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Propagation and blocking in a two-patch reaction-diffusion

model

Francois Hamel* Frithjof Lutscher! and Mingmin Zhang!

Abstract

This paper is concerned with propagation phenomena for the solutions of the Cauchy problem
associated with a two-patch one-dimensional reaction-diffusion model. It is assumed that each
patch has a relatively well-defined structure which is considered as homogeneous. A coupling
interface condition between the two patches is involved. We first study the spreading properties of
solutions in the case when the per capita growth rate in each patch is maximal at low densities, a
configuration which we call the KPP-KPP case, and which turns out to have some analogies with
the homogeneous KPP equation in the whole line. Then, in the KPP-bistable case, we provide
various conditions under which the solutions show different dynamics in the bistable patch, that
is, blocking, virtual blocking (propagation with speed zero), or spreading with positive speed.
Moreover, when propagation occurs with positive speed, a global stability result is proved. Finally,
the analysis in the KPP-bistable frame is extended to the bistable-bistable case.

AMS Subject Classifications: 35B40; 35C07; 35K57.

Keywords: Patchy landscapes; Spreading speeds; Blocking; Propagation; Reaction-diffusion equa-
tions.

The manuscript has no associated data.
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1 Introduction

Propagation and propagation failure are two fundamental phenomena of great importance to many
fields of science. For example, signal propagation in nerve cells occurs when the medium is homogeneous
but can fail when inhomogeneities are present, such as a change in cross-sectional area, junctions to
several other cells, or localized regions of reduced excitability [36,43]. The mathematical framework
of choice for modeling such phenomena are reaction-diffusion equations. In the simplest case, space
is one-dimensional and inhomogeneities are represented as spatial changes in diffusivity or reaction
terms at a single location, within a bounded region, or at periodically repeating locations. Our work
here is inspired by the ecological dynamics of invasive species. When such species spread across a
landscape, they encounter different habitat types, and their movement behavior as well as population
dynamics may change according to landscape type. Our work is based on recent progress in modeling
individual movement behaviors around interfaces where the landscape type changes [40] and continues
the rigorous analysis of propagation phenomena in such models [28,44].

Specifically, we consider a one-dimensional infinite landscape comprised of two semi-infinite patches.
We denote (—o0,0) as patch 1 and (0, +00) as patch 2. The interface that separates the two patches
occurs at x = 0. Our model consists of a reaction-diffusion equation for the species’ density on each
patch and conditions that match the density and flux across the interface. We assume that each patch is
homogeneous but the two patches may differ, so that the diffusion coefficients and the reaction terms
(i.e. net population growth rates) may differ. Whereas most existing models for propagation and
propagation failure assume that the population dynamics outside of a bounded region are identical, we
are explicitly interested in the case where the dynamics differ, qualitatively and quantitatively, between
the two patches. Hence, on each patch, the population density u = u(t, x) satisfies an equation of the
form B

Uy = diigg + 3 (1),
where i = 1,2, depending on patch type. Since we want the interface to be neutral with respect to
reaction dynamics (i.e. no individuals are born or die from crossing the interface), the density flux
is continuous at the interface, i.e., diu;(t,07) = dauy(¢,07). Continuity of the flux implies mass
conservation in the absence of reaction terms. Individuals at the interface may show a preference for
one or the other patch type. We denote this preference by o € (0,1), where a > 0.5 indicates a
preference for patch 1 and o < 0.5 for patch 2. Then the population density may be discontinuous at
the interface with
(1 — a)dyu(t,07) = adqu(t,07).

Please see [40] for a detailed derivation of this condition from a random walk and a thorough discussion
of the biological implications. (A second case exists where both diffusion constants appear under square
roots [40]; the theory developed below applies to that case as well.)

The discontinuity of the density at x = 0 creates some difficulties in the analysis of propagation
phenomena in our equations. It turns out to be much easier to scale the equations (by setting u(t,x) =

u(t,z) in patch 1, u(t,x) = ku(t,z) in patch 2 with k = 2= %, fi = f1 and fo(s) = kfa(s/k)) so



that the density is continuous; see [28] for details. Hence, in the present paper, we study the following
equivalent two-patch problem:

up = ditgy + f1(u), t>0, <0,
ut:d2uzm+f2(u)v t>0, x>0, (1 1)
u(t,07) = u(t,01), t>0, '

uz(t,07) = ou,(t,07), t>0.

Here, the density is continuous across the interface but its derivative is not. The diffusion constants
are assumed positive. Parameter 0 = (1 — a))/a > 0 is related to «, the probability that an individual
at the interface chooses to move to patch 1. Please see Section 2.5 for more biological background and
some interpretation of our results. Throughout this work, we assume that the functions f; (i = 1,2)
are of class C1(R) and that

3K; >0, fi(0) = fi(K;) =0 and f; <0 in [K;, +00). (1.2)

Our analysis and results will depend on a few characteristic properties of the functions f;. We dis-
tinguish between the Fisher-KPP type and the bistable type. We give precise definitions of these
properties below in (1.4) and (1.7), respectively.

In 28], we analyzed in full detail the well-posedness problem for a related patch model in a one-
dimensional spatially periodic habitat and also the spatial dynamics of the solution for the Cauchy
problem under certain hypotheses on the reaction terms. Our goal of the present paper is to study
spreading properties and propagation vs. blocking phenomena for the solutions of this two-patch model
for various combinations of the reaction terms. Specifically, we investigate:

1. the asymptotic spreading properties of the solutions to the Cauchy problem (1.1) with compactly
supported initial data when both reaction terms are of KPP type;

2. conditions for the solutions to the Cauchy problem (1.1) with compactly supported initial data
to be blocked or to propagate with positive or zero speed when one reaction term is of KPP type
and the other of bistable type; we also study the stability of a traveling wave in the bistable
patch;

3. the asymptotic dynamics when both reaction terms are of bistable type.

Previous work on action potentials in nerve cells obtained some propagation and stability results
when the reaction terms in both patches are identical and of bistable type and when the derivative is
continuous at the interface, i.e., 0 = 1 [43]. We also mention recent work on a bistable equation in
multiple (three or more) disjoint half-lines with a junction [32]: the existence of entire (defined for all
times t € R) solutions is proved and blocking phenomena of entire solutions caused by the emergence
of certain stationary solutions are investigated.

Before we state our main results, we summarize some relevant results on the classical homogeneous
reaction-diffusion equation

Ut = Ugy + f(u), t>0, z€R, (1.3)

where f is a C'(R) function satisfying f(0) = f(1) = 0. This equation has been extensively studied
in the mathematical, physical and biological literature since the pioneering works of Fisher [24] and
Kolmogorov, Petrovskii and Piskunov [34] on population genetics. We say that f is of Fisher-KPP
type (or simply KPP type) if

f(0)=f(1)=0 and 0< f(s) < f(0)s forall se€ (0,1). (1.4)



If fin (1.3) is of KPP type, (1.3) admits traveling front solutions u(t,x) = p.(z - e — ct) with ¢, :
R — (0,1) and @.(—o0) =1, p.(+00) = 0, if and only if ¢ > ¢* = 2,/ f/(0), where e = £1 denotes the
direction of propagation and c is the speed. For each ¢ > ¢*, . satisfies

Ol e+ flee) =0InR, ¢, <0inR, @(—00) =1, @c(+0)=0, (1.5)

and it is unique up to shifts. Moreover, there holds

Pe(s) ~ (1.6)

s—+400

{Ae_)‘cs if ¢ > ¢,

Afse=Aes  if ¢ = ¢*,

where A, A* are positive constants and the decay rate A, > 0 is obtained from the linearized equation
Ut = Uge+f'(0)u and is given by A. = (c—+/c? — 47(0)) /2. It was proved in [12,30,35,45| that the front
with minimal speed ¢* attracts, in some sense, the solutions of the Cauchy problem (1.3) associated
with nonnegative bounded nontrivial compactly supported initial data ug = u(0,-). Furthermore,
Aronson and Weinberger [4] proved that if 0 <« < 1 is the solution to the Cauchy problem (1.3) with
a nontrivial compactly supported initial datum 0 < up < 1, then Supp\ (o1 u(t,) = 0 as t — 400
for every ¢ > ¢*, and inf_c; oqu(t,-) — 1 as t — +oo for every ¢ € [0,c*). We refer to these results
as spreading properties. The minimal speed of traveling fronts, ¢*, can therefore also be thought of as
the asymptotic spreading speed.
In contrast, in the bistable case, defined as

f(0)=f(0)=f(1)=0 for some 6 € (0,1), f/(0) <0, f'(1) <0, f <0in (0,0), f >01in (6,1), (1.7)

equation (1.3) has traveling front solutions u(t,z) = ¢(z - e — ct), where ¢ : R — (0,1), ¢(—o0) = 1,
¢(+00) = 0, and e = +1 is the direction of propagation, for a unique propagation speed ¢ € R,
depending only on f. Furthermore, the sign of ¢ equals the sign of fol f(s)ds [4,23]. The profile ¢
satisfies (1.5) (with ¢ instead of ¢.) and is unique up to shifts. It is known that

ape” ¥ < o(s) < aje”*, s>0,
boe?* <1 —¢(s) < bie®, s<0,

where ag, a1, by and by are some positive constants, « and 3 are given by a = (¢c++/c? —4f(0))/2 > 0
and 8 = (—c+ /2 —4f'(1))/2 > 0 [23]. Fronts in the bistable case are globally stable in the
sense that any solution of the Cauchy problem (1.3) with an initial datum 0 < up < 1 satisfying
liminf, o up(x) >0 >limsup,_,  , uo(x) converges to the unique bistable traveling front ¢(x—ct+§)
uniformly in x € R as t — 400, where ¢ is a real number depending only on ug and f [23]. Stationary
solutions u : R — [0,1] of equation (1.3) in the bistable case (1.7) are either: (a) constant solutions
(zeros of f, that is, 0, # or 1); or (b) periodic non-constant solutions; or (c¢) symmetrically decreasing
solutions, namely, for some 2y € R, u(z) = u(2z9g — z) in R, v’ < 0 in (zg,+00) and u(+oo) = 0;
or (d) symmetrically increasing solutions, namely, for some 2y € R, u(z) = w(2z9g —x) in R, v/ > 0
in (zg,+00), and u(+oo) = 1; or (e) strictly decreasing or increasing solutions converging to 0 and 1
at +o0o [23]. Case (c) (respectively case (d), respectively case (e)) occurs if and only if fol f(s)ds >0
(respectively fol f(s)ds < 0, respectively f01 f(s)ds = 0). Notice that, in the KPP case (1.4), the only
stationary solutions u : R — [0, 1] of (1.3) are the constants 0 and 1.

Much work has been devoted to extinction, blocking, and propagation results for the one-dimensional
homogeneous equation (1.3), where extinction, blocking and propagation are understood as follows:

o cxtinction: u(t,x) — 0 as t — +oo uniformly in x € R;

e blocking (say, in the right direction): u(t,z) — 0 as x — +oo uniformly in ¢ > 0;



e propagation: u(t,x) — 1 as t — +oo locally uniformly in z € R.

Kanel’ [33] considered the combustion nonlinearity (i.e., f = 0 in [0,0] U {1} and f > 0 in (6,1)
for some 0 < # < 1) and showed that, for the particular family of initial data being characteristic
functions of intervals (namely, ug = x[—r, 1], with L > 0), there exist 0 < Lo < L; such that extinction
occurs for L < Lg, while propagation occurs for L > L;. This result was then extended by Aronson
and Weinberger [3] to the bistable case (1.7) with fol f(s)ds > 0 (so-called bistable unbalanced case).
Zlatos [48] improved these results in both cases by showing that Ly = L;. Du and Matano [17]
generalized this sharp transition result for a wider class of one-parameter families of initial data.
Moreover, they showed that the solutions to the Cauchy problem (1.3) with nonnegative bounded and
compactly supported initial data always converge to a stationary solution of (1.3) as t — 400 locally
uniformly in € R, and this limit turns out to be either a constant or a symmetrically decreasing
stationary solution of (1.3). Whether such a sharp criterion for extinction vs. propagation holds in
our patch model (1.1) is a delicate issue, since there is no translation invariance due to the interface
conditions at x = 0 and since the reaction terms and diffusion coefficients may differ in general.
This question will be left for future work. We however provide in the present paper for the patch
problem (1.1) a list of sufficient conditions for extinction, blocking and/or propagation with KPP
and/or bistable dynamic in the two patches.

To see the difficulties in our patchy setting, let us briefly recall the standard methods used for the
one-dimensional reaction-diffusion equation (1.3). For the investigation of the Cauchy problem (1.3)
with compactly supported initial data, reflection techniques can be effectively used to prove, among
other things, the monotonicity of the solution u(t, -) outside any interval containing the initial support
[17,18,48]. Properties of the solutions to the parabolic equation (1.3) can also be connected with
certain structures in the phase plane portrait of the ODE u” + f(u) = 0. However, this is no longer
the case for the patch model (1.1). Our proofs rest on comparison and PDE arguments. For instance,
by estimating the behavior, for large |z| and/or ¢, of the solution u(¢, x) of the Cauchy problem (1.1)
with compactly supported initial data and then by comparing it with the standard traveling fronts, we
can retrieve the classical spreading results [4,23] in a sense (see Theorems 2.6, 2.12 and 2.17 below).
Besides, in the KPP-bistable case (i.e., the case where f; is KPP and fs is bistable), we provide
some sufficient conditions under which either blocking or propagation occurs in the bistable patch. At
first glance, one may anticipate similar dynamics or features at large times for the solutions of the
Cauchy problem (1.1) as for the solutions of the scalar homogeneous equation (1.3) in each patch,
possibly with some nuances. However, that turns out to be not exactly true. We prove that the
propagation phenomena in the KPP-bistable case can be remarkably different from what happens for
the homogeneous bistable equation. We especially show a “virtual blocking” phenomenon, i.e., the
solution indeed does propagate, but with speed zero. This unusual phenomenon reveals that the effect
of the KPP patch on the bistable patch cannot be neglected and that (1.1) is truly a coupled system
of the reaction-diffusion equations.

2 Definitions and main results
Throughout the paper, we set

I = (=00,0) and I = (0,+00).

By a solution to the Cauchy problem (1.1) associated with a continuous bounded initial datum wuq,
we mean a classical solution in the following sense [28].

Definition 2.1. For T € (0,+0o0], we say that a continuous function u : [0,T) x R — R is a classical
solution of the Cauchy problem (1.1) in [0,T) x R with an initial datum ug, if u(0,-) = ug in R,



if ulioryxT; € C’;f((O,T) x I;) (i = 1,2), and if all identities in (1.1) are satisfied pointwise for
0<t<T.

Similarly, by a classical stationary solution of (1.1), we mean a continuous function U : R — R
such that Ul € C?*(L;) (i = 1,2) and all identities in (1.1) are satisfied pointwise, but without any
dependence on t.

We also define super- and subsolutions as follows.

Definition 2.2. For T' € (0,+00], we say that a continuous function @ : [0,T) x R — R, which is
assumed to be bounded in [0,Ty] x R for every Ty € (0,T), is a supersolution of (1.1) in [0,T) x R,
if Ul g1y, € Cii ((0,T)x ) (i = 1,2), if Wy(t, x) > dillya(t,x) + fi(T(t, @) for alli=1,2,0 <t <T
and x € I;, and if

Uy (t,07) > oty (t,01) for allt € (0,T).

A subsolution is defined in a similar way with all the inequality signs above reversed.

2.1 Existence and comparison results for the Cauchy problem associated with (1.1)

Proposition 2.3. For any nonnegative bounded continuous function ug : R — R, there is a unique
nonnegative bounded classical solution w of (1.1) in [0,+00) x R with initial datum ug such that, for
any T >0 and A > 0,

H“’[Hoo)X[fA,O]HC;Q;M([T,JFOO)x[—A,O]) + Hu‘["':+°°)><[0714]|’Ctl;g;2‘7([7',+oo)><[0,A}) <G,

with a positive constant C' depending on 7, A, d12, f12, 0 and ”UOHLOO(R), and with a universal positive
constant v € (0,1). Moreover, u(t,x) > 0 for all (t,x) € (0,400) X R if ug Z 0 in R. Lastly, the
solutions depend monotonically and continuously on the initial data, in the sense that if ug < vg then
the corresponding solutions satisfy uw < v in [0,400) x R, and for any T € (0,+00) the map ug — u
is continuous from CT(R) N L*®(R) to C([0,T] x R) N L*([0,T] x R) equipped with the sup norms,
where CT(R) denotes the set of nonnegative continuous functions in R.

The existence in Proposition 2.3 can be proved by following the proof of [28, Theorem 2.2|. Namely,
we can introduce a sequence of continuous cut-off functions (0,)n,>1 such that 0 < 6, < 1 in R,
d0p = 1in [-n+1,n —1] and §, = 0 in R\ (—n,n). As in [28, Section 3.1, Theorem 3.2|, for
each integer n > 1, there is a unique continuous function u, : [0,+00) X [-n,n] — R such that
un|(0,+oo)><[—n,0} € Ctl,f((ov +OO) x [_n70])7 un|(0,+oo)><[0,n] € Ctl,f((o>+oo) x [0,71]), and

(un)t = di(un)gz + fi(un), t>0, z €[—n,0),
(un)t = da(up)ze + foluy), t>0, z€(0,n],
(un)z(t,07) = o(up)L(t,07), t>0,

up(t,£n) =0, t >0,

un (0, 2) = dp(x)up(x), x € [-n,n].

Furthermore, 0 < u,(t,2) < max(Ky, K2, ||uol|Le(r)) for all (t,2) € [0,+00) x [-n,n], with K
as in (1.2). A comparison principle holds for the above truncated problem and, for each (t,z) €
[0, +00) X R, the sequence (u(t,))p>max(1,lz|) 18 nondecreasing. Next, as in [28, Section 3.2|, the
following properties hold: 1) there is v > 0 such that, for every A > 0 and 7 > 0, the sequences
(un [T,“I’OO)X[*A,O])TLZmaX(A,l) and (un‘[T,+OO)><[0,A])TLZHIELX(A,1) are bounded in Ctl;’:(’:y;Q”y([T’ +OO) X [_Av 0])
and C;Q;Q"Y([T, +00) x [0, A]) respectively, by a constant depending only on 7, A, di2, fi2, 0 and
luoll oo (r); 2) the sequence (un)n>1 converges pointwise in [0,+00) x R to a nonnegative bounded
classical solution u of (1.1) with initial datum wug, in the sense of Definition 2.1, and u satisfies

0 < wu(t,z) < max(Ky, Ko, |[uol| o)) for all (t,z) € [0, +00) x R;



3) the solutions u depend continuously on the initial data in the sense of Proposition 2.3. Lastly, the
monotonicity with respect to the initial data and the uniqueness in Proposition 2.3 are consequences
of the following comparison principle stated in [28, Proposition A.3|.

Proposition 2.4. (28| For T € (0, +o0], let w and u be, respectively, a super- and a subsolution of (1.1)
in [0,T) x R in the sense of Definition 2.2, and assume that w(0,-) > u(0,-) in R. Then, © > u
in [0,T) x R and, if w(0,-) # w(0,-) in R, thenuw > u in (0,T) x R.

In the sequel, when we speak of the solution u to (1.1) with a nonnegative bounded continuous initial
datum ug, we always mean the unique nonnegative bounded classical solution u given in Proposition 2.3.

2.2 Propagation in the KPP-KPP case

We here investigate the spreading properties of the solutions to the Cauchy problem (1.1) associated
with nonnegative, continuous and compactly supported initial data ug when f; (i = 1,2) in both
patches I; satisfy, in addition to (1.2), the KPP assumptions, that is,

fl(()) = fl(Kz) =0, 0< fz(S) < f;(O)S for all s € (O,KZ’), f;(KZ) <0, fi<0in (Ki,—l—oo). (2.1)

We call this configuration the KPP-KPP case. Without loss of generality, we assume that K1 < Ks. In
particular, if each function f; satisfies (1.2) and is positive in (0, K;) and concave in [0, +00), then (2.1)
holds. An archetype is the logistic function f;(s) = s(1 — s/Kj;).

We start with a Liouville-type result, which is proved essentially with ODE tools, for the stationary
problem associated with (1.1).

Proposition 2.5. Under the assumption (2.1) with 0 < K; < Ky, problem (1.1) admits a unique
positive, bounded and classical stationary solution V. Furthermore, V(—o0) = Ki, V(+00) = Ko,
and V' >0 in (—00,07]U[0T, +00) if K1 < Ka,' while V = Ky in R if K1 = K».

Figure 1: The profile of the unique positive bounded stationary solution V' in the KPP-KPP case.

The assumption (2.1) guarantees that the zero state is unstable with respect to any nontrivial per-
turbation, a phenomenon known from [4]| as the hair-trigger effect for the homogeneous equation (1.3).
It turns out that the hair-trigger effect holds good for the patch model (1.1) in the KPP-KPP case (2.1),
and that the solutions to (1.1) spread with well defined spreading speeds in both directions, as the
following first main result of the paper shows.

Theorem 2.6. Assume that (2.1) holds with K1 < K. Then, the solution u of (1.1) with a non-
negative bounded and continuous initial datum ug Z 0 satisfies:

u(t,x) = V(r) ast— +oo, locally uniformly in x € R, (2.2)

'The notation V’ > 0 in (—00,07]U[0T, +00) means that the functions V|(_wo,0] and V][0, o) have positive first-order
derivatives in (—oo, 0] and [0, +00), respectively.



where V' is the unique positive bounded classical stationary solution given in Proposition 2.5. Fur-
thermore, if ug is compactly supported, there exist leftward and rightward asymptotic spreading speeds,
cf =24/d1f1(0) > 0 and c5 = 24/d2 f}(0) > 0, respectively, such that

lim sup  u(t,z)) = lim sup u(t,z)) =0 foralle >0,
fmoo <xs(c;+s>t ( )> e <wz<c;+e>t | )) ! (2.3)
lim ( sup lu(t, z) — V(a:)|) =0 for all 0 < e < min(cy, c3). .
t=r+00 (—ci+e)t<a<(cs—e)t

This theorem says that the positions of the level sets of u(t, -) asymptotically behave as 21/d; f1(0)t
in patch 1 and as 24/d2f5(0)t in patch 2 at large times. It is an analogue of the standard spreading
result for the solutions to homogeneous KPP equations (1.3) (see, e.g. [4]). This demonstrates that, in
the KPP-KPP case, the spreading speeds are essentially determined by the problems obtained at the
limits as x — 4o00. The proofs actually rely on comparisons with sub- or supersolutions, which solve
some approximated problems, in semi-infinite intervals away from the interface, and at large times.

It is easy to see from the proofs given in Section 3 that Proposition 2.5 and the convergence
result (2.2) in Theorem 2.6 still hold, while the spreading property (2.3) in Theorem 2.6 can be extended
(though with non-explicit values of the positive spreading speeds cf), when the KPP assumption
fi(s) < f/(0)s is deleted in (2.1) (with still keeping the positivity of f/(0)). Nevertheless, for the
clarity of the presentation and in order to reduce the number of hypotheses, we chose to include the
KPP assumption in (2.1).

2.3 Persistence, blocking or propagation in the KPP-bistable case

In this section, in addition to (1.2), we assume that f; is of KPP type, whereas f5 is of bistable type,
namely:

fl(O)Zfl(Kl)ZO, 0<f1(8)§f{(0)8 for SE(O,Kl), f{(K1)<0, f1<0 in (—O0,0)U(K1,+OO) (2.4)
and

{ f2(0) = f2(0) = f2(K3) = 0 for some 6 € (0, K3),

£1(0)<0, £4(0)>0, fi(K2)<0, f2<0in (0,0)U(EKs, +00), fo>0 in (—oo,0)U(d, Ka). (2:5)

Let ¢(z — cot) be the unique traveling wave solution connecting Ks to 0 for the equation u; = daug, +
f2(u) viewed in the whole line R, that is, ¢ : R — (0, K2) obeys:

{d2¢” +e2d' + fo(¢) =0in R, ¢ <0inR, (2.6)

¢(—00) = Ky, ¢(+00) =0, ¢(0) =0,

where the speed ¢y has the same sign as fOKQfg(s)ds [23]. The normalization condition ¢(0) = 6
uniquely determines ¢. Moreover,

{ ape”** < ¢(s) < aje”*, s>0,

2.7
boe™ < Ky — ¢(s) < b, s <0, 27)

where ag, a1, bg and by are positive constants, and « and S are given by

e+ +/(c2)? — 4dy f}(0) —ca+/(2)? — 4dy f(K>)
a= 2, >0, b= 2,

> 0.

For scalar equations of the type us = uy, + f(2,u) with bistable reaction terms f, solutions may
be blocked (especially by the existence of certain steady states) or may propagate (see e.g. [2,5, 13—



16,19-22,27,31,36,42,43,47] for various inhomogeneities and geometric configurations), whereas, for
KPP reactions f, solutions mostly propagate (see e.g. [7-9,11,25,27,29,37,38,46,49]). For the patch
problem (1.1) in the mixed KPP-bistable framework, we will give sufficient conditions so that blocking
phenomena occur in patch 2, see Theorem 2.11. We point out that the ordering between K; and K> is
considered here in complete generality. Besides, we also prove propagation and stability results inspired
by Fife and McLeod [23], see Theorems 2.12-2.13. A specific “virtual blocking” phenomenon is also
investigated, see Theorem 2.13. Before that, we start with the following persistence and propagation
result in the KPP patch 1, which is the second main result of the paper.

Persistence in the KPP patch 1
Theorem 2.7. Assume that (2.4)—(2.5) hold. Let u be the solution of (1.1) with a nonnegative con-

tinuous and compactly supported initial datum uy £ 0. Then, for every T € R,

inf <liminfu(t,x)> > 0.

<% \ t—+o00

Moreover, u propagates to the left with speed ¢; = 2+/dy f{(0) > 0 in the sense that

Ve>0, lim ( sup u(t,aj)) =0,
<

t—=+o0 rz<—(ci+e)t

Ve e (0,¢]), V6 >0, Tx1 € R, limsup< sup lu(t,z) — K1|) < 0.

t—=4o00 N —(cf—e)t<z<mz;

N———

In particular, Sup_ <, <o [u(t,z) — K1| = 0 as t — +o0 for every 0 < ¢’ < ¢ <cj.

An immediate consequence of Theorem 2.7 is that, for each € € (0, ¢}) and each map t — ((t) such
that ((t) - —oo and |((t)| = o(t) as t — +o0, it holds

lim sup lu(t,z) — K1| = 0.
1790 —(cf—ep<a<(®)
Furthermore, Theorem 2.7, together with Proposition 2.3, provides some informations on the w-limit
set w(u) of u in the topology of CZ ((—o0,0]) and C? ([0, 400)) (more precisely, a function w belongs
to w(u) if and only if there exists a sequence (t1,)ren diverging to +oc such that limy,_, 4 oo u(ty, -)|[—a,0 =
w|_a,0) in C*([—A4,0]) and limy_, o u(ty, -)|o,4] = wl.4) in C*([0,A]), for every A > 0). Proposi-
tion 2.3 implies that w(u) is not empty and Theorem 2.7 yields w(—o0) = K; for any w € w(u).

Stationary solutions connecting K; and 0, or K; and K>

In the KPP-bistable case (2.4)—(2.5), because of the existence of several possible limit profiles as
x — +00, the description of the set of positive bounded and classical stationary solutions of (1.1) is
not as simple as in Proposition 2.5 concerned with the KPP-KPP case (2.1). We start with the following
Proposition 2.8, which provides some necessary conditions for a stationary solution connecting K7 and 0
to exist, whereas Proposition 2.9 gives some sufficient conditions for such a solution to exist. These
solutions will act as blocking barriers in the bistable patch 2 for the solutions of (1.1) with initial data
which are in some sense small (see part (iv) of Theorem 2.11).

Proposition 2.8. Assume that (2.4)~(2.5) hold and (1.1) admits a nonnegative classical stationary
solution U with U(—oc0) = K1 and U(+00) =0. Then U > 0 in R and:

(i) if [ fa(s)ds < 0, then U’ < 0 in (00,07 U [0F, +00), 0 < U(0) < Ky, and

K d10'2 U(0)
fi(s)ds = — / fa(s)ds > 0; (2.8)
U(0) d2 Jo



(i1) szo fa(s)ds =0, then U’ < 0 in (—o0,07|U[0F, +00), 0 < U(0) < min(K1, K2), and (2.8) holds;
(1i1) if fo fa(s)ds > 0, with 8* € (8, K2) such that foe* f2(s)ds = 0, then:

(a) either U' <0 in (—o0,07 U [0, +00), 0 < U(0) < min(K7,0*), and (2.8) holds;

(b) or U' >0 in (—o0,07] U [0T,20) and U" < 0 in (zg,+00) for some xg > 0, with U(xg) =
maxg U = 0* and U'(zg) = 0. Furthermore, either xg > 0, U > 0 in (—oco0,0~] U [0T, z0),
K, < U(0) < 6" and (2.8) holds (U is then bump-like); or v9 = 0, K1 = 6*, U = K,
in (—00,0], and both integrals in (2.8) vanish.

Proposition 2.9. Assume that (2.4)—(2.5) hold. Then (1.1) admits a positive classical stationary
solution U with U(—o0) = K1 and U(+00) = 0, provided one of the following conditions holds:

(i) f s)ds < 0;
(ii) fo fa(s)ds =0 and K1 < Ks;

(iii) fo fa(s)ds > 0 and Ky < 0*, with 6* € (0, K2) such that foe* fa(s)ds = 0.

In the sufficient conditions (i)-(iii) of Proposition 2.9 for the existence of a stationary solution U
of (1.1) such that U(—o0) = K; and U(+00) = 0, the parameters d; 2 and o do not play any role
(only the functions f;o are involved). On the other hand, when fo fa(s)ds = 0 and K; > Ko,

or when f fa(s)ds > 0 and K; > 6% it turns out that stationary solutions U of (1.1) such
that U(—o0) = K; and U(+00) = 0 may not exist and the parameters d; 2 and o play crucial roles in
the non-existence of U (see Remark 4.1 below for further details).

The third proposition, which will be a key step in the large-time dynamics of the spreading solutions
in patch 2, is the analogue of Proposition 2.5 in the present KPP-bistable framework, namely it is
concerned with the stationary solutions of (1.1) connecting K; and K.

Proposition 2.10. Assume that (2.4)—(2.5) hold and that fo fa(s)ds > 0. Then problem (1.1) has
a positive monotone and classical stationary solution V' such that V( o0) = K1 and V(+o00) = K.
Moreover, V is unique if K1 > 6.

Notice from the statements that the functions U and V given in Propositions 2.9-2.10 can coexist.

Blocking phenomena if patch 2 has bistable dynamics

We now turn to the investigation of blocking phenomena. If U is a stationary solution of (1.1)
with U(—o00) = K; and U(4+00) = 0 and if a nonnegative bounded continuous function ug satis-
fies 0 < ug < U in R, then the comparison principle (Proposition 2.4) implies that the solution u of the
Cauchy problem (1.1) with initial datum ug satisfies 0 < u(t,z) < U(z) for all (¢,z) € [0, +00) X R,
hence it is blocked in patch 2, that is,

u(t,z) - 0 as x — +oo, uniformly in ¢ > 0. (2.9)

In the following and much less immediate result, which is one of the main results of the paper, we
provide various sufficient conditions for the solutions u of (1.1) to be blocked in the bistable patch 2.

Theorem 2.11. Assume that (2.4)—~(2.5) hold. Letu be the solution to (1.1) with a nonnegative contin-
uous and compactly supported initial datum ug. Then, u is blocked in patch 2, that is, it satisfies (2.9),
if one of the following conditions is satisfied:

(i) either fo fa(s)ds < 0;
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(ii) or f0K2 fa(s)ds =0 and K; < Ko;
(111) or K1 <6 and up < 0 in R;

(iv) or (1.1) admits a nonnegative classical stationary solution U with U(—o0) = Ky and U(+o00) = 0,
and |luo|l L1y < €, for some e > 0 depending on f12, di2, U and L, with spt(ug) C [-L, L].?

Notice that, in contrast with parts (i) and (ii) of Theorem 2.11, which are concerned with the
case fOK2 f2(s)ds < 0 and for which the traveling front solution ¢(x — cat) of (2.6) serves as a blocking
barrier in patch 2 independently of the initial datum wug, parts (iii) and (iv) show that blocking can
also occur when fOK2 fa(s)ds > 0 provided the initial datum ug is not too large in L> or L' (notice
also that the existence of U in part (iv) is fulfilled when fOK2 fa(s)ds > 0 and K; < #*, as follows from
Proposition 2.9) . These results show some similarities with the standard results of Fife and McLeod [23]
concerned with the homogeneous bistable equation (1.3). However, for our patch problem (1.1), the
presence of patch 1 with KPP dynamics introduces new difficulties and, in particular, the solutions u
never converge to 0 as t — +o00 even only pointwise in R, thanks to Theorem 2.7.

Propagation with positive or zero speed when patch 2 has bistable dynamics

Finally, we turn to propagation results in patch 2. Our first result is motivated by the one-dimensional
propagation result of Fife and McLeod [23], saying that a solution of the homogeneous equation (1.3)
with f of bistable type (1.7) spreads with positive speed in both directions if its initial datum exceeds
6 +n (with n > 0) on a large enough set and if f0K2 fa(s)ds > 0.

Theorem 2.12. Assume that (2.4)—(2.5) hold and that f0K2 fa(s)ds > 0. Let u be the solution of (1.1)
with a nonnegative continuous and compactly supported initial datum ug #Z 0. Then, for any n > 0,
there is L > 0 such that, if ug > 0 + n in an interval of size L included in patch 2, then u propagates
to the right with speed co and, more precisely, there is & € R such that

sup |u(t,xz) —p(z —cat +&)| =0 as A — +oo, (2.10)
t>A, x> A

where ¢ is the traveling front profile given by (2.6).

Theorem 2.12 assumes some conditions on fo and ug. The following result shows that propagation
can also occur independently of ug, provided no stationary solution connecting K7 and 0 exists.

Theorem 2.13. Assume that (2.4)—(2.5) hold, that fOK2 fa(s)ds > 0, and that (1.1) has no nonnegative
classical stationary solution U such that U(—o0) = K1 and U(+00) = 0 (then, necessarily, K1 > 0 by
Proposition 2.9). Then the solution u of (1.1) with a nonnegative continuous and compactly supported
wmnitial datum ug Z 0 propagates completely, namely,

u(t,z) = V(x) ast— 400, locally uniformly in z € R, (2.11)

where V' is the unique positive classical stationary solution of (1.1) such that V(—o0) = K; and
V(400) = Ko, given in Proposition 2.10. Furthermore,

(i) if f0K2 fa(s)ds > 0, then u spreads with speed co > 0 in patch 2, and (2.10) holds for some £ € R;

(i) if fOK2 fa(s)ds = 0, then u propagates to the right with speed zero in patch 2, in the sense
that (2.11) holds and sup,s. u(t,z) — 0 as t — +oo for every c > 0.

2Throughout the paper, for any continuous function 1 : R — R, we denote spt(¢) the support of 1.
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Theorem 2.13 leads to several comments. Firstly, we provide in Remark 4.1 below explicit examples
of functions satisfying (2.4)—(2.5) for which f0K2 f2(s)ds > 0 and (1.1) has no nonnegative classical
stationary solution U such that U(—o0) = K; and U(+00) = K3, whence Theorem 2.13 yields (2.11)
and implies that all nontrivial solutions w of (1.1) spread in patch 2 with speed co > 0.

Secondly, in the balanced case
K>

f2(s)ds =0, (2.12)
0
blocking in patch 2 can occur, as follows from part (ii)—(iv) of Theorem 2.11. However, in contrast to the
case fOK2 fa(s)ds < 0 (see part (i) of Theorem 2.11), blocking is not guaranteed. Indeed, if (2.12) holds,
Proposition 2.8 (ii) and Theorem 2.13 (ii) provide some sufficient conditions for the solution u of (1.1)
to propagate to the right with speed zero.> We give a heuristic explanation for this phenomenon.
First, it follows from Proposition 2.9 that K; > K5 under the assumptions of Theorem 2.13 (ii).
Then, since u(t,x) converges as t — +oo locally uniformly in z € R to the stationary solution V'
connecting K7 and Ko, the KPP patch provides exterior energy through the interface and forces the
solution w to persist in patch 2 and then propagate with zero speed. A similar phenomenon, called
“virtual blocking” or “virtual pinning”, was previously investigated in a one-dimensional heterogeneous
bistable equation [41] and in the mean curvature equation in two-dimensional sawtooth cylinders [39].
It is also well known that for the homogeneous bistable equation (1.3) with f satisfying (2.12), the
solution u to the Cauchy problem with any nonnegative bounded compactly supported initial datum
is blocked at large times and extinction occurs. In contrast, Theorem 2.13 states that, when (2.12) is
fulfilled, the solution to the patch problem (1.1) with a compactly supported initial datum can still
propagate into the bistable patch 2, but its level sets then move to the right with speed zero.
Thirdly, when the initial datum of the scalar homogeneous bistable equation (1.3) is small in
the L'(R) norm, then [lu(1,-)||zo®) can be bounded from above by a constant less than 6. Hence,
extinction occurs and the blocking property (2.9) holds if the initial datum is compactly supported.
In our work, due to the presence of the KPP patch 1 in (1.1), the smallness of the L'(R) norm of the
initial datum is not sufficient to cause blocking in general, as follows from Theorem 2.13, since the
conclusion of Theorem 2.13 is independent of wuyg.

2.4 Blocking or propagation in the bistable-bistable case

In this section, we deal with the bistable-bistable case, namely we assume that the functions f; (i = 1, 2)
are of bistable type:

{ 1i(0) = fi(6;) = fi(K;) = 0 for some 6; € (0, K;), (2.13)
>0

f{(0)<0, f;(@z) , f,/(Kz) <0, fi <0in (0,6;)U(K;,+0o0), fi >0in (—OO,O)U(QZ‘,KZ‘).

For each i € {1,2}, let ¢;(x — ¢;t) (i = 1,2) be the unique traveling wave connecting K; to 0 for the
equation u; = djuz, + fi(u) viewed in the whole line R, that is, ¢; : R — (0, K;) satisfies

{diqﬁf +eidi+ fi(¢) =0 R, ¢; <O inR, (2.14)

¢i(—o0) = K;, ¢i(+00) =0, ¢;(0) = 0;,

31t is straightforward to see that these conditions are fulfilled, for instance, when fa is of the type fa(s) = fa(s/e)
for a fixed function fo satisfying (2.5) (with a parameter K> > 0) and when & > 0 is small enough, while all other
parameters are fixed. More precisely, under these assumptions, a nonnegative classical stationary solution U of (1.1)
satisfying U(—o0) = K7 and U(400) = 0 can not exist when € > 0 is small enough: the equality in (2.8) can not be
fulfilled when £ > 0 is small enough, since otherwise the second integral in (2.8) would converge to 0 as ¢ — 0 because
0 < U(0) < Ko =eKas — 0 as e — 0 whereas the first integral would converge to the positive constant fOKl fi(s)ds >0
as e — 0.
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where the speed ¢; has the sign of fo fi(s)ds [23] (the normalization condition ¢;(0) = 6; uniquely
determines ¢;). Moreover, each function ¢; satlsﬁes similar exponential estimates to (2.7).

The first main result in the bistable-bistable case states that, when the traveling fronts ¢;(z — ¢;t)
have negative speeds ¢;, all solutions to (1.1) with compactly supported initial data go to extinction:

Theorem 2.14. Assume that (2.13) holds with fo fi(s)ds < 0, that is, ¢; < 0, for i =1,2. Then,
for any nonnegative continuous and compactly supported zmtzal datum ug, the solution u to (1.1) goes
to extinction, that is, ||u(t,-)| peor) — 0 as t — +oo.

In other words, for propagation to occur, at least one of the reaction terms f; must have a nonneg-
ative mass. By analogy with the KPP-bistable case (2.4)—(2.5) and without loss of generality, we then
assume in some statements that fOKl fi(s)ds > 0.

In the spirit of Propositions 2.8-2.10, we then provide some necessary and/or sufficient conditions
for a stationary solution connecting K; and 0 (or K3) exists. Namely, the following result holds.

Proposition 2.15. Assume that (2.13) holds with fo f1(s)ds > 0.

(i) If (1.1) admits a nonnegative classical stationary solution U such that U(—oc0) = K and
U(+oo) = 0, then the conclusz’on of Pmposz'tion 2.8 holds true, in which 0* is replaced by

05 € (02, K3) such that fo fa(s)ds = 0 when fo fa(s)ds > 0;

(i) if fo fi(s)ds > 0, then the conclusion of Proposition 2.9 holds true, in which 0* is replaced by
05 € (62, K2) such that fo fa(s)ds = 0 when fo fa(s)ds > 0;

(117) zf fo fa(s)ds > 0, then problem (1.1) has a positive classical stationary solution V' such that
o0) = K1 and V(400) = Ka. Moreover, all solutions V' are monotone, and V is unique if
KzZKl >0y or K1 > Ky > 0.

Finally, as in Theorems 2.11-2.13 in the KPP-bistable case, the last two main theorems are con-
cerned with blocking or propagation with positive or zero speed.*

Theorem 2.16. Under the assumption (2.13), the conclusion of Theorem 2.11 holds, with 0 replaced
by Oy in (ii).

Theorem 2.17. Assume that (2.13) holds.

(i) If fo fa(s)ds > 0, then the conclusion of Theorem 2.12 holds with 0 and ¢ replaced by 02 and ¢o;

(i) if fo fi(s)ds > 0 and fo fa(s)ds > 0, and if (1.1) has no nonnegative classical stationary
solution U such that U(—o0) = Kl and U(+o00) = 0, then, for any n > 0, there is L > 0 such
that the following holds: for any nonnegative continuous and compactly supported initial datum
satisfying ug > 01 +n on an interval of size L included in patch 1, the solution u of (1.1) with
matial datum ug propagates completely, more precisely,

liminf u(t, z) > p(z), locally uniformly in x € R, (2.15)

t—+o0

where p is a positive classical stationary solution of (1.1) such that p(—oo0) = K1 and p(+00) =
Ky. Moreover, if Ko > K1 > 0y or K1 > Ko > 61, then u(t,x) — V(x) as t — +oo locally
uniformly in x € R, where V' is the unique positive classical stationary solution of (1.1) such that

4We state the blocking phenomena and propagation with zero speed only in patch 2, but similar statements hold true
in patch 1 with suitable assumptions.
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V(—00) = Ky and V(+o00) = Ko, given in Proposition 2.15 (iii). Lastly, u also propagates in
patch 1 with speed c¢1 and

sup  |u(t,z) —p1(—z —cit + &) =0 as A — +oo, (2.16)
t>A,x<—A

for some & € R, while it propagates with positive or zero speed in patch 2 as in the conclusions (i)
and (ii) of Theorem 2.13, with ¢ replaced by ¢o in (1).

2.5 Biological interpretation and explanation

We briefly discuss our results from an ecological point of view here. We envision a landscape of two
different characteristics, say a large wooded area and an adjacent open grassland area. We assume
that the movement rates of individuals are small relative to landscape scale so that we can essentially
consider each landscape type as infinitely large. In the first scenario (KPP-KPP), the population
has its highest growth rate at low density in both patches. While the low-density growth rates and
carrying capacities may differ between the two landscape types, the population will grow in each type
from low densities to the carrying capacity. When introduced locally, the population will spread in
both directions, and the speed of spread will approach the famous Fisher speed 24/d;f/(0) in each
patch. The interface will not stop the population advance unless it is completely impermeable. This
would be the special case (that we excluded from our analysis) where an individual at the interface
will choose one of the two habitat types with probability one, i.e., « =0 or a = 1.

The second scenario (KPP-bistable) is more interesting. This time, the population dynamics change
qualitatively from the highest growth rate being at low density to being at intermediate density. In
ecological terms, this corresponds to a strong Allee effect and the threshold value 0 is known as the Allee
threshold. In this case, the interface can prevent a population that is spreading in the one habitat type
(without Allee dynamic) from continuing to spread in the other type (with Allee dynamics). At first
glance, it seems surprising that the conditions for propagation failure do not include parameter o that
reflects the movement behavior at the interface. To understand the reasons, we need to understand the
scaling that led to system (1.1). The scaled reaction function fo and its unscaled counterpart, say fg,

are related via
(6 d2

:1—ad71’

L) = k(7).

see [28]. In particular, if K5 and 6 are the unscaled carrying capacity and Allee threshold, then
Ky = kK5 and 0 = k@ are the corresponding scaled quantities. The sign of the integral that determines
the sign of the speed of propagation in the homogeneous bistable equation does not change under this
scaling. Hence, by choosing k large enough, one can satisfy the condition K; < 6 in part (iii) of
Theorem 2.11. A population that starts on a bounded set inside the KPP patch will be bounded by
K and therefore unable to spread in the Allee patch. Large values of k arise when the preference
for patch 1 is high (o &~ 1) or when the diffusion rate in the Allee patch is much larger than in the
KPP patch. The mechanisms in this last scenario is similar to that when a population spreads from
a narrow into a wide region in two or higher dimensions [14,31]. As individuals diffuse broadly, their
density drops below the Allee threshold and the population cannot reproduce and spread.

A change in population dynamics from KPP to Allee effect need not be triggered by landscape
properties, it can also be induced by management measures. For example, when male sterile insects
are released in large enough densities, the probability of a female insect to meet a non-sterile male
decreases substantially so that a mate-finding Allee effect may arise. The use of this technique to create
barrier zones for insect pest spread has recently been explored by related but different means [1].
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Outline of this paper

The rest of this paper is organized as follows. In Section 3, we consider (1.1) with KPP-KPP reactions
and prove Proposition 2.5 and Theorem 2.6. Section 4 is devoted to the KPP-bistable case. We begin
by proving the semi-persistence result Theorem 2.7 in Section 4.1. Then, in Section 4.2, we present
the proofs of Propositions 2.8-2.10. In Sections 4.3 and 4.4, we collect the proofs of the main results
on blocking, virtual blocking and propagation in patch 2, namely, Theorems 2.11-2.13. In Section 5,
we sketch the essential parts of the proofs in the bistable-bistable case which are different from those
in the KPP-bistable case.

3 The KPP-KPP case

This section is devoted to the analysis of (1.1) with KPP-KPP reactions satisfying (2.1). We start
with proving Proposition 2.5 for the stationary problem associated with (1.1).

Proof of Proposition 2.5. The existence of the stationary solution follows immediately from the exis-
tence of a pair of ordered sub- and supersolutions. Indeed, from (2.1) and the condition K; < Ky, one
sees that the functions equal to the constants K7 and Ky are, respectively, a sub- and a supersolution
for (1.1), in the sense of Definition 2.2. Thus, from Proposition 2.4, the solution u of (1.1) with initial
datum K satisfies K7 < u(t,x) < Ky for all (t,z) € [0,4+00) xR, hence u(t', z) < u(t'+t,z) for allt > 0
and for all (¢,z) € [0,+00) x R, that is, u(t,z) is nondecreasing with respect to ¢t in [0, +00) x R.
Together with Proposition 2.3, it follows that the function V' defined by V(x) := limy— 4o u(t, z) is a
positive bounded classical stationary solution to (1.1) such that Ky < V(z) < K for all x € R.

Next, let us turn to the uniqueness, which actually holds in the class of nonnegative nontrivial
bounded classical solutions. So, consider any nonnegative bounded classical stationary solution V'
of (1.1). If there is zy € (—o0,0) such that V(zp) = 0, then V = 0 in (—o0,0) from the elliptic
strong maximum principle (or the Cauchy-Lipschitz theorem), and then in (—oo, 0] by continuity of V.
If V> 0in (—00,0) and V(0) = 0, then it follows from the Hopf lemma (or the Cauchy-Lipschitz
theorem) that V/(07) < 0. Similarly, if there is zy € (0,+00) such that V(zg) = 0, then V = 0
in [0, +00). If V > 0 in (0, +0c) and V(0) = 0, then V’(0") > 0. From these observations and the fact
that V(07) = oV’(0") with o > 0, it follows that either V. =0in R, or V > 0 in R.

In the sequel, we assume that V' > 0 in R. We then claim that infg V' > 0 and

V(—OO) = K, V(+OO) = K. (31)

As a matter of fact, since f/(0) > 0 (i = 1,2), one can choose R > 0 so large that

- min(f1(0), f5(0))
0< 2R = \/ 2max(d1,?l2) ' >
Set s
Y(e) = { cos <ﬁm> for z € [-R, R], (3.3)
0 for z € R\ [-R, R].

Then there exists £ > 0 such that —d;(e¥)” < fi(e¥) in (=R, R) for ¢« = 1,2 and for all ¢ € (0,¢],
since f;(0) =0 and f/(0) > 0 (: = 1,2). Fixing o = —R — 1, one can choose ¢y € (0,€] such that

V>egW(-—x) inR.
Then, by continuity of V' and gV, there is sg > 1 such that

V > gU(- — sxg) in [szg — R, szo + R] for all s € [1, s¢].
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Define
s*=sup{§>1:V >¢eoVU(- — sz) in [szo — R, szo + R] for all s € [1,5]} € [s0,+00].

We wish to prove that s* = +00. Assume not. By the definition of s*, one has V' > gg¥(- — s*zg)
in [s*zg — R,s*zo + R] and there is & € [s*zg — R, s*zo + R] such that V(2) = eq¥(& — s*zy).
Since V' > 0 in R and ¥(- — s*z9) = 0 at = s*zp = R, one derives that & € (s*zg — R, s*zg + R).
The elliptic strong maximum principle then yields V = ggW¥(- — s*zg) in (s*zo — R, s*xo + R) and then
in [s*z9 — R, s*xo + R] by continuity. This is impossible at s*z¢ £ R. Consequently, s* = +o00, hence

V > eoU(- — sxp) in [szg — R, sxo+ R] for all s > 1

and inf,<_p_1 V(x) > go. Similarly, one can also show that inf,>pr1; V(z) > e; for some 1 € (0,£].
Together with the continuity and positivity of V' in R, we get infg V' > 0.

In order to show (3.1), consider now an arbitrary sequence (x,)ney in R diverging to —oo as
n — 400 and define V,, := V(- + x,) in R for each n € N. Then, by standard elliptic estimates, the
sequence (V,)nen converges as n — +00, up to extraction of some subsequence, in C? (R) to a bounded
function V,, which solves diVZ + f1(Va) = 0 in R. Moreover, infg Voo > 0. It follows that Vo, = K3
in R, thanks to the hypothesis that f; > 0 in (0, K;) and f; < 0 in (K1, +o00). That is, V,, — K
as n — +oo in C? (R). Since the limit does not depend on the particular sequence (z,)nen, it follows
that V(z) — K; as ¢ — —oo and V'(xz) — 0 as + — —oo. By the same argument as above and
by the assumption that fo > 0 in (0, K3) and fo < 0 in (K2,+00), one can also derive V(z) — Kj
and V'(z) — 0 as © — +oo. Thus, (3.1) is achieved.

We prove now that V' is monotone in R. Assume first that V' is not monotone in (—oo,0). Then there
is xp € (—00,0) such that V(zg) reaches a local minimum or maximum with V' # V(zg) in (—o0,0).
On the one hand, V'(zg) = 0. On the other hand, by multiplying d;V"” + f1(V) = 0 by V' and
integrating over (—oo, z] for any x < 0, one gets that

dy a
—(V'(z7))? = fi(s)ds.® (3.4)
2 V(z
()
Remember that f; > 0 in (0,K;) and f; < 0 in (Kj,400), while V' > 0 in R. Hence, (3.4)
yields V(z9) = Kj. By the Cauchy-Lipschitz theorem, one then has V' = K; in (—o0,0], a con-
tradiction. Similarly, integrating doV” + fo(V') = 0 against V' over [z, 400) for any x > 0 implies

d2 +13\2 Kz
20t = [ ps)ds (35)
V(x)

One can use the same procedure to show that V' is monotone in (0, +00). Consequently, V' is monotone
in (—00,0) and in (0,4+00). Together with the continuity of V in R and the interface condition
V'(07) = oV’'(0T) with o > 0, one then deduces that V is nondecreasing in R if V/(0%) > 0 (and then
K1 < Ky in this case). Furthermore, if V/(0%) = 0, then necessarily V(0) = K; = K5 by (3.4)-(3.5),
hence V = K; = Ky in (—00,0] and V = Ky = K in [0,+00) by the Cauchy-Lipschitz theorem.
Notice that the case V/(0%) < 0 is impossible since it would imply that V is nonincreasing and not
constant in R, and then K; > Kb, which is ruled out by assumption. Therefore, in all cases, V is
monotone in R, and V = K7 = K5 in R if K7 = K.

Consider now the case K1 < Kj. Then, V' > 0 in (—o0,07] U [0F, +0c) and V’/(0F) > 0, from
the previous paragraph. If there is x9p € R\ {0} such that V'(zp) = 0, then (3.4)—(3.5) and the
Cauchy-Lipschitz theorem imply that V(z¢) = K; and V = K in (—o0,0] (if 9 < 0), or V(z¢) = K2

®The notation = in V'(x7) is used in order to cover the case x = 0, where V is not differentiable in general. The
same type of notation is used in (3.5), as well as in further subsequent proofs.
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and V' = Ky in [0, +00) (if g > 0), hence V/(07) = 0 or V/(0") = 0, a contradiction. Therefore, V' > 0
in R\ {0} and then in (—00,07] U [0, +00), yielding in particular K3 < V < K3 in R. Moreover,
by (3.4)—(3.5) and by the interface condition V’(07) = oV’/(0"), one has

K1 d 2 Ko
fi(s)ds = 7 fa(s)ds.
Vv (0) d2 Jv (o)

Notice that the function v — nyl f1(s)ds is continuous increasing in [K7, K] and vanishes at K, while

the function v — di{j fVK2 f2(s)ds is continuous decreasing in [K7, K] and vanishes at Ky. Therefore,
there exists a unique vy € (K7, K3) such that
K d 2 Ko
10
fils)ds = = — fa(s)ds,
1%0) 2 vy

and necessarily V(0) = 1. Hence, V(0) is unique, and V/(0~) and V’/(0") are uniquely determined by

2 [k 2 (K
VI(07) =4/ fi(s)ds, V'(01) =,/ fa(s)ds,
di Jv (o) da2 Jv(0)
whence the uniqueness of V' follows from the Cauchy-Lipschitz theorem. This completes the proof of
Proposition 2.5. 0

Proof of Theorem 2.6. Let u be the solution to (1.1) with a nonnegative bounded and continuous
initial datum ug # 0. The comparison principle (Proposition 2.4) yields 0 < wu(t,z) < M :=
max (K, [|uol| Lo (r)) for all (t,z) € (0,+o00) x R.

Choosing R > 0 and ¥ as in (3.2)-(3.3), there is € > 0 small enough such that —dye¥” < fo(e¥)
in (—R,R) and e¥(- — R —1) <u(l,-) <M in R. Let u and u be, respectively, the solutions to (1.1)
with initial data e¥(-—R—1) and M. It follows in particular from Proposition 2.4 that u is nonnegative
in [0, 4+00) X R (and even positive in (0, +00) x R). The standard parabolic maximum principle applied
in [0, +00) x [1,2R + 1] then implies that u(t,z) > ¥(z — R — 1) for all (t,z) € (0,400) x [1,2R + 1].
Therefore, u(h,-) > ¥(-—R—1) = u(0,-) in R, for every h > 0. Proposition 2.4 again then implies that
u(t+h,-) > u(t, ) in R for every h > 0 and ¢ > 0, that is, u is increasing with respect to ¢ in [0, +00) xR.
Similarly, @ is nonincreasing with respect to ¢ in [0, 4+00) x R. Since 0 < u(t,z) < u(t,z) < M for
all (¢,z) € (0,+00) x R (the strict inequalities come from Proposition 2.4), the Schauder estimates of
Proposition 2.3 imply that u(¢,-) and @(t,-) converge as t — +o00, locally uniformly in R, to positive
bounded classical stationary solutions p and ¢ of (1.1), respectively. Moreover,

0<p= lim u(t,)<lminfu(t,) < lgfgjp u(t,) < lim a(t,) =g¢< M,

locally uniformly in R. From Proposition 2.5 and the uniqueness of the positive bounded classical
stationary solution V' to problem (1.1), one gets p = ¢ = V in R, and the desired property (2.2) of
Theorem 2.6 is thereby proved.

Assume now that ug is compactly supported. Since V(—o0) = Ky, V(+o00) = Ko and K1 < V(x) <
K for all z € R, it follows that, for any § € (0, K1), there exist z; < 0 negative enough and z3 > 0
positive enough such that

K, <V(z) <K+ g for all z <7, and Ky — g <V(x) < Ky forall x > zs. (3.6)
By (2.2), one can pick ty > 0 sufficiently large so that
)
lu(t,z) — V(z)] < = forall t >ty and x € [x1, z2]. (3.7)

-2
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Thanks to (3.6)—(3.7), it is easily seen that, for all ¢ > to,

K — g < u(t,ml) < Ki + 6, (3.8)

and

0
K2—5§u(t,:172) < K2+§.

We first look at the spreading of u in patch 1. Let zg Z 0 be a nonnegative bounded continu-
ous and compactly supported function in R such that spt(zg) C [z1 — 2,21 — 1] and 0 < zp(x) <
min ([|uo || Lo r), K1 — 0, u(to, )) for all z € R. Consider the Cauchy problem

{Zt:dlz;cz""_gl(z)a t>07 [EER, (3 9)

2(0,x) = zp, z € R,

where g is of class C1([0,+00)) and satisfies g1(0) = g1(K1 —d) = 0, 0 < gi1(s) < g{(0)s for
all s € (0,K1 —9), ¢gj(K1 —96) < 0, and g1 < 0 in (K; — d,+00). Moreover, g; can be chosen so
that ¢1(0) = f1(0) and g1 < f1 in [0, K7 — §]. From the maximum principle, it immediately follows
that 0 < z(t,z) < K1 — ¢ for all t > 0 and « € R. This implies that z(t — to,x1) < K1 — 3 < u(t,z1)
for all ¢ > to, thanks to (3.8). Notice also that zo(z) < u(to,z) for z € (—oo,x;1]. By the comparison
principle, it turns out that z(t—tg, x) < u(t,x) for all t > ¢y and x < z1. Furthermore, it is known that
the solution z of (3.9) spreads in both directions with the spreading speed ¢ = 2,/d1¢(0) = 2+/d1 f1(0)
(see [4]), hence

inf z(t,z) > K1 —06 ast— +oo, forall 0 <e <.
|z[<(ct—e)t
By virtue of (3.6), we then obtain that, for any 0 < ¢ < ¢f, there is ¢, > t¢ such that, for all ¢ > t{
and x < 1,
Vi) =30 < K1 —20 < inf z(t —to,y) < inf w(t,y). 3.10
(@) '  (—cfte/2)(t—to)<y<m (t =t y)_(*C’{JrE)tSySm (t:9) (3.10)
Next, set My := max (||ug|| oo (), K1+ 6, K2). Let g1 be a C1([0,400)) function such that g1(0) =
gi(K1+6) =0, g1 > 0in (0,K1 +9), g(0) > 0, g(K1 +6) <0, and g < 0 in (Ky + d,+00).
We can also choose g1 so that fi < g1 in [0,+00). Then, the solution to the ODE &'(t) = g1(£(¢))
for t > to with £(tp) = M; is nonincreasing for t > to and satisfies £(t) — K; + 6 as t — 4o00. One
has 0 < u(t,z) < M for all (¢,z) € (0, +00) xR thanks to Proposition 2.4, hence u(tg, z) < My = &(o)
for all x < 1. Moreover, u(t,z1) < K; + 9 < &(t) for all t > tg by (3.8). Applying a comparison
argument yields u(t,z) < &(t) for all ¢t > tg and « < z1. Therefore, we can choose t; > tg such that
30
sup u(t,z) < Ky + —. (3.11)
r<zx] 2
Let now g; be of class C([0,+0c0)) satisfying g,(0) = g,(K1 +26) = 0, 0 < g,(s) < 74(0)s
for s € (0, K1 + 20), g3(0) = f1(0) and f; < g; in [0,+00). Then, it is well-known that the KPP
equation v; = djvgy + g; (v) admits standard traveling wave solutions of the type v(t,x) = @ (£ — ct)
with (decreasing) @, : R — (0,K; + 20) if and only if ¢ > ¢f = 2/d17,(0) = 24/d1f{(0). For
each ¢ > cj, the function @, satisfies

digr +cp.+3,(p,)=0inR, ¥.<0inR, P, (—00)=K;+25 @.(+o0)=0, (3.12)

and @, is unique up to translations. In particular, for ¢ = ¢}, by choosing A > 0 sufficiently large,

there holds
30

Kl—i—? g@cf(—xl—c“{t—A) < K1+ 26 forall t > t;. (3.13)
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Due to the exponential decay of @ (s) as s — +00 (as in the second case of (1.6)) and the Gaussian
upper bound of u(ty,x) for all x < 1 by Lemma A.1, together with (3.11), it can be derived that (up
to increasing A if needed)

u(ty, ) < P (—z —city — A) for o < ay.

We also notice from (3.8) and (3.13) that u(t, 1) < K1 +6 < @ex(—a1 — cjt — A) for all t > t. The
comparison principle gives

u(t,r) < Pex(—x — it — A) forall t >ty and z < ;. (3.14)
Therefore, for all 0 < e < ¢] and for all ¢ > ¢; and = < 1, there holds

sup u(t,y)<  sup  P(—y—cjt — A) <Ky +20<V(x) + 26. (3.15)
—(c]—e)t<y<m —(ct—e)t<y<az; !

Combining (3.10) with (3.15), we obtain

lim sup < sup lu(t, ) — V(:L‘)|) <30 foral 0<e<d].

t=+00 N —(ci—e)t<e<ay

Together with (2.2) and the arbitrariness of § > 0 small enough, one gets that u spreads to the left at
least with speed cj, that is, for every 0 < ¢ < ¢j,

sup lu(t,z) — V(x)| = 0 as t — 4o0.
—(c;—€)t<a<0

On the other hand, (3.14) also implies that, for all € > 0,

limsup( sup u(t,m)) < lim ( sup P (—x — gt — A)) =0,
t=+oo Np<—(cite)t t—+o0 x<—(cj+e)t !

hence the limsup is a limit and u spreads to the left at most with speed cj.
Therefore, the leftward spreading result of w is proved. Similarly, one can also show that u spreads in
patch 2 with speed ¢35 = 21/d2 f5(0). Hence, (2.3) follows, and the proof of Theorem 2.6 is complete. [

4 The KPP-bistable case

In this section, we investigate (1.1) with KPP-bistable reactions. We assume that patch 1 is of KPP
type, whereas patch 2 is of bistable type, that is, we assume (2.4)—(2.5). We consider in complete
generality the sign of the mass f0K2 f2(s)ds and the relation between K; and 6 or Ks (or possibly 0*

where 0* € (6, K2) is such that foo* f2(s)ds = 0 when fOK2 fa(s)ds > 0).

4.1 Semi-persistence result: proof of Theorem 2.7

To begin with, we prove the semi-persistence result and the spreading result in patch 1, thanks to the
KPP assumption on fi. The technique here is similar to that of Theorem 2.6.

Proof of Theorem 2.7. Let u be the solution to (1.1) with a nonnegative continuous and compactly sup-
ported initial datum ug # 0. By Proposition 2.4, we have 0 <u(t,z) < M :=max (K1, K2, ”UOHLOO(R))
for all t > 0 and z € R.

Take R > 0 large enough such that

(4.1)
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and then define ¥ : R — R as in (3.3), that is,

{ cos (%x) for x € [-R, R],

@ =10 for 2 € R\ [-R, ).

(4.2)

Then there exists g > 0 such that —d;(n¥)” < f1(n¥) in (=R, R) for all 0 < n < ny. Choose now
any o < —R and pick n € (0,10] such that n¥(- —x9) < u(l,-) in R. Let v and w be solutions to (1.1)
with initial data v(0,-) = n¥(- —xo) in R and w(0,-) = max (K71, Ka, [[ug||pe(r)) in R. Then, as in the
proof of the first part of Theorem 2.6, v is increasing with respect to ¢t and w is nonincreasing with
respect to t. Moreover, 0 < v(t,z) < u(t+1,z) < w(t+1,2) < M for all t > 0 and = € R. By the
Schauder estimates of Proposition 2.3, it follows that v(¢,-) and w(¢,-) converge as t — +oo, locally
uniformly in R, to positive bounded stationary solutions p and ¢ of (1.1), respectively. Furthermore,

0 <p <liminfu(t,-) <limsupu(t,-) < g < M, locally uniformly in R. (4.3)
t—+o0 t—+o00
Notice also that p > vg in R. We observe from the continuity of p and vg that there is & > 1 such
that p > n¥(- — kxp) in [kxo — R, kxo + R for all k € [1,/]. Define

k¥ :=sup{k >1:p>nV¥(-—Rag) in [Rzo — R, Rxo + R] for all & € [1,x]}.

It follows that x* > & > 1. We are going to prove that k* = +o00. Assuming by contradiction
that k* < 400, we see from the definition of k* that p > n¥ (- — k*xg) in [k*zo — R, k*xo+ R] and there
is z* € [k*xo — R, k™20 + R] such that p(z*) = n¥(z* — k*x¢). Since p > 0 in R and ¥(- — k*zp) =0
at k*xg £ R, one has z* € (k*xg — R, k*xo + R). Then the strong elliptic maximum principle implies
that p = n¥(- — k*x0) in (k*z9 — R, k*z9 + R) and then in [k*xg — R, k*x9 + R] by continuity, which
is impossible at k*zg + R. Thus, k* = +oo0 and p > n¥(- — kxzg) in [kzg — R, kxo + R| for all K > 1.
This implies, in particular, that p(x) > n¥(0) = n for all x < xy. Thus,

liminfu(t,z) > p(z) >n for all x < xy. (4.4)

t—4o00

On the other hand, since p is continuous and positive in R, one gets from (4.3) that, for any given 7 > xq,

lim inf > mi for all . 4.
gglﬁgou(t,x)_[lg(l){%p>0 or all z € [x,T] (4.5)

Combining (4.4) with (4.5), one reaches the semi-persistence result, that is, for any = € R,

inf <lim infu(t,x)) > 0.
<z \ t—+o00

In what follows, we turn to the proof of the spreading result in patch 1. First of all, as for V
in the proof of Proposition 2.5, one sees that the functions p and ¢ given in (4.3) satisfy p(x) — K;
and ¢(z) — Kj as ¢ — —oo. Fix now any 0 € (0,K;/2). From the previous observations together
with (4.3), there exist t; > 0 and x; < 0 such that

0
Kl_5 <wu(t,rz1) < Ky +46 forallt>t. (4.6)

The rest of the proof is similar to that of Theorem 2.6. We just sketch main steps. With zy and ¢;
as in (3.9) in the proof of Theorem 2.6, and using especially the left inequality in (4.6), it follows as
in (3.10) that, for any e € (0,¢}), there is ] > t; such that, for all ¢ > ¢,

K1 —26 < inf z(t—t1,y) < inf u(t,y). 4.7
! T —(ci—e/2)(t—t1)<y<mz ( 1Y) —(cf—e)t<y<z1 (t:9) (47)
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Similarly, as in (3.11), using especially the right inequality in (4.6), there is to > ¢} such that

36
sup u(te, ) < Kj + —.
r<x] 2

Next, let g; and P, be as in (3.12) with ¢* = 2,/d; f{(0). Then there is A > 0 such that, for each
e € (0,¢), (3.15) holds without any reference to V, that is, there is t3 > 0 such that

sup u(t,z) < sup Do (—x—cjt—A) < Ky +20 forall t > ts. (4.8)
—(cf—e)t<w<m1 —(cy—e)t<z<my !

Owing to (4.7) and (4.8), it follows that

K
Ve e (0,c7), Vo € (0, 71), Jdxz1 € R, limsup ( sup lu(t, =) — Kl\) < 26,
(

t—=+00 N —(cf—e)t<z<z

namely, u spreads to the left at least with speed c]. Moreover, we can also deduce as in the proof of
Theorem 2.6 that, for every € > 0,

lim sup ( sup u(t,m)) < lim ( sup @ (—x — gt — A)) =0,
t—=4o00 Ma<l—(ci+e)t t—=r+oo r<—(ci+e)t !

hence sup, < (o 4oy u(t,z) — 0 as t — +oo, for all € > 0. That is, u spreads at most with speed ¢ in
the negative direction. This finishes the proof of Theorem 2.7. OJ

4.2 Preliminaries on the stationary problem: proofs of Propositions 2.8-2.10

This section is devoted to the study of the stationary problem associated with (1.1) in the KPP-bistable
case (2.4)—(2.5), and we give the proofs of Propositions 2.8-2.10.

Proof of Proposition 2.8. Suppose that U is a nonnegative classical stationary solution of (1.1) such
that U(—o00) = K7 and U(400) = 0 (hence, U’'(+00) = 0 from standard elliptic estimates). As in the
proof of Proposition 2.5, it follows that U > 0 in R, that U is monotone in (—oo, 0], and that U’ < 0
(resp. U’ > 0, resp. U’ =0) in (—o00,07] if U(0) < K (resp. if U(0) > Kj, resp. if U(0) = Kj).
Furthermore, multiplying doU” 4 fo(U) = 0 by U’ and integrating the resulting equation over [z, +00)
for any x > 0 yields

(z)
@(U’(x+))2 = — /U fa(s)ds for all z > 0. (4.9)
2 0

To discuss the behavior of U in [0, +00), we distinguish three cases, according to the sign of f0K2 fa(s)ds.

Case 1: fOKQfg(s)ds < 0. Then, [; f2(s)ds < 0 for all v > 0 and one infers from (4.9) that U’
has a strict constant sign in [07, 400), whence U’ < 0 in [0T, 4+00) since U(0) > 0 and U(4o0) = 0.
This implies that U'(07) < 0 by using the interface condition in (1.1), hence U(0) < K; and U’ < 0
in (—o0,07] from the previous paragraph. Lastly, formulas (4.9) and (3.4) (at * = 0 and with U
instead of V'), together with the interface condition U’(07) = oU’(0"), lead to (2.8).

Case 2: fOKQfg(s)ds = 0. Suppose that there is a point zp € [0,400) such that U(zg) = K.
By (4.9), one deduces that U'(z§) = 0, and then U = K» in [0, +00) by the Cauchy-Lipschitz theorem.
This contradicts the limit U(+o0) = 0. Thus, 0 < U < K3 in [0,+00) and therefore U’ has a strict
constant sign in [07, 400) by (4.9), hence U’ < 0 in [0T, +00). Consequently, as in Case 1, U'(07) < 0,
U' < 0in (—00,07] and U(0) < K; (sce Fig. 2). Notice also that [’ fo(s)ds < 0 and that (2.8)
holds as in Case 1.
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n‘ z n‘

(a) K1 > K> (b) K1 =K,

Case 3: [;* fo(s)ds > 0. Let 6* € (6, Ko) be such that [ fo(s)ds = 0, and denote

Q@ = sup {I/ > 0" : /Vfg(s)ds > 0 for all v/ € (0*,1/)} € (6%, 4o0]. (4.10)
0

We first observe from (4.9) that U(z) ¢ (6%, Q) for all z > 0. By continuity of U and U(+oc0) = 0, one
then derives that 0 < U < 6* in [0, +00). Suppose in this paragraph that the set {z > 0: U’(x) = 0} is
not empty.® From (4.9) and the inequality U < 6* in [0, +00), this set is included in {z > 0: U(z) = 6*}
and, since U(400) = 0, one can then define xy := max{z > 0 : U'(z) = 0} € [0,400). One then
has U(xzg) = 6* and U’ < 0 in (zg,+00) by definition of zp. The Cauchy-Lipschitz theorem then
implies that U(z) = U(2z9 — ) for all x € [0, 2], hence U’ > 0 in [0T, ) if z¢p > 0. From the general
observations at the beginning of the proof of the present proposition, one then gets that, if g > 0,
then U’ > 0 in (—o0,07] U [0F,20), K1 < U(0) < #*, and U’ < 0 in (z0,+00) (see the black curve in
Fig. 3 (a)), whereas U = K; = 6* in (—00,0] and U’ < 0 in (0, 400) if zg = 0 (see the black curve in
Fig. 3 (b)). To sum up, under the assumption {z > 0: U'(xz) = 0} # 0, one has K; < #* and (2.8)
holds good if z¢ > 0, while the two integrals in (2.8) vanish if zg = 0.

(b) K1 =0"
Figure 3: Profile of a steady solution U with U(—o0)=K; and U(+00) =0, if f0K2 fa(s)ds>0.

Now suppose that U’ has a strict constant sign in [0, +00), which implies necessarily U’ < 0
in [0T, +00) since U(0) > 0 and U(+o0) = 0. Then, U’ < 0 in (—o0,07], U(0) < K; and (2.8) holds
as before, while the inequality U(0) < 6* holds too from (4.9) since U(0) < #* and U’(0") < 0 (see the
blue curves in Fig. 3). The proof of Proposition 2.8 is complete. O

Proof of Proposition 2.9. We first claim that the existence of a positive classical stationary solution U
of (1.1) such that U(—o00) = K; and U(+00) = 0 is equivalent to the existence of £ > 0 such that

13 K £
/ fa(s)ds <0, fi(s)ds = —dilUZ / fa(s)ds (4.11)
0 ¢ 2 Jo

Notice that, if U’(07) = 0, then U’(07) = 0 as well, hence U is differentiable at 0 with U’(0) = 0.
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and

K>
0< &< Ky if fa(s)ds <0,
0
K>
0<é< min(Kl, KQ) if fQ(S)dS =0, (4.12)
OK2
0<g<o” if fa(s)ds >0,
N 0

where 6* € (0, K3) is such that foe*fg(s)ds = 0 when fOKQfg(S)ds > 0. Assume this claim for the
moment. Under the assumptions of Proposition 2.9, it is straightforward to see that such a & > 0
satisfying (4.11)—(4.12) exists by qualitative comparisons of the graphs of the integrals in (4.11), namely:

(i) in the case f0K2 fa(s)ds < 0, since the function v +— nyl fi(s)ds is continuous decreasing in [0, K1 ]
and vanishes at K, whereas the function v — —(d10?/dy) [y f2(s)ds is continuous in [0, K],
positive in (0, K] and vanishes at 0, it follows that there is £ € (0, K7) satisfying (4.11);

(ii) in the case f0K2 fa(s)ds = 0 with K; < Ko, since the function v — nyl fi(s)ds is continuous
decreasing in [0, K1] and vanishes at K;, whereas the function v + —(d10?/dz) fo'/ fa(s)ds is
continuous and positive in (0, K2) O (0, K] and vanishes at 0, then there is £ € (0, K;) such
that (4.11) holds true;

(iii) in the case fOK2 fa(s)ds > 0 with K; < 6*, we consider two subcases. Assume first that K; < 6*.

Since the function v nyl fi(s)ds is continuous decreasing in [0, K| and vanishes at K,
whereas the function v — —(d10?/d) [y f2(s)ds is continuous and positive in (0,6*) 2 (0, K1]
and vanishes at 0, there exists £ € (0, K;) such that (4.11) holds. Lastly, if K3 = 6*, then
¢ = K1 = 0" satisfies (4.11).

The conclusion of Proposition 2.9 will therefore be achieved once the claim is proved. For the
proof of the claim, observe first that, if U is a positive classical stationary solution of (1.1) such that
U(—o0) = K; and U(400) = 0, then the quantity £ := U(0) > 0 necessarily satisfies (4.11)—(4.12) by
Proposition 2.8. Therefore, we only have to show that the conditions (4.11)—(4.12) yield the existence
of such a solution U. So let £ > 0 satisfy (4.11)—(4.12). We wish to show that (1.1) admits a positive
classical stationary solution U such that U(—oo0) = K; and U(+o00) = 0. Set

uo) = ¢

5 (U0)
U'(ot) = sgn(U(O)—Kl)\/_dQ/o fa(s)ds, (4.13)

K,
U’(O_) = sgn(U(O) — Kl)\/dQl /U(O) fl(S)dS,

where sgn(t) = t/|t| if ¢ € R* and sgn(0) = 0. Observe that U'(07) = oU’(0"), thanks to (4.11)
and (4.13). Given these values at 0%, we will now solve the two Cauchy problems in (—oc,0] and
[0,400) and show that these two solutions, glued together, give rise to a solution U of (1.1) such
that U(—o0) = K and U(+00) = 0.

Step 1. Consider first the Cauchy problem in (—oo, 0]:

diU" + f1(U) =0, z<0,

2 [k (4.14)

U(O) =£>0, U/(O_) = sgn(U(O) — Kl)\/dl o fl(S)dS.
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By the Cauchy-Lipschitz theorem, (4.14) has a unique solution U of class C? and defined in a maximal
interval (z,0] for some T € [—00,0). Multiplying the equation in (4.14) by U’ and then integrating
over [z, 0] for any x € (7, 0], and using the definition of U’(07), yields

ﬂ(U’(af))2 = " fi(s)ds for all z € (7, 0]. (4.15)
2 Ul(x)

We claim that
either U > K in (Z,0] and U’ > 0 in (Z,07],
or U< K in (z,0] and U’ < 0 in (Z,07], (4.16)
or U =K, in (z,0].

For this purpose, we first prove that either U — K has a strict constant sign in (7, 0] or U = K in (7, 0].
Indeed, assume that there is zy € (7,0] such that U(zg) = Ki, then (4.15) implies U'(z;) = 0,
hence U = K in (7,0] by the Cauchy-Lipschitz theorem. Assume now that U — K; has a strict
constant sign in (Z,0]. Then (4.15) implies that U’ has a strict constant sign in (z,07]. Together
with the definition of U’(07) in (4.14), one concludes that, if U(0) > K; (respectively U(0) < Ki),
then U > K in (%,0] and U’ > 0 in (%, 07] (respectively U < K; in (Z,0] and U’ < 0 in (z,07]). Our
claim (4.16) is achieved.

From the above observation, we derive that U is monotone and bounded in (7,0] and, from the
Cauchy-Lipschitz theorem, that the solution U of (4.14) is defined on (—o00,0], i.e. T = —oo. Let
us finally show that U(—o0) = K. Let a := U(—o0). Then, by (4.16), a = K; if U(0) = Kj,
K1 <a<U(0)ifU0)> K;i,orU(0) <a< K;if0<U(0) < K;. Using (4.15), one has

d =
E(U’(m))2 — fi(s)ds as z — —oo,

whence U’'(—o0) = 0 and U(—o0) = a = K1, from the assumption (2.4) on fi.
Step 2. Consider now the Cauchy problem in [0, +00):

dQU//+f2(U) :0, x> 0,

9 (U0
U(0) = € > 0, U(0%) = sgn(U(0) — Kl)\/—dZ/O Fa(s)ds.

(4.17)

The solution of (4.17) exists, is of class C? and is unique in a maximal interval [0,z*), for some
z* € (0,4+00]. Integrating the equation in (4.17) against U’ over [0,z] for any z € [0,2*), and using
the expression of U’(07), yields

U(x)
d —/ fa(s)ds for all z € [0,2*) if U(0) # Kj,
ﬁ(U/(x+))2 _ OU(m) (4.18)

2
—/ fa(s)ds for all x € [0,2*) if U(0) = Kj.
U(0)

Notice from (4.12)—(4.13) that the case U(0) = K; can only occur when f0K2 f2(s)ds > 0, and then
¢ =U(0) = Ky = 6* by (4.11), while U'(0") = 0 by (4.13). In that case, by uniqueness, U is equal
in [0,4+00) to the half-bump associated to the reaction fa, that is, 2* = +oo, U’ < 0 in (0, +00),
U(+o00) =0, U(0) = 6* and U'(0T) = 0.

Therefore, one can assume in the sequel that U(0) # K;. We observe that U > 0 in [0,z*). Indeed,
otherwise, there is zg € (0,2*) such that U(xzg) = 0, hence U’(x¢) = 0 by (4.18) and U = 0 in [0, z™)
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by the Cauchy-Lipschitz theorem. This would contradict U(0) > 0. Thus, U > 0 in [0,2*). Next, we
solve (4.17) by dividing into three cases according to the sign of the mass f0K2 fa(s)ds.

Case 1: fOK2 f2(s)ds < 0. One infers from (4.12) that U(0) = £ < K; and thus U'(0") < 0 by (4.17).
Moreover, one deduces from (4.18) that U’ does not change sign in [0%,z*). Therefore, U < 0
in [0F,2*). Since U > 0 in [0,2*), one has 0 < U < U(0) < K; in (0,2*), whence * = +oo0.
Define b := U(+00) > 0. From (4.18), it follows that

d2

b
5 (U'(x))? = —/0 fa(s)ds as z — +oo,

hence, U'(4+00) =0 and U(+00) = b = 0.

Case 2: f0K2 f2(s)ds = 0. Tt follows from (4.12) that 0 < U(0) = £ < min(K7, K») and thus U’(07) < 0
by (4.17). We now show that U’ < 0 in (0,2*). Assume by contradiction that there is 29 = min{z €
(0,2%) : U'(z) = 0} € (0,2*). Then 0 < U(xp) < U < U(0) < min(K7, K2) in (0,20). On the other
hand, taking = zg in (4.18) and using U(zg) > 0 yields U(xg) = Ko, a contradiction. Thus, U’ < 0 in
(0%, 2*), whence 0 < U < U(0) in (0,z*) and 2* = +oco. As in Case 1, one concludes that U(+oc) = 0.

Case 3: f0K2 fa(s)ds > 0. We let 0* € (0, K3) be such that foe*fg(s)ds =0 and Q € (0*,+c] be
as in (4.10). From (4.12), it is seen that 0 < U(0) = £ < 6*. Moreover, we observe from (4.18)
that U(z) ¢ (0*,Q) for every x € [0,2*), hence 0 < U < #* in [0,2*) and z* = 4+00. We recall that
the bistable equation dou” 4+ fo(u) = 0 in R admits an even bump-like solution u, satisfying

u(0) = 6%, u/(0) =0, v' <0 in (0,+00), u(£oc) =0.

(i) Suppose first that K7 < U(0) = £ (< 6*), whence U'(07) > 0 and K; < U(0) = £ < 0* by (4.11)
and (4.17). If U’ > 0 in [0T, 4+00), then U(+00) exists and belongs to (0,6*], and U'(+00) =
U"(+00) = 0 from standard elliptic estimates. Together with (4.18), one gets that U(+o0) = 6*,
hence U"(z) = —fo(U(x))/d2 — —f2(6%)/d2 < 0 as x — +o0, a contradiction. Therefore, U
has a critical point in (0,400), that is, zg = min{z > 0 : U'(z) = 0} is a well defined positive
real number, and one has U’ > 0 in (0,z0) and U’(z9) = 0. Combining (4.18) with the fact
that 0 < U < 6* in [0,+00), one infers that U(xg) = 6*. Therefore, by the uniqueness of
the solution to the Cauchy problem, U has to be the bump-like solution u(- — z) in [0, +00).
Namely, U(zg) = 0*, U'(xg) =0, U’ < 0 in (29, +0o0) and U(+o0) = 0.

(ii) Finally, let us assume U(0) = ¢ < Kj. Then, U'(07) < 0 by (4.11) and (4.17). Remember
also that 0 < U(0) = £ < 0*. We now show that U’ < 0 in (0,4+00). If not, then there
is 2o = min{z > 0 : U'(x) = 0} > 0 such that U'(z9) = 0 and 0 < U(zg) < U < U(0) < 6*
in (0, z0). It follows from (4.18) that 0 = (da/2)(U’(x0))? = — OU(‘TO) fa(s)ds > 0, a contradiction.
Consequently, U’ < 0 in (0, +00) and the argument used in Case 1 yields U(+o00) = 0.

Gluing the solutions of (4.14) and (4.17) proves the existence of the desired stationary solution U
of (1.1) such that U(—o0) = K; and U(+00) = 0. Therefore, our claim at the beginning of the proof
is achieved and the proof of Proposition 2.9 is thereby complete. O

Remark 4.1. Based on the above proof, it is easy to find examples of functions fi o satisfying (2.4)—

(2.5) and f0K2 fa(s)ds > 0 such that (1.1) has no stationary solution U connecting K1 and 0. For
istance, let us take dy = ds = 0 =1, and set

Si(u) = u(Ky = w), fa(u) = u(Ky —u)(u—0)

with K1 = Ko =4 and 0 = 1. It is straightforward to check that (4.11) (with £ > 0) yields & > 4, con-
tradicting the condition & < 0* < 4 implied by (4.12). Therefore, (4.11) and (4.12) can not be fulfilled
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simultaneously, and there is no positive classical stationary solution U of (1.1) such that U(—o0) = K3
and U(+o00) = 0.

Proof of Proposition 2.10. The strategy is very similar to that of Proposition 2.9. For completeness, we
sketch the proof. Here, in addition to (2.4)—(2.5), we assume that fOK2 fa(s)ds > 0. We first claim that
the existence (respectively the existence and uniqueness) of a positive classical stationary solution V'
of (1.1) satisfying V(—o0) = K; and V(+o00) = K> is equivalent to the existence (respectively the
existence and uniqueness) of & > 0 such that

E=K, =Ky if K1 = Ko, (4.19)
min(Ky, K2) < € < max(Ky, Ka) if K; # Ko, '
and K -
1 d o 2
fi(s)ds = = / fa(s)ds. (4.20)
¢ da Je

In this paragraph, we observe that such & > 0 satisfying (4.19)-(4.20) always exists, and is unique
if Ky > 6. To check this, it is sufficient to consider the case of Ki # Ks. Suppose K1 < K5. Observe
that the function v — nyl fi(s)ds is continuous increasing in [K7, K2| and vanishes at K, whereas
the function v + (d10?/ds) fVKQ f2(s)ds is continuous positive in [K7, K2), vanishes at Kj, and is
either increasing in [K7, 0] and decreasing in [0, K] (if K1 < ), or decreasing in [K7, Ko] (if K1 > 0).
Therefore, there is € € (K1, K3) such that (4.20) is satisfied, and ¢ is unique if K > 0. Consider now
the case of K9 < K. Since the function v +— nyl fi(s)ds is continuous decreasing in [Ks, K1]| and

vanishes at K7, whereas the function v + (d102/d3) fVKQ fa(s)ds is continuous increasing in [Ka, K}
and vanishes at Ky, it follows that there is a unique £ € (Ko, K1) satisfying (4.20).

Therefore, it remains to prove our claim, whose proof is divided into two steps, each corresponding
to one implication of the equivalence.

Step 1: necessary condition for the existence of V. Suppose V is a positive classical stationary solution
of (1.1) satisfying V(—oc0) = K;j and V(4+00) = K. Multiplying d1V” + f1(V) = 0 by V/ and
integrating the resulting equation over (—oo, z| for any = € (—o0, 0] yields

d a
El(v’(gf))2 = fi(s)ds for all z < 0. (4.21)
V(x)
Similarly, one also derives that
ds K
E(V'(afr))2 = fa(s)ds >0 for all z > 0. (4.22)
V(x)

Following the same argument as for (4.15)-(4.16), one derives from (4.21) that V' is monotone in patch 1
and, more precisely,

either V > Kj in (—00,0] and V' > 0 in (—o00,07],

or V < Kj in (—00,0] and V' < 0 in (—o0,07],

or V =K in (—o0,0].
Similarly, since nyz f2(s)ds > 0 for all v € (0, K2) U (K2, +00), it follows from (4.22) that V is also
monotone in patch 2 and, more precisely,

either V' > K5 in [0,4+00) and V' <0 in [0F, +00),

or V < Ky in [0,400) and V' >0 in [0T, +00),

or V = Ks in [0, +00).
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Using V/(07) = oV’(07), one then infers that V' is monotone in R and, more precisely,

V=K =K it Ky = Ky,
min(Kj, K2) <V < max(Kj, K3) and sgn(V') =sgn(V(0) — K;) if K; # K.

Moreover, thanks to (4.21)—(4.22), V(0) satisfies

Ky d10_2 Ko

fi(s)ds = fa(s)ds.
0)

V( d2  Jv (o)

Hence, the quantity & = V/(0) satisfies (4.19)(4.20).

Step 2: sufficient condition for the existence of V. Assume that there is & > 0 satisfying (4.19)—
(4.20). If K1 = Ko, then £ = K; = K» and the function V = K; = Ky obviously satisfies (1.1)
with V(—o0) = Kj = Ky = V(400). One can then assume in the sequel that K; # K. Let us set
V(0) = ¢ € (min(K7, K), max(K;, K2)) and define

2 [f

V'(07) = sgn(V(0) — Kl)\/d1 Vo) fi(s)ds,

and

Ks
V'(0T) = sgn(V(0) — Kl)\/;2 /V(o) fa(s)ds.

It is obvious to see that V/(07) = aV’(07), thanks to (4.20). Notice also that V(0) = ¢ # K7, here.
Step 2.1. As for (4.14), the solution V of the Cauchy problem

V" + (V) =0, z<0,

2 (K (4.23)

V(0)=¢ >0, V'(07) = sgn(V(0) — Kl)\/d1 o fi(s)ds.

is defined in (—o0,0] and satisfies (4.16) with V instead of U and T = —o0, that is,

either V > K; in (—o0,0] and V/ > 0 in (—o0,07],
or V < Kj in (—00,0] and V' < 0 in (—o0,07],

and V(—o0) = K;.
Step 2.2. Let V denote the solution of

dV" + fo(V) =0, z>0,

9 (K> (4.24)

V(0)=¢>0, VI(0T) =sgn(V(0) — Kl)\/d2 Vo) fa(s)ds.

Notice that, here, min(K7, K3) < V(0) < max(K1, K3), hence V/(0T) # 0 since fVKQ f2(s)ds > 0 for
all v € R\ {0, K2}. The Cauchy-Lipschitz theorem implies that there is a unique solution of (4.24)
defined in a maximal interval [0, z*) for some x* € (0, +00]. Multiplying the equation in (4.24) by V'
and then integrating over [0, z] for any z € [0, 2*), and using the formula of V’(0%), yields

Ky
%(V’(afr))2 = v )fQ(s)ds for all x € [0, z"). (4.25)
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Moreover, we claim that V' has a strict constant sign in [07,z*). Indeed, otherwise, there is zg €
(0%, 2*) such that V'(xg) = 0, and (4.25) implies that

K>
V(xg) = Ko if fa(s)ds > 0,

OK2

V(zg) =Koor 0 if f2(s)ds = 0.
0
Thus, one would derive V- = Ky or V.= 0 in [0,2*) by the Cauchy-Lipschitz theorem, contra-
dicting min(K1, K3) < V(0) = £ < max(K1,Ks3). Thus, V/ has a constant strict sign in [0F, z*).
Hence, V(z) # K> for every x € [0,2%), by (4.25). Therefore, we conclude that

if K1 <V(0) < Ky, then V' >01in [07,2*) and K1 <V < K3 in [0, z*),
if Ko <V(0) < Ky, then V/ < 0in [07,2*) and Ko <V < Kj in [0, 2%).

Both cases imply that * = +00. Defining V(+00) = a, one has K1 < a < Ky and (4.25) implies

do K2
?(V’(az))2 — fa(s)ds as z — +o0,

hence V'(+00) = 0 and V(+00) = a = Ko.

Step 2.3: conclusion. By gluing the solutions of the above two Cauchy problems (4.23) and (4.24), one
obtains the existence of a monotone positive classical stationary solution V of (1.1) such that V(—o0) =
K, and V(4o00) = Kj. Lastly, if K; > 6, then we have already seen that & > 0 solving (4.19)-
(4.20) is unique, hence the above proof shows that V(0) = £ is unique and the positive classical
stationary solution V' of (1.1) such that V(—o0) = K; and V(+00) = K> is itself unique. The proof
of Proposition 2.10 is thereby complete. O

4.3 Blocking in the bistable patch 2: proof of Theorem 2.11

In this section, we study the qualitative behavior of the solution u to (1.1) under the KPP-bistable
assumptions (2.4)—(2.5). We carry out the proof of Theorem 2.11 on various sufficient conditions for
blocking in the bistable patch 2. The proof is based, among other things, on a comparison with some
barriers, such as a traveling front with negative or zero speed (up to some exponentially small terms,

when fOK2 f2(s)ds < 0), or a stationary solution connecting Ky to 0 (when [[ug|z1(g) is small enough).

Proof of Theorem 2.11. (i) We first assume that

K>

fa(s)ds < 0.
0

Let u be the solution to the Cauchy problem (1.1) with a nonnegative continuous and compactly
supported initial datum ug Z 0. The strategy of the proof consists in constructing a supersolution
which blocks the solution u(t, x) for all times ¢ > 0 as x — +o0. Set M := max (K1, Ka, HUOHLOO(R)) +1.
Since the function fo satisfies (2.5) with fOKz f2(s)ds < 0, there is a C'(R) function f, such that
F2> foin R, Fo(0) = Fo(0) = Fo(M) = 0, T5(0) < 0, F3(M) <0, F2 > 0in (—00,0) U (6, M), 5 <0
in (0,0)U(M, +00), and fOM fo(s)ds < 0 (it is even possible to choose f, so that fo = f2 in (—o0, K2—]
for some small § > 0). There is then a decreasing front profile ¢ solving (2.6) with f, and M instead
of fy and Kj, and with negative speed ¢, instead of c. Since ¢(—o0) = M > max(K1, [luo| L))
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and wg is compactly supported, one can then choose A > 0 large enough so that ug(z) < ¢(x — A) for
all 2 > 0, up(x) < ¢(—A) for all z <0, and K1 < ¢(—A). Set, for (t,2) € [0,+00) x R,

alt,z) = { %(x— A) ?fa: >0,
o(—A) if x <0.

Since fi(¢(—A)) < 0 by (2.4), since dod + fa(@) < dog” + fo(d) = —%¢ < 0 in R and since
6/(—14) < 0, it follows that @ is a supersolution of (1.1) in the sense of Definition 2.2, while ug < @(0, )
in R. Therefore, Proposition 2.4 implies that u(¢,z) < u(t,z) for all (¢,2) € [0,4+00) x R. Since u is
nonnegative and ¢(+o00) = 0, this immediately yields the blocking property (2.9).

(ii) We then assume that f0K2 fa(s)ds = 0 and K; < Kjy. First, it is convenient to introduce some
parameters. Let € > 0 be such that

0<6<min<‘f5§0)|,’fé(§2)|>, f§<f£;0)in [0, 2¢], f§<f£(2K2) in [Ky—e,Ky+e].  (4.26)

Choose C' > 0 large enough such that
¢ >Ky—ein (—o0,—C] and ¢ <¢e in [C,+00). (4.27)

As the front profile ¢ solving (2.6) is such that ¢’ is negative and continuous, there is k > 0 such that

—¢' >k>0 in[-C,C]. (4.28)

Finally, pick p > 0 be such that
Kp > €+ max 2. 4.29
p o | fa] (4.29)

Let u be the solution to the Cauchy problem (1.1) with a nonnegative continuous and compactly
supported initial datum ug Z 0 and let V' be a positive monotone classical stationary solution of (1.1)
such that V(—o0) = K; and V(400) = Kp, given in Proposition 2.10. Denote w the solution to (1.1)
with initial datum w(0,-) = M := max (Ka, |lug||1=(r)). As in the proof of the first part of Theo-
rem 2.6, Proposition 2.4 implies that w is nonincreasing in time, and that 0 < u(t,z) < w(t,z) < M
and V(z) < w(t,x) for all t > 0 and x € R. From the Schauder estimates of Proposition 2.3, it follows
that w(¢, x) converges as t — 400, locally uniformly in = € R, to a stationary solution ¢ of (1.1), such
that M > g(x) > V(z) > K; for all x € R and

limsup u(t,-) < g locally uniformly in R. (4.30)

t—+o00
As shown in Theorem 2.7, one also has ¢(—oo) = Kj. On the other hand, since fo < 0 in (K3, +00)
and ¢ is bounded, one easily infers that limsup,_, . ¢(x) < Ks. Furthermore, as in the proof of
Propositions 2.5 and 2.8, the function ¢ is monotone in (—o00,0], and ¢’ has a constant strict sign
in (—00,07] unless ¢ = K; in (—o00,0]. Thus, if one would assume that supp ¢ > Ky (> K), there
would exist 2y € (0, 4+00) such that g(xzg) = supg ¢ > K3, which is impossible since fo < 0in (K2, +00).
Therefore, ¢ < K3 in R and even ¢ < K3 in R since the constant Ky is a supersolution of (1.1) and
the stationary solution ¢ can not be identically equal to K.
Similarly, we claim that

limsup( sup u(t,x)) < Ks. (4.31)

A—+4oo M>A x>A
Indeed, otherwise, since u is bounded in [0, +00) X R, there are Ko € (K3, +00) (with Ko the above
limsup) and two sequences (¢, )nen and (2, )nen diverging to +oo such that u(t,, z,) — Ko asn — +00
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and limsup,,_, , o u(ty +t,zn +x) < K for all (£,z) € R x R. From parabolic estimates, the functions

(t,z) — u(t, +t,x, + ) converge in Ctl;f;loc(R x R), up to extraction of a subsequence, to a bounded

classical solution use Of (Uso)t = d2(Uso)zx + f2(Uno) in R X R with us < u5(0,0) = Ko in R x R.
The negativity of fo(K32) leads to a contradiction. Therefore, (4.31) holds.
Let then X > 0 be large enough so that

u(t,x) < Ko + g forallt > X and z > X. (4.32)

Thanks to (4.30) and ¢(X) < Ky, there is T' > X so large that

sup u(t, X) < Ks. (4.33)
t>T

Remember that the front profile ¢ associated with the reaction fa, given in (2.6) with speed co = 0
(since fOK2 fa(s)ds = 0), satisfies ¢(—o0) = Ky. Due to (4.32)—(4.33) and the Gaussian upper bound
of u(t,z) for |x| large at each time ¢ > 0 derived in Lemma A.1, together with the exponential lower
bound of ¢(s) as s — 400 in (2.7), there exists B > 0 large enough such that

uw(T,z) <plx — X —B—-C)+eforalz>X, and sup u(t,X) < ¢(—B —C). (4.34)
t>T

Define
u(t,z) = ¢(C(t,x)) +ee*¢T) for t > T and x> X,

where ((t,x) = x — X + pe=*t=T) — p — B — C. We wish to show that 7(t, z) is a supersolution of the
equation u; = dotz, + fo(u) for t > T and & > X. First of all, at time ¢ = T', one has

u(T,z)=¢(r—X —B—-C)+e>u(T,x)

for z > X, thanks to (4.34). Furthermore, for t > T, u(t, X) = ¢(pe 1) —p— B —C) +ee—t-T) >
¢(—B — C) > u(t, X) by (4.34) again. It then remains to check that

Nu(t,z) :==w(t,x) — doligg(t, ) — fa(u(t,z)) >0
for t > T and x > X. A direct computation leads to
Nu(t,z) = f2(¢(C(t, ) = folalt, 2) = ¢ (((t,a))pee™07T) — 2e==T),
We divide the proof into three cases:

o if ((t,x) < —C, one has Ky + ¢ > u(t,z) > ¢(((t,x)) > Ko — e by (4.27); one then derives
from (4.26) and the negativity of ¢’ that

! /
Nt z) > _f2(2l(2)€ea(tT) 2T _ (_ f2(;(2) B 5) ce—=t-T) > .

o if ((t,x) > C, then 0 < ¢({(t,x)) < e by (4.27) and 0 < u(t,x) < 2¢; it follows from (4.26) and
the negativity of ¢’ that

Nu(t,xz) > —fééo)ee_a(t_T) e (— féé()) — s)ee‘a(t_T) > 0;

e cventually, if —C' < ((t,z) < C, then —¢/({(¢t,z)) > k > 0 by (4.28), and (4.29) then yields
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Nu(t,z) > — max |fo]ee 1) prpeeet=T) _g2e=e(=T) > (mp — max |f§\—£> ee=(t=1) >,
[0, Ka+¢] [0, Ka+e]
In conclusion, the function @ is a supersolution of u; = doug, + fo(u) for t > T and x > X. The
maximum principle implies that

u(t, ) <ut,z) = ¢z — X +pe T — p - B—C)+ee* D) foral¢t>T and z > X.

Consequently, lim sup,_,  ( sup;>7 u(t, z)) <e. On the other hand, Lemma A.1 implies that u(t, z) —0
as * — 400 locally uniformly in ¢ > 0. Since € > 0 can be chosen arbitrarily small, one gets that u is
blocked in patch 2 and satisfies (2.9). This completes the proof of part (ii) of Theorem 2.11.

(iii) We here assume that K7 < 6. Let u be the solution to (1.1) with a nonnegative continuous
and compactly supported initial datum ug # 0 satisfying ugp < 6 in R. The constant function equal
to M :=max (K1, lug|| 1 (r)) is a supersolution of (1.1) in the sense of Definition 2.2 (since f1(M) <0
and fo(M) < 0), and Proposition 2.4 then implies that

0 < u(t,z) < max (K1, |Jul|feor)) <@ forallt>0and z € R. (4.35)

Choose ¢ € (0, K2 —0) and let go be a C'(R) function such that go = fo in (—00,6], g2 > 01in (6,0 +¢),
g2(0+¢) =0, gh(0+¢) <0, g2 <0in (0+¢,+00), and f09+5 g2(s)ds < 0. Let z be the solution to (1.1)
in which fo is replaced by g, starting from the initial datum ug. By comparison, and using (4.35),
one has u(t,x) = z(t,z) for all t > 0 and € R. Thanks to part (i) of Theorem 2.11 applied to the
solution z with the nonlinearities fi and gs, it follows that z is blocked in patch 2 and z satisfies (2.9),
which is then also true for u. The conclusion is therefore achieved.

(iv) We finally assume that (1.1) admits a nonnegative classical stationary solution U such that
U(—o0) = K and U(+o00) = 0 (actually, U is then positive in R as a consequence of the Cauchy-
Lipschitz theorem for instance, as in the second paragraph of the proof of Proposition 2.5). Fix then
any L > 0. Let u be the solution to the Cauchy problem (1.1) with any nonnegative continuous and
compactly supported initial datum ug such that spt(ug) C [—L, L]. Notice that, if up < U in R, the
conclusion of part (iv) of Theorem 2.11 immediately follows. Let us now discuss the general case.

By a rescaling of space in patch 2, namely, by setting

- u(t, ), for t > 0 and z < 0,
u(t733) =
u(t,/da/d1x) fort >0 and x >0,
we see that the function u satisfies
Et:dlﬂxx+fl(ﬂ)a t>0, l’<0,
Uy = ditgy + fo(u), t>0, x>0,
u(t,07) = u(t,0"), t>0,

Uz (t,07) = o/d1/d2 U, (¢£,01), £ >0,
while the rescaled function U, defined by U(z) = U(z) for # < 0 and U(z) = U(y/dy/dy ) for z > 0, is

a positive classical stationary solution of the above problem, satisfying ﬁ(—oo) = K and ﬁ(—}—oo) =0.
When [[uol|z1(w) is small, it is seen that [[u(0, )|l r) = [[woll £t (—o0,0) + V/d1/d2|tolL1(0,400) Temains
small, while spt(u(0,-)) C [-L, \/d1/d2L]. Therefore, for the proof of part (iv) of Theorem 2.11, it is
not restrictive to assume that dy = dy =: d in (1.1), which we do in the sequel.

By the assumptions (2.4)—(2.5) on f; and f2, and their C' smoothness, there is K > 0 such

that fi(s) < Ks for all s >0 and i € {1,2}. Let v be the solution of the initial value problem

vy = dvg, + Kv, t>0, z €R,
vo(x) = up(x) + up(—z), = €R.
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Since ug > 0 satisfies spt(ug) C [—L, L], so does vg. By uniqueness, we see that v is even with respect
to z and smooth with respect to z in (0, +00) x R, whence v,(¢,0) = 0 for all ¢ > 0. Proposition 2.4
implies that u(t,x) < v(t,z) for all t > 0 and = € R.

We now claim that v(1,-) < U in R provided [[ugl|11(g) is small enough. Indeed, by choosing ¢ > 0
such that

0<e< K (—?oi,gm U,
we get that
v(1,z) - (y)dy < \/—HUU”L R) = F||u0"L1(R) < mlf21 }U

\/ZF

for all x € R, provided [[ugl|z1(g) < €. Furthermore, for all x > 2L, there holds
2
e L ey el L e
v(l,z) < 1d dy < v dy =
(La)s 7= | e vo(y)dy 47Td/_L 0W)dy = -~

since spt(vg) C [—L, L] and since z—y > x/2 > 0 for all z > 2L and —L <y < L. Observe also that U
is positive continuous in R and that U(z) ~ Ae™V —f20)/d22 5g 2 5 400, for some A > 0. Thus,

2
HUOHLl(R)e_%,

v(l,x) < r”uoHLl ®R)E™ i6d < U(x) for all z > 2L,
provided [[uol[z1(r) < &, up to decreasing € > 0 if needed.

Consequently, v(1,-) < U in R provided [[ugl|11(g) is small enough, and then u(1,-) < v(1,-) < U
in R and u(t,z) < U(z) for all t > 1 and = € R by Proposition 2.4. Hence, u(t,z) — 0 as © — 400
uniformly in ¢ > 1. Together with Lemma A.1 stating that u(¢,z) — 0 as © — 400 locally uniformly
in ¢ > 0, we conclude that wu is blocked in patch 2 and satisfies (2.9). The proof of Theorem 2.11 is
therefore complete. O

4.4 Propagation in the bistable patch 2: proofs of Theorems 2.12-2.13

This section is devoted to the proofs of Theorems 2.12-2.13 on propagation phenomena with positive
speed or speed zero in the bistable patch 2. The proof of the propagation with positive speed in
Theorems 2.12-2.13 uses some tools inspired by [23] on solutions developing into two spreading fronts
for the homogeneous equation (1.3). Here, for our patch problem (1.1), new difficulties arise due to
the presence of the interface between the two different media, and we have to show further estimates
on the local behavior of the solutions at large time.

We start with the following auxiliary lemma that gives the existence of solutions to elliptic equations
in large intervals. The proof is based on variational methods, see for instance [10, Theorem A| and [26,
Problem (2.25)]. We omit it here.

Lemma 4.2. Assume that (2.5) holds and f0K2 fa(s)ds > 0. Then there exist R > 0 and a function v
of class C*([~R, R]) such that

de// + f2(1/1) =0 in [_R7 R]’

0§w<K2 in [-R, R),
B(£R) = (4.36)
e Y= 1/1( ) >
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To prove Theorem 2.12, we take a roundabout way to prove the following result as a first step.

Theorem 4.3. Assume that (2.4)(2.5) hold and that f0K2 f2(s)ds > 0. Let R > 0 and v be as in
Lemma 4.2. Let u be the solution to (1.1) with a nonnegative continuous and compactly supported
ingtial datum uog £ 0. If ug > (- — o) in [zo — R, xo + R] for some x¢g > R, then the conclusion (2.10)
of Theorem 2.12 holds true.

Proof of Theorem 4.3 (beginning). Let R > 0, ¢ € C?([~R, R]), o > R and ug be as in the statement.
Let v and w be, respectively, the solutions to (1.1) with initial data vg = M := max (K1, Ko, [luo|| 1o (r)),
and wo given by wo(z) = ¥ (xz — x) for x € [z9 — R, xzo + R] and wo(z) = 0 for z € R\ [xg — R, o + R).
Then Proposition 2.4 yields 0 < w(t,z) < u(t,z) < v(t,z) < M for all £ > 0 and « € R. Moreover, as
in the proof of the first part of Theorem 2.6, w is increasing with respect to ¢ in [0, +00) x R, whereas
v is nonincreasing with respect to ¢ in [0,400) x R. From the parabolic estimates of Proposition 2.3,
the functions w(t,-) and v(t,-) converge as t — 400, locally uniformly in R, to classical stationary
solutions p and ¢ of (1.1), respectively. Moreover,

0<wyg<p< ltierinfu(t, ) <limsupu(t,-) < ¢ < M, locally uniformly in R. (4.37)
—fo0

t—4o00

Let us now show that
p(z) = Ko as x — +00. (4.38)

As a matter of fact, since p > wg in R, by continuity there exists gg > 1 such that p > (- — pxq)
in [oxg — R, 0xo + R] for all ¢ € [1, go]. Define

o sup{g >0:p>Y(-— oxo) in [oxg — R, 0x9 + R] for all g € [1,@]} € [00, +0o0].

We claim that o* = 4+00. Indeed, otherwise, one would have p > ¥(- — o*zp) in [0*xo — R, 0*z¢ + R]
with equality somewhere in (¢*zo — R, 0*xo + R), since p > 0 in R and ¢(£R) = 0. The elliptic strong
maximum principle then implies that p = (- — p*z¢) in (0*zo — R, 0*zo + R) and then at o*zo £ R by
continuity, which is impossible. Thus, ¢* = 400 and p > ¥(- — pxo) in [0z — R, oxo + R] for all o > 1.
In particular, this implies that

p(x) > (0) > 6 for all x > xo.

Since p is bounded and since fo > 0 in (0, K2) and fa < 0 in (K2, +00), it then follows as in the proof
of the limit V(—o0) = K in Proposition 2.5, that (4.38) holds. Likewise,

q(z) = Ko as x — +o0. (4.39)

The rest of the proof of Theorem 4.3 relies on three preliminary lemmas.

Lemma 4.4. Under the assumptions of Theorem 4.3, there exist X1 > 0, Xo > 0, 11 > 0, Ty > 0,
21 €R, 290 €R, >0 and § > 0 such that

u(t,x) < ¢z — ca(t — T1) + 1) + 0 0T o §e#@=X0) for all t > Ty and x > X, (4.40)
and
u(t, ) > ¢z — co(t — Th) + 20) — e 012 — g #@=X2) for 4l ¢ > Ty and x > Xy, (4.41)

where ¢ is the traveling front profile solving (2.6), with speed co > 0.
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Proof. We first introduce some parameters. Choose p > 0 such that

0 e \/mm<|f§<o>r AU 42)

2ds T 2ds
Then we take § > 0 such that (we remember that ¢z > 0)

|£2(0)] Ifé(Kz)!>
2 2 )

0 < < min (,uCQ,

1y < fé;()) in [—26,38], f5 < fé(QKQ) in [Ky — 39, Ko + 20]. 9
Let C' > 0 be such that
¢ > Ky — g in (—oo,—C] and ¢ < 4§ in [C, +00). (4.44)
Since ¢’ is negative and continuous in R, there is x > 0 such that
¢ <—k<0in[-C,C]. (4.45)
Finally, pick w > 0 so large that
Kw > 20 + oA |51, (4.46)
and B > w such that
(g 8+ )7 < (s g1+ a5 aan)

Step 1: proof of (4.40). First of all, property (4.31) still holds as in the proof of part (ii) of Theo-
rem 2.11, and there is X7 > 0 such that

u(t,x) < Ko + g for all ¢ > X7 and 2 > X;. (4.48)

Moreover, since u(t,z) has a Gaussian upper bound at each fixed ¢ > 0 for all |z| large enough by
Lemma A.1, whereas ¢(s) decays exponentially to 0 as s — +o00 by (2.7), there is A > B such that

u(Xi,z) <gplx —X1—A—-C)+6 foral x> Xj. (4.49)
For t > X and = > X3, let us define
u(t,x) = $(E(t,x)) + e 2 X) 4 gemnleX),

where

Etx)=x—X; — ot — X)) +we %) A C.

Let us check that w(t, z) is a supersolution to u; = doug, + fo(u) for t > Xy and > X;. At time X7,
one has u(Xi1,z) > ¢p(x — X1 —A—C) 4+ > u(Xy,x) for all x > X1, by (4.49). Moreover, for t > X,
since £(t, X1) < —A—C < —C, one gets that u(t, X1) > K2—5/2+(5e*5(t7X1)+5 > Ko+6/2 > u(t, X1)
by (4.44) and (4.48). Therefore, it remains to check that Nu(t, x) :=u(t, x)—doligy (t, z)—fa(u(t, x)) >0
for all t > Xy and « > X;. After a straightforward computation, one derives

Nu(t,x) = f2(9(E(t, @) = fa(ult,x)) — ¢/ (E(t, 2)))wde =N — 62 700=X) — dyyPgemrle=X0),

We distinguish three cases:
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o if{(t,x) < —C, one has Ko —5/2 < ¢(£(t,x)) < Kz by (4.44), hence Ka+26 > u(t,z) > Ky—§/2;
it follows from (4.43) that fa(p(E(t,x))) — f (@t x)) > —(f3(K2)/2)(5e 00X 4 gemnlz=X1)
and it then can be deduced from (4.42)—(4.43) as well as the negativity of ¢’ and f5(K3) that

Nu(t,z) > —L(K” (56_5(t_X1) + 56_“(:”_)(1)) — §2e700=X1) _ d2,u25e_"(m_xl)
= 2
_(_ [a(K2) Sot-x) . ( Fa(E2) o\ ueex1) o
(L. P PR (. R P

e if £(t,z) > C, one derives 0 < ¢(£(t,x)) < & by (4.44), and then 0 < u(t,z) < 39; it follows
from (4.43) that fo(e(E(t,))) — fo(T(t,x)) > —(f5(0)/2) ((56*5(“)(1) + Je— =X )) by virtue
of (4.42)—(4.43) and the negativity of ¢’ and f5(0), there holds

Nt z) > _ f3(0) <5€—6(t—X1) 4 5e—u(x—X1)> _ §2e0-X0) _ gy 25— na=X1)
’ - 2

_(_ 130 —5(t—X1) f5(0) 2\ s —p(e—X1) < (.
_<—T—5>(5e —i—(—T—dg,u)(Se > 0;

o if —C' < &(t,x) < C, it turns out that z — X; > cp(t—X1) —we 00X) 4+ A > o (t— X1)+ B,
whence e #(#=X1) < g=m(2(t=X1)+B) By (4.43) and (4.45)—(4.47), one infers that

Nu(t,z) > — max |f2‘<5676(t X ge—rla— X1)>+/<cw56 0t=X1)_ 52— 0(t=X1)_ g, 2 5o~ 1(==X1)
[0K2+26

_5— —0(t—X1) _ 2\ ¢ —p(c2(t—X1)+B)
> (o =0~ max [75])oe (ma,, 131+ dop?)de

(/{w—25— max | f3 |> —0(t=X1) >,
(0,220

As a consequence, we have proved that Na(t,x) := u(t, ) — dolaz (¢, ) — fo(u(t,z)) > 0 for all
t > X; and ¢ > X;. The maximum principle implies that

u(t,z) <u(t,z) = ¢z — X1 — e2(t — X1) + we X1 _ A C) + e 0= 4 gemnl@=X)
for all ¢t > X and = > X, whence (4.40) is achieved by taking 73 = X; and 21 = - X1 —w - A - C,
since ¢ is decreasing.

Step 2: proof of (4.41). Since p(z) — K2 as x — +o00 by (4.38), there is X5 > 0 such that |p(z) — K3| <
0/2 for all x > Xy. Moreover, since liminf; , - u(¢,-) > p locally uniformly in € R by (4.37), one
can choose Ts > 0 so large that

)
u(t,x) > p(x) — B > Ky — ¢ forall t > T, and for all x € [X2, X2 + B + 2C]. (4.50)

For t > T and = > X3, we set
u(t, ) = $(E(t, ) — e dU=T2) _ gemnlz—X2),

in which

tz) =2 — Xog—co(t —T3) — we =T Ly B C.
We shall check that u(¢,x) is a subsolution to us = dotgz, + fo(u) for all t > T and x > Xs. At time
t = Ty, one has u(Ty,z) < Ky — 6 — Je He—X2) < K, § < u(Ty,x) for Xo <z < X9+ B+ 2C due
0 (4.50). For x > Xo+B+2C, since {(Ts,x) > Xo+B+2C—~Xo—B—C = C, one has ¢({(T3,z)) < 0
by (4.44), hence u(Ty,x) < § — 6 — de #*=X2) < 0 < w(Ty,z). In conclusion, u(Ty,z) < u(Ty,x) for
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all z > X5. At © = Xo, one sees that u(t, Xo) < Ko — de0t-T2) _ 5 < u(t, Xo) for all t > T5, owing
0 (4.50). Tt thus suffices to check that Nu(t,x) := u, (¢, ) — dou,,(t,x) — fo(u(t,z)) <0 for all t > Th
and z > Xo. By a straightforward computation, one has

Nu(t,z) = fo(@(E(t.2)) = Falult,2)) + @' (§(t, 2)wde 1) 4 526707 4 dypPoemhle =)
By analogy to Step 1, we consider three cases:

o if {(t,7) < —C, then Ky —6/2 < ¢p(§(t,x)) < Kz by (4.44) and thus Ky > u(t,z) > Ky — 36;

thanks to (4.43), one has fg(¢(§(t,x))) — fo(u(t,z)) < (fé(Kg)/Q)(ée_‘s(t_TZ) + 56_“(“”_)(2));
therefore, by using (4.42)—(4.43) as well as the negativity of ¢’ and f5(K?2), it comes that

Nu(t,z) < L(IQ) (56_5(t_T2) + 56_“(1_)(2)) + §2e0-T2) d2,u25e_“(m_x2)

<f2(K2) +5>5 —5(t—T) <f2(

) —p(z—X2) .
5 + dop )(56 < 0;

2

o if {(t,7) > C, then 0 < ¢({(t,x)) < 6 by (4.44) and thus —26 < u(t,x) < §; it follows from (4.43)
that fo(o(£(t,2))) — fa(u(t,z)) < (f4(0)/2)(6e00=T2) 4 e=r(==X2)): therefore, owing to (4.42)—
(4.43) as well as the negativity of ¢’ and f5(0), one infers that

Nu(t,z) < L(O) ((5675(1‘/77“2) + (567“(367)(2)) + §2e00-T2) 4 d2/t25e*“(mfx2)

<f2( )+5)5 —5(t—T5) <f2< )+d " >5e—u(ac—X2) <0

o if —C < ¢(t,r) < C, one has z — Xo > co(t —To) +we =12 — 4+ B> ¢y(t — Tp) —w + B,
whence e #(#=X2) < g=ple2(t=T2)+B-w). by (4.43) and (4.45)—(4.47), one deduces that

Nu(t,z) < max |/ |(5e—5<t 2) 4 gemia— x2>)_M;e_a(t_n)+526_5(t_T2) +dop25eHE=X2)

72]

< (e 75— o 0) e 4 (

25, max Ifél+d2u2)5e—ﬂ<02<t—T2)+B—w)
2

[—26,K2)]

< - 3(t-T2) <,
({r&ax | 5] mu—l—2(5>(5e <0

Consequently, one has Nu(t, z) := w, (¢, ) — dou,, (t, ) — fo(u(t,z)) < 0 for all t > T and x > Xo.
The maximum principle implies that

u(t,z) > u(t,z) = ¢z — Xo — co(t — Tn) — we 0T 4y B — C) - 5e0t=T2) _ gemnl@—X2)

for all t > Ty and x > Xo. Therefore, (4.41) is proved by taking zo = — X3 +w — B — C, since ¢ is
decreasing. The proof of Lemma 4.4 is thereby complete. O

More generally, we have:

Lemma 4.5. Under the assumptions of Theorem 4.3, for any € > 0, there exist X1, > 0, Xo. > 0,
Tie>0,T50 >0, 21 € R and 22 € R such that

u(t,z) < plx —ca(t —Tie) + 216) + ge0Te) 4 g r@=X1e)  for gll t > Tie and v > X1, (4.51)
and
u(t,z) > ¢z —ca(t —Toe) + 22¢) — ge 0t Toe) _ gomm@=X2e)  for gll t > Tre and v > Xo ., (4.52)

with the same parameters § > 0 and p > 0 as in Lemma 4.4.
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Proof. Let p > 0,0 >0, C >0, k>0 and w > 0 be defined as in (4.42)—(4.46) (notice that these
parameters are independent of €). It is immediate to see from Lemma 4.4 that, when € > §, the
conclusion of Lemma 4.5 holds true with X; . = X;, T; . = T} and 2; . = z;, for ¢ = 1,2. It remains to
discuss the case

0<e<d.

For convenience, let us introduce some further parameters. Pick C. > 0 such that
€
¢ > Ky — 3 in (—oo,—C¢] and ¢ < ¢ in [C;, +00).

Define

we 1= > 0. (4.53)

Finally, let B. > w. be large enough such that

!/ d 2) —ubBe < ( !/ d 2) —M(Be—ws) < (5
([,ggfgﬁzﬂ\fﬂ-i- 2p” e [72§?I?Q)i25}\f2|+ 21 e <

Step 1: proof of (4.51). By repeating the arguments used in the proof of (4.48)—(4.49) in Step 1 of
Lemma 4.4 and by replacing 6 by ¢, there is X; . > 0 such that u(t, X;.) < Ky +¢/2 forall t > X, .
and w(Xic,2) < plx — X1 — A. — C.) + ¢ for all x > X ., for some A. > B.. Define

Uo(t,x) = p(E.(t,x)) + ee 0 X1e) Lcem@=X1) for ¢ > X, and 2 > X .,
where
() =2 — Xie—ct—Xieo)+ wae*‘s(t*X“) —we — A — C..

Following the same lines as in Step 1 of Lemma 4.4, one has (X1 ., 2) > w(X1c,z) for all 2 > X .,
Ue(t, X1c) > u(t,X1.) for all ¢ > X ., and it can be deduced that u.(¢,x) is a supersolution to
ur = dolgy + fo(u) for all t > X, and o > X ., by dividing the calculations into three cases:
E(t,z) < —C, E.(t,r) > C and £.(t, ) € [-C, C]. Therefore, the maximum principle implies that

u(t,z) < ¢p(o — Xio — ot — X1 o) + wee 3t X1e) A, — C:) + ge70=X1e) | gemnl@—Xie)

for all t > X; . and > X .. Consequently, (4.51) follows by choosing 21, = —X; . —w. — A; — C-.
Step 2: proof of (4.52). Using the same argument as for the proof of (4.50) with § replaced by &, one
infers that there exist Xo, > 0 and 75, > 0 such that

u(t,z) > Ko —¢e forallt > T, and x € [Xo., Xo o + B: + 2C.].
Then we set

uc(t, x) = ¢(§_(t, ) — ce 0 Toe) _ gomm@=X2e)  for ¢ > Tr. and x > X,

in which
E(tx)=0—Xoe—ca(t —Toe) — w56_6(t_T2’5) +w, — B: — C..

2

As in the proof of (4.41), one can show that u (Th ., x) < u(Th., ) for all z > X ., that u (t, X2.) <

u(t, Xo ) for all t > Ty, and that u(t,z) is a subsolution of w; = daug, + fo(u) for all t > Th . and
x > Xg.. By the maximum principle, one derives that

u(t,z) > ¢(z — Xoe — ot — To) — wee 0tToe) Ly — B, — C:) — ge 0t The) _ gompl@—X2e)

for all ¢ > Ty . and > X5 .. Then (4.52) follows by taking zo . = —Xa . + w. — B: — C¢, since ¢/ < 0.
The proof of Lemma 4.5 is thereby complete. O
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Based on Lemmas 4.4 and 4.5, we now provide the stability result of the bistable traveling front in
patch 2.

Lemma 4.6. Assume that (2.4)—~(2.5) hold and that f0K2 fa(s)ds > 0. Let n>0,>0,C>0,x>0

and w > 0 be as in (4.42)—~(4.46) in the proof of Lemma 4.4. Then there exists M > 0 such that the
following holds. If there are € € (0,9], to > 0, 9 > 0 and £ € R such that

sup |u(to, ) — ¢p(x — cato + &)| < e, (4.54)
r>x0

Ky —e <u(t,rg) < Ko+ % for all t > 1y, (4.55)

€

¢(xg — cato + &) > Kz — 2

and

/ d 2) —m(ezto—zo—we—6—C) 5 4.56
([_2332125} | fol + dap” )e < (4.56)

with we = ew/§, then

sup }u(t, x) — ¢(x — cot + §)} < Me for all t > ty.

r>x0

Proof. Let > 0,9 >0, C >0, k> 0and w > 0 be as in (4.42)-(4.46), and let € € (0,6], to > 0,
xzo > 0 and £ € R be as in the statement, with w. = cw/J, as in (4.53). We claim that

U(t,z) = gl — cot +we 20 — (. 4 €) 4 ge9(t0) 4 gemrl@—20)

and
u(t,x) = ¢p(x — cot — wee 0010 4 4 &) — ge0(t=t0) _ go—nlz—w0)

are, respectively, a super- and a subsolution of u; = dauz, + fo(u) for t > to and x > xy. We just check
that u(t, ) is a subsolution in detail (the supersolution can be handled in a similar way).

At time t = to, one has u(to, z) = ¢p(x — cato + &) — & — ee M@720) < y(ty, x) for all 2 > xo thanks
to (4.54). Moreover, u(t, zg) = ¢(xg—cat—wee 0E—0) 4y 4 &) —ge0(10) ¢ < Ky—e < u(t, x) for all
t > to, owing to (4.55). It then remains to show that Nu(t, z) := u,(t, x) — dawg, (t, ) — fa(u(t,z)) <0
for all t > ty and x > zy. For convenience, we set

E(t,x) :==x — cot — wee 00t0) 4y g

By a straightforward computation, one has
Nu(t,z) = f2(d(E(t,2))) — fo(ul(t, ) + ¢ (E(t, x))wede2U10) 4 ehe=0=t0) 4 gy 2eer(@=0),
There are three cases:

o if {(t,7) < —C, then Ky —6/2 < ¢(§(t, 7)) < K3 by (4.44), hence Ky > u(t,z) > Ko —9/2—2¢ >
Ky — 36; therefore, by using (4.42)—(4.43) and the negativity of ¢’ and f5(K?2), it follows that

f3(K>)
2

) /
_ (f2(21{2) + 5)66—6(16—1&0) + <J02(2[@ + d2ﬂ2)8e—u(m—mo) <0;

Nu(t,z) <

<5e*5(t*t°) + 567“(5’3*5‘0)) + e0e0=10) 4 gy 2eeH@—0)
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o if {(t,7) > C, then 0 < ¢({(t,z)) < 6 by (4.44) and thus —2§ < —2e¢ < u(t,z) < J; therefore,
owing to (4.42)—(4.43) as well as the negativity of ¢’ and f}(0), it follows that

!
Nu(t,z) < f2;0) (ge—su—to) n ge—ﬂ(x—x0)> tebeBt=t0) gy 2cenla—a0)

(fQ( )+5) (t~to) <f2(0)+du) “hle=0) < g

o if —C < {(t,z) < C, one has x — xg > co(t — to) + cato — 20 + wee 0t . — ¢ - C >
co(t—to)+cato— 0 —w. —E —C', hence e~ #@—0) < g=hlea(t—to)+eto—wo—we—£=C). gince w, = ew/d,
one infers from (4.43), (4.45)-(4.46), and (4.56), that

< / —(t—to) —p(x—zo) | _ —(t—to) —6(t—to) 2 ,—p(z—x0)
Nu(t,z)< [—2?}?2}126] | f5] <ee +ee ) Kwede +ede +dop‘ce

(=26, K2426] (=26, K 2426]

< I 76(t7t0) < .
< <[—2§,HI?2§26] | fo| — Kw + 25) ge <0

Eventually, one concludes that Nu(t,z) := u,(t,z) — dou,,(t,x) — fo(u(t,z)) < 0 for all t > ¢
and x > xg. The maximum principle implies that

u(t,z) > ¢(x — cot — wee 0=t0) 4y 4 §) — ge™0(t7t0) _ ggmn(z—m0)
for all t > tg and x > zg. For these t and z, since ¢’ < 0, one derives that
u(t, z) > ¢(x — cat + we + &) — 28 > d(x — cat + &) — we||¢[| oo (m) — 2¢.

Similarly, using especially that

ma. )|+ d 2)6—M(Czto—xo—§—6’) < ( ma '+ d 2>e_ﬂ(02t0—xo—wa—§—0) )
<[,257K2)125] | fol + dap =\ L o | fol + dap <

by (4.56), one can also derive that u(t,z) < u(t,x) = ¢(z — cot + wee™0E00) — . + &) +ee70t0) 4

@=20) for all ¢ > to and x > xg, hence

867#(
u(t,r) < p(x —cot —we + &) + 26 < Pp(x —cot + &) + wEHgZ)/HLoo(R) + 2¢.

In conclusion, one has

sup |u(t,z) — ¢(x — ct + )| < we|| ¢/ || e (r) + 26 = Me for all t > to,

r>x0

where M := Well@'[| ooy /€ + 2 = W[ || Loo(m) /0 + 2 is independent of ¢, tg, xo and £. The proof of
Lemma 4.6 is thereby complete. O

Now we are in a position to complete the proof of Theorem 4.3.

Proof of Theorem 4.3 (continued). Let X1 > 0, X9 > 0,71 > 0, Ty >0, 21 € R, 20 € R, p > 0
and 6 > 0 be as in Lemma 4.4, and let also C' > 0 be as in (4.44) in the proof of Lemma 4.4. For
t > max(7Ty,T») and z > max(X;, X»), there holds

Pz — co(t — Ty) + 29) — de 0=T2) _ so—mle—X2)

4.57
<u(t,z) < ¢p(x —co(t — T1) + 21) + 6e 0T 4 ge—nlz=X1), (4.57)
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Consider any given sequence (t,)nen such that ¢,, — 400 as n — +o00. By standard parabolic estimates,
the functions
(t> y) = un(ta y) = u(t +in,y+ CQtn)

converge as n — —+00 up to extraction of a subsequence, locally uniformly in (¢,y) € R x R, to a
classical solution us of (Uso)r = d2(Uoc)yy + f2(tes) in R x R. From (4.57) applied at (¢ +t,,y+ caty),
the passage to the limit as n — 400 gives

Oy — ot —To) + 22) < uso(t,y) < @y — ca(t —Th) + 21) for all (¢,y) € R x R.

Then, [6, Theorem 3.1] implies that there exists & € R such that us(t,y) = ¢(y — cot + &) for all
(t,y) € R x R, whence

un(t,y) = oy — cot + &) as n — +oo, locally uniformly in (¢,y) € R x R. (4.58)
Consider now any € € (0,0/3]. Let A. > 0 be such that
¢ > Ky — % in (—oo, —A.] and ¢ < % in [Ac, +00). (4.59)

Set F7 := max (A6 — Ty — 21, A — §) and Fy := min(—A; — coT — 29, — Az — {) < FEq. Then, it can
be deduced from (4.58) that

sup  |un(0,9) — ¢(y +&)| < e for all n large enough. (4.60)
Ey<y<E:

Since t, — +00 as n — +00, (4.57) and (4.59) imply that, for all n large enough,

0<unp(0,y) <e for all y > Fn,

Ky —e <up(0,y) < Ky+¢e forall By — %tn <y < Es.
Furthermore, since F1 > A, — £ and Ey < —A, — &, one has

0<opyt+&) <o <e for all y > E,
2 (4.62)
K2—€<K2—§§¢(y+§)<K2 for all y < E».

Then (4.61)—(4.62) imply that, for all n large enough,
‘un(O,y) — oy + f)‘ <2 forallye [Eg - %Qtn,Eg U [E1, +00).
Together with (4.60) and the definition of u,(t,y), one has, for all n large enough,
|[u(tn, ©) — ¢p(x — cotn + &)| < 26 forall z > Fy + %Qtn. (4.63)

On the other hand, one infers from Lemma 4.5 that, for all n large enough,

Ky —3e < ¢p(x — oty — Toe) + 22¢) — g 0tn—Tae) _ ompla—Xae) < u(ty, )
< (@ — oty — Tie) + 210) +eeOn=The) 4 gemnle=X1e) < K,y 4 2¢, (4.64)

for all max(Xy, X9, X1, Xo.) < & < Ey + ¢ty /2, where X1, > 0, Xoo > 0, T1 . > 0, Tp. > 0,
21, € R and 22, € R were given in Lemma 4.5. Notice also that, for all n large enough,

Ky —e < ¢(x — caty + &) < Ky for all max(Xy, Xo, X1, Xo.) <o < By + %Qtn. (4.65)
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From (4.64)—(4.65) one deduces that, for all n large enough,

|u(tn,w) — ¢(x — caty, + §)| < 3e for all max(Xy, X9, X1.,Xo.) <o < Ey+ %Qtn.

Together with (4.63), one derives that, for all n large enough,
’u(tn,:c) — ¢(x — coty + §)| < 3e for all z > max(Xy, X2, X1, Xo.).

Furthermore, due to (4.37)-(4.39), there is z. > max(X;, X2, X1, Xo.) such that, for all n large
enough,
3
Ky —3e <u(t,z.) < Ko+ g for all t > t,,

and

3e
— oot > - = ( / d 2) —p(eatn—we—3ew/6—€—C) 5.
Pae —catn + ) 2 Kz — A | fol + dap” )e <

It then follows from Lemma 4.6 (applied with ¢y = ¢, xg = x. and 3¢ instead of ¢) that, for all n large
enough, .
lu(t,z) — ¢p(z — cat + &)| < 3Me for all t > ¢, and = > z,

with M given in Lemma 4.6. Since ¢ € (0,9/3] was arbitrary, one finally infers that

sup  |u(t,x) — ¢(x —cot + &) - 0 as A — +oo.
t>A, x> A

This completes the proof of Theorem 4.3. O
Finally, we are in a position to prove Theorem 2.12.

Proof of Theorem 2.12. Fix any n > 0 throughout the proof. For some L > 2 (which will be fixed
later), let z, > L/2 > 0 and denote by uy, the solution of the Cauchy problem (1.1) with initial datum

0.) 0+n infzp—L/2+ 1,2, +L/2—-1],
ur(0,-) =
g 0 in R\ (z, — L/2,2 + L/2),

and ur(0,-) is affine in [z — L/2,2;, — L/2+ 1] and in [z + L/2 — 1,21 + L/2]. Tt follows from local
parabolic estimates that, for any A > 0,

ur(t,z) = ((t) as L — +oo locally in ¢ > 0, uniformly in = € [z — A,z + 4], (4.66)

where ( is the solution of the ODE ¢'(t) = f2({(t)) for t > 0 with initial datum ((0) = 6+n. Let R > 0
and ¢ € C?([~R, R]) be as in Lemma 4.2, and pick ¢ € (0, K2 — ¢(0)). Since ¢(t) — K3 as t — +o0
by (2.5), it follows that there is T > 0 such that ((T") > ¢(0) + . By (4.36) and (4.66), one can then
choose L € (max(2R,2),+o00) sufficiently large such that, for every x; > L/2,

ur(T,-) > ¢(T) —e>y(0) > (- —xr) in [z, — R,z + R].

Let now u be the solution to (1.1) with a nonnegative continuous and compactly supported initial
datum wuy # 0 satisfying ug > 047 in an interval of size L included in patch 2, say (x; — L/2,z1+ L/2)
for some xy, > L/2 (thus, 7 > R). The comparison principle then gives that

w(T,-) >ur(T,:) >¥(0) > (- —xr) in [z — R,z + R].

The conclusion of Theorem 2.12 then follows from Proposition 2.4 and from Theorem 4.3 applied with
initial datum (- — x1) (extended by 0 outside [z, — R,z + R]). O
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We finally turn to the proof of Theorem 2.13. For the proof of the propagation with speed zero
when fy has zero mass over [0, K], in order to get the property (2.11), we especially show and use the
stability of the large-time limit of solutions of some auxiliary problems.

Proof of Theorem 2.13. Assume that (2.4)—(2.5) hold with fOK2 fa(s)ds > 0, and that there is no
nonnegative classical stationary solution U of (1.1) such that U(—o0) = K1 and U(+00) = 0. Proposi-
tion 2.9 implies in particular that Ky > 6, and Proposition 2.10 yields the existence and the uniqueness
of a positive classical stationary solution V' of (1.1) such that V(—o0) = K; and V(400) = Ko. Fur-
thermore, V' is monotone (and even strictly monotone if K # Ko, from the proof of Proposition 2.10).

Let u be the solution to the Cauchy problem (1.1) with a nonnegative continuous and compactly sup-
ported initial datum ug # 0. Proposition 2.4 implies that 0 < u(t,z) < M := max(K1, K2, [[uol| Lo (r))
for all t > 0 and z € R.

Let v and w be as in the beginning of the proof of Theorem 2.7, namely: 1) v is the solution to the
Cauchy problem (1.1) with initial datum v(0,-) = n¥(- —2z9) < u(1,-) in R for > 0 small enough and
for any arbitrary g < —R, where R > 0 and ¥ are given as in (4.1)—(4.2); and 2) w denotes the solution
to (1.1) with initial condition w(0,-) = M in R. Proposition 2.4 implies that 0 < v(t,z) < u(t+1,x) <
w(t+1,2) < M for all t > 0 and x € R. Moreover, as in the proof of the first part of Theorem 2.6, v is
increasing with respect to ¢t and w is nonincreasing with respect to ¢ in [0, +00) x R. From the parabolic
estimates of Proposition 2.3, v(¢,-) and w(t, -) converge as t — 400, locally uniformly in R, to classical
stationary solutions p and ¢ of (1.1), respectively. Moreover, there holds

0 < p <liminfu(t, ) <limsupu(t,-) < ¢ < M, (4.67)

t—+o0 t—+o00
locally uniformly in R. From the proofs of Proposition 2.5 and Theorem 2.7, it is seen that
p(=00) = ¢(—00) = K. (4.68)

In the following, we wish to show that p = ¢ =V in R and p(+00) = g(+00) = Ks. First of all,
since p and ¢ are bounded and fo satisfies (2.5), one infers that

limsup p(x) < Ky and limsup ¢(z) < Kb. (4.69)

r——+00 Tr—-+00

Let us now prove that p is stable in (0, +00) in the sense that

+o0
/ dol¢'* — f3(p)¢* 2 0, (4.70)
0

for every o € C1((0,400)) with compact support included in (0, +c0). In fact, we first notice that the
function v satisfies

0 <wv=da(v—p)az + fo(v) — fo(p) for all t >0 and x > 0.

For any given ¢ € C!((0,+00)) with compact support included in (0,+o00), multiplying the above
equation by the nonnegative function ¢?/(p—uv(t,-)) at a fixed time ¢ > 0 and integrating over (0, +00)

yields
T it 0’ ~ flt) = ()
o< [ oot e (G=55y) - e e
_ [t (p—v(t,)ape’ |0 —v(t,)al?¢®\  folo(t,)) = f2(p) o
_/0 d2 <2 p—U(t, ) (p_v(ta'))2 > 'U(t,-) - P 4
teo e fa(u(t ) = fo(p) o
<[ kel B



Since v(t,-) — p as t — +oo locally uniformly in R, passing to the limit ¢ — +oo yields (4.70).

Next, we show that p(+00) = K». Assume first that p has two critical points a < b € [0, 4+00), that
is, p'(a) = p'(b) = 0. By reflection, the function z1 := p(2b — -) satisfies doz{ + fo(z1) = 0 in [b,2b — a],
with z1(b) = p(b) and 2{(b) = p/(b) = 0. The Cauchy-Lipschitz theorem implies that z; = pin [b, 2b—a.
Thus, p(2b — a) = p(a) and p’(2b — a) = 0. With an immediate induction, one infers that p is periodic
in [a,+00). Together with (4.67) and (4.69), one gets 0 < p < K3 in [a,+00). But the nonconstant
stationary periodic solutions of (1.1) in (0,+o00) are known to be unstable. Hence, p is constant
in [a,+00). However, since f5(6) > 0, the constant solution € is unstable as well. Finally, p = K>
in [a, +00) and then in [0, +00) by the Cauchy- Llpschltz theorem, and thus K1 = K and p = K1 = Ky
in R (indeed, as in the proof of Proposition 2.5, p’ is either of a constant strict sign in (—oo0,07], or
identically equal to 0 in (—oo,07]). Therefore, either p is constant (and p = K; = K3 in R), or p has at
most one critical point in [0, +00). The later case implies that p is strictly monotone in, say, [B, 4+00)
for some B > 0 large. Hence, p(400) exists, with p(+o0) € {0, 60, K2}. Since p(4+00) # 6 (because p is
stable) and since there is no stationary solution U of (1.1) connecting K; and 0, it follows that

p(+00) = Ko.

Together with (4.68), one concludes that p = V' in R in all cases. As a consequence, (4.69) and the
inequality p < ¢ given by (4.67) imply that ¢(4+00) = K3 and then
g=V =p inR.
The desired conclusion (2.11) is therefore achieved, due to (4.67).
By using (2.11) and the fact that V(+o00) = K2 > 0, the property (i) of Theorem 2.13 (in the case
f0K2 fa(s)ds > 0) can be derived from Theorem 2.12 and a comparison argument.
It now remains to prove property (ii), that is, we assume now that fOK2 fa(s)ds = 0. Our goal is

to show that sup,>. u(t,z) — 0 as t — +o0 for every ¢ > 0. So let us fix ¢ > 0 in the sequel. For
e € (0,(Ky —0)/2), let fa. be a C}(R) function such that

f2(0) = foc(0) = fae(Ka+¢) =0, f5.(0)<0, fy.(K2+¢)<0,
fg76 = f2 n (—OO,KQ — 6), f275 > 0in (H,KQ + 6), f275 < 01in (KQ + ¢, —l—OO).

We can also choose fa . so that fo. > fo in R, so that fs . is decreasing in [Ky — ¢, K2 +¢], and so that

the family ( ([0,K2+¢])Jo<e<(K2—6)/2 is bounded. Notice that, necessarily, f0K2+8 fa(s)ds > 0. For
each ¢ € (0, (K2 —0)/2)), let ¢ be the unique traveling front profile of u; = dauzy + fo2(u) such that

d2¢/5, + 62,5¢5 + f?,s((ﬁs) =0in R, ng <0in Ra ¢5(0) = (9, ¢5(*OO) =Ko+ €, ¢5(+OO) =0,

with speed cp. > 0. It is standard to see that ¢. — ¢ in CfOC(R) and cg. — 0 as ¢ = 0. We
can then fix ¢ € (0, (K2 — 6)/2) small enough such that 0 < ca. < ¢. As in the proof of (4.31)-
(4.32) in Theorem 2.11, there is then X > 0 such that u(t,z) < Ko +¢/2 for all t > X and z > X.
Since u(t, x) has a Gaussian upper bound as © — 400 at each fixed ¢ > 0 by Lemma A.1, whereas ¢.(s)
has an exponential decay (similar to (2.7)) as s — +o0, it follows that there is A > 0 such that
w(X,x) < ¢e(x — o X —A) for all z > X, and u(t,X) < ¢o(X —coct — A) for all t > X (we also
here use the fact ca . > 0 and ¢.(—00) = Ko +¢). Since fa > fo in R, the maximum principle implies
that 0 < u(t,x) < ¢e(x —cat — A) for all t > X and = > X, hence sup,~. u(t,z) = 0 as t = +oo,
since ca. < ¢ and ¢.(400) = 0. This completes the proof of Theorem 2.13. O

5 The bistable-bistable case

In this section, we only outline the proofs in the bistable-bistable case (2.13), since most of the argu-
ments are similar to those of the preceding section. However, the main novelty is the extinction result
in the case of reaction terms f; having negative masses over [0, K;]. We start with this case.
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Extinction in the case of reactions with negative masses

Proof of Theorem 2.14. We here assume that fo fi(s)ds < 0 for i = 1,2. Let u be the solution to the
Cauchy problem (1.1) with a nonnegative continuous and compactly supported initial datum ug #Z 0.
Set M :=max (K1, Ky, |lug|| 1o(r)) +1. As in the proof of part (i) of Theorem 2.11, for each i € {1,2},
since f; satisfies (2.5) with fo fi(s)ds < 0, there is a C*(R) function f; such that f, > f; in R, f;(0) =
F.0) = fl< ) = 0, 71(0) < 0, Fi(M) < 0, F; > 0 in (—00,0) U (85, M), F; < 0 in (0,0,) U (M, +ox),
and fo s)ds < 0 (it is even possible to choose f; so that f; = f; in (—oo, K; — 4] for some
small § > 0). There is then a decreasing front profile ¢; solving (2.6) with f; and M instead of fy
and Kz, and with negative speed ¢; instead of ca. Since ¢;(—00) = M > max(K7y, Ka, [|uo||r(r))
and wug is compactly supported, one can then choose two positive real numbers A; and A, so large that

ug(r) < ¢y (—x — Ap) for all x <0, wup(z) < do(x — Ag) for all 2 >0, and ¢ (—A1) = do(—A2).

Let @ be the solution to (1.1) with reactions f; instead of f; and with initial datum % given by

B 51(—:6—/11) if x <0,
() = { © |
do(x — Ag)  ifx>0.

The comparison principle of Proposition 2.4 implies that
0 <wu(t,x) <u(t,xz) for all t >0 and = € R. (5.1)

Furthermore, since ¢; < 0 and 5; < 0 in R for each ¢ = 1,2, it follows that the time-independent
function v equal to v(¢, x) := Tp(x) in [0, +00) X R is a supersolution of (1.1) (with reactions f; instead
of f;) in the sense of Definition 2.2. Then, as in the proof of the first part of Theorem 2.6, one has

u(t,x) < up(z) for all (t,x) € [0,400) x R (5.2)

and @ is nonincreasing with respect to ¢ in [0,4+00) x R. Together with the parabolic estimates of
Proposition 2.3, there is then a nonnegative classical bounded stationary solution p of (1.1) (with
reactions f; instead of f;) such that u(t,z) — p(z) as t — +oo locally uniformly in 2 € R. The
inequalities (5.1)—(5.2) also imply that p(+o0) = 0 and that u(t,-) — p as t — +oo uniformly in R.
Let us finally show that p = 0 in R, which will lead to the desired extinction result. Assume by
contradiction that p #Z 0. Since p is nonnegative continuous and converges to 0 at +o0o, there is then
xo € R such that p(zg) = maxg p > 0. If 29 > 0, then the integration of the equation dap” + fo(p) = 0
against p’ over the interval [zg, +00) yields fop (ZO)?Q(S)dS = 0, which is impossible from the choice
of f,. The case g < 0 is similarly ruled out. Therefore, o = 0 and the interface conditions at 0
then imply that p’(0%) = 0 and the integration of the equation dop” + fo(p) = 0 against p’ over the
interval [0, +00) leads to the same impossibility. As a conclusion p = 0 in R and the inequalities (5.1)
and the uniform convergence of u(t, ) to p = 0 as t — +oo imply that [u(t, )| e®) — 0 as t — +oo.
The proof of Theorem 2.14 is thereby complete. O

Stationary solutions connecting K7 to 0, and K; to K>

Proof of Proposition 2.15. (i) Suppose that U is a positive classical stationary solution of (1.1) such
that U(—o0) = K1 and U(+o0) = 0. From the strong maximum principle and the Hopf lemma (or
the Cauchy-Lipschitz theorem), it follows that U > 0 in R. Multiplying d;U” + f1(U) = 0 by U’ and
integrating by parts over (—oo, z| for any z < 0 yields

di o — 2 K
?(U (7)) = fi(s)ds > 0. (5.3)



Then, we claim that

either U > K7 in (—o00,0] and U’ > 0 in (—o0,07],
or U< Kjin (—00,0] and U’ < 0 in (—o0,07], (5.4)
or U =K in (—00,0].

To prove (5.4), we first show that either U — K has a strict constant sign in (—o0,0] or U = K in
(—00,0]. Indeed, if there is x9 < 0 such that U(zg) = K, then (5.3) implies U’'(z;) = 0 and the
Cauchy-Lipschitz theorem then yields U = K in (—00,0]. Assume now that U — Kj has a strict
constant sign in (—oc,0]. Then in (5.3) the integral is positive from the assumption on fi, hence U’
has a strict constant sign in (—oo0,07]. Our claim (5.4) follows, since U(—o0) = K;. The argument in
patch 2 is exactly the same as the one in the proof of Proposition 2.8, thus completing the proof of
part (i) of Proposition 2.15.

(ii) The proof of (ii) is an adaptation of the proof of Proposition 2.9, with the fact that the function
v nyl f1(s)ds is continuous in [0, K], vanishes at K7, is positive in [0, K1), due to the positivity of
fOKl f1(s)ds, here. The rest of the proof is identical to that of Proposition 2.9.

(iii) The proof of (iii) follows the same lines as the proof of Proposition 2.10. O

Blocking phenomena

Proof of Theorem 2.16. It is exactly as that of part (i) of Theorem 2.11 if fOK2 fa(s)ds < 0. In the

case fOK2 fa(s)ds = 0 and K; < Kj, let w be the solution of (1.1) with initial datum wy = M :=
max (K, [[upl|Loo(r)). As in the proof of the first part of Theorem 2.6, the function w is nonincreasing
with respect to ¢ in [0, 4+00) x R and there is a nonnegative classical stationary solution ¢ of (1.1) such
that w(t,-) — g as t — +oo0 locally uniformly in R, with 0 < ¢ < M in R. Since fi2 < 0in (K2, +00),
one gets that limsup, , . ¢(x) < K and limsup,_,, ., ¢(x) < K3 and, since f; < 0 in (Ki,400) D
(K2, +00), one easily infers that supgp ¢ < K3 and even ¢ < K3 in R. Next, properties (4.30)-(4.31)
and (4.33) hold and the rest of the proof is identical to that of part (ii) of Theorem 2.11. The other
cases can be handled as in the proofs of parts (iii) and (iv) of Theorem 2.11 (since those proofs did
not use the specific KPP assumption in patch 1). O

Propagation with positive or zero speed

Parallel to Lemma 4.2 and Theorem 4.3, which lead to the proof of Theorem 2.12, we have the following
results.

Lemma 5.1. Assume that (2.13) holds and there is i € {1,2} such that fOKi fi(s)ds > 0. Then there
exist R; > 0 and a function ; of class C*([—R;, R;]) such that

! + fa(hi) =0 in [—R;, Ril,
0 <19 <K; in [—R;, Ril,
Vi (£R;) =0,

i =i 0;.
[_n]%%i]w ¥i(0) >

Theorem 5.2. Assume that (2.13) holds and there is i € {1,2} such that fOKi fi(s)ds > 0. Let
R; > 0 and ¢; € C*([—R;, R;]) be as in Lemma 5.1. Let u be the solution to (1.1) with a nonnegative
continuous and compactly supported initial datum ug Z 0. If ug > ¥;(- — x;) in [z; — R;, x; + R;] for
some |z;| > R; with the interval (x; — R;, x; + R;) included in patch i, then the conclusion of part (i) of
Theorem 2.17 holds true if i = 2 and property (2.16) of part (ii) of Theorem 2.17 holds true if i = 1.
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Proof of Theorem 2.17. Since part (i) of Theorem 2.17 and property (2.16) of part (ii) follow from
Theorem 5.2, while the last two statements of part (ii) of Theorem 2.17 (about the propagation in
patch 2) follow exactly as in the proofs of Theorems 2.12-2.13 once (2.15) is known, it remains to show
the large-time behavior (2.15) of u in part (ii).

So, let us assume that f0K1 fi(s)ds > 0 and f0K2 fa(s)ds > 0, and let u be the solution of (1.1)
with a nonnegative continuous and compactly supported initial datum ug Z 0. By Proposition 2.4, one
has 0 < u(t,r) < M := (K1, Ka, [[ug|| o (r)) for all £ > 0 and x € R. The arguments of the proof of
Theorem 2.12 also imply that, if n > 0 is fixed and if ug > 61 +7 in a large enough interval in patch 1,
then u(T,-) > ¥1(0) > Y1(- — 1) in [x1 — Ry, 21 + Ry] for some T' > 0 and x; < —Ry, where R; > 0
and ¢ € C%([~Ry, Ry]) are given as in Lemma 5.1. Let now v and w be, respectively, the solutions
of (1.1) with initial data v(0,-) = 11 (- — 1) (extended by 0 in R\ [x1 — R1,x1 + R1]) and w(0,-) = M
in R. Proposition 2.4 implies that

0<wv(t,z) <u(t+T,z) <w(t+T,z) <M forallt>0andzxeR.

Moreover, as in the proof of the first part of Theorem 2.6, v is increasing with respect to t and w
is nonincreasing with respect to ¢, in [0,+00) x R. By the Schauder estimates of Proposition 2.3,
v(t,-) and w(t,-) converge as t — 400, locally uniformly in R, to classical stationary solutions p and ¢
of (1.1), respectively. Therefore,

0 <p <liminfu(t,-) <limsupu(t,-) < g < M locally uniformly in R. (5.5)
t—+00 t—+o00

Theorem 5.2 then implies that v propagates in patch 1 with speed ¢; and (2.16) holds with v for some
&) € R instead of &. Hence, p(—o0) = Kj. Therefore, liminf, ,_ g(z) > K; and, since f; < 0 in
(K1,+00), one infers as before that limsup,_, . ¢(x) < Kj, hence ¢(—o0) = Kj. On the other hand,
one can show as in the proof of Theorem 2.13 that p is stable in (0, +00), whence p(+o00) = K3 from the
bistable profile of f» and the nonexistence of a stationary solution U of (1.1) such that U(—o0) = K;
and U(400) = 0. As a consequence, (2.15) follows from (5.5), with p being a positive classical stationary
solution of (1.1) such that p(—oc0) = K1 and p(+00) = Ka. Moreover, liminf, ,~ ¢(x) > Ks and, as
before, g(+00) = Ko. Finally, if Ky > K; > 09 or K1 > Ky > 0, then p = ¢ =V, where V is the
unique positive classical stationary solution of (1.1) satisfying V(—o0) = K; and V(400) = K>, given
by part (iii) of Proposition 2.15. The proof of Theorem 2.17 is thereby complete. O

A Appendix

In this appendix, we show Gaussian upper bounds for the solutions to the Cauchy problem (1.1)
with nonnegative continuous compactly supported initial data. We recall that the C'(R) functions f;
satisfy (1.2), and we call K any nonnegative real number such that

fi(s) < Ks and fa(s) < Ks for all s > 0. (A1)

Lemma A.1. Let Ly > 0, Ly > 0, and let u be the solution to the Cauchy problem (1.1) with
a nonnegative continuous and compactly supported initial datum wug satisfying spt(ug) C [—L1, Lo].
Then, with M := max(K1, K2, |[uol|L(r)) and K >0 as in (A.1), there holds, for all t >0,

_(@try)? _(e—Ly)?
u(t,z) < MeXte™ 30t for all 2 < —L1, and u(t,z) < MeXte™ %t for all x > Ly.

Proof. It is based on the comparison between u and the solution of certain initial-boundary value
problem defined in a half-line. We only do the proof of the first inequality, as the second one can be
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handled analogously. By Proposition 2.4, one has 0 < u(t,z) < M for all t > 0 and z € R. Let v be
the solution of the following initial-boundary value problem

v = d1Vgq, t>0, x <0,
v(0,7) = X[=1,,0(2), x <0, (A.2)
o(t,0) =1, t >0,

where x denotes the indicator function. With (A.1), the maximum principle yields
u(t,z) < MeXty(t,z) for allt >0 and z < 0.

To solve (A.2), we define w(t,z) := v(t,x) — 1 for t > 0 and < 0. Then w satisfies

wt:dlwzx, t>07 LUSO,
w(0,z) = _X(foo,flq)(x)? x <0,
w(t,0) =0, t>0.

For each t > 0, w(t, -) is then the restriction to (—oo, 0] of the function W (¢, -), where W solves the heat
equation W; = d; Wy, in (0, +00) x R with initial condition W (0, -) given as the odd extension of w(0, -),
that is W(0,2) = w(0,2) = —X(—oo,—1,)(7) if <0 and W(0,7) = —w(0, =) = X (1, +o0)(z) if > 0.
Denote by S the standard heat kernel, namely Sy (t,z) = (4wdit)~>/2e~="/4dD) for ¢ > 0 and z € R.
Then, for every t > 0 and = € R,

+o00 0
Wi(t,z)= / Si(t,x —y)W(0,y)dy = / (Si(t,z —y) = Si(t,z + y))w(0,y)dy.

— 50 —00

It follows that, for every ¢t > 0 and z < 0,

_(@=p)? _ (zty)?
w(t,x) =W(t,z) = ant — e adit | dy,

1 —h
- Vamrdit /—oo (e

hence

_E@=w)?  _(@tw)?
v(t,z) =1+w(t,z)=1— it —e At | dy

1 —h
Vamdit /oo <€

—z—L

z—L,
1 Jadit .2 1 Vadit  _ 2 2 2
=1—-— #d — Fdr < — #dz.
ﬁ/oo e Z+ﬁ/oo e Z—\/Efszle z

Vit
Finally, for every ¢t > 0 and & < — L1, there holds
2M Kt +oo _ (z+Ly)
u(t,r) < MeXtu(t,z) < ¢ / e dz < Me™ 10 ,
N —e—Ly
Vidie
since (2/+/) f;oo e~?’dz < e=*” for all A > 0. This completes the proof. O
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