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In this paper we investigate algebraic, differential and asymptotic properties of polynomials p,(x) that
are orthogonal with respect to the complex oscillatory weight w(x) = ¢l®* on the interval [—1,1], where
® > 0. We also investigate related quantities such as Hankel determinants and recurrence coefficients.
We prove existence of the polynomials p,,(x) for all values of @ € R, as well as degeneracy of pa,+1(x)
at certain values of @ (called kissing points). We obtain detailed asymptotic information as @ — oo, using
recent theory of multivariate highly oscillatory integrals, and we complete the analysis with the study of
complex zeros of Hankel determinants, using the large @ asymptotics obtained before.

Keywords: Orthogonal polynomials, asymptotic approximation in the complex domain, numerical analy-
sis, Hankel determinants.

1. The Kissing polynomials
1.1 Introduction and motivation

In this paper we are concerned with orthogonal polynomials with respect to the complex weight function
w(z) = ¢l®? on the interval [—1,1]. Such polynomials have been recently investigated in the context of
quadrature of highly oscillatory integrals, see for instance [18, Chapter 6] and references therein, but the
relevance of this work is broader, in particular once we consider more general complex-valued weight
functions. The extension of standard theory of polynomials orthogonal with respect to real-valued Borel
measures to the complex realm is far from straightforward and many familiar features are lost. As a
rough rule of thumb, we may divide features of orthogonal polynomials into algebraic and analytic ones.
Algebraic features, e.g. the existence of a three-term recurrence relation, do not depend on the weight
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function being real, but not so analytic features. Obviously, we can no longer expect zeros to be real and
to interlace but, more worryingly, the very existence of orthogonal polynomials is an analytic feature,
being equivalent to Hankel determinants (in general, transcendental expressions) being nonzero. Thus,
orthogonal polynomials with respect to complex weight functions present a formidable challenge and
call for a new arsenal of tools and techniques. This paper represents initial inroads into this fascinating
subject.

In the context of quadrature of complex-valued highly oscillatory integrals, the problem is how to
approximate efficiently the value of integrals of the form

qﬂ=LVuwmm o> 1, (1.1)

where for simplicity we assume that f(x) is an analytic function. The standard approach of directly
applying numerical quadrature (e.g. Gaussian) to (1.1) is known to be highly inefficient when the oscil-
latory parameter  is large because, in order to attain good accuracy, the number of Gaussian quadrature
nodes needs to scale like ().

Gaussian quadrature on the real line is a cornerstone in the numerical analysis of integrals. If we
have

1= [ o (12

where (a,b) C R and the weight function w(x) is positive, a quadrature rule takes the form
Of1="Y wif (x), (1.3)
=1

with quadrature nodes {x;};_, and weights {wy}}_,; if we use n nodes and weights, the quadrature
rule Q[f] is called Gaussian if it is exact for polynomials of degree up to (and including) 2n — 1, which
is actually the optimal case. In this case, the quadrature rule makes use of orthogonal polynomials
(OPs) {pn(x) ;a0 with respect to w(x); namely, the quadrature nodes are chosen as the zeros of the n-th
orthogonal polynomial p,(x), and the weights can similarly be constructed in terms of the OPs, see e.g.
[25] for more details.

The family of OPs constitutes a basis of the Hilbert space L?([a,b],w(x)), with the standard inner
product given by

b
(.0 = [ FRgmndn (14)
a
These OPs satisfy many important properties, among which we highlight the following:
e the polynomial p,(x) is of degree exactly equal to n for all n > 0,

o the following orthogonality property is satisfied:

0, k=0,1,...,n—1,
X >0, k=n,

.ébpn@J%W1ﬂdx=={

e the zeros of p,(x) are simple and they are located in the interval (a,b),
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o the OPs satisfy a three term recurrence relation of the form

XPn (x) = Pn+1 (x) + 0 pn (x) + ﬁnpn—l (-x)7 (1.5)

with initial data p_;(x) = 0, po(x) = 1 and coefficients o, and f3, that can be written in terms of
the inner product (1.4):

o, = PPl

(Pn> Pn)

B, = (PnsPn) _Xn

= , n=>=1. (1.6)
<pn717pnfl> Xn—1

We refer the reader to the monographs [13, 30, 45] for these and other properties of orthogonal
polynomials.
If we apply these ideas directly to (1.1), then the resulting bilinear form is

1 .
(r.8) = [ S0l a, 1)
and the corresponding monic orthogonal polynomials (OPs) p?(x) are defined as
! - 0 k=0,1,....,n—1
/ PO ()@ dr={ Tl (1.8)
=1 Xﬂ(a))7 k=n,

where n € Z, and o > 0. For simplicity of notation, in the sequel we omit the parameter @ and write
pu(x) directly.

An important observation is that the bilinear form (1.7) is not an inner product, because the weight
function is no longer positive, and therefore it may happen that (f, f) = 0 for a non-zero function f(x)
and the orthogonalisation procedure to compute the OPs can potentially break down. Nevertheless, if
such family of OPs exists, the complex Gaussian quadrature rule

1 ‘ n
/ S Y wif (), (19)
- k=1

with complex nodes {x;}}_, and weights {w;}}_, inherits the optimal polynomial order of Gaussian
quadrature that we mentioned above, and the optimal polynomial order translates into optimal asymp-
totic order in terms of the oscillatory parameter @:

/11 f(x)e!®dx — Zn: wif(x) =00~ 7Y, @ — oo (1.10)
- k=1

This property makes this construction attractive for numerical purposes, in particular for large values of
®, aregime where standard quadrature of the oscillatory integral is problematic using classical methods,
as observed before. We refer the reader to [16] for further details on these ideas, as well as the papers
[17], [27] and the PhD thesis of Nele Lejon [35] for other examples involving oscillatory integrals with
stationary points, as well as the general monograph [18].

Since (1.7) involves non—-Hermitian orthogonality and therefore satisfies (xf, g) = (f,xg), the monic
OPs satisfy a three term recurrence relation analogous to (1.5): provided that p,(x) and p,+;(x) exist
for given n and w, we have

Pnt1(x) = ¥ = 0,(@)]pn(x) — Bu (@) pp—1 (x)- (1.11)
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The initial values are taken as p_;(x) =0, po(x) = 1 and the coefficients o, (®) and B,(®), which are
in general complex valued, can be written as

an(a)) _ (xpmpn> ﬁn(w) _ <PmPn> _ xifa)) (1.12)

(Pn>Pn) ’ <Pn—1,l?n—1> Xn ((D)’

in terms of the bilinear form (1.7).

The location of the zeros of kissing polynomials is a central topic of this paper, and it is a nontrivial
issue, even in the case when p, (x) exists, since the classical result that the zeros are contained in the in-
terval where orthogonality is defined no longer holds. In this direction, the zero distribution of complex
orthogonal polynomials, in particular in the limit 7n — oo, has already been investigated for a few decades,
with applications to rational approximation of functions in the complex plane and solutions of Painlevé
equations, for example. The theory was developed by Gonchar and Rakhmanov [26] for orthogonal
polynomials with varying weights on the real line, where w(x) = w,(x) = e "»¥), using the essential
ingredient of the equilibrium measure in the presence of an external field, given by V (x) = lim,,_. V;,(x).
This framework was later expanded for complex-valued weight functions and complex OPs in the works
of Stahl [43], Rakhmanov [42], Martinez—Finkelshtein and Rakhmanov [38], and Kuijlaars and Silva
[34], among others. In this scenario, an essential part of the problem is the location of the specific curve,
among all possible smooth deformations of the original contour, that attracts the zeros of the orthogonal
polynomials as the degree gets large; this leads to the crucial concept of S curve, which is distinguished
by a precise symmetry property that involves both the logarithmic potential of equilibrium measures and
the external field V (x). Recent extensions of this methodology include multiple orthogonal polynomials
as well, that are connected to Hermite—Padé approximation.

1.2 Existence and the kissing pattern

The fact that in the present situation the weight function w(x) = e!®¥ is not positive on the interval where

orthogonality is defined has two important consequences that we will investigate in the rest of the paper.
In the first place, there is the question of existence of the OPs, which can be analyzed recalling the

fact that p,(x) can be written in terms of the associated Hankel determinants: we construct the following

nth Hankel matrix

po(@)  w(w) ... o)
m(o) (o) ... ()
Hyw)= | ) R (1.13)
y,,(a)) .un+l(w) ,len((i))
where

1 .

,um(a)):/ Z"e'®%dz, meZy (1.14)
-1

are the moments of the weight function, and we define the Hankel determinant
hy(®) = detH, (o). (1.15)

It is clear from the previous equations that 4, (®) is an analytic function of @ in the complex plane.
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The polynomial p,(x) can then be written as follows:

to(@) (@) - (o)
| m(o) (o) - pyi(0)
pu(x) = mdet , (1.16)
tn1(@) (@) -+ pop-1(@)
1 X x"

see for instance [30, Chapter 2].
It follows directly from (1.16) that if ,_; (@) = 0, then p,(x) is not defined. For example, by direct

calculation from (1.14), we have
_ 2sin®@ _

Ho(w) = = ho(o),

and therefore if @ = kx, with k = 1,2,..., then hy(®w) = 0 and therefore p;(x) is not defined. A few
more cases are worked out explicitly in [1].

Secondly, even when the existence of p,(x) is assured for some values of  and w, its roots lie in the
complex plane. When @ = 0, p,(x) is a multiple of the classical Legendre polynomial and the roots are
real and in the interval (—1,1). For @ > 0, we plot the trajectories of the zeros of p,(x) in Figure 1 and
Figure 2; these zeros are symmetric with respect to the imaginary axis, because

pn(z) = (=1)"pu(—2), z€C, (1.17)

see [1] (writing the variable as z instead of x), and the map z — —Z represents a reflection with respect
to the imaginary axis. As we can see, the trajectories of the roots (as functions of @) corresponding to
polynomials of consecutive even and odd degree touch at a discrete set of frequencies ®: the zeros of
the polynomials kiss and this phenomenon motivates their name.

This kissing pattern, which consists of coincidence of roots of two consecutive polynomials p,y(z)
and poyy1(z), results from degeneracy in the degree of the polynomials at certain critical values of
. Bearing in mind formula (1.16), it comes as no surprise that these critical values of @ correspond
exactly to the zeros of the Hankel determinant /,_;(®). This motivates our detailed study of these
Hankel determinants in the sequel.

Using a different normalization we can define a polynomial that always exists, regardless of the
zeros of the Hankel determinant:

Ho(@) (@) - ()
m(o) (o) - ()
Pn(x) = det " ;
.un—i(a)) tn(@) - /J2n—1l(w>
It is clear that if &,_; (@) # 0, then
Pn(2) = hy—1(@)pa(2). (1.18)

Observe that, unlike p,(z), this new polynomial always exists, if /,_;(®) = 0 for some value of @
then it has degree less than n. From the theory of quasi-orthogonal polynomials, or formal orthogonal
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FIG. 1. Trajectories of the zeros of p,(z) (dark, solid) and p3(z) (grey, dashed), at the top, and p4(z) (dark, solid) and ps(z) (grey,
dashed), at the bottom.

polynomials, it is known that the degree of p,(z) equals the dimension of the largest leading non-singular
principal submatrix of the Hankel matrix H,_; [9]. This is the same as saying that the degree of p,(z) is
equal to the degree of the first existing polynomial p;(z) of lower degree k < n. Plots indicate, and we
will prove it later, that the degree of j,(z) at a kissing point is actually n — 1.

Consider next the situation as @ tends to a critical value @* > 0 such that &, (®*) = 0, for n > 1; this
can be understood by writing the three-term recurrence relation (1.11) in terms of the new polynomials,
and then using (2.1), in terms of Hankel determinants:

hi—lﬁn-&—l (Z) = [hnhn—IZ'i‘i (hnhn—l - hn—lhn>] Dn (Z) - hiﬁn—l (Z) (119)

For critical values of @, where h, vanishes, this expression simplifies. Indeed, if /,(®*) = 0 and
hu(©*),hy—1(@*) # 0, equation (1.19) becomes

hn

n—1

Pnr1(z) = ih Pn(2), (1.20)
i.e. Pu+1(z) is a scalar multiple of j,(z).

This means that at zeros of £, the polynomial p,+(z) reduces to a constant multiple of p,(z) of
lower degree. Hence, their zeros coincide and the trajectories of both polynomials kiss. Also, in this
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FIG. 2. Close-ups of the kissing patterns near the right endpoint +1, for p, (dark, solid) and p3 (grey, dashed), on the left, and for
pa (dark, solid) and ps (grey, dashed), on the right.

situation, the monic polynomial p,;(z) blows up, and at least one of its zeros necessarily becomes
infinite.

As a matter of fact, under the previous conditions, at this critical value @*, the polynomial p,(z)
satisfies more orthogonality conditions than usual. The condition

! i0*zy, h”l(m*) _
/_1pn(z)pn(z)e dz = m =0

implies that
1 .
/ pn(z)Ze®?dz = 0, k=0,1,...,n.

Thus, the polynomial zp,(z) still satisfies n orthogonality conditions. In the theory of quasi-orthogonal
polynomials, it is customary to replace in this case p,+1(z) by zp,(z), in order to obtain a complete basis
for the space of polynomials.

Such completeness is not necessary for the sake of quadrature rules and we forego a more complete
description. Instead, we focus on an aspect of the kissing pattern that is unique to the polynomials at
hand: the kisses in Figure 1 and 2 seemingly occur closer and closer to the endpoints +1 as @ increases.

The paper is organised as follows: in Section 2 we present identities for the Hankel determinants,
the recurrence coefficients and the kissing polynomials that hold for finite » and @; such results belong
to the integrable systems approach to orthogonal polynomials, which is relevant since the weight func-
tion for the kissing polynomials is an exponential deformation of the classical Legendre weight. More
precisely, we present i) a complex version of the Toda lattice equation and discrete string equations for
the recurrence coefficients: ii) a Toda equation and a differential equation in @ related to Painlevé V for
the Hankel determinants; iii) raising and lowering operators, differential equations in z and in @ for the
kissing polynomials; iv) a differential equation for the motion of their zeros in terms of ®.

In Section 3 we study properties of the Hankel determinants, recurrence coefficients and kissing
polynomials as the parameter @ — oo. Our results follow from the method of stationary phase for mul-
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tivariate highly oscillatory integrals defined on the n-dimensional cube ¥, = [—1,1]", a methodology
which requires elaborate combinatorial arguments in order to collect the dominant contributions from
the vertices of %#;,. Furthermore, our main result, Theorem 3.6, can be applied to more general cases
where the function in the integrand is a smooth symmetric function of n variables. Additionally, in
Theorem 3.8 we present an asymptotic result that relates the zeros of the kissing polynomials as @ — oo
with those of Laguerre polynomials. We observe that this asymptotic analysis is essentially different
from the case when n is large, which is more standard in the theory of orthogonal polynomials and has
been investigated in [44], in [15] and [11] (when o is fixed and when it is allowed to grow linearly with
n) and in [2] with @ a general complex number. In these contributions, the asymptotic expansions are
deduced by applying the Deift—Zhou steepest descent method to the corresponding Riemann—Hilbert
problem, following ideas developed in [33] for Jacobi polynomials modified by an analytic factor, see
also the general monograph [20]. In this context, the Riemann—Hilbert formulation for kissing polyno-
mials also provides existence of p,(z) for large enough n, together with asymptotic behaviour for z in
different regions of the complex plane.

Section 4 is concerned with the main result of this paper for finite @, namely the proof that even-
degree kissing polynomials always exist, for all n > 0 and real @. While their existence for sufficiently
large w is assured by the asymptotic analysis of Section 3, we need the material of Section 2 to leverage
these results to all w € R.

Finally, the existence of real roots of Hankel determinants is critical to the existence of kissing
polynomials. As it turns out, their complex roots describe an interesting ‘onion peel’ pattern in C, which
is described asymptotically as @ — o in Section 5, using the ideas from the previous section and in
terms of the Lambert W function. The key idea in proving these results is a balance between algebraic
and exponential terms in @ in the asymptotic expansions calculated previously.

Finally, in Appendix A we prove in detail several results at the interface of kissing polynomials,
Riemann—Hilbert analysis and the theory of integrable systems, some of which are of an independent
interest, which are germane to the analysis of Section 2.
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2. Differential and Difference Equations

We have introduced the kissing polynomial p,(z) as a polynomial of degree n in the variable z with
parameter @. In this section, we explore a number of identities that can be obtained for the Hankel
determinants /,(®) and the orthogonal polynomials p,(z) by considering different operations: more
precisely, we can deduce differential identities with respect to z and @, as well as difference identities
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with respect to n.

We observe that our weight function w(x) = €'® is in fact a deformation of a classical weight func-
tion, namely the one for Legendre polynomials. Such modifications, with an exponential factor involv-
ing a parameter, have been widely studied in the literature for many families of orthogonal polynomials
and using a variety of techniques: ladder operators [30], integration by parts or Riemann—Hilbert meth-
ods. We refer the reader to [46] for more examples, including OPs on the unit circle and discrete OPs.

Time-dependent Jacobi polynomials studied in [3], which are orthogonal with respect to the weight
w(x,1) = (1 —x)*(1 +x)Be ™, with &, 8 > —1 and r € R, are closely related to kissing polynomials,
with the difference that the parameter t = —i is purely imaginary in our case. A general analysis for
complex parameter ¢ has been recently described in [2].

Firstly we present some properties of recurrence coefficients, more precisely a differential equation
in , which is a complex version of the classical Toda lattice, and two nonlinear difference equations
in n, often known in the integrable systems community as string equations, using ideas from Magnus
[36, 37]. Next we consider the Hankel determinants themselves, and in particular the deformation with
respect to @ again, which leads to identification with solutions of the -Painlevé V equation. For kissing
polynomials, following the technique of [30, Chapter 22], we use the Riemann—Hilbert formulation to
obtain a differential equation in the variable z. This differential equation is crucial in the proof of
existence for the kissing polynomials of an even degree for all n > 0 and @. Finally, by using an identity
in [1] and the complex Toda lattice equations (2.5), along with ideas from [10], we are able to study
the behaviour of the polynomials as we deform the parameter @. All of the material in this section
highlights the various connections between orthogonal polynomials and integrable systems, which can
certainly be explored further.

iox

2.1 Results for recurrence coefficients

The formulas (1.12) express the recurrence coefficients in terms of the bilinear form, but they are not
very convenient for calculations. From the perspective of integrable systems, it is more interesting to
write them in terms of Hankel determinants or subleading coefficients of the OPs.

PROPOSITION 2.1 The recurrence coefficients in (1.11) admit the following expressions in terms of
Hankel determinants (1.15):

(@) By (0)

(Xn(w)zfi hn((l))im ) ﬁ”(CO):

hy(@)h,—2 (o)
hzq((o) ’

@2.1)

where /1, indicates differentiation with respect to @. Furthermore, a,,(®) can be written as follows:
(@) = Syn—1(0) = Spr1.0(@), 2.2)
where 3, ,—1(®) is the subleading coefficient of p,(x), that is,
Pn(x) = X"+ 0pn—1 (a)))c”*1 +..., (2.3)
Proof. Equation (2.2) follows directly from expanding the recurrence relation (1.11) in powers of x and

then equating the terms multiplying x".
The proof of the second identity in (2.1) follows the standard one given for example in [30, p.17];
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for the first one, we expand (1.16):

.LLU(w) H ((I)) .un(w)
| m(@)  p(w) - ph(0) i
p”( )7 det . . . _ n lxn_1+ ;
hu—1 ’ ’ ’ hu—1
Hp—1 ((D) /.Ln(a)) s Uop—1 ((J))
1 X X"
where
po(®) (@) - o) (o)
~ w(w) (o) - (@) M1 (@)
hy,—1 = det . . .
U1 (®) (@) - pop2(®) Hop—i(0)
But as a consequence of the fact that [1,, = ilty+1 for m > 0, which follows from the exponential form
of the weight function, see also (2.10) below, we have h,,_; = —ih,_1, in terms of the derivative with
respect to @. Therefore _
Ly
Sun1 (@) =1 ! (2.4)
n—1
This, together with (2.2) proves the result. g

2.1.1 Differential equation in ®. As a function of the parameter ®, the recurrence coefficients them-
selves satisfy a complex version of the classical Toda lattice equations, written in Flaschka variables;
these equations are known to govern the deformation of the recurrence coefficients whenever the mea-
sure of orthogonality is a perturbation of a classical one with an exponential factor linear in the param-
eter, which in our case is ®:

PROPOSITION 2.2 The recurrence coefficients satisfy the following differential-difference equations:

6(©) = ilBi(©)-Bi(o)] 25)
Bn(w) = iBn(w)[an(w)*anfl(w)]a

where "indicates differentiation with respect to .

Proof. The proof of this result mimics the one given in [30, Theorem 2.8.1]. We provide an alternative
proof based on the Riemann-Hilbert formulation in the Appendix. g

2.1.2 Difference Equation in n. It has been well documented in the literature that recurrence coeffi-
cients of orthogonal polynomials with respect to exponential weights often satisfy certain nonlinear dif-
ference equations which are discrete integrable systems and sometimes correspond to discrete Painlevé
equations (see for instance, [23, 46]). Typically these equations are derived via integration by parts,
and in many cases the computations are facilitated by the vanishing of boundary terms. However, by
(1.8), directly integrating by parts in this case results in boundary terms, as the weight function does not
vanish at x = £1. To overcome this issue, we use ideas of Magnus [36, 37] and multiply the weight
function by 1 — x to kill off these boundary terms. This comes at a price, however, and we will see that
the string equation for the kissing polynomials involves not only the recurrence coefficients, but also the
sub-leading coefficient of the polynomial. More precisely, we have the following result:
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PROPOSITION 2.3 Assume ® is such that y,(®) # 0 and x,—(®) # 0. Then, we have the following
identities:

72H(Xn + 2(” + z)anJr] + iw(ﬁn+2 - Bn + (X,%Jr] - (X,%) = 07 (2 6)
—OC,% +1—=(2n+3)Bui1 + 2n—1) By +i0[Ba (0 +0—1) = But1(Os1+04)] = 0. .
Proof. Using the technique of Magnus, we write
1 . I
0= / [(1 —x?) pﬁ(x)e‘wx} dx
-1
1 . 1 .
= —2/ lxpfl(x)elmdx—i-Z/l (1 —xz) Pu(x) Pl (x)e'®*dx
.1 )
+ia)/ (1—27) pa(x)e®dx
J-1
=-2 (}’l+ 1) O Xn +28n,nleanfl +iw (%n —Xn+1 — a;%Xn - B}%Xﬂ*l) )
where we have used
xpy (%) = npu(x) = Spn—1Pn-1(x) + ...
As xn—1 # 0, we may write
B — Xn
" An—1
to simplify the previous equation and obtain
—2(n+1) 0+ 28,1 +i0 (1 = Bys1 — Bu— &) =0. (2.7

Using (2.2), we can write the previous string equation using only the recurrence coefficients, and we
obtain the first equation in (2.6). Similarly, with more elaborate calculations, we have

0= /711 [(l —x?) pn(x)pn,l(x)eiwx} e
=2 [ amm @t [ (1-2) pWpas (e ar

! 2 / iox 3 : 2 iox
[ 1= i e e io [ (1) pulo)pa1 (e

If we write
pu(x) =x"+ 5,1_,,1,1)("_1 + 5n_’n,2x"_2 +...

then a direct calculation gives
xp(x) = npp(x) = Sun—1Pn—1(X) + (Snn—160-10-2 — 28u0—2) Pn—2(x) + ...,
and from the recurrence relation we deduce the identity
Ont1n—1 = Opn—2— 0nOppn_1 — B, (2.8)
in addition to (2.2). Then, we have

0=-— [2n+ 1 —|—ia)((x,, + an—l)])(n + (Vl — 5,%,1_1 +26n,n—2)x;1—1-
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If x,—1 # 0, then we obtain

0=—[2n+1+io(t; + 1) Bu+n— 87,1 + 28402

If we shift this equation n — n+ 1 and subtract the two, using (2.2) and (2.8), we arrive at the second
equation in (2.6). g
REMARK 2.1 Observe that if @ = 0, then the first equation in (2.6) gives
Oi1 = ——aq
n+1 — n+2 ny
with initial value o = 0, so o, = 0 for n > 0, which corresponds to the case of Legendre polynomials.
Then the second equation in (2.6) leads to

2n—1 1

1—(2 2n—1)B, = = ,
( n+3)ﬁn+l+( n )ﬁl 0= Bus1 2n+3ﬁn+2n+3

n=0,

n2

with initial value By = 0. It can be shown by induction that the solution to this recursion is 8, = Y

for n > 0, which agrees with the recurrence coefficient for monic Legendre polynomials.

Although we shall not make use of this identity in the sequel, it is worth noting it because of its
potential connections to the theory of discrete integrable systems. Similar identities can be obtained
with the same technique applied to the following integrals: fll (1 —x%) pu(X) Puik (x)ei“”‘] "dx, with
k > 1. However, we note that since p,_(x) can be written in terms of p,_,.1(x) and p,_42(x), using
the recurrence relation, then no essentially new identities should be expected once we have worked out
the cases k =0 and k = 1 in Proposition 2.3.

From a numerical point of view, it is known that direct computation of the recurrence coefficients
using these nonlinear relations often suffers from stability issues (several examples can be found in
[46]), however string relations similar to Proposition 2.3 were used in [4, 5, 6] as a foundation for stable
numerical computation of recurrence coefficients, and these implications of the string relation could be
pursued further.

2.2 Results for moments and Hankel determinants

In this section we study several properties of the Hankel determinants that will be needed in the sequel.
Since these determinants are constructed using the moments of the weight function , given in (1.14),
we first present an auxiliary result about them:

LEMMA 2.1 The moments U, (®) satisfy the following identities:
1. the linear recursion

eico + (71)’"6_“‘) m-1

Hn1 (@) = — (@), m>0, 2.9)
starting with 1 . '
- e®—e @ 2sinw
po(@) = [ e = St — 2,
2. the differential identity with respect to ®:
o = ilim = ilmi1, m =0, (2.10)

dw
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3. the following representations as confluent hypergeometric functions:

M 1 2,iw) + (—1)"e 1 ®M(1 2,iw
() = L2 H,,EH) ¢ TMUmEZIO) s, (2.11)

see [39, Chapter 13].

Proof. Formula (2.9) follows using integration by parts, and (2.10) is a straightforward consequence of
the exponential form of the weight function. Formula (2.11) can be obtained from a standard integral
representation of the confluent hypergeometric function:

r) 1 _ g

M(a,bx)=———" [ "% 1 (1—1)b7" 14 Reb >R 0 2.12
(a,b,x) F(a)F(b—a)/o e (I—1) t eb>Rea >0, (2.12)
see [39, (13.4.1)], identifyinga=m+1,b=m+2 and x = iw. O

LEMMA 2.2 For any @ € R and any n > 0, the Hankel determinant &, (@) given by (1.15) is real valued.
Furthermore, /,(®) is an even function of @.

Proof. 1t follows directly from (1.14) that for n > 0,

Hon (@) = ton(—®) = oy (@), Mont1(0) = tony1 (—0) = —popr1 (@), (2.13)

and therefore even moments are real and odd ones are purely imaginary. Then, extracting a factor i/
from the j-th row and a factor i* from each column of the matrix H,(®) given by (1.13), we obtain

Hy(w) = """V H,(0) = (-1)" 1A, (w),

where the entries of the matrix on the right hand side are (H,,(co))jk =i/ u; (o), for jk > 0.

Therefore, it follows from (2.13) that all these entries are real valued, and consequently the determinant
h,(®) is real valued too. Finally, extracting (—1)/ from each row and (—1)* from each column, we have

Hy(—0) = (—1)"""VH,(0) = Hy(),

and therefore 4, (®) = h,(—®), so it is an even function. O

COROLLARY 2.1 As a consequence of Lemma 2.2 and definition (1.16), for ® € R

P ?(2) = pR(2),
and in particular p, ©(x) = p@(x) for x € R.

Next, we present two useful auxiliary results; the first one is a complex version of the Toda evolution
equation, which is well known in the theory of integrable systems and in random matrix theory (cf. for
instance [7, Section 2], [5, Proposition 18.1] or [8, Theorem 1.4.2]) but is presented with a proof for the
sake of completeness:

LEMMA 2.3 Itis true that

(@), (0) — 2 (0) = —h,_((@)h, 1 (@), n>1, (2.14)
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where dot indicates differentiation with respect to @. Alternatively, we may write

2
do 112 loghn 1( ) = 7Bn((0), (2.15)
in terms of the recurrence coefficient f3,(®) in (1.11).

Proof. 'We recall a well-known alternative formula for the Hankel determinant, see for instance [30,
page 18]. We start from

((D) /l 2( )eiwzd /1 J ( )eiwzd hj(w) >0
i(w) = (2 z= | Zpjlz 7= ; 20,
Xj 71pj J1 pj h,,l(a)) .]
using (1.16) and taking 4_; (@) := 1. From this formula, it follows that
n—1
o)=[]x(w), n>1 (2.16)
=0

Note that in our context );(®) may have poles, since ;i (@) can have zeros, which is not the case in
the standard theory. Still, by the above reasoning, the product formula for 4, (®) remains valid.
Next, we observe that

1 .
() :i[lzpj(z)zelwzdzziaj(a))xj(a)), 2.17)

using the recurrence relation (1.11) and orthogonality. As a consequence,

in1 () =Zi [ij(w)] ' Z [Hx,

=0 |j#t it

ioy(0)xe(®) =ihy,— ( Z oy(w). (2.18)

We differentiate again, bearing in mind that ¢&(®) = i[B11(®) — Be(®)], see (2.5):

n—1

hp—1(@) = ihy—1 (@ Zae )Z[ﬁm( ) = Be(@)]

2
e T

[ H@)  hn(@)hy2 (@)
~1(@) hn1 (@)

(2.19)

where we have used (2.1) and telescoped the second sum, taking By = 0. Multiplying throughout by
hy—1 () and shifting the index n — 1 — n, we obtain the result.
Finally, (2.15) follows from direct differentiation and formula (2.1), connecting recurrence coeffi-
cients with Hankel determinants. U
The previous identity is simple, but has the disadvantage that it combines Hankel determinants with
different values of n. It is possible to derive a differential identity without a shift in n, at the price of a
more complicated structure:
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PROPOSITION 2.4 For n > 1, in the variable ¢ = 2iw, the function
d nt
Ou(t) =t loghy1(1) = 5 +n? (2.20)

satisfies the Jimbo—-Miwa—Okamoto ¢-Painlevé V equation:

(t0,)* = [0, —10,+2(c,)* + 2n0, ) —4(0, ) (0, +n)°. (2:21)
Proof. The proof is included in the Appendix, Section A.S5. (|

REMARK 2.2 This result follows as well from the work of Basor, Chen and Ehrhardt in [3], who study
the time-dependent Jacobi weight

wxt)=(1-x)%1+x)Pe™,  o,f>-1, teR.

In order to arrive at (2.21), one identifies & = § = 0 and t = —i, and translates the results in [3, §5],
in particular (5.9) and (5.10) therein, to our parameter .

REMARK 2.3 In the study of Painlevé equations, locating poles of the solutions, or estimating regions
in the complex plane that are free of them, is an active area of research. In this sense, Proposition 2.4
is relevant for the o-Painlevé V equation, since the zeros of the Hankel determinant /,_;(®), which
are a central topic of this paper, are poles of the function o, in (2.20), and therefore our results can be
translated to that area.

In Figure 3 we display log|h,(®)| as a function of o for different values of n, and we see a clear
difference in behaviour depending on the parity of n. Based on this figure, and similar ones that can be
obtained by direct computation in MAPLE, we formulate two results about the properties of the Hankel
determinants:

1. Two consecutive Hankel determinants 4, and A, cannot have any common positive real zeros
forn>0and @ > 0.

2. Forn > 0 and @ > 0, the determinants /4, and 5,1, do not have any common positive real zeros.

We first show that no two consecutive Hankel determinants can vanish simultaneously.

LEMMA 2.4 Thereis non > 1 and @* > 0 such that
hp—1(©) = hy(0*) =0.

Proof. Assume that h, 1 (®*) = h,(@*) = 0 for some ® = @*. Then by (2.14) we have &, = 0 and so
h,, has a root of order at least two at @ = @*. Since both terms on the left hand side of (2.14) have a root
of order at least two, so must the right hand side, and this implies that either A, or h,_ have a root of
order at least two.

In the latter case, two consecutive Hankel determinants have (at least) a double root. In the former
case this happens too. Indeed, in this case we have h,(®*) = h,(©*) = hy,_1(©*) = hy 1 (®*) = 0. We
can reformulate (2.14) as

i1 (@) 1(©) = i1 (@) = ~hy (@)hyia(0),

WV
o
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FIG. 3. On the left, plot in log-scale of log|A; (®)] (solid line), log |3 (®)| (dotted), log |5 ()| (dashed) and log |7 (®)]| (dashed-
dotted). On the right, plot in log-scale of log|ha(®)| (solid line), log|hs(®)| (dotted), log|he(®)| (dashed) and log|hs(®)|
(dashed-dotted).

It follows that /2,41 (®) = 0, i.e. both &, (®) and h,,, | (@) have a double root at ® = *.

It remains to rule out two consecutive double roots. Let us assume that /4, and 4,1 have a common
root of order > 2 at @ = @*. In that case, the right hand side of (1.19) vanishes at ® = w* but the left
hand side does not, since p, does not vanish identically, unless also /,—; = 0. Subsequently, if we shift
the index down n +— n— 1 in (2.14) we obtain

hn—l (a))hn—l ((D) - hrzz—l ((D) = _hn—Z(w)hn(w)v

and if i, (0*) = h,_1 (®*) = 0, we deduce that /2, 1 (®*) = 0 too, and therefore %, | has a zero of order
at least two at @ = ®*. Continuing this reasoning leads to a chain of roots of order at last two and all
Hankel determinants vanishing down to n = 0, which is a contradiction. O

It follows immediately that one cannot have h, = h, = 0 either, since then by (2.14) at least one of
hy,—1 or h,41 has to vanish too. We can also exclude h,, = h,4> = 0, which is our second result:

LEMMA 2.5 Thereisno n > 0 and @* > 0 such that
(@) = hyo(0%) =0.

Proof. The result is true by direct computation for n = 0 and n = 1. Let us assume itis trueupton—1,
and assume that ,,(@*) = 0 for some ®* > 0. We intend to show that £, ., (®*) # 0.

We know that 5,1 (®*) # 0 by Lemma 2.4 and that i, _»(®*) # 0 by our inductive assumption.
It follows from (2.1) that @, is analytic at @*. It also follows from (2.1) that 3,(®*) = 0. Since
hy(@*) # 0 and h,_o(@*) # 0, this root of B, is simple.
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We reformulate the differential-difference equations (2.5) as

Bn—H = _ian+ﬁna
Oy = fiﬁ”Jrl + o,
ﬁn+1

Plugging in a Taylor series of @, and 3, around @ = @* and using the above recursions shows, after
straightforward computation, that o, and o, have a simple pole, 3,1 has a double pole, 3,1, has a
simple root and ¢, is analytic at ®*. Using the expressions

<an7pn>

_ <pn7pn>
(Pns Pn) b=

and ,
(Pn—1,Pn-1)

oy =

this implies that (p,.1,ps+1) has a simple zero at @ = @* and {(p,12,pni2) # 0. The latter in turn

implies that 4,12 (®*) # 0. O

We observe that this type of idea was used in a similar problem (but with a complex cubic potential

on a union of infinite contours in C) in the thesis of N. Lejon [35]; in that setting, the combination of

analogous properties for the Hankel determinants and the string (or Freud) equations lead to the proof

of existence of the orthogonal polynomials of even degree. In the present case the main issue is that the

string equations have a more complicated structure, because of the presence of boundary terms. This
issue will be addressed in Section 2.1.2.

2.3 Results for kissing polynomials

2.3.1 Differential equation in z. One standard result in the theory of classical orthogonal polyno-
mials is the existence of a linear second order differential equation; this result typically follows from
combining two ladder operators (raising and lowering), that express p),(z) and p/,_, (z) in terms of p,(z)
and p,_1(2):

[;Z +B, (z)] Pa(z) = BuAn(2)Pu-1(2),

[(fz —B,(2) + v’(z)} Pn—1(2) = —An—1(2)pu(z),
where w(x) = e "™, The coefficients A,(x) and B, (x) can be expressed in terms of recurrence coef-
ficients and, if the support of the orthogonality measure is finite, of boundary values of the orthogonal
polynomials and the weight function. The proof of the ladder relations relies on integration by parts and
the Christoffel-Darboux identity, as shown by Chen and Ismail in [12], and also in [30, Section 3.2]; it
is also possible to prove them using the Riemann—Hilbert problem for orthogonal polynomials, we refer
the reader to [46, Chapter 4], and this is the methodology that we use for kissing polynomials in the
appendix, in particular equation (A.13). More precisely, we obtain

2n+1+io(o+2)

nz— 6}1.}1—1 + iwﬁn
2Z2—1 ’ '

2Z-1

An(@) = By(0) = —

Combination of these two ladder operators gives a second-order differential equation (depending on
n) for the orthogonal polynomials, see [12, Theorem 2.2] or [30, Theorem 3.2.3] for a general formu-
lation. This is true for the kissing polynomials too, and this identity will be a key element in showing
existence of kissing polynomials of even degree later on.
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We first present the following result, whose proof uses the Riemann—Hilbert problem for OPs and is
given in the Appendix A:

LEMMA 2.6 (Differential equation for kissing polynomials) Let @ be such that 4, _;(®) # 0. Then the
kissing polynomials satisfy the following second-order ODE:

gggm@+

Pnl(2)+ pn(2) =0, (2.22)

where Q, R, S are polynomials in z. Moreover, if h,(®) = 0, then the only singular points of the
differential equation are at z = +1. If h,(®) # 0, the differential equation also has a regular singular

point at

2 1
z(o;n) = —o0p — rf+ €iR, (2.23)

10

along with z = +1.

This lemma has two immediate corollaries which will be used in the proof of existence of the even-
degree kissing polynomials.

COROLLARY 2.2 If h,(w) = 0, then p,(z) cannot have a zero of multiplicity greater than one on the
imaginary axis.

Proof. If hy(w) = 0, the imaginary axis consists solely of regular points of the second order differential
equation (2.22). If p,(z) has a zero of multiplicity greater than one at z* € iR, then p,(z*) = p/,(z*) =0,
and then p,(z) is identically zero, by a standard argument about existence and uniqueness of solutions
of second order linear ODE:s, see for instance [28, Chapter III]. O

COROLLARY 2.3 Assume that i, # 0 and h,_; # 0. If p,(z) has a zero at z,(®), then it is a double
zero.

Proof. We may write
n—j )
pa(2) =Y ax(z—2)"", (2.24)
k=0

where j is yet to be determined and ag # 0. Using (A.18), we can expand R/Q and S/Q in a Laurent
series about z, as

REZ) i re(z—z.)%, g(é)) N i se(z— 20" (2.25)

0(z) :k=—1 k=—1

Above, we compute r_; = —1, which follows from (A.17) in the appendix. Plugging (2.24) and (2.25)
into the differential equation

" R(z) ,
Pn (Z) + @Pn(Z) +

S(z)

@Pn(Z) =0,

and an examination of the coefficient of (z —z,)/~! give
apj(j—2)=0. (2.26)

As ag # 0, (2.26) implies that either j = 0 or j = 2, completing the proof. g
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2.3.2 Differential Equations in ®. Finally, we turn our attention to the behaviour of kissing polyno-
mials as we deform the parameter @. The starting point of our analysis is the following relation, derived
in [1, Theorem 3.2]:

Pn(Z) = _iﬁnpn—l(Z)y 2.27)

where we recall that p,(z) = dp,(z)/d®. Using similar techniques to those used to derive the differen-
tial equation in the variable z, we are able to conclude that the kissing polynomials also satisfy a second
order differential equation in the parameter ®.

LEMMA 2.7 Assume that @ is such that /,_; (@) # 0, so that p,(z) exists as a monic polynomial of
degree n in a neighborhood of @. Then, in this neighborhood, the kissing polynomials satisfy

Pn+ i (Z - an) Dn— ﬁnpn = 07 (2.28)
where "indicates differentiation with respect to the parameter ®.

Proof. Using the recurrence relation (1.11), we may transform (2.27) to

Pn-1= ipn —i (Z — Oy—1 ) Pn—1- (229)

We may combine the two differential-difference equations, (2.27) and (2.29), as in the proof of Lemma 2.6
to obtain

i

e[ 2 (5) -2 i
ﬁnpn aw Bn ﬁn Pn Pn .

Using the Toda equations (2.5), we can simplify this to

ﬁn+i<z_an>pn_ﬁnpnzoa

completing the proof. (]
Next, we study the behaviour of the zeros of p, as functions of w, using techniques from [10] and
the differential equation (2.28).

LEMMA 2.8 Assume that @ is such that &, (@) # 0, so that p,(z) exists as a monic polynomial of
degree n in a neighborhood of @. Denote by {z;(®)}}_, the n zeros of the polynomial p,(z). In this
neighbourhood of @ the zeros evolve according to the dynamical system

L . .
5=24Y ———is(a-), i=12,...n (2.30)
=14 T
J#i
Proof. As p,(z) is a monic polynomial of degree n, we write

n

pn(2) =H[Z—Zi(w)]-

Differentiating with respect to @ yields

0
%pn (Z)
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and
82 n n
n =7 | I i - 27 i | | - .
dw2? (Z)L:zi(w) Z(w)k:1[z (@) —zl )] +22( ZZ} k=1 (@) ~ (@)
ki /;éz k#i,j

Evaluating (2.28) along any zero trajectory yields the following complex n-body problem,

n

— (@) [] lzi(®) — % (@)] +2z:(@ sz H zi(0) =z ()]

k=1
ki j;éi k#u.]
n
—i7;(0) [z:(®) — oty (@)] H [zi(®) — z(@)] =0,
i
fori=1,2,...,n, which upon simplification, results in (2.30). O

The above proof also lends some insight into the behaviour of the zeros for @ > 0. It is clear that
the initial positions of these zeros for @ = 0 are the zeros of the underlying Legendre polynomial. Let
xi, i =1,...,n denote the ordered zeros of the Legendre polynomial P, thus

zi(0) = x;, i=1,...,n

Next, we observe that

= —2(@) [ (o)~ 2(@)). @31)

—iBupn-1(zi(@)) = %p” (2)
i

7=z(0)

This equation may be compared with the more general formulas given by Ismail and Ma for the motion
of zeros of orthogonal polynomials under Toda deformation in [31], in particular equation (3.10) therein,
with / = 1 in their notation.

Evaluating equation (2.31) at @ = 0, we deduce that

, B Pu1(xi) .
4(0) I (xi—xx)’ T
kti

where f3, ; are the recurrence coefficients for the Legendre polynomials and P,_1(x) is the monic Leg-
endre polynomial of degree n — 1. It is well known that

n2

b= sy

Therefore, we have that the zeros of the kissing polynomials move into the upper complex half-plane as
soon as ® > 0.

Another consequence of Lemma 2.8 is that the zeros are analytic functions of @, provided they are
all simple and «, is not infinite. By (2.1), we see that ¢, is infinite when either A, or h,_; vanishes
— that is, o, is infinite at kissing points. This should be read in light of the discussion in Section 1.2,
where we have shown that if 4, vanishes, p,(z) becomes a multiple of p,_;(z), and Fig. 1 and Fig. 2
show that at these points the zero trajectories form cusp singularities.
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3. Asymptotic analysis of multivariate oscillatory integrals
3.1 General setting

In this section we investigate the behaviour of Hankel determinants and the kissing polynomials as
@ — oo. This analysis is carried out using results from the asymptotic theory of highly oscillatory
multidimensional integrals, actually a multivariate extension of the classical method of stationary phase.
We note that analogous extensions of Laplace’s and steepest descent methods, for integrals where the
phase function is not purely imaginary, are presented in [21].

Consider the n-fold integral

1 /! 1 .

I,[F] = J/ 1 / lF(xo,...,xn,l)elwmdxo---dxn,l, (3.1)

where x = (xo,...,X,—1), |x| :==x0+x1 + ...+ x,-1, and we assume that
F(x) = f(x)g(x)?, (3.2)

where the function g is the Vandermonde determinant,
n—1 (k)
g(x) = g(x0, X1,y Xp_1) = H (x¢—x) = Z(—I)G(”) ka , (3.3)
0<k<l<n—1 T k=0

7 € IT, being the set of all permutations of length n, acting for example on the n-tuple (xo,...,x,—1). In
the sequel we will also assume that the smooth function f is symmetric in its arguments.

The oscillatory integral (3.1) can be expanded asymptotically in inverse powers of @. Indeed,
the integrand has the canonical form F(x)e'®?™) of a non-oscillatory function F(x) multiplying an
oscillatory exponential, with the so-called oscillator p(x) — in this case simply the linear function
p(x) =|x| =xo+x1+...+x,-1. It is well known how to derive such expansion, for example using
repeated integration by parts when F(x) is smooth (see, e.g., [47]). This is straightforward in princi-
ple, but hampered by lengthy algebraic manipulations in our high-dimensional setting, since (3.1) is an
n-fold integral. In the following, we will use the multi-index notation of [29] to control the complexity.

DEFINITION 3.1 For n > 1, we write %, to denote the set of the 2" vertices of the n-dimensional cube
[—1,1]". For any v € ¥, the index function s(v) of v € ¥, is the number of —1 therein. We denote the
set of vertices in ¥, with r coordinates equal to —1 as ¥}, ,, forr=0,1,...,n.

PROPOSITION 3.2 As @ — oo, the integral (3.1) admits the following asymptotic expansion:

iox| 1,  (_1)" - 1 _ 1\sOv) Jiov] Hk
/[_MWF(x)e @ ('Y g &L CDVENAEQ), (3.4)

m=0 |k|=mveYy

Here k = [ko, k1, ..., k], with k; € N, is a multi-index, and |k| = ko + k1 + ... +ky, s0 0X = 8,’;5)8;{11 < Qfm,

Note that each term in the expansion, corresponding to some negative power of @, consists of sum-
ming over all partial derivatives of a certain total order m over all possible vertices of the cube [—1,1]".
One may think of these derivatives as originating from the integration by parts technique, and they are
evaluated at the vertices because the endpoints of all univariate integrals involved are either +1 or —1
and in this case the integrand has no singularities or stationary points. Once one wants to study the
large-@ expansion of these multiple oscillatory integrals, the main task at hand is to determine which
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vertices of ¥, provide the leading term in the asymptotic expansion, and to calculate their contributions.
Note that all derivatives of F(v) appear, for any multi-index &, in (3.4). In the main examples of interest
in this paper, because of the particular structure of F(v) in (3.2), many of these multi-indices feature
together with a zero derivative and can be discarded, so determining precisely the order of the leading
term, as will transpire in the sequel, is a delicate combinatorial task.

We note that the quantities of interest in this paper (Hankel determinants and kissing polynomials)
can be written, using classical Heine’s formula, as multiple integrals of the form (3.1). This is the
starting point for their large- asymptotic analysis in this section.

3.2 Asymptotic analysis of Hankel determinants

The first step, which is a well-known identity in the theory of orthogonal polynomials and random
matrices, is Heine’s formula, see [30], [45], that expresses the Hankel determinant as a multiple integral.
While the proof of this result is well known, it is useful to provide it since it illuminates much of the
work of this chapter.

LEMMA 3.1 For every n € Z it is true that

1 1 1 1 .
hnfl(w)z—/ / / [T Go—x)%e®Mdx, ;- dxido. (3.5)
L B R N ey

Proof. We write the determinant in the following form:

n—1

1 . .
o) = der( [ eona)
J:k=0
—1
/ / / det f+k @Ry | dyydo
]k 0

1 n-1 n—1 .
/ / / kadet xk) o
1 n—1 )
/ / / ka (o — x) P,y -~y g,

0<k</<n 1

using the well known formula for the determinant of a Vandermonde matrix, and the notation |x| =
X0+ x1 + ...+ x,—1 for the linear phase function. Let 7 be a permutation of (0,1,...,n—1). Then,
changing the order of integration,

1 n— 1 .
hy—1 (@) / / (cep — x)e Pl -+~ dxydig,
0<k</<n 1
where o (1) is the sign of the permutation. Averaging over all n! permutations,
Lt i)
Z*/ / g0, xa1) ] (ee—x)e'®Mdx, g - - dxydix,
nlJ- -1 0<k

<k<t<n—1

where

g(x0,. .. X0-1) = Z (_])G(n)nxfr(k)

nelly, k=0
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and IT, is the set of all the permutations of (0,1,...,n— 1). We observe that g is itself the determinant
of an n x n Vandermonde matrix. Therefore

gxo,.x) = [ (e—x) (3.6)

0<k<t<n—1

and the proof of (3.5) is complete. U
It is clear from this result that the Hankel determinant h,_;(®) corresponds to the choice f =1 in
(3.2). Using (3.6), we note that the non-oscillatory function

1 1
Fo)=—gf=— J] (u-w? neZ. (3.7)

1
 o<k<i<n—1

is a polynomial of total degree (n — 1)n. This implies that if f = 1 then expansion (3.4) terminates, as
all derivatives vanish once m > (n— 1)n+ 1. Since the expansion of h,_; starts with @ ", because of
Proposition 3.2, we expect it to have the form

hi(@)= Y el (33)

The reason for the upper bound is that for the last significant value of £ = (n — 1)n, we have £ +n = n?.

By direct calculation we find the first few expansions

2sinw
ho(a)) = o
4  2(cos2m—1)
o) = gt
32sin®  64cosw  96sinw  32sin’ @
hw) = — PSR- + o &
256  512(cos2w—4) 3072sin20 768(11cos2w—2) 9216sin2®m
h(w) = % »10 T el T o2 Tl
6912(cos2w —1)  576(cos2w —1)?
+ w4 + 16 :

REMARK 3.1 It might be deduced from (3.8) that /,_;(®) has a high-order pole at @ = 0, but the
singularity is in fact removable, since from (3.5) it follows that /,_;(®) is an analytic function of ®;
the case w = 0 recovers the Legendre weight function, and the corresponding Hankel determinants are
all positive. Actually, as @ — 0T, we have

1 1
hy(0) = 2— -0°+ —o*+ 0(a),

3 60
4 8 4

h - - _°2 2 4 Vi 6

(@) = 37450 3359 + 00,
3216 4

h(0) = o — -0+ ——0*+0(a?),

135 525° T 205

256 2048 1024
hy(@) = _ 2 44 o),
3(0) = 3635~ Tasea5” titeomzs @ (@)
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The upper bound in (3.8) is sharp. However, the leading powers in these expressions are substantially
higher than predicted by (3.8) and the discrepancy becomes more pronounced as 7 increases. Instead of
(3.8) we have

n2

=y
(@) = Y =3 (3.9)

l=¢,

where the leading powers are
g =1, =2, 5=5 =38, &=13, =18, &=25,....

Note that for even n the values /,_1 ¢, in the examples above are positive constants: this indicates the
existence of even-degree polynomials for sufficiently large w. The factor sin w, however, appearing for
odd n, indicates asymptotic non-existence of odd-degree polynomials, approximately at integer multi-
ples of T as @ — co.

The quest for the leading-order term in expansion (3.9) revolves around the study of the derivatives
of the integrand at the vertices of the hypercube [—1,1]". In particular, it is clear from the explicit
expression (3.7) that the integrand vanishes to some order whenever two coordinates x, and x;, coincide.
This is the case at the vertices and, loosely speaking, the order is determined mostly by the difference
between the number of +1s and —1s at a vertex.

Because of symmetry, without loss of generality it is sufficient to consider the case of a vertex that
contains r components equal to —1, i.e. s(v) = r, whereby we have

r times n—r times

v=(=1,...,—1,%1,... +1). (3.10)

DEFINITION 3.3 We consider the following factorization:

F(x) = f(x)o2(xo,. .. ,xr,l)a,ir(xr,...,xn,l)ﬁ,%_’r(xo,...,xn,l), (3.11)

where -
o (x) = H (0 — x), and Bur(x) = H H(xl —Xg). (3.12)

0<k<I<r—1 k=0 I=r

Next, we need to consider derivatives of the function F(x), evaluated at the set of vertices ¥, as
indicated by formula (3.4). A first important simplification is the following: by construction, f3, , does
not vanish at any vertex in ¥, in fact B, .(v) = 2" (n=1) for any v € 7, whereas @, and @,_, may vanish
at any v € ¥#;; as a consequence, we can concentrate on derivatives of the function

Fo(x) = a-(x)? 0, (x)?, (3.13)
since any term involving derivatives of ﬁn,r will necessarily contain either o, or ,—, terms, whose value
at a vertex v € ¥, is 0. More precisely, we have the following result:

PROPOSITION 3.4 Assume that f(v) does not vanish at any vertex in #;. The derivative of Fy(x), given
by (3.13), evaluated at a vertex v € ¥}, is nonzero only if the multi-index k = [ko, ..., k,—1], is split into
kKU = [ko, ... k—1] and k) = [k, ... ky_1], where

K = n[ll] + n[zl], K2 = n[lz] +7r[22]7 alen, Pem,.,.

i i
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Moreover, in that case

HFy(v) = G*(r+1)G*(n—r+1) (3.14)

0 i, =l 7[1[11]+ﬂ2i
D 1 (e

n[||]+n[21]:km

x Z (_1>6(ﬂ[12])+0(7t[22]) nred (”l,i + ”2,i>

n[IZ] +,,[22] —2 i=0

where G is the Barnes function, G(n) = [T}_3 (!, see [39, §5.17].

Proof. Because f does not vanish at any vertex of %#;,, we need be concerned just with a, at —1 and
0,—r at +1. Since o, (x+cl) = a,(x) for all x € R", ¢ € R, because ¢, only depends on the differences
between elements of x, it is sufficient to examine these expansions at x = 0.

It follows from (3.12) that o.(x) is a Vandermonde determinant, and then

o (x)= Y (=Dt
nell,

where IT, is the set of permutations of length r and o(7) is the sign of 7. We deduce that 9%a,(0) = 0
unless k = & € II,. In the latter case,

r—1
%0, (0) = (=1)°® [ m;t = (-1)°PG(r+1).
j=0
Consequently, by Leibniz’s formula,

ak 2 O _ = kl,i+k2,i akl O akz 0
X ar ( ) - Z H ki ; X (Xr( ) X OCr( )
ki -+hp=k i=0 Li

r—1
Z H( i+ )(1)6(71:1)-5-6(712)G2(r+1)7

T4+ =7i=0 i

with 71,7, € II, both permutations of length r, i.e. the only terms surviving in Leibniz’s formula are
those for which k| and k, are permutations.

Using the multi-index k = [ko, ..., k,_1], along with the definitions k!'/ = [ko,... k] and kIl =
(ks .. kn—1], we have

[1] 2]
AFa(v) = AeZ(~1)o (+1)] =" [a?(0)] 34" o2 ,(0)].
This derivative is nonzero only for K = n[ll] + n[zl] and k@ = n[12] + 7t[22], where n,[l] €Il and 71:[[2] ell,_,.
Combined with the above, we arrive at (3.14). U

The expression (3.14) is only semi-explicit and it is fairly difficult to proceed analytically with
conditions of the form k = 7| + 7. However, the expression is valid for any index k, and we are only
interested in the derivative that corresponds to the leading order term in expansion (3.1). That is, we aim
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for the leading order term in (3.1), which corresponds to the smallest m = |k| such that d*F (v) does not
vanish.

It is clear from the preceding analysis that the number of (—1)s and (+1)s in v plays a crucial role
in determining the leading term. For this reason, we give the following definition:

DEFINITION 3.5 Given a vertex v € ¥, we define the weight of v as the difference (in absolute value)
between the number of (41)s and the number of (—1)s in v.

So far, we have been considering vertices with  (—1)s and n—r (1)s, so the weight is |n — 2r/|.

It is straightforward to verify that for a derivative of order k, if we split the index into K = 717[11] + 77:[21]

and k2 = 77:[12] + 77:[22], where ! €I, and 717[[2]

; € I1,_,, then we have

kl=(r—Dr+(n—r—1)(n—r), (3.15)

since for 7w € IT,, it is true that || = (m — 1)m/2.

Since d|k|/dr = —2(n—2r), it follows that || is minimal for vertices with minimal weight, according
to the previous definition. If n = 2N is even, this leads to r = n/2 = N and |k| = 2N(N — 1), and if to
r=(n+1)/2orr=(n—1)/2 for odd n.

In the next result we calculate the contributions given by the vertices in ¥4y v (even case) and
Yan+1n and Yoy 41 v+41 (0dd case).

THEOREM 3.6 Let f(x) = f(xo,x1,...,%,—1) be a symmetric function of its n arguments.
() If n =2N is even, and v € ¥4y y is a vertex with weight 0 and such that f(v) # 0, then as @ — oo

N2

Lylf] = WG N+1)+0(0 ), (3.16)

2
sz

(ii) If n=2N+1 is odd, and v| € ¥oy41n and v € Poy41 n4+1 are two vertices with weight 1, if
F(n), f(v2) #0, then as @ — o

— 1)V . .
Bvall] = ~ S AN GN DG+ 2)[e () e (1)

+O0(@ N2y, (3.17)
If in addition f is an even function, then as @ — oo, we have

2(—1)W

12N+] [f] == W4N(N+1)G2(N+ 1)G2(N+ Z)f(V]) Sinw + ﬁ(w_ZN(N-'_l)_z).

Proof.  Let us examine the factors in the expansion (3.1). There are (") vertices with r (—1)s, per-

mutations of (3.10): this is precisely the set ¥, .. In the first case, r = n/2 = N. For each vertex with
minimal weight, i.e. for each v € %y v, we have (—1)°0) = (—1)" = (=1)" and el — | Further-
more, [3,”(\/)2 — 4r(n=r) — 4N? and f was assumed to be a symmetric function in its variables, hence f
is constant on Yy v .

We have to sum over all derivatives of total order |k| = 2N(N — 1). Since |k| is minimal, it follows
from Leibniz’s formula that

IF(v) =4V F(v) AL Fu(v),
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where 4V is the contribution of ﬁzzN ~- Each possible k is reached by a combination of permutations of
length N. From (3.14), we find that

(1] [1]

N—l +
ZakFa =G*N+1) x IZ (—1)otm) Z H(”nﬂ ﬂz,)
1

m:
=
N;‘ﬁ
=
=

2, 2
[, N=l1 Tt
D IRCO L) <1>"“‘”.0( l )

7'5[12] clly 717[22] clly ¢

Identifying a sum with a determinant and permuting rows,

s—1 . .
)) U)"‘”Z)H( i ) = det(Ah )ije0..s1 = (=1)°™ det(Al); 0.
i=0 Li ! '

) €11
whereAl[-f}]- = ( H]_.j ) i,j=0,...,5—1.
It is easy to see that detAll = 1. Indeed, it follows from the definition of Al[sl that
A AP =AY =1,
so subtracting the (j — 1)st from the jth column we have
detAl = det[ 1 Agjl] }

Consequently, detAll = detAl—1, and by induction we have detAll =1 for s > 1. Alternatively, this
result follows from identifying A as a classical Pascal matrix, see for instance [22].

Therefore,
1

_ (1] (1]
N-1 /t:+ 1T
y (_1)6@”) y (_l)o(n£1]>n< Li . 2’) —N! (3.18)

JT]“]EHN ny]eHN i=0 7171 Ji
and the same holds for nl[z] and nzm instead of 7[1[1] and 7r£1]. Consequently,
Y 0fFu(v) = (N1)*GH(N +1).
k

Assembling everything in formula (3.4), the term corresponding to m = |k| = 2N(N — 1) in the
asymptotic expansion becomes

_1\NgN? A2
: (12;\])4' (ial))zzvz <2]<;V> (N)’G(N+1)* = (jZNz G(N+1)*,

and so we arrive at (3.16).
Similar considerations hold in the odd case. In this case, either r =N and n—r = N+ 1 or vice versa,
but these two cases are symmetric. They correspond to the sets #5y1 n and ¥on41 n+1 respectively.
Forv € ¥y n, we have (—l)s(") =(=1)N and el®M = ei® Forye YoN+1N+1, We have (—1)“'(V) =
(—1)N*! and el®l"l = =1 Furthermore, in both cases oy 1.5 (v) = 4¥N ) and m = [k| = 2N2. O
In the particular case f(x) = 1, we have the following asymptotic result for Hankel determinants.
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COROLLARY 3.1 As @ — oo, the Hankel determinants satisfy

4N
hay—1(0) = G'N+1)+0(0 V), o
2(— 1)V . i 7 :
hZN(O)):W4N(N+I)G2(N+I)GZ(N_FZ)Slnw_Fﬁ((O 2N(N+1) 2).

This asymptotic result is consistent with the existence of the kissing polynomial of even degree
pan(z) for all @ > 0 (therefore hoy_1 (@) # 0). In the case of odd degree kissing polynomials, the
corollary gives an estimate of kissing points for large w, asymptotically equispaced in line with zeros of
the sine function.

3.3 Asymptotic behaviour of recurrence coefficients

‘We can use the previous results, in tandem with formulas (2.1) and (2.2), to derive large @ asymptotics
for the subleading coefficient delta, ,—i (@) and the recurrence coefficients o, (®) and B,(®).

Note that 4, (®) is an analytic function of @, so the derivative with respect to @ has a similar
asymptotic expansion:

. 4V 2N?
hZN—l(w) — 2N2N G4(N+ 1) + ﬁ(w72N2,2)’
o (3.20)
. 2(—1)V ) i
hon (@) = W‘WWH)GZ(N#— 1)G*(N +2)cos @+ O 2NWN+)=2),

Therefore, we have the following asymptotic results:

PROPOSITION 3.7 For N > 0, the subleading coefficient and the recurrence coefficients of the kissing
polynomial have the following asymptotic expansion as @ — oo, excluding arbitrarily small but fixed
neighborhoods of the points ® = k7, k € Z:

onaN-1(®) = im = 71271(:12 [1 + ﬁ(w—l)L
Ont1an () = 121&2; =icotw[1+0(0™ )],

. hN(a)) hN,](a))

oy () = —i (@) (@) = (=) icotw [1+ (0™ 1],
2 ill2
i - S
Bon+1 (@) = thHg)?z;l(w) = Sinlzw [1+0(07")].
N

In Figures 4 and 5 we exhibit the recurrence coefficients 0 (@), B2(®), oz(®) and f3(®), as func-
tions of increasing @. The recurrence coefficients were computed explicitly in Maple using the Hankel
determinants and formula (2.1). It is particularly interesting to observe the different behaviour of 3, (®)
depending on the parity of n. Recall from the proof of Lemma 2.5 that a simple root of #,, is associated
with a double pole of B,,+| and simple roots of 8, and 3,1,: that behaviour is consistent with this figure.
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0.2

0.1

-0.1+

-0.21

FIG. 4. Recurrence coefficients for increasing @, Im oz (@) on the left and Re f32(®) on the right.

107

FIG. 5. Recurrence coefficients for increasing @, Im a3 (@) on the left and Re B3 () on the right.
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3.4  Asymptotic behaviour of the kissing polynomials near the endpoints

It is conjectured and motivated in [1] that the polynomials are approximately a multiple of Laguerre
polynomials near the endpoints 1, namely:

i 2n
pan() ~ (w) Ly(—i0(+ DLy(—io(—1),  © -, (321)

where L, is the nth Laguerre polynomial with parameter o = 0, see [45]. Thus, for large ®, it seems that
the orthogonal polynomials of even degree become approximately a product of lower degree orthogonal
polynomials. This conjecture also implies that the roots shown in Fig. 1 behave like =1 4 % forw>1,
where c is a root of the Laguerre polynomial L,,.

The connection with Laguerre polynomials in [1] arose from the role of the kissing polynomials
in Gaussian quadrature for oscillatory integrals, in particular when applying the method of steepest
descent. The lines emanating from the endpoints 1 upwards into the complex plane, parallel to the
imaginary axis, are the steepest descent paths for the oscillatory weight function ¢'®*. Along these
contours, and up to a 1/ scaling, the weight behaves like that of the Laguerre orthogonal polynomials:
e~*. The corresponding Gauss—Laguerre quadrature rules are known to be optimal for the evaluation
of these two steepest descent integrals separately. The conjecture implies that the Gaussian quadrature
rule for e/®* on [—1, 1] locally behaves like a Gauss—Laguerre rule near both endpoints, for large ®. An
appealing benefit of the kissing polynomials is that for small @ their roots converge to those of Legendre
polynomials on [—1, 1], whereas the steepest descent quadrature points +1 + % grow unbounded as
® — 0. For that reason a quadrature scheme based on the latter will always be asymptotic, but a
quadrature scheme based on kissing polynomials can be numerically convergent even for small @.

The leading-order term in the asymptotic expansion of Hankel determinants /,_; has already proved
to be very revealing insofar as the existence of the polynomials is concerned. Yet, the expansion carries
more information from which we can deduce the asymptotics of the roots. Using Heine’s formula for
the orthogonal polynomials themselves,

1 1 1 n-l 54
p2(x) = / / [Te=xn) J] Ge—x) Ml dxg -+ dx, g, (3.22)
—1 Lm=0

]
nlhy - 0<k<l<n—1

see, e.g., [30, Theorem 2.1.2], corresponds to the choice f(x) = m-! (x —x,) in (3.1). Thus,

m=0
c 1 nl c
(1 S) = L [TT (- )]
AEOEFA) (o)
and we invoke the theory of §3.2 again, this time using
n—1 c
fxosexa1) =[] (1 —E—xm) (3.23)
m=0

which is again a symmetric function, but now depending on ; this fact introduces extra technicalities
in the asymptotic calculation.
In this section we prove the following result:

THEOREM 3.8 As @ — oo, the zeros {z;}7", of the polynomial poy(z) satisfy

i)
w==+1+ % +0(07?),
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N . .
where c[1 ], e ,cl[f,v] > 0 are zeros of the N-th Laguerre polynomial. The same is true for poy-+1(z), except
for a single zero on the pure imaginary axis.

3.4.1 The case n=2N. The analysis in section §3.2 needs minor modifications in view of the fact
that the function f itself now depends on . The derivatives of F = fg* have an expansion in inverse
powers of @ and we have to take this into account. Recall that contributions to the asymptotic expansion
(3.4) can be thought of as originating from vertices v € %;, » with r (—1)s and n —r (+1)s.

Our first question is: which vertices contribute to the leading order term in the expansion of I,[f] in
this case? Before, it was v € #5y v, i.e. vertices with minimal weight. In the current case, in spite of the
dependence of f on w, little changes, and the leading order term still originates in vertices with minimal
weight.

Consider a general vertex v € ¥y n4s, With —N <t < N. Without loss of generality, and using the
same multi-index notation as in the previous section, see (3.10), we can take v = (—1[1]7 1[2]). Since f
in (3.23) is linear in all its components, it is clear that X f(v) = 0 unless ko, k1,...,k,_1 € {0,1}. Thus,

suppose that k') € Z¥*, k2l € ZN~" such that the components satisfy kY kP e 10,1}, kY] = K and

i oM

k12| = ;. Then
(k[l],k[z]) . KK 7i N+t—K| 7i N—t—K
o fv) = (=1) (2 ia)) ( iw)
(_1)K1+K22N+t—K1(_C)N—Z—Kz 3
= L= [1+0(0 ") (3.24)

Note the lack of symmetry here: the roles of k7 and K are not interchangeable because f focuses on the
right endpoint x = +1.
There are three contributions to the leading order exponent of @~ in (3.4):

1. The dimension contributes n = 2N.

2. The least order non-vanishing derivative of Fy, recall (3.13), consists of permutations of length
N+t and N — ¢ respectively. From (3.15), this contributes |k| = 2(N — 1)N 4 2¢? to our exponent.

3. A derivative of degree k) + k» contributes & ¥17%) to the @ ™" term in (3.4) and, from
(3.24), additionally contributes &'(® V%) _ altogether &'(®@N~¥1*). We can choose k; =0
(i.e., all derivatives can be only with respect to the trailing N — ¢ components) and the contribution
isN—t.

The total exponent is therefore 2N2 + N + 2¢> — ¢ and this, clearly, is minimised for r = 0. Though
derivatives of f may contribute positive powers of @, vertices with larger weight (i.e., larger ¢) contribute
smaller powers of ®, and the latter effect is stronger. The resulting leading order behaviour, w2V =N ,
is a factor @" smaller than that in Theorem 3.6 simply because that is the size of f at an endpoint with
weight 0.

Let us examine the derivatives of F = fg? further. Corresponding to a vertex v € %y y, the leading
order term must differentiate g> with permutations of length N. In addition, we may have derivatives of
f with respect to the second set of variables. Denote by p, € {0,1}" any vector such that |p,| = s, for
s € {0,...,N}, then we compute the derivatives from the above formula:

-1 )szN(_c)Nfs

0500 = SN 1+ 007, (3.25)
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which corresponds to the choice r = 0, k; = 0 and k» = s in (3.24). Derivatives of the former have been
already analysed in §3.2. From (3.14), and recalling that ﬁ,iN+,(v) = 22INH+DN=1) g0 ﬁnzN(V) — 2V

we find that
1
( i+ >
7[ .
7y +my=kll] ! Li

i=0
N—1
x ¥ (-1t ( it )

3
n3+my=k2 i=0 !

(kM k2 o IN2 4 o(my)+o(m N
o () =2"""G*(N+1) Y (-poimitelm)

Note that the first sum in the previous formula is equal to N!, because of (3.18).

The increase of the order of the derivative of F in expansion (3.4) comes at a cost of a factor (—i®) .
On the other hand, a higher order derivative of f yields a factor of (i) "¢, from (3.25). The product
of these factors is (—1)*(iw) " and has the same asymptotic size in ® for all s. Hence, we need to
consider all 0 < s < N.

Since derivatives of gZ vanish unless the order of the derivative is a combination of permutations of
length N, we need to consider all such combinations of permutations and all values of s. This leads to a
sum of terms of the form

8§k[l]"k[2]+mF(v) _ H (klm + 1)a)gk[l]7k[2]>g2(v)a)£0,ps)f(v)’
ps.izl

fors € {0,1,...,N} and with kY and £ sums of two permutations in Ily.
The sth term in this large sum is

Y Y 1P+ 0a® e0)a p)
|psl=s 71,702, M3 4 €1y pyi=1 !

PYNGWN AN (o) NN Y Y [T (et mt )

‘px‘zs ﬂ.]’EHN ps.izl

=1234
% ( o(my)+o(m, }\ﬁ <7‘C1[+7‘C2[) o(m3)+0(m4 Aﬁ (7[37,'%-7[471')
i=0 171 i—0 T3
N*1 . . Y]
71' TT. !
22N2+NG4(N—|—1)(—1) (i)~ N( )N ST Z Z (_1)6(77:3 +o(my) H 3.t 4'1,1 -‘r-'ps_’,) '
|ps|=s 3.4 €y i=0 T3iiT !

In the last computation, we have used (3.18) and the fact that

N—1
T2+ s ;
I I (753,i+7547,'+1)( o(m3)+0(my) ( 3t 4,1)

73,4 €11y pyi=1 =0 T3
N—l
_ Z ( o(m3)+0(my) H 7(3’,- + Ty +Ps,i)!
B - . :
n3,m4€lly i=0 T3, T4 ;!

In this last sum, every p, consists of s ones and N — s zeros, hence there are (N ) such vectors. Note
that each gives exactly the same result, because everything else in the relevant expression is constructed
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from two permutations. Therefore, we might just consider ( ) times the vector

N—stimes s times

ps = (O"' ) ) 9 71)7
whereby
(—1)o(m) ot Ai—f (73, + 7. + ps,i)!
|ps|=s 73, w4 €Iy i=0 730104, i!
N=1 (73, S p* !
_ <N> Z (-1 o(n3)+0(m) H 7T3,l+7r4.l+ps,l)- _ (N) Z (_l)c(yr)det(gz[N,S](n.)’
S ) ny Aty 0 03,17, S/ reTly
where )
(7 + /)" i=0,. N—s—1
ﬂl! .! b )00t )
gi[lj\_/-,s](n) _ J. j=0,...,N—1. (3.26)
’ (i +j+1)!
Tj'a l:N—S, '7N_17
1!

LEMMA 3.2 Let 7 be split into alll = [m0,...,Tnv—s—1] and a2 = [Ty_s,...,ny_1], where alll e Iy_,
and 72 € N — s+ I, then
N!?

—1)°(® Vsl () = — —2°
(=)W det&™ () SN2

(3.27)

otherwise der&N (1) = 0.

Proof. Suppose first that the hypothesis on 7" and 71 holds.
We deduce, rearranging rows separately in the first N — s and the last s rows of & V5] (m), that

(=1)°® det &Vl (1) = det &4 (0,1,... .N—1).

Since
(i+j) i=0 N—-s—1
Nsl0,1,... . N—1) = i) o ,
i,j P ) - . . 1
(z'+1)<”ff1r > i=N—s,... . N—1,
i
and j=0,...,N—1, once we extract a factor of i + 1 from rows i =N —s,...,N — 1, the outcome is
N! :
ENS0,1,....N=1) = W )'%[N"‘](O,l,...,N—l),
—s)!
where o
(’ﬂ), i=0,...N—s—1,
[N.s] _ ! P
] 0,1,....,N—1)= i j=0,....N—1.
( i >, i=N-s,....,N—1,
i

The matrix € is somewhat easier to manipulate. First, note that V") equals the Pascal matrix AN
used in the analysis before, hence det&V-0 = 1.
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In the case s = 1, easy calculation with binomial numbers confirms that

Gl -G =aN J=0 N2
and N 1 N 2
N,1 N +i— +i—
CgiEN']l_%i[,N]2:< i—1 )+< i—1 )
Therefore
1] 1 0"
det% == det 1 cg[N—l,l] +C£[N—1,0] )

where both matrices in the lower right block differ in only one column. This leads to
det @™ = det#™ 11 1 det g1 = derg 11 4 )

and we deduce that det&V-!l = N.
Let us generalize the above to larger s. Note that

%[N—l,s] _ %[N.S—l]

i SN =0 N=s—1,

YRR R s E

%[N7.I7S]

N,s—1
i—1,j = cg[ ’ |

= %1 > j:N_S+17...7N—1,

An argument identical to the one we have used before shows that
det ™! = det@V 1 4+ der V11, s=0,1,...,N.

In case N = s, the same reasoning leads to det@™V = det@™:%) = 1. Induction then shows that
det@Vsl = (IY), and (3.27) must be true.

Suppose now that 7 does not belong to Ily_s @ (N — s + I;), which makes sense only when s €
{1,...,N —1}. Then there exists (at least) one integer » > N — s such that 7, € @ andm, =N—s—i
for some i > 1. Among those, we choose r so that 7, is minimum, and we take ¢ to be the index such that
m, = 7, + 1. Then either m, € 7l or m, € 72/, In the first case, using (3.26), the r-th row of &V (m) is

(N—s—i+j+1)!
(N—s—ij!

j=0,....N—1,

and the 7-th row of is

(N—s—i+j+1)!

(N—s—i+1)j!°
Since the #-th row is a scalar multiple of the r-th row, the determinant vanishes and the proposition
is true. If 7, € ml?, then we repeat the previous reasoning with the index ¢ and the index u such that
T, = T + 1. We continue this process and at some point we must find two indices with the property
above, since it cannot happen that all permutations in 71! take smaller values than those in 72/, O

Let us assemble everything. Since there are precisely s!(N — s)! permutations belonging to ITy_ &

(N — s+ I,), which produce nonzero determinants in the proposition, we obtain

j=0,....N—1.

Z (_1)0(ﬂ3)+6(ﬂ4)]\ﬁ (ﬂ3,i+ﬂ4,i+ps,i)! _ N'3

.| .| | — )12
|poTees T3, T3 eIy 0 73,17, sI(N —s)!
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fors=0,...,N.

The contribution of v includes the derivatives derived above, as well as an additional factor (—ie)—*
for each s arising from the &(®@""~") term in (3.4), and the factor (—1)°(") = (—1)". This totals, after
some manipulations,

N N'4

L)) 2 G+ 1 1) o "

( ~w)—N22N2+NG(N+1)4N'3i 1 (N ( )s
= (-1 ! — —c
st \s
_ 2 yG(N+2)*
N22N +NTLN(6);
where the latter simplification follows from the known explicit expression

Ly =Y <N > (—0)". (3.28)

5!
st \s

= (—iw)

See for instance [13, Chapter V] or [45, Chapter 5].
There are (%) vertices in %3y v, hence the leading term in the expansion of the polynomial oy (1 —
c/(im)) is
22N2+NG(N+2)4 ( ) _ (_i)N22N2+NG(N+2)4 (C)
(—i0)2V (—iw)VN B NAE) = QN AN N3 NS

Finally, we can divide by the leading term of hpy_; (recall Theorem 3.6), which is 4NzG(N +
4 N2 . . . -
)*w , to obtain the leading term of the monic polynomial:
c —2i)NN! _

This is precisely the result we wanted to show, in the case of polynomials of even degree.

342 Thecasen=2N+1. The calculation is very similar to the case of an even n, hence we review it
briefly, emphasising salient points. If n =2N+ 1, we consider a general vertex v € %oy | n4¢. As before,
9% f(v) = 0 unless the multi—indices are such that k'l € {0, 13+, k2l € {0, 13V~ with [k['] = &
and k)| = k. In this case, we have

(_ 1 ) K1 +K22N+tﬂq (_C)N+1717K2

(iw)N+1717K2

QA [1+ 60 1] (3.29)

The contributions to the leading term are as follows:
1. The dimension contributes 2N + 1.

2. The least order non-vanishing derivative of Fy, that consists of permutations of length N +¢ and
N + 1 —¢. This amounts to |k| = 2N +2¢(t — 1).

3. By similar reason as for n = 2N, from (3.29), the leading power is k] + Kk (the degree of the
derivative) plus N + 1 — ¢ — k» (the above contribution) — altogether N + 1 —¢ + k. Since we wish
to minimise this, we need to take x; = 0 and the contribution is N —¢ + 1.
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The total exponent is therefore 2N? +3N +2 +(2¢ — 3), which is minimised fort € {—N,...,N+1}
by ¢ = 1. The exponent is then equal to (N + 1)(2N + 1). Therefore, we need consider just vertices in
VIN+1N+1-

As before, derivatives of f in the term F = fg” may have order s > 0. It is important to observe that
the range of s is unchanged, i.e. 0 < s < N, since it is constrained by the number of (+1)s in the vertex
v € Yon+1n+1 Which is N as before. Going through similar computations, the identity (3.28) quickly
resurfaces in the leading order term.

4. Existence of even-degree kissing polynomials

The goal of this section is to show that even-degree kissing polynomials exist for alln > 0 and @ > 0. In
this proof of existence, we will make use of both the symmetry of the polynomials over the imaginary
axis (see (1.17)) and the differential equation in z as stated in Lemma 2.6. We recall that Lemma 2.6
states that the polynomial p, (z) satisfies a second-order, linear differential equation whose only singular
points are at =1 and at the point
2n+1
io

2.(0) = —a, @.1)
We say that p,(z) exists if there exists a monic polynomial of degree exactly n which satisfies the
orthogonality conditions given in (1.8). Equivalently, p,(z) exists for a given value of o if the Hankel
determinant /,_; (@) does not vanish. We have seen in Section 1.2 that as @ — @, where & satisfies
hy—1(®) = 0, one or more of the zeros of p, becomes infinite. Therefore, we will prove the existence of
the even degree kissing polynomials for @ > 0 by showing that their zeros do not become infinite.
We first recall from (1.17) that for each w > 0, kissing polynomials obey the symmetry relation

This immediately implies that zeros can become infinite for varying @ in just one of two ways:
1. Zeros tend to infinity in one or more pairs, symmetric about the imaginary axis, or

2. An even number of zeros meets on the imaginary axis, forming there a single zero of multiplicity
> 2. Once o increases, these zeros split and one (or more) of them travels to infinity along the
imaginary axis.

We quickly rule out the first case above. We recall the polynomials j,, defined in (1.18) as p,(z) =
hu—1pn(z), which always exist as polynomials of degree < n (their degree just degenerates if the Hankel
determinant vanishes).

LEMMA 4.1 If @ is such that i, (®) = 0, then deg(p,) =n—1 for ® = @.
Proof. We recall (1.20) (shifted from n — n — 1), which states that if /,_; (®) = 0, then

=

for ® = @. By Lemma 2.4 and the remarks immediately following it, we see that h,_»(®) # 0, so
that p,_1(z) exists as a monic polynomial of degree n — 1, and that i/, |(®) # 0, as well. Therefore,
deg(pn) = n— 1, completing the proof. O
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It immediately follows that as @ — @, precisely one zero escapes to infinity, which rules out the
scenario of zeros tending to infinity in one or more symmetric pairs. We therefore turn our attention to
the second case, and rule out a zero of multiplicity greater than one forming on the imaginary axis. In
order to accomplish this, we will need the following proposition.

PROPOSITION 4.1 Let @ € (o), ®,), where @; < @, are such that Ay, (@) # 0 and hy,(®) # 0 for all
o € (01, @,). Assume further that py,_»(z) exists as a monic polynomial of degree 2n — 2 and satisfies
Pan—2(z:(@)) # 0 for all @ € (@1, ). If pan(z.(@)) = 0, then

S panlea(®@) 0.

Proof. Using (2.27), we see that

a2 (2 (0)) = 52 (20 (0))2(0) ~ iBrupn 12 (@)

do
As both hy, and hy,—; are nonzero by assumption, we can use Corollary 2.3 to conclude that if py,(z)
vanishes at z,, then its first partial derivative in z must also vanish at z,.. Therefore, if dp), (z.(®))/dw =
0, we would have

_iﬁZnPanl (Z* ((D)) =0.

If hpp—2(®) # 0, the three term recurrence would imply that pa,_»(z«(@)) = 0. If hyy—2(@) = 0, we
could use the fact that )
~ hon—a
Pan—1= 1h7p2,,72,
2n—3
where pr,—1(z) = han—2p2n—1(2), to conclude again that py,_»(z.(®)) = 0. In either case, we have a
contradiction, completing the proof of the proposition. ]

THEOREM 4.2 Forn=0,1,2,... and ® € R, the monic polynomial p,,(z) exists and does not vanish
on the imaginary axis.

Proof. Using Corollary 2.1, it is sufficient to consider @ > 0. The statement is clearly true for k =0
and we proceed by induction. Therefore, we assume the theorem is true for k =0,1,...,n— 1, and we
show that p,(z) exists for all @ > 0 and does not vanish on the imaginary axis.

Assume for sake of contradiction that there exists an @ > 0 for which p;,(z) fails to exist and let &
be the smallest positive solution to &,—1 (@) = 0. By the remarks preceding Lemma 4.1, we know there
exists some 0 < wy; < @ for which p;),‘,’ () has a purely imaginary zero of multiplicity greater than one.
By Lemma 2.6 and standard analytic existence theorems for ODEs, we know that any purely imaginary
zero of multiplicity greater than one must be located precisely at

4n+1

z(@g) = —0n, oy

We next show that py, (z.(®)) # 0 for all ® € (0, ®), reaching a contradiction and thereby concluding
that py,(z) exists for all @. Moreover, this in turn implies that p,, does not vanish on the imaginary axis.
To see this, note that when @ = 0, py, is the monic Legendre polynomial of degree 2n, and as such is real
valued and does not vanish on the imaginary axis. Had there existed an @, for which pg’; (z) vanished
somewhere on the imaginary axis, the symmetry of the polynomials across the imaginary axis would
imply that there exists some @, < @, for which p,,(z) had a zero of even multiplicity on the imaginary
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FIG. 6. Trajectory of pa(z.(®)) (left) and of p4(z.(®)) (right).

5 10 15 20 25 30

axis. Therefore, showing that py,(z.(®)) # 0 for all @ > 0 implies that py,(z) does not vanish on the
imaginary axis. g

We want to show that py,(z(®)) # 0 for all @ € (0, ®). Assume first that n is odd. As n is odd, and
by assumption p;,_»(z) exists for all @ and has no zeros on the imaginary axis, we have

pznfz(ix) >0, xeR, o> 0. 4.2)

Next define Q := {0,®} U{® : hp, (@) =0, ® < @}, so that |z, (@)| — 0 as @ — @, € Q. As py, exists
on the interval (0, ®), we deduce that py,(z.(®)) is analytic on (0,®) \ £2. Observe that, n being odd,

Pon(ze(@)) = —oo, 0— 0.

Recall that the goal is to show that p;,(z«(®)) does not vanish in (0, ®). For sake of contradiction,
assume there exists some @, < @ for which p;,(z.«(®;)) = 0 and define

wy:=sup {0:0<w}, w3 := inf {0: 0> w,}.
wed 0eD

We then know that p;,(z.(®)) is analytic in (@y, @3), vanishes somewhere in this interval, and tends to
—oo as we approach the endpoints of this interval. By Proposition 4.1, we may conclude that

(@) 20, 0 (o).

Therefore, there exist @y, @, with @y < @] < @y < @3, such that py,(z.(®1)) = p2a(z+(@2)) =0, and

d

d
@p2n (Z* (wl)) >07 %pZn (Z* (0)2)) <0» (43)

as well as
Pu(z:(0)) >0, @€ (0,m). (4.4)
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Next,
P22 (0) = 5 pan (2 () 2.(0) ~ Brupn 121 () @)

As poy, vanishes at z,(®;) and z,(@,), we have by Corollary 2.3 that

0 0
jZPZH (ze(an)) = jZPZH (z«(@2)) =0,
which, using (4.3) and (4.5), results in
—iBan (1) p2n-1(z«(@1)) > 0,

*iﬁZn ((DZ) P2n—1 (Z*(O)Z)) <0.

Using the three-term recurrence relation, and the fact that py,(z.(®)) vanishes at @, and @,, we may
write these equations as

f(@1)pan—2(z«(1)) >0, fl@)pan—2(z:(2)) <O, 4.7
where )
_ lﬁQn(w)ﬁZrzfl ((J))
Z*((D) — Ohn—1 (a)) '
We claim that f(®) is a well defined, continuous function on [@;, @] and is nonzero throughout this

interval.
We prove this result using (2.1) and (4.1), we can write

flo)=

@) =  hanhon—3 1
oy hoyo oy _ honn + 4n+1
n= oy han—2 o

The functions hy,, h2,—1, and hy,_3 are analytic and do not vanish in [@;, @] and we need to focus our
attention just on the term in brackets. It is clear that if we can show that this term is never zero or infinite
on [®;, ax], the proof will be complete. The term in brackets is zero only at the poles of

h hon_n  4dn+1
§(0) = Iy (2"— 22 | dnt )

han  han—2 0]
As g has poles only at the zeros of Ay, and at 0, we can conclude that f is never zero in [®, @,]. We just

need to show g(®) does not vanish on [@;, @], so that f is continuous on this interval and as such does
not change sign. Note that g(®) is well defined and nonzero when /;,_» = 0, so we must show that

l:l2n h2}172 dn+1 _

hon  hon—2 ()

—i (Z* — 051 )

does not vanish on [}, @] when fp,_» # 0. As hy,—> # 0, we may use the recurrence relation to show
that, had z, — 0,,_ vanished, then

 han—1hon—3

2 p2n72(Z*)~ (48)
2n—2

Pan (Z*) =
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Were z. — 0tp,—1 to vanish at either @, or @,, where p,(z) also vanishes, then we would immediately
deduce that p,_» vanishes there as well. Therefore, we can conclude that z, — 0,1 does not vanish
at the endpoints of [;, @;]. We have by (4.4) that p,(z) > 0 for @ € (®;,®;). On the other hand, as
o < @, we have that hy,_ is positive and by assumption h,,_3 is always positive as po,_» exists for
all @. We also have from (4.2) that py,—2(z.) > 0 for all @, which, once combined with (4.8), yields a
contradiction to pp,(z«) > 0. Therefore, f is continuous and cannot change sign on [®;, a»].

As f(w) does not change sign on [@;, @], we know from (4.7) that py,—»(z.(®)) must change sign
in (o1, ). However, this immediately implies the existence of @ € (@, ®;) for which py,_, vanishes
on the imaginary axis, contradicting the inductive hypothesis. Therefore, we can conclude p),(z«(®))
does not vanish on (0, ®), as desired, concluding the proof.

We have seen above that the key to proving the existence of even-degree kissing polynomials was
demonstrating that these polynomials can never form higher order zeros on the imaginary axis. Having
proved that the even degree kissing polynomials do not have zeros of multiplicity greater than one on
the imaginary axis, we may now take this a step further and show they do not have higher order zeros
anywhere in the complex plane.

LEMMA 4.2 For any @ € R such that &,_;(®) # 0, and therefore such that p,(z) exists as a monic
polynomial of degree n, we have p,(1) # 0 and p,(—1) #0.

Proof.  First assume further that o is such that h,_»(®) # 0, so that both p,(z) and p,_(z) exist as
monic polynomials of degree n and n — 1, respectively. Using (A.13) in the appendix, we have

(& = 1)pp(2) = Ni(2) pu(2) + N2 (2) pu1(2),

where
. hnfl hnhn72 iwhn72hn
Ni(z) =nz—i - ; M(iz)=——7—z— (0
1(z) =nz lhnl 2 1(z) 2 [z—z+()]
and we recall that ]
n
z(®) = —ot — o 4.9)
As hy,—1(®) # 0, we may write this in terms of the polynomials j,, which exist for all @, as
2 .
77 —1 _ N] Z) . iwh, _
(@)= N ) - @) a0 (4.10)
hnfl hnfl hn—l

As both N; and N, are well defined when h,_, vanishes, (4.10) holds for any @ provided A, (®) # 0,
by continuity.
Now, fix o so that i,_; (®) # 0 and assume that p,(1) = 0. Evaluating (4.10) at z = 1, we see that

iwh,
h2

n—1

(1 _Z*(w))ﬁn—l(l) =0

Note that 1 —z, (@) # 0 as z.(®) € iR for all w. First consider the case 1, (®) # 0. We then immediately
have that 5,_;(1) = 0. On the other hand, assume ® = & was such that ,(®) = 0. Then taking the
limit as @ — @ in (4.10), and using (2.1) and (4.9), we see that

(bhn((b) =0

P (1) =0, (4.11)
(@)
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where the superscript in ﬁ,‘f’(l) reminds us of the specific value of the parameter @ therein. In light of
Lemma 2.4 and the remarks immediately following the lemma, we see that hn((b) # 0, so that in the
case h,(@) = 0, we still have p,_1(1) = 0. Therefore, p,(1) = 0 implies that p,_;(1) = 0.

We now show that p,(1) = 0 implies that j, (1) = 0 for k € {0,1,...,n}. As we have just
shown, this statement is true for k = 0,1, so we proceed by induction and assume it holds true for
k=0,1,...,m—1 < n and demonstrate that it holds true for k = m.

We may use the three-term recurrence relation (1.19), where we shift the index n— n—m+1 and
use Pp—m+1(1) = Ppn—m+2(1) = 0 to conclude that

hg—mﬂ (w)ﬁnfm ( 1) =0.

Now, if hy— 11 (@) # 0, we immediately deduce that 5,_,,(1) = 0, completing the inductive step. On
the other hand, assume that @ = @ and h,,_,+1(®) = 0. Shifting n+— n—m+ 1 in (4.10) and taking
limits as @ — @, we arrive (in a similar fashion to (4.11)) at

®h,_ D) _4
O mitl® 50 1) ~o.
()

By Lemma 2.4, we have h,_,(®) # 0 and /1,1 1(®) # 0, so that 5, (1) = 0, completing the induc-
tive step.
In particular, this chain of reasoning implies that py(1) = 0. However, po(z) = 1 and we have
reached a contradiction. Consequently, j,(1) # 0, which implies that p, (1) # 0 when A, (®) # 0.
Finally, we may use the symmetry across the imaginary axis in (1.17) to conclude that p,(1) # 0
implies that p,(—1) # 0, completing the proof. O

COROLLARY 4.1 Forn=0,1,2,... and ® € R, the monic polynomial p»,(z) has 2n simple zeros in the
complex plane.

Proof. For sake of contradiction, assume the existence of some 2 so that p2,(Z) = 0 and

P
;pzn(ﬁ) =0. (4.12)
Z

By Lemma 2.6, we know that 2 € {—1,1,z.(®)}. However, in the proof of Theorem 4.2 we showed
that pa,(z«(®)) # 0 for all @ € R. Furthermore, Lemma 4.2 shows that py,(1) # 0 and p,(—1) # 0,
which contradicts the fact that p;,(2) = 0, proving that even-degree kissing polynomials have no zeros
of nontrivial multiplicity. U

5. Roots of i, (®) in the complex plane

In this section we focus on the zeros of Hankel determinants in the complex plane, so unlike the rest of
the paper, we will consider here @ € C. First of all, we recall that h,(w) is real for ® € R, and since
h,(®) is an analytic function of ®, by the Schwarz reflection principle we have 4, (®) = h,(®), and all
complex zeros must come in conjugate pairs. Also, since h,(—®) = h,(®), we can restrict ourselves to
the first quadrant of the complex plane.

Figures 7, 8, 9 and 10 display these zeros for different values of n. They follow very regular and
symmetric patterns reminiscent of onion peels, that we intend to explain in this section, at least for large
values of . These patterns result from a delicate balancing act, in which algebraic powers of ®~!
become comparable in size to decaying complex exponentials of the form e/, ¢ > 0, in the upper
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FIG. 7. Complex zeros of h; (@) and h3(®) (left and right respectively) in the right complex half-plane.

half of the complex plane. We revisit the asymptotic analysis of Chapter 3, this time taking complex
exponential factors into account.

As before, we need to distinguish between two cases, corresponding to even and odd values of n.

5.1 The odd case: the roots of hoy—1(®)

We commence from Ayn—1 (@) = Ion[1]. The contribution to sy—; (@) in the asymptotic expansion (3.4)
corresponds, using the notation therein, to the layers %oy y+;, ¢ =0,...,N. We quantify the contribution
of each layer with two numbers:

a) a complex exponential factor: each vertex v € ¥y y+; contributes gl — gF2ior,
b) the leading power of  ‘originating’ in vertices in the layer. As computed before, recall (3.15),

. . . 2 2
that contributes a total power 2N2 — 2N +2¢2. Therefore, in the end we obtain @~ 2N —2(N"-N+%) —
—2N2-212
) )

In other words, as @ — oo, each layer ¥y n+, contributes

e;Ziwt O
O 4 (0) := W [CzN,t +0(w )} . S.1
If we concentrate on the case Im @ > 0, then the — sign in (5.1) gives an increasing exponential, which
is clearly dominant as |@| — oo in the upper right quadrant of the complex plane. The case Im@ < 0

follows by taking complex conjugates.
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FIG. 8. Complex zeros of hs(®) and h7(®) (left and right respectively) in the right complex half-plane.

If 1, (@) vanishes for large o, then at least two terms in the asymptotic expansion must balance. Let
t1 and t, be two different indices in 0, 1,...,N, with #; < £, without loss of generality. Then, for @ — oo
on the real line, we have

Oy (©) + Oony,y ()

e—Ziwz] : e—2ia)12 .
- W2V} [C2N,t1 +0(0 )] + N2 +23 [CZN,Q +0(w )]
—2iwt 72i(1)(12711)
e 1 € 222121
=————|c O Nty ——5—5— T O(0 172
2N Wy +O(@7) +eavy, 02327 +0( )

These terms do not have the same asymptotic order for @ € R, because the exponential term is oscillatory
and bounded on the real line. However, a balance may take place as |@| — o in the complex plane, in
particular along a trajectory such that

e—Ziw(zz —11)

CN . +ewy = 00|, |®| — oo. (5.2)

w227
More generally, this can happen if a trajectory exists in the complex plane such that, as |@| — oo along
this trajectory,

e 1 = g(|o|"), for some p > 0. (5.3)

We describe such trajectories later on in terms of the Lambert W function.

Assuming a trajectory for which (5.3) holds, we first show that there exists a couple of indices #;
and #, such that the contributions Qv , (@) and Qay, (@) are of the same order of magnitude and, in
addition, all the remaining Qoy,(®) for ¢ # 11,1, are of smaller order. As shown in the next lemma,
this happens precisely when #; and f, correspond to consecutive integers. Also, in this situation we have
p =1t +1in (5.3), as we show below.
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FIG. 9. Complex zeros of hp(®) and hy (®) (left and right respectively) in the right complex half-plane.

LEMMA 5.1 As |@| — oo such that (5.3) holds with p =1, +12, Qan 4, (@) and Qoy 4, (@) are of the same
order of magnitude, and Qpy,(®) is of lower order for f # #,1,, if and only if f{ =k and t, = k+ 1. In
that case, we have

_N2 2
O i(0), 0oy pr1(®) = O 2N TH T2k
Ouns(0) = O(|o| 2V 204kt g kg (5.4)
Note that —2N? — 2¢? + 4tk +2t = 2N? +2k*> + 2k —2(k—1t) (k—t + 1) > 2N? +2k> + 2k for t # k,k+ 1.

Proof. The first requirement, namely that Q»,;, (@) and Qay ;, (@) are of the same order of magnitude,
means that
—2N? =21} + 2t p = —2N*> =23 + 21>,

where we have used (5.3). Therefore p = t; +t,, whereby

A2
O, (0), Qo (0) = O (|| 2N F2112),

The second requirement, i.e., that all other terms are of smaller order in @, becomes
—2N? =21 +2t(t; +15) < —2N* 42111y,

Therefore, (t —11)(t —t2) > O for all t # t1,t,. It is easy to verify that if 1; = k, 1 = k+ 1, where
k=0,1,...,N—1, thenindeed (r —k)(t —k—1) > O for all  # k,k+ 1. Moreover, these are all possible
such choices, for suppose that there exist 1,7, such thatf; <t — 1, then (t —1;)(t —#;) <Oforr =1 +1
and we reach a contradiction.

Finally, in this case we check directly that (5.4) is satisfied with this choice. Il

The lemma implies that we have exactly N different choices for the index k, each one corresponding
to a separate ‘onion peel’ in the first quadrant in Figures 7 and 8. Furthermore, the coefficients coy, can
be computed explicitly:
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FIG. 10. Complex zeros of h4(®) and hg(®) (left and right respectively) in the right complex half-plane.

LEMMA 5.2 For N > 1 and 0 <t < N, the coefficients coy, are given by the following formulas:

ey = T EN =t + 1)GAN +1+1),

(5.5)
canp1g = (=D)VHAWDOWNHHN G2 (N 41 4 2)GP(N — 1+ 1).

Proof.  The proof follows along the same lines that were presented in Section 3.2. We first recall
Proposition 3.2, which states that as @ — oo,

el gy ~ (1) S # _ 1) Weiol gk gy,
~/[—171]”F() dx ( 1) Z (_iw)n1+n Z Z( 1) axF( )

m=0 |k|=mveYy

Above, k= [ko, k1, ..., kn|, withk; € N, is a multi-index, and |k| =ko+k{ +...+ky, sO ok = Qfgafll e 8)5;7.
As in Definition 3.11, the function F which corresponds to the Hankel determinant can be split as
(ZN) !F(x) = a[%’j:t(XOv e )xNitfl)(xI%]:F[(.xNi[) ce 7x2N*1)ﬁ22N,N:i:t(x07 ce ,)621\/,1)7

where .,
a,(x) = H (x; — xx), and Bon e (x) = N1
0<k<I<r—1

By (3.15), we see the leading order term corresponds to
|k| = m=2N*+21> —2N,
and therefore coy; is given by

12N2+2t2

(2N)!

CONt =

Y, (“D)YHHF).

|k|=2N24212—2NVEVoN N~
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Using the same method of proof as in Theorem 3.6, we may simplify this to

1 ( 2N ) N2_p2 X
CONy = Ty 4 ) I Fa(v),
(2N)IAN —1 k| =2N2+212—2N

where
Fa (x) = OIN+¢ (X)Z(XN:Ft (X)z.

Using Proposition 3.13 and the proof of Theorem 3.6 (see, in particular, (3.18)), we find that

Y HFy(v) =G*(N=t+1)G*(N+1+1)(N=1)!(N+1)!.
|k|=2N2+212—2N

Combining (5.6) and (5.7), we arrive at
ooy =4V PN =1+ )G(N+1+1),

as desired. Similar considerations can be employed to compute the odd case, coy41,-
As examples, let us consider the cases N =1 and N = 2:

e If N=1, then we have r =0, 1, so k =0, and we obtain

Or0(@) = % [c20+O(07h)],

e:FZia) |
O +1(w) = o 21+ 0@ )],

with coefficients

00 =4G*2)G*(2) =4, 1 =GH1)G(1) =1,

(5.6)

(5.7

(5.8)

from (5.5). Also, p =t +1 =2k+1 = 1. So, along a trajectory for which e ' = &(|w|) as

|®| — oo, the previous two terms are balanced and they are both of order &'(|w|~2).
e If N =2, then we have t =0, 1,2, and
1 -1
Os0(®) = e [cao+O(07 )],
e;Zia)

Q4+1(w) = o0 [cai+O0(0 )],

0402(w) = ewT [cap+O(07h)],

with coefficients

from (5.5).
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If we choose k =0, thent; =0 and o = 1, so p = t; + 1, = 1. Therefore, if 7' = 0(|w|) as
|®| — oo, then there is a balance between Q4 0(®) and Q4 1 (@) of order &(|w|~?). In this case
the remaining term is Q42 (®) = O(|w|~'?), which is indeed of lower order.

If we choose k = 1, thent; = 1 and o = 2,50 p =t; +1, = 3. Withe™'? = 0(|w]?) as |®| — o,
it follows that there is a balance between Q4 1(®) and Q4(®) of order &(|w|™*). Now the
remaining term is Q4 0(®) = O(|w| %), which is indeed of lower order.

Asymptotic approximations for the roots of &yy_ (@) can be described in terms of the Lambert W
function, which is a multivalued function that gives the solutions of the equation

we" =z, (5.9)

solving for w as a function of z. We refer the reader to [40, §4.13] and also to [14] for its definition and
properties.

We choose k € {0,1,...,N — 1} and we extract just the kth and (k4 1)st terms from (5.1), then we
obtain

e—Ziwk 1
hZNf],k(a)) :CZN’kW +C2N,k+l[1 +ﬁ(|w| )]
e—Zia)k e—2ico o
CoNk Nkt ey + O(lo|™)].

(5.10)
T o2k

Here we assume that there exists a trajectory such that e ' = &'(|@|?) = O(|®|**1) as |@| — oo, since
p=t+tr=2k+1.

PROPOSITION 5.1 Let @y ¢, be aroot of hoy_1 (@), where k=0, 1,...,N — 1 identifies the layer, m € Z
indexes groups of 4k + 2 roots within each layer, and £ =0, 1,...,4k + 1 labels these consecutive roots
in such m-th group. Then, as m — oo, we have the approximation

“l‘lﬁ il
e | +0(m™). (5.11)

i
2k+1

CON J+1
CON k

O om = —(2k+ 1)in (

Here, W,, is the m-th branch of the Lambert W function, and the coefficients coy, are those given in
Lemma 5.2.

Proof. Let us consider first the term in brackets in (5.10), but unperturbed:

—2iu

_ 2(2k+1) 2iu __
CONk +02N,k+lm =0 = 2+

_ CONk+1
CON k

If we take roots and multiply by 2kiﬁ’ we obtain 4k + 2 solutions, that we label uy 4

1
4k+2 il

iu g i
k.t e+ =

2k+1 2k+1

OV k1 o 0=0,1,... 4k+1.

CON k

This equation can be solved in terms of the Lambert W function, which is multivalued. Namely,
1
i a&+2 mil 5 12
2k+1
2%+ 1 e (>-12)

CoN k41

Ui o = —(2k + 1)ive g.m, Vit = Wi ( -
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where m € Z indicates the branch. We observe that in the previous formula, we evaluate W, at 4k + 2
equispaced points distributed on a circle of radius

1

— |Gk
2%k+1

CON k

(5.13)

" w [((NJrk)!)!rle’

T 2(2%k+1) [((N—k—1

using (5.5). In the original equation (5.10), we have a remainder term &'(|@|~"), so the solution is not
exactly given by the values uy ¢,,. We observe that |uy | gets large as m — oo, that is, as we pick
different branches of the Lambert W function. Since the image of the m-th branch of W is contained in
the strip (2m —2)w < 1 < (2m+ 1), see [14, Section 4], we can estimate roughly W,,(z) = &(m) as
m — oo, therefore |uy ¢ ,,| = €(m), and we have an estimate for the remainder term. O

FIG. 11. Plot of the branches of the Lambert W,, function (dashed curves) and the curve (5.14), in solid line for N = 0 and k = 0.
Dots indicate the images of the points vy ¢, in (5.12) by the different branches of the Lambert W function.

Following the calculations in [14, Section 4], we write z = x +1iy and w = & + i1 in (5.9), and then
separating real and imaginary parts we have

x=¢e°(Ecosn —nsinn), y=e%(ncosn +Esinn).

As a consequence
P4y’ = (8741,
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-10-

FIG. 12. Plot of the branches of the Lambert W,, function (dashed curves) and the curve (5.14), in solid line, for N = 1 and k =0
(left) and for N = 1 and k = 1 (right). Dots indicate the images of the points vy ¢, in (5.12) by the different branches of the
Lambert W function.

which gives the image of a circle of radius r, given by (5.13), in the (§,7) plane:

n=z/re% e (5.14)

Each value of the parameter k = 0,1...,N — 1 gives a different circle of radius r; in the z plane,
that gets mapped to a different curve in the w plane by the Lambert W function in (5.12). Then, each
group of 4k + 2 equispaced points on that circle gets mapped to the curve, each branch of W giving one
cluster of points in the (&,7) plane. In Figure 11 and 12 we have plotted the curves separating branches
of the Lambert W function (cf. [14, Figure 4]), in dashed lines, together with the curve (5.14) in blue,
in the case N = 0 and N = 1. We indicate with red dots the images of the 4k + 2 points equispaced on
the circle, given by each branch. Finally, multiplication by the factor —(2k + 1)i, cf. (5.12), scales and
rotates the points, in good agreement with the plots shown at the beginning of this chapter.

5.2 The even case: the roots of hoy

We revisit the methodology of the last subsection, except that in the present case we have the lay-
ers Yant+1N— and Yoy N144, £ =0,...,N. The exponential factor is eZ+1io in the first case, and
2+1)i® i the second.

For reasons of symmetry it is enough to look at one of these cases. Since we are interested in the
upper-right quadrant, we choose the second case, where we have the dominant exponential factors again.
Computing as before, the leading power of @ is 2N? + 2¢> +2¢. Adding the dimension n = 2N + 1, we

deduce that the contribution of #5y.1 n+14+ is for @ — oo on the real line

ef(

e—(2t+1)iw

-1
T 2NN 1222 [eanire+O(07 )], t=0,....,N.

QN1 N+14+(O)
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LEMMA 5.3 As |w| — oo such that (5.3) holds with p =#; +1, + 1, it is true that Qoy1 n+1++ (@) and
OoN+1,N+141, (@) are of the same order of magnitude, and Qoy n+1+/(®) is of lower order for t # 11,15,
if and only if #{ = k and , = k+ 1, and in that case, we have

NN 2 )
O 1 N+10k(@), Qan i1 N2k (@) = (0N N2k FREDT

Ot iN+1+(0) = O(@

)

—2N2-2N-262+(2t+1)(1y +r2))

Proof. Assuming again that e "' = &(|w|?) for some p > 0, we have

_ON2ON—1-272—
Q2N+1,N+l+t(w)—ﬁ(w 2N —=2N—1-2t 2t+2pt+p)'

We again choose #; < t; according to the two rules: first, we impose
—2N? —2N —1 =267 —2t; +2p(2t; + 1) = —2N* —2N — 1 =25 — 26, + 2p(2tr + 1),

which gives p = t; +1, + 1. Then the total exponent is —2N? —2N —1. It follows that if #; = k and
t» = k+ 1, then the first part of (5.15). is satisfied. The second requirement reduces again to (t —#;)(f —
f»+1) > 0 for all ¢ #1,t,. It follows at once that t; = k, 7, = k+ 1 for some k € {0,1,...,N — 1},
otherwise the inequality fails for #; + 1 as in the even case.
All that remains is to check if the above choice of consecutive #,# works and indeed, trivially, it
does: either t < t1,t, ort > t1,t, and in either case the inequality works. O
As an example, if N = 1 we have t = 0, 1, so k = 0 and therefore
efia) )
O32(0w) = e 30+ 0(07")],
ef3iw

O33(w) = py [+ 00 h)],

(5.15)

with coefficients
c30=—i4*G*(3)G*(2) = —16i, ¢33 =iG*(4)G*(1) = 4i,

from (5.5). Also, p=1t; +t+1=2k+2=2,50e"'? = O(|w|?) as |®| — o. It follows that there is a
balance between Q3 »(®) and Q3 3(®) of order O(|w|~?).

PROPOSITION 5.2 Let @y ¢, be a root of hoy(®), where k =0,1,...,N — 1 identifies the layer, m € Z
indexes groups of roots within each layer, and ¢/ = 0, 1,...,4k + 3 labels the 4k + 4 consecutive roots in
such m-th group. Then, as m — oo, we have the approximation

1

4k+4 e

e2k+2) +0(m™), (5.16)

2(k+1)

CON+1,k+1

O om = —Zi(k + 1)Wm<

CON+1.k

again in terms of the m-th branch of the Lambert W function and the coefficients ¢y 1, given in Lemma
5.2.

Proof. We choose t| =k, t» = k+ 1, therefore p =t +1#, + 1 = 2k + 2, and investigate the zeros of

—(2k+1)io —2iw
(¢} (]
hoy k(@) = { ]

-1
C C A O(|lw
IV AN 120 2k |CONHLk TN+ g T (lo|™")
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Again the solution of the unperturbed problem can be constructed in terms of the Lambert W func-
tion, and we deduce (5.16) with a similar argument as in the previous case. J As before, we can
compute the coefficients explicitly:

1 1
CoN+1k+1 | FFE 1 |:(N+k+1)!]2k+2

T2 ((N—k—1)!

CON+1k

Note that this calculation does not include the real roots of /,y, since in that case there is no balance
between two different terms in the large @ expansion.
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A. The Riemann—Hilbert problem and a proof of Lemma 2.8
A.1  Riemann—Hilbert problem for kissing polynomials

Similarly to other families of orthogonal polynomials, we can formulate the kissing polynomials in
terms of the solution of a Riemann—Hilbert problem. This formulation is well known in the literature,
since the work of Fokas, Its and Kitaev in [24], we also refer the reader to the monograph by Deift [20]
and Chapter 22 in the book of Ismail [30]. In the present situation, since we are working with a complex
weight function, we always must take care that the underlying quantities, in particular the orthogonal
polynomials themselves, exist.

Define the following 2 x 2 matrix

1 o1 p (s)ei(’”
Pt il
Y(z) = ' Lo e | (A.1)
—27'[1.1(371]7;171 (Z) _K,%,l . nsTdS

where k;, is the leading coefficient of the orthonormal kissing polynomial, obtained via

1
). (A2)

K ()
Note that the second column of (A.1) is formed of Cauchy transforms of analytic functions, and as such
is analytic in C\ [—1,1].
Provided that p,(z) and p,_;(z) both exist and are monic polynomials of degree n and n — 1 respec-
tively, that is, if &, and h,_, are not 0, then the matrix ¥ = ¥,(z) solves the following Riemann-Hilbert
problem:

1. Y(z) is analytic for z € C\ [—1,1].

2. Forx € (—1,1), Y(z) admits boundary values Y4 (x) = limg_,0 Y (x £i€), that are related by the
jump

Yo () = ¥ (x) Ll) ei;o } .

3. As z — oo, we have the asymptotic behaviour

Y(o) = [1+ﬁ (1”%, (A3)

Z

4. Asz— %1, we have
o(1) O(loglz¥1|)
Y@= [m Ollog|: 7 1|>} |

Above, 03 is the Pauli matrix given by 03 = diag(1,—1). We use the standard notation
o3 __ f(Z) O :|
7) = 1l z) #0.
e S R
We note that the assumption on 4,1 and 4, is needed in this case, given the fact that the weight

function is not positive. Moreover, if &, is zero, then the (2,1) entry is not a polynomial of degree
n— 1, but lower.
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This Riemann-Hilbert problem is the usual starting point for the Deift—-Zhou method of nonlin-
ear steepest descent, which is a powerful tool to derive large n asymptotics of orthogonal polynomials
throughout the complex plane, yet we will follow the approach of [30, Chapter 22] and use this formu-
lation to derive algebraic and differential identities for the kissing polynomials, for finite n. To achieve
this, we observe that it is possible to rewrite recurrence coefficients and norms of the OPs in terms of
the correction matrices A,(®) and B,(w) at infinity: we write the asymptotic expansion (A.3) as

A(@ B,(w 1
Y(Z) = |:]+"()+ n(z ) +ﬁ(3>]z"637 7 —> 0o, (A4)
Z Z Z
where
aln Ag biin biop
Ay(@) = ’ -, B,(w) = ’ o A.S
(@) |:f121,n a22,n:| (@) |:b2],n b22,n:| (A-5)

and the a;; ,,b;;, are functions of n and @. We can calculate the relevant entries of (A.5) in terms of
Hankel determinants by looking at the expansion of (A.1) at infinity, as follows:

- @ik, 27w Iy An

— — _ = — = — A.6
ain lhnfl ; ain o P a1 i o (A.6a)
and ) ) )
. hnfl hnfz 1 hn
—— b =27 b = — . A.6b
axn lhn71 ; 21 P 120 = 5 ( )

As a consequence of these formulas and of (2.1), we can write the recurrence coefficients in terms of
the entries of the matrix A,(®):

Oln(w) =dail,n —all,n+l1, Bn(w) =an .-

A.2  Transformation to constant jumps

In this appendix we outline how to use Riemann—Hilbert methodology to obtain some of the results
presented in the paper: first, we make a transformation of ¥ (z) so that the resulting matrix has constant
jumps over the interval (—1,1). As such, we define

iwz/2
et 0 } (A7)

Z(Z) = Y(Z) |: 0 e—iCOZ/2

so that Z solves the following Riemann—Hilbert problem:
1. Z(z) is analytic forz € C\ [—1,1].

2. For x € (—1,1), Z(z) admits boundary values Zy (x) = limg_,0Z(x £ i€), that are related by the
jump

3. As z — oo, we have the asymptotic behaviour

Z(Z) _ I+Aniw) + an(zw) +0 <Z13>:| Zn0'3eia)zo'3/2’ (A.8)

with coefficients A,(®) and B,(w) given by (A.5), (A.6a) and (A.6b).
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4. As z— %1, we have
o(1) O(loglF 1))

20 =16(1) ooglx1])]"

By the standard technique of showing uniqueness of solutions to Riemann—Hilbert problems [20], we
have detZ(z) = 1, so that Z(z) is invertible for all z € C. Also, by taking derivative with respect to z, we
are also able to conclude that Z'(z) solves the following Riemann-Hilbert problem:

1. Z'(z) is analytic for z € C\ [—1,1].

2. For x € (—1,1), Z'(z) admits boundary values Z/, (x) = limg_,o Z(x % i€), that are related by the
same jump as those for Z(z).

3. As z — oo, we have the asymptotic behaviour

7'(z) = H)(a))_i_rl(a)) +B(w) +ﬁ<zl3>:| ZrzO'geia)zcrg/Z7

where the coefficients are

100 1WA, o
1—6((1)): 23, I_i(a)):n63+ 2”! 3,
» (A.9)
l—i((l)) = —A,+nA,03+ — B, 03,

2

in terms of A,(®) and B,(®) given before.

4. As z — +1, we have
o [0() O(zF117h
ZE= o) o(x11)

A.3 Differential equation and proof of Lemma 2.6

Note that, because of the fact that the jump matrix for Z(z) is independent of z, then both Z(z) and Z'(z)
have the same jumps over the interval (—1,1); then, we conclude that Z'(z)Z~'(z) is analytic in C\
{=£1}, while the singularities at the endpoints are at most simple poles. Therefore, (22 —1)Z'(z)Z~!(z)
is an entire function. Using (A.8), we compute

. A(0 A (@ 1
Z—l(z):e—lwzc3/2z—nc3 I+ 1( )+ 2(2 )+ﬁ<3>], 7 oo,
Z Z é
where
Al(0) = —A,, M(w) =A2—B,,
and define

M(z) =2+ (IoA + L)z + (LA + 1 + T, — I). (A.10)

Examining the asymptotics of Z~!(z) and Z'(z) at infinity, we conclude that

(Z2-1Z'(2)Z ' (z) M(z)+ﬁ<i> , 7 — oo, (A.11)
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and since this is an entire function, Liouville’s Theorem yields
(2= 1)Z'(z) =M(2)Z(z). (A.12)

Looking at the leading column of (A.12) and taking advantage of (A.1) and (A.7), we have the
following equations, that can be seem as ladder relations of kissing polynomials:

@[ O] = [ M)l

where

Ni(z) =M11(Z)—i7w(z2—1), Na(z) = —2mik? | Mis(z)

M (2)
2mik?

Using (A.5) and (A.10), we can simplify these to

M) = Ni(@) = Maa(e) — 5 (= 1),

. hn71 hnhn72 . hnfl
Ni(z) =nz— -0 =nz— —wf,(w)|, A.14
() =n ‘(m e ) =i [ apy o) (A.142)
i0h,_2hy, .
Nx@——Lﬁrlwquwm»:—mmmn@—@mm», (A.14b)
n—1
Ni(z) =io[z—z(@;n—1)], (A.14¢)
and _
Ay hphy,
N4(z)=—iw(zz—1)—nz+i<h" Lo ;‘ZZ" 2)
o n—1 (A.14d)
By
——ia)(zz—l)—nz—i—i{ . l—wﬁn((o)].
hn—l
In (A.14b) and (A.14c), we have used the notation
2n+1
H(on) = —a, — — . A.15
z(@;n) Oty P ( )

All of the N; are well defined provided h,_; # 0, with N3 needing the additional assumption of
hy—2 # 0 in order to be well defined. Combining the equations in (A.13) gives

] |- S E e
Equivalently, we can write
pal2)+ IQQ((?) Pa(2) + Z((ZZ)) Pa(z) =0, (A.16)
where
0(z) = (22 = 1)*Ma(2),

(A.17)
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Now, using (A.14b), we observe that if 5, = 0 then

so that the only singular points of the ODE (A.16) are at 1. On the other hand, if 4, # 0 then N, has
a simple, purely imaginary zero at z,(®;n), recall (A.15), which is purely imaginary and necessarily a
singular point of the ODE (A.16). Simplifying yields

R(z) _ 2z—Ni(z) —Na(z) 1

0(z) 2-1 z—z(@sn)’

5@ _ MENE-E-DME  HEME . NE) A18)
0@) (Z—1) @-12 T (Z2-1)(z—z(0:n)

Using (A.14a) and (A.14d), we see that both N|(z) and N4(z) are well defined when £, vanishes,
and by (A.15) we deduce that z, does not depend on h;,_. Finally, if @' is such that i, (@) = 0, then

lim Ny (z)N3(z) = @01y (0') z(ag;))[;—z*(a)’;n)L

2
i
O— 0 hi_y

so that (A.16) holds even when k,,_» = 0, completing the proof of Lemma 2.6.

A.4  Recurrence relation

We observe that the Riemann—Hilbert formulation can be used in a systematic way to give alternative
proofs of several identities that we use in the paper.

For example, if we consider the product ¥,,11(z)Y,(z) ™!, it turns out that this is an entire function in
Z, since the jump matrix of ¥,(z) is actually independent of n. Using asymptotics at infinity (A.4), (A.5)
and Liouville’s theorem, we conclude that

Z+aiipr1 — A, —ai2pn

Vo1 (2)Ya(2) "' =Cal2), Cal2) = az1 n+1 0

, (A.19)

from which, using (A.1), we identify the coefficients in the three term recurrence relation (1.11), as well
as the leading coefficient of the orthonormal polynomials:

2ri
aRn=—5_ aQlpn = —
To2ni k) (A.20)
all,n — aA11,n+1 = Oy, al2.na2],n:ﬁn~

There is an additional identity for the recurrence coefficient o,, that can be found in [20, §3.2] and [19,
Theorem 3.1],
b21 ny1

bi2n
Op =aiin+ = —daiip+1+ .
ai2.n azl n+1

We can now combine the differential identity (A.12) (adding the subscript n for clarity) with (A.19):

Z;,(Z) = Dy(2)Za(2), Zn11(2) = Cu(2)Zn(2)-



THE KISSING POLYNOMIALS AND THEIR HANKEL DETERMINANTS 59 of 61

Once we compute Z/

»+1(2) in two different ways, we arrive at the compatibility relation

C;L (2) = Dnt1(2)Ca(z) — Ca(2) Dn(2)-

This equation gives four identities for recurrence coefficients: the (2,2) entry is trivial, using (A.6a)
as well as

1 Jdelta,_1 ,—»
bion = ﬁdeltan+l,n7(na by = —ZEI#-
The (1,2) and (2,1) entries recover (2.7), the identity obtained using Magnus’s ideas, and the (1,1)
entry gives the second identity in (2.6).

A.5 Differential equation in @ and Painlevé V

Similarly, if we consider differentiation with respect to @, denoted by, we conclude that Z,(z)Z,(z) !

is an entire function in z, since the jump matrix of Z is independent of . Using asymptotics at infinity
(A.4), (A.5) and Liouville’s theorem,

; 1 _ iz 2an,
2(@)2(z) =Eu(2),  Ea(2) =3 [2@1# . } (A21)
Compatibility of Z,+1(z) = Cn(2)Z,(z) and (A.21) gives
: i z —2app41| 2= 0 —di2a
Cn - C — C En = = B s
el 2 |:2a21,n+1 -z } LUI,n-H 0 ]

iz, —an, b4 —2ap,
2 |a21 41 0 2a31 0,2 '

Oy = i(Bn+l - .Bn)a

which is the first equation in (2.5), and the (1,2) and (2,1) entries give

The (1,1) entry of this equality gives

—d12, = 104,a12,, 21 p1 = 103,021 p415

so multiplying the first equation by a»; , and the second one by ai>, (and shifting the index), together
with (A.20), we arrive at

d

Bn - @(QIZ,naZI,n) - ialZ,naZI,nan - iaQ],rlalZ.,nanfl - iﬁn(an — Oy )a

which is the second equation in (2.5). These two identities can be derived by considering the &'(z~!)
terms in (A.21) as well.
We can rewrite (A.11) as

Z(2)Z(z) = Mo + it (A22)
with coefficients

M.=T, M = LA +L+TA)+ LA+, My=—} (L4 +5+1o4),



60 of 61 A.F. CELSUS, A. DEANO, D. HUYBRECHS, A. ISERLES

using (A.10). We change variable z = 2u — 1, to formulate the problem in the interval [0, 1] instead of
[—1,1], and consider the matrix

V() =2"%e % Z(2u— 1), (A.23)

which has the following asymptotics at infinity:

io(2u—1)o
( ) 2—}’1636 > 63 |:I+A (U)) + Bn(w) +ﬁ <1>:| (2”7 1)}1636 > 3

2u—1" (2u—1)2 0 (A2
|:I+ ( ) —|—ﬁ< >:| un63eiwuc3.
u
where
Vo (@) =271 $os Anl@) 21103 190,00, (A25)
follows from expanding (2u — 1)"°3; then (A.22) in the variable u becomes
V’(u)V(u)fl :27n03ei7w0'3 ( Mll MO) —7w032n0'3’ (A.26)
— u
and (A.21) becomes
v -1 — l —noj3 @63 7@(73 no3 __ i 0 _i4ineiwa12~,n
V(u)V(u) 503 F 2032 OBE e 2 93D iuos + [i4”e‘“’a21,n 0 (A.27)

Since ) )
_ 10 _ 10 .
2.27"%Be2 B M e 2 B2"B = iwo3,

if we identify the parameter 2i® = ¢, then (A.26) and (A.27) match precisely [32, (C.38) and (C.39)],
that is, the linear system of differential equations associated to Painlevé V.
Using (2.4), the subleading coefficient is

. d
5,,7,,,1 (CO) = 1@ loghn,l(w) = all,,,(a)),

written in terms of the first correction matrix at infinity of ¥ (z), recall (A.4) and (A.5). Because of (A.7),
(A.23) and (A.25), we have

ajiq.(®)—n
(V)11 (@) = %
On the other hand, from [32, pp. 443], this entry can be identified as (V,,1)11(t) = —Hy(¢), where Hy (¢)
is the Hamiltonian for Painlevé V, with parameters 6y = 6; = 0 and 6., = —2n. The function
6+6., 1
0 (t) = tHy (1) + — 51+ ((60+6.)" = 67)

= tHy(t) — nt +n?
d nt
:taloghn_l([) — 5 +n2

satisfies the Jimbo—-Miwa—Okamoto o-Painlevé V equation:

3
(t6,)* = [0 =10, +2(0,)* + (Vo + Vi + V2 +V3)G H V) (A.28)
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with parameters

6p— 6 + 6.
2 )
see [32, (C.45)], which becomes (2.21), identifying 6y, 6; and 6. as above.

Vo =0, Vi = Vv = —6p, V3 = > ;



