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Abstract. In this paper, The Sumudu transform decomposition method is applied to solve the
linear and nonlinear fractional delay differential equations (DDEs). Numerical examples are
presented to support our method.
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1. Introduction

In the literature there are a kind of integral transforms used in physics and engineering, the
integral transforms were extensively used to solve the differential equations, several works on
the theory and application of integral transforms such as Laplace, Fourier, Mellin and Hankel.

Watugala [1] introduce a new integral transform named the Sumudu transform and applied
it to solution of ordinary differential equation in control engineering problems for properties of
Sumudu transform see [2], [3], [4] and [5]. In [18] Maria Ragusa proved a sufficient condition
for commutators of fractional integral operators. The Sumudu transform is defined over the set
of the functions:

A= {f(t) L AM, 1,1, > 0, ff) < Me7, it 1 € (—1) X [0, oo)}.

By the following formula:

Fu) = S[f(0] = %/0 ev f)dt, u € (=11, 7).

Delay differential equations arise when the rate of change of a time dependent process in its
mathematical modeling is not only determined by its present state but also at certain past estate
known as its history. Introduction of delays in models enriches the dynamics of such models and
allow a precise description of real life phenomena. DDEs arise frequently in single processing,
digital images, control system [8], lasers, traffic models [6], metal cutting, population dynamic
[9], chemical kinetics [7], and in many physical phenomena.
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Theorem 1. [f F"(u) is the Sumudu transform of n-th order derivative of f"(t) then forn > 1,

n=1 g
P = B0 3 11O

1
k=0

un—k -’

For more details see [4].

Analysis of the Method
In this paper we will consider a class of nonlinear delay differential equation of the form:
d"y
g T ROV + NG =) = f), )

with the initial condition:
u (0) = uy, ()

where y = y(¢), R is a linear bounded operator and f(¥) is a given continuous function N is a
nonlinear bounded operator and L;_Z"y is the term of the highest order derivative.

The Sumudu decomposition method consists of applying the Sumudu transform first on both
side of (1) to give:

dl’l
S[Wf+smwn+swv—m=swmy
By Theorem 1, we have
S
2O €t SIRON + S ING -] = S0,

where C = Y~1 £X(0),
S (@) =u*C - u"S [R()] - u"S [Nt — D] + u"S [f()]. 3)
The standard Sumudu decomposition method defines the solution y(¢) by the series:

Y =Y v, 0, )
n=0

the nonlinear operator is decomposed as:

Nt-7)=) A, (5)
n=0
where A, is the a domain polynomial of y,, ¥,, y,, ..., y, that are given by:
1 d" S
A, =— N() A" , =0,1,2,... 6
nnMM[(% MLﬂ n ©)
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The first a domain polynomials are given by:

Ay = f(3o)
Ay =y f' ()

Ay = 3o/ (o) + 531 2 (3%)

Az = y3 ' G0) + i Go) + 531 P 0)-

Apply (4) and (5) into (3) we have:

S [i yn] =uC-u"S [R i yn] -u'S [i An] +u"S 0],
n=0 n=0 n=0

comparing both side of (8):

S [vo] = u*C+u"S [f()]

S [yl] =-u"S [Ryo] -u'S [AO]

S [v] = —u"S [Ry,| —u"S [4,].
In general the recursive relation is given by:
S [y, = -u"S [Ry,_,| —u"S[A,_)], n=1
applying inverse Sumudu transform to (9)—(12) then:

Yo =H()

y, =-S5 [u"S [Ryn_]] +u"S [An_l]] , n>1

)

)

€))

(10)

(11)

(12)

(13)

(14)

Where H(t) is a function that a rises from the source term and prescribed initial conditions.

Numerical Examples

Example 1. Consider the nonlinear delay differential equation of first order:
y’(t)=1—2y2(%>, 0<t<1, p0)=0.

Apply Sumudu transform to both side of equation (15):

Sy =s [1 _2)? (%)] .

(15)
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Using Theorem 1 and initial condition we have:

2 '
)

u

s 3]

u

S()] = u—uS [2%(%)]. (16)

Applying the inverse Sumudu transform to (16) we have:

o =57t =s7 [us (22 (5))].
Yo =S8 ul =1,
n(§)-4

Vo1 = =87 [uS (24,)] . (18)

From equation (7)

;
w=20(2)n ()
(

At n = 0 in equation (18):
(@) ==5"[uS (24,)] . (20)

substituting equation (19) in (20) we get:

=57 s ((2)]
76 = -5~ [uS (2(&))] —_5! [uS (g)] ,

t3

50 = -5 fu(u)] = =57 ] = L

N
t <5> r
N (-) == = . (21)
At n =1 in equation (18) we have:

»®) ==5"[uS (24,)]. (22)
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substituting equations (19) into (22):

=57 us (300 (5 ()]
o= s (8 (2)] - ()

[ 4 5 5
yo(t) = 571 us (4”‘ )] =5[] =5 =15

24 5 120°

(5)=
Y202/ 7 3840°
At n =2 in equation (18) we have:

y3(0) = =S57" [uS (24,)] (24)

Substituting equations (19) and (24):

== o (s (5)(2) 1 (5)]-
yH=-5" [2”5 (?jaio (%) * <Z_§>2>] ’
» 1 10
»@) =-S5 [2uS (m + m)] ,
s (5 22

0 ==8" ] =~ = ~555

~

The series solution is given by:
YO = yo() + 3, () + yp (1) + -,

£ P ¢!
N=t——+—— 4o
() 6 ' 120 5040

The exact solution is
y(1) = sin(?)
Example 2. Consider the linear delay differential equation of first order

y’(t)—y<%>=0, O<a<l,0<r<l1, 25)
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with initial condition y(0) = 1, apply Sumudu transform to both side of (25)

, t
spol=s]v(3)].
using Theorem 1 and initial condition:

o

=tos ()]
|

Y(u)=1+uS[y<

SO =1+uS M%)] (26)

Applying the inverse Sumudu transform to (26):

o= st s s (4)]]
yoy=S"[11=1,

yo(i) =1, (27)

5 ®=5"[us [5,(3)]]. @8)

at n = 0 in equation (28):
=5 [us o ()]
y(®) =S [uS 1],

it =8S"u=t,

n(8)=4

at n = 1 in equation (28):
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at n = 1 in equation (28):

sl -5 sl [8]-5

The series solution is given by:
Y(@O) = yo®) + () + y,(1) + -+,

2P
D=14t+—4—+ -
o) 4 48

1
1 Tkk=1)
=2
(2)

k
P 1.

The exact solution is y(r) = Yo,

Fractional Delay Differential Equation

In this section we apply the Sumudu decomposition method to solve linear and nonlinear frac-
tional delay differential equation.

Definition 1. The Sumudu transform of the Caputo fractional derivative is defined as follows:

n—1

S [D°f0)] = u S [AD] = Y w50, n—1<as<n,

k=0

for more details see [16].

2. Analysis of the Method of Fractional Order

Here we will consider a class of nonlinear delay differential equation of the form:
Dy(t)+ Rp)+ Nt—1)=f(t), 7€R, t<t, n—1<a<n, 30)
with the initial condition:
u*(0) = uf, @31

where R is a linear bounded operator and f{() is a given continuous function N is a nonlinear
bounded operator and D*y(¢) is the term of the fractional order derivative.

The Sumudu decomposition method consists of applying the Sumudu transform first on both
side of (30) to give:

S [D*y®)] + SIRWI+ SNt — D] = S[f(1)],

by Definition 1,

S
(3;(1)) _ ua% + SR+ SINt—-D]=S[f®)].

Where C = Y7 £%(0)

S () = u' C+u* S [f()] — u*S [RY)] - u®S [N(t = 7)] . (32)
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The standard Sumudu decomposition method define the solution y(¢) by the series:

Y =Y v, 0, (33)
n=0

the nonlinear operator is decomposed as:

Nt —1)= Z A, (34)
n=0
Where A, as in (6). The first a domain polynomials are given as in (7). Apply (33) and (34) in
(32) we have:
S [Z yn] = Uk C + u*S [f(1)] — u*S [R Z yn] —u*S [Z A,,] (35)
n=0 n=0 n=0
Comparing both side of (35):
S [vo] =u‘C+u"S[f0)], (36)
S [n] = —uS [Ryo] —u*S [A], (37)
S [vo] = —u*S [Ry,]| —u*S [A,]. (38)
In general the recursive relation is given by:
S [v,] = -u*S [Ry,_| —u*S[A,_)], n>1, (39)
applying inverse Sumudu transform to (36)—(39) then:
Yo = H(), (40)
Yo=—S""[u"S [Ry, | +u*S[A,_]], n>1, (41)

where H(?) is a function that a rises from the source term and prescribed initial conditions.

Example 3. Consider the nonlinear delay differential equation of first order:

D“y(t)=1—2y2<%>, 0<t<1,0<a<l, (42)

»0) =0, (43)

apply Sumudu transform to both side of equation (42):

S [D%y()] = S [1 . (%)] ,
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by using Definition 1 and initial condition (43) we have:

MO _y s (1)
).

ua

()]
Sy()] = u* — u*S [2y2 (%)] . (44)

Applying the inverse Sumudu transform to (44) we have:
o-siel-s7 s (o7 ()]
o) [u”] utS (26 (3

t(l
C(a+1)

04
I
t (2> t*

Yo (5) “Ta+) 2T+ 1)

yo) =S [u"’] =

(45)
Vo1 () = =87 [u"S (24,)] . (46)

From equation (7), we have

:
A; =2y, (%)Jﬁ <%> (47)
(

at n = 0 in equation (46):
(@) =-=5"[u"S (24,)], (48)

substituting equation (47) in (48) we get:

o= es (23(2))]

a 2 2a
— _ g1 ] t— _ _¢-l « t
n=-5 [“ S<2 (2“F(a+ 1)) )] g [u g (22“‘1(F(a+ 1))2>]’

2a
R I'Ca+1) >]’
e [u (22“-1(F(a+ D)y

WTQa+ 1)
22N T(a + 1))?

>

yl(t) =-9! [
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2T QRa+ 1)

@ =- ,
' 22U + 1))’T(3a + 1)
_ 3 _ TQa+l)
= AF(3(x+1)’ where 4 = 22N ((a+1))?’
/ 3a
t (5) 13
y‘<_> = AGer D - A Praar
2 ['Ga+1) 2T Ba+ 1)

at n = 1 in equation (46) we have:
w0 =-S7"[u"S (24,)].

substituting equations (47) in (50):

=5 s (20 (3) 1 (2))]
== [es (an (2)n ()]

o 3a
=-S5 |us (4 t—> <_At—>>]’
¥ (1) [” ( <2“F(a+1) 2%TGBa+ 1)

t4a
yo(t) = =S~} [u"‘S (-A—>
? 24203 4 1)

=57 [ (AL
: 24213 4 1)

B

s

wWT(da+ 1)
2421 3q + 1)

bl

»t)=-S" [—A

T (4a + 1)
2% 2rGa+ DIGa+ 1)

) =A
The series solution is given by:

W) =y, @) + ¥, @) + y (1) + -

P P'T(4a+ 1)
Fl@+1)  TQ@a+1)  2%2TGBa+ DI'Ga+ 1)

(1) =

In particular casea = 1then we have:

t 7 £T(5)
rey r4é 22r@re)

OES

=i-C4 Ly
== " 120

The exact solution when a = 1 is given by y(f) = sin(¢)

(49)

(50)
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Example 4. Consider the nonlinear delay differential equation of first order
D“y(r)—yG):o, O<a<l,0<t<l1, 1)
with initial condition y(0) = 1.
Apply Sumudu transform to both side of (51)
s[pyo] =5 [v(5)]-

Using Definition 1 and initial condition:

Ku)_y(0)=5[y(£>]’

ua

M- f(2)

Yu)=1+u*S [y(%)] )

STy = 1+u*S [y(%)] . (52)

Applying the inverse Sumudu transform to (52):

=57 sy (3)])
v =S"11=1,
yo(é) =1, (53)

ya® =57 urs [, (5)]] (54)

at n = 0 in equation (54):

=7 s o ()]

n@0=8"[u"s],

t(l
Ta+1)

n@=8"[u]=

ZC{

7 (3) = Frar )
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at n = 1 in equation (54):

=7 e ()]

_ t*
n=8"u"S |Z7m—/—||.
» () [” [Z“F(a 1)
=5 WTa+ )] ~PT(a+1)
Y= 27 T2 TQa+ 1)

The series solution is given by:

¥(®) = yo(@®) + y () + (D) + -+,

1* 2 T(a+ 1)

Y=t e T ey T

In particular casea = 1then we have:

t2
YO =141+

<1 %k(k—l)
;)
AV

The exact solution is given by y(f) = ZZC;O x

Conclusion

In this paper the Sumudu decomposition method has been successfully applied to solve delay
and fractional delay differential equations. The method is very powerful and efficient in finding
the exact solution.
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