices Vn, as
indicated by formula (3.4). A first important simplification is the following: by construction, βn,r does
not vanish at any vertex in Vn, in fact βn,r(v) = 2r(n−r) for any v ∈ Vn, whereas αr and αn−r may vanish
at any v ∈ Vn; as a consequence, we can concentrate on derivatives of the function

Fα(x) = αr(x)2
αn−r(x)2, (3.13)

since any term involving derivatives of βn,r will necessarily contain either αr or αn−r terms, whose value
at a vertex v ∈ Vn is 0. More precisely, we have the following result:

PROPOSITION 3.4 Assume that f (v) does not vanish at any vertex in Vn. The derivative of Fα(x), given
by (3.13), evaluated at a vertex v ∈ Vn, is nonzero only if the multi-index k = [k0, . . . ,kn−1], is split into
k[1] = [k0, . . . ,kr−1] and k[2] = [kr, . . . ,kn−1], where

k[1] = π
[1]
1 +π

[1]
2 , k[2] = π

[2]
1 +π

[2]
2 , π

[1]
i ∈Πr, π

[2]
i ∈Πn−r.
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Moreover, in that case

∂
k
x Fα(v) = G2(r+1)G2(n− r+1) (3.14)

× ∑
π
[1]
1 +π

[1]
2 =k[1]

(−1)σ(π
[1]
1 )+σ(π

[1]
2 )

r−1

∏
i=0

(
π
[1]
1,i +π

[1]
2,i

π
[1]
1,i

)

× ∑
π
[2]
1 +π

[2]
2 =k[2]

(−1)σ(π
[2]
1 )+σ(π

[2]
2 )

n−r−1

∏
i=0

(
π
[2]
1,i +π

[2]
2,i

π
[2]
1,i

)
,

where G is the Barnes function, G(n) = ∏
n−2
`=1 `!, see [39, §5.17].

Proof. Because f does not vanish at any vertex of Vn, we need be concerned just with αr at −1 and
αn−r at +1. Since αr(x+ c1) = αr(x) for all x ∈ Rn, c ∈ R, because αr only depends on the differences
between elements of x, it is sufficient to examine these expansions at x = 0.

It follows from (3.12) that αr(x) is a Vandermonde determinant, and then

αr(x) = ∑
π∈Πr

(−1)σ(π)xπ0
0 xπ1

1 . . .xπr−1
r−1 ,

where Πr is the set of permutations of length r and σ(π) is the sign of π . We deduce that ∂ k
x αr(0) = 0

unless k = π ∈Πr. In the latter case,

∂
k
x αr(0) = (−1)σ(π)

r−1

∏
j=0

π j! = (−1)σ(π)G(r+1).

Consequently, by Leibniz’s formula,

∂
k
x α

2
r (0) = ∑

k1+k2=k

r−1

∏
i=0

(
k1,i + k2,i

k1,i

)
∂

k1
x αr(0)∂ k2

x αr(0)

= ∑
π1+π2=π

r−1

∏
i=0

(
π1,i +π2,i

π1,i

)
(−1)σ(π1)+σ(π2)G2(r+1),

with π1,π2 ∈ Πr both permutations of length r, i.e. the only terms surviving in Leibniz’s formula are
those for which k1 and k2 are permutations.

Using the multi-index k = [k0, . . . ,kn−1], along with the definitions k[1] = [k0, . . . ,kr−1] and k[2] =
[kr, . . . ,kn−1], we have

∂
k
x Fα(v) = ∂

k
x [α

2
r (−1)α2

n−r(+1)] = ∂
k[1]
x [α2

r (0)]∂
k[2]
x [α2

n−r(0)].

This derivative is nonzero only for k[1]= π
[1]
1 +π

[1]
2 and k[2]= π

[2]
1 +π

[2]
2 , where π

[1]
i ∈Πr and π

[2]
i ∈Πn−r.

Combined with the above, we arrive at (3.14). �
The expression (3.14) is only semi-explicit and it is fairly difficult to proceed analytically with

conditions of the form k = π1 +π2. However, the expression is valid for any index k, and we are only
interested in the derivative that corresponds to the leading order term in expansion (3.1). That is, we aim
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for the leading order term in (3.1), which corresponds to the smallest m = |k| such that ∂ k
x F(v) does not

vanish.
It is clear from the preceding analysis that the number of (−1)s and (+1)s in v plays a crucial role

in determining the leading term. For this reason, we give the following definition:

DEFINITION 3.5 Given a vertex v ∈ Vn, we define the weight of v as the difference (in absolute value)
between the number of (+1)s and the number of (−1)s in v.

So far, we have been considering vertices with r (−1)s and n− r (1)s, so the weight is |n−2r|.
It is straightforward to verify that for a derivative of order k, if we split the index into k[1] = π

[1]
1 +π

[1]
2

and k[2] = π
[2]
1 +π

[2]
2 , where π

[1]
i ∈Πr and π

[2]
i ∈Πn−r, then we have

|k|= (r−1)r+(n− r−1)(n− r), (3.15)

since for π ∈Πm it is true that |π|= (m−1)m/2.
Since d|k|/dr =−2(n−2r), it follows that |k| is minimal for vertices with minimal weight, according

to the previous definition. If n = 2N is even, this leads to r = n/2 = N and |k| = 2N(N− 1), and if to
r = (n+1)/2 or r = (n−1)/2 for odd n.

In the next result we calculate the contributions given by the vertices in V2N,N (even case) and
V2N+1,N and V2N+1,N+1 (odd case).

THEOREM 3.6 Let f (x) = f (x0,x1, . . . ,xn−1) be a symmetric function of its n arguments.

(i) If n = 2N is even, and v ∈ V2N,N is a vertex with weight 0 and such that f (v) 6= 0, then as ω → ∞

I2N [ f ] =
4N2

ω2N2 f (v)G4(N +1)+O(ω−2N2−1). (3.16)

(ii) If n = 2N + 1 is odd, and v1 ∈ V2N+1,N and v2 ∈ V2N+1,N+1 are two vertices with weight 1, if
f (v1), f (v2) 6= 0, then as ω → ∞

I2N+1[ f ] = − (−1)N i
ω2N(N+1)+1 4N(N+1)G2(N +1)G2(N +2)[eiω f (v1)− e−iω f (v2)]

+O(ω−2N(N+1)−2). (3.17)

If in addition f is an even function, then as ω → ∞, we have

I2N+1[ f ] =
2(−1)N

ω2N(N+1)+1 4N(N+1)G2(N +1)G2(N +2) f (v1)sinω +O(ω−2N(N+1)−2).

Proof. Let us examine the factors in the expansion (3.1). There are
(n

r

)
vertices with r (−1)s, per-

mutations of (3.10): this is precisely the set Vn,r. In the first case, r = n/2 = N. For each vertex with
minimal weight, i.e. for each v ∈ V2N,N , we have (−1)s(v) = (−1)r = (−1)N and eiωvT 1 = 1. Further-
more, βn,r(v)2 = 4r(n−r) = 4N2

and f was assumed to be a symmetric function in its variables, hence f
is constant on V2N,N .

We have to sum over all derivatives of total order |k| = 2N(N−1). Since |k| is minimal, it follows
from Leibniz’s formula that

∂
k
x F(v) = 4N2

f (v)∂ k
x Fα(v),
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where 4N2
is the contribution of β 2

2N,N . Each possible k is reached by a combination of permutations of
length N. From (3.14), we find that

∑
k

∂
k
x Fα(v) = G4(N +1) × ∑

π
[1]
1 ∈ΠN

(−1)σ(π
[1]
1 )

∑
π
[1]
2 ∈ΠN

(−1)σ(π
[1]
2 )

N−1

∏
i=0

(
π
[1]
1,i +π

[1]
2,i

π
[1]
1,i

)

× ∑
π
[2]
1 ∈ΠN

(−1)σ(π
[2]
1 )

∑
π
[2]
2 ∈ΠN

(−1)σ(π
[2]
2 )

N−1

∏
i=0

(
π
[2]
1,i +π

[2]
2,i

π
[2]
1,i

)
.

Identifying a sum with a determinant and permuting rows,

∑
π2∈Πs

(−1)σ(π2)
s−1

∏
i=0

(
π1,i +π2,i

π1,i

)
= det(A[s]

π1,i, j
)i, j=0,...,s−1 = (−1)σ(π1) det(A[s]

i, j)i, j=0,...,s−1,

where A[s]
i, j =

(
i+ j

j

)
, i, j = 0, . . . ,s−1.

It is easy to see that detA[s] ≡ 1. Indeed, it follows from the definition of A[s]
i, j that

A[s]
i, j−A[s]

i, j−1 = A[s]
i−1, j, i, j = 1, . . . ,s−1,

so subtracting the ( j−1)st from the jth column we have

detA[s] = det
[

1 0>

1 A[s−1]

]
.

Consequently, detA[s] = detA[s−1], and by induction we have detA[s] = 1 for s > 1. Alternatively, this
result follows from identifying A[s] as a classical Pascal matrix, see for instance [22].

Therefore,

∑
π
[1]
1 ∈ΠN

(−1)σ(π
[1]
1 )

∑
π
[1]
2 ∈ΠN

(−1)σ(π
[1]
2 )

N−1

∏
i=0

(
π
[1]
1,i +π

[1]
2,i

π
[1]
1,i

)
= N! (3.18)

and the same holds for π
[2]
1 and π

[2]
2 instead of π

[1]
1 and π

[1]
2 . Consequently,

∑
k

∂
k
x Fα(v) = (N!)2G4(N +1).

Assembling everything in formula (3.4), the term corresponding to m = |k| = 2N(N − 1) in the
asymptotic expansion becomes

(−1)N4N2

(2N)!
1

(−iω)2N2

(
2N
N

)
(N!)2G(N +1)4 =

4N2

ω2N2 G(N +1)4,

and so we arrive at (3.16).
Similar considerations hold in the odd case. In this case, either r =N and n−r =N+1 or vice versa,

but these two cases are symmetric. They correspond to the sets V2N+1,N and V2N+1,N+1 respectively.
For v∈ V2N+1,N , we have (−1)s(v) = (−1)N and eiω|v| = eiω . For v∈ V2N+1,N+1, we have (−1)s(v) =

(−1)N+1 and eiω|v| = e−iω . Furthermore, in both cases β2N+1,N(v) = 4N(N+1) and m = |k|= 2N2. �
In the particular case f (x)≡ 1, we have the following asymptotic result for Hankel determinants.
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COROLLARY 3.1 As ω → ∞, the Hankel determinants satisfy

h2N−1(ω) =
4N2

ω2N2 G4(N +1)+O(ω−2N2−1),

h2N(ω) =
2(−1)N

ω2N(N+1)+1 4N(N+1)G2(N +1)G2(N +2)sinω +O(ω−2N(N+1)−2).

(3.19)

This asymptotic result is consistent with the existence of the kissing polynomial of even degree
p2N(z) for all ω > 0 (therefore h2N−1(ω) 6= 0). In the case of odd degree kissing polynomials, the
corollary gives an estimate of kissing points for large ω , asymptotically equispaced in line with zeros of
the sine function.

3.3 Asymptotic behaviour of recurrence coefficients

We can use the previous results, in tandem with formulas (2.1) and (2.2), to derive large ω asymptotics
for the subleading coefficient deltan,n−1(ω) and the recurrence coefficients αn(ω) and βn(ω).

Note that hn−1(ω) is an analytic function of ω , so the derivative with respect to ω has a similar
asymptotic expansion:

ḣ2N−1(ω) =−4N2
2N2

ω2N2+1
G4(N +1)+O(ω−2N2−2),

ḣ2N(ω) =
2(−1)N

ω2N(N+1)+1 4N(N+1)G2(N +1)G2(N +2)cosω +O(ω−2N(N+1)−2).

(3.20)

Therefore, we have the following asymptotic results:

PROPOSITION 3.7 For N > 0, the subleading coefficient and the recurrence coefficients of the kissing
polynomial have the following asymptotic expansion as ω → ∞, excluding arbitrarily small but fixed
neighborhoods of the points ω = kπ , k ∈ Z:

δ2N,2N−1(ω) = i
ḣ2N−1(ω)

h2N−1(ω)
=−i

2N2

ω

[
1+O(ω−1)

]
,

δ2N+1,2N(ω) = i
ḣ2N(ω)

h2N(ω)
= i cotω

[
1+O(ω−1)

]
,

αN(ω) =−i
[

ḣN(ω)

hN(ω)
− ḣN−1(ω)

hN−1(ω)

]
= (−1)N+1i cotω

[
1+O(ω−1)

]
,

β2N(ω) =
h2N(ω)h2N−2(ω)

h2
2N−1(ω)

=−4Γ (N +1)2

Γ (N)2
sin2

ω

ω2

[
1+O(ω−1)

]
,

β2N+1(ω) =
h2N+1(ω)h2N−1(ω)

h2
2N(ω)

=
1

sin2
ω

[
1+O(ω−1)

]
.

In Figures 4 and 5 we exhibit the recurrence coefficients α2(ω), β2(ω), α3(ω) and β3(ω), as func-
tions of increasing ω . The recurrence coefficients were computed explicitly in Maple using the Hankel
determinants and formula (2.1). It is particularly interesting to observe the different behaviour of βn(ω)
depending on the parity of n. Recall from the proof of Lemma 2.5 that a simple root of hn is associated
with a double pole of βn+1 and simple roots of βn and βn+2: that behaviour is consistent with this figure.
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FIG. 4. Recurrence coefficients for increasing ω , Imα2(ω) on the left and Reβ2(ω) on the right.

FIG. 5. Recurrence coefficients for increasing ω , Imα3(ω) on the left and Reβ3(ω) on the right.
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3.4 Asymptotic behaviour of the kissing polynomials near the endpoints

It is conjectured and motivated in [1] that the polynomials are approximately a multiple of Laguerre
polynomials near the endpoints ±1, namely:

p2n(x)∼
(

i
ω

)2n

Ln(−iω(x+1))Ln(−iω(x−1)), ω → ∞, (3.21)

where Ln is the nth Laguerre polynomial with parameter α = 0, see [45]. Thus, for large ω , it seems that
the orthogonal polynomials of even degree become approximately a product of lower degree orthogonal
polynomials. This conjecture also implies that the roots shown in Fig. 1 behave like ±1+ ic

ω
for ω� 1,

where c is a root of the Laguerre polynomial Ln.
The connection with Laguerre polynomials in [1] arose from the role of the kissing polynomials

in Gaussian quadrature for oscillatory integrals, in particular when applying the method of steepest
descent. The lines emanating from the endpoints ±1 upwards into the complex plane, parallel to the
imaginary axis, are the steepest descent paths for the oscillatory weight function eiωx. Along these
contours, and up to a 1/ω scaling, the weight behaves like that of the Laguerre orthogonal polynomials:
e−x. The corresponding Gauss–Laguerre quadrature rules are known to be optimal for the evaluation
of these two steepest descent integrals separately. The conjecture implies that the Gaussian quadrature
rule for eiωx on [−1,1] locally behaves like a Gauss–Laguerre rule near both endpoints, for large ω . An
appealing benefit of the kissing polynomials is that for small ω their roots converge to those of Legendre
polynomials on [−1,1], whereas the steepest descent quadrature points ±1+ ic

ω
grow unbounded as

ω → 0. For that reason a quadrature scheme based on the latter will always be asymptotic, but a
quadrature scheme based on kissing polynomials can be numerically convergent even for small ω .

The leading-order term in the asymptotic expansion of Hankel determinants hn−1 has already proved
to be very revealing insofar as the existence of the polynomials is concerned. Yet, the expansion carries
more information from which we can deduce the asymptotics of the roots. Using Heine’s formula for
the orthogonal polynomials themselves,

pω
n (x) =

1
n!hn−1

∫ 1

−1
· · ·
∫ 1

−1

n−1

∏
m=0

(x− xm) ∏
06k<`6n−1

(x`− xk)
2eiω|x|dx0 · · ·dxn−1, (3.22)

see, e.g., [30, Theorem 2.1.2], corresponds to the choice f (x) = ∏
n−1
m=0(x− xm) in (3.1). Thus,

p̃n

(
1− c

iω

)
=

1
n!

In

[
n−1

∏
m=0

(
1− c

iω
− xm

)]
,

and we invoke the theory of §3.2 again, this time using

f (x0, . . . ,xn−1) =
n−1

∏
m=0

(
1− c

iω
− xm

)
(3.23)

which is again a symmetric function, but now depending on ω; this fact introduces extra technicalities
in the asymptotic calculation.

In this section we prove the following result:

THEOREM 3.8 As ω → ∞, the zeros {zk}2N
k=1 of the polynomial p2N(z) satisfy

zk =±1+
ic[N]

k
ω

+O(ω−2),
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where c[N]
1 , . . . ,c[N]

N > 0 are zeros of the N-th Laguerre polynomial. The same is true for p2N+1(z), except
for a single zero on the pure imaginary axis.

3.4.1 The case n = 2N. The analysis in section §3.2 needs minor modifications in view of the fact
that the function f itself now depends on ω . The derivatives of F = f g2 have an expansion in inverse
powers of ω and we have to take this into account. Recall that contributions to the asymptotic expansion
(3.4) can be thought of as originating from vertices v ∈ Vn,r with r (−1)s and n− r (+1)s.

Our first question is: which vertices contribute to the leading order term in the expansion of In[ f ] in
this case? Before, it was v ∈ V2N,N , i.e. vertices with minimal weight. In the current case, in spite of the
dependence of f on ω , little changes, and the leading order term still originates in vertices with minimal
weight.

Consider a general vertex v ∈ V2N,N+t , with −N 6 t 6 N. Without loss of generality, and using the
same multi-index notation as in the previous section, see (3.10), we can take v = (−1[1],1[2]). Since f
in (3.23) is linear in all its components, it is clear that ∂ k

x f (v) = 0 unless k0,k1, . . . ,kn−1 ∈ {0,1}. Thus,
suppose that k[1] ∈ ZN+t

+ , k[2] ∈ ZN−t
+ such that the components satisfy k[1]i ,k[2]i ∈ {0,1}, |k

[1]| = κ1 and
|k[2]|= κ2. Then

∂
(k[1],k[2])
x f (v) = (−1)κ1+κ2

(
2− c

iω

)N+t−κ1
(
− c

iω

)N−t−κ2

=
(−1)κ1+κ22N+t−κ1(−c)N−t−κ2

(iω)N−t−κ2

[
1+O(ω−1)

]
. (3.24)

Note the lack of symmetry here: the roles of κ1 and κ2 are not interchangeable because f focuses on the
right endpoint x =+1.

There are three contributions to the leading order exponent of ω−1 in (3.4):

1. The dimension contributes n = 2N.

2. The least order non-vanishing derivative of Fα , recall (3.13), consists of permutations of length
N + t and N− t respectively. From (3.15), this contributes |k|= 2(N−1)N +2t2 to our exponent.

3. A derivative of degree κ1 + κ2 contributes O(ω−κ1−κ2) to the ω−m−n term in (3.4) and, from
(3.24), additionally contributes O(ω−N+t+κ2) – altogether O(ω−N−κ1+t). We can choose κ1 = 0
(i.e., all derivatives can be only with respect to the trailing N− t components) and the contribution
is N− t.

The total exponent is therefore 2N2 +N + 2t2− t and this, clearly, is minimised for t = 0. Though
derivatives of f may contribute positive powers of ω , vertices with larger weight (i.e., larger t) contribute
smaller powers of ω , and the latter effect is stronger. The resulting leading order behaviour, ω−2N2−N ,
is a factor ωN smaller than that in Theorem 3.6 simply because that is the size of f at an endpoint with
weight 0.

Let us examine the derivatives of F = f g2 further. Corresponding to a vertex v ∈ V2N,N , the leading
order term must differentiate g2 with permutations of length N. In addition, we may have derivatives of
f with respect to the second set of variables. Denote by ps ∈ {0,1}N any vector such that |ps| = s, for
s ∈ {0, . . . ,N}, then we compute the derivatives from the above formula:

∂
(0,ps)
x f (v) =

(−1)s2N(−c)N−s

(iω)N−s

[
1+O(ω−1)

]
, (3.25)
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which corresponds to the choice t = 0, κ1 = 0 and κ2 = s in (3.24). Derivatives of the former have been
already analysed in §3.2. From (3.14), and recalling that β 2

n,N+t(v) = 22(N+t)(N−t), so β 2
n,N(v) = 22N2

,
we find that

∂
(k[1],k[2])
x g2(v) = 22N2

G4(N +1) ∑
π1+π2=k[1]

(−1)σ(π1)+σ(π2)
N−1

∏
i=0

(
π1,i +π2,i

π1,i

)

× ∑
π3+π4=k[2]

(−1)σ(π3)+σ(π4)
N−1

∏
i=0

(
π3,i +π4,i

π3,i

)
.

Note that the first sum in the previous formula is equal to N!, because of (3.18).
The increase of the order of the derivative of F in expansion (3.4) comes at a cost of a factor (−iω)−s.

On the other hand, a higher order derivative of f yields a factor of (iω)−N+s, from (3.25). The product
of these factors is (−1)s(iω)−N and has the same asymptotic size in ω for all s. Hence, we need to
consider all 06 s6 N.

Since derivatives of g2 vanish unless the order of the derivative is a combination of permutations of
length N, we need to consider all such combinations of permutations and all values of s. This leads to a
sum of terms of the form

∂
(k[1],k[2]+ps)
x F(v) = ∏

ps,i=1
(k[2]i +1)∂ (k[1],k[2])

x g2(v)∂ (0,ps)
x f (v),

for s ∈ {0,1, . . . ,N} and with k[1] and k[2] sums of two permutations in ΠN .
The sth term in this large sum is

∑
|ps|=s

∑
π1,π2,π3π4∈ΠN

∏
ps,i=1

(k[2]i +1)∂ (k[1],k[2])
x g2(v)∂ (0,ps)

x f (v)

= 22N2+NG4(N +1)(−1)s(iω)s−N(−c)N−s
∑
|ps|=s

∑
π j∈ΠN

j=1,2,3,4

∏
ps,i=1

(π3,i +π4,i +1)

× (−1)σ(π1)+σ(π2)
N−1

∏
i=0

(
π1,i +π2,i

π1,i

)
(−1)σ(π3)+σ(π4)

N−1

∏
i=0

(
π3,i +π4,i

π3,i

)
= 22N2+NG4(N +1)(−1)s(iω)s−N(−c)N−sN! ∑

|ps|=s
∑

π3,π4∈ΠN

(−1)σ(π3)+σ(π4)
N−1

∏
i=0

(π3,i +π4,i + ps,i)!
π3,i!π4,i!

.

In the last computation, we have used (3.18) and the fact that

∑
π3,π4∈ΠN

∏
ps,i=1

(π3,i +π4,i +1)(−1)σ(π3)+σ(π4)
N−1

∏
i=0

(
π3,i +π4,i

π3,i

)

= ∑
π3,π4∈ΠN

(−1)σ(π3)+σ(π4)
N−1

∏
i=0

(π3,i +π4,i + ps,i)!
π3,i!π4,i!

.

In this last sum, every ps consists of s ones and N− s zeros, hence there are
(N

s

)
such vectors. Note

that each gives exactly the same result, because everything else in the relevant expression is constructed
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from two permutations. Therefore, we might just consider
(N

s

)
times the vector

p?s = (

N−s times︷ ︸︸ ︷
0, . . . ,0 ,

s times︷ ︸︸ ︷
1, . . . ,1),

whereby

∑
|ps|=s

∑
π3,π4∈ΠN

(−1)σ(π3)+σ(π4)
N−1

∏
i=0

(π3,i +π4,i + ps,i)!
π3,i!π4,i!

=

(
N
s

)
∑

π3,π4∈ΠN

(−1)σ(π3)+σ(π4)
N−1

∏
i=0

(π3,i +π4,i + p?s,i)!
π3,i!π4,i!

=

(
N
s

)
∑

π∈ΠN

(−1)σ(π) detE [N,s](π),

where

E
[N,s]
i, j (π) =


(πi + j)!

πi! j!
, i = 0, . . . ,N− s−1,

(πi + j+1)!
πi! j!

, i = N− s, . . . ,N−1,
j = 0, . . . ,N−1. (3.26)

LEMMA 3.2 Let π be split into π [1] = [π0, . . . ,πN−s−1] and π [2] = [πN−s, . . . ,πN−1], where π [1] ∈ΠN−s
and π [2] ∈ N− s+Πs, then

(−1)σ(π) detE [N,s](π) =
N!2

s!(N− s)!2 , (3.27)

otherwise detE [N,s](π) = 0.

Proof. Suppose first that the hypothesis on π [1] and π [2] holds.
We deduce, rearranging rows separately in the first N− s and the last s rows of E [N,s](π), that

(−1)σ(π) detE [N,s](π) = detE [N,s](0,1, . . . ,N−1).

Since

E
[N,s]
i, j (0,1, . . . ,N−1) =


(

i+ j
i

)
, i = 0, . . . ,N− s−1,

(i+1)
(

i+ j+1
i+1

)
, i = N− s, . . . ,N−1,

and j = 0, . . . ,N−1, once we extract a factor of i+1 from rows i = N− s, . . . ,N−1, the outcome is

E [N,s](0,1, . . . ,N−1) =
N!

(N− s)!
C [N,s](0,1, . . . ,N−1),

where

C
[N,s]
i, j (0,1, . . . ,N−1) =


(

i+ j
i

)
, i = 0, . . . ,N− s−1,(

i+ j+1
i+1

)
, i = N− s, . . . ,N−1,

j = 0, . . . ,N−1.

The matrix C is somewhat easier to manipulate. First, note that C [N,0] equals the Pascal matrix A[N]

used in the analysis before, hence detC [N,0] = 1.



34 of 61 A. F. CELSUS, A. DEAÑO, D. HUYBRECHS, A. ISERLES

In the case s = 1, easy calculation with binomial numbers confirms that

C
[N,1]
i, j −C

[N,1]
i, j−1 = C

[N,1]
i−1, j, j = 0, . . . ,N−2

and

C
[N,1]
i,N−1−C

[N]
i,N−2 =

(
N + i−1

i−1

)
+

(
N + i−2

i−1

)
.

Therefore

detC [N,1] = det
[

1 0>

1 C [N−1,1]+C [N−1,0]

]
,

where both matrices in the lower right block differ in only one column. This leads to

detC [N,1] = detC [N−1,1]+detC [N−1,0] = detC [N−1,1]+1

and we deduce that detC [N,1] = N.
Let us generalize the above to larger s. Note that

C
[N,s]
i, j −C

[N,s]
i, j−1 =


C

[N−1,s]
i−1, j = C

[N,s−1]
i−1, j , j = 0, . . . ,N− s−1,

C
[N−1,s]
i−1,N−s +C

[N−1,s−1]
i−1,N−s , j = N− s,

C
[N−1,s]
i−1, j = C

[N,s−1]
i−1, j , j = N− s+1, . . . ,N−1,

An argument identical to the one we have used before shows that

detC [N,s] = detC [N−1,s]+detC [N−1,s−1], s = 0,1, . . . ,N.

In case N = s, the same reasoning leads to detC [N,N] = detC [N,0] = 1. Induction then shows that
detC [N,s] =

(N
s

)
, and (3.27) must be true.

Suppose now that π does not belong to ΠN−s⊕ (N− s+Πs), which makes sense only when s ∈
{1, . . . ,N−1}. Then there exists (at least) one integer r > N− s such that πr ∈ π [2] and πr = N− s− i
for some i> 1. Among those, we choose r so that πr is minimum, and we take t to be the index such that
πt = πr +1. Then either πt ∈ π [1] or πt ∈ π [2]. In the first case, using (3.26), the r-th row of E [N,s](π) is

(N− s− i+ j+1)!
(N− s− i)! j!

, j = 0, . . . ,N−1,

and the t-th row of is
(N− s− i+ j+1)!
(N− s− i+1)! j!

, j = 0, . . . ,N−1.

Since the t-th row is a scalar multiple of the r-th row, the determinant vanishes and the proposition
is true. If πr ∈ π [2], then we repeat the previous reasoning with the index t and the index u such that
πu = πt + 1. We continue this process and at some point we must find two indices with the property
above, since it cannot happen that all permutations in π [1] take smaller values than those in π [2]. �

Let us assemble everything. Since there are precisely s!(N− s)! permutations belonging to ΠN−s⊕
(N− s+Πs), which produce nonzero determinants in the proposition, we obtain

∑
|ps|=s

∑
π3,π4∈ΠN

(−1)σ(π3)+σ(π4)
N−1

∏
i=0

(π3,i +π4,i + ps,i)!
π3,i!π4,i!

=
N!3

s!(N− s)!2
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for s = 0, . . . ,N.
The contribution of v includes the derivatives derived above, as well as an additional factor (−iω)−s

for each s arising from the O(ω−m−n) term in (3.4), and the factor (−1)σ(v) = (−1)N . This totals, after
some manipulations,

N

∑
s=0

(−1)N(−iω)−s22N2+NG(N +1)4(−1)s(iω)s−N(−c)N−s N!4

s!(N− s)!2

= (−iω)−N22N2+NG(N +1)4N!3
N

∑
s=0

1
s!

(
N
s

)
(−c)s

= (−iω)−N22N2+N G(N +2)4

N!
LN(c),

where the latter simplification follows from the known explicit expression

LN(c) =
N

∑
s=0

1
s!

(
N
s

)
(−c)s. (3.28)

See for instance [13, Chapter V] or [45, Chapter 5].
There are

(2N
N

)
vertices in V2N,N , hence the leading term in the expansion of the polynomial p̃2N(1−

c/(iω)) is
22N2+NG(N +2)4

(−iω)2N2
(−iω)NN!3

LN(c) = (−i)N 22N2+NG(N +2)4

ω2N2+NN!3
LN(c).

Finally, we can divide by the leading term of h2N−1 (recall Theorem 3.6), which is 4N2
G(N +

1)4ω−2N2
, to obtain the leading term of the monic polynomial:

p2N

(
1− c

iω

)
=

(−2i)NN!
ωN LN(c)

(
1+O(ω−1)

)
, ω → ∞.

This is precisely the result we wanted to show, in the case of polynomials of even degree.

3.4.2 The case n= 2N+1. The calculation is very similar to the case of an even n, hence we review it
briefly, emphasising salient points. If n= 2N+1, we consider a general vertex v∈V2N+1,N+t . As before,
∂ k

x f (v) = 0 unless the multi–indices are such that k[1] ∈ {0,1}N+t , k[2] ∈ {0,1}N+1−t , with |k[1]| = κ1

and |k[2]|= κ2. In this case, we have

∂
(k[1],k[2])
x f (v) =

(−1)κ1+κ22N+t−κ1(−c)N+1−t−κ2

(iω)N+1−t−κ2

[
1+O(ω−1)

]
. (3.29)

The contributions to the leading term are as follows:

1. The dimension contributes 2N +1.

2. The least order non-vanishing derivative of Fα , that consists of permutations of length N + t and
N +1− t. This amounts to |k|= 2N2 +2t(t−1).

3. By similar reason as for n = 2N, from (3.29), the leading power is κ1 + κ2 (the degree of the
derivative) plus N+1− t−κ2 (the above contribution) – altogether N+1− t+κ1. Since we wish
to minimise this, we need to take κ1 = 0 and the contribution is N− t +1.
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The total exponent is therefore 2N2+3N+2+t(2t−3), which is minimised for t ∈ {−N, . . . ,N+1}
by t = 1. The exponent is then equal to (N + 1)(2N + 1). Therefore, we need consider just vertices in
V2N+1,N+1.

As before, derivatives of f in the term F = f g2 may have order s> 0. It is important to observe that
the range of s is unchanged, i.e. 06 s6 N, since it is constrained by the number of (+1)s in the vertex
v ∈ V2N+1,N+1 which is N as before. Going through similar computations, the identity (3.28) quickly
resurfaces in the leading order term.

4. Existence of even-degree kissing polynomials

The goal of this section is to show that even-degree kissing polynomials exist for all n> 0 and ω > 0. In
this proof of existence, we will make use of both the symmetry of the polynomials over the imaginary
axis (see (1.17)) and the differential equation in z as stated in Lemma 2.6. We recall that Lemma 2.6
states that the polynomial pn(z) satisfies a second-order, linear differential equation whose only singular
points are at ±1 and at the point

z∗(ω) =−αn−
2n+1

iω
. (4.1)

We say that pn(z) exists if there exists a monic polynomial of degree exactly n which satisfies the
orthogonality conditions given in (1.8). Equivalently, pn(z) exists for a given value of ω if the Hankel
determinant hn−1(ω) does not vanish. We have seen in Section 1.2 that as ω → ω̂ , where ω̂ satisfies
hn−1(ω̂) = 0, one or more of the zeros of pn becomes infinite. Therefore, we will prove the existence of
the even degree kissing polynomials for ω > 0 by showing that their zeros do not become infinite.

We first recall from (1.17) that for each ω > 0, kissing polynomials obey the symmetry relation

pn(z) = (−1)n pn(−z).

This immediately implies that zeros can become infinite for varying ω in just one of two ways:

1. Zeros tend to infinity in one or more pairs, symmetric about the imaginary axis, or

2. An even number of zeros meets on the imaginary axis, forming there a single zero of multiplicity
> 2. Once ω increases, these zeros split and one (or more) of them travels to infinity along the
imaginary axis.

We quickly rule out the first case above. We recall the polynomials p̃n, defined in (1.18) as p̃n(z) =
hn−1 pn(z), which always exist as polynomials of degree6 n (their degree just degenerates if the Hankel
determinant vanishes).

LEMMA 4.1 If ω̂ is such that hn−1(ω̂) = 0, then deg(p̃n) = n−1 for ω = ω̂ .

Proof. We recall (1.20) (shifted from n 7→ n−1), which states that if hn−1(ω̂) = 0, then

p̃n(z) = i
ḣn−1(ω̂)

hn−2(ω̂)
p̃n−1(z) = iḣn−1(ω̂)pn−1(z)

for ω = ω̂ . By Lemma 2.4 and the remarks immediately following it, we see that hn−2(ω̂) 6= 0, so
that pn−1(z) exists as a monic polynomial of degree n− 1, and that h′n−1(ω̂) 6= 0, as well. Therefore,
deg(p̃n) = n−1, completing the proof. �
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It immediately follows that as ω → ω̂ , precisely one zero escapes to infinity, which rules out the
scenario of zeros tending to infinity in one or more symmetric pairs. We therefore turn our attention to
the second case, and rule out a zero of multiplicity greater than one forming on the imaginary axis. In
order to accomplish this, we will need the following proposition.

PROPOSITION 4.1 Let ω ∈ (ω1,ω2), where ω1 < ω2, are such that h2n−1(ω) 6= 0 and h2n(ω) 6= 0 for all
ω ∈ (ω1,ω2). Assume further that p2n−2(z) exists as a monic polynomial of degree 2n−2 and satisfies
p2n−2(z∗(ω)) 6= 0 for all ω ∈ (ω1,ω2). If p2n(z∗(ω)) = 0, then

d
dω

p2n(z∗(ω)) 6= 0.

Proof. Using (2.27), we see that

d
dω

p2n (z∗ (ω)) =
∂

∂ z
p2n (z∗(ω)) ż∗(ω)− iβ2n p2n−1(z∗(ω)).

As both h2n and h2n−1 are nonzero by assumption, we can use Corollary 2.3 to conclude that if p2n(z)
vanishes at z∗, then its first partial derivative in z must also vanish at z∗. Therefore, if dp2n(z∗(ω))/dω =
0, we would have

−iβ2n p2n−1(z∗(ω)) = 0.

If h2n−2(ω) 6= 0, the three term recurrence would imply that p2n−2(z∗(ω)) = 0. If h2n−2(ω) = 0, we
could use the fact that

p̃2n−1 = i
ḣ2n−2

h2n−3
p̃2n−2,

where p̃2n−1(z) = h2n−2 p2n−1(z), to conclude again that p2n−2(z∗(ω)) = 0. In either case, we have a
contradiction, completing the proof of the proposition. �

THEOREM 4.2 For n = 0,1,2, . . . and ω ∈ R, the monic polynomial p2n(z) exists and does not vanish
on the imaginary axis.

Proof. Using Corollary 2.1, it is sufficient to consider ω > 0. The statement is clearly true for k = 0
and we proceed by induction. Therefore, we assume the theorem is true for k = 0,1, . . . ,n−1, and we
show that p2n(z) exists for all ω > 0 and does not vanish on the imaginary axis.

Assume for sake of contradiction that there exists an ω > 0 for which p2n(z) fails to exist and let ω̂

be the smallest positive solution to h2n−1(ω) = 0. By the remarks preceding Lemma 4.1, we know there
exists some 0 < ωd < ω̂ for which pωd

2n (z) has a purely imaginary zero of multiplicity greater than one.
By Lemma 2.6 and standard analytic existence theorems for ODEs, we know that any purely imaginary
zero of multiplicity greater than one must be located precisely at

z∗(ωd) =−α2n−
4n+1

iωd
.

We next show that p2n (z∗(ω)) 6= 0 for all ω ∈ (0, ω̂), reaching a contradiction and thereby concluding
that p2n(z) exists for all ω . Moreover, this in turn implies that p2n does not vanish on the imaginary axis.
To see this, note that when ω = 0, p2n is the monic Legendre polynomial of degree 2n, and as such is real
valued and does not vanish on the imaginary axis. Had there existed an ω∗ for which pω∗

2n (z) vanished
somewhere on the imaginary axis, the symmetry of the polynomials across the imaginary axis would
imply that there exists some ωd < ω∗ for which p2n(z) had a zero of even multiplicity on the imaginary
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FIG. 6. Trajectory of p2(z∗(ω)) (left) and of p4(z∗(ω)) (right).

axis. Therefore, showing that p2n(z∗(ω)) 6= 0 for all ω > 0 implies that p2n(z) does not vanish on the
imaginary axis. �

We want to show that p2n(z∗(ω)) 6= 0 for all ω ∈ (0, ω̂). Assume first that n is odd. As n is odd, and
by assumption p2n−2(z) exists for all ω and has no zeros on the imaginary axis, we have

p2n−2(ix)> 0, x ∈ R, ω > 0. (4.2)

Next define Ω̂ := {0, ω̂}∪{ω : h2n(ω) = 0, ω < ω̂}, so that |z∗(ω)|→∞ as ω→ω∗ ∈ Ω̂ . As p2n exists
on the interval (0, ω̂), we deduce that p2n(z∗(ω)) is analytic on (0, ω̂)\ Ω̂ . Observe that, n being odd,

p2n(z∗(ω))→−∞, ω → ω∗ ∈ Ω̂ .

Recall that the goal is to show that p2n(z∗(ω)) does not vanish in (0, ω̂). For sake of contradiction,
assume there exists some ωd < ω̂ for which p2n(z∗(ωd)) = 0 and define

ω0 := sup
ω∈Ω̂

{ω : ω < ωd} , ω3 := inf
ω∈Ω̂

{ω : ω > ωd} .

We then know that p2n(z∗(ω)) is analytic in (ω0,ω3), vanishes somewhere in this interval, and tends to
−∞ as we approach the endpoints of this interval. By Proposition 4.1, we may conclude that

d
dω

p2n (z∗(ω)) 6= 0, ω ∈ (ω0,ω3).

Therefore, there exist ω1,ω2, with ω0 < ω1 < ω2 < ω3, such that p2n(z∗(ω1)) = p2n(z∗(ω2)) = 0, and

d
dω

p2n (z∗ (ω1))> 0,
d

dω
p2n (z∗ (ω2))< 0, (4.3)

as well as
p2n(z∗(ω))> 0, ω ∈ (ω1,ω2) . (4.4)
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Next,
d

dω
p2n (z∗ (ω)) =

∂

∂ z
p2n (z∗(ω))z′∗(ω)− iβ2n p2n−1(z∗(ω)). (4.5)

As p2n vanishes at z∗(ω1) and z∗(ω2), we have by Corollary 2.3 that

∂

∂ z
p2n (z∗(ω1)) =

∂

∂ z
p2n (z∗(ω2)) = 0,

which, using (4.3) and (4.5), results in

−iβ2n (ω1) p2n−1(z∗(ω1))> 0,

−iβ2n (ω2) p2n−1(z∗(ω2))< 0.

Using the three-term recurrence relation, and the fact that p2n(z∗(ω)) vanishes at ω1 and ω2, we may
write these equations as

f (ω1)p2n−2(z∗(ω1))> 0, f (ω2)p2n−2(z∗(ω2))< 0, (4.7)

where

f (ω) =− iβ2n(ω)β2n−1(ω)

z∗(ω)−α2n−1(ω)
.

We claim that f (ω) is a well defined, continuous function on [ω1,ω2] and is nonzero throughout this
interval.

We prove this result using (2.1) and (4.1), we can write

f (ω) =−h2nh2n−3

h2n−1

 1

h2n−2

(
ḣ2n
h2n
− ḣ2n−2

h2n−2
+ 4n+1

ω

)
.

The functions h2n, h2n−1, and h2n−3 are analytic and do not vanish in [ω1,ω2] and we need to focus our
attention just on the term in brackets. It is clear that if we can show that this term is never zero or infinite
on [ω1,ω2], the proof will be complete. The term in brackets is zero only at the poles of

g(ω) := h2n−2

(
ḣ2n

h2n
− ḣ2n−2

h2n−2
+

4n+1
ω

)
.

As g has poles only at the zeros of h2n and at 0, we can conclude that f is never zero in [ω1,ω2]. We just
need to show g(ω) does not vanish on [ω1,ω2], so that f is continuous on this interval and as such does
not change sign. Note that g(ω) is well defined and nonzero when h2n−2 = 0, so we must show that

ḣ2n

h2n
− ḣ2n−2

h2n−2
+

4n+1
ω

=−i(z∗−α2n−1)

does not vanish on [ω1,ω2] when h2n−2 6= 0. As h2n−2 6= 0, we may use the recurrence relation to show
that, had z∗−α2n−1 vanished, then

p2n(z∗) =−
h2n−1h2n−3

h2
2n−2

p2n−2(z∗). (4.8)
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Were z∗−α2n−1 to vanish at either ω1 or ω2, where p2n(z) also vanishes, then we would immediately
deduce that p2n−2 vanishes there as well. Therefore, we can conclude that z∗−α2n−1 does not vanish
at the endpoints of [ω1,ω2]. We have by (4.4) that p2n(z∗)> 0 for ω ∈ (ω1,ω2). On the other hand, as
ω < ω∗, we have that h2n−1 is positive and by assumption h2n−3 is always positive as p2n−2 exists for
all ω . We also have from (4.2) that p2n−2(z∗)> 0 for all ω , which, once combined with (4.8), yields a
contradiction to p2n(z∗)> 0. Therefore, f is continuous and cannot change sign on [ω1,ω2].

As f (ω) does not change sign on [ω1,ω2], we know from (4.7) that p2n−2(z∗(ω)) must change sign
in (ω1,ω2). However, this immediately implies the existence of ω ∈ (ω1,ω2) for which p2n−2 vanishes
on the imaginary axis, contradicting the inductive hypothesis. Therefore, we can conclude p2n(z∗(ω))
does not vanish on (0, ω̂), as desired, concluding the proof.

We have seen above that the key to proving the existence of even-degree kissing polynomials was
demonstrating that these polynomials can never form higher order zeros on the imaginary axis. Having
proved that the even degree kissing polynomials do not have zeros of multiplicity greater than one on
the imaginary axis, we may now take this a step further and show they do not have higher order zeros
anywhere in the complex plane.

LEMMA 4.2 For any ω ∈ R such that hn−1(ω) 6= 0, and therefore such that pn(z) exists as a monic
polynomial of degree n, we have pn(1) 6= 0 and pn(−1) 6= 0.

Proof. First assume further that ω is such that hn−2(ω) 6= 0, so that both pn(z) and pn−1(z) exist as
monic polynomials of degree n and n−1, respectively. Using (A.13) in the appendix, we have

(z2−1)p′n(z) = N1(z)pn(z)+N2(z)pn−1(z),

where

N1(z) = nz− i

[
ḣn−1

hn−1
−ω

hnhn−2

h2
n−1

]
, N2(z) =−

iωhn−2hn

h2
n−1

[z− z∗(ω)]

and we recall that
z∗(ω) =−αn−

2n+1
iω

. (4.9)

As hn−1(ω) 6= 0, we may write this in terms of the polynomials p̃n, which exist for all ω , as

z2−1
hn−1

p̃′n(z) =
N1(z)
hn−1

p̃n(z)−
iωhn

h2
n−1

[z− z∗(ω)] p̃n−1(z). (4.10)

As both N1 and N2 are well defined when hn−2 vanishes, (4.10) holds for any ω provided hn−1(ω) 6= 0,
by continuity.

Now, fix ω so that hn−1(ω) 6= 0 and assume that p̃n(1) = 0. Evaluating (4.10) at z = 1, we see that

iωhn

h2
n−1

(1− z∗(ω)) p̃n−1(1) = 0

Note that 1−z∗(ω) 6= 0 as z∗(ω)∈ iR for all ω . First consider the case hn(ω) 6= 0. We then immediately
have that p̃n−1(1) = 0. On the other hand, assume ω = ω̂ was such that hn(ω̂) = 0. Then taking the
limit as ω → ω̂ in (4.10), and using (2.1) and (4.9), we see that

ω̂ ḣn(ω̂)

h2
n−1(ω̂)

p̃ω̂
n−1(1) = 0, (4.11)
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where the superscript in p̃ω̂
n (1) reminds us of the specific value of the parameter ω therein. In light of

Lemma 2.4 and the remarks immediately following the lemma, we see that ḣn(ω̂) 6= 0, so that in the
case hn(ω) = 0, we still have p̃n−1(1) = 0. Therefore, p̃n(1) = 0 implies that p̃n−1(1) = 0.

We now show that p̃n(1) = 0 implies that p̃n−k(1) = 0 for k ∈ {0,1, . . . ,n}. As we have just
shown, this statement is true for k = 0,1, so we proceed by induction and assume it holds true for
k = 0,1, . . . ,m−1 < n and demonstrate that it holds true for k = m.

We may use the three-term recurrence relation (1.19), where we shift the index n 7→ n−m+1 and
use p̃n−m+1(1) = p̃n−m+2(1) = 0 to conclude that

h2
n−m+1(ω)p̃n−m(1) = 0.

Now, if hn−m+1(ω) 6= 0, we immediately deduce that p̃n−m(1) = 0, completing the inductive step. On
the other hand, assume that ω = ω̂ and hn−m+1(ω̂) = 0. Shifting n 7→ n−m+ 1 in (4.10) and taking
limits as ω → ω̂ , we arrive (in a similar fashion to (4.11)) at

ω̂ ḣn−m+1(ω̂)

h2
n−m(ω̂)

p̃ω̂
n−m(1) = 0.

By Lemma 2.4, we have hn−m(ω̂) 6= 0 and ḣn−m+1(ω̂) 6= 0, so that p̃n−m(1) = 0, completing the induc-
tive step.

In particular, this chain of reasoning implies that p̃0(1) = 0. However, p̃0(z) ≡ 1 and we have
reached a contradiction. Consequently, p̃n(1) 6= 0, which implies that pn(1) 6= 0 when hn−1(ω) 6= 0.

Finally, we may use the symmetry across the imaginary axis in (1.17) to conclude that pn(1) 6= 0
implies that pn(−1) 6= 0, completing the proof. �

COROLLARY 4.1 For n = 0,1,2, . . . and ω ∈R, the monic polynomial p2n(z) has 2n simple zeros in the
complex plane.

Proof. For sake of contradiction, assume the existence of some ẑ so that p2n(ẑ) = 0 and

∂

∂ z
p2n(ẑ) = 0. (4.12)

By Lemma 2.6, we know that ẑ ∈ {−1,1,z∗(ω)}. However, in the proof of Theorem 4.2 we showed
that p2n(z∗(ω)) 6= 0 for all ω ∈ R. Furthermore, Lemma 4.2 shows that p2n(1) 6= 0 and p2n(−1) 6= 0,
which contradicts the fact that p2n(ẑ) = 0, proving that even-degree kissing polynomials have no zeros
of nontrivial multiplicity. �

5. Roots of hn(ω) in the complex plane

In this section we focus on the zeros of Hankel determinants in the complex plane, so unlike the rest of
the paper, we will consider here ω ∈ C. First of all, we recall that hn(ω) is real for ω ∈ R, and since
hn(ω) is an analytic function of ω , by the Schwarz reflection principle we have hn(ω) = hn(ω), and all
complex zeros must come in conjugate pairs. Also, since hn(−ω) = hn(ω), we can restrict ourselves to
the first quadrant of the complex plane.

Figures 7, 8, 9 and 10 display these zeros for different values of n. They follow very regular and
symmetric patterns reminiscent of onion peels, that we intend to explain in this section, at least for large
values of ω . These patterns result from a delicate balancing act, in which algebraic powers of ω−1

become comparable in size to decaying complex exponentials of the form eiωcz, c > 0, in the upper
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FIG. 7. Complex zeros of h1(ω) and h3(ω) (left and right respectively) in the right complex half-plane.

half of the complex plane. We revisit the asymptotic analysis of Chapter 3, this time taking complex
exponential factors into account.

As before, we need to distinguish between two cases, corresponding to even and odd values of n.

5.1 The odd case: the roots of h2N−1(ω)

We commence from h2N−1(ω)= I2N [1]. The contribution to h2N−1(ω) in the asymptotic expansion (3.4)
corresponds, using the notation therein, to the layers V2N,N±t , t = 0, . . . ,N. We quantify the contribution
of each layer with two numbers:

a) a complex exponential factor: each vertex v ∈ V2N,N±t contributes eiω|v| = e∓2iωt ;

b) the leading power of ω ‘originating’ in vertices in the layer. As computed before, recall (3.15),
that contributes a total power 2N2−2N+2t2. Therefore, in the end we obtain ω−2N−2(N2−N+t2) =

ω−2N2−2t2
.

In other words, as ω → ∞, each layer V2N,N±t contributes

Q2N,±t(ω) :=
e∓2iωt

ω2N2+2t2

[
c2N,t +O(ω−1)

]
. (5.1)

If we concentrate on the case Imω > 0, then the − sign in (5.1) gives an increasing exponential, which
is clearly dominant as |ω| → ∞ in the upper right quadrant of the complex plane. The case Imω < 0
follows by taking complex conjugates.
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FIG. 8. Complex zeros of h5(ω) and h7(ω) (left and right respectively) in the right complex half-plane.

If hn(ω) vanishes for large ω , then at least two terms in the asymptotic expansion must balance. Let
t1 and t2 be two different indices in 0,1, . . . ,N, with t1 < t2 without loss of generality. Then, for ω → ∞

on the real line, we have

Q2N,t1(ω)+Q2N,t2(ω)

=
e−2iωt1

ω
2N2+2t2

1

[
c2N,t1 +O(ω−1)

]
+

e−2iωt2

ω
2N2+2t2

2

[
c2N,t2 +O(ω−1)

]
=

e−2iωt1

ω
2N2+2t2

1

[
c2N,t1 +O(ω−1)+ c2N,t2

e−2iω(t2−t1)

ω
2t2

2−2t2
1

+O(ω2t2
1−2t2

2−1)

]
.

These terms do not have the same asymptotic order for ω ∈R, because the exponential term is oscillatory
and bounded on the real line. However, a balance may take place as |ω| → ∞ in the complex plane, in
particular along a trajectory such that

c2N,t2
e−2iω(t2−t1)

ω
2t2

2−2t2
1

+ c2N,t1 = O(|ω|−1), |ω| → ∞. (5.2)

More generally, this can happen if a trajectory exists in the complex plane such that, as |ω| → ∞ along
this trajectory,

e−iω = O(|ω|p), for some p > 0. (5.3)

We describe such trajectories later on in terms of the Lambert W function.
Assuming a trajectory for which (5.3) holds, we first show that there exists a couple of indices t1

and t2 such that the contributions Q2N,t1(ω) and Q2N,t2(ω) are of the same order of magnitude and, in
addition, all the remaining Q2N,t(ω) for t 6= t1, t2 are of smaller order. As shown in the next lemma,
this happens precisely when t1 and t2 correspond to consecutive integers. Also, in this situation we have
p = t1 + t2 in (5.3), as we show below.



44 of 61 A. F. CELSUS, A. DEAÑO, D. HUYBRECHS, A. ISERLES

FIG. 9. Complex zeros of h0(ω) and h2(ω) (left and right respectively) in the right complex half-plane.

LEMMA 5.1 As |ω| →∞ such that (5.3) holds with p = t1+ t2, Q2N,t1(ω) and Q2N,t2(ω) are of the same
order of magnitude, and Q2N,t(ω) is of lower order for t 6= t1, t2, if and only if t1 = k and t2 = k+1. In
that case, we have

Q2N,k(ω),Q2N,k+1(ω) = O(|ω|−2N2+2k2+2k),

Q2N,t(ω) = O(|ω|−2N2−2t2+4tk+2t), t 6= k,k+1. (5.4)

Note that−2N2−2t2+4tk+2t = 2N2+2k2+2k−2(k− t)(k− t+1)> 2N2+2k2+2k for t 6= k,k+1.

Proof. The first requirement, namely that Q2n,t1(ω) and Q2N,t2(ω) are of the same order of magnitude,
means that

−2N2−2t2
1 +2t1 p =−2N2−2t2

2 +2t2 p,

where we have used (5.3). Therefore p = t1 + t2, whereby

Q2N,t1(ω),Q2N,t2(ω) = O(|ω|−2N2+2t1t2).

The second requirement, i.e., that all other terms are of smaller order in ω , becomes

−2N2−2t2 +2t(t1 + t2)<−2N2 +2t1t2.

Therefore, (t − t1)(t − t2) > 0 for all t 6= t1, t2. It is easy to verify that if t1 = k, t2 = k + 1, where
k = 0,1, . . . ,N−1, then indeed (t−k)(t−k−1)> 0 for all t 6= k,k+1. Moreover, these are all possible
such choices, for suppose that there exist t1, t2 such that t1 < t2−1, then (t− t1)(t− t2)< 0 for t = t1+1
and we reach a contradiction.

Finally, in this case we check directly that (5.4) is satisfied with this choice. �
The lemma implies that we have exactly N different choices for the index k, each one corresponding

to a separate ‘onion peel’ in the first quadrant in Figures 7 and 8. Furthermore, the coefficients c2N,t can
be computed explicitly:
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FIG. 10. Complex zeros of h4(ω) and h6(ω) (left and right respectively) in the right complex half-plane.

LEMMA 5.2 For N > 1 and 06 t 6 N, the coefficients c2N,t are given by the following formulas:

c2N,t = 4N2−t2
G2(N− t +1)G2(N + t +1),

c2N+1,t = i(−1)N+t4(N−t)(N+t+1)G2(N + t +2)G2(N− t +1).
(5.5)

Proof. The proof follows along the same lines that were presented in Section 3.2. We first recall
Proposition 3.2, which states that as ω → ∞,∫

[−1,1]n
F(x)eiω|x|dx∼ (−1)n

∞

∑
m=0

1
(−iω)m+n ∑

|k|=m
∑

v∈Vn

(−1)s(v)eiω|v|
∂

k
x F(v).

Above, k= [k0,k1, . . . ,km], with k j ∈N, is a multi-index, and |k|= k0+k1+. . .+km, so ∂ k
x = ∂

k0
x0 ∂

k1
x1 · · ·∂ km

xm .
As in Definition 3.11, the function F which corresponds to the Hankel determinant can be split as

(2N)!F(x) = α
2
N±t(x0, . . . ,xN±t−1)α

2
N∓t(xN±t , . . . ,x2N−1)β

2
2N,N±t(x0, . . . ,x2N−1),

where
αr(x) = ∏

06k<l6r−1
(xl− xk), and β2N,N±t(x) = 2N2−t2

.

By (3.15), we see the leading order term corresponds to

|k|= m = 2N2 +2t2−2N,

and therefore c2N,t is given by

c2N,t =
i2N2+2t2

(2N)! ∑
|k|=2N2+2t2−2N

∑
v∈V2N,N−t

(−1)N±t
∂

k
x F(v).
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Using the same method of proof as in Theorem 3.6, we may simplify this to

c2N,t =
1

(2N)!

(
2N

N− t

)
4N2−t2

∑
|k|=2N2+2t2−2N

∂
k
x Fα(v), (5.6)

where
Fα(x) = αN±t(x)2

αN∓t(x)2.

Using Proposition 3.13 and the proof of Theorem 3.6 (see, in particular, (3.18)), we find that

∑
|k|=2N2+2t2−2N

∂
k
x Fα(v) = G2(N− t +1)G2(N + t +1)(N− t)!(N + t)!. (5.7)

Combining (5.6) and (5.7), we arrive at

c2N,t = 4N2−t2
G2(N− t +1)G2(N + t +1), (5.8)

as desired. Similar considerations can be employed to compute the odd case, c2N+1,t . �
As examples, let us consider the cases N = 1 and N = 2:

• If N = 1, then we have t = 0,1, so k = 0, and we obtain

Q2,0(ω) =
1

ω2

[
c2,0 +O(ω−1)

]
,

Q2,±1(ω) =
e∓2iω

ω4

[
c2,1 +O(ω−1)

]
,

with coefficients

c2,0 = 4G2(2)G2(2) = 4, c2,1 = G2(1)G2(1) = 1,

from (5.5). Also, p = t1 + t2 = 2k+ 1 = 1. So, along a trajectory for which e−iω = O(|ω|) as
|ω| → ∞, the previous two terms are balanced and they are both of order O(|ω|−2).

• If N = 2, then we have t = 0,1,2, and

Q4,0(ω) =
1

ω8

[
c4,0 +O(ω−1)

]
,

Q4,±1(ω) =
e∓2iω

ω10

[
c4,1 +O(ω−1)

]
,

Q4,±2(ω) =
e∓4iω

ω16

[
c4,2 +O(ω−1)

]
,

with coefficients
c4,0 = 44G2(3)G2(3) = 256,

c4,1 = 43G2(2)G2(4) = 256,

c4,2 = 40G2(1)G2(5) = 144,

from (5.5).
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If we choose k = 0, then t1 = 0 and t2 = 1, so p = t1 + t2 = 1. Therefore, if e−iω = O(|ω|) as
|ω| → ∞, then there is a balance between Q4,0(ω) and Q4,1(ω) of order O(|ω|−8). In this case
the remaining term is Q4,2(ω) = O(|ω|−12), which is indeed of lower order.

If we choose k = 1, then t1 = 1 and t2 = 2, so p = t1 + t2 = 3. With e−iω = O(|ω|3) as |ω| → ∞,
it follows that there is a balance between Q4,1(ω) and Q4,2(ω) of order O(|ω|−4). Now the
remaining term is Q4,0(ω) = O(|ω|−8), which is indeed of lower order.

Asymptotic approximations for the roots of h2N−1(ω) can be described in terms of the Lambert W
function, which is a multivalued function that gives the solutions of the equation

wew = z, (5.9)

solving for w as a function of z. We refer the reader to [40, §4.13] and also to [14] for its definition and
properties.

We choose k ∈ {0,1, . . . ,N−1} and we extract just the kth and (k+1)st terms from (5.1), then we
obtain

h2N−1,k(ω) = c2N,k
e−2iωk

ω2N2+2k2 + c2N,k+1[1+O(|ω|−1)]

=
e−2iωk

ω2N2+2k2

[
c2N,k + c2N,k+1

e−2iω

ω2(2k+1) +O(|ω|−1)

]
.

(5.10)

Here we assume that there exists a trajectory such that e−iω =O(|ω|p) =O(|ω|2k+1) as |ω| →∞, since
p = t1 + t2 = 2k+1.

PROPOSITION 5.1 Let ωk,`,m be a root of h2N−1(ω), where k = 0,1, . . . ,N−1 identifies the layer, m∈Z
indexes groups of 4k+2 roots within each layer, and `= 0,1, . . . ,4k+1 labels these consecutive roots
in such m-th group. Then, as m→ ∞, we have the approximation

ωk,`,m =−(2k+1)iWm

(
i

2k+1

∣∣∣∣c2N,k+1

c2N,k

∣∣∣∣ 1
4k+2

e
πi`

2k+1

)
+O(m−1). (5.11)

Here, Wm is the m-th branch of the Lambert W function, and the coefficients c2N,t are those given in
Lemma 5.2.

Proof. Let us consider first the term in brackets in (5.10), but unperturbed:

c2N,k + c2N,k+1
e−2iu

u2(2k+1) = 0⇒ u2(2k+1)e2iu =−
c2N,k+1

c2N,k
.

If we take roots and multiply by i
2k+1 , we obtain 4k+2 solutions, that we label uk,`:

iuk,`

2k+1
e

iuk,`
2k+1 =

i
2k+1

∣∣∣∣c2N,k+1

c2N,k

∣∣∣∣ 1
4k+2

e
πi`

2k+1 , `= 0,1, . . . ,4k+1.

This equation can be solved in terms of the Lambert W function, which is multivalued. Namely,

uk,`,m =−(2k+1)ivk,`,m, vk,`,m = Wm

(
i

2k+1

∣∣∣∣c2N,k+1

c2N,k

∣∣∣∣ 1
4k+2

e
πi`

2k+1

)
, (5.12)
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where m ∈ Z indicates the branch. We observe that in the previous formula, we evaluate Wm at 4k+2
equispaced points distributed on a circle of radius

rk =
1

2k+1

∣∣∣∣c2N,k+1

c2N,k

∣∣∣∣ 1
4k+2

=
1

2(2k+1)

[
(N + k)!

(N− k−1)!

] 1
2k+1

, (5.13)

using (5.5). In the original equation (5.10), we have a remainder term O(|ω|−1), so the solution is not
exactly given by the values uk,`,m. We observe that |uk,`,m| gets large as m→ ∞, that is, as we pick
different branches of the Lambert W function. Since the image of the m-th branch of W is contained in
the strip (2m−2)π < η < (2m+1)π , see [14, Section 4], we can estimate roughly Wm(z) = O(m) as
m→ ∞, therefore |uk,`,m|= O(m), and we have an estimate for the remainder term. �

m =−1

m = 0m = 1

m = 2

m = 3

m =−2

ξ

η

FIG. 11. Plot of the branches of the Lambert Wm function (dashed curves) and the curve (5.14), in solid line for N = 0 and k = 0.
Dots indicate the images of the points vk,`,m in (5.12) by the different branches of the Lambert W function.

Following the calculations in [14, Section 4], we write z = x+ iy and w = ξ + iη in (5.9), and then
separating real and imaginary parts we have

x = eξ (ξ cosη−η sinη), y = eξ (η cosη +ξ sinη).

As a consequence
x2 + y2 = e2ξ (ξ 2 +η

2),
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m =−1

m = 0m = 1

m = 2

m = 3

m =−2

ξ

η

m =−1

m = 0m = 1

m = 2

m = 3

m =−2

ξ

η

FIG. 12. Plot of the branches of the Lambert Wm function (dashed curves) and the curve (5.14), in solid line, for N = 1 and k = 0
(left) and for N = 1 and k = 1 (right). Dots indicate the images of the points vk,`,m in (5.12) by the different branches of the
Lambert W function.

which gives the image of a circle of radius rk, given by (5.13), in the (ξ ,η) plane:

η =±
√

r2
k e−2ξ −ξ 2. (5.14)

Each value of the parameter k = 0,1 . . . ,N− 1 gives a different circle of radius rk in the z plane,
that gets mapped to a different curve in the w plane by the Lambert W function in (5.12). Then, each
group of 4k+2 equispaced points on that circle gets mapped to the curve, each branch of W giving one
cluster of points in the (ξ ,η) plane. In Figure 11 and 12 we have plotted the curves separating branches
of the Lambert W function (cf. [14, Figure 4]), in dashed lines, together with the curve (5.14) in blue,
in the case N = 0 and N = 1. We indicate with red dots the images of the 4k+2 points equispaced on
the circle, given by each branch. Finally, multiplication by the factor −(2k+1)i, cf. (5.12), scales and
rotates the points, in good agreement with the plots shown at the beginning of this chapter.

5.2 The even case: the roots of h2N

We revisit the methodology of the last subsection, except that in the present case we have the lay-
ers V2N+1,N−t and V2N+1,N+1+t , t = 0, . . . ,N. The exponential factor is e(2t+1)iω in the first case, and
e−(2t+1)iω in the second.

For reasons of symmetry it is enough to look at one of these cases. Since we are interested in the
upper-right quadrant, we choose the second case, where we have the dominant exponential factors again.
Computing as before, the leading power of ω is 2N2 +2t2 +2t. Adding the dimension n = 2N +1, we
deduce that the contribution of V2N+1,N+1+t is for ω → ∞ on the real line

Q2N+1,N+1+t(ω) :=
e−(2t+1)iω

ω2N2+2N+1+2t2+2t

[
c2N+1,t +O(ω−1)

]
, t = 0, . . . ,N.
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LEMMA 5.3 As |ω| → ∞ such that (5.3) holds with p = t1 + t2 +1, it is true that Q2N+1,N+1+t1(ω) and
Q2N+1,N+1+t2(ω) are of the same order of magnitude, and Q2N,N+1+t(ω) is of lower order for t 6= t1, t2,
if and only if t1 = k and t2 = k+1, and in that case, we have

Q2N+1,N+1+k(ω),Q2N+1,N+2+k(ω) = O(ω−2N2−2N−2k2+(2k+1)2
),

Q2N+1,N+1+t(ω) = O(ω−2N2−2N−2t2+(2t+1)(t1+t2)).

Proof. Assuming again that e−iω = O(|ω|p) for some p > 0, we have

Q2N+1,N+1+t(ω) = O(ω−2N2−2N−1−2t2−2t+2pt+p).

We again choose t1 < t2 according to the two rules: first, we impose

−2N2−2N−1−2t2
1 −2t1 +2p(2t1 +1) =−2N2−2N−1−2t2

2 −2t2 +2p(2t2 +1),

which gives p = t1 + t2 + 1. Then the total exponent is −2N2− 2N− 1. It follows that if t1 = k and
t2 = k+1, then the first part of (5.15). is satisfied. The second requirement reduces again to (t− t1)(t−
t2 + 1) > 0 for all t 6= t1, t2. It follows at once that t1 = k, t2 = k + 1 for some k ∈ {0,1, . . . ,N− 1},
otherwise the inequality fails for t1 +1 as in the even case.

All that remains is to check if the above choice of consecutive t1, t2 works and indeed, trivially, it
does: either t < t1, t2 or t > t1, t2 and in either case the inequality works. �

As an example, if N = 1 we have t = 0,1, so k = 0 and therefore

Q3,2(ω) =
e−iω

ω5

[
c3,0 +O(ω−1)

]
,

Q3,3(ω) =
e−3iω

ω9

[
c3,1 +O(ω−1)

]
,

(5.15)

with coefficients

c3,2 =−i42G2(3)G2(2) =−16i, c3,3 = iG2(4)G2(1) = 4i,

from (5.5). Also, p = t1 + t2 +1 = 2k+2 = 2, so e−iω = O(|ω|2) as |ω| → ∞. It follows that there is a
balance between Q3,2(ω) and Q3,3(ω) of order O(|ω|−3).

PROPOSITION 5.2 Let ωk,`,m be a root of h2N(ω), where k = 0,1, . . . ,N−1 identifies the layer, m ∈ Z
indexes groups of roots within each layer, and `= 0,1, . . . ,4k+3 labels the 4k+4 consecutive roots in
such m-th group. Then, as m→ ∞, we have the approximation

ωk,`,m =−2i(k+1)Wm

(
i

2(k+1)

∣∣∣∣c2N+1,k+1

c2N+1,k

∣∣∣∣ 1
4k+4

e
πi`

2k+2

)
+O(m−1), (5.16)

again in terms of the m-th branch of the Lambert W function and the coefficients c2N+1,t given in Lemma
5.2.

Proof. We choose t1 = k, t2 = k+1, therefore p = t1 + t2 +1 = 2k+2, and investigate the zeros of

h2N,k(ω) =
e−(2k+1)iω

ω2N2+2N+1+2k2+2k

[
c2N+1,k + c2N+1,k+1

e−2iω

ω4k+4 +O(|ω|−1)

]
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Again the solution of the unperturbed problem can be constructed in terms of the Lambert W func-
tion, and we deduce (5.16) with a similar argument as in the previous case. � As before, we can
compute the coefficients explicitly:∣∣∣∣c2N+1,k+1

c2N+1,k

∣∣∣∣ 1
4k+4

=
1
2

[
(N + k+1)!
(N− k−1)!

] 1
2k+2

.

Note that this calculation does not include the real roots of h2N , since in that case there is no balance
between two different terms in the large ω expansion.

REFERENCES

Asheim, A., Deaño, A., Huybrechs, D., Wang, H.: A Gaussian quadrature rule for oscillatory integrals on a bounded
interval. Discrete Contin. Dyn. Syst. 34, 3, 883–901 (2014).

Barhoumi, A., Celsus, A. F., Deaño, A.: Global phase portrait and large degree asymptotics for the kissing polyno-
mials. Stud. Appl. Math. 147, 2 (2021), 448–526.
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Magnus, A.P.: Painlevé-type differential equations for the recurrence coefficients of semiclassical orthogonal poly-

nomials. In Proceedings of the Fourth International Symposium on Orthogonal Polynomials and their Appli-
cations (Evian-Les-Bains, 1992), volume 57, pages 215-237, 1995.

Martı́nez-Finkelshtein, A., Rakhmanov, E. A.: Do orthogonal polynomials dream of symmetric curves? Found.
Comput. Math. 16,6, 1697–1736 (2016).

NIST Digital Library of Mathematical Functions http://dlmf.nist.gov/, Release 1.0.9 of 2014-08-29. Online com-
panion to [40].

Olver, F. W. J., Lozier, D. W., Boisvert, R. F., Clark, C. W. (editors).: NIST Handbook of Mathematical Functions.
Cambridge University Press, New York, NY, 2010. Print companion to [39].

Rainville, E. D.: Special Functions. Macmillan, New York, 1960.
Rakhmanov, E. A.: Orthogonal polynomials and S-curves. In Recent Advances in Orthogonal Polynomials, Special

Functions, and Their Applications, Contemp. Math. 578, 195–239.
Stahl, H. Orthogonal polynomials with complex-valued weight function I, II. Constr. Approx. 2, 3 225–240, 241–

251 (1986).
Suetin, S. P.: On the strong asymptotics of polynomials orthogonal with respect to a complex weight. Mat. Sb.,

200,1 81–96 (2009).
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A. The Riemann–Hilbert problem and a proof of Lemma 2.8

A.1 Riemann–Hilbert problem for kissing polynomials

Similarly to other families of orthogonal polynomials, we can formulate the kissing polynomials in
terms of the solution of a Riemann–Hilbert problem. This formulation is well known in the literature,
since the work of Fokas, Its and Kitaev in [24], we also refer the reader to the monograph by Deift [20]
and Chapter 22 in the book of Ismail [30]. In the present situation, since we are working with a complex
weight function, we always must take care that the underlying quantities, in particular the orthogonal
polynomials themselves, exist.

Define the following 2×2 matrix

Y (z) =

 pn(z)
1

2πi

∫ 1

−1

pn(s)eiωs

s− z
ds

−2πiκ2
n−1 pn−1(z) −κ

2
n−1

∫ 1

−1

pn−1(s)eiωs

s− z
ds

, (A.1)

where κn is the leading coefficient of the orthonormal kissing polynomial, obtained via

1
κ2

n (ω)
= χn(ω). (A.2)

Note that the second column of (A.1) is formed of Cauchy transforms of analytic functions, and as such
is analytic in C\ [−1,1].

Provided that pn(z) and pn−1(z) both exist and are monic polynomials of degree n and n−1 respec-
tively, that is, if hn−1 and hn−2 are not 0, then the matrix Y =Yn(z) solves the following Riemann-Hilbert
problem:

1. Y (z) is analytic for z ∈ C\ [−1,1].

2. For x ∈ (−1,1), Y (z) admits boundary values Y±(x) = limε→0 Y (x± iε), that are related by the
jump

Y+(x) = Y−(x)
[

1 eiωx

0 1

]
.

3. As z→ ∞, we have the asymptotic behaviour

Y (z) =
[

I +O

(
1
z

)]
znσ3 , (A.3)

4. As z→±1, we have

Y (z) =
[
O(1) O(log |z∓1|)
O(1) O(log |z∓1|)

]
.

Above, σ3 is the Pauli matrix given by σ3 = diag(1,−1). We use the standard notation

f (z)σ3 =

[
f (z) 0
0 f (z)−1

]
, f (z) 6= 0.

We note that the assumption on hn−1 and hn−2 is needed in this case, given the fact that the weight
function is not positive. Moreover, if hn−2 is zero, then the (2,1) entry is not a polynomial of degree
n−1, but lower.
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This Riemann–Hilbert problem is the usual starting point for the Deift–Zhou method of nonlin-
ear steepest descent, which is a powerful tool to derive large n asymptotics of orthogonal polynomials
throughout the complex plane, yet we will follow the approach of [30, Chapter 22] and use this formu-
lation to derive algebraic and differential identities for the kissing polynomials, for finite n. To achieve
this, we observe that it is possible to rewrite recurrence coefficients and norms of the OPs in terms of
the correction matrices An(ω) and Bn(ω) at infinity: we write the asymptotic expansion (A.3) as

Y (z) =
[

I +
An(ω)

z
+

Bn(ω)

z2 +O

(
1
z3

)]
znσ3 , z→ ∞, (A.4)

where

An(ω) =

[
a11,n a12,n
a21,n a22,n

]
, Bn(ω) =

[
b11,n b12,n
b21,n b22,n

]
, (A.5)

and the ai j,n,bi j,n are functions of n and ω . We can calculate the relevant entries of (A.5) in terms of
Hankel determinants by looking at the expansion of (A.1) at infinity, as follows:

a11,n = i
ḣn−1

hn−1
, a21,n =−

2πihn−2

hn−1
=− 2πi

χn−1
, a12,n =−

hn

2πihn−1
=− χn

2πi
(A.6a)

and

a22,n =−i
ḣn−1

hn−1
, b21,n = 2π

ḣn−2

hn−1
, b12,n =

1
2π

ḣn

hn−1
. (A.6b)

As a consequence of these formulas and of (2.1), we can write the recurrence coefficients in terms of
the entries of the matrix An(ω):

αn(ω) = a11,n−a11,n+1, βn(ω) = a12,na21,n.

A.2 Transformation to constant jumps

In this appendix we outline how to use Riemann–Hilbert methodology to obtain some of the results
presented in the paper: first, we make a transformation of Y (z) so that the resulting matrix has constant
jumps over the interval (−1,1). As such, we define

Z(z) = Y (z)
[

eiωz/2 0
0 e−iωz/2

]
, (A.7)

so that Z solves the following Riemann–Hilbert problem:

1. Z(z) is analytic for z ∈ C\ [−1,1].

2. For x ∈ (−1,1), Z(z) admits boundary values Z±(x) = limε→0 Z(x± iε), that are related by the
jump

Z+(x) = Z−(x)
[

1 1
0 1

]
.

3. As z→ ∞, we have the asymptotic behaviour

Z(z) =
[

I +
An(ω)

z
+

Bn(ω)

z2 +O

(
1
z3

)]
znσ3eiωzσ3/2, (A.8)

with coefficients An(ω) and Bn(ω) given by (A.5), (A.6a) and (A.6b).
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4. As z→±1, we have

Z(z) =
[
O(1) O(log |z∓1|)
O(1) O(log |z∓1|)

]
.

By the standard technique of showing uniqueness of solutions to Riemann–Hilbert problems [20], we
have detZ(z) = 1, so that Z(z) is invertible for all z ∈C. Also, by taking derivative with respect to z, we
are also able to conclude that Z′(z) solves the following Riemann-Hilbert problem:

1. Z′(z) is analytic for z ∈ C\ [−1,1].

2. For x ∈ (−1,1), Z′(z) admits boundary values Z′±(x) = limε→0 Z(x± iε), that are related by the
same jump as those for Z(z).

3. As z→ ∞, we have the asymptotic behaviour

Z′(z) =
[

Γ0(ω)+
Γ1(ω)

z
+

Γ2(ω)

z2 +O

(
1
z3

)]
znσ3eiωzσ3/2,

where the coefficients are

Γ0(ω) =
iωσ3

2
, Γ1(ω) = nσ3 +

iωAnσ3

2
,

Γ2(ω) =−An +nAnσ3 +
iω
2

Bnσ3,

(A.9)

in terms of An(ω) and Bn(ω) given before.

4. As z→±1, we have

Z′(z) =
[
O(1) O(|z∓1|−1)
O(1) O(|z∓1|−1)

]
.

A.3 Differential equation and proof of Lemma 2.6

Note that, because of the fact that the jump matrix for Z(z) is independent of z, then both Z(z) and Z′(z)
have the same jumps over the interval (−1,1); then, we conclude that Z′(z)Z−1(z) is analytic in C \
{±1}, while the singularities at the endpoints are at most simple poles. Therefore, (z2−1)Z′(z)Z−1(z)
is an entire function. Using (A.8), we compute

Z−1(z) = e−iωzσ3/2z−nσ3

[
I +

∆1(ω)

z
+

∆2(ω)

z2 +O

(
1
z3

)]
, z→ ∞,

where
∆1(ω) =−An, ∆2(ω) = A2

n−Bn,

and define
M(z) = Γ0z2 +(Γ0∆1 +Γ1)z+(Γ1∆1 +Γ2 +Γ0∆2−Γ0) . (A.10)

Examining the asymptotics of Z−1(z) and Z′(z) at infinity, we conclude that

(z2−1)Z′(z)Z−1(z) = M(z)+O

(
1
z

)
, z→ ∞, (A.11)
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and since this is an entire function, Liouville’s Theorem yields

(z2−1)Z′(z) = M(z)Z(z). (A.12)

Looking at the leading column of (A.12) and taking advantage of (A.1) and (A.7), we have the
following equations, that can be seem as ladder relations of kissing polynomials:

(z2−1)
[

p′n(z)
p′n−1(z)

]
=

[
N1(z) N2(z)
N3(z) N4(z)

][
pn(z)

pn−1(z)

]
(A.13)

where
N1(z) = M11(z)−

iω
2
(z2−1), N2(z) =−2πiκ2

n−1M12(z)

N3(z) =−
M21(z)

2πiκ2
n−1

, N4(z) = M22(z)−
iω
2
(z2−1).

Using (A.5) and (A.10), we can simplify these to

N1(z) = nz− i

(
ḣn−1

hn−1
−ω

hnhn−2

h2
n−1

)
= nz− i

[
ḣn−1

hn−1
−ωβn(ω)

]
, (A.14a)

N2(z) =−
iωhn−2hn

h2
n−1

(z− z∗(ω;n)) =−iωβn(ω)(z− z∗(ω;n)) , (A.14b)

N3(z) = iω [z− z∗(ω;n−1)], (A.14c)

and

N4(z) =−iω(z2−1)−nz+ i

(
ḣn−1

hn−1
−ω

hnhn−2

h2
n−1

)

=−iω(z2−1)−nz+ i
[

ḣn−1

hn−1
−ωβn(ω)

]
.

(A.14d)

In (A.14b) and (A.14c), we have used the notation

z∗(ω;n) :=−αn−
2n+1

iω
. (A.15)

All of the Ni are well defined provided hn−1 6= 0, with N3 needing the additional assumption of
hn−2 6= 0 in order to be well defined. Combining the equations in (A.13) gives[

(z2−1)
d
dz
−N4(z)

][
(z2−1)p′n(z)

N2(z)
− N1(z)pn(z)

N2(z)

]
= N3(z)pn(z).

Equivalently, we can write

p′′n(z)+
R(z)
Q(z)

p′n(z)+
S(z)
Q(z)

pn(z) = 0, (A.16)

where
Q(z) = (z2−1)2N2(z),

R(z) =
(
z2−1

)
N2(z)(2z−N1(z)−N4(z))− (z2−1)2N′2(z),

S(z) = N2(z)
[
N1(z)N4(z)− (z2−1)N′1(z)

]
−N2

2 (z)N3(z)

+(z2−1)N1(z)N′2(z).

(A.17)
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Now, using (A.14b), we observe that if hn = 0 then

N2(z) =−
ωhn−2ḣn

h2
n−1

6= 0,

so that the only singular points of the ODE (A.16) are at ±1. On the other hand, if hn 6= 0 then N2 has
a simple, purely imaginary zero at z∗(ω;n), recall (A.15), which is purely imaginary and necessarily a
singular point of the ODE (A.16). Simplifying yields

R(z)
Q(z)

=
2z−N1(z)−N4(z)

z2−1
− 1

z− z∗(ω;n)
,

S(z)
Q(z)

=
N1(z)N4(z)− (z2−1)N′1(z)

(z2−1)2 − N2(z)N3(z)
(z2−1)2 +

N1(z)
(z2−1)(z− z∗(ω;n))

.

(A.18)

Using (A.14a) and (A.14d), we see that both N1(z) and N4(z) are well defined when hn−2 vanishes,
and by (A.15) we deduce that z∗ does not depend on hn−2. Finally, if ω ′ is such that hn−2(ω

′) = 0, then

lim
ω→ω ′

N2(z)N3(z) =
ω ′2hn(ω

′)ḣn−2(ω
′)[z− z∗(ω ′;n)]

h2
n−1(ω

′)
,

so that (A.16) holds even when hn−2 = 0, completing the proof of Lemma 2.6.

A.4 Recurrence relation

We observe that the Riemann–Hilbert formulation can be used in a systematic way to give alternative
proofs of several identities that we use in the paper.

For example, if we consider the product Yn+1(z)Yn(z)−1, it turns out that this is an entire function in
z, since the jump matrix of Yn(z) is actually independent of n. Using asymptotics at infinity (A.4), (A.5)
and Liouville’s theorem, we conclude that

Yn+1(z)Yn(z)−1 =Cn(z), Cn(z) =
[

z+a11,n+1−a11,n −a12,n
a21,n+1 0

]
, (A.19)

from which, using (A.1), we identify the coefficients in the three term recurrence relation (1.11), as well
as the leading coefficient of the orthonormal polynomials:

a12,n =−
χn

2πi
, a21,n =−

2πi
χ2

n−1
,

a11,n−a11,n+1 = αn, a12,na21,n = βn.

(A.20)

There is an additional identity for the recurrence coefficient αn, that can be found in [20, §3.2] and [19,
Theorem 3.1],

αn = a11,n +
b12,n

a12,n
=−a11,n+1 +

b21,n+1

a21,n+1
.

We can now combine the differential identity (A.12) (adding the subscript n for clarity) with (A.19):

Z′n(z) = Dn(z)Zn(z), Zn+1(z) =Cn(z)Zn(z).
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Once we compute Z′n+1(z) in two different ways, we arrive at the compatibility relation

C′n(z) = Dn+1(z)Cn(z)−Cn(z)Dn(z).

This equation gives four identities for recurrence coefficients: the (2,2) entry is trivial, using (A.6a)
as well as

b12,n =
1

2πi
deltan+1,nχn, b21,n =−2πi

deltan−1,n−2

χn−1
.

The (1,2) and (2,1) entries recover (2.7), the identity obtained using Magnus’s ideas, and the (1,1)
entry gives the second identity in (2.6).

A.5 Differential equation in ω and Painlevé V

Similarly, if we consider differentiation with respect to ω , denoted by ,̇ we conclude that Żn(z)Zn(z)−1

is an entire function in z, since the jump matrix of Z is independent of ω . Using asymptotics at infinity
(A.4), (A.5) and Liouville’s theorem,

Ż(z)Z(z)−1 = En(z), En(z) =
i
2

[
z −2a12,n

2a21,n −z

]
. (A.21)

Compatibility of Zn+1(z) =Cn(z)Zn(z) and (A.21) gives

Ċn = En+1Cn−CnEn =
i
2

[
z −2a12,n+1

2a21,n+1 −z

][
z−αn −a12,n
a21,n+1 0

]
− i

2

[
z−αn −a12,n
a21,n+1 0

][
z −2a12,n

2a21,n,−z

]
.

The (1,1) entry of this equality gives
α̇n = i(βn+1−βn),

which is the first equation in (2.5), and the (1,2) and (2,1) entries give

−ȧ12,n = iαna12,n, ȧ21,n+1 = iαna21,n+1,

so multiplying the first equation by a21,n and the second one by a12,n (and shifting the index), together
with (A.20), we arrive at

β̇n =
d

dω
(a12,na21,n) = ia12,na21,nαn− ia21,na12,nαn−1 = iβn(αn−αn−1),

which is the second equation in (2.5). These two identities can be derived by considering the O(z−1)
terms in (A.21) as well.

We can rewrite (A.11) as

Z′(z)Z(z)−1 = M∞ +
M1

z−1
+

M0

z+1
, (A.22)

with coefficients

M∞ = Γ0, M1 =
1
2 (Γ1∆1 +Γ2 +Γ0∆2)+Γ0∆1 +Γ1, M0 =− 1

2 (Γ1∆1 +Γ2 +Γ0∆2) ,
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using (A.10). We change variable z = 2u− 1, to formulate the problem in the interval [0,1] instead of
[−1,1], and consider the matrix

V (u) = 2−nσ3e
iω
2 σ3Z(2u−1), (A.23)

which has the following asymptotics at infinity:

V (u) = 2−nσ3e
iω
2 σ3

[
I +

An(ω)

2u−1
+

Bn(ω)

(2u−1)2 +O

(
1
u3

)]
(2u−1)nσ3e

iω(2u−1)σ3
2

=

[
I +

Vn,1(ω)

u
+O

(
1
u2

)]
unσ3eiωuσ3 .

(A.24)

where

Vn,1(ω) = 2−nσ3e
iω
2 σ3

An(ω)−nσ3

2
e−

iω
2 σ32nσ3 (A.25)

follows from expanding (2u−1)nσ3 ; then (A.22) in the variable u becomes

V ′(u)V (u)−1 = 2−nσ3e
iω
2 σ3

(
2M∞ +

M1

u−1
+

M0

u

)
e−

iω
2 σ32nσ3 , (A.26)

and (A.21) becomes

V̇ (u)V (u)−1 =
i
2

σ3 +2−nσ3e
iω
2 σ3Ene−

iω
2 σ32nσ3 = iuσ3 +

[
0 −i4−neiω a12,n

i4ne−iω a21,n 0

]
. (A.27)

Since
2 ·2−nσ3e

iω
2 σ3M∞e−

iω
2 σ3 2nσ3 = iωσ3,

if we identify the parameter 2iω = t, then (A.26) and (A.27) match precisely [32, (C.38) and (C.39)],
that is, the linear system of differential equations associated to Painlevé V.

Using (2.4), the subleading coefficient is

δn,n−1(ω) = i
d

dω
loghn−1(ω) = a11,n(ω),

written in terms of the first correction matrix at infinity of Y (z), recall (A.4) and (A.5). Because of (A.7),
(A.23) and (A.25), we have

(Vn,1)11(ω) =
a11,n(ω)−n

2
On the other hand, from [32, pp. 443], this entry can be identified as (Vn,1)11(t) =−HV(t), where HV(t)
is the Hamiltonian for Painlevé V, with parameters θ0 = θ1 = 0 and θ∞ =−2n. The function

σn(t) = tHV(t)+
θ0 +θ∞

2
t +

1
4
(
(θ0 +θ∞)

2−θ
2
1
)

= tHV(t)−nt +n2

= t
d
dt

loghn−1(t)−
nt
2
+n2

satisfies the Jimbo–Miwa–Okamoto σ -Painlevé V equation:

(tσ ′′n )
2 = [σn− tσ ′n +2(σ ′n)

2 +(ν0 +ν1 +ν2 +ν3)σ
′
n]

2−4
3

∏
j=0

(σ ′n +ν j) (A.28)
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with parameters

ν0 = 0, ν1 =−
θ0−θ1 +θ∞

2
, ν2 =−θ0, ν3 =−

θ0 +θ1 +θ∞

2
,

see [32, (C.45)], which becomes (2.21), identifying θ0, θ1 and θ∞ as above.


