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Abstract

Solar meridional circulation is an axisymmetric flow system, extending from the
equator to the poles (~ 20 m/s at the surface, ~1% of the mean solar rotation rate),
plunging inwards and subsequently completing the circuit in the interior through an
equatorward return flow and a radially outward flow back up to the surface. This
article reviews the profound role that meridional circulation plays in maintaining
global dynamics and regulating large-scale solar magnetism. Because it is relatively
weak in comparison to differential rotation (~ 300 m/s, =~7% of the mean solar
rotation rate) and owing to numerous systematical errors, accurate surface mea-
surements were only first made in 1978 and initial inferences of interior meridional
circulation were obtained using helioseismology two decades later. However, sys-
tematical biases have made it very challenging to reliably recover flow in the deep
interior. Despite numerous advances that have served to improve the accuracy of
inferences, the location of the return flow and the full extent of the circulation are still
open problems. This article follows the historical developments and summarises
contemporary advances that have led to modern inferences of surface and interior
meridional flow.
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1 Introduction

As is the case with many solar phenomena, the story of meridional circulation (MC)
begins with sunspots. Sunspots appear at low latitudes and the frequency of their
emergence is cyclical, in that the number of spots is modulated over a timescale of
roughly 11 years. In other words, ~ 11 years marks the temporal separation between
successive solar maxima, when the number of sunspots reaches a local peak. Each
cycle is statistically of the opposite polarity as compared to the temporally adjacent
cycles. The question of why this particular timescale is one of most important open
questions in solar and stellar physics (Charbonneau 2020). In recent decades, the
timescale associated with the transport of magnetic flux by MC has been identified as
crucial to the solar-cycle period. In particular, the flow speed and direction in the
deep-interior layers is extremely important to the overall behaviour of solar
magnetism. Thus, observational efforts to map MC at the surface and interior have
gained prominence in recent times.

The first type of MC to be predicted was the Eddington—Sweet circulation,
theoretically anticipated a century ago (1925). Rotation causes the equatorial layers
to bulge slightly outwards and the poles to flatten, leading to a large-scale meridional
flow straddling the poles and equator deep in the radiative zone. The Eddington—
Sweet circulation has a timescale comparable to the age of the star or longer, and is
not relevant for the discussion at hand. The prevalence however of an MC in the
convection zone (Kippenhahn 1959), on the other hand, is a topic of contemporary
interest, relevant to solar cycle prediction, angular momentum transport and the
physics of convection. Despite its relatively small magnitude, MC 1is centrally
connected to the overall angular momentum budget of the Sun.
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The Sun rotates differentially, in that the rotation rate varies as a function latitude
and radius (for a review, see Howe 2009). Predating the first modern measurements
of MC by nearly 15 years, Kippenhahn (1963) made a striking and elegant theoretical
prediction, linking differential rotation and MC. The premise of the analysis
(Kippenhahn 1959) was that convection in the stratified solar interior broke the
isotropy of fluid motion. Radial motion is significantly more constrained than in the
lateral direction, which Kippenhahn (1963) modelled using an effective anisotropic
kinematic viscosity. He further showed that this would lead to both differential
rotation and MC, closely tying these features to convective turbulence. This was in
line with the work of Lebedinsky (1941), who had already anticipated the connection
between turbulent motions and differential rotation two decades prior. Although
these ideas have been refined since, the foundation of convection as a driver of large-
scale circulations had thus been established.

MC is an axisymmetric flow system, with fluid moving from the equator towards
the poles at the surface. Because the circulation is mass conserving, the loop has to be
closed; thus, the fluid submerges into the interior at high latitudes, switches direction
and drifts towards the equator at some depth. The loop is completed at the equator
when the flow turns radially outward and reconnects with the poleward flow at the
surface. This picture may possibly be more complicated, with multiple cells in
latitude and radius. Measuring the depth at which the direction of MC reverses, the
flow speed and direction at the base of the convection zone and whether it penetrates
into the radiative interior are questions of outstanding contemporary importance.

Mean-field theory has significantly advanced our understanding of MC and
elucidated the profound role that MC plays in regulating global solar dynamics. The
application of these techniques to characterise the delicate angular momentum
balance struck between rotation and MC is at a mature stage. Mean-field theory
cannot by itself predict details of the turbulent flows that persist in the convection
zone, but rather, relies on closure models that need to be independently provided.
Modern numerical simulations, however, appear to make notably different predic-
tions of rotation and MC. Observational constraints can help resolve these
differences, i.e., between mean-field predictions and simulations, by providing
detailed images of flows prevalent in the solar interior. Unfortunately, this too has
proven to be challenging owing to observational systematics and realization noise,
and although several advances have been made, much still remains to be
accomplished.

2 Surface observations of MC

Even at the surface, MC has proven difficult to measure accurately, primarily because
of its small amplitude and systematical biases of comparable magnitudes. Unfor-
tunately, a silver-bullet technique does not exist; we describe various approaches, the
benefits and attendant drawbacks.
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Fig. 1 Comparison of surface differential rotation estimates obtained using different techniques; a mean
background rotation rate has been subtracted. The magnetic-element tracking estimate is reproduced from
Komm et al. (1993), global helioseismology inference at r = 0.995R. from Schou et al. (1998),
individual-sunspot tracking data from Howard et al. (1984) and direct-Doppler measurement from Ulrich
et al. (1988). Differential rotation, which is thought to be extremely well known, registers differently in
amplitude between different techniques. Note that sunspot inferences extend only to latitudes of £30°.
Each technique is evidently differently sensitive to plasma motions, i.e., magnetic elements may be shallow
and susceptible to drag, Doppler inferences rely on measurements of lines formed at the photosphere,
sunspots are rooted at different depths, rotating therefore at a different rate and helioseismology uses
modes that sample the near-surface layers in a specific manner, all thus providing different inferences.
Image reproduced with permission from Jiang et al. (2014), copyright by Springer
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Fig. 2 Comparison of surface MC obtained using different techniques; the magnetic-element tracking
estimate is from Komm et al. (1993), local helioseismology inference at » = 0.998 R, from Basu and Antia
(2010), sunspot-group tracking data from Tuominen and Kyrolainen (1982) and direct Doppler
measurement from Hathaway (1996). While sunspots are poor estimators of MC, the other techniques
are in fair agreement. This is somewhat surprising given the sizeable differences seen in Fig. 1. Image
reproduced with permission from Jiang et al. (2014), copyright by Springer

2.1 Sunspot tracking

The first measurements of MC, obtained by analyzing the latitudinal motion of
sunspots (Dyson and Maunder 1913; Tuominen 1942), suggested that it was
equatorward at low latitudes and poleward at high latitudes. The proper motions of
sufficiently long-lived sunspots (~ 2 weeks) have the added benefit of being easily
identifiable at the photosphere. Using a more substantial dataset of sunspot motion,
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Ward (1973) constrained MC at low latitudes to be less than 1 m/s. Other studies
have arrived at very different conclusions, e.g., Ribes et al. (1985) found large
alternating flows on the order of 100 m/s, Howard and Gilman (1986) also estimated
pole- and equatorward alternating flows, and Kambry et al. (1991) measured 20 m/s
equatorward MC below 20° in latitude and poleward at high latitudes. Using
sunspots to measure MC turns out to be problematic because they do not move at the
speed of the plasma, and additionally, there are very few sunspots at high latitudes
and cycle minima (e.g., Jiang et al. 2014). In Figs. 1 and 2, we show measurements
of differential rotation and MC respectively using sunspot tracking (both taken from
Jiang et al. 2014).

2.2 Magnetic-element tracking

Tracking small magnetic elements is one of the most powerful and reliable methods
with which to measure surface MC (Schroeter and Woehl 1975; Topka et al. 1982;
Komm et al. 1993; Latushko 1994; Meunier 1999, 2005; Hathaway and Rightmire
2010, 2011; Rightmire-Upton et al. 2012). In fact, Hathaway and Rightmire (2010)
demonstrated that it is possible to measure MC at high latitudes (75°) using this
technique. The idea is to track the axisymmetric drift of small magnetic elements,
allowing for constraining both differential rotation and MC. These elements tend to
evolve over relatively short timescales, making them difficult to identify over
multiple disparate temporal windows. The other issue is that they move at velocities
different than that of the plasma at various latitudes (although not quite as
dramatically different as sunspots), attributed by Dikpati et al. (2010) to differing
rates of magnetic diffusion. Magnetic elements are likely rooted at different depths,
thereby influencing their estimation of surface flows. In Figs. 1 and 2, we show
measurements of differential rotation and MC respectively using motions of
magnetic elements (both taken from Jiang et al. 2014).

2.3 Doppler estimation

Modern estimates of MC began with Duvall (1978), who analyzed one year’s worth
of daily averages of Doppler images, measuring an equatorial rotation rate of
447 nHz and MC of around 20 m/s between 10° and 50° in latitude. These estimates
have more or less held steady since, although the matter, in equal parts, has become
simultaneously clearer and more complicated. The benefit of using Doppler data is
that it can provide insight into surface flows at latitudes as high as ~ 80°, provided
that appropriate centre-to-limb corrections are applied (Hathaway 1996; Ulrich
2010).

Doppler measurements of MC are primarily complicated by the convective
blueshift, an effect that can significantly affect inferences. This shift, loosely related
to the centre-to-limb effect in helioseismology, occurs due the correlation between
velocity and intensity in unresolved granulation (Beckers and Nelson 1978; Baldner
and Schou 2012). It presents as a strong blue shift at the disk centre, decreasing
towards the limb, and can even turn into a red shift depending on the absorption line
used to perform the analysis (e.g., Hathaway 1996). Removing this shift is critical to
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retrieving the correct sign and amplitude of MC, as evidenced by inconclusive early
results on the topic (Duvall 1978; Beckers and Nelson 1978; Duvall 1979; Perez
Garde et al. 1981; Labonte and Howard 1982; Snodgrass 1984; Cavallini et al.
1985, 1986), which span large ranges in amplitude, from 5 to 100 m/s, ambivalent
estimates of the flow direction—equatorward and poleward by different studies, and
a varying number of cells in latitude. Of these many results, Duvall (1979) stands
out, not just due to its accuracy, but because it was the first to subtract the blueshift
estimated along the East-West direction from the North-South Doppler velocity. This
method allowed Duvall (1979) to correctly estimate the flow amplitude (~ 20 m/s)
and the direction. Hathaway (1996) also obtained similar results, although finding
temporal swings in the amplitude, possibly indicating why earlier studies arrived at
such different conclusions. Ulrich et al. (1988) and Ulrich (2010) found evidence of a
high latitude ( > 60°) equatorward MC, although this has not been corroborated by
other lines of evidence (Hathaway and Rightmire 2010, 2011).

2.4 Supergranular waves and tracking

Supergranules are convective features of spatial scales ~ 35 Mm, time scales ~ 36 h
(Rincon and Rieutord 2018). They dot the surface of the Sun and are advected by
solar rotation and MC. The benefits of using supergranules as tracers or diagnostic
agents are that they are stable, easily identified at the photosphere and Doppler data
are able to capture their motions at high latitudes with fidelity.

Gizon et al. (2003) analysed the spatio-temporal evolution of flow-divergence
spectra of supergranules, obtained using time-distance helioseismology applied on
the surface-gravity (f) mode (Duvall and Gizon 2000), a measurement dominantly
sensitive to the uppermost 2 Mm below the photosphere. They showed that
supergranules are actually wave-like phenomena, with a clearly observed dispersion
relation. This result has since been confirmed using different techniques, both seismic
(Hanson et al. 2021) and non-seismic (Langfellner et al. 2018). These waves are
observed to propagate in all directions, providing a powerful means by which to
measure underlying flows. Much as rotation is inferred by measuring the induced
seismic mode-frequency splitting, flows locally Doppler shift the supergranular
waves. For instance, consider the high-latitude branch of MC. Northward propagat-
ing supergranular waves would be sped up and their frequencies would therefore
reduce by the amount £V, where k is the wavenumber in the north-south direction and
V the local meridional-flow speed. Similarly, southward waves would show an
increase in frequency by kV. Thus, the difference the two frequencies from each other
can be used to infer local meridional flow, a principle exploited first by Gizon et al.
(2003). Schou (2003) showed that the wave-like behaviour of supergranules could
also be retrieved from Doppler measurements. Applying the dispersion analysis
described above, Schou (2003) extended inferences of MC up to high latitudes
(~80°), finding no signs of an additional latitudinal cell.

Supergranules show a power spatial power spectrum spread over a broad range of
scales and are known to exhibit super-rotation at all latitudes (Beck 2000; Rincon and
Rieutord 2018). Hathaway (2012) measured the rotation rates of supergranules as a
function of their scale. Keeping in mind that the Sun exhibits radial differential
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rotation, i.e., the rate changes as a function of depth, Hathaway (2012) attributed the
supergranular rotation rate variations to the depths at which the supergranules are
rooted, thus obtaining a calibration between supergranular scale and its depth.
Hathaway (2012) then tracked the supergranules as features, measured their north-
south motions as a function of spatial scale. Using the calibration between the
supergranular scale and its depth, Hathaway (2012) inferred an equatorward
meridional flow at a depth of 70 Mm, an unusually shallow determination of the
reversal. However, Hathaway (2012) did not explicitly account for the time evolution
of the supergranulation pattern, i.e., did not account for the propagation of the
supergranulation pattern in the prograde direction and towards the equator, thereby
calling into question this interpretation. Additionally, the depths to which
supergranules penetrate have not been independently determined (e.g., Hanasoge
and Sreenivasan 2014).

Local-correlation tracking, a widely adopted method (November and Simon 1988)
uses the proper motions of granules or supergranules to measure large-scale flows.
Using supergranular tracers, Svanda et al. (2008) have demonstrated the ability to
measure MC using this method, obtaining consistently poleward flows up to latitudes
of about 40°, beyond which they see equatorward flows for some datasets.

2.5 Granulation tracking

Roudier et al. (2018) tracked the proper motions of granules to obtain MC estimates
that are in general agreement with the results of Svanda et al. (2008); they too
observe an equatorward flow at latitudes beyond 45°. Because the centre-to-limb
effect arises due to flows associated with granules (Baldner and Schou 2012), MC
measurements are particularly challenging when using granules. The fidelity and ease
of granulation tracking has greatly improved since the advent of HMI, since the
observations are of high enough resolution (4096 x 4096 pixels) and images are
taken at sufficient temporal cadence as to spatially capture granules and trace their
temporal evolution.

2.6 Ring diagram analysis

Ring diagram analysis (RDA Hill 1988) uses shifts in the frequencies of high-degree
normal modes over finite spatial patches on the surface to infer the underlying
average flow. High-degree modes are typically associated with large linewidths, i.e.,
short lifetimes, and therefore decay before creating global resonances. As a
consequence, they sample local parts of the Sun, and can be used to measure the
mean drifts in that region. The solar surface is covered with patches of a given size
and the mean flow associated with each patch is thus inferred. The mean flows over
these patches taken together provide a low-resolution image of the circulation at the
surface. The resolution that RDA affords is sufficient to capture the spatially smooth
MC—inferences thus obtained have proved to be trustworthy (Schou and Bogart
1998; Basu and Antia 2000; Gonzalez Hernandez et al. 2008; Komm et al.
2015, 2020; Lekshmi et al. 2019). These are particularly useful in studying the
variation of MC with the solar cycle, as shown in Fig. 11, and measuring the extent
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of cross-equatorial flow (i.e., only in the near-surface layers). The centre-to-limb
systematical error, for instance, can be somewhat alleviated by applying RDA to
regions in the vicinity of the central meridian (e.g., Gough and Hindman 2010). In
general, because RDA uses mode frequencies to make inferences, its robustness and
reliability is comparable to that of global-mode helioseismology (the gold standard in
a manner of speaking).

3 Role of MC in global angular momentum transport and balance

The theoretical importance of a circulation straddling the equator and poles was
recognized early on (e.g., Lebedinsky 1941; Kippenhahn 1959, 1963). Detailed
expositions on the critical role played by MC in angular momentum balance in the
context of mean-field theory date back many decades (e.g., Durney 1974; Ruediger
1989; Kichatinov and Rudiger 1993; Durney 1999, 2000, 2003; Miesch 2005;
Rempel 2005; Dikpati 2014; Choudhuri 2021).

To illustrate the delicate balance that is struck in solar convection zone, we first
study the zonal component of the angular momentum equation, which is derived
from the governing non-linear magnetohydrodynamic equation (e.g., Miesch 2005).
This equation is further simplified by computing longitudinal and temporal averages,
denoted by angular brackets () around each term,

V. (pr sin 0 (ugup,) + pupr? sin? 0 Q + pvr? sin? O VQ
(1)

— rsin0ByBy, — rsin0 <B§bB;n>) —0.

We adopt spherical coordinates (r, 0, ¢), which are radius, co-latitude and longitude
respectively, V is the covariant spatial derivative, p density, ug and By are longitu-
dinal velocity and magnetic field, uy, and B, are the mean meridional velocity and
magnetic field, Q(r,0) is differential rotation and v is viscosity. Primed variables
denote spatio-temporal fluctuations around the background terms, which are denoted
as unprimed quantities. The meridional term comprises radial and co-latitudinal
components.

Typically, the Lorentz-stress terms and viscous dissipation are ignored or prove to
be small (e.g., as predicted in numerical simulations Miesch 2005; Karak et al. 2014),
although they may indeed be significant in reality (see more recent work by Hotta
and Kusano 2021, who identify magnetism as a significant driver, especially in the
near-surface layers). This simplifying assumption reduces the balance to between
meridional transport of angular momentum (per unit mass) £ = > sin? 0 Q and the
Reynolds stresses, (ujuy,). In the formalism of the anelastic approximation (e.g.,

Gough 1969), V - (puy,) = 0, allowing us to write,
V- (prsin0 (uyuy)) = =V - (pupr?sin* 0 Q) = —puy, - VL. (2)

The structure of the term on the right hand side of Eq. (2), —puy, - V£ has important
consequences:
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Streamlines of the meridional flow (u,,) are, by definition, locally parallel to the
flow velocity at every point. Also useful to recognize is that VL is perpendicular
to surfaces of constant £. Thus, only meridional flows perpendicular to surfaces
of constant £ contribute to angular momentum transport.

If the Reynolds stress term were zero in Eq. (2), then the meridional transport of
angular momentum would also have to be zero, implying VL is perpendicular to
the flow streamlines. Thus, a poleward MC, as we observe in the Sun, would
indicate £ is constant along MC streamlines, i.e., not changing as a function
latitude. However, since the the lever arm reduces at high latitudes, this would
require the poles to spin up in relation to the equator, contrary to what we see in
the Sun, as seen on upper-left panel of Fig. 3. Indeed, we observe that the surfaces
of constant angular momentum are approximately cylindrical (bottom-left panel
of Fig. 3), and VL points away from the rotation axis. Thus, Reynolds stresses
play an important role in maintaining this balance.

The direction of MC is decided by the sign of the divergence of the Reynolds
stress. In other words, when V - (pr sin 0 (ujuy,)) <0, MC points away from the

rotation axis and vice versa, since the angular momentum gradient points away
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Fig. 4 Tllustration of the principle of gyroscopic pumping from numerical simulations; the Anelastic
Spherical Harmonic (ASH) code was used to obtain this result (Featherstone and Miesch 2015). The sign
of the divergence of the Reynolds stresses determines the direction of MC. Negative F ., indicated by red,
implies meridional flow directed away from the rotation axis and vice versa (indicated by blue). At low
latitudes, F. is negative in the upper convection zone and positive in the deeper layers, and as a
consequence, we anticipate counter-clockwise MC in the shallower layers and clockwise in the deeper
region. A cell is also seen at higher latitudes, associated with the sign of the Reynolds stresses there. These
expectations are confirmed by panel ¢, which shows the temporally averaged stream function; red indicates
counter-clockwise cells and blue denotes clockwise circulation. The differences in the simulated
convective flows in the low latitudes (dominated by banana cells) and high latitudes (ballistically
descending convective plumes) are thought to result in different Reynolds stress distributions, in turn
inducing MC. Image reproduced with permission from Karak et al. (2014), copyright by Springer

from the rotation axis (see Fig. 3. lower-left panel). This principle is known as
gyroscopic pumping (e.g., Miesch and Hindman 2011, and references therein).
An analysis of MC and convection in numerical simulations confirms this simple
and elegant idea (see Fig. 4).

— The uppermost layers of the convection zone are dominated by vigorous turbulent
flows and strong photospheric cooling. Descending convective plumes, produced
in the relatively cool intergranular lanes transport angular momentum radially
into the interior, resulting in V - (prsin 0 (uyuy,)) > 0, as seen in the left panel of
Fig. 4. This in turn induces an MC pointing towards the rotation axis, i.e., a
poleward directed flow at the surface. At some depth, these plumes are slowed
down and the inward transport of angular momentum ceases. This induces an
equatorward circulation and closes the loop.

— There are three terms in Eq. (2), of which we know the rotation rate from
helioseismology (Schou et al. 1998). Thus, substituting different models of MC
or Reynolds stresses allows for determining the other term (e.g., Durney 2000), a
means by which mean-field perdictions are made.

The second independent and important relationship that is relevant to the
discussion at hand is the zonal component of the curl of the momentum equation. The
temporally stationary longitudinal-vorticity equation captures the balance between
the deviation of rotation from constancy on cylinders and two driving terms:
baroclinicity and fluid and magnetohydrodynamic stresses. A barotropic fluid is one
where the pressure p = p(p) is solely a function of density, resulting in the pressure
term in the momentum equation, (Vp)/p = VF, where F is some function of p.
Thus, the curl of this term is zero, and would vanish from the subsequent vorticity
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equation (which is derived by taking the curl of the momentum equation). A
baroclinic fluid is one where pressure is a function of not just density, leading to
Vx[(Vp)/p] #0. In an exactly stationary state, the baroclinic driving, Reynolds
stresses and the term arising from the deviation from cylindrically aligned rotation
should balance,

0Q g o(S)

e T I 3)

where € is the background solid-body rotation, 2 denotes differential rotation, g(7)
is gravity, C, is the specific heat at constant pressure, z = rcos 0 is the coordinate
along the axis of rotation, (S)(r, §) is the mean entropy averaged over longitude and
time and the forcing term F is given by

F = ¢ (Vx[(Vxu)xu + (4np) ' (VxB)xB]), (4)

where qAS is the unit vector in the longitudinal direction. Magnetic fields and con-
vective flows are relatively weak in the deep interior (e.g., Miesch and Hindman
2011; Karak et al. 2014), and the balance is therefore likely given by
Q00.Q =~ g/(2C,r)0p(S), a state termed thermal wind balance. Thus, baroclinic
driving must solely sustain deviations from cylindrically aligned rotation contours in
the deep interior. This equation governs the ‘thermal-wind component’ of rotation, i.
e., the part of rotation that deviates from constancy on cylinders. If the latitudinal
entropy gradient were zero, €2 would be constant on cylinders, i.e., independent of z
(the celebrated Taylor—Proudman state.)

Latitudinal entropy gradients are typically attributed to rotation, which causes the
equatorial layers to spread outward due to centrifugal forces, with the poles slightly
flattened in relation. Being slightly closer to the core, the poles are expected to be
warmer as compared to the equator (entropy gradients can also set up latitudinal
thermal fluxes.) Additional reasons include the efficiency of convection, which may
change as a function of the angle between the local direction of thermal transport
(radially outwards) and the rotation axis. For instance, at the poles, the axis of
rotation and thermal transport direction are co-aligned, whereas they differ by 90° at
the equator. This anisotropy of convective efficiency may serve to thus create a
latitudinal entropy gradient. Indeed, an equator-to-pole latitudinal temperature
gradient (poles being hotter), on the order of 1.5 K (Kuhn et al. 1998) and less than
2.5 K (Rast et al. 2008), is observed using intensity measurements.

Solar thermal convection is a statistically stationary process, although the
magnetic cycle is capable of modulating it, especially in the surface layers. The non-
detection of vigorous convective motions in the bulk of the convection zone
(Hanasoge et al. 2012) and the observed depletion of power on large scales (van
Ballegooijen 1986; Lord et al. 2014; Hanasoge et al. 2016) likely suggests that the
bulk of the convection zone is largely adiabatically stratified and therefore persists in
a rough state of thermal-wind balance (Kitchatinov 2016).

Thermal-wind balance is only approximately valid: small deviations from the state
establish MC that transports thermal flux and angular momentum to re-engineer a
balance. For instance, differential rotation is observed to undergo systematic changes
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—on the order of 10 m/s—as a function of latitude and phase of the solar cycle (first
detected and termed ‘torsional oscillations’ by Kosovichev and Schou 1997; see also
Howe et al. 2000 and Howe 2008]). In contrast, surface measurements of MC
suggest correlated variations on the order of 2—4 m/s, as reported by Gizon and
Rempel (2008). Numerical calculations are able to explain the observed flow
variations—both the torsional oscillations and MC variations in the surface layers
(Rempel 2006a, b; Gizon and Rempel 2008). However, Hazra and Choudhuri (2017)
and Choudhuri (2021) argue that detailed calculations and simple scaling relations
would imply much larger variations in MC than the torsional oscillations, a matter
that remains unresolved.

Significant turbulent motions are observed only at the surface layers of the Sun,
driven by radiative cooling at the upper boundary, a region where thermal-wind
balance is possibly inapplicable (although fluid motions on large scales at the surface
are measured to be weak, e.g., Hathaway et al. 2015; Roudier et al. 2018; Kashyap
and Hanasoge 2021). As Miesch and Hindman (2011) and Karak et al. (2014) note,
the Reynolds stress forcing term in the near-surface shear layer, which is spatially
coincident with vigorous convection (Stein and Nordlund 2000), will likely
dominate, suggesting that 0,2 = F in these layers.

While MC does not explicitly appear in these equations, the forcing F has been
modelled as the eddy viscous resistance to meridional driving (Kitchatinov 2012;
Dikpati 2014). This formulation has been used widely invoked over the past several
decades in a series of papers on the topic by Ruediger (1989); Kichatinov and
Rudiger (1993) etc. Reproducing Eq. (2.2) of Kichatinov and Rudiger (1993), the
diffusivity F is connected through a fourth-rank viscosity tensor to the gradients of
MG, ie., F = —&pi0;[p 101N g0y V;”)], where N is the viscosity tensor, p
density, 0; the derivative along the ;j direction, V' the mean MC, with subscript p
referring to the component and &4 is the Levi-Civita symbol with the first index set
to the longitudinal direction. Models of A/ must either be introduced by hand or
obtained from numerical simulations.

In summary, the longitudinal momentum and thermal-wind balance equations
serve as the foundations from which to generate models of differential rotation and
MC. Although the broad principles are relatively simple, the eventual formulation is
non-linear and a variety of different approaches with differing extents of complexity
have been applied to solve the mean-field equations.

4 Role of MC in the flux-transport dynamo model

The solar cycle is one of the most important aspects of the Sun—from both physics
and practical perspectives. Despite substantial observational constraints on solar
interior, surface, atmospheric and heliospheric physics, a comprehensive under-
standing of what drives solar magnetism continues to elude us. There are many
compelling theories of solar dynamo action, and it is beyond the scope of the present
article to describe them at any length, although there are many thorough reviews of
the topic (e.g., Charbonneau 2020). These models have attempted to explain the
following prominent aspects of solar magnetism:
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1. Sunspots, which have lifetimes of around 2-3 weeks, appear in plenty during
periods termed as “solar maxima”. Their appearance gradually wanes and and
they nearly disappear, marking the period known as “solar minima”. Two
consecutive maxima are observed to be spaced roughly 11 years apart.

2. Observations show that during minima, poloidal field has the largest magnitude
(on the order of 1-2 Gauss; e.g., Hathaway 2015) and during maxima, toroidal
field of magnitude 1-2 Gauss dominates (e.g., Cameron et al. 2018). These
correspond to fluxes of ~2 x 10> Mx in the toroidal and ~ 10%> Mx in the
poloidal directions. The sign of the poloidal field reverses every 11 years.

3. Sunspots typically appear in pairs (“bipolar active regions”) that are of opposite
magnetic signs, i.e., the “leading” sunspot may show positively signed field and
the “following” sunspot a negative sign. In a given hemisphere, the leading
sunspot generally shows the same polarity over the duration of the cycle.

4. The cycle has a very well defined progression, with sunspots erupting at latitudes
of around 30° at the start of the cycle (immediately following the preceding
minimum), and emerging at lower latitudes with the evolution of the cycle. By
the end the cycle, new field appears very close to the equator.

5. Bipolar active regions show a statistical tilt (“Joy’s law”), with the line joining
the centres of the two poles inclined at a small angle such that the leading spot is
statistically slightly closer to the equator than its following counterpart. The tilt
angle increases with latitude although a large amount of scatter is observed.

6. The spot cycle is known to have entered into an extremely quiet period from
1645-1715, known as the “Maunder minimum”. Some evidence suggests that
there have been other epochs in time where the Sun has passed through such
extended or “grand” minima.

Early models of the cycle did not incorporate MC (for details, see, e.g., Hathaway
2015; Charbonneau 2020) but measurements of surface and interior differential
rotation, MC and a theoretical appreciation for their role in establishing the dynamo
brought forth the contemporary era solar cycle modelling (although Babcock 1961
had speculated about the existence of a poleward MC). In the current flux-transport
model (Wang et al. 1991; Choudhuri et al. 1995; Durney 1995), the interchange
between poloidal and toroidal magnetic field is mediated by a combination of
differential rotation and MC. Poloidal flux (of the current cycle) from the equator is
transported by MC to the poles at the surface, cancelling the poloidal field from the
previous cycle and creating new field, of the opposite sign as that of the preceding
cycle. This field is dragged down to the deep interior by the inward traversing
component of the MC loop, where it is stably held against magnetic buoyancy by the
sub-adiabatic layers. The poloidal field strength would not need to be very strong at
all; indeed, differential rotation winds up the poloidal field, converting it into toroidal
field in this process and gradually strengthening it over several rotation periods.
Magnetic buoyancy associated with sufficiently strong toroidal field would cause it to
rise into the convection zone, where, acted on by Coriolis force, it would gain a twist,
manifesting as the inclination of bipolar active regions at the surface in opposite
senses in the two hemispheres. The time taken to complete a full meridional circuit
by a fluid element being advected by the MC would then set the timescale of the

@ Springer



3 Page 14 of 41 S. M. Hanasoge

dynamo cycle (Hathaway et al. 2003; Gizon et al. 2020). Thus MC plays a profound
role in regulating the cycle period—faster MC implies shorter cycles and rapid
reversal of poloidal fields, thereby influencing cycle amplitude. During relatively
long magnetic cycles, two major processes involved in regulating the dynamo,
diffusion and amplification of toroidal field (by differential rotation), compete. If
diffusion were to be the stronger of the two, weaker cycles would result and vice
versa (e.g, Karak et al. 2014). Weak MC can disrupt the cycle by lengthening it
enough to even set off a grand minimum. Multiple cells in latitude and/or radius can
ostensibly reverse the direction of drift of sunspots. Hazra et al. (2014) however
demonstrated that the observed cycle can still be reproduced in simulations provided
MC at the base of the convection zone is directed equatorward. Indeed, Cameron and
Schiissler (2017) have shown that what controls this process is the average MC in the
region where toroidal flux is stored, because the term vxB governs the induction
equation. The flux-transport dynamo model has been widely accepted in the
community (Charbonneau 2020). Additional evidence such as cycle-correlated
temporal variations in the surface measurements of MC and interior inferences (see
Sect. 8) have given weight to the theory and guided recent interpretations of the
lengths and amplitudes of cycles.

5 MC in numerical simulations

Ever since the seminal calculations by Gilman and Glatzmaier (1981), global
simulations of solar convection have been seen as an important tool with which
understand the Sun. The advent of modern computing and more accurate numerical
methods have led to an explosion of sophisticated 3D models of the solar convection
zone, and millions of core hours are dedicated today to simulating the dynamics of
solar and stellar convection zones (see, e.g., Kupka and Muthsam 2017, for a
review). Owing to the vastly disparate spatial and temporal scales in the problem,
these are very challenging calculations to perform, and, without sufficiently robust
theoretical guidance, they are generally unable to access the correct convective
regime (e.g., Rast 2020). In addition to the enormous dynamical range, flows such as
MC, which are weak but critically important to large-scale dynamics, emerge as a
consequence of a delicate balance between plausibly large terms—differential
rotation and convective Reynolds stresses, not easily achieved in dynamical
simulations.

A major question relates to the conditions that lead to equatorial spin up relative to
the poles, i.e., solar-like latitudinal differential rotation in stars, and how to transition
the system to anti-solar behaviour (where the poles rotate faster than the equator).
Numerical simulations appear to indicate that weakly rotating systems, i.e., where the
Rossby number Ro = w./Q = 1, where Q is the rotation rate and w. = 27n/1, is the
inverse convective turnover timescale, generate anti-solar differential rotation. These
are typically associated with a single-cell MC directed poleward in the upper
convection zone and surface layers. In rapidly rotating systems, where Ro < 1,
solar-like latitudinal differential rotation is recovered, along with a multi-cellular (in
both latitude and radius) MC. These flows are directed poleward in the upper
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-20/160 -20/200

Fig. 5 Differential rotation (upper panels) and corresponding MC profiles (lower panels) from numerical
simulations of spherical convection in a shell spinning at rotation rates ranging from 2, down to 0.75€,
where Qy ~ 420nHz is the nominal solid-body solar rotation rate. The colourbar limits associated with
each of the upper plots are indicated in units of nHz, e.g., —20 nHz and 200 nHz as the lower and upper
limits on panel e. The red and blue colours in the lower panels indicate counter-clockwise and clockwise
motions respectively. As the fluid spins faster, the rotation is more solar-like in that the equator rotates
faster than the poles. The corresponding MC profile acquires multiple cells in latitude and radius. At lower
rotation rates, the poles are seen to spin up relative to the equator and the MC profile becomes unicellular.
Image reproduced with permission from Featherstone and Miesch (2015), copyright by AAS

convection zone as well. A variety of different numerical calculations agree with this
broad view (e.g., Gastine et al. 2013; Guerrero et al. 2013; Képyla et al. 2014;
Gastine et al. 2014; Featherstone and Miesch 2015) and an illustration of this is
shown in Fig. 5. These experiments do not allow us to conclude that the Sun is a fast
rotator—they merely suggest that the best calculations available to us all appear to
computationally access similar convective regimes and therefore see comparable
behaviour. In any case, MC in simulations is quite different in shape and structure
from that of the Sun.

5.1 Mean-field description of MC

The mean-field approach involves taking temporal and longitudinal averages of the
governing equation, writing prescriptions for the convective flux, Reynolds stresses
and latitudinal thermal gradients (e.g., Kichatinov and Rudiger 1993; Kitchatinov
and Ruediger 1995). An instance of the results that are typically obtained from these
calculations is shown in Fig. 6, where differential rotation and MC are obtained upon
prescribing anisotropic thermal flux and Reynolds stress distributions.
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Fig. 6 Mean-field predictions of MC and differential rotation. A comparison with Fig. 3 reveals that the
differential rotation profile is very similar to the Sun and the corresponding MC obtained appears
reasonable: consistent with surface observations, at any rate. In this approach, Kitchatinov and Olemskoy
(2011) prescribe convective flux and Reynolds stresses as functions of radius and latitude to obtain the
differential rotation and MC. Image reproduced with permission from Kitchatinov and Olemskoy (2011),
copyright by the authors

In sharp contrast to 3D numerical simulations, mean-field theoretic approaches
overwhelmingly predict solar-like differential rotation, with anti-solar rotation
achievable only under very specific conditions (e.g., Featherstone and Miesch 2015).
Indeed, Kitchatinov and Riidiger (2004) note that only significant baroclinicity,
created possibly by large magnetic spots or tidal forcing by a binary companion,
would result in MC on the order 200 m/s, which in turn is capable of inducing anti-
solar rotation.

This is, to some extent, in line with observations of stellar latitudinal differential
rotation of Sun-like and other conventional stars, which generally appear to show
solar-like contrasts (i.e., fast rotating equators; e.g., Benomar et al. 2018).
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6 Interior structure of MC

Inferring MC as a function of depth is a topic of contemporary concern in
helioseismology and the return flow depth of MC is among the most important
questions in solar physics. Van Ballegooijen and Choudhuri (1988) have argued for a
more deeply penetrating MC as a means of suppressing magnetic buoyancy and
storing field at the base of the convection zone. Nandy and Choudhuri (2002) suggest
that the flux transport model works best if the field were allowed to penetrate down to
0.6 Ro. However, this has been strongly contested by Gilman and Miesch (2004),
who, based on boundary-layer analyses, estimates of the expected kinetic energy of
MC (velocity ~2 m/s at » = 0.7 R,), and the observed abundances of Lithium and
Beryllium, argue that the maximum allowed depth of penetration of MC is 0.7 R,

6.1 Helioseismology

The solar interior is optically thick and direct imaging of flows in the interior layers is
therefore impossible. Helioseismology (Christensen-Dalsgaard 2002; Gizon and
Birch 2005) is the only means by which to study the solar interior. Acoustic
oscillations, excited by vigorous turbulent convection in the near-surface layers,
propagate within the solar interior, setting up resonances at discrete frequencies and
wavenumbers. These normal modes of oscillation were observed first by Leighton
et al. (1962), whose speculation that they could one day be used build complex
images of the solar interior was remarkable and prescient. While the full promise of
the method is yet to be realised, e.g., building 3D images of the convection zone,
results from helioseismology such as the inferences of structure, composition and
rotation have had resounding impact, both in solar physics and astrophysics at large.
Efforts are underway to build increasingly sophisticated models of solar interior
dynamics while simultaneously taking into account systematical instrumental errors
(for a review, see, e.g. Gizon et al. 2010).

At its heart, helioseismology is a perturbation theory. A seismic measurement,
which will be defined in due course, is related through a linear equation to the
perturbation of interest. A ‘perturbation’ is defined as a departure from the reference
or background model of the Sun. Thus, the basic assumption is that we have a good
guess for a background solar model (e.g., model S; Christensen-Dalsgaard et al.
1996), i.e., the properties of the Sun are a small deviation away from the reference
model. This background is typically only a function of radius, prescribing sound
speed, density, composition, gravity etc. as a function of radius ». Although more
complex reference models are permitted, the general approach of choosing a
temporally static, non-rotating, non-magnetic 1D background has generally sufficed.
That this approach works at all is surprising, considering the broad range of spatio-
temporal dynamics that the Sun displays. Indeed, it is a non-trivial consequence of
the scale separation we see in the Sun: the normal-mode periods (~5 min) are
widely separated from the temporal scales associated with supergranules (~ 36 h),
large-scale magnetic field evolution (months to years), change in rotation (months to
years), evolution of meridional circulation (months to years), Rossby waves (~ 26
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days) etc. Additionally, most of these features possess small amplitudes, i.e., in
comparison to the local sound speed, and are therefore well described in the limit of
first-order perturbation theory. A prominent exception is that of sunspots (Gizon et al.
2009), which represent locally large deviations from the background state and are not
well suited to description using simple perturbation theory.

Global-mode oscillation frequencies, which have been very successful at
constraining solar structure and rotation, are unfortunately not very sensitive to
MC. This is because, at leading order, mode frequencies are sensitive to
axisymmetric (which MC is) and north-south symmetric (MC is anti-symmetric
across the equator) flows. Thus MC can only cause frequency shifts at higher orders
(Gough and Hindman 2010), where magnetic fields and convective flows are
comparably important (Roth and Stix 2008; Swisdak and Zweibel 1999; Dziem-
bowski and Goode 2004, 2005). For instance, Roth and Stix (2008) attempted to use
quasi-degenerate perturbation theory (Lavely and Ritzwoller 1992), which models
the effect of non-axisymmetric perturbations on global-mode frequencies, but
encountered significant interpretational challenges. One approach is to thus turn to
other, more local seismic measurements, i.e., where averages over the full disk are
not taken. Time-distance helioseismology (Duvall et al. 1993), ring-diagram analysis
(Hill 1988) and the Fourier-Legendre technique (Braun and Fan 1998) have been
applied vigorously to this problem, and some attempts have been made at using
normal-mode coupling (Woodard 1989; Woodard et al. 2013; Schad et al. 2011b).

Waves in the Sun are stochastically excited all over the surface, which implies that
the observed velocity field is a zero-mean random process. Thus, without knowledge
of the exact distribution of sources, the raw wavefield itself contains no information.
The higher moments of the wavefield, primarily the variance and covariance, are
useful. Because we observe over a finite temporal window, the associated realization
noise is non-trivial and can significantly decrease the inferential quality of the
measurement, especially when attempting to constrain MC in deep layers. The
measurement of cross correlations of the surface wavefield velocities between pairs
of points forms the basis of time-distance helioseismology (TD; Duvall et al. 1993).
Waves propagating from one point to the other would cause the two-point correlation
of the surface velocity field to be finite. Additionally, suppose a flow were pointed
along the line joining the point pair; the travel times of waves propagating along the
direction of the flow would decrease since the waves would be advected and
therefore sped up. Conversely, waves propagating in the direction opposing the flow
are slowed down and their travel times correspondingly increase. Waves travelling
perpendicular to the ray path joining the two points would not register a time shift.
This schematic picture, although complicated by so-called “finite-frequency’ effects,
i.e., when wavelengths are comparable to the length scale of the perturbation, applies
well to MC (e.g., Birch et al. 2001), whose associated length scale is likely very large
in comparison to the acoustic wavelength all through the interior.

TD can, in principle, use the entirety of the available seismic information and as a
consequence, capable of probing deep into the solar interior. A major challenge with
TD is one of organizing the enormous amount of seismic information available in the
spatio-temporal domain. Given N observational pixels, N2 cross correlations may be
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computed at a variety time lags N;, resulting in a total of N2 N, data points. With
each successive observing instrument, the quality and quantity of data has grown. For
instance, HMI has a 16 Mpixel camera, of which 10 Mpixels contain potentially
useful information, resulting in an astronomically large number of correlations. Of
course, most of these correlations will have redundant or possess too little
information to be of significance in the eventual analysis. Although seismologists
have developed various rules of thumb to organize these data, much useful
information is likely discarded in the analysis. The main goal thus is to maintain a
sufficiently high signal-to-noise ratio to be able to infer MC in the deep interior. For
instance, Braun and Birch (2008) noted that an entire solar cycle’s worth of data may
be required to image flows on the order 1-2 m/s at the base of the convection zone
using TD.

Ring-diagram analysis (RDA), an important seismology technique, has been
described in Sect. 2.6. The horizontal patch size in RDA is typically 15° x 15° on the
surface, and one flow velocity is output for each tile of this size, thereby providing
coarse-resolution images (in comparison to other helioseismic methods, at any rate).
However, because mode frequencies are the primary measurement, and because they
are obtained from reasonably sized patches, the inferences are robust. Additionally,
since only high-degree modes are used in the analysis, RDA can probe down to about
20 Mm in depth.

The axisymmetric non-rotating reference Sun hosts a set of modes with associated
eigenfrequencies and eigenfunctions. Perturbations cause both the resonant frequen-
cies and eigenfunctions to be altered. RDA uses changes in eigenfrequencies to infer
structure whereas TD relies on eigenfunctions (at least the case for MC, e.g., Birch
and Kosovichev 2001). Normal-mode coupling (Woodard 1989; Dahlen and Tromp
1998) also extracts information present in eigenfunction deviations. Nominally, the
eigenfunctions of the wave operator in spherical geometry for modes in a solely
radially stratified medium are spherical harmonics multiplied by radial functions.
Thus, each mode is identified by three quantum numbers, (¢,m,n), the harmonic
degree, azimuthal order and radial order, respectively. However, flows and rotation
alter the operator so that spherical harmonics are no longer the correct eigenfunc-
tions, and the radial dependence of these flows also changes the radial form of the
eigenfunction. Keeping in mind that we are only able to observe the wavefield at the
surface, we can, at best, measure the departure of the lateral part of the eigenfunction
from spherical harmonics. This is obtained by measuring correlations of the global-
mode series across harmonic degree; a robust theory links these measurements to
flows in the interior (Woodard 2014; Hanasoge et al. 2017). Two important benefits
of mode coupling are that it allows for modelling the range of systematical biases
introduced by line-of-sight observations, and because the correlations are taken in the
spectral domain, the entirety of seismic mode information can be used. Since global
modes are used in these analyses, the method has, in principle, access to all depths.
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6.2 Data sources

Helioseismology can only be performed on sufficiently high-cadence ( ~ 60 seconds
between consecutive images or more frequently) observations of the Sun. Some of
the most significant results over 1980s and 1990s have been obtained through
analysis of (relatively) short-sequence continuous observations taken in Antarctica
(see Gizon and Birch 2005, for a brief review on this). However, long-term
continuous and steady observations, which are required to investigate circulations
and other phenomena in the Sun in detail, have only been possible since 1995, with
the establishment of the ground-based Taiwanese Oscillation Network (TON; Chou
et al. 1995, observing since 1995) and the Global Oscillation Network Group
(GONG; Leibacher 1999, ongoing observational programme, from 1995—present),
and the launch of space-based Michelson Doppler Imager (MDI; Scherrer et al. 1995,
observations taken during 1996-2011) onboard the Solar and Heliospheric Obser-
vatory and Helioseismic and Magnetic Imager (HMI; Schou et al. 2012, ongoing
observational programme, from 2010-present), onboard the Solar Dynamics

Observatory.
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Fig. 7 Centre-to-limb effect (panel A), as measured by Liang et al. (2017); Chen and Zhao (2017) and
Rajaguru and Antia (2015), three disparate efforts. The close agreement between the results, despite many
differences such as the use of high-resolution data by Chen and Zhao (2017) and Rajaguru and Antia
(2015) whereas Liang et al. (2017) analyzed a lower-resolution version of the observations (corresponding
to ‘medium-£’), suggests a robustness to the estimates. The systematic is also a function of instrument, as
seen in the difference between the MDI and HMI curves. Panel B shows the final MC travel-time signal
(Gizon et al. 2020), obtained after removing all the systematical errors. Strikingly, the MC signal is directly
comparable to the centre-to-limb bias, which is why it is critical to account for
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7 Systematical errors

Accurate estimates of MC require that all known systematical errors be corrected for.
To the best of our knowledge, each of the biases described below affect all methods
of helioseismology, although to varying degrees (depending on the type of
measurement, modes that are used etc.), and reliable inferences can only be made
if these are removed from seismic measurements.

7.1 Centre-to-limb bias

The single most important problem in inferring MC is the infamous centre-to-limb
systematic, far more critical than optimising the signal-to-noise ratio of the seismic
measurements. The effect is comparable to or dominates the expected MC signal by
many times, depending on the measurement (see Fig. 7). While the origins of the
systematic are a matter of some debate, it is reflected in seismic measurements as
arising due to a fixed flow originating from disk centre to the limb, and does not
rotate along with the Sun, which is one way in which it was recognized as a
systematic. In TD analyses, the bias is most pronounced for waves travelling large
distances, especially if one of the correlation points were to be close to the limb and
the other proximal to disk centre. Although already known informally to some in the
community, Duvall and Hanasoge (2009) were the first to formally discuss the effect
in the context helioseismology. Duvall and Hanasoge (2009) noted that light
emerging from the disk edge would be delayed by roughly R /c = 2.3 s, where ¢ is
the speed of light, in comparison to the centre, with the phase lag linearly decreasing
from the limb to the centre. Thus, seismic measurements at the disk edge would have
an intrinsic 2.3 s time lag in comparison to the disk centre. Measurements of
correlations between a point at the centre and another at the limb would indicate a
fixed and non-rotating inflow to disk centre. However, we actually observe an
outflow from disk centre, indicating that additional systematical biases are present. It
is now speculated that this arises due to a combination of radiative-transfer processes
resulting in a changing height of observation from the centre to the limb and the
asymmetry of rising and descending radial granulation flows (due to the steep
stratification of the near-surface layers; Baldner and Schou 2012). Bhattacharya et al.
(2015) theoretically calculated the effect of a field of temporally evolving granules
with spatial scales much smaller than the wavelengths of acoustic waves propagating
through, finding that this would introduce tensor terms to the wave equation. But this
was never implemented in the context of modelling the centre-to-limb bias, although
its effect could be important to include. Unfortunately, the centre-to-limb effect is
still remains to be fully explained and a derivation from first principles is lacking.
The systematic varies with choice of measurement, e.g., seismic travel times
retrieved from line-core and Doppler observations show opposite trends with
different latitudes (Zhao et al. 2012). They are also sensitive to the instrument and
period of observation (see Figs. 7 and 8). In particular, instrumental effects are likely
play a very important effect. As seen in Fig. 8, the bias is very weak at the start of the
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Fig. 8 The temporal evolution of the anti-symmetrized (about the equator) north-south travel-time shifts is
shown in the upper panel and anti-symmetrized (about the central-meridian) east-west shift (lower panel).
Each circle or cross represents a measurement obtained from one month’s worth of data, where travel times
have been averaged over the distance range 4 = 6°—42° and latitude range 20°-35° and the solid lines
represent linear fits. The secular change in the biases is likely instrumental in origin. These temporal shifts
in north-south travel times have a profound impact on the eventual inference of MC whereas the east-west
shifts affect inferences of differential rotation. The systematic error appears to be smallest at the start of
MDI’s observational campaign, gradually increasing with time. Image reproduced with permission from
Liang et al. (2018), copyright by ESO

MDI campaign and secularly grows with time, implicating changes in the instrument.
An unexpected coincidence is the comparable extents of biases of HMI (launched in
2010) from MDI (14 years old by that point) over the period 2010-2011.

Based on prior evidence (such as the light travel-time effect discussed by Duvall
and Hanasoge 2009), this bias was initially assumed to vary only as a function of
heliocentric angle. This was studied in detail by Zhao et al. (2012), who
demonstrated that, by subtracting the East-West systematic bias from the desired
North-South measurements (which are sensitive to MC), they were able to remove
the different trends in the observations. A strong piece of evidence was that travel
times computed using different raw observables all converged to the same vales after
subtracting the centre-to-limb bias. Greer et al. (2013), using RDA, measured and
removed the bias for each individual normal mode used in the analysis, which is
perhaps the most effective means so far. They found that the the bias is a strong
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function of mode frequency and radial order, which was later also shown for TD by
Chen and Zhao (2018) and Rajaguru and Antia (2020). Not all studies have explicitly
taken into account the frequency variation, potentially pointing to the source of
discrepancies between the consequent inferences (see Fig. 16).

Chen and Zhao (2017) performed a more thorough analysis, measuring the
systematic bias all across the disk, and showed that it varied only as a function of
heliocentric angle. Chen and Zhao (2017) also concluded that subtracting the East-
West systematic from the North-South measurements was about as effective as
performing the elaborate analysis all across the disk.

The simplified scheme proposed by Zhao et al. (2013) to subtract the East-West
outflow signal from the North-South measurements has proven to be successful and
has been used since, in all TD-based inferences of MC. Without a comprehensive
theory of the centre-to-limb effect, pre-processing to remove it from the raw seismic
data is (currently) not possible and the systematic bias will likely be present in all
helioseismic techniques applied to measure MC. Although the empirical correction
procedure described by Zhao et al. (2013) cannot be directly translated to inferences
using, e.g., mode coupling, the basic concept applies. While some prior efforts have
focused on inferring MC using mode coupling, they have not accounted for the
centre-to-limb effect (Woodard et al. 2013; Schad et al. 2011a, b, 2012, 2013). It is
critical to either formally demonstrate that the centre-to-limb effect does not extend
to mode coupling and, failing that, fully account for it.

7.2 BO angle

Earth’s orbit is inclined to the ecliptic plane at 7.25° (although this estimate is
slightly uncertain; see, e.g., Giles 2000; Beck and Giles 2005), which implies that the
angle with which we view the Sun undergoes an annual variation, and depending on
the phase of the orbit, allows us to directly observe the poles and the high-latitude far
side. This viewing angle, termed B0, is important to take into account when inferring
MC, especially at high latitudes. For instance, Haber et al. (2002) observed an
equatorward flow at latitudes beyond 60°, which Zaatri et al. (2006) concluded was
strongly driven by the B0-angle. Accounting for it significantly reduced the
amplitude of the equatorward flow, although not eliminating it entirely. Other
analyses, e.g., Schou (2003); Gonzalez Hernandez et al. (2008); Hathaway and
Rightmire (2010) and Rightmire-Upton et al. (2012) have found no evidence for
equatorward flow at high latitudes. A useful way to test if the B0 angle correction is
well implemented is to verify that MC, when measured over different 3-month
epochs in a year, remains largely constant (since MC changes over longer timescales;
e.g., see the analysis by Gizon et al. 2020).

7.3 P angle and ‘upside-down’ systematics
Because rotation is of a much higher magnitude than MC, errors in the determination
the solar rotation axis (Beck and Giles 2005) can cause rotation to add to the weak

MC signals. Thus, it is important that the observed image is not rotated in the plane
of the camera with respect to the rotation axis. This offset, known as the P angle, was
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Fig. 9 P-angle correction to travel times obtained from MDI by Liang et al. (2017). These systematic
shifts, although small, are due to a slight rotation of the observed image with respect to the true rotation
axis of the Sun (0.2° in the case of MDI), thereby causing solar rotation to contribute to MC signals. This
can lead to notable errors in inferring MC because of the large magnitudes of rotation speeds. The ray-
theory curve, which shows the theoretical estimate of the travel-time shift associated with this effect, is in
good agreement with the observations

obtained for MDI by eliminating an annual variation in MC amplitude (Hathaway
and Rightmire 2010) and independently, by comparing MDI and HMI images taken
concurrently during the months of overlap in 2010 (Liang et al. 2017). It was found
that MDI images were rotated clockwise with respect to the rotation axis by about
0.2°, leading to systematic errors in seismic measurements, shown for instance in
Fig. 9. These errors thus affect inferences of MC obtained from MDI data at all
depths, from the surface to the interior. Correcting for this systematic error is
important, since matching MC profiles from different instruments (in which
systematical errors are known to vary) improves confidence in the inferences.
Because of the slight remaining uncertainty in determining the axis of solar rotation,
the P angle correction likely does not completely fix the issue.

Due to a failure of one of its antennae in 2003, the MDI camera has since had to be
flipped upside down every few months. Using data taken during this upside-down
period leads to additional systematical errors, as noted by Liang et al. (2017), and
shown in Fig. 10.

7.4 Methodological systematics and error bars

One of the challenges in constructing MC models (or any seismic model, really) is in
placing appropriate errors bars. Validating a seismic technique requires retrieving a
flow profile and comparing with the corresponding ground truth. Owing to the
robustness of the inference, differential rotation is possibly the most definitive
benchmark. We focus here on time-distance-derived profiles, the preferred
helioseismic method this past decade, at least in the context of imaging MC. Giles
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Fig. 10 North-south travel-time measurements (d7) as measured in the upright (top panel) and upside-
down (bottom) positions of MDI (Liang et al. 2017). Ever since 2003, the MDI instrument was flipped
approximately every three months, taking observations in its ‘upright’ and ‘upside down’ positions,
respectively. This has led to unresolved systematics; plotted in blue and red are north-south travel-time
shifts averaged over the travel-distance range 20.4°-34.2°, as measured by MDI and HMI respectively.
The two instruments show similar signals in the upper panel but are quite different in the lower panel, an
indication of systematical errors associated with this observational mode

(2000) performed a careful comparison between TD and global-mode-frequency
estimates of differential rotation, finding differences that were many times the
standard deviations of the inferences. The biases were on the order of 10-20 m/s at
various depths in the interior, and were surprisingly most pronounced in the upper
10%, 1i.e., the near-surface layers. Jackiewicz et al. (2015) also performed a
comparative analysis, measuring much larger differences between TD and global-
mode inferences of rotation than error bars suggested. Particularly problematic is that
these systematic deviations appear to persist at low latitudes and near-surface layers
in both prior efforts. Zhao et al. (2012) have also measured differential rotation but
did not make detailed comparisons with mode-frequency estimates. Methodological
biases on the order of 10 m/s are therefore a cause for worry, especially when
attempting to infer MC. TD thus needs to be validated more thoroughly in order to
allow for greater faith in the MC inversions.

Another source of concern is the extremely small error assigned to the flow in
deep layers, i.e., r/R; <0.8. For instance, Gizon et al. (2020) suggest errors on the
order 34 m/s at r/R, = 0.713; in comparison, rotation inferences using global
mode frequencies (associated with the lowest uncertainties in helioseismology) from
a 6-year analysis of HMI (Larson and Schou 2018) shows similar error bars (see also
the analysis by Braun and Birch 2008). However, these inversions are performed
with constraints, such as placing the lower boundary of MC at the base of the
convection zone and relying on mass conservation to build the flow model at depths
where direct imaging using helioseismology is not possible. For instance, placing
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these constraints on their inversions, Gizon et al. (2020) recover flows down to the
base of the convection zone although they are unable to directly image layers below
r/Rs = 0.86 due to a poor signal-to-noise ratio associated the seismic measure-
ments, thus complicating the interpretation of the uncertainties, which in this case are
obtained by solely propagating a realization-noise model through the inversion.
Better uncertainty quantification may be achieved by determining the sensitivity of
the inferred flows to assumptions such as a fixed lower boundary of the inversion.

To establish confidence in these inferences and the associated error bars, it is
critical to carefully apply time-distance to determine differential rotation at all depths
at which MC is constrained. Error bars obtained from a test that successfully retrieves
the rotation profile obtained from time-distance (or a relevant seismic method) would
be much more meaningful.
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8 Active region inflows and solar-cycle evolution of MC

Local flows are known to persist around active regions, directed inwards (Gizon et al.
2001; Zhao and Kosovichev 2004; Gizon 2004; Gonzalez Hernandez et al. 2008;
Hathaway and Rightmire 2010; Jiang et al. 2014). These have been attributed to the
pressure drop within active regions or possibly to large-scale convective cells that
collect and concentrate magnetic regions (Yoshimura 1971). In fact, early helioseis-
mic analyses (Chou and Dai 2001; Basu and Antia 2003; Zhao and Kosovichev
2004) suggested that MC at low latitudes showed additional rolls on either side of the
corresponding active latitude. Gizon (2004) and Gonzélez Hernandez et al. (2008)
however refuted this analysis by masking large active regions (and therefore their
associated inflows) and showing that the low-latitude structure at solar maximum did
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Fig. 12 Surface MC amplitude obtained using magnetic-element tracking. The amplitude was estimated by
fitting the retrieved MC to the Legendre polynomial P2 (cos 6) = 2 cos 0 sin 0, which tends to dominate the
flow profile. The solid red line marks the sunspot number (scaled down by a factor of 20) and the
fluctuating line with symbols above it shows the variation in MC amplitude with time. It is seen that
surface MC amplitude increases with a drop in sunspot number and vice versa. Image reproduced with
permission from Hathaway and Rightmire (2010), copyright by AAAS
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Fig. 13 Time variability of ring-diagram-based seismic inference of MC at a depth of 7.1 Mm. At each
latitude, the mean MC has been subtracted. GONG, MDI and HMI have all been used to create this plot;
offsets have been removed and the MC inferences from the three datasets have been calibrated and
averaged. The two vertical dotted lines mark the start of high-resolution GONG (circa 2001) and HMI
datasets (2010). The horizontal dashes at £75° mark periods when the absolute B, angle > 3°. Changes to
MC are strongly correlated with the magnetic cycle. Image reproduced with permission from Komm et al.
(2018), copyright by Springer
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not appear in their inferences (see Fig. 11). Lin and Chou (2018) argue that
magnetism in and around the active latitudes changes MC at a variety of depths.
Some of these systematic differences relate to the definition of MC, i.e., it is not clear
whether the circulation is indeed locally influenced by active-region-induced flows
(with multiple local cells in radius at low latitudes etc.) or if we are imaging a
combination of MC (decoupled from the local inflows) and the active-region inflows.

Analyzing the motions of small magnetic elements from observations over the
period 19781990, Komm et al. (1993) concluded that MC is relatively fast during
solar minima in comparison to the maxima. Indeed, subsequent analyses also agree
that MC shows higher speeds at the start of cycle than at the end (see Fig. 12).
Analysing data from GONG, MDI and HMI using RDA, Komm et al. (2018)
measured the temporal variation of MC over an 18-year span in Fig. 13. Further,
Gonzéalez Hernandez et al. (2008) found that changes to MC with evolving
magnetism were most significant in the uppermost layers of the convection zone, and
appeared to be broadly fixed at depths »<0.98 R,

9 Inversions for interior MC

Seismic inverse problems relate to obtaining best-fit models of the interior that satisfy
surface seismic and other constraints (such as surface-Doppler observations of the
velocity profile, mass conservation etc.). If the seismic measurements were to contain
the centre-to-limb effect, i.e., if the correction were not applied, the inversions would
show km/s meridional flows at the base of the convection zone (Duvall and
Hanasoge 2009). The first attempt at inferring MC as a function of depth was by
Giles et al. (1997), who applied time-distance helioseismology to two years of
seismic observations taken by the Michelson Doppler Imager (MDI; Scherrer et al.
1995) onboard the Solar and Heliospheric Observatory (SOHO). Interestingly,
although Giles (2000) obtained a very reasonable MC profile throughout the
convection zone, there was no mention of the centre-to-limb bias, which was not
known to affect helioseismic measurements at the time. One reason that Giles (2000)
obtained a reasonable flow profile is that the magnitude of the centre-to-limb effect
was very small at the start of MDI’s observational campaign, however appearing to
increase in magnitude with time, as shown in Fig. 8. This suggests that, in addition to
physical mechanisms such as radiative transfer and convective blue-shifting, changes
in the instrument with time are likely important to account for.

Inversions are carried out in specified domains, i.e., over a range of depths and
latitude. Seismic measurements, however, are not necessarily sensitive to all the
regions in the domain, which is why the inverse problem is generally ill conditioned.
Helioseismic inverse problems are typically posed as

4= [ K+ (5)
®
where d; is a travel-time or other seismic measurement, ¢; is realization noise on the

measurement, x is the 3D spatial coordinate in spherical geometry, K; is a sensitivity
kernel that connects the seismic measurement to the flow, and (x) is the stream-
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Fig. 14 Comparison of inversions with error bars of MC profiles obtained by Chen and Zhao (2017);
Rajaguru and Antia (2015), and Jackiewicz et al. (2015); positive velocities indicate northward flow and
vice versa. The estimates of error bars with depth are very different for the four inversions shown here. The
Rajaguru & Antia and Gizon et al. inversions are in good agreement with each other

function describing MC, i.e., v = VX (/e ), where v is the flow vector. Note that this
inverse problem could also be rewritten so as to obtain a direct relationship with
vector velocity v; however, this suffers from the drawback that it does not allow for
enforcing mass conservation (e.g., the approach followed by Zhao et al. 2013; Chen
and Zhao 2017).

Equation (5) may be rewritten as a matrix equation, and because K; is only
dominant along and in the vicinity of the ray path, the condition number of the kernel
matrix can be very large. This poses challenges to obtaining accurate models of 1.
Regularization terms and constraints are typically added to improve the condition
number of the system. Giles (2000), for instance, explicitly enforced the base of the
convection zone as the lower boundary of the meridional flow, and even though there
was insufficient signal to infer the flow configuration in those deep layers, Giles
(2000) obtained a one-cell circulation cell.

Controlling the uncertainty of the solution is another major challenge. A standard
approach is to place restrictions on the smoothness class of the solutions by
projecting it on to a basis such as B-splines or Chebyshev polynomials. This prevents
the solution from being overly sensitive to seismic noise, i.e., it improves the overall
condition number of the inverse problem.

Properly propagating uncertainties is critical to ensuring the quality of the
inferences. One way to test whether the error bars are appropriate is to perform
ensemble forward calculations of different models, i.e., compute the observed travel
times using a variety of MC models. This Bayesian approach (e.g., Jackiewicz 2020;
Gizon et al. 2020) provides a means to build more robust uncertainties. Figure 14 is
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Fig. 15 Comparison between Chen & Zhao Jackiewicz et al.
inversions of MC profiles
obtained by Chen and Zhao
(2017); Rajaguru and Antia
(2015); Gizon et al. (2020) and
Jackiewicz et al. (2015); positive
velocities indicate northward
flow and vice versa. The choice
of instrument and temporal
ranges of data are stated below
each of the plots. The colourbar
below applies to all panels.
There are numerous differences
in the details—the data, the
analysis methods and inversion
methodology, contributing to the HMI, 2010 - 2017 GONG, 2004 - 2012
variations among the results.
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shown specifically to highlight the substantial differences in uncertainties in various
inferences. Some of the inferences are in broad agreement with each (e.g., Rajaguru
& Antia and Gizon et al.), despite the differences in temporal periods of coverage and
the instruments used in the analysis. Additionally, Gizon et al. (2020) require that the
radial component of MC go to zero at the base of the convection zone (r = 0.7 R),
whereas the other approaches shown in Fig. 15 do not explicitly enforce this.
Rajaguru and Antia (2015), using travel times obtained from HMI, and applying
ray-theoretic kernels to perform inversions, also arrived at a one-cell profile (see
Fig. 15). Mandal et al. (2017), using the same set of travel-time measurements, but
with kernels computed in the limit of the first-Born approximation, found a similar
one-cell profile. Rajaguru and Antia (2015); Mandal et al. (2017) and Gizon et al.
(2020) all used a stream-function formalism to invoke mass conservation, and
thereby reducing the dimensionality of the problem to one unknown scalar function.
Zhao et al. (2013) and Chen and Zhao (2017) for instance do not explicitly invoke
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Fig. 16 Inversions for MC showing differing numbers of cells in radius as a function of mode frequencies
used in the analysis. When higher-frequency modes are included, a two-cell structure is seen (third and
fourth panels), whereas lower frequencies produce a one-cell flow (first and second panels). This is
problematic, since the inversion ought to be robust to these differences; it also implies that the centre-to-
limb effect changes as a function of mode frequency (first discussed by Chen and Zhao 2018). Rajaguru
and Antia (2020) attribute the two-cell flow model inferred by Chen and Zhao (2017) to this effect. Image
reproduced with permission from Rajaguru and Antia (2020), copyright by the authors

mass conservation, possibly leading to some systematic differences. Among these set
of interior inferences, Chen and Zhao (2017) indicates the possibility of two cells in
radius, also supported by Jackiewicz et al. (2015) and Lin and Chou (2018).

Chen and Zhao (2018) performed an extensive analysis and showed that the
centre-to-limb effect is strongly dependent on mode frequency, switching sign at 4
mHz. Figure 16 shows a result from Rajaguru and Antia (2020), who found that
when modes with frequencies >4 mHz were used in the analysis, a two-cell structure
in radius appeared, whereas when only lower frequencies were retained, the inversion
produced a one-cell flow. The centre-to-limb bias, which in addition to all its other
dependencies, is also sensitive to the mode frequencies used, thus creating significant
discrepancies between inferred models.

Gizon et al. (2020) applied time-distance helioseismology to the full available sets
of HMI, MDI and GONG observations, masking strong-field regions, correcting for
the centre-to-limb systematic, accounting for the instrumental B angle and MDI’s P-
angle and upside-down errors, and found a good match between GONG and MDI
inferences of MC. HMI shows unexplained disagreement, well above the error bars.
Braun et al. (2021) also point to an anomaly in the HMI data not present in MDI and
GONG observations. Gizon et al. (2020) find evidence for a single-cell MC, with a
possibility of a weak secondary cell in radius at low latitudes in the southern
hemisphere from 2005-2011. Rajaguru and Antia (2015) also see a weak secondary
cell in radius in the southern hemisphere from their analysis of HMI observations
over the period 2010-2014.

Braun et al. (2021) applied the Fourier—Legendre method (Braun and Fan 1998;
Roth et al. 2016) to HMI data and obtained different flows for the northern and
southern hemispheres, which they attributed to their inability to remove systematical
errors.
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9.1 MC extending across the equator

Systematical errors also play a major role in accurately retrieving the MC signal near
the equator, and thereby controlling the N-S asymmetry to some extent. For instance,
correcting the P angle (see Sect. 7.3) can make a substantial difference to removing
the cross-equator flow (Gonzalez Hernandez et al. 2008; Komm et al. 2015; Liang
et al. 2017). Constraints obtained using RDA (e.g., see Figs. 12 and 16 of Komm
et al. 2015) suggest that only the uppermost surface layers contain notable cross-
equator MC whereas it appears to vanish in deeper layers. Gonzalez Hernandez et al.
(2008) have performed careful analyses using RDA to infer the variation of the
shallow MC with the phase of the magnetic cycle; the cross-equator flow indeed
appears to change with time although no obvious correlation with the magnetic index
was measured. Indeed, this is a delicate analysis, requiring masking strong magnetic
regions and addressing the flows that active regions induce in their vicinity. However,
whether signals of cross-equatorial MC that are seen in inversions for cycle 23 by
Gizon et al. (2020) are real or due to an inadequate removal of systematics, remains
to be seen. Despite not enforcing the North-South symmetries that “ideal” MC is
expected to obey, Gizon et al. (2020) inferred very weak cross-equatorial flow.
Hathaway and Rightmire (2010), for instance, do not see signs of an equatorial
CrOSSOVer.

10 Discussion and conclusions

The aim of this review was to summarise some of the major developments in our
theoretical and computational understanding of meridional circulation, aided by
significant advances in observational constraints. A general understanding of MC has
been prevalent for more than half a century, entirely due to the substantial
contributions of mean-field theory. It is only in the last two decades that numerical
simulations have had sufficient computing power to attempt this problem seriously.
Disagreement still persists between these two approaches although why that is the
case is still a matter of debate.

Observations have been slow to catch up, owing to the relatively small magnitude
of MC (in comparison to differential rotation) and systematical biases comparable to
the expected signal from MC. Measuring the surface manifestation of MC has itself
been a very challenging problem because of the substantially different responses of
various observational methods, such as feature tracking and Doppler imaging.
Additional instrumental systematical errors and the centre-to-limb shift have served
to complicate the measurement process. It has only been in the most recent two
decades that enough of an appreciation has been developed—for the range of issues
that afflict MC inferences—to be able to explain the differences between techniques.

Interior inferences are even more difficult because of the manifold challenges
associated with seismic techniques, methodological and other systematics and
realization noise. Two decades of persistent effort have however paid off and we
have a good understanding of how to deal with many of the issues. As a
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consequence, we have constraints on the flows in the upper convection zone, with the
preponderance of observational efforts appearing to indicate a single-cell poleward
flow down to about 0.9 R.. Below this depth, seismic observations are increasingly
noisy and also dominated by systematical errors. The artificial limit on the bottom
boundary of the return MC strongly influences deep-interior inferences and the true
uncertainty is therefore likely larger than those suggested in current literature.

To enhance these inferences, it may be productive in the future to look to normal-
mode coupling, a very powerful technique potentially capable of extracting higher
signal-to-noise measurements and performing mode-by-mode accounting for
systematical biases (both line-of-sight projection and centre-to-limb shift). Whether
this will allow for better constraining MC in the deeper layers remains to be
determined.
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