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1. Introduction

Morrey spaces were first introduced by Charles Bardfield Morrey Jr. (1907-1984) on
1938. Morrey spaces became an important space in many branches of mathematics even
though it was first discovered to solve partial differential equations, now there are hundreds
of articles and journals that discuss Morrey space to take up the recent development of
Morrey Spaces [1], [2].

On 2016, it is defined that Morrey sequence space is denoted by {’Z withl1<p<g<
oo is a set of all real sequence x = (xj)xez that holds

1 1
Iell o5 = sup ISyla ™ (Zkesybal) ™ < o0
withN € N, Sy ={-N,—(N —-1),...,0,..., N —1,N} and |Sy| denote the cardinality of
Sy [3], [4]. Sequence spaces denote by £P = €§ with p = q is a set of all sequences that
holds
Yk ezlxk|? < oo and p as parameter [5]-[7] .

Morrey sequence space {’5’ has a very close relation with sequence space £P. One of

the Morrey sequence space’s elementary properties is ||x|| & < ||x|| g»

forall x € #P, hence ¢P < 1?2’ for1 < p < q < 0. In other words, Morrey sequence space
i’g is an extension of sequence space £P. Morrey sequence space {’Z can be more extend
to weak type Morrey sequence space wi’g [8]-[10]. Weak type Morrey sequence spaces is
a set of all real sequence x = (x)xez that holds
1 1
lxll,,»= sup ISyl? Pyl{k €Sy |xil >y}YP < co.
q NEN,y>0

Weak type Morrey sequence spaces is a quasinormed spaces and have alike
elementary properties with Morrey sequence spaces. Based on the description above, we
will discuss about Morrey sequence spaces’ elementary properties and weak type Morrey
sequence spaces and also the relation between sequence space £P, Morrey sequence space
{”Z dan weak type Morrey sequence space (mfg.

Definition [11]

Quasinorm ||- || on a vector space V over a field R is a function from V to [0, o) and holds
(i) Jlull=0ifandonlyifu=0
(i) ||rull = |r||lu|| foreveryr € Randu € V
(iii) There exists C = 1sothatifu,v € V then |lu +v|| < C(llull + lvI)

if || |l isaquasinormand (V, |- |) is a quasinormed space.

Theorem [12] (Minkowski inequality)
If x4, %5, o, X, V1, Y2, -, Yo € Rand p > 1 then

Ch=tlxe + yieP)VP < Rl YP + ERoalyiel PP

Theorem [12]
If x1,%5, e, X, Y1, V2, -, ¥q € Rand 0 < p < 1 then
Di=1lxi + Yil? < Xioqlxel? + Zk=alyel?

Theorem [12] (Holder inequality)
If x1,%5, .., X0, Y1, V2, -, Y € Rand p, g is an exponent conjugation then

Y1l yiel < CRoqlaeP)YP g lyil DY
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Definition [12]
Suppose that p € (0,0). P is a set of all sequence x : N = R that holds .72, |x; [P
convergent or
P = {x = (xn) * Xg=alxel? < oo},
But on this article, #P sequence space is a set of all sequence x : Z — R that holds
Ykezl Xk P = XZlx|P < oo

Definition [3]

Suppose that 1<p<qg<o, N €N, Sy={-N,—-(N-1),..,0,...,N—1,N} and
|Sy| = 2N + 1 denote the cardinality of Sy. Let ff; denote Morrey sequence space is a set
of all sequence (x)xez that holds

z-2 1/p
||9C||g§1J = SLzlvp NYE p(ZkESleklp) < 0o

Definition [3]
Suppose that 1 < p < q < oo. Let wi’s denote weak type Morrey sequence space is a set
of all sequence (x)xez that holds

lxll, » = sup ISNIq le{kESN x| > Y}YP < oo,
q NEeN,y>

2.  Methods

We used the properties of definition quasinorm, Minkowski Inequality, Holder
inequality, and characteristics of norm on the set of real [4], [13]-[15] to obtain properties
of Morrey sequence spaces, weak type Morrey sequence space, and relation Morrey
sequence spaces and weak type Morrey sequence space with sequence spaces.

3. Results and Discussion

Proposition

Morrey Sequence Space {’Z is a vector space over R.

Proof :

Suppose that x = (x)kez, ¥ = (Vi)kez is an element of £
For every a € R,

2-2 1/p
llaxl » = sup ISwle 7 (Zk e sylaxi[P)

1/p

1 1
la| sup [Sy p(ZkESleklp)
N
= lalllxl » < o

Then ax € 32.
With Minkowski Inequality we got

1/p 1/p 1/p
(ZkesN|xk +ylP) " < (ZkesN|xk|p) + (ZkESlekl )
1/p 1/p
|SN|q p(ZkESleklp) + |SN|q p(ZkESleklp)
llx + yli & [l |l et [yl e
If llx|l ,» < oo and ||yl o < oo, then |lx + y|| ,» < oo 50 that x +y € €5. 7 is closed
q q q

under the operation (+).
Letz € ¢} then

() x+y= {xx +Yidkez = Yk + Xidkez =y + x forevery x,y € 35

<
<
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(ix+(@+2z)=(x+y)+zforeveryx,y,z€ {’z
(iii) There exists 0 = (...,0,0,0, ....),then 0 + x = x + 0 forevery x € {’Z
(iv) There exists —x = (—xy)xez, then (—x) + x = x + (—x) = 0 forevery x € fZ
(v) Leth € R.

a(x+y)=ax +ay

(a+b)x = ax + bx

(ab)x = a(bx)
for every x € £}

(vi) There exists 1 € R so that 1x = x for every x € ff;

thus i’g is a vector space over R.m
Example:

Suppose that 1 < p < g < oo. A sequence x = {xx xez With x, = |k|~9/P for k # 0 and
x, =0fork =0.

Forevery N € N,

1 1

ZRESleklp :22g=1ﬁ<221?=1ﬁ- €Y
0 1 _ 1 1 1 1 1 1
S =1+ (Gta) tGatsataato) +
2 4 8 1
Sl4otmtot =14 bt
If g > 1then 0 < —— < 1 implies that
1 1
ZI?=1E<1_;- (2)
29-1

From (1) and (2) obtained
1

By 2
ISvle ™ Xk esylxxl? = ( 1_g> Ykesylxkl? < Vresylxel? < 1
ISnl™ 4 2971

P4 1/p 24 1/q
(lSqu 2k ESlek|p> < (—zq_l_l)

1i_1 1/q
sup |Sn 14 p(ZkESleklp)l/p = (qu—f_l) -

Thus x € {’g. =

Theorem
Suppose that1 < p < q < . ||x|| » < ||x||,» forevery x € ¢P.
q

Proof :

1 1
Forall N € N, it’s easy to see that 0 < |Sy|4 » < 1 then

l_l p 1/p p 1/p
|Sn 14 p(ZkESlekl ) < (ZkESlekl )
and
11 1/p 1/p
Slzlvp ISyle 7 (B esylxklP) ™ < 511\1,P (Zk esylxxlP)

Il < Nl m
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Example :

Let1 < p < q < oo and asequence x = {xy)rez With x;, = |k|™9 fork # 0andx; = 0
fork = 0.

WO<§<1mm

1 1
YrezlxglP = ZZlem > 22;&1;.

We know that 21?;1% is harmonic series then it’s divergent and Y ¢ s, [xx|? divergent
thus x & £P.
1 N 1

Forall N € N1 Zk ESleklp = Zk € Sn,k+0 |k|P/a =2 k=1pp/q

For every p and g with 1 < p < q < oo, function y = x™P/9 has y’ < 0 and y"" > 0 on
x = 1.
\ y

. [ 1]
oy 1 2 3 4 = N1 N
Figure 1. Area of partition below y = x~7/4

We know that the sum of areas of partitions equal to

N 1
k=2 pp/q
And
N _
ka/q—zk 1kp/q 1+2k 2kp/q— 1+f p/q
q 1-t
<1-2L 4+ L pNTq
q-p q-p
Hence,
v, _4 ., a4yl
a a-p 4q-p
ISwl® ~ i esylxwl? < 2| ———%—
(2N+1) 4
and
_r
1--L 4+ 9 N'q g P-1 q P
lim 2| ——2*+F, =2<—2q )=—2q
N=eo @en+1)'Td ap ap
1/p
11 1/p 1_L+LN1_%
P q-p_ q-p
|Sn ] p(ZkesN|xk|p) <|2 o p
(2N+1)
) 1/p 1/p 1/p
sup |51v|‘Z p(ZkESlekl ) <2 p
thus x € 1,”2.
Theorem

Suppose that 1 < p; <p, < g <o.Forallx € fgz applies that
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X < [lx .
lxll v < llxll e

Proof :
By Hdélder inequality, we have

21 1P
ZkesylxiPr < (ZkESleklpz)pz(ZkESN 1) P2
1 1

1 o 1 >y
(ﬁ Dkesyl Xk |pl)p1 < (ﬁ Dkesyl Xk |p2)p2

1 1
|SN|q P (ZkesN|xk|p1)p1 < |Syla e (ZkESleklpz)pz
X < |lx .
Il ”[51 Il ”{;gz

From the above theorem, we have {’22 c {’Zion 1<p; <p, £q<o but we can’t
approve £,% £ yet [3].

Theorem
If1<p<gqg<othen ||x||w{,§ < Ilelfg

p
For every x € £;.
Proof

|SN|q ”V|{k €Sy x| >y3}VP = ISNI‘? ”Iyp{k €Sy ¢ |xil > p3IM/P
1/p
|SN|q p(ZkESN,lxk|>yy )
1 1
< [Syla p(ZkesN,lxk|>y|xk|p)

11 11 1/p
ISwla Pyl{k € Sy« lxiel > V3P < ISyl97P(Zgesy 1xkl?)
supremum over N € N and y > 0 on the above mequallty, we have

1/p
sup ISNIq pyl{k €Sy ¢ |xel > y}MP < sup ISNIq p(Zkeleku )
NeN,y>0

1/p

||x||w,g5 < ||x||g5-
Thus {”Z c wi’g m

Example :
Suppose that 1 < p < g < oo. A sequence x = (xx)xez With x, = |k|~Y/P for k # 0 and
x, =0fork =0.
w 1
Yrezlxl? =25

We know that },;_ 1% Lis divergent then x ¢ ¢P but forany y > 0,

yl{keSy: k7P >y} = 2y|{k eN: 1<k < N, k™17 >y}
and kP >y =k l>yP => k< ithen

1/p
vl €Sy s 1k > )7 <2y (%)
v|{k € Sy ¢ 1kI7YP >y} P 2y (%) =2

then x € cm?g and #P c w{’g = wfP.

1/p

Theorem
If 1<p<q < oo then || IIME is a quasinorm and (wt’g, I ”‘*’1"3) is a quasinormed
space.
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Proof:
From the definition, we know that ||x|| ,,» = 0 for all x € ‘”{)Z-
q

If x=0 (x;, =0 for all k €Z) then {k € Sy : |xx| >y} is an empty space and
I{k € Sy & Ixil >y} =0,
1 1
|15N1|q ryl{k € Sy & |xx| > y}YP =0
sup [Syle Pyl{k € Sy |xe| > y}YP =0
NeN,y>0
1]l g2 = 0.
If [x]l,,» = 0 then [{k € Sy : |x| > y}| =0 forall N € Nandy > 0, hence for every
q

k € Z applies that
0< kal <vy
=X, = 0 untuk setiap k € Z (x = 0).
Letx € a){’g and r = 0 then ””‘”m)g = |r|”x”wf§ = 0. If r # 0 then applies that

1 1
lrxll,,,w = sup [Syla Pyl{k € Sy : |rag| > y}M/P
q NEN,y>0

1_1 1/p
= sup |Syl ”Y|{k E Sy x| > %H
NeN,y>0
let |y7| =a =y = |r|athen
1

1
lrxll o = sup [Syle ?|rlal{k € Sy : |x| > a}|*/P
q NeN,a>0

1 1
=|r| sup Syl Pal{k €Sy |x;| > a}|*/P
NeN,a>0

= [rlllxl -
Let x,y € wfh. Forany N € N, if k € Sy dan |x| < |y then
Ik + Viel < x| + |yl < 2]y
else if k € Sy dan |x,| > |y | then
ke + il < || + 1yie] < 20 |-
Thus
{keSy: Ix+yel >y} {k €Sy |xel + vkl > v}
cl{keSy: 2|xg| >yIufk eSy: 2|yl > v}
Foranyy >0dan N € N,
[{k € Sy |xx + il > v} < {k € Sy ¢ 2] >y} + {k € Sy 2lyi| > v}

1 1

p
Multiply both sides by (ISNIE_E)/) applies that

(15wl757) 10k €Sy + b + 3l >
1.1 \P 1.1 \P
< (ISl #y) [{iee S s bl > B+ (1svla#r) [{ee s vl > 2|

Let! =0 = y =20
2 1 1
ISul9 Pyl{k € Sy : |xx + yi| > V3P
1.1 \P 11
<2 <(|5N|q Pa) Itk € Sy: || > o} + (|5N|q Pa)

Ifp>1= %< 1then

11
ISv19 Pyl{k € Sy + |x + il > y3M/P

D 1/p
[tk € Sy: lyil > 0}I> :
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14 1/p
[tk € Sn:lyil > 0}I>

1/p

1.1 \P 11
<2 <(|5N|q Pa) Itk € Sy: x| > o} + (|5N|q Pa)

11 1/p 11
< 2(Iwlv ol € Sy lxel > }) - +2(ISwle Polik € Sw: Iyl > o31)
taking supremum over y > 0 dan N € N from the above inequality, we get
I+ Yller < 2l1xll g + 211yl
= 2(I1xll 2 + ¥l g2 )-

Thus || ”‘ME is a quasinorm and (wt’g, I ”‘*"’Z ) is a quasinormed space.m

Theorem
If 1<p; <p, < qthen llxll o1 < llxll,, r2

forall x € we}?.

Proof :

From the definition, for all x € ||x|| ,,»> and any N € N.
q

1 1 1 1
ISwl® P2yl{k € Sy : x| > ¥}"P2 < sup |Syle Peyl{k € Sy: |x,| > y}I/P2

NeN,y>0
= llxl -
And it is equivalent to
1 1
|swlP2 4
<
r= [{keSy:|x|>y}1/P2 ”x”wi’gz
1 1
1 1 —_
= |Sy|P2 P1
ISwI# PryIt € Sy + lxil > Y|P < ——PME T

[{k€Sn:|xk|>Y}IP2 P1
1

— |tkeSn: x>V} \p1 P2
ISwla PryIt € Sy : [xil > y}|/es < (MR P |l
< llxll e
taking supremum over N € N and y > 0 on the above inequality, we get
lxllygpr < lxll 2. m

From the above inequality we have wfh? € w#p".

4. Conclusions

Based on the results and discussion, we obtained some conclusions:
1) There are some Morrey sequence space’s elementary properties :
i. If1<p<gq<othenforallx € £?, wehave ||x|| » < |lx|l;p and £P {’3.
q

ii. If1<p; <p,<q <oothenforall x€£? wehave x|l »: < [lx]| o> and
q q
D2 D1
ty St
2) There are some weak type Morrey sequence space’s elementary properties :
i. If 1<p<q<oothenforallx € £, we have [Ix]|,,» < [Ix|l,p and £5 S wfg.
q q
i. If 1<p<qg<o then || ||, is a quasinorm and (w{’g,ll IIMp) is a
q q

guasinormed space.
iii. If 1<p; <p,<q<oo then for all x € w?fb?, we have [Ix||,p1 < [IxIl 2
q q

and a)ff;z c w{’f;l.
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3)

Based on the results in points 1 and 2 it can be concluded that #P sequence space is a
subset of Morrey Sequence Space and Morrey Sequence Space is a subset of weak
type Morrey Sequence Space or equivalent to #7 c % c wff;.
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